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Abstract

This thesis is concerned with the dev elopmen t of e�cien t n umerical solution algorithms

for nonlinear con tact problems with friction. Suc h t yp e of problems pla y an imp ortan t

role in man y tec hnical and engineering applications. Th us, the design of discretization

tec hniques and e�cien t solution strategies is still a c hallenging task b oth from the engi-

neering and the mathematical p oin t of view.

Domain decomp osition tec hniques based on �nite elemen t metho ds are a p o w erful to ol

to appro ximate the solution of partial di�eren tial equations as they o ccur in the frame-

w ork of structural mec hanics. Here, w e fo cus on discretization tec hniques based on the

mortar metho d b y in tro ducing an additional unkno wn named Lagrange m ultiplier or dual

v ariable in order to form ulate the in terface constrain ts b et w een the in v olv ed b o dies. In

the framew ork of con tact problems, where the w eak form ulation consists of a v ariational

inequalit y , this additional v ariable mo dels the con tact stresses at the common con tact

in terface. Using standard �nite elemen ts for the discretization of the Lagrange m ultiplier,

the con tact conditions result in a segmen t-to-segmen t approac h, where the mec hanical

inequalit y constrain ts can only b e resolv ed b y some global optimization pro cedure on the

con tact b oundary . This can b e a v oided b y w orking with lo cally de�ned dual or biorthog-

onal basis functions for the Lagrange m ultiplier space. Then, the segmen t-to-segmen t

approac h is algebraically equiv alen t to a no de-to-segmen t approac h, and the inequalit y

constrain ts decouple p oin t-wise. A dditionally , w e are able to transform a t w o-b o dy con-

tact problem in to a one-b o dy problem b y a lo cal prepro cess, and hence apply the same

nonlinear solv er. Mathematically , the prepro cess is equiv alen t to a basis transformation;

ph ysically , master and sla v e side are glued together suc h that the t w o b o dies form a com-

p osite material and the displacemen t on the sla v e side re�ects the relativ e displacemen t

b et w een the t w o b o dies. In this thesis, w e analyze the discretization error of the prop osed

mortar form ulation and giv e optimal a priori error estimates. A v arious set of n umerical

examples are giv en to con�rm the ac hiev ed theoretical results.

The decoupled con tact constrain ts pro vide a basis for the construction of e�cien t solu-

tion algorithms. The presen ted n umerical approac hes are semi-smo oth Newton metho ds

whic h are equiv alen t to a primal-dual activ e set strategy in the case without friction.

The p oin t-wise inequalit y constrain ts b et w een the primal v ariable, i.e., the displacemen t,

and the dual v ariable, i.e., the Lagrange m ultiplier, are written as an equalit y constrain t

b y the use of a semi-smo oth nonlinear complemen tarit y function. Ev en for the case of

con tact problems including friction with Coulom b's friction la w w e are able to construct

a full semi-smo oth Newton algorithm. Due to the use of the dual basis functions for

the Lagrange m ultiplier, w e are able to lo cally eliminate the degrees of freedom for the

dual v ariable. Th us, in eac h iteration step, w e ha v e to solv e a linear system with resp ect

to the primal v ariable, where, the con tact constrain ts en ter as b oundary conditions of
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Abstract

Diric hlet-, Neumann-, or Robin-t yp e. Therefore, existing �nite elemen ts co des for struc-

tural mec hanics can b e easily extended to the case of con tact problems b y using the

prop osed metho ds. Using iterativ e solv ers lik e optimal m ultigrid metho ds to solv e the

arising linear system in eac h step, w e are able to construct inexact strategies, where the

linear system is not completely solv ed in eac h Newton step. By this, w e get an e�cien t

algorithm for solving a fully nonlinear con tact problem whose additional cost is negli-

gible compared to solving a linear system. Sev eral n umerical examples are pro vided to

in v estigate the p erformance and e�ciency of the in tro duced algorithms.

In the last part of this thesis, w e extend the prop osed form ulation and the e�cien t

solution algorithms to more general applications. Firstly , w e adapt our solution strate-

gies to the case of dynamical con tact problems in com bination with nonlinear material

la ws. Esp ecially , w e fo cus on energy-conserving algorithms. Secondly , w e treat thermo-

mec hanical con tact problems, where, the temp erature is in tro duced as an additional

unkno wn. This extension is quite natural since heat is generated due to the mec hanical

frictional w ork. Similar as the mec hanical Lagrange m ultiplier tak es care on the mec han-

ical con tact constrain ts, a thermal Lagrange m ultiplier mo deling the heat �ux across the

con tact in terface is added to enforce the thermal �ux conditions o v er the con tact in ter-

face. W e prop ose a mortar form ulation for this Robin-t yp e thermal in terface conditions

and extend our con tact algorithms to solv e the resulting nonlinear problem.

This thesis is organized as follo ws. In the �rst part w e in tro duce in Chapter 1 the

mathematical form ulation of con tact problems. The second part in tro duces the v aria-

tional form ulation and its discretization in terms of the mortar metho d in Chapter 2. In

Chapter 3 the optimal a priori error estimates for the discretization errors are deriv ed.

The n umerical solution algorithms based on semi-smo oth Newton metho ds are presen ted

in the third part. Chapter 4 con tains the algorithm for the con tact problem without

friction while Chapter 5 deals with the n umerical solution of frictional con tact problems.

In the last part w e extend the prop osed discretization tec hniques and the n umerical al-

gorithms to more general con tact problems. In Chapter 6 w e consider dynamical con tact

problems with large deformations and in Chapter 7 thermo-mec hanical con tact problems

are studied. F or a detailed description of the con ten t of the sev eral c hapters and the

literature o v erview w e refer to the in tro ductions at the b eginning of eac h c hapter.

Finally , w e men tion that our implemen tation for all n umerical examples presen ted in

this thesis is based on the �nite elemen t to olb o x UG, [5], and the fast optimized direct

solv er pac k age P ARDISO, [123, 124 ]. The visualization in the three-dimensional case has

b een p erformed with NETGEN, [125 ].
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Zusammenfassung

Die n umerisc he Sim ulation v on V orgängen in Natur und T ec hnik nimm t in heutiger Zeit

eine stetig zunehmende Rolle in der En t wic klung neuer Pro dukte in der Industrie ab er

auc h im V erständnis v on Naturphänomenen ein. Selbst in der Medizin w erden mittler-

w eile n umerisc he Sim ulationsmetho den b eispielsw eise zur Plan ung v on k omplizierten Op-

erationen eingesetzt. Mathematisc h w erden alle diese V orgänge mit Hilfe v on partiellen

Di�eren tialgleic h ungen b esc hrieb en, deren analytisc he Lösungen im Allgemeinen nic h t

b ek ann t sind. Geeignete Diskretisierungsmetho den, wie b eispielsw eise Finite Elemen t

Metho den in K om bination mit e�zien ten Lösungsv erfahren, stellen daher ein mäc h tiges

W erkzeug dar, um näherungsw eise Lösungen dieser Systeme zu erhalten.

Diese Arb eit b efasst sic h mit der Diskretisierung und der En t wic klung e�zien ter Lö-

sungsv erfahren für K on taktprobleme in der nic h tlinearen Strukturmec hanik. K on takt-

probleme spielen nic h t n ur im Alltag, sondern auc h in vielen ingenieurswissensc haftlic hen

F ragestellungen ein groÿe Rolle. Beispielsw eise stellt jede Art der F ortb ew egung, sei es

das Gehen o der der rollende Reifen eines Autos einen reibungsb ehafteten K on taktv organg

dar. In der T ec hnik �ndet man derartige V orgänge zum Beispiel in der Blec h umform ung

o der b eim Crash zw eier F ahrzeuge. Gerade hier ist man an einer e�zien ten Sim ulation

b ereits im En t wic klungsstadium eines F ahrzeuges sehr in teressiert.

Da b ei der Sim ulation solc her V orgänge meist mehrere Ob jekte b eteiligt sind und

diskretisiert w erden m üssen, stellen mo derne Gebietszerlegungsmetho den einen herv or-

ragenden Ausgangspunkt für die En t wic klung e�zien ter Lösungsalgorithmen dar. Ins-

b esondere eignet sic h hierfür die Mortar-Metho de, w elc he einen mathematisc h analysier-

baren Zugang liefert, der ein nic h tk onformes V ernetzen der b eteiligten Ob jekte an ihren

Sc hnittstellen, den K on takt�äc hen, erlaubt. Somit k önnen die Rec hengitter den Eigen-

sc haften der einzelnen Ob jekte separat erzeugt und deren Gestalt optimal angepasst w er-

den. Der Informationsaustausc h zwisc hen den einzelnen T eilgeb eiten gesc hieh t b ei der

Mortar-Metho de mit Hilfe einer zusätzlic hen V ariablen, dem Lagrange-Multiplik ator. Im

F alle eines K on taktv organgs b ersc hreibt dieser gerade die K on taktkräfte, die zwisc hen den

b eteiligten Ob jekten ausgetausc h t w erden. Für die diskrete Besc hreibung des Lagrange-

Multiplik ators w erden in dieser Arb eit duale Basisfunktionen v erw endet. Die V erw endung

dieser Basisfunktionen führt zu einer En tk opplung der K on taktneb en b edingungen an

den einzelnen Diskretisierungspunkten an der K on takt�äc he, w elc he dann einen herv or-

ragenden Ausgangspunkt für die En t wic klung e�zien ter iterativ er Lösungsalgorithmen

für das en tstehende nic h tlineare Gleic h ungssystem basierend auf nic h tglatten Newton-

V erfahren darstellt. Somit ist der Zugang mit Mortar-T ec hnik en, der in seiner Grundform

eine Segmen t-to-Segmen t-F orm ulierung darstellt, in seiner algebraisc hen F orm äquiv-

alen t zu einer No de-to-Segmen t-F orm ulierung. W eiter lassen sic h aufgrund der W ahl

dieser sp eziellen Basisfunktionen im resultierenden algebraisc hen Gleic h ungssystem die
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Zusammenfassung

zusätzlic hen F reiheitsgade für den Lagrange-Multiplik ator auf e�zien te W eise lok al elim-

inieren, so dass am Ende n ur no c h ein ausk ondensiertes System b ezüglic h der primalen

V ariable gelöst w erden m uss. Nic h tglatte Newton-V erfahren gewinnen in mo dernen Sim-

ulationstec hnik en stetig an Bedeutung. Im Rahmen dieser Arb eit soll ihre An w endung

auf K on taktprobleme in K om bination mit der Mortar-Metho de v orgestellt und un ter-

suc h t w erden. Im F olgenden sind die Inhalte der einzelnen Absc hnitte und Kapitel dieser

Arb eit b esc hrieb en.

