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ABSTRACT

A reduced-dimensional asymptotic modeling approach is presented for the analysis of two-phase flow in a thin
cylinder with an aperture of order ©O(e), where ¢ is a small positive parameter. We consider a nonlinear Muskat-
Leverett two-phase flow model expressed in terms of a fractional flow formulation and Darcy’s law, with saturation
and reduced pressure as unknown. The given flow seeps through the lateral surface of the cylinder. This exchange
process leads to a nonhomogeneous Neumann boundary condition with an intensity factor e (o > 1) that controls
mass transport. Furthermore, the absolute permeability tensor comprises the intensity coefficient eb, B € R, in the
transverse direction. The asymptotic behavior of the solution is studied as € — 0, that is, when the thin cylinder
shrinks into an interval. Two qualitatively distinct cases were discovered in the asymptotic behavior of the solution:
a=1andf < 2,anda > § — 1and a > 1.Ineach of these cases, two-term asymptotic approximations are constructed
for both reduced pressure and saturation, accompanied by rigorous asymptotic estimates. These approximations were
then used to derive approximations for the pressure and flow velocity of each phase. Two one-dimensional models
corresponding to the two-phase Muskat-Leverett flow are derived, depending on the values of parameters o and
(each model is a nonlinear elliptic-parabolic system of two differential equations).

1 | Introduction

Understanding the effective dynamics of a multiphasic fluid in a porous medium, which may consist of, for example, gas,
various liquids, and sometimes solids, is of primary importance in a number of fields, including the oil and gas industry,
geothermal energy, environmental engineering, soil science, and chemical engineering (see, e.g., [1, 2]). Therefore, it is
essential to identify and comprehend the principal parameters and their impact on flow dynamics in porous media, as
this has important implications for the optimization of engineering processes.

It is often the case that porous media comprise a multitude of heterogeneous fractures, which in turn exhibit further
characteristics that render them porous media [3]. Compared to their length, the width is small, spanning a range from
micrometers to centimeters. In contrast, the length of a fracture can extend to tens of meters.
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This study examines a nonlinear Muskat-Leverett two-phase flow model that describes the flow of two immiscible and
incompressible fluids at the Darcy scale, taking into account the effect of capillary pressure at the interfaces between them.
We consider this model in a thin cylinder, designated as Q, as an example of a simple fracture. Here, the small parameter
¢ characterizes the dimensionless cross-sectional diameter of the cylinder Q,  R3, with the longitudinal variable x; €
(0, ¢) and transversal variables x; = (x, X3).

One of the most significant attributes of flow dynamics in porous media is the absolute permeability, which quantifies the
intrinsic capacity of a rock’s pore network (via its effective cross-sectional area) to transmit fluid. Because pore geometry
often varies with direction (anisotropy), the absolute permeability is represented by a symmetric, second-order tensor [K.
In our model,

kq(x1) 0 0

8 1) X
K = 0 & k22 (xl, c > & k23 <x1, P > ’ (1)
0 86k32 <X1, %) Eﬁkgg <X1, %)

where § € R and k;; are the permeability components in the i-j direction. The block structure of the permeability tensor
occurs in many physical scenarios (see, e.g., [4, 5]); layered sedimentary rocks and shale formations also exhibit anisotropic
permeability due to their stratified structures.

After non-dimensionalization, the governing equations exhibit a range of coefficients, both relatively small and large. By
fixing one parameter and comparing it with other coefficients, it is possible to identify intensity multipliers near certain
coefficients. In our problem, one such intensity factor is the term £? in the absolute permeability tensor (1).

Including anisotropic permeability tensors is crucial for accurate macroscopic flow modeling. Several recent studies
have numerically examined their effect on fluid flow; see, for example, [4-6] and the references therein. In this regard,
we would like to mention the papers [7, 8] (see also references there) that have examined the asymptotic behavior
of elliptic boundary-value problems in composites with highly anisotropic fibers exhibiting high conductivity in the
longitudinal direction and low conductivity in the transverse directions. These works demonstrate that such anisotropy
can significantly affect the limit behavior.

The other intensity factor, €%, appears in the boundary conditions

-

Vw-vgzso‘bQ<x1,%> and 170-vg=£“(1—b)Q<x1,%> 2

on the lateral surface of the cylinder Q., which connect the flows in the cylinder with those in the surrounding
environment, where I7w and 170 are the unknown velocities of the two components of the flow, v, is the outward
unit normal to the lateral surface, b is a fractional flow function of the w-phase, and Q is the specified flow rate
(injection/extraction) of the mixture. A rigorous statement of the problem, written in a fractional flow formulation, that
is, in terms of saturation and reduced (global) pressure, as well as the main assumptions, are given in Section 2, see in
particular (18)-(24).

The aim of this work is to study the asymptotic behavior of the solution as the small parameter ¢ approaches zero, that is,
as the thin cylinder Q, shrinks into an interval, and to identify the influence of « and 8 on the flow. This analysis supports
the development of appropriate one-dimensional models for different parameter regimes.

To achieve this goal, we use asymptotic multiscale approximation methodology, a powerful tool for perturbed problems,
which allows us to capture the influence of additional model parameters by incorporating higher order terms. The correct
choice of asymptotic scaling is crucial and depends on the problem parameters.

In our problem, the exponent parameter 8 quantifies the relative strength of transversal transport versus longitudinal
flow. In thin fracture-like geometries, the physically relevant range is 8 > 0 : 8 > 0 corresponds to reduced transversal
permeability; 8 = 0 to comparable magnitude. Values § < 0 imply asymptotically large transversal permeability (strong
transversal flow) and are not physically relevant for our interpretation of Q. as a simple porous fracture, since the fracture
orientation aligns with the dominant direction of the pore structures (in our case, the longitudinal direction). Nevertheless,
owing to the block structure of K and the regularity properties of the problem (see Section 2), our asymptotic constructions
and error estimates remain valid for 8 < 0 within the regimes studied. We therefore keep § < 0 in the mathematical
formulation as an admissible extension. The parameter a in (2) controls the intensity of mass exchange between the
fracture and the surrounding medium.
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FIGURE 1 | The first case corresponds to the red ray, and the second case to the gray shaded area.

The asymptotic behavior depends on the balance between e (lateral exchange) and f (transversal transport). We focus
on two qualitatively distinct regimes (see Figure 1):

1. a=1, <2 : Thelateral exchange influences the leading-order limit and 8 appears in the first correction;
2. a>1, f<a+1: Bothaandp affect only higher order terms.

In these parameter regimes, we construct two-term asymptotic approximations for reduced pressure and saturation,
accompanied by rigorous estimates in various norms, including the energy and uniform pointwise norms. The first case
is treated in Sections 3 and 4, the second in Section 5. The results obtained in these sections are then used to construct
asymptotic approximations for the corresponding pressures and velocities I7w and 170 in Section 6.

It is crucial to highlight the significance of error estimates and convergence rates in substantiating the adequacy of one-
dimensional models designed to describe real processes in three-dimensional thin bodies in applied problems. In our
context, these estimates provide compelling evidence of the influence of the parameters o and 8 : In the first case, a
already affects the leading term of the asymptotics, while § enters in the next term; in the second case, both parameters
influence only higher order terms. Convergence alone can be insufficient, as the limit may lose important information
from the original problem; such features are recovered only by constructing further terms in the asymptotics.

In both regimes, our analysis shows that the two-phase flow in the thin cylinder Q. is predominantly longitudinal.
This follows from the asymptotic balance: Transversal velocity components are of higher order in € compared to the
longitudinal component, so the leading term of the asymptotics of the total flow velocity V= 170 + I7w has the form

(/l(so(xl, 1)) k1(x7) 9% Po(x1,1), O, 0) , where T denotes transposition. Physically, this reflects the fact that in slender

fracture-like domains with the chosen scalings and block-structure permeability, longitudinal transport dominates, while
transversal effects enter only through higher order corrections. In the first regime, the functions py and s, satisfy the
one-dimensional two-phase Muskat-Leverett problem

-

8, (A0 k1 (x1) 84, Py ) = Q1. 1) in (0,6)x (0, ),

#9150 = 8y (AG50) K1 (x1) By 80 + Zu(50) k1 (¥1) 0, o ) = blsp) @ in (0,6) x (0,T),
1P0(0,8) = qo(t) and po(€,t) =qe(t), t€[0,T],

50(0,1) = 8%0,1) and so(¢,t) =S%¢,t), telo,T],

So(x1,0) = S%x;,0), x; €[0,¢],

where the function (5 is the limit transformation of the function Q from the boundary conditions (2); for details see
Sections 2 and 3. In the second regime, the function Q is absent in this problem (see (107)).

In the borderline case « > 1, 8 = « + 1, the lateral exchange and transverse transport both influence the leading term at
the same order, which requires a different asymptotic approach. Other parameter values lead to unbounded terms in our
asymptotic ansatzes as ¢ — 0, indicating instability and the need for alternative modeling strategies. These cases are not
treated here; the roles of a and 8 are further analyzed in Section 7.

As this is a pioneering work to study the influence of such diverse parameters on two-phase flow dynamics via an
asymptotic approach, we have simplified the problem formulation (omitted the acceleration of gravity in Darcy’s law,
considered the problem within a rectilinear cylinder, and made additional assumptions, particularly regarding the non-
singularity of the capillary pressure; see Section 2). For comparison, the Buckley-Leverett model, widely studied in the
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literature, neglects both capillary pressure and gravity. Section 7 discusses these constraints and outlines directions for
future research.

Literature Review

Mathematical modeling of the flow of two incompressible and immiscible fluids in porous media has been the subject of
intense study over the past several decades. Of particular interest are the existence and uniqueness of solutions of such
models owning to permeability degeneracy (see Section 2 for further details).

Several models for the interaction of single-phase flows in fractured porous media and dimensionally reduced models are
described in [9]. Here, the authors proposed a new dimensionally reduced single-phase flow model in fractured porous
media, which introduced the simulation of co-dimensional fracture crossings.

The modeling and numerical simulation of two-phase Darcy flow in fractured porous media have advanced along three
main paths: hybrid-dimensional and discrete-fracture frameworks that couple lower dimensional fractures with the
surrounding matrix [10-14]; adaptive mesh strategies, such as the finite-volume moving-mesh method for capturing real-
time fracture nucleation and propagation [15]; and reduced-order/upscaling techniques that simplify complex fracture
networks [16, 17]. These targeted innovations have improved the accuracy and efficiency of the models, but the rich legacy
of foundational theories and methods in this field continues to influence modern research. A detailed overview of these
developments is provided in the Introduction of [15].

In addition, we cite several publications that employed diverse asymptotic techniques. In [18], convergence results (¢ — 0)
were obtained for a single-phase Darcy flow in a porous medium in a region containing a narrow channel with a width
O(¢) and high permeability @(¢~1). In [19], five different reduced models of the Richards equation in fractured media
were derived, depending on the ratio of fracture-to-matrix porosity and fracture-to-matrix absolute hydraulic conductivity,
which are scalars; the results apply only to nondegenerate cases, where the medium is strictly unsaturated. A steady-state
single-phase Darcy flow problem governed by elliptic differential equations in a domain with fractures of aperture ¢ was
analyzed in [20], namely, by scaling the fracture conductivity as ¢* and letting ¢ — 0, the authors prove convergence to
distinct discrete-fracture limit models. A formal asymptotic approach applied to two-phase flow in a medium containing a
single fracture was presented in [21], and a similar formal asymptotic technique was employed for steady-state single-phase
Darcy flow in [22], with numerical examples in both papers validating several of the resulting reduced models.

Homogenization of two-phase flows in periodic porous media in different settings was obtained in [23-28] (see also some
relevant links therein). Namely, [23-26] derive rigorous Darcy-scale homogenized systems using two-scale convergence
techniques, with [26] specialized to double-porosity/fractured media; a multiparameter expansion for a steady nonlinear
two-phase equation with high-contrast permeabilities was developed in [28]; and paper [27] presents a formal phase-field
homogenization that links pore-scale Navier-Stokes-Cahn-Hilliard dynamics to Darcy-scale laws.

Only a few papers have conducted asymptotic studies of fluid flows in thin fractured-porous media. Using the method
of asymptotic expansions with respect to the thickness of the thin circular cylinder, and assuming that the fluids are
strictly separated at t = 0 and that only one phase is in contact with the rigid lateral wall, one-dimensional equations were
formally identified in [29] from the classical Navier-Stokes system for two incompressible immiscible flows separated by
a free boundary with small surface tension effects. A similar model in a two-dimensional thin strip of varying width was
considered in [30], but the free interface separating the two fluids is traversal to the flow direction, which depends on
the velocities of the fluids and the surface tension between the fluids. A single phase flow in a thin periodic fractured-
porous layer with high contrast permeability (the so-called “dual porosity” regime) was considered in [31]. The authors
modeled this process using a linear parabolic equation with a rapidly oscillating high-contrast periodic coefficient in an
elliptic operator and considered this equation in a thin rectangle (or thin rectangular parallelepiped) with a homogeneous
Neumann boundary condition. The corresponding homogenized problems were derived, and the convergence results were
proved when the thin rectangle vanished in the limit, employing the two-scale convergence method. To the best of our
knowledge, no asymptotic studies have been conducted to investigate two-phase flow in thin-fractured porous media.

2 | Problem Statement

Let @ C R? be a bounded, simply connected domain with the smooth boundary, such that the origin lies in w. The thin
cylinder Q; is defined as follows:

Q.= {x=(x,x,x3)€R*: 0<x; <¢, ¢'x;€ew},
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FIGURE 2 | Schematic illustration of a thin cylindrical domain Q. with notation.

where € > 0 is a small parameter and x; = (x,, X3). We denote by
I, :=0Q.,.n{x: 0<x; <}

the lateral surface of Q,, and by Y.(3;) :={x : 0<x; <¢, ¢ 'X; €w}n{x : x; =y} its cross-section at the point
¥1 € [0, ], which is the domain € @ of diameter O(¢) (see Figure 2).

The thin cylinder Q is considered as a porous medium with dimensionless porosity 0 < const < ¢(x) < 1and the absolute
permeability tensor (1), which is the symmetric, uniformly positive-definite tensor in Q. with smooth coefficients of class
C?,where 8 € R. This means that k,3 = k3, and there are positive constants Cy, C;, x1, and x5 such that for all x; € [0, ¢]

and €, = (£,,&3) € w, and forall {| = (¢, {3) € R%, we have

3
Co < k1(x1) < Cy, xilé1* < Z kij(x1, 6D 8¢ < xaldq 1% (3)
ij=2

To reduce the technical calculations, we consider that the function ¢ depends only on the variable x;, and additionally
assume that ¢ € C3([0, ¢]).

Two immiscible and incompressible fluids (water and oil, denoted by w and o, respectively) flow through the cylinder.
This type of movement is referred to as a two-phase flow. The key characteristics of such a flow are the saturation S, :

55 x [0, T] ~ [0,1] and the velocity I_}b : 55 x [0, T] = R3 of the b-th fluid, where b € {o, w}. The saturation S, refers to
the local proportion of the pore space occupied by the b-th phase, and

Spy+S,=1, S, €[0,1]. (4)
Assuming that the density of each phase is constant, the equation for the conservation of mass for each phase is as follows:
$3,5,+V-V,=0 in Qf :=Q,x(0,T). 5)

The dynamics of the two-phase porous flow process is characterized by Darcy’s law (here, the acceleration of gravity is
neglected)

‘7b =-1, KVP, in Qg, (6)

k
where V = grad,, P, : QI ~ R is the corresponding phase pressure, 4, := MLb is the phase mobility, k,, is the relative
i
permeability, and the positive constant wj, is the dynamic viscosity.

The pressures in the two phases are generally not the same, owing to the surface tension involved. The relationship
between them is given by a constitutive relation

P, — Py = p(S) (S :=Sy), (7
where p. : (0,1) = R is the capillary pressure. We assume that p. € C3([0,1]) and
pl(S) <0 for Se[0,1]. (8)

The functions k,, and k;, are empirically defined non-negative functions of S := S, € [0, 1], and we assume that they
are smooth of class C3 and satisfy
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kl,(S) >0, k.,(0)=0, 9

klo(S) <0, kyo(1) =0. (10)
Then the total mobility 4 := 4, + 4, satisfies the inequalities

0<cy := min A(S) <A(S) <cp := max A(S) for S e€[0,1]; (11)
Sel0,1] sel0,1]

obviously,0 <1, <cyand 0 < 1, < c,.
Equations (4)—(7) represent the Muskat-Leverett two-phase flow model.

Remark 1. The assumptions of the non-singular capillary pressure curve (8) and the non-singular relative permeabilities
((9) and (10)) are key factors distinguishing this flow model in porous media from other nonlinear formulations. Such
assumptions are commonly adopted in the mathematical modeling literature (see [1, 15, 21, 23, 24, 32, 33]) to facilitate
mathematically rigorous analyses and numerical investigations, even though they are not satisfied by certain empirical
models. In our setting, these assumptions ensure the regularity of the nonlinear model, enabling us to derive asymptotic
results with full mathematical justification. Furthermore, as noted below, existence and uniqueness results have been
established for two-phase degenerate models. Our findings therefore support the formal extension of these results to cases
involving singular capillary pressure curves and more strongly degenerate relative permeabilities.

Boundary value problems for the system of Equations (4)-(7) are best posed after certain transformations that facilitate the
simplification of the system while simultaneously revealing its basic mathematical structure [32], resulting in the so-called
fractional flow formulation. We briefly recall these transformations below.

Based on (4) and (5), the total flow velocity V= I70 + I7w satisfies the equation V - V =0, and from (6) and (7), it follows
that

S
- A
—V =2, KVP, + 4, KVPy, = 2, K(VPy, + pL.(S) VS) + A, KVP,, =1 KV(PW + / %;7)) pL(m) dn>. (12)
0
Following [32] and introducing the “reduced” pressure
S
Ao(n)
P=P +/ 0 "(n)dn, (13)
vt ) pc(m)dn
we get

-V = AKVP. (14)

Now, we express I7w in terms of S and P:

S
- /1 /1 /1 7
v, 9 kvp, & /lwnW<P _ / o) ) dn> = AKVP — 2420 pl KVS WA KYS —b©S)V, (15
0

A(m)
where b(S) := /l,lw(_;? is the fractional flow function (the fluidity) of the w-phase and
Aw(S)A,(S)
AS) :'=—————p.(S 16
() 10) pe(S) (16)

is the capillary diffusion coefficient. Due to (8)-(11),
A(S)>0 for S€(0,1) and A(0)=A()=0. 17

Obviously, V, = A(S) KVS + (1 — b(S))V.
Function S satisfies the equation ¢6tS+V-17w =0 (see (5)). Therefore, based on (15), we get ¢96,S=V-
(A(S) KVS — b(S)V).
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Because the objective is to derive a one-dimensional model of two-phase flow as the cylinder Q. shrinks to the interval 7 :=
{x:x1 €(0,¢), x5 =x3 =0}fore — 0, we mark the unknowns S, P, V and the permeability tensor K by the subscript ¢.
Matrix K, has a block-structure (see (1)), and to describe the heterogeneity of the material in the cross-section of Q. at x;

we use the variables x?l In addition, there is an intensity factor £® in the cross-sectional block of the permeability tensor.

Thus, we are led to the system of two quasilinear differential equations
V- (A(Se) K (x)VP,) =0 in QF, (18)
B(x1)05: = V- (A K()VS. —b(S) Ve ) i @, (19)
where 175 = —A(S;) K (x)VP,. Equation (18) is elliptic with respect to P., whereas (19) is a degenerate parabolic

equation with respect to S..

We supplement systems (18) and (19) with typical boundary conditions commonly encountered in various applications:

SelepeyToy = SO0 and Sclo oy = S0, (20)

Pel(y hexT(o) =20 and  Pel . oyT 4y = q¢(0), 21
—(A(S) Ke(x)VP,) - v, = €%Q,(x, 1), (x,t) €L, (22)
<A(SE)[K (X)VS, - b(S,) V- ) e = €¥b(S,) Qu(x, b), (x,t) eTT, (23)

where YST 0) :=Y.(0)x(0,T), YgT ) : =Y (¢)x(0,7), FET ;=T x(0,T), v, is the outward unit normal to 8Q,, the
parameter o > 1, and Q.(x,t) := Q(xq, x—l ,1).

A novel aspect of these boundary condltlons is the introduction of intensity factor ¢%. Condition (22), which can be
rewritten as V -y, = e%Q, on FE , 1mphes that the rate of flow of the mixture on FT is assumed to be known. Considering
(15), condition (23) is reduced to Vw ¢ - Ve = €9 b(S;) Q, and shows that the 1nject10n/extract10n of the mixture on FT
carried out in proportion to the fluidity of the phases. Since VE = VO’E + Vw’g, we get VO,E v, = €% (1 - b(S;)) Q; on FST.

For the saturation S¢(x, t), it is also necessary to specify an initial condition
Se(x,0) = 8%x1,0), x € Q.. (24)
The functions occurring on the right-hand sides of conditions (20)-(24) are assumed to be known and have the following
properties:
+ SYe32([0,¢]x[0,T]) and 0<SY<1 in [0,¢]%x][0,T];

* the functions gy, g, € C%([0,T1),qo(0) = g,(0) = 0, gy > 0,and go(t) > g¢(t) fort € (0, T](the lastinequality indicates
that the flow progresses from left to right);

« the function Q(xl,gl,t), (xl,gl,t) € {x; €0,7], El €@, t €[0,T]}, belongs to the class C* in the domain of

definition, vanishes uniformly with respect to t and 51 = (&,,&3)in[0,8] and [€ — &, ¢], where § is a fixed small positive
number, and Q|;—y = 0.