Der erste T eil mit Kapitel 1 ist der mathematisc hen Besc hreibung eines K on takt-

problems gewidmet. Neb en einer kurzen Üb ersic h t üb er die k on tin uumsmec hanisc hen

Grundlagen zur Besc hreibung der Strukturmec hanik wird die detailierte mathematisc he

Besc hreibung der nic h tlinearen K on taktv orgänge eingeführt. Diese K on taktv orgänge sind

einerseits die Nic h tdurc hdringunsb edingung der b eteiligten Ob jekte und andererseits die

Reibungsb edingungen, w elc he üb er Haften o der Gleiten en tsc heiden. Absc hlieÿend w er-

den die gebräuc hlic hsten k onstitutiv en Materialgesetze, w elc he die Bezieh ung zwisc hen

den V erzerrungen und den Spann ungen mathematisc h b esc hreib en, v orgestellt.

Im zw eiten T eil wird in den Kapiteln 2 und 3 die Ortsdiskretisierung des K on takt-

problems mit Hilfe der Mortar-Metho de v orgestellt und mathematisc h un tersuc h t. Kapi-

tel 2 b esc häftigt sic h zunäc hst mit der Herleitung der sc h w ac hen F orm ulierung und der

daraus resultierenden V ariationsungleic h ungen. Ansc hlieÿend wird deren diskrete F or-

m ulierung un ter V erw endung v on dualen Basisfunktionen für den Lagrange-Multiplik ator

dargestellt. Die V erw endung dieser sp eziellen W ahl v on Basisfunktionen führt dazu, dass

die K on taktb edingungen an den einzelnen Knoten auf dem K on taktrand en tk opp eln. In

Kapitel 3 wird diese Ortsdiskretisierung hinsic h tlic h ihrer K on v ergenz un tersuc h t. Un ter

geeigneten Regularitätsanforderungen an die Lösung w erden optimale a priori F ehlera-

bsc hätzungen hergeleitet. Diese w erden zunäc hst für den reibungsfreien F all für Finite

Elemen te erster und zw eiter Ordn ung b ewiesen. Der F all mit Reibung wird anhand

eines v ereinfac h ten Reibungsproblems un tersuc h t. Die theoretisc h gew onnenen Resultate

w erden anhand zahlreic hen n umerisc hen Beispielen un termauert.

Der dritte T eil dieser Arb eit ist der K onstruktion v on e�zien ten n umerisc hen Algo-

rithmen zur Lösung der resultierenden nic h tlinearen algebraisc hen Gleic h ungen gewid-

met. Zunäc hst wird in Kapitel 4 ein nic h tglattes Newton-V erfahren zur Lösung des

K on taktproblems ohne Reibung v orgestellt und n umerisc h analysiert. Die K onstruktion

dieses V erfahrens basiert darauf, dass sic h die nic h tlineare Ungleic h ungsneb en b edingung

der Nic h tdurc hdringungsb edingung mit Hilfe einer nic h tglatten nic h tlinearen K omple-

men taritätsfunktion in eine äquiv alen te Gleic h ungsneb en b edingung b ezüglic h den V er-

sc hiebungen, den primalen V ariablen, und den K on taktspann ungen, den dualen V ari-

ablen, umsc hreib en lässt. Dieser Zugang k ann im reibungsfreien F all auc h als eine

primal-duale Aktiv e-Mengen-Strategie aufgefasst w erden. W eiter wird die lok al e�zien t

durc hführbare Elimination der zusätzlic hen F reiheitsgrade für den Lagrange-Multiplik a-

tor aus den resultierenden algebraisc hen Gleic h ungssystemen, w elc hes in jedem iterativ en

Newton-Sc hritt zu lösen gilt, v orgestellt. F olglic h m uss in jedem Iterationssc hritt n ur

no c h die Lösung eines linearen Gleic h ungssystem b ezüglic h der primalen V ariablen ge-

funden w erden. K om biniert man n un e�zien te iterativ e Löser für lineare Gleic h ungssys-

teme, wie b eispielsw eise optimale Mehrgitterv erfahren, so erlaubt uns dies die V erw en-
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dung v on inexakten Metho den. In diesem F all enstspric h t der Lösungsaufw and zur Lö-

sung des gesam ten nic h tlinearen K on taktproblems ungefähr dem Lösungsaufw and eines

linearen Problems. Das zw eite Kapiel 5 ist der K onstruktion v on e�zien ten nic h tglat-

ten Newton-V erfahren für den F all mit Reibung gewidmet. Im ersten Sc hritt wird ein

nic h tglattes Newton-V erfahren für den F all mit T resca-Reibung v orgestellt. Insb eson-

dere w erden hier n umerisc he Mo di�k ationen der linearen Gleic h ungen in jedem Itera-

tionssc hritt v orgestellt, w elc he sic h für die n umerisc he K on v ergenz der V erfahren als

äuÿerst relev an t herausstellen. Dieser Zugang wird auf den F all der ph ysik alisc h rele-

v an ten Coulom b-Reibung mit Hilfe einer Anpassung der Reibungssc hrank e in einer Fix-

punktstrategie erw eitert. Da diese V orgehensw eise k ein v olles Newton-V erfahren darstellt

und damit erw artungsgemäÿ k ein sup erlineares K on v ergenzv erhalten zeigt, wird w eiter

ein v olles nic h t-glattes Newton v erfahren für den F all mit Coulom b-Reibung k onstru-

iert, w elc hes auf einer Mo di�k ation der nic h tlinearen K omplemen taritätsfunktion basiert.

Ein w esen tlic her V orteil aller dieser v orgestellten Zugänge ist, dass sic h die zusätzlic hen

K on takt-Nic h tlinearitäten als Diric hlet-, Neumann-, o der Robin-Randb edigungen für die

Strukturgleic h ung in terpretieren lassen. Diese T atsac he stellt einen herv orragenden Aus-

gangspunkt für den Ein bau der b etrac h teten K on taktalgorithmen in b ereits existierende

Finite-Elemen t-Soft w are dar.

Der letzte T eil dieser Arb eit b efasst sic h mit der Erw eiterung der v orgestellten Algorith-

men auf allgemeinere K on taktprobleme. In Kapitel 6 wird die Erw eiterung auf dynamis-

c he K on taktprobleme mit groÿen Deformationen und nic h tlinearem Materialv erhalten

aufgezeigt. Ein b esonderes Augenmerk liegt hierb ei auf der K onstruktion v on energieer-

haltenden Zeitin terationsv erfaren, so w ohl für den Strukturan teil als auc h den K on tak-

tan teil. W eiter wird eine mo di�zierte Massenmatrix v erw endet, w elc he dazu führt, dass

die unph ysik alisc hen Oszillationen in den K on taktspann ungen, w elc he b ei der V erw en-

dung v on Zeitin tegratoren basierend auf der Mittelpunktsregel auftreten, v ersc h winden.

Im letzten Kapitel 7 wird die Erw eiterung auf ein thermo-mec hanisc hes K on taktproblem

v orgestellt. Die aufgrund der Reibung en tstehende Energie wird in Wärme umgew an-

delt und somit stellt die Ein b ezieh ung der T emp eratur als w eitere Un b ek ann te in die

Mo dellierung eine logisc he Erw eiterung dar. Andererseits b eein�usst die T emp eratur am

K on taktrand auc h die Gröÿe des Reibungsk o e�zien ten. Ausgehend v on der stark en F or-

m ulierung für linearisierte Thermo-Elastizität wird die sc h w ac he V ariationsform ulierung

für das V ersc hiebungsfeld und das T emp eraturfeld hergeleitet. Hierzu wird analog zum

mec hanisc hen Lagrange-Mulitplik ator, der die K on taktspann ungen b esc hreibt, ein w eit-

erer Lagrange-Multiplik ator für den T emp eratur�uss üb er den K on taktrand eingeführt.

Die K opplungsb edingungen des T emp eraturfeldes üb er den K on taktrand stellen Robin-

In terfaceb edingungen dar. Eine w esen tlic her T eil dieses Kapitels ist die Behandlung

dieser K opplungsb edingungen mit Rahmen der Mortar-Metho de in K om bination mit

dualen Basisfunktionen. Sc hlieÿlic h w erden in Kapitel 8 die Sc hlussfolgerungen dieser

Arb eit zusammengefasst.

xi





P a rt I.

Intro duction and p roblem

fo rmulation

1





1. Contact mechanics

In the �rst c hapter, w e form ulate the dynamical con tact problem of t w o b o dies and giv e

the go v erning �eld equations and the restrictions for the displacemen t due to the detection

of the t w o b o dies. A sc hematic plot of a t w o-dimensional t w o-b o dy con tact problem is

giv en in Figure 1.1. Caused b y external v olume forces and surface tractions and the

initial motion the t w o b o dies are deformed and assumed to come in to con tact. W e start

with a short in tro duction to con tin uum mec hanics in Section 1.1, In Section 1.2 w e fo cus

on the non-p enetration condition of the t w o b o dies and the frictional condition using

Coulom b's la w. The form ulation of con tact problems is also treated in the textb o oks

[42 , 91 , 106 , 135, 143 ]. Finally , w e pro vide a brief o v erview ab out the basic material la ws

in h yp er-elasticit y in Section 1.2.1. F or details ab out the material b eha vior, w e refer to

the classical textb o oks [31, 117 , 131 , 142 ].
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Figure 1.1.: T w o b o dy con tact problem.