To proceed, it is necessary to define a weak solution to problem (18)-(24), which will be further called problem (P, S,).
Before presenting the definition, we outline several assumptions, following [32, Chapter 5]. Since the capillary diffusion

3
coefficient A may vanish at certain points (see (17)), one of our assumptions is that A(S,) VS, € L? (QET) , which, by virtue

3
of (8), is equivalent to Vu(S,) € L? (QET) ,where u : [0,1] — R is an increasing function defined by

P A A8
”(S)_/o G

IfS; € L°°(QET), then u(S;) € L°°(QgT) and admits traces on YET (0) and YET ©).

Definition 1. We say that a pair of functions P, and S, forms a weak solution to problem (P,S,) if

Studies in Applied Mathematics, 2025 7 of 31



1. P, € L®(Ql), VP, € L® (0,T; L*(Q;)3), the boundary conditions (21) hold in the sense of traces;

3
2. S, € L®(Q),0 < S.(x,1) <lae. inQl, A(S,) VS, € L? (Q])", and

u(s u(S°0,1)) and u(sS u(s°¢,0);

5)|(x,x)eY£T Ok e) |(x,t)eYET(f) =

3. for any function 7 from the Sobolev space H' (QET) such that | = 0 and any function ¢ from the Sobolev

vIo = e
space H'(Q,) such that $lye0) = ¢ly.(e) = 0, we have fora.e. t € (0,T]

/QVE-Vg“dx:s“/r Q:¢doy (25)

€ €

and

¢S, 0,ndxdr + / 17” - Vndxdr — / ¢(x) S.(x, ) n(x,t) dx = &* / b(S.)Q.ndo,dt — / ¢(x) S%x1,0)n(x,0)dx, (26)
Q o, ‘ .

Q ; I Q

where 175 and I7w’g are defined by (14) and (15), respectively.

The above assumptions are sufficient to demonstrate the existence of a weak solution to problem (P, S, (see, e.g., [32, 33]).
The issue of the uniqueness of weak solutions is more challenging; it has been established under specific conditions that
guarantee some regularity of the weak solution: For degenerate elliptic-parabolic systems of two-phase flow in [33], and
for nondegenerate ones in [32].

In our case, the absence of gravity and assumptions about the initial saturation S° and capillary pressure p, ensure the
maximum principle (see [32, Chapter 5, section 6])

0<d:= minT SO%xp,1) < S.(x,t) < max SO0(xy,0)=:8; <1 27
(x,1)EQs (x,0)EQ;

for (x,t) € QET The left inequality in (27) means that the parabolic equation (19) is regular, that is,
0 <8, <ASc(x,t)) forae. (x,t) € Ql, (28)
and there are no stagnant zones in the flow, where the limit values {0, 1} of S are reached. Thus, problem (P.S,) is regular

and admits a unique weak solution. Moreover, the boundary conditions (20) are satisfied in the sense of traces.

Our goal is to construct and justify the asymptotic approximation for the solution (P, S;) to problem (P,S,) as € — 0, that
is, when the thin cylinder Q. shrinks to the interval

T :={x:x €(0,¢), x; =(0,0)}.

In addition, we study the influence of the parameters a and 8 on the asymptotic behavior of the solution.

3 | TheSubcasea =1landf =0

Problem (P.S,) involves three parameters: the small parameter ¢, the intensity parameter « in the boundary conditions on
I';, and the intensity parameter § in the absolute permeability tensor [K,. In such cases, as shown in [34, 35], constructing
an approximation requires adjusting the asymptotic scale to these parameters and to the problem under consideration. We
begin with this subcase of the first case in order to describe all stages of the analysis in detail. Moreover, the asymptotic
estimates are more accurate in this subcase.
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3.1 | Formal Asymptotic Analysis
From (27) it follows that the first term of the asymptotics of S, as ¢ — 0 is a function sq : Z X [0, T] — R that satisfies the
inequalities

0< 50 < So(xl, [) < 51 <1, for (Xl, [) e1l :=TIx [O, T] (29)

Using the inequality

E/ uzdox§C<s2/ |V;1u|2dx+/ uzdx> Yue H(Q,), (30)
T Q. Q.

3 € €

which was proved in [36, section 2], inequalities (3) and (11) and the assumptions for the functions q, g, and Q, we derive
from (18), (21), and (22) the inequality

1
max ——— ||P|l.n <. (31)
€l0T] /1 60, 14 ellgl(Q;) 1

Here 1 ST, is the n-dimensional Lebesgue measure of a set S.

Remark 2. Here and further, constants in all inequalities are positive and independent of the solution (P, S;) and the
parameters €, a, and 8. In general, constants with the same indices in different inequalities are different.

Thus, the first term of the asymptotics of P, is of order (9(1) in the norm of the Sobolev space H'(Q,) as ¢ — 0. Taking this
and (29) into account, we propose the following ansatzes:

X X
’,Bg(x,t) = po(xl,t)+£p1(x1,t)+£2u2 <x1,?1,t> +£3u3 <X1, ?1,[> + .- (32)

and

X X
S.(x,t) 1= so(x1, 1) + e51(x1, 1) + €20, (xl, ?1, t) + &30, <x1, ?1 t> + e (33)

to construct asymptotic approximations of P, and S, respectively.
Substituting B, and &, in (18) instead of P, and S,, respectively, using Taylor’s formula for 4, collecting terms of the same

powers of € and equating those sums to zero, we obtain differential equations in rescale variables El = le El =(£,,85),
for the coefficients u,, us, and v,, vz in the rescale cross-section Y(x;) := {El : El € w}.

Namely, at ¥ we get
—Vgl : </1(s0(x1, 1) Kvgl uy(xp, €5, t)) =0y </1(So(x1, 1)) ky(x1) Ox, Po(X1, f)) (34)
for El € Y(x1), where

ko (x1, El) ky3(x1, El)

K(x1, €)= _ iy (35)
k3o (x1, §1) k33(x1, 51)
and at g!
_Vgl . </1(s0)KVE1 uz + sl/l’(so)KVEl u2> =0y (A(so)klc')xlpl + 514" (80)k1 Oy, p0>. (36)
Substituting *B, and &, in (22) and equating the terms with the same order of €, we derive
~1650) (k9 12 ) - 5E) = Qi B0, E €0t @)
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(/I(SO)KVEl us + 5, /1’(s0)1<vEl u2> () =0, & €Y. (x)). (38)

Here, 17(%1) = <v2(%1), 1/3(%1)) is the outward unit normal to the boundary of the disk Y.(x;); obviously, the outward

unit normal v, to the lateral surface of the thin cylinder Q, is equal to (0, 77(%)).

Equations (34) and (37), and Equations (36) and (38) are linear Neumann problems in Y (x;) with respect to the variables
&1; x1 and t are considered parameters. For uniqueness, we add the following condition to each of these problems:

<uj(x17 Kl t)>Y(X1) =0 (] € {2, 3})’ (39)

where

()G D)y ey 1= / wixy, . ) dE.

Y(x1)

Writing down the solvability condition for each of these problems, we obtain the following differential equations:

8, (As0) ki (r1) 8, po ) = Qv 1), (e, 1) € 17, (40)
81y (A0s0) Ky (x1) By, b1 + 51 X' (s0) K1 (1) 8, Po ) =0, (x1,0) € T (41)
Here
A~ . 1 - )
Q)= [ Qe fundog, (42

By performing the same calculations for Equation (19) and boundary condition (23), we obtain the following linear
Neumann problems for determining the coefficients v, and v; in ansatz (33):

_Vgl . <A(SO) K(xpgl)VElvz(xl,gl,t) + Aw(so) K(xl’i)Vgluz)

= axl (A(SO) kl axlso + ﬂ.w(SO) kl ax1p0> - ¢(x1) aISO’ El € Y(xl)’ (43)
—(A(sO)Kvg1 0y + Au(50) KVg, u2> 7€) = blso) Qxy, £1,1), £y €8Ye(xy), (44)
<02(x1! ] [)>Y(x1) =0, (45)

and

-V: - A(So)K V- U3 + 81 A’(So)KV— Uy +Aw(S0)KV— usz + 51 /‘l{U(So)KV— Uy
§1 §1 §1 §1 §1

= axl (A(So) k1 dxl S1+ 851 A’(SO) kl axl So + /‘lw(So) kl axl p1+5 A{U(So) kl 5xlpo> - ¢(X1) atsl, El (S Y(xl), (46)

- <A(So) K V‘l v3 + 51 A (sp) K V—l Uy + Ay (sp) K V—1u3 + 51 A (so) K V§1u2> : 77@1) =b'(sp) 51 Q, gl € 9Y(x1),

§ § §
(47)
<U3(x15 * t))Y(Xl) = 0 (48)
The solvability condition for the Neumann problem (43)—(45) is given by the differential equation
#9150 = 8y (A(50) K1 9y S0 + Au(S0) 1 8, Po ) = bs) Qer, ), (k1. 0) € 17, (49)
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while for the Neumann problem (46)-(48) it is given by the equation

$ 0,5, = 0y, (A(So) ky 9y 51 + 83 N (Sp) ky Oy S + Ay (S9) ey Oy p1 + 54 Ais(s0) ky O, Po) —b'(sp) s 6(x1, D, (x,0)el’. (50)

3.2 | Limit Problem

Differential Equations (40) and (49) supplemented with appropriate boundary conditions and the initial condition from
problem (P.S,) form the following system:

8y (A6s0) ki (x1) 8, po ) = Ay, 1) in 17,

#9150 = 2, (A0) 1 8130 + Au(50) 1 8y, Po ) = bsp)Q i 17,

1Po(0,0) = qo(t) and  po(£,1) = qe(1), t€[0,T], (5D
50(0,£) = $90,t) and so(¢,t) = SO(¢,t), telo,T],

so(x1,0) = S%(x1,0), x; €[0,¢],

with the unknown functions py(x1,t) and so(x1,t), (x1,t) € [0,€] X [0, T]. This problem is called the limit problem for
problem (P, S,) for subcase « = 1 and § = 0.

From the first differential equation in problem (51) and the boundary conditions for p,, we derive the representation

t 1 nAa
X1 1 n - CM(t)_ qO(t) _/0 m/() ngd’? X1 1

) = —_— ,t)dsd —d .

w10 = [ g J, Q6 ndsans L |, T+ e @

Alsp) kq

Using (52), the second differential equation in (51) is reduced to

® 9150 = 8y (ACs0) Ky (x1) B, 50 ) + A0, X1, 1) By, S,

where
“(—— /" Qds)d
/ 1 90 =000 = Jo \ 7575y Jo Qs ) dn
a0 =bo) | [ As.yds + — ,
0
J AGorky &7
or
_ ki(x1) 5,
059 = A(sp) 500 0%1x, 50 + a0y, S0, S0, X1, 1), (53)
where

1
x150 + = @(S0, X1, ) Iy, So-

! k 2 A( )k,( )
a(0x, S0, S0, X1, 1) = Al i) ( ! 0> —a) $x1)

$(x1) $(x1)
Thus, for sy, we obtain the following problem:
_ ki(x1) 52
a[SO - A(SO) ¢(xl) axlxl
50(0,0) = $°0,1) and so(¢, 1) = S°¢,0), tE0,T], (>4)
$0(x1,0) = $%x1,0), x; €[0,¢].