1.1. Continuum mechanics

W e consider t w o b ounded b o dies giv en in the reference con�guration b y the p olygonal

b ounded op en sets 
 s; 
 m � Rd
, d = 2; 3. The sup erscript s stands for the sla v e b o dy and

m for the master b o dy; the c hoice is arbitrary but should b e �xed and pla ys only a role

for the discretization in space. The b oundary of the b o dy 
 i
is denoted b y @� i

, i = s; m.

By 
 := 
 s [ 
 m
w e de�ne the union of the t w o sub domains and b y @
 := � s [ � m

its

b oundary . Eac h of the b oundaries � i
is assumed to b e divided in to three op en disjoin t

3



1. Con tact mec hanics

subsets � i
D , � i

N and � i
c suc h that � i = �

i
D [ �

i
N [ �

i
c holds. F urthermore, w e assume

that � s
D is compactly em b edded in � s n �

s
c . Our calculations are p erformed within the

time in terv al (0; T) , where T > 0 denotes the �nal time. T o describ e the motion under

external loading giv en b y v olume and traction forces w e in tro duce the deformation ' i
,

i = s; m,

' i : 
 i � (0; T) ! Rd; 
 i � (0; T) 3 (x ; t) 7! ' i (x ; t) 2 Rd:

W e remark that ' i (x ; t) denotes the curren t p osition at time t of the p oin t x 2 
 i
in the

reference con�guration. T o simplify the notation w e neglect the domain index i in the

reference p osition x . The a�liation of x to the correct sub domain 
 i
, i = s; m, is still

clear in the con text of its usage. In addition to the deformation the displacemen t u i
is

giv en b y

u i (x ; t) := ' i (x ; t) � x : (1.1)

F or the curren t p osition of x 2 
 i
w e also use the notation x ' (t) := ' i (x ; t) . Next, w e

in tro duce the deformation gradien t F i
b y

F i := r ' i = ( ' i
k;l )1� k;l � d; ' i

k;l :=
@' i

k

@x l
; (1.2)

where x l denotes the l -th comp onen t of the v ector x and ' i
k the k -th comp onen t of the

deformation ' i
. F or its determinan t w e write

J i := det( F i ):

With the use of the deformation gradien t w e are able to de�ne the righ t Cauc h y strain

tensor C i
b y

C i := ( F i )> F i = ( r ' i )> r ' i

and the Green�Sain t V enan t strain tensor E i
b y

E i :=
1
2

(C i � Idd) =
1
2

�
r u i + ( r u i )> + ( r u i )> r u i

�
; (1.3)

where Idd denotes the iden tit y matrix in Rd;d
. W e remark that for a rigid deformation,

whic h is obtained b y a sup erp osition of a rotation and a translation, w e ha v e C i = Id d

and E i = 0 . Therefore E i
can b e in terpreted as the measure of the true deformation of

the b o dy 
 i
.

After de�ning the kinematic quan tities C and E w e fo cus on the balance equation. In

con tin uum mec hanics, one assumes that there are only t w o kinds of forces the b o dy migh t

b e sub jected to: v olume forces and surface forces. W e consider arbitrary sub domains

A i � 
 i
, i = s; m. Let f i;'

b e the densit y of the v olume forces acting on the curren t

sub domain ' i (A i ; t) � ' i (
 i ; t) . Then the v olume force at time t 2 (0; T) acting on the

curren t sub domain ' i (A i ; t) is giv en b y

F ' (A )(t) =
X

i = s;m

Z

' i (A i ;t )

f i;' (x ' ) dx ' : (1.4)

4



1.1. Con tin uum mec hanics

F urthermore, let p i;'
b e the densit y of the surface forces acting on ' i (� i

N ; t) , then the

surface force acting on ' i (@Ai ; t) \ ' i (� i
N ; t) is giv en b y

P ' (@A)(t) =
X

i = s;m

Z

' i (@Ai ;t )\ ' i (� i
N ;t )

p i;' (x ' ; n ' ) ds' ; (1.5)

where n '
denotes the curren t out w ard unit normal v ector on ' i (A i ; t) . In addition to

the v olume force (1.4) and the surface force (1.5) w e ha v e to consider in the dynamical

case the inertia force

I ' (A )(t) :=
X

i = s;m

Z

' i (A i ;t )

%i;' •x ' dx ' ;

where %i;' (x ' ) is the curren t mass densit y at the p osition x '
. F ollo wing the stress

principle of Euler and Cauc h y , [31 ], there exists a v ector t i;'
, called the Cauc h y stress

v ector, suc h that the balance equation on the sub domains A i
reads as

Z

' i (A i ;t )

%i;' •x ' dx ' +
Z

' i (A i ;t )

f i;' (x ' ) dx ' +
Z

' i (@Ai ;t )

t i;' (x ' ; n ' ) ds' = 0: (1.6)

Cauc h y's theorem states that there exists a symmetric tensor T i;'
, called the Cauc h y

stress tensor, suc h that

t i;' (x ' ; n ' ) = T i;' (x ' )n ' ; x ' 2 ' i (
 i ; t)

and

t i;' (x ' ; n ' ) = p i;' (x ' ); x ' 2 ' i (
 i ; t):

Applying no w partial in tegration to (1.6) w e get due to the fact that the subsets A i
are

arbitrary the lo cal form of the balance equation in the curren t con�guration ' i (
 i ; t)

%i;' •x ' � div

' T i;' (x ' ) = f i;' (x ' ); x ' 2 ' i (
 i ; t); (1.7a)

T i;' (x ' )n ' = p i;' (x ' ); x ' 2 ' i (� i
N ; t); (1.7b)

where div

'
is the div ergence op erator with resp ect to the curren t p osition x '

.

T o form ulate the balance equation (1.7) with resp ect to the reference con�guration,

w e de�ne the �rst Piola�Kirc hho� stress tensor b y

P i (x ; t) := J i (x ; t)T i (x ; t)F i (x ; t)�> ;

where w e used the relation

T i (x ; t) := T i;' (x ' ) = T i;' (' i (x ; t)) :

F urthermore, the second Piola�Kirc hho� stress tensor is giv en b y

Si (x ; t) :=
�
F i (x ; t)

� � 1
P i (x ; t): (1.8)
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1. Con tact mec hanics

Due to the symmetry of T i
the tensor Si

is also symmetric. A dditionally , the densit y of

the applied v olume force f i
and the densit y of the applied surface force pi

with resp ect

to the reference con�guration is de�ned b y

f i (x ; t) := J i (x ; t)f i;' �
' i (x ; t)

�
; (1.9)

p i (x ; t) := J i (x ; t)kF i (x ; t)�> n 0(x ; t)kpi;'
�
' i (x ; t)

�
; (1.10)

where n 0(x ) is the out w ard unit normal v ector in the reference con�guration 
 i
at the

p oin t x , and k � k denotes the standard Euclidean norm in Rd
. The balance equation

(1.7) in the reference con�guration reads as

%i (x ) •' i (x ; t) � div P i (x ; t) = f i (x ; t); (x ; t) 2 
 i � (0; T); (1.11a)

P i (x ; t)n 0(x ) = p i (x ; t); (x ; t) 2 � i
N � (0; T) (1.11b)

with the reference mass densit y %i (x ) . Due to (1.1) w e can also use
•u i

instead of
•' i

in

(1.11a) . No w, w e can form ulate the initial b oundary v alue problem as

%i (x ) •u i (x ; t) � div P i (x ; t) = f i (x ; t); (x ; t) 2 
 i � (0; T); (1.12a)

P i (x ; t)n 0(x ) = p i (x ; t); (x ; t) 2 � i
N � (0; T); (1.12b)

u i (x ; t) = u i
D (x ; t); (x ; t) 2 � i

D � (0; T); (1.12c)

u i (x ; 0) = 0; x 2 
 i ; (1.12d)

_u i (x ; 0) = v i
0 x 2 
 i : (1.12e)

Equation (1.12c) states the Diric hlet condition with the prescrib ed displacemen ts u i
D (x ; t) .

The last t w o equations (1.12d) and (1.12e) are the initial conditions, where v i
0 denotes

the initial v elo cit y . The con tact b oundary conditions on the p ossible con tact b oundary

segmen ts � i
c are in tro duced in Subsection 1.2. P ossible stress-strain relations b et w een

the second Piola�Kirc hho� stress tensor S, see (1.8), and the deformation gradien t F ,

see (1.2), are giv en in Subsection 1.3.

1.2. Contact constraints

In this subsection w e giv e the frictional con tact constrain ts on the p ossible con tact seg-

men ts � i
c on whic h the b o dies ma y come in to con tact. These conditions consist of the

non-p enetration condition enforcing that the t w o b o dies cannot p enetrate eac h other,

and the friction condition separating the zone, at whic h the b o dies are in con tact, in to a

sliding and a stic king one. The decision whether a con tact p oin t is a sliding or a stic king

p oin t is made on the v alue of the so called friction b ound. W e consider the w ell kno wn

Coulom b's friction la w. Here, the friction b ound dep ends on the con tact pressure at the

corresp onding con tact p oin t. A simpler mo del is expressed b y T resca's la w, where the

friction b ound is assumed to b e a priori giv en, see, e.g., [40, 58 ].

T o state these conditions, w e use for the normal v ector on the sla v e side of the curren t

con�guration for eac h p oin t x 2 � s
c the notation n (x ; t) := n s(x ; t) := n ' (x ; t) . In

6



1.2. Con tact constrain ts
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order to form ulate the non-p enetration condition of the t w o b o dies, w e use a prede�ned

relation b et w een the p oin ts of the p ossible con tact zones � i
c constructed b y a smo oth

mapping

Rt : � s
c ! � m

c

x 7! Rt (x )

for all t 2 (0; T) . The curren t p osition ' s(x ; t) := x + u s(x ; t) 2 ' s(� s
c; t) of the

reference p oin t x 2 � s
c is pro jected on to the curren t master b oundary ' m (� m

c ; t) in

the direction of the curren t normal n (x ; t) ; the reference p oin t corresp onding to the

pro jection ' m (Rt (x ); t) 2 ' m (� m
c ; t) de�nes Rt (x ) . W e assume that this mapping is

w ell de�ned. The de�nition of the mapping Rt (x ) is illustrated in the Figures 1.2-1.3.

T w o p oin ts x s
1; x s

2 2 � s
c are sho wn in their reference con�guration in Figure 1.2 whereas

Figure 1.3 sho ws the con�guration at the curren t time t . P oin t x s
2 is assumed to come

in to con tact, whereas x s
1 is a free no de at time t . No w, the curren t gap at a p oin t x 2 � s

c

is de�ned b y

g(x ; t) :=
�

' s(x ; t) � ' m (Rt (x ); t)
�

n (x ; t): (1.13)

F urthermore, w e denote the curren t con tact pressure of the t w o b o dies b y p i
c , i = s; m,

where w e ha v e due to Newton's la w

ps
c(x ; t) = � pm

c

�
Rt (x ; t)

�
; (x ; t) 2 � s

c � (0; T): (1.14)

In the follo wing, w e use

pc(x ; t) := ps
c(x ; t); (x ; t) 2 � s

c � (0; T): (1.15)

7



1. Con tact mec hanics

De�ning the normal comp onen t and the tangen tial v ector of the con tact pressure via

pn (x ; t) := pc(x ; t)n (x ; t); p� (x ; t) := pc(x ; t) � pn (x ; t)n (x ; t) (1.16)

resp ectiv ely , w e no w are able to form ulate the non-p enetration condition on � s
c as

g(x ; t) � 0; pn (x ; t) � 0; g(x ; t)pn (x ; t) = 0 ; (x ; t) 2 � s
c � (0; T): (1.17)

Next, w e in tro duce the jump of the displacemen t b y

[u (x ; t)] := u s(x ; t) � u m (Rt (x ); t); (x ; t) 2 � s
c � (0; T) (1.18)

and de�ne according to (1.16) its normal comp onen t and its tangen tial v ector via

[u (x ; t)]n := [ u (x ; t)]n (x ; t); [u (x ; t)]� := [ u (x ; t)] � [u (x ; t)]nn (x ; t);

resp ectiv ely . With a giv en co e�cien t of friction F � 0, Coulom b's friction la w reads as

8
><

>:

kp� (x ; t)k � Fjpn(x ; t)j;

kp� (x ; t)k < Fjpn (x ; t)j ) [ _u (x ; t)]� = 0;

kp� (x ; t)k = Fjpn (x ; t)j ) 9 � 2 R : p� (x ; t) = � 2[ _u (x ; t)]�

(1.19)

for (x ; t) 2 � s
c � (0; T) . Equiv alen tly to (1.19) one can write Coulom b's la w as

kp� k � Fjpn j; p� = � 2[ _u ]� ; k[ _u]� k
�
kp� k � Fjpn j

�
= 0: (1.20)

F riction mo dels with a co e�cien t of friction dep ending on the sliding v elo cit y _u � can

b e found in [106 ] and the references therein. In the case of T resca's friction la w the

friction b ound Fjpn(x ; t)j has to b e replaced b y gf (x ) , where the non-negativ e function

gf (�) : � s
c ! R is a priori giv en.

1.2.1. Linea rized contact conditions

In the case of small deformations, the non-p enetration condition (1.17) form ulated in the

curren t con�guration is often replaced b y its linearized v ersion. Here, one do es not tak e

care on the c hange of the normal v ector and the prede�ned time-dep enden t mapping

Rt during the con tact pro cess o v er time. De�ning the initial gap g0(x ) in the reference

con�guration b y

g0(x ) := kx � R0(x )k; x 2 � s
c

and the jump [u ]n0 with resp ect to the reference normal n 0 on � s
c at the p oin t x and the

mapping R0 , whic h no w maps an y p oin t x 2 � s
c on to a p oin t R0(x ) 2 � m

c , b y

[u (x ; t)]n0 :=
�
u s(x ; t) � u m (R0(x ); t)

�
n 0(x ); (x ; t) 2 � s

c � (0; T);

the linearized v ersion of the non-p enetration condition (1.17) states that

[u (x ; t)]n0 � g0(x ); (x ; t) 2 � s
c � (0; T):

8



1.2. Con tact constrain ts

When using the linearized v ersion of the non-p enetration condition, one can replace the

curren t con tact pressure pc b y the reference con tact pressure p0c . Due to the transfor-

mation rule (1.10), the relation b et w een these quan tities is giv en b y

pc(x ; t) = J s(x ; t)kFs(x ; t)�> n 0(x ; t)kp0c(x ; t); (x ; t) 2 � s
c � (0; T): (1.21)

F urthermore, taking in to accoun t (1.15) the relation

p0c(x ; t) = � P i (x ; t)n 0(x ); (x ; t) 2 � s
c � (0; T);

holds and Newton's la w (1.14) can b e form ulated with resp ect to the reference con�gu-

ration as

p0c(x ; t) = ps
0c(x ; t) = � pm

0c

�
R0(x ); t

�
; (x ; t) 2 � s

c � (0; T): (1.22)

The linearized v ersion of the con tact constrain ts (1.17) no w states that

[u (x ; t)]n0 � g0(x ); p0n (x ; t) � 0; p0n (x ; t)
�

[u (x ; t)]n0 � g0(x )
�

= 0; (1.23)

and Coulom b's friction mo del using the reference pressure reads as

8
><

>:

kp0� (x ; t)k � Fjp0n(x ; t)j;

kp0� (x ; t)k < Fjp0n (x ; t)j ) [ _u (x ; t)]� 0 = 0;

kp0� (x ; t)k = Fjp0n (x ; t)j ) 9 � 2 R : p0� (x ; t) = � 2[ _u (x ; t)]� 0 ;

(1.24)

for (x ; t) 2 � s
c � (0; T) , where the normal comp onen t p0n and the tangen tial v ector and

p0� of the reference con tact pressure p0c are de�ned according to (1.16) . A rigorous

mathematical deriv ation of the linearized v ersion (1.23) can b e found in the textb o ok

[91 ].

1.2.2. Static contact constraints

In the static case the time deriv ativ e in the friction mo del (1.19) do es not exist and

friction do es not mak e an y sense from the ph ysical p oin t of view. Although, for, e.g.,

testing algorithms, often the relativ e sliding v elo cit y [ _u ]� is replaced b y the tangen tial

part of the displacemen t [u ]� in (1.19) . F urthermore, w e de�ne the mapping

bR : � s
c ! � m

c
to map an y �nal p oin t ' s(x ) of the �nal con tact b oundary ' s(� s

c) to the in tersection of

the �nal normal n (x ) on ' (� s
c) at the p oin t ' (x ) with the �nal b oundary ' s(� m

c ) of the

master b o dy . With the help of

bR w e can in tro duce the �nal gap

g(x ) := k' (x ) � bR(x )k; x 2 � s
c;

the static form of the con tact conditions is giv en b y the non-p enetration condition

g(x ) � 0; pn (x ) � 0; g(x )pn(x ) = 0 ; x 2 � s
c: (1.25)

9



1. Con tact mec hanics

Then, the static form of Newton's la w (1.14) b y

ps
c(x ) = � pm

c

� bR(x )
�
; x 2 � s

c; (1.26)

and the static form of Coulom b's friction mo del (1.19) b y

8
><

>:

kp� (x )k � Fjpn (x )j;

kp� (x )k < Fjpn(x )j ) [u (x )]� = 0;

kp� (x )k = Fjpn(x )j ) 9 � 2 R : p� (x ) = � 2[u (x )]� ;

x 2 � s
c: (1.27)

In the case of small deformations one can also use the linearized v ersion of the con tact

conditions as in the previous section. The linearized v ersion of the non-p enetration

condition (1.25) is exactly the same as (1.23) ,

[u (x )]n0 � g0(x ); p0n (x ) � 0; p0n (x )
�
[u (x )]n0 � g0(x )

�
= 0; x 2 � s

c; (1.28)

Newton's la w (1.26) is replaced b y

ps
0c(x ) = � pm

0c

�
R0(x )

�
; x 2 � s

c: (1.29)

The static v ersion of Coulom b's friction mo del with the reference con tact pressure (1.24)

reads

8
><

>:

kp0� (x )k � Fjp0n (x )j;

kp0� (x )k < Fjp0n (x )j ) [u (x )]� 0 = 0;

kp0� (x )k = Fjp0n (x )j ) 9 � 2 R : p0� (x ) = � 2[u (x )]� 0 ;

x 2 � s
c: (1.30)

1.3. Constitutive equations

In this section, w e presen t some p ossible material la ws de�ning the stress-strain rela-

tion b et w een the second Piola�Kirc hho� stress tensor S, see (1.8) , and the deformation

gradien t F , see (1.2) . T o simplify the notation, w e neglect the index i = s; m whic h

refers to the sla v e or the master side in the rest of this section. W e restrict ourselv es to

h yp er-elastic materials. A material is called h yp er-elastic, if there exists a stored energy

function W(C) or

cW(E) suc h that

S = 2
@W
@C

or S =
@cW
@E

; (1.31)

resp ectiv ely . In the literature this function is also called the resp onse function. F or an

o v erview of elastic material la ws w e refer to [117, 131 , 142]. F or an isotropic material the

energy function dep ends on the three in v arian ts of the righ t Cauc h y�Green strain tensor

I C := tr (C); II C :=
1
2

�
( tr (C))2 � tr (C2)

�
; III C := det( C) = J 2:
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1.3. Constitutiv e equations

F or the deriv ativ es with resp ect to C w e �nd the relations, see, e.g., [142 ],

@
@C

J =
1
2

JC � 1;

@
@C

I C = Id d;

@
@C

II C = I C Idd � C;

@
@C

III C = III C C � 1:

(1.32)