S0+a(axls0’50axlat) in IT,

Now we verify the conditions of Theorem 5.2, from [37, Chapter VI]. Owing to (3), (29), (17), and the assumptions for the
function ¢ (see the beginning of Section 2), the coefficient A M in (53) is bounded below and above by positive constants

(this means that inequalities (5.10) from [37] with m = 2 are satisfied). Inequality (5.9) holds true for ® = 1.
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Next, according to Remark 5.1 from [37], it is enough to show that inequality (5.6) holds. Due to the properties of the
functions p,, 49, 4, and 4 (see (8)-(11)), the derivative A’ is bounded, and recalling properties of the functions k1, ¢, g,
qe, and Q, we derive

A (s) ky(x1) A(so) k(1) 1

ky(x1) ki(xy)
sy P T e P et

#(x1) #(x1)
This inequality coincides with inequality (5.6) from [37].

IA'(s) a(se, X1, pl < C; A+ [p)™.

m+mﬁﬂmw< yu+mn|

In addition, the smoothness of the functions ¢, k;, qg, q¢, and Q ensures the necessary smoothness of the coefficients
in Equation (53) to satisfy the smoothness conditions (c) in Theorem 5.2 from [37, Chapter VI]. The assumption for the
smoothness of function S° ensures the fulfillment of the compatibility condition of zero order for problem (54). To satisfy
the compatibility condition of the first order, we additionally assume that

0 _ 0 0 _
(9000 85°1,0) = 84, (A 0x1, M ki ()3 S, 0) )| =0 (55)
Thus, based on Theorem 5.2 [37], the following statement holds.
Proposition 1. Problem (54) has a unique solution in the Holder space C2*71+7([0, €] x [0, T]) with y € (0, 1).

This statement and representation (52) indicate a unique classical solution to the limit problem (51) exists.

3.3 | Determination of the Remaining Coefficients in (32) and (33)

The differential equations in problem (51) are the solvability conditions for Neumann problems (34), (37), (39), and (43)-
(45), respectively. Therefore, we first uniquely determine solution u,, and then solution v,.

Considering the first differential equation in (51), the Neumann problem (34), (37), (39) can now be rewritten as follows:

v (k%2 w o) = 2000
_Vgl . <KV§luz(x1a§1’t)> = o 1) &, €Y(xy),
_ Q(xl’gl’t) (56)

b, _ —
_<KVElu2> . 77(51) = TSO), §1 (S aYE(xl),

(axr, D)y = 0.

Since the function Q vanishes if x; € [0,8] U [€ — &, €] (see the assumptions for Q), we conclude that u,(x1, El, t) =0for
those values of x;. In addition, because Q|;—¢ = qol;=0 = q¢ ;=0 = 0, coefficient u, also vanishes at t = 0.

Using the first two relations in (56) and the differential equation for s in (51), the Neumann problem (43)-(45) is presented
as follows:

Ve - (A(sO) K(xl,El)vglvxxl,El,r)) =0, £ €Y(x),

</\(So) K(x,€)Vz 02001, 6, t)) 9(E) =0, & €0Yelx), &7

(01, D)y (ap) = 0.

Obviously, v, = 0.

For coefficients p; and s; we obtain the following linear system of differential equations:

9, (l(so) k1 9y, p1 + 514 (s0) k1 Oy Po) =0 inIT,

$9ss1 =0y, (A(So) ki0x;s1+a1s1 +ay ax1P1> —b(s9)Qs; in1T,

1p1(0,6)=0 and py(¢,t)=0, te[0,T], (58)
51(0,t) =0 and s:(¢,t)=0, te]0,T],

$1(x1,0) =0, x; €[0,7],
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where

ay(x1, ) = N (s9) k1 Oy So + A1 (80) k1 Oxy Pos  a2(X1, 1) = Ay (50) K1 (1) (59)

It is evident that this problem has a trivial solution p; = s; = 0. It remains to be shown whether this solution is unique.
From the first differential equation in (58) and the corresponding boundary conditions, it follows that

M1 dny X1 51(n, ) A (s9(1, 1)) Ox, Po(; 1)
0 =dits) [ - [ , (60)
PO E= @A f Aot 0~ Uy A(50(7.1) 1
where
-1
¢ 512 (s0) 9x, Po ¢ dg
di(t,s1) = B dn 7 .
0 So) o Also) k1
Substituting (60) into the second differential equation of (58), we obtain
t
$3i51 = 0y (Aso) K1 0yt + AGx1,051 ) + [ A5 + A ), (61)
0

where

Ag(x1,1) = ay(x;, 1) = b(so) A/ (s0) k1 8y po,  As(xy, 1) = =b'(s9) Q

¢ -1 ’
) ds 2 (500,08, pol, )
AZ(xla n, t) - (A /‘l(So) k] ) b/(SO(xla t)) axl So(xla t) A(So(n, t)) .

Based on the assumptions for the coefficients of problem (P.S,) and the smoothness of the solution (py, sg) to the limit
problem (51), functions Ay, A, A3 are bounded in the uniform pointwise norm. Taking this into account, multiplying
Equation (61) by sq, and integrating by parts over the domain (0, 7) X (0, ¢), where 7 is an arbitrary number from (0, T),
we obtain the inequality

¢ e o T ¢ 2 o
CO/ slz(xl,r)dx1+c1/ / 10y, 5117 dx; dt§c2/ / 10y, 811 1511 dx; dt+c3/ / 51| dx; dt+c4/ / |s;1?dx, dt. (62)
0 0 0 0 0 0 0 0 0

2
Applying Cauchy’s inequality with & = % (ab < 8a’ + b—) to the first integral on the right-hand side of (62) and the
Cauchy-Bunyakovsky-Schwarz inequality to the second integral, we deduce that

t T T pC
co/ sp(x1,7) dx; + a / / |8, 5117 dxy dt < 05/ / 5112 dx; dt. (63)
0 2 Jo Jo 0o Jo

Then Gronwall’s lemma, applied to the inequality

t c T t
/ s2(x1,7)dx; < —5/ / Is112 dx; dt,
0 o Jo Jo

yields fOf sf(xl, 7)dx; = 0forany 7 € (0,T). Thus, s; = 0, and from (60), p; = 0.

Remark 3. 1f the boundary conditions or right-hand sides in the differential equations of problem (58) are nonzero, then
Gronwall’s lemma provides an a priori estimate for the solution, and Galerkin’s method proves its existence. For more
general elliptic—parabolic problems, the existence and uniqueness of solutions were proven in [38].

Next, it follows from Neumann problem (36), (38), and (39) that solution u5 is equal to zero, and from problem (46)-(48)
that v; = 0.
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As a result, the approximation functions (32) and (33) for the solution to problem (P, S,) now appear as follows:

S'BE(x’ t) = pO(xlﬂ [) + £2u2 (xli %’ t>r @E(x! t) = SO(xl, t)~ (64)

Moreover, from the above calculations it follows that

V- (A(s0) K ) VPe) = 27V in QT (65)

$(x1) 9,50 - V - <A(s0) K. (x)Vso — b(s0)§5> =27? in qf, (66)
(A(s0) Ke(X)VPB,) - ». +€Q. =0 on T7, (67)

(A(so) K. (x)Vso — b(so)i;;) v, +¢b(s0) Qu(x,t) =0 on I7, (68)
BelrneyTo) = 0 and Pel( oy 1) = qe D), (69)
olcenexT o) = S°O00 5ol peyT (o = S°ED solizo = S°x1,0), (70)

where the vector-function ﬁs = —A(sg) K (x)V*B,,
M 5. (Aso) ey 3 d FP =3, (Au(so) k1 0
Fg - xl( (SO) 1%x1 u2) an Fg = xl( w(SO) 1%x1 uZ)'
Owing to the smoothness of the functions kq, 4, 4, So (see Proposition 1), and u,, we have

sup IFE(D(x, 1) <Cq, sup |7-‘E(2)(x,t)| < C,. (71)
T T

Q Q

3 €

3.4 | Justification
Here, we present and prove one of the main results.

Theorem1 (x = 1, § = 0). Assume that, in addition to the main assumptions made in Section 2, condition (55) is satisfied.
Then, there are positive constants C, Cy, C,, and & such that for all € € (0, &)

max | 1P:C-, £) — Be (-, t)”Hl(QE) < C~10 €2, (72)

1
\/1 Q; I3 tex|0,T

1 1 ~
max_1S:(0) = oG+ Dl 200, + —mm= IS¢ = Soll 2071110y < C1 €%
¢ \/1 Qs f3 o ¢

‘/1 Q. I3 tex[0,T]

Remark 4. Because inequalities (72) and (73) contain integral norms and integrals taken over the thin cylinder Q,, these
norms must be rescaled, namely divided by the square of the volume of Q..

(73)

Proof. First, we specify relations for the differences
U, :=PB. - P, We =50 —S:. (74)
It is easy to see from (20), (21), (24), (69), and (70) that

UelenyexTo =0 and Uel neyT(ey =0 (75)

WE'(x,t)eYET(o) =0, WE'(x,t)eYET @y =0 Welizo=0. (76)
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Subtracting (18) from (65) and using the mean value theorem, we obtain

V. (/I(Sg(x,t)) K, (x)VU, + W, A’(egl))Kg(x)va) =27Y i qf, 77)

where @gl)(x, t) =01 59(x1,t) + (1 — 67) Sc(x,t), 61 €(0,1).
Similarly, subtracting Equation (19) from (66), we deduce that

$(x) W, ~V - (A(SE) K (OVW, + W, N (©P) K (x) Vs + 1,(S) K.(x)VU, + W, 2,(0) Kg(x)Vﬂ}E) =27 in Qf. (78)
The Neumann-type boundary conditions for U, and W, on FST are as follows:
(/1(55) K. (x)VU, + W,/ (©) Kg(x)vng) v, =0 (79)
and
(A KIVW + We N O K (V50 + (S Ke(KIVU + W 2,(O) K () VB ) - v = 0. (80)
Now, we multiply Equation (77) by U, and integrate it over Q.. Given (75) and (79), we obtain

/ AS) K VU, - VU, dx = —
Q

W (@)K VP, - VU, dx — €2 / FO U, dx.
€ QE

Qe

Taking into account (3), (11), and (71), and the smoothness of py and u,, we derive