Next, w e in tro duce the Lamé parameters � and � of the considered material. These

constan ts are de�ned in terms of Y oung's mo dulus E > 0 and the P oisson ratio � 2
(0; 0:5) of the corresp onding material b y

� :=
E�

(1 + � )(1 � 2� )
; � :=

E
2(1 + � )

: (1.33)

W e remark that in the t w o-dimensional case ( d = 2 ), the relations (1.33) refers to the

situation of plain strain, whereas in the situation of plain stress one has to w ork with

� :=
E�

(1 � � 2)
; � :=

E
2(1 + � )

:

1.3.1. Saint V enant�Kirchho� material

W e consider a Sain t V enan t�Kirc hho� material. This material can b e used to mo del large

displacemen ts and small strains. The energy function is giv en b y

cW(E) :=
�
2

( tr (E))2 + � tr (E2): (1.34)

The Green�Sain t V enan t strain tensor E is giv en in (1.3) . It dep ends nonlinearly on the

displacemen t �eld u . Using relation (1.31) , w e deriv e the second Piola�Kirc hho� stress

tensor as

S = � tr (E) Idd +2� E; (1.35)

It is common to write (1.35) as

Sij = Cijkl Ekl (1.36)

with the symmetric fourth order material tensor C giv en b y

Cijkl := �� ij � kl + � (� ik � j l + � il � jk ) ;

where � ij denotes the w ell-kno wn Kronec k er sym b ol de�ned b y

� ik :=

(
1 if i = k;

0 if i 6= k:
(1.37)

11



1. Con tact mec hanics

Equation (1.36) is also kno wn as Ho ok e's la w. In the literature it is common to denote

this la w as linear elasticit y , since the relation b et w een the strain E and the stress S is

linear.

In the case of small deformations and small strains often the geometric linearization of

(1.35) is used. The linearized v ersion of the �rst Piola�Kirc hho� stress tensor P = FS
with the second Piola�Kirc hho� stress tensor (1.35) is used. Therefore P is replaced b y

the linearized stress tensor

� := � tr (" ) Idd +2� " ; (1.38)

where the linearized strain tensor " is the linearized v ersion of the Green�Sain t V enan t

strain tensor E , see (1.3), giv en b y

" :=
1
2

�
r u + ( r u )>

�
: (1.39)

This linearized la w is also named as linearized elasticit y .

1.3.2. Mo oney�Rivlin material

The Mo oney�Rivlin material la w describ es the situation of large displacemen ts and large

strains. F or this material la w, the energy function dep ends on the �rst and the second

in v arian t I C and II C , resp ectiv ely . In the most general form it is giv en b y

W(C) := �g i (J ) � � ln(J ) +
�
2

�
(1 � cm )( I C � d) + cm (II C � d)

�
; (1.40)

where cm is an additional parameter. The additional function gi (J ) can b e de�ned in

di�eren t w a ys as

case 1: g1(J ) :=
1
4

�
J 2 � 1 � 2 ln(J )

�
; (1.41a)

case 2: g2(J ) :=
1
4

(J � 1)2; (1.41b)

case 3: g3(J ) :=
1
2

(ln( J ))2: (1.41c)

W e remark that w e get (1.41b) b y using the T a ylor expansion ln(J ) � J � 1 in (1.41a) .

Di�eren tiating equation (1.40) with resp ect to righ t Cauc h y tensor C leads with (1.32)

to

@W
@C

= �
@gi
@C

�
�
2

C � 1 +
�
2

�
(1 � cm ) Idd + cm (I C Idd � C)

�
;

where the terms

@gi
@C for the three di�eren t cases are giv en b y

@g1
@C

=
1
4

(J 2 � 1)C � 1;

@g2
@C

=
1
4

J(J � 1)C � 1;

@g3
@C

=
1
2

ln(J )C � 1:

12



1.3. Constitutiv e equations

Therefore, w e get for the second Piola-Kirc hho� stress tensor due to (1.31)

S = 2�
@gi
@C

� � C � 1 + �
�

(1 � cm ) Idd + cm (I C Idd � C)
�

:

Consequen tly , the �rst Piola�Kirc hho� stress tensor P = FS can b e written as

P = Gi (J; F) � � F �> + �
�

(1 � cm )F + cm (I CF � FC )
�

;

where w e used the abbreviation Gi (J; F) := 2 � F @gi
@C . F or the three cases, these terms are

giv en b y the expressions

G1(J; F) =
�
2

(J 2 � 1)F �> ; (1.42a)

G2(J; F) =
�
2

J (J � 1)F �> ; (1.42b)

G3(J; F) = � ln(J )F �> : (1.42c)

1.3.3. Neo-Ho ok ean material

The neo-Ho ok ean material la w is a sp ecial case of the Mo oney�Rivlin material la w pre-

sen ted in the last subsection. Using the parameter cm = 0 in (1.40) , w e get the energy

function (1.31) as

W(C) := �g i (J ) � � ln(J ) +
�
2

(I C � d): (1.43)

The energy function of the neo-Ho ok ean material dep ends only on the �rst in v arian t

I C of C and its determinan t J . F ollo wing Subsection 1.3.2 one ends up with the �rst

Piola�Kirc hho� stress tensor

P = Gi (J; F) + �
�
F � F �>

�
;

where the expressions for the three cases of the terms Gi (J; F) are giv en in (1.42).
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2. Hyb rid va riational fo rmulation

and space discretization

In this c hapter, w e in tro duce the h ybrid v ariational form ulation and the discretization

of the dynamical con tact problem with the linearized con tact conditions (1.23) , (1.24)

in tro duced in Subsection 1.2.1. In con trast to the widely used p enalt y approac h, see,

e.g., [92 ], for v ariational inequalities in con tact mec hanics, w e apply mortar tec hniques.

Since w e ha v e to deal with nonmatc hing meshes, mortar discretization tec hniques are a

promising to ol to handle suc h t yp e of problems.

T o compare the mortar approac h with other p ossible con tact form ulations, w e lik e to

men tion that b oth the no de-to-segmen t approac h and the segmen t-to-segmen t approac h

can b e used in the case of a nonconforming situation, whereas the no de-to-no de for-

m ulation can only b e used for a conforming mesh. In con trast to the no de-to-segmen t

approac h, where the non-p enetration condition holds in a strong p oin t-wise sense only at

the no des of the �nite elemen t mesh, the mortar metho d allo ws us to ful�ll the inequalities

for the non-p enetration condition and the friction b ound in a w eak in tegral sense. Th us,

in some situations the mortar form ulation can lead to a more b etter ful�llmen t of the

non-p enetration condition. In the widely used p enalt y approac h, w e ha v e a non-ph ysical

violation of these inequalities ev en in the w eak in tegral sense dep ending on the p enalt y

parameter. F urthermore, b y using mortar tec hniques, w e a v oide the di�culties with the

large condition n um b er of the sti�ness matrix o ccuring in the p enalt y approac h. A fur-

ther adv an tage of the mortar metho d is the fact, that the so called patc h test is ful�lled,

i.e., constan t con tact forces are transmitted correctly to the other b o dy . This is not the

case for the no de-to-segmen t form ulation, see [45, 118 ]. F urthermore, [50 ] sho ws that a

p oin t-wise coupling approac h ma y lead to sub optimal error deca y . F or details concerning

all these approac hes, w e refer to [91 , 92, 106, 135, 143 ] and the references therein. The

com bination of the p enalt y and the mortar-approac h leads to the augmen ted Lagrangian

form ulation, see, e.g., [25 , 110 , 128 ]. F orm ulations based on an additional stabilization

term are giv en in [68 ].

This c hapter in tro duces the h ybrid v ariational form ulation also referred to as mortar

form ulation or mixed form ulation and considers a discretization tec hnique based on dual

basis functions for the additional unkno wn referred to as Lagrange m ultiplier. The mortar

metho d w as original in tro duced in [11, 12 ]. Since mortar tec hniques are a promising to ol

to handle non-matc hing meshes, there is a highly activ e researc h on their application

to con tact problems. Mortar tec hniques with standard Lagrange m ultiplier spaces for

con tact problems ha v e b een considered and analyzed in, e.g., [9, 10, 33 , 48 , 49 , 72, 73,

113 , 119 , 120, 145 ]. Due to the wide range of activities in this �eld, w e remark that this

list cannot b e exhaustiv e. In this thesis, w e apply these tec hniques to Lagrange m ultiplier
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2. Hybrid v ariational form ulation and space discretization

spaces with dual basis functions in tro duced in [136 ] and used in the con text of con tact

problems already in [98 , 141 ]. The main adv an tage of using dual basis functions for the

Lagrange m ultiplier is that the resulting coupling matrix is diagonal and th us the con tact

constrain ts decouple in to a lo cal condition for eac h no de on the con tact b oundary after

applying lo cally a suitable basis transformation of the �nite elemen t basis, see [84, 140].

This allo ws the construction of e�cien t n umerical algorithms for the arising nonlinear

equations. Due to the use of dual basis functions for the Lagrange m ultiplier, these

additional unkno wns can b e eliminated in a lo cal e�cien t w a y . Th us, in eac h step of

the iterativ e solution algorithm only a linear system with the same complexit y as in the

p enalt y approac h but with a go o d condition n um b er has to b e solv ed.

2.1. Mo rta r fo rmulation in terms of inequalities

In the follo wing w e obtain the w eak v ariational form ulation based on mortar tec hniques

for con tact problems. In Subsection 2.1.1 w e in tro duce the Lagrange m ultiplier. The

v ariational form ulation is stated in Subsection 2.1.2. In Subsection 2.1.3 w e sho w that

the v ariational inequalit y ful�lls the strong p oin t-wise con tact constrain ts in a w eak sense.

Finally , w e giv e further p ossible v ariational formlations in Subsection 2.1.4.

2.1.1. Lagrange multiplier

The h ybrid or mortar form ulation is based on the in tro duction of the so called Lagrange

m ultiplier or dual v ariable � as an additional unkno wn mo deling the con tact stress

� (x ; t) := ps
0c(x ; t); x 2 � s

c � (0; T):

This additional v ariable is necessary to enforce the con tact constrain ts in our w eak in te-

gral v ariational form ulation. With this notation, the linearized con tact constrain ts (1.23)

and (1.24) can b e rewritten as

[u (x ; t)]n � g(x ); � n (x ; t) � 0; � n (x ; t)
�
[u (x ; t)]n � g(x )

�
= 0 (2.1)

and 8
><

>:

k� � (x ; t)k � Fj� n (x ; t)j;

k� � (x ; t)k < Fj� n(x ; t)j ) [ _u (x ; t)]� = 0;

k� � (x ; t)k = Fj� n(x ; t)j ) 9 � 2 R : � � (x ; t) = � 2[ _u (x ; t)]� :

(2.2)

Here, the normal comp onen t � n and the tangen tial part � � are giv en according to (1.16)

with resp ect to the reference normal n 0 . T o simplify the notation, w e write from no w on

n and (�)� instead of n 0 and (�)� 0 , resp ectiv ely , and g instead of g0 .

2.1.2. V a riational fo rmulation

W e start with the in tro duction of the necessary functional spaces for the primal v ariable

u i
and for the dual v ariable � . These functions spaces are the w ell-kno wn Sob olev
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2.1. Mortar form ulation in terms of inequalities

spaces on the domain or the b oundary . F or the de�nition of these spaces w e refer, e.g., to

[1, 17, 114]. The v ector v alued spaces V i
, i = s; m, con tain the admissible displacemen t

�elds u i
for eac h sub domain 
 i

,

V i :=
n

u i 2 [H 1(
 i )]d : u i j � i
D

= u i
D

o
;

while the corresp onding pro duct space is giv en b y V := V s � V m
. F or the test space,

w e ha v e to use functions satisfying zero Diric hlet b oundary conditions on � i
D , denoted

b y V 0 := V s
0 � V m

0 . W e de�ne the space M as the dual space of the trace space W
of V s

0 restricted to � s
c . If �

s
c is a compact subset of @
 sn�

s
D , w e ha v e W =

�
H 1=2(� s

c)
� d

and M =
�
H � 1=2

00 (� s
c)

� d
, otherwise w e ha v e W =

�
H 1=2

00 (� s
c)

� d
and M =

�
H � 1=2(� s

c)
� d

.

In tro ducing v = ( v s; vm ) and h�; �i as the dualit y pairing b et w een the spaces M and V
on � s

c giv en b y

h� ; v i :=
Z

� s
c

�v ds;

the admissible space for the Lagrange m ultiplier � is the con v ex subset M (� ) � M
giv en b y

M (� ) :=
�

� 2 M : h� ; � i � h F� n ; k� � ki ; � 2 W with � n � 0
	

: (2.3)

Multiplying equation (1.12a) with a test function v i 2 V i
0 , in tegration o v er 
 i

, applying

partial in tegration and summation o v er i = s; m, together with the b oundary conditions

(1.12b) and Newton's la w (1.22) leads to

m( •u ; v) + a(u ; v) + h� ; [v ]i = f (v); (2.4)

where the bilinear form m(�; �) and the form a(�; �) are giv en b y

m(u; v) :=
X

i = s;m

Z


 i
%i u i v i dx ;

a(u ; v) :=
X

i = s;m

Z


 i
P i (u i ) : r v i dx :

W e remark that in the case of linearized elasticit y , see (1.38) , the form a(�; �) is bilinear.

F or general nonlinear material la ws as in tro duced in Section 1.3, a(�; �) is only linear in

the second argumen t. The linear form f (�) is de�ned b y

f (v) :=
X

i = s;m

Z


 i
f i v i dx +

X

i = s;m

Z

� i
N

p i v i ds:

The w eak form of the linearized mec hanical con tact conditions (2.1) and (2.2) amoun ts

to [56, 81, 84],

� 2 M (� ) : h[u ]n ; � n � � n i + h[ _u]� ; � � � � � i � h g; � n � � n i ; � 2 M (� ): (2.5)
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2. Hybrid v ariational form ulation and space discretization

A detailed discussion of this v ariational inequalit y is giv en in Subsection 2.1.3.

Summarizing (2.4) and (2.5), w e end up with the v ariational form ulation of the dy-

namical con tact problem: �nd (u ; � ) 2 V � M (� ) suc h that for all t 2 (0; T)

m( •u ; v) + a(u ; v) + h[v]; � i = f (v); v 2 V 0; (2.6a)

h[u ]n ; � n � � n i + h[ _u ]� ; � � � � � i � h g; � n � � n i ; � 2 M (� ); (2.6b)

together with the w eak form of the initial conditions (1.12d) and (1.12e), namely

(u (�; 0); v) = 0 ; ( _u (�; 0); v) = ( v0; v); v 2 V 0; (2.7)

where (�; �) denotes the standard L2
-scalar pro duct on 
 := 
 s [ 
 m

.

2.1.3. V a riational inequalities

In this subsection w e w an t to sho w that the w eak form (2.5) ful�lls the strong con tact con-

strain ts in a w eak sense. Therefore w e pro v e that the strong p oin t-wise non-p enetration

condition (2.1) is equiv alen t to the v ariational inequalit y

� n 2 R+
0 : ([u ]n � g)( � n � � n ) � 0; � n 2 R+

0 ; (2.8)

at eac h p oin t x 2 � s
c and eac h time t 2 (0; T) , where R+

0 denotes the semi-p ositiv e real

half-space. The corresp onding v ariational inequalit y for the strong p oin t-wise friction

condition (2.2) reads as

� � 2 B(F� n) : [ _u ]� (� � � � � ) � 0; � � 2 B(F� n ); (2.9)

for (x ; t) 2 � s
c � (0; T) , where B(F� n ) denotes the (d � 1)-dimensional sphere with cen ter

0 and radius F� n . The v ariational inequalit y (2.5) states the w eak form of the conditions

(2.8) and (2.9) , and the subset M (� ) of the w eak analogue the semi-p ositiv e half-space

R+
0 for the normal part and the sphere B(F� n ) for the tangen tial part. T o sho w this w e

start from the de�nition of M (� ) in tro duced in (2.3) and deduce for an y � 2 M (� ) for

� = � nn 2 W with � n � 0 the relation

h� ; � i = h� n ; � n i � 0; � n � 0:

Therefore, eac h function � 2 M (� ) satis�es � n � 0 in a w eak in tegral sense. Cho osing

� =
�
k� � k=k� � k

�
� � in the de�nition of M (� ) , where w e assume � to b e smo oth enough,

w e get

h� ; � i = hk� � k; k� � ki � h F� n ; k� � ki :

Ob viously eac h function � 2 M (� ) ful�lls the strong p oin t-wise condition k� � k � F� n in

the w eak form. Therefore the subset M (� ) is the w eak analogue to the strong p oin t-wise

subset R+
0 \ B (F� n) .

T o sho w that (2.1) results from (2.8) w e use in (2.8) the function � n + � n � 0, with

� n � 0. Then, w e observ e

�
[u ]n � g

�
� n � 0; � n 2 R+

0 ;
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PSfrag replacemen ts

B(F� n )

B(F� n )

B� � (" )
� �� �

~� �

[ _u ]�

� �

� � � � �

H([ _u ]� )

Figure 2.1.: Illustration of v ariational inequalit y (2.9).

and therefore the non-p enetration condition [u ]n � g in (2.1) holds. T o deduce the

condition � n
�
[u ]n � g

�
= 0 from (2.8) , w e obtain b y c ho osing � n = 0 2 R+

0 that

�
�
[u ]n � g

�
� n � 0;

and b y c hossing � n = 2� n 2 R+
0 that

�
[u ]n � g

�
� n � 0:

Com bining b oth inequalities leads to the desired relation

�
[u ]n � g

�
� n = 0:

Next, w e pro v e b y means of the illustrations of Figure 2.1 that the frictional conditions

(2.2) can b e deduced from the v ariational inequalit y (2.9). In the case k� � k < F� n , w e

can �nd a (d � 1)-dimensional sphere B� � (" ) with cen ter � � and radius " > 0, suc h that

B� � (" ) � B (F� n) holds as indicated in the left picture in Figure 2.1. F or an y
~� � with

k~� � k = " w e get for � � := � � + ~� � 2 B(F� n ) . Inserting this � � in to (2.9) leads to the

relation

[ _u ]� ~� � � 0:

Since the v ector
~� � with k~� � k = " w as arbitrary w e conclude [ _u ]� = 0 . F or the case

k� � k = F� n , w e consider the h yp er-plane H([ _u ]� )

H ([ _u ]� ) :=
�

� � 2 Rd� 1 : [ _u ]�
�
� � � � �

�
> 0

	
:

F or the de�nition of this h yp er-plane, w e refer to the righ t picture in Figure 2.1. If

w e cannot �nd an y � 2 R, suc h that � � = � 2[ _u ]� , w e observ e that the in tersection

b et w een the half-plane H([ _u ]� ) and the sphere B(F� n ) is not empt y . Then, for eac h

v ector � � 2 H ([ _u ]� ) \ B (F� n ) , w e �nd

[ _u ]�
�
� � � � �

�
> 0;
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2. Hybrid v ariational form ulation and space discretization

see Figure 2.1. Therefore the v ariational inequalit y (2.9) is not ful�lled and th us condition

� � = � 2[ _u ]� is a direct consequence from the v ariational inequalit y (2.9) for the case

k� � k = F� n . Moreo v er, w e men tion that the v ariational inequalities (2.8) and (2.9) are

an immediate consequence of the strong p oin t-wise con tact constrain ts (2.1) and (2.2),

resp ectiv ely . Th us, b oth form ulations are equiv alen t.