IVUE|2dxscl< |W,| |VU,| dx + € |UE|dx). (81)
Q¢

Qe

/lUgldxscza /Ugdx§C3£ /|VUE|2dx.
Q¢ Q¢ Q¢

IVU(x,1)|?dx < C4<£6 +/
Q

Qe

Due to (75) we have

As a result, from (81) we get

Wgz(x, t)dx) forany t € [0,T]. (82)
QE €

Multiplying (78) by W and integrating it over Qf , where t € (0, T'), and taking into account (3) and(28) and the assumption
for porosity, we obtain

/ W2(x,7)dx + / VW, |2 dxdt < Col| II;©)] + |I>(e)] + €2 / FO W, dxdt |, (83)
Q¢ Qg Qg
where
HOEE / We(N @) K)Vs0 + A, (0 ) KO VP, ) - VW, i, (84)
QS
L) = - / Ap(S) K (X)VU, - VW, dx dt. (85)
QT

€

Using the smoothness of the coefficients of problem (P, S,), with the help of Cauchy’s inequality with y > 0 (ab < ya? +
2

b .
—), we derive
4y
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T T
C
|11(£)|5y1/ / |VWE|2dxdt+—1/ / Wfdxdt, (86)
o Ja, "1Jo Jo

€

T C2 T (82) T C3 T
|L(e)| < yz/ / |VWE|2dxdt+—/ / VU |?dxdt < y2/ / [VW,|2dxdt + — £6+/ /
o Ja. V2 Jy Ja, 0o Ja, 72 0o Ja

Thanks to (71), we have

w? dxdt). (87)

c

T T
52/ / 7-’5(2) W, dxdt‘ <Gyl 8 +/ /
0 J0Q 0 Jo

Then, taking suitable y; and y, in (86) and (87), we derive from (83) the inequality

w? dxdt). (88)

€ €

T T
Wgz(x, 7)dx + / [IVW,|?dxdt < Cs <£6 + / Wgz(x, t) dxdt) (89)
0o Jo. 0

Q¢ Q¢

for any r € (0, T). Applying Gronwall’s lemma to the inequality

T
W2(x,7)dx < Cg| ° +/ /
Q o Ja

Wg(x, t) dxdt),

€

we obtain

max / W2(x,t)dx < Cy€°, (90)
telo,T] Q¢

where constant C; depends on T.

To complete the proof, it should be noted that inequalities (90) and (89) imply estimates (73) and (148), and inequalities
(90) and (82) imply estimate (72). O

Denote by

1 — _
_ u(xqy,x1)dx
2ol /Ew (x1,%71) dxq

the mean of a function u € L?(Q,) over the cross-section £w of the thin cylinder Q.

(U)er(x1) 1=

From (39), it is easy to verify that

<$s>sw = po(x1,t), (axlsns)zw = ax1<sﬂps>sw = axlpo(xlst)- (91)

The subsequent corollary is derived from Theorem 1.

Corollary 1 (case @« = 1, 8 = 0). Let (P,, S¢) be a weak solution to problem (P.S,), and (py, so) be a solution to the limit
problem (51). Then the following estimates hold:

2
tgiéi’);] I{P¢)ew — pOHHl(O’f) + [{Pe)ew — pO”C([O,é’]x[O,TJ) <Cpes, (92)
I{Se)ew — S0”L2(0,T;H1(O,f)) + 1{Se)ew — SO“LZ(O,T;C([o,f])) <G €. (93)

Proof. Using (91) and the Cauchy-Buniakovskii-Schwarz inequality, we deduce that

t 2
1 _
Pew (1) = po(-, DI =—/ </ P, —B.)d >d
IP)ea.) = poC O 2000 = s ([ o= B ) d

t
1 5 (72) 1 2
<— P, — dx;dx; < Q.3 C2e* =2
=2 1o, '/0 /Ew( € ’135) X1ax; = 2 1@, 1Qe03 0 1€
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for any t € [0, T]. Similarly, we demonstrate that

- 2
[g%él’)]{] ”axl (P)ew ax1p0”L2(0’€) <Cpen.

Considering the continuous embedding of space H'(0, ¢) into C([0, ¢]), we obtain (92). Similarly, but now using (73), we
derive (93). O

4 | TheCasea=1landf <2,8#0

The principal challenge is to understand how the appearance of the value ¢ in the absolute permeability tensor (1) affects
the overall result. To achieve this, we propose the use of the following approximation functions:

Pe(x, 1) = po(x1, 1) + e Puy g <x1, % t) and  &.(x,1) = sp(x1, 1), (94)

where (po, sp) is a solution to problem (51) and u,_g is a solution to problem (56).

Theorem 2 (the case @« = 1, 8 < 2 and 8 # 0). Assume that, in addition to the main assumptions made in Section 2,
condition (55) is satisfied. Then, there are positive constants Cy, C;, C,, and g, such that for all € € (0,¢) the differences
U; :=B. - P.and W, := &, — S, satisfy the estimates

_E
! max | \// 10y, U, D)2 dx + 23 / Vs, U.(,D)]2dx <Gy ¢ 2, (95)
Q¢ Q¢

\/1 Q; I3 tex[0,T

1 . 1B
max ||[W,(., t)”LZ(QE) <Ce 2, (96)

1/1 Q; I3 tex|[0,T]

and

T T I
1 / / |aleE|2dxdt+£5/ / |V;1WE|2dxdtSC’2£1_5. (97)
V1 Q3 0 Jo 0 Jog

Proof. Compared with the proof of the previous theorem, the proof of this theorem requires certain changes, as
shown below.

Upon substitution of functions (94) into problem (P.S,), identical relations are found to those presented in (65)—(70).
However, the orders of the residuals in differential Equations (65) and (66) will differ; they are of the order O P).
In addition, U, and W, satisfy relations (75)—-(80) with the corresponding residuals in (77) and (78). Multiplying the
corresponding Equation (77) by U, and integrating it over Q,, we get

/ AS) K. VU, - VU, dx = —
Q

W (0K VB, - VU, dx — 2B / rO U, dx. (98)
3 Q¢

Q¢

Taking into account the form of the absolute permeability tensor (1) for this case, (3), and (11), the left-hand side in (98) is
estimated from below by the sum of two integrals ¢ ( /Qs |c3x1 U|>dx + ef /Qs |V;1 U, |? dx). Thus, we deduce from (98)
the inequality

¢ |9y, Ue|? dx + &P /
Q¢ Q

The estimation of the right-hand side of (99) will now be undertaken in the following manner. The first integral is less
than

|Vz1UE|2dx> <

/ WA ©W)K VB, - VU, dx
Q

€

2B / 7P U, dx. (99)
Q

€ €
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C, /Q |We| <k1 0x,Po + 82‘56xlu2_,3>6xl U, +¢ <KV§1u2_5> - Vg, UE) dx
€
<csln / 100, UsPdx + — [ W2dx+ / W, |%dx + &2 / Vg, U [2dx
Qe " Ja, Qc Qc
for any y; > 0, while the second one based on (71) is less than
Clez"g% / (1+U?)dx < C4<£4‘5 + Ez_ﬁ/ 10, Ue|? dx>.
Q¢ Q¢
By choosing an appropriate value of y; and ¢;, we derive from (99) the inequality
|9y, Ue|? dx + &P / Vg, Uel?dx < Cy <s4—5 + / w2 dx) (100)
Q¢ Q¢ Q¢

for any ¢ € (0,¢7).
Now the analog of inequality (83) appears as follows:

T T
/Wg(x,r)dx+/ / (laleg|2+£5|V;1WE|2>dxdtSC0<|II(E)|+|Iz(€)|+£2_5/ / FE(Z)Wdedt)
Q¢ 0o JO 0o JQ

(101)
where I; and I, are determined using (84) and (85), respectively, T € (0, T). We proceed to evaluate the integrals on the
right-hand side of (101) as follows:

T T T
c
C0|11(E)|SC1/ / |W£|<|<3le5|+E|V;1Wg|>dxdt§y2/ / |6X1WE|2dxdt+—2/ / W2 dx dt
0o Ja o Jo, 2 Jo Ja,

€

T T
+C3/ W?dxdt+C3£2/ / |V, Wel?>dxdt  forany y, >0,
0o Jo. 0o Ja

€

T T T
C
c0|12<s)|sc4/ / (|axlug||axlwg|+sﬁ|vzlvg||V;1Wg|)dxdrsw/ / |axlwg|2dxdr+y—5/ / 18, U, dxdt
0o Jo, 0o Ja, 3Jo Ja,

T C T
+Eﬁy4/ / IVleglzddeeﬁ—ﬁ/ / Vs, U, [2dx dt
o Jo, vaJo Jo,

for any y3 > 0, y4 >0,

Co

T (2) (71) T
g2-h / / .o w, dxdt’ < Gyl 9% + / /
o Jo, o Ja

Choosing the corresponding y,, ¥3, ¥4, and gy > 0 (¢ < €7), we derive from (101) that for arbitrary € € (0, gy) the following
estimate holds:

W2 dx dt>.

€

/Wf(x,‘r)dx+/ / (185, W.|? + € |Vz W.|?)dx dt
Q. 0o Ja

. z T (100) T
<Cy / / ngxdt+/ / |axlUE|2dxdt+£ﬁ/ / |Vz, U Pdxdt + €572 | < C 54-6+/ /
0 JQ 0 JQ 0 JO. 0o Jo

The remaining step is to apply Gronwall’s lemma, as presented at the end of Theorem 1, to derive estimates (95)-(97). []

W2 dx dt). (102)

3

Similarly, the proof of Corollary 1 may also be applied to obtain the following corollary; however, now the asymptotic
estimates from Theorem 2 should be applied.
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Corollary 2 (case « = 1, 8 < 2 and 8 # 0). Let (P, S;) be a weak solution to problem (P:Sy), and (py, So) be a solution
to the limit problem (51). Then the following asymptotic estimates hold:

B
1-£

tgfg‘,);"] I{P¢)ew — p()“Hl((),f) + [{Pe)ew — pO”C([O,f]x[O,T]) <Ce 2, (103)
-8B

1{Se)ew — SO”LZ(Q’T;Hl(O’f’)) + [{Se)ew — SO”Lz(O,T;C([O,é’J)) <Cye 2 (104)

Remark 5. The proofs of the estimates in Theorem 2 and in Corollary 2 also include the case where 8 = 0. However, the
order of these estimates is worse than that obtained in Theorem 1 and Corollary 1. Therefore, the subcasea = 1and § =0
was considered separately. To obtain better estimates in Theorem 2, especially for the value of § € (1, 2), additional terms
of the asymptotics should be constructed. However, for nonlinear problems, as shown in [35], this requires additional
cumbersome calculations, and for some problems it is almost impossible. In our case, to justify the one-dimensional
models, as follows from estimates (103) and (104), this is sufficient.

5 | TheCasea>pf—-1,a>1

In this case, we consider two subcases.