Before w e pro vide an o v erview o v er further p ossible v ariational form ulations in Sub-

section 2.1.4, w e giv e the follo wing remark concerning the equiv alence b et w een the v ari-

ational inequalities (2.8) and (2.9) and appropriate pro jection op erators:

Remark 2.1. The v ariational inequalit y (2.8) can b e rewritten for an y c > 0 as

��
� n + c([u ]n � g)

�
� � n

�
(� n � � n ) � 0; � n 2 R+

0 :

Since this relation can b e in terpreted as the de�nition of the pro jection op erator ProjR+
0
(�)

on to R+
0 w e can rewrite (2.1) as

� n = Proj R+
0

�
� n + c([u ]n � g)

�
; (2.10)

see, e.g., [44, 52, 53 ]. F urthermore, w e get from the v ariational inequalit y (2.9) the

relation ��
� � + c[ _u ]�

�
� � �

�
(� � � � � ) � 0; � � 2 B(F� n ):

F rom this w e deduce the equiv alence of the friction condition (2.2) to

� � = Proj B(F� n )

�
� � + c[ _u ]�

�
; (2.11)

where ProjB(F� n )(�) is the pro jection op erator on to B(F� n ) .

2.1.4. Alternative fo rmulations

In this subsection w e shortly presen t v ariational form ulations w orking without Lagrange

m ultipliers, an equiv alen t minimization approac h and the c haracterization of the solution

as a saddle p oin t for the static case. The static v ersion can b e obtained from (2.6)

b y neglecting the mass term m(�; �) and b y replacing [ _u ]� b y [u ]� . F or details and an

o v erview ab out the wide �eld of theoretical asp ects of v ariational inequalities w e refer to

[14 , 40 , 53, 54, 60, 63, 91 ].

In tro ducing the con v ex subset K of V b y

K :=
�

v 2 V : [v]n � g
	

and the friction functional j (�; �) : V � V ! R via

j (u ; v) :=
Z

� s
c

Fjpn (u)j k[v]� k ds

with the normal part of the con tact stress pn(u ) = ps
0c

��
u (x ; t)

�
, an equiv alen t v ariational

form ulation is giv en b y: �nd u 2 K suc h that

a(u ; v � u ) + j (u ; v) � j (u ; u ) � f (v � u ); v 2 K :
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2.2. Space discretization

In the case of a constan t friction b ound gf instead of Fjpn(u )j , the solution can

alternativ ely b e obtained b y a minimization pro cess. De�ning the energy functional

J (�) : V ! R via

J (v) :=
1
2

a(v ; v) + j (v) � f (v);

where no w the functional j (�) is giv en b y

j (v) :=
Z

� s
c

gf k[v]� k ds;

the solution can b e c haracterized b y the minim um

J (u) = min
v2K

J (v):

Finally , w e c haracterize for the case without friction, i.e., gf = 0 or F = 0 in (2.6), the

solution (u ; � ) of the static v ersion of (2.6) as a saddle p oin t. In this case, the space

M (� ) de�ned in (2.3) is indep enden t of � , since � � = 0 , and w e write M + instead of

M (� ) . The subscript + is motiv ated due to the fact that the normal part of the functions

in M + are p ositiv e. In tro ducing the Lagrange functional L (�; �) : V � M + ! R b y

L (v; � ) :=
1
2

a(v; v) � f (v) + h[u ]n � g; � n i ;

the solution (u ; � ) 2 V � M + can b e c haracterized as the saddle p oin t

L (u ; � ) � L (u ; � ) � L (v; � ); v 2 V ; � 2 M + :

2.2. Space discretization

In this section, w e deriv e the discrete form of the h ybrid v ariational form ulation (2.6). T o

appro ximate the con tin uous spaces V and V 0 , w e use standard conforming �nite elemen ts

of lo w est order on simplicial and quadrilateral ( d = 2 ) or tetrahedral and hexahedral

( d = 3 ) meshes. The triangulation of the b o dy 
 i
is denoted b y Th;
 i

and w e de�ne

Th;
 := Th;
 s [ T h;
 m
Let hT b e the diameter of the elemen t T 2 Th;
 . Then the meshsize

h is de�ned b y the maxim um diameter of all elemen ts

h := max
T 2T h; 


hT :

The triangulation Th;
 is called shap e-regular if and only if there exists a constan t c > 0,

suc h that

� T � chT ; T 2 Th;
 ;

where � T denotes the diameter of a inscrib ed ball of the elemen t T . F urthermore, w e

assume the triangulation to b e quasi-uniform, i.e., there exists a constan t c > 0, suc h

that

hT � ch; T 2 Th;
 :
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2. Hybrid v ariational form ulation and space discretization

The trinagulations on the hoigher lev el of the family fT h;
 gh of triangulations are obtained

b y uniform re�nemen t tec hniques from the initial triangulation.

The �nite elemen t space asso ciated with the triangulation Th;
 i
is denoted b y Si

1 :=
S1(
 i ; Th;
 i ): T o in tro duce the discrete function spaces, w e de�ne the v ector v alued space

V i;h � [H 1(
 i )]d
as the discrete coun terpart of the con tin uous space V i = [ H 1(
 i )]d

on

eac h sub domain i = s; m b y

V i;h :=
n

u i 2 [Si
1]d : u i j � i

D
= u i

D

o
:

W e remark that if the Diric hlet data u i
D not resolv ed b y the discrete space V i;h

, w e ha v e

to w ork with an appropriate appriximation for u i
D . The corresp onding pro duct space

is giv en b y V h := V s;h � V m;h
. As test spaces, w e ha v e to use spaces satisfying zero

Diric hlet b oundary conditions giv en b y V h
0 := V s;h

0 � V m;h
0 with

V i;h
0 :=

n
v i 2 [Si

1]d : v i j � i
D

= 0
o

:

As common, w e write an y function � 2 V h
or � 2 V h

0 as � = ( � s; � m ) . W e remark that

the space V h
dep ends on time, if the Diric hlet data u i

D are not constan t o v er time. But

to simplify the notation, w e neglect this time index. The space V h
can b e spanned b y the

standard no dal basis f � pek ; p = 1; : : : ; NV ; k = 1; : : : ; dg, where ek denotes the k -th

unit v ector and � p the scalar standard no dal basis function asso ciated with the no de p.

The n um b er NV is the total n um b er of the no des of the �nite elemen t mesh.

2.2.1. Dual basis functions

As it is standard in the mortar con text, the Lagrange m ultiplier space inherits its (d� 1)-

dimensional mesh from the d-dimensional triangulation on the sla v e side. W e assume

that � s
c can b e written as union of elemen t faces on the sla v e side. Here, w e use discon-

tin uous piecewise linear or bilinear no dal dual basis functions for the Lagrange m ultiplier

as in tro duced in [136 ] for the t w o-dimensional case. The dual or biorthogonal basis func-

tions  p with supp( p) = supp( � p) for the Lagrange m ultipliers satisfy the orthogonalit y

relation Z

� s
c

� p q ds = � pq

Z

� s
c

� p ds; (2.12)

where � pq denotes the Kronec k er sym b ol in tro duced in (1.37) . F urthermore, w e assume

that the dual basis functions  p can b e written as a linear com bination of the standard

basis functions � p inside ists o wn supp ort. Th us, w e get in the t w o-dimensional case

 p := 2� p � � p� 1 � � p+1 ; (2.13)

where p� 1 and p+1 are the t w o neigh b oring no des of p. The standard and the dual basis

functions are illustrated in Figure 2.2. F or a tetrahedral mesh in the three-dimensional

case the b oundary surfaces are planar triangles and the dual basis function restricted to

the face e � supp(� p) = supp(  p) at the no de p 2 @eis giv en b y

 pje := 3� p � � p1 � � p2 ;
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2.2. Space discretization
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Figure 2.2.: Standard (left) and dual (righ t) basis functions for d = 2 .
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Figure 2.3.: Surface triangle (left) and surface quadrilateral (righ t) for d = 3 .

where no w p1 and p2 are the t w o other p oin ts of @eas indicated in the left picture

in Figure 2.3. If the surface of a hexahedral mesh is planar and has a tensor-pro duct

structure, the dual basis function restricted to the face e is obtained via the form ula

 pje := 4� p � 2� p1 � 2� p2 � � p0 ;

where for the arrangemen t of the other b oundary no des pi , i = 0; 1; 2, of the face e w e

refer to the righ t picture in Figure 2.3. These explicit form ulas for the dual basis functions

in the three-dimensional case are in tro duced in [140 ]. In these cases, the determinan t of

the transformation matrix b et w een the face e and the reference face ê is constan t o v er e.

If this do es not hold, one has to tak e in to accoun t the determinan t of the transformation

in the de�nition of the biorthogonalit y relation (2.12), see [51 ].

In the follo wing, the discrete Lagrange m ultiplier space is denoted b y M h
and can b e

spanned b y f  pek ; p = 1; : : : ; NM ; k = 1; : : : ; dg, where  p denotes the p-th scalar dual

basis function asso ciated with the no de p, and NM is the total n um b er of no des on the

sla v e side of �
s
c . In con trast to the general mortar setting, w e do not ha v e to remo v e the

degrees of freedom of M h
on @� s

c . W e note that this has to b e done if �
s
D \ �

s
c 6= ; but

not in our case.
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2. Hybrid v ariational form ulation and space discretization
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Figure 2.4.: De�nition of the normal v ector n p , see (2.14).

2.2.2. Discrete va riational fo rmulation

Before in tro ducing the discrete admissible set M h(� h) for the Lagrange m ultiplier, w e

ha v e to clarify the de�nition of the normal and the tangen tial part of a discrete function.