5.1 | Subcasef #0

We now propose the following approximation functions:

X
P(x, 1) = polx1, 1) + ¥ 1 py_q(x1, 1) + Ea_ﬁ+1u0(—,8+1 <x1, ?1 t) (105)

and
S (x,1) = so(x1, 1) + €% Lsy_1(x1, 1), (106)

where (pg, Sp) is a solution to the problem

-

81, (A6s0)k1(¥1) 3, P ) =0 in 17,

® 9150 = 8y (A(50) K1 9y 50 + Au(s0) 1 8, po ) in 17,

1P0(0.1) = qo(t) and po(£,1) = q¢(1), teE[0,T], (107)
$0(0,1) = 8°0,1) and so(¢,1) = S(¢,1), te[0,T],

SO(th) = So(xls 0)7 X1 € [0’ 5]7

(Pq—1S4—1) is a solution to the problem

81 (A(50) 1 (x1) 82y Pt + A/ (50) 1 (51) 83y Po St ) = Qxt, 1) in 17,

$0tSq—1 = axl (A(SO) kq axlsoc—l +a18q-1+0a axlpoc—1> = b(so) Q in 17,

Pa-100,t)=0 and p,_1(¢,1)=0, te]0,T], (108)
S¢-1(0,£) =0 and s,_1(¢,t)=0, te][0,T],

S¢—1(x1,0) =0, x; €[0,7],

A

and ug_g41 is a solution to problem (56).

As in Section 3.2, we show that problem (107) has a unique solution from the Holder space C>*7-1*7([0, ] x [0, T]). Note
that the compatibility condition of first order for problem (107) coincides with (55) because Q|;—¢ = 0.

The coefficients a; and a, in the linear problem (108) are determined by formulas (59) through the solution (py, so) to
problem (107). As in Section 3.3 (see Remark 3), we can show that problem (108) has a unique classical solution.
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Substituting approximations (105) and (106) into problem (P.S,), we find

V- (UG K()VP,) = 227y gafripll) in T (109)

#(x1)0,@; =V - (M@ K()VS, — (@) B, ) + 2272 + PP in 0, (110)
(A(S2) K (X)VBL) - v + e%Qc(x, 1) = 21 @) on I, 1)

<A(@E) K, (x)VS, — b(S,) ﬁ) v+ EB(,) Q, = 210 on IT, (112)
snsl(x’t)eyg(o) =qo(¢) and sl35|(x,t)eYET(€) = qe (1), (113)

©€|(x’t)€YET(O) =59%0,1), @E|(x,z)eYET(f) =S%¢, 1), Scli=o = S%(x1,0). (114)

Here B, = —A(,) K.(x)VB, and

sup [FUx, 0l < €1, sup PP, 0l <€y, 1€1{1,2} (115)
of 7 of 7
€ €
® )
sup |0 (x, 0] < C3,  sup [0 (x,1)] < Cy. (116)
r r

As we stated at the beginning of Section 3, all calculations are carried out in detail for the case « = 1 and 8 = 0. To clarify,

for example, the definition of d)gl) we provide here is its explicit form. Using Taylor’s formula and representation (106),
we obtain:

UGS ) K (X)VPBe) - v +e%Qe(x, 1)

_ 1 _ = =
=& <1(So) + A (s0) €% Ly + 5/1”(9) e 285{_1) <K(x1, §1)V§1ua—ﬁ+1> 'V(§1)|21:7% +€%Qc(x, 1)
(50) g1 4 Lomig)ea-142 % Yoo - _ 201 gD
2 ¢ 2 (s0) sqm1 + 52" (©)e* 5]y ) KO, €DV ttapn v(gl)‘E 5, = eV,
1=%

Thanks to the smoothness assumptions on the coefficient 4 and the entries of the matrix K, the function @gl) satisfies the
first estimate in (116). Analogously, the functions appearing on the right-hand sides of Equations (109), (110), and (112) are
computed in the same manner.

Theorem 3 (case a > 8 — 1, a > 1, and 8 # 0). Assume that in addition to the main assumptions made in Section 2,
condition (55) is satisfied. Then, there are positive constants Cy, C;, C,, and g, such that for all € € (0, ) the differences
U; :=B. — P.and W, := &, — S, satisfy the estimates

— 1 max / |05, Ue(, |2 dx + P / V5, Uc(, )2 dx < Co e, 117)
V1 QI3 x0T | Jo, Qe

1 ~ N
max |[W(, Ol 2, < Cre “F (118)

V1 Q15 texior]

and

T T
e\ awebasare [ ] 1w wipasa <0, (119)
1Q: 13 0o Ja 0 JO

a—p+1 !

where Ry g = min{a — 1,
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Proof. Compared with previous theorems, the proof of this theorem requires some changes. First, we note that because
sp satisfies the bilateral inequality (29) and s,_; is bounded and « > 1, there exists an ¢; such that for all € € (0, &)

1
O 1 for (e ql, (120)

s
0< 70 <GS (x, 1) <

where &, and §; are defined in (27).
The differences U, = B, — P, and W, = &, — S, satisfy the following relations:

V. (A(sg(x, D)K. VU, + W, ' (©1) KEVEBE> = ¢2a2p) L gaprip® iy ol (121)

BODAW. =V - (ASIKLOVW, + W, N (O K(IVE, + 4,(S) KLOVU, + W, 2, (07 ) KOV, ) =2 + =17 in @,
(122)

(A(SE) K (x)VU, + W, V(@) Kg(x)vmg) v, =2 1o on T, (123)

(A KIVW + W, N (OF) K (X)VSe + A(S) Ke()V U, + We AL, (0 ) KoV ) - v =71 0 on 1T,
(124)

and (75) and (76). In (121), ®V(x, 1) = 8, ©.(x, ) + (1 — 6,) S, where 8, € (0,1).

The main difference from the previous theorems is the presence of discrepancies in boundary conditions (123) and (124).
Multiplying the corresponding Equation (121) by U, and integrating it over Q., we get

/ A(S)K. VU, - VU, dx = — / W 'O K VP, - VU, dx + 21 / o U, do, — 22 /
Q, Q.

P U, dx — = FH / FP U, dx.
FE QE

QZ

(125)

Taking into account the form of the absolute permeability tensor (1) and using Cauchy’s inequality with any y > 0, the
first integral on the right-hand side of (125) is bounded from above by the sum

1
C1<y/ |05, Uel?dx + = [ WZdx+¢%! Wgzdx+£“+1/
Q

V= U.|?dx ).
e Y Ja, Q¢ Q¢ e

Considering (115), (116), and (75), the remaining integrals on the right-hand side of (125) can be estimated as follows:

g2 / 73515) U.dx| < Cy| €% + 82“_2/ |05, Uel*dx ), (126)
Q Qe
gr—h+l / FSE) U, dx| < Cs <s“‘ﬁ+3 + s“‘ﬁﬂ/ 18, Uel? dx), (127)
Q¢ Q¢
2a-1 (1) G0 2 2 2 20—2 2
g=a- / ®, ' U.doy| < Cy £“+£°‘/ |V;1UE| dx +e=%~ |0y, Uel“dx ). (128)
I'e e Q¢

Based on these estimates and taking suitable values for y and ¢,, we deduce from (125) the inequality

|6xlUE|2dx+sﬁ/ |V;1UE|2deC5< ngx+52“+a“—ﬁ+3) (129)
Qe

Q¢ Q¢

for any € € (0, £).
Taking into account (1), (3), and (11), inequality (101) now looks like

T T
/W?(x,r)dx+/ / |6x1WE|2dxdt+sﬁ/ / |V, W.|*dx dt
Q. 0o Ja. 0 JQ.

sc0<|11(s)|+|12(s)|+52“1 / / |02 |W,| dodt + 22 / / [P W, | dxdt + 5+ / / |F2(i)||Wg|dxdt>, (130)
o Jr, 0o Ja. 0o Ja,
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where I;(¢) and I,(¢) are determined using (84) and (85), respectively. The integrals on the right-hand side of (130) are
estimated in the same way as integrals (126)-(128). Using Cauchy’s inequality with any y > 0, we bound I, (¢) and I,(¢) as
follows:

T C T T T
|Il(s)|§y1/ / |6XIWE|2dxdt+—1/ / |WE|2dxdt+£°“1C2/ / |WE|2dxdt+s°‘+1C3/ / Vs, W, |2 dxdt,
0o Ja, "1 Jo Ja, 0o Jo, 0o Jo,

/ / Aw(Se) ky(x1) 8, U, 8, W, dxdt + / / /lw(SE)Eﬁ(KVEIUE)-V;ledxdt'
0o JQ, 0 JO.

T C T T C T
572/ / |8x1W5|2dxdt+—4/ / |6xlU£|2dxdt+Eﬁy3/ / |V§1WE|2dxdt+sﬁ—5/ / |Vz, U, | dxdt.
o Ja, 2 Jo Ja, o Ja, V3 Jo Ja,

By choosing ¥4, 72, 73, and g7 to be suitably small, we derive from (130) the inequality

T T
/Wg(x,r)dx+/ / |6x1W5|2dxdt+sﬁ/ / Vs, W, dx dt
Q. o Jo, o Jo,
T T T (]29) T
<G 82“+£°“ﬁ+3+/ / |WE|2dxdt+/ / |6x1U5|2dxdt+£5/ / |V U l?dxdt | < C, 52“+£°“5+3+/ / |W.|? dxdt
0o Ja, 0o Ja, 0o Jo, 0 JQ

()| =

(131)
for any € € (0, £7).
Now applying Gronwall’s lemma to the inequality
T
/ W2(x,7)dx < Cy| €% 4 ¢*=B+3 +/ / |W,|?dxdt ),
Qe 0 JQ¢

we get

max / W2(x,1)dx < Cs (2% + 5F+3), (132)

telo,T] Q¢
Estimates (117)-(119) follow directly from (132), (131), and (129). O

The next corollary is a consequence of estimates (117)-(119).

Corollary 3 (thecasea > § —1,a > 1, and 8 # 0). Let (P,, S;) be a weak solution to problem (P.S,), and (py, Sy) be a
solution to problem (107). Then the following asymptotic estimates hold:

-1 -1 N
tg%&);] ||<P£>£w —Po— e* poc—1||H1(0,5) + ”<P£>Ew —Po— e* poc—l”c([(),f]x[o,T]) < Cl € oc,ﬁ’ (133)
_ _ N
I{Se)ewwr — 50 — % 1S0¢—1”L2(Q’T;H1(0,f)) + {Se)eww — 50 — % 1Sa—1||L2(0,T;C([0’g])) <Cye P, (134)
where R, g = min{a — 1, aprl 3

5.2 | Subcasef =0

This subcase is considered because it provides an opportunity to obtain more precise estimates than those presented in
Theorem 3 and Corollary 3. It is obvious that the following approximation functions should be considered:

Pe(x, 1) = po(x1, ) + € p_1(x1, 1) + e ug yy <x1, % t> (135)
and
(X, 1) = $(X1, 1) + €% Lsg_1 (1, 1), (136)

where (pg, Sg) and (pg_1, S¢—1) are solutions to problems (107) and (108), respectively, 1, is a solution to problem (56).

22 of 31 Studies in Applied Mathematics, 2025



Theorem 4 (casea > 1, § = 0). Assume that, in addition to the main assumptions made in Section 2, condition (55) is
satisfied. Then, there are positive constants Cy, Cy, and g, such that for all € € (0, &),

max_[IP.(-, 1) = Pe( Oll 1 g, < Co™a (137)

1
V1 Q. 15 texior]

and

1

\/1 Qz—: f3

max | 1Se (-, 1) — & (-, t)”LZ(QE) + IS — @E”LZ(O)T;HI(QE)) < él ENO‘, (138)

1
\/1 QI3 tex[o0,T

where X, := min{2(a — 1), a + 1}.

Proof. The proof of this theorem requires clarification compared to the proof of Theorem 1. Substituting functions (135) and
(136) into problem (P, S,), we find the same relations as in (109)—(114), but with 8 = 0. The same is true for the differences
U, =B, — P, and W, = &, — S;; they satisfy relations (121)-(124), in which § = 0.

The main difference with the corresponding stage in the proof of Theorem 1 is the presence of discrepancies in boundary
conditions (79) and (80). Therefore, considering (116), the integral 2%~! /Fs |U¢| doy, appears on the right-hand side of

inequality (81). Using (30) and (75), we obtain

g2l [ U, |do, < Ce?*1 / VU, |? dx.
Te Q¢

/ VU (x,0)]>dx < Cy| €¥*72 +&%+2 + /
Q¢ Q

In addition, on the right side of inequality (130) there is an additional integral, which is estimated as follows:

T (116) T (30) T T
g2l / / @ W, do, dt| < C2<£4"“2+£ / / Wfdcrxdt) < C3<E4“‘2+52 / / Vs, W, [2dxdt + / / ngxdt>. (140)
0o Jr. 0o JI, 0o Jo, 0o Jo,

We then choose ¢, such that for all € € (0,¢,) the value C C; € is less than a given positive number, so that we can
move the integral C;, C5 &2 /OT /Qa |V, We |2dxdt to the left-hand side of the corresponding inequality (83) and obtain the
inequality

As a result,

W2(x, t)dx) for any ¢ € [0, T]. (139)

€

/ W2(x,7)dx +/ VW, |?dxdt < Cy4 (54“‘2 + s“+2/ W2(x,t)dxdt (141)
Q of of

€

for any t € (0, T). We then repeat the proof of Theorem 1 to derive estimates (137) and (138). O
As we proved Corollary 1, from inequalities (137) and (138), we deduce the following corollary.

Corollary 4 (case a > 1, 8 = 0). Let (P, S;) be a weak solution to problem (P.Sy), and let (py, o) and (Pg—1,5q—1) be
solutions to problems (107) and (108), respectively. Then the following estimates hold:

a-1 a-1 R
[g'[lél’?] I{Pe)ewr — Po — € pa—l”Hl(Q’f) + 1(Pe)ewr —Po — € poc—1||c([0’f]x[o,T]) <Cete, (142)
1{Se)ew — S0 — Ea_lscx—l ||L2(0,T;H1(0,g)) + 1{Se)eww — S0 — Ea_lsoc—l ”LZ(O,T;C([O,f])) <G EN“a (143)

where X, = min{2(ax — 1), a + 1}.
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6 | Approximations and Estimates for the Flow Velocities and Pressures

The obtained approximations for the solution to problem (P.S,) for different values of the parameters o and 8 allow us
to return to the Muskat-Leverett two-phase flow model (see Equations (4)-(7)), construct approximations for the flow
velocities I7E) X7w7£, and 170,5 and for the pressures Py, and P, ., and prove the corresponding asymptotic estimates. As
shown in the preceding sections, the best asymptotic estimates are derived when § = 0. Therefore, we will start with
this case.

¢ If o = 1 and B = 0, based on Equation (14) and using (64), we propose for the total velocity 175) the approximation

A(so(x1, 1)) k1(x1) 8x; Po(X1, 1)

Ve 1= — = - . (144)
€ E/l(so(xlat)) K(X1, XTI) (VE u2(x17§1)> |— fl
1 §1=?
For the wetting phase velocity I_/'w’s, based on Equation (15), the following approximation is offered:
. A(so(x1, ) k1 (x1) Oy So(x1, 1) .
Ve i=— 0 + b(sp(x1, 1)) Ve; (145)
0
]_50,5 = 175) - ﬁw,z' (146)
Here, matrix K is given by (35), (pg, So) is the solution to the limit problem (54), u, is the solution to problem (56).
Based on (13) and (7), we propose approximations for the pressures P, . and P, . in the following form:
%0 2o(n)
s‘Bw,s =P - / /{)(77) pé(’]) dn, s‘Bo,a = s'pw,s + pc(50)s (147)
0

where 9, is taken from Equation (64).

Lemmal (x = 1, 8 = 0). Suppose that the conditions of Theorem 1 are satisfied. Then, there are positive constants C;, Cs,
Cs, and g such that for all € € (0, &),

1 .
V1913 tex OTJ “ ACDRRZC )” LZ(QE))3 =1 (148)
1 - - ~ .
V. —P <G, e, <G, e, 149
VIQTs [V = Vi a3 = N “Nazalys = -2 (149)
1 .
Ry — ”PUJ,E - ;’BUJ,E”LZ(O’T;Hl(QE)) S C3 £2a (150)
\/1 Qz f3
1
————1Poc = Bocll 2 71110, < €3 g2 (151)
\/1 Qe r3

Proof. 1. According to (74) we have
Ve = = A(S.) K (X) VP, = —A(sg — We) K (x) V(P —
= — A50) K VB + A(s0) K VU, + /(@) W, K. VP, — 1/(0) W, K. VU,
A(s0) k1 Oy, U

=V, — &2 0 + A(s0) K VU, + ' © D) W, K VB, — V' (©P) W, K VU.. (152)
0

Now, using estimates (72) and (73) and considering (27) and (29), we derive estimate (148) from (152).
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In the same way, we deduce
Ve = =AS) KV, +b(S)V, = —Alsy — W) K (x)V(sy — W,) + b(sy — W)V,
= Ve + M) KIW, + N (O )W, K. V5, = N (O )W, KIW, + b(so) (V. = V) = b/ @) W. V. - '@ )W, (V- ). (153)

Using the same inequalities as before and inequality (148), we obtain the first estimate in (149) from equality (153). The
second estimate in (149) follows from the previous estimates, (146), and from the equality V, . =V, =V, ..

2. From (13) we deduce that

Se(x,t)

Py — mw,a =P, - P, - / f()dn, (154)

50(x1,)

where f(n) := /1/10(5;7)) pl(n). Considering the assumptions for the relative permeabilities and capillary pressure (see (8)-

(11)), f and its derivative are smooth and bounded in the domain of definition.

It is easy to see that

Se(x,0) 2
/ </ f(m d7)> dxdt < Cl/ (Se(x, 1) —so(xl,t))zdxdt, (155)
Qg sp(x1.t) Qg
Se(x,t)
Vzl< / f(n)dn> = f(5:) V5, 5:(x, 1), (156)
So(xl,t)

Se(x,t)
aX1 </S T dn) =769 5x155(x, £ = f(s0) a"1 So(x1, 1) = f(Se) <axlsz - axl SO> + axl S0 f(©:) (Se — sp). (157)

0(x1,0)
Considering (155)-(157) and using (72) and (73), we derive the first estimate in (151) from (154). The second follows from
(7), the equality
1
Po,z - sBo,x-: = Pw,z - s~Bw,5 + Pé(®§ ))(SE - So),

and the boundedness of p).. O

¢ Ifa > 1 and B = 0, the approximations of the velocities are as follows:
A(s0) ky 8 po + €71 (/1(50) k1 Oy, Pa—1 + A" (50) k1 0x, Po Sa—l)

& Aso(xr. DK (31,2 ) <Vgl uaH(xl,El)) 5
1

—
e —

: (158)

-4
&€

. A(s0) ey Oy S0 + €71 (A(So) k1 Oy, 8q—1 + A (s0) k1 0x; 50 Soc—l) _
Ve i=— 0 + (b(s0) +€*71b/(s0) S4-1) Vs
0

159)

where (pg, Sp) and (py_1,S4—1) are solutions to problems (107) and (108), respectively, and u, 1 is a solution to problem
(56); for the pressure P, . we take the approximation

. @ Ao(m)
Vo= [ ST bl (160)

where 3, and &, are determined using (135) and (136), respectively.
Using approximation formulas (137) and (138), similar to the previous one, we prove the lemma.

Lemma2(a > 1,8 = 0). Suppose that the conditions of Theorem 4 are satisfied. Let 17; and 1_5w75 bevector-valued functions
determined by formulas (158) and (159), respectively, and *B,, . be a function defined by (160). Then, the following asymptotic
estimates hold:
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<Cyela, @161)

177007 g e e

1Q, |5 texior]

1
P

g w,e $w,s” 2 7l
/1 —Qs r3 L2(0,T;H (Q¢))

<G ela, (162)

where R, := min{2(a — 1), a + 1}.

Remark 6. An approximation for I70,E is determined by formula (146), and for P, ;. by formula B, . := Py, ¢ + p.(S;).
The corresponding asymptotic estimates follow from these formulas and estimates (161), (162), and (138). They are of the
same order of magnitude. Therefore, we have not written about them.

¢ Ifa=1, B<2, and B #0, the approximation for the total velocity I7E) is given by the vector-function lZ:

T —
(/l(so) k1 9x, Po, 0, 0) (T is the sign of transposition), and the approximations for the velocity V', . and pressure Py,

are defined by Equations (145) and (147), respectively, where B3, is now determined by (94). For the same reasons as in
Remark 6, we do not mention the functions V,, . and P, ...

Lemma 3 (o =1, 8 < 2, and § # 0). Suppose that the conditions of Theorem 2 are satisfied, and denote by U, . the
differences P, . — By ¢. Then the following asymptotic estimates hold:

T T i
. / / 02, Uw ¢|? dxdt + P / / |V, Uw,el? dxdt < (of e 2, (163)
V 1 Qg f3 0 Q¢ 0 Q¢

— — 1
max ([Ve(-, ) = V(s

1
y—— t)” 1.2(Q-))3 + —
V11, teloT] O™ T T,

- - ~ N
”Vw,s - vw,gll(Lz(Qg))3 <Cye ﬁ’ (164)
where Rg 1= min{l — é, 1}.
2

Proof. First, note that from (154) it follows that U, | x1=0 = Un,elx;=¢ = 0. Then, similar to the second part of the proof
of Lemma 1, but using estimates (95)—(97), we derive (163).
Next, as in the first part of the proof of Lemma 1, we prove that

— — T

Vi =V =P (250 O tap 0,0) " = €(0,0,A) KV 5 )+ A(50) K. VU, + (0) W, K.V, - (@) W. K. VU,. ~ (165)

New in this proof is estimating the norm

= IK VU <G (ua Ul s+ 1V ULl )(gi)c -5,
————— max — max v ¢ c
V1 Q15 teloT] RS CEC V1 Q15 teloT] 17ENL2(0g) aZel22) = 2

(166)
Then, using (95)-(97), we get inequality (164). O

¢Ifa>pB—-1,a>1,and g # 0, the approximation for the pressure P, . is determined by formula (160), but B, and &,
are now determined in (105) and (106), respectively. The estimate for the difference U, := P, . — *By, . is derived in the
same manner as in Lemmas 3 and 1, but it is necessary to use estimates (117)—(119).

Compared to the other cases, the order of the estimates was the smallest in this case. As follows from the previous case,
the order of estimates for the flow velocities will become even smaller, indicating a complex influence of parameters o
and $ on the course of the process. We now propose the following approximations:

— T - T —
VE = _<A(S0) kl ax1p0, 0’ O) > vw,s = —<A(S0) kl axlsO’ 0’ 0) + b(SO) v&" (167)

where (pg, Sp) is a solution to problem (107).
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Proceeding in the same way as before and using estimates (117)—-(119), we derive

— — é
Vo=V, + O + OE 4By + 02 @) as ¢ -0, (168)
where X, g = min{a - 1, “_T’B)H}. So, if a > 3 — 3 (this means X 5 = a_fﬂ ), then
a—p+1
Ol e 2 , when g > 0;

VE = vs + a+l
(9<£T>, when 8 < 0.

Ifx <3 -4, then 17; = ]7; +0 (s“‘l) for B > 0 (because of the other restrictions for a and j this means that § € (0, 2)),

= _148
andV, =V, + O" *3 Yforf <Oand a > —g +1L.Ifl<a< —g + 1, additional asymptotic terms for P, and S, should

be constructed (see Remark 5). In reality, parameter f3 is positive because the absolute permeability coefficients for different
materials are very small (10_3’—10_16 cm?, see [1, section 5.5]). Therefore, in this case, we formulate the results for positive

8.

Lemma4 (o > 8 —1, a > 1, and § # 0). Suppose that the conditions in Theorem 3 are satisfied. Then, the following
asymptotic estimates hold:

where Uy, ¢ = Py — Py and Ry g = minf{a - 1,

T T
1 / / 18 Uw,c|? dxdt + &P / / |V, Uwel?dxdt < €, b,
V1 QT3 o Jo o Jog

€

a—p+1,.
2 }7

- - ~ a_ﬁ“'l
”Vw’g - vw,gll(Lz(Qg")3 < C2 g 2

max IIYZ(-, 1) = Ve(-, t)”(LZ(QE))?’ +

1 1
\/1 Qa f3 tex|(o.1] V1 Qs F3

fora >3- pFandfB > 0;and

1
\/1 Qs f3

max V(1) = Ve, Dll 203 +

1
1/1 QI3 tex|[0,T]

— - ~ -1
”Vw,z - vw,s”(L2(Qg")3 < C3 Ea

fora <3 —fandp €(0,2).

7

| Conclusions

1. In this work, we examined the nonlinear Muskat-Leverett two-phase flow model (4)-(7) in the thin cylinder Q,

involving two additional parameters, a and 3. The parameter a governs the flow rates of the mixture on the lateral
surface I';, while 3 controls the scaling of the absolute permeability tensor in the transverse direction.

Our results show that for a thin cylinder with cross-sectional diameter of order ¢, the value a = 1is a critical threshold.
In this case, the leading term of the asymptotics is described by problem (51) for 8 < 2, which corresponds to a one-
dimensional Muskat-Leverett two-phase filtration model incorporating the specified lateral surface flows from the
original problem. This limit problem can be reduced to the nonlinear parabolic Equation (53).

Fora >1and 8 <2,or a > —1 with § > 2, the prescribed lateral flow rates on I'; are of lower order, influencing
only the second terms of the asymptotics, p,_; and s,_;, which solve problem (108). In these cases, the limit problem
is (107). For applications, it is advisable to consider both this limit problem and (108) to account for lateral exchange.
In both parameter regimes analyzed, the derived asymptotics reveal a clear directional hierarchy in the flow
within Q. : The longitudinal component governs the leading-order behavior, while transversal contributions are
asymptotically negligible at that order. This directional dominance arises naturally from the interplay between the
thin-domain geometry, the scaling of the governing parameters, and the block-structured permeability tensor, which
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together suppress cross-sectional transport to higher order corrections (see, e.g., the approximations for the total
velocity in Section 6).

In practical applications such as the oil and gas industry, where fractured reservoirs are common, or environmental
engineering, where fractured media often play a critical role in contaminant transport, lateral fluxes through fracture
walls are typically not prescribed a priori but arise from interaction with the surrounding porous matrix. In a coupled
fracture-matrix framework, these fluxes replace the function Q in our model as interface terms linking the fracture
and matrix subproblems.

The one-dimensional Muskat-Leverett model developed here can be embedded into a coupled fracture-matrix
framework, in which the fracture equations are solved together with a matrix flow model. In such a setting, the
interface terms in the fracture equations, representing the lateral exchange fluxes, appear in the limit problem (51)
in place of the function Q. The velocity approximations for V w,e and V 0, obtained in Section 6 can then be used
to evaluate these interface fluxes with high accuracy. This enables the fracture model to serve as a high-fidelity
component in larger scale simulations of fractured reservoirs, where the surrounding medium is explicitly represented
and the fracture-matrix exchange is resolved numerically (see, e.g., mixed-dimensional approaches in [10-14]). Such
coupling enables the prediction of two-phase flow in realistic fractured systems, supporting informed and optimized
decision-making in many applications, depending on the values of the parameters a and 3. A rigorous mathematical
justification of the reduced coupled fracture-matrix problem remains an interesting direction for future research.
Another potential application of our model relates to pore-network modeling, where the pore space is represented by
one-dimensional pore throats connecting pore bodies (see, e.g., [39, Chapter 2]). Compared to full-dimensional pore-
scale simulations, this geometric simplification significantly reduces computational cost and memory requirements.
However, dimensionally reduced evolution equations on the pore throats have to be provided. Our model could exactly
serve this purpose for two-phase flow.

If a < 1and B < 2, the term £%1s,_; in (106) becomes unbounded as ¢ — 0, violating the physical requirement that
saturation remain in [0,1]. This corresponds to extremely high conductivity through the lateral surface, requiring a
different modeling approach. The same appliestoa < -1, > 2.

In the borderline case @« = § — 1,8 > 2, the ansatz (105) indicates the onset of a “dual-porosity” regime, in which
longitudinal and transverse two-phase flows occur at comparable rates. Consequently, the leading term in the
expansion for the reduced pressure and saturation is no longer cross-sectionally uniform and will have the form

X1 _ X1 X1 _ X1
P.(x,t) ~ p <x1, ?,t> +ep, <x1, ?,t> + e, S.(x,t) ~ 5 <x1, ?,t> +e% 15, <x1, ?,t>,

where ( po(xl,gl,t), so(po(xl,gl,t)> must solve a coupled system consisting of a nontrivial transverse profile

determined by a cell two-phase flow problem posed on the cross-section with Neumann-type boundary conditions,
and a modified one-dimensional Muskat-Leverett problem. The coefficients in both subproblems must encode the
fractional-flow coupling in both the longitudinal and transverse directions. A direct application of the asymptotic
expansion method used in this paper did not lead to unambiguous results. Therefore, two-scale convergence
techniques appear to be more suitable for a rigorous derivation of the limit model. This represents an interesting and
useful direction for future research. We also note that such two-scale techniques have been developed in the context
of fluid flow in naturally fractured reservoirs, for example in petroleum engineering; see [40, 41].

2. This study relies on several assumptions. Smoothness of the given functions qg, g¢, Sg, Q, and of the coefficients of
problem (P, Sy is required to construct the asymptotic terms and estimate certain integrals. The assumption that Q
vanishes near the bases of Q. reflects many real situations, where penetration from solid rock into a fracture is local,
and avoids the need to construct boundary layers near the bases.

To reduce technical complexity, we considered a rectilinear cylinder Q. and assumed that the porosity ¢ depends
only on the variable x;. The approach extends to curvilinear thin cylinders {x : 0 < x; < €7, |x7| < € h(x1)} with the
smooth aperture function h(x;), x; € [0, ¢]. Using the same approach as in [42], one can show that h(x;) will appear
in the coefficients of the differential equations in the limit problem (51). The case of a nonconstant center-line of a
curvilinear thin cylinder can be treated by the transformation method as in [20, section 2, Appendix A], although the
analysis becomes substantially more intricate. If ¢ depends on all spatial variables, we can apply Taylor’s formula:

d(x) = p(x1,0,0) + ¢ V;lqb(xl, 0,0)- &, ’E Tt O(e?), and substitute this expansion together with the ansatzes (32)
=

and (33) into Equation (19). As a result, the cgefficient #(x1,0,0) appears in the differential Equation (49) at 9;s.

In more general settings, the permeability tensor may be fully populated, and the coupling effects introduced by the
off-diagonal terms can influence both the behavior of the solution and the form of the limit problem. In such cases,
it may be necessary to modify the expansion strategy or employ alternative perturbation methods. This remains an
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interesting direction for future research. However, in some cases, the asymptotic approach proposed here still applies.
As shown in [6, section 4.2], even in non-thin regions, the off-diagonal components of the permeability tensor are
often an order of magnitude smaller than the diagonal ones. For example, if we consider the permeability tensor

X x
kl(xl) Ek12 <X1, ?1> Ek13 <x1, ?1>
IKE = Ek21 (xl,%> Eﬁk22<x1,%> £5k23<x1,%>
ek3; (xl’%> ks, (xl, %) Pk <x1,%>

for 8 € [0,1), then the approach presented here yields the same limit problem (51) for ¢ = 1 or (107) for o« > 1. We
also note that convergence results for linear elliptic problems with a fully populated hydraulic conductivity matrix in
a thin fracture were obtained in [20], and for nonlinear monotone problems in a junction of multiple thin cylinders in
[43].

The main assumptions—regularity of capillary pressure and neglect of gravity in Darcy’s law—ensure the maximum
principle (see (27)), which in turn guarantees the regularity of the problem in the sense of (28) and allows
asymptotic estimates. Some studies assume regularity directly (e.g., [24]). Removing these assumptions would be an
interesting challenge.

An important related problem is the analysis of a nonlinear Muskat-Leverett two-phase filtration model in thin graph-
like networks that more accurately represent complex fracture geometries. In this setting, the principal mathematical
difficulty lies in deriving the corresponding limit problem on a metric graph, equipped with appropriate Kirchhoff-type
transmission conditions at the vertices to ensure mass conservation and correct coupling between the edges.
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