T o do so, w e denote b y S the set of all no des on the discrete coun terpart of � s
c . First

w e de�ne the normal v ector n p at the no de p 2 S . Let us de�ne b y E(p) for p 2 S all

surface edges of the mesh ha ving the no de p as b oundary no de

E(p) :=
�

e surface elemen t of Th;
 s : e � � s
c; p 2 @e

	
:

Then the normal n p at the no de p can b e de�ned via

n p :=
1



 P
e2E(p) n e






X

e2E(p)

n e; p 2 S; (2.14)

where n e is the unit normal v ector of the surface edge e, see Figure 2.4. W e remark that

the normal v ector n e is constan t o v er e in the t w o-dimensional case and for a planar

face e in the three-dimensional case whic h is alw a ys the case for a tetrahedral mesh. F or

hexahedral meshes, w e do not necessarily ha v e planar surface elemen t. Th us, w e use here

as n e the normal v ector at the midp oin t of the face e. W e remark that one can also use

the size jej of the face e as w eigh ting factor in (2.14) and replace the summation form ulas

b y

P
e2E(p) jejn e. A further p ossibilit y using a con tin uous normal �eld on � s

c can b e found

in [145]. No w, the normal and the tangen tial part of the no dal v alue vp 2 Rd
are giv en

b y vpn := v pn p and vp� := vp � vpnn p , resp ectiv ely . W e then can express the normal and

the tangen tial part of the discrete function vh 2 V h
on the con tact in terface � s

c b y

vh
n :=

X

p2S

vpn � p; vh
� :=

X

p2S

vp� � p; p 2 S: (2.15)
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2.2. Space discretization
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Figure 2.5.: No de-to-segmen t form ulation (left) and w eak form ulation (righ t).

Similar w e write for the normal and the tangen tial part of a function � h =
P

p2S � p p 2
M h

with � p 2 Rd
for p 2 S

� h
n :=

X

p2S

� pn p; � h
� :=

X

p2S

� p�  p; p 2 S; (2.16)

where the normal comp onen t � pn and the tangen tial part � p� of the co e�cien t � p 2 Rd

are de�ned in the same w a y as vpn and vp� . Denoting b y W h
the discrete trace space of

V s;h
restricted to � s

c , and in tro ducing the subset

W h
� :=

�
vh 2 W h : vh

n � 0
	

; (2.17)

the discrete analogue M h(� h) of the admissible Lagrange m ultiplier space M (� ) giv en

in (2.3) can b e de�ned as

M h(� h) :=
�

� h 2 M h : h� h; vh i � h F� h
n ; kvh

� kh i ; vh 2 W h
�

	
: (2.18)

In this de�nition w e use the mesh dep enden t absolute v alue kvh
� kh of the function vh

� =P
p2S vp� � p is giv en b y

kvh
� kh :=

X

p2S

kvp� k� p:

The discrete v ersion of the h ybrid v ariational form ulation (2.6) reads as: �nd (u h; � h) 2
V h � M h(� h) suc h that for all t 2 (0; T)

m( •u h; vh) + a(u h; vh) + h[vh]; � h i = f (vh); vh 2 V h
0; (2.19a)

h[u h]n ; � h
n � � h

n i + h[ _u h]� ; � h
� � � h

� i � h g; � h
n � � h

n i ; � h 2 M h(� h): (2.19b)

F urthermore, the discrete v ersion of the w eak form of the initial conditions (2.7) states

(u h(�; 0); vh) = 0 ; ( _u h(�; 0); vh) = ( v0; vh); vh 2 V h
0: (2.20)

Remark 2.2. W e remark that the w eak form ulation of con tact constrain ts (2.19b) in

some situations leads to a more reliable ph ysical enforcemen t of the non-p enetration

condition than the no de-to-segmen t form ulation. This e�ect is illustrated in Figure 2.5
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2. Hybrid v ariational form ulation and space discretization

2.3. Algeb raic rep resentation

T o state the algebraic form ulation of (2.19) , w e �rst in tro duce a new constrained basis of

V h
whic h can b e obtained b y an e�cien t lo cal transformation from the standard no dal

�nite elemen t basis, due to the dual basis functions. In this constrained basis, the w eak

form of the con tact constrain ts (2.19b) giv es rise to decoupled p oin t-wise conditions,

whic h is an optimal starting p oin t for the construction of e�cien t iterativ e solv ers.

2.3.1. Constrained basis

T o in tro duce the new basis of the space V h
, w e partition the no des 1 � p � NV of

the �nite elemen t mesh in to three disjoin t sets S [ M [ N . As in tro duced b efore, the

set S con tains all no des on the discrete coun terpart of � s
c , M all no des on the discrete

coun terpart of � m
c and N all remaining no des. The new or constrained basis �̂ = f �̂ pgp

can b e obtained in terms of the standard �nite elemen t basis � = f � pgp for p 2 S[M[N .

A linear com bination of the no dal basis functions on the sla v e side is attac hed to the no dal

basis functions of the master side in suc h a w a y , that the basis functions in �̂ on the

sla v e side describ e the relativ e displacemen t b et w een the t w o b o dies, i.e., the jump in

the displacemen t. T o in tro duce this transformation, w e de�ne the en tries of the coupling

matrices D d and B d b et w een the �nite elemen t basis functions � q , q 2 S; M , and the

dual basis functions for the Lagrange m ultiplier  p , p 2 S , b y

D d[p; q] := h[� q];  pi Idd = h� q;  pi Idd =: � pqDp Idd; p; q2 S; Dp 2 R;

B d[p; q] := h[� q];  pi Idd = �h � q;  pi Idd; p 2 S; q 2 M ;
(2.21)

see [136 ]. Due to the biorthogonalit y (2.12) , the matrix D d is diagonal. De�ning

~B d :=
� D � 1

d B d , the constrained basis �̂ of V h
is obtained from � b y the transformation

�̂ :=

0

@
�̂ N

�̂ M

�̂ S

1

A :=

0

@
Id 0 0
0 Id ~B >

1

0 0 Id

1

A

0

@
� N

� M

� S

1

A =: Q1� : (2.22)

Here, for example, the v ector � N con tains all basis functions asso ciated with the no des

p 2 N and so on. W e remark that this transformation can b e carried out e�cien tly in a

lo cal w a y and is of lo w er complexit y , since

~B >
1 is sparse and since only basis functions on

the master side asso ciated with a no de p 2 M are mo di�ed. The de�nition (2.22) yields

for a no de q 2 M the relation

�̂ q = � q �
X

~p2S

~B 1[~p; q]� ~p = � q �
X

~p2S

B 1[~p; q]
D 1[~p; ~p]

� ~p = � q +
X

~p2S

h� q;  ~pi
h� ~p;  ~pi

� ~p:

In this relation w e build the sum b et w een the basis function � q with supp(� q) � 
 m
and

a linear com bination of the basis functions � ~p with supp(� ~p) � 
 s
. Th us, w e get for the

jump of a constrained basis function asso ciated with a no de q 2 M on the master side

[�̂ q] =
X

~p2S

h� q;  ~pi
h� ~p;  ~pi

� ~p � � q:
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2.3. Algebraic represen tation

By m ultiplying this relation with the function  p , p 2 S , w e observ e after in tegration

o v er � s
c in terms of the biorthogonalit y relation (2.12)

h[�̂ q];  pi = 0; p 2 S ; q 2 M : (2.23)

This equation states that the jump of the �nite elemen t basis functions on the master

side v anishes in a w eak sense.

Next, w e giv e the transformation of the co e�cien ts asso ciated with a discrete function

in V h
with resp ect to the standard basis � and the new constrained basis �̂ . Eac h

function vh 2 V h
can b e equiv alen tly written with resp ect to the standard basis or the

constrained basis as

vh =
X

p

vp� p =
X

p

v̂p�̂ p 2 V h;

where the vp are the co e�cien ts with resp ect to the standard basis � and the v̂ p are

the co e�cien ts with resp ect to the constrained basis �̂ . W e get the co e�cien t v ector

v = f vpgp in the standard basis from the co e�cien t v ector v̂ = f v̂pgp in the constrained

basis via the relation

v = Q>
d v̂ ; (2.24)

where the matrix Qd is de�ned according to Q1 in(2.22) but with the matrix

~B d instead

of

~B 1 . It acts on a v ector ha ving d comp onen ts in eac h no de, whereas the �nite elemen t

basis functions in the transformation form ula (2.22) ha v e only one comp onen t at eac h

no de. W e men tion that for the no des p 2 N [ M , w e ha v e vp = v̂p , and for the no des

p 2 S , w e �nd

vS = ~B dv̂ M + v̂ S , v̂ S = vS � ~B dvM : (2.25)

The second relation sho ws that the v alues v̂ S on the sla v e side re�ect the relativ e displace-

men t. The matrix

~B d comes in to pla y since the jump is considered in a w eak in tegral

sense and w e ha v e, in general, non-matc hing meshes. Due to the non-conforming sit-

uation of the meshes, a strong p oin t-wise approac h is not p ossible. In the case of a

conforming situation, the matrix

~B d is the iden tit y .

2.3.2. P oint-wise decoupled constraints

By means of the biorthogonalit y relation (2.12), the spaces W h
� and M h(� h) can b e

expressed via restrictions on to the co e�cien ts of the discrete functions as follo ws:

Lemma 2.3. The sp ac e W h
� intr o duc e d in (2.17) c an b e e quivalently expr esse d by

W h
� =

n
vh =

X

p2S

v p� p 2 W h : vpn � 0; p 2 S
o

(2.26)

and the sp ac e M h(� h) in (2.18) is e quivalent to

M h(� h) =
n

� h =
X

p2S

� p p 2 M h : � pn � 0; k� p� k � F� pn; p 2 S
o

: (2.27)
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2. Hybrid v ariational form ulation and space discretization

Pro of. T o sho w the equiv alence b et w een (2.17) and (2.26) for the de�nition of W h
� ,

w e write vh 2 W h
� as vh =

P
p2S (vpnn p + vp� )� p , where � p are the scalar no dal basis

functions of V s;h
restricted to � s

c . Therefore, w e can write the normal part as vh
n =P

p2S vpnn p� p . Since � p � 0, w e get vh
n � 0 if and only if v pn � 0, p 2 S . Therefore,

(2.17) and (2.26) lead to the same space W h
.

T o pro v e the equiv alence b et w een (2.18) and (2.27) for the de�nition of M h(� h) , w e

write eac h function � h 2 M h
in terms of the basis functions  p as � h =

P
p2S (� pnn p +

� p� ) p . Due to the biorthogonalit y of the basis functions � p and  p stated in (2.12) w e

ha v e

h� p;  qi = � pgDp; Dp =
Z

� s
c

� p ds > 0:

Th us, w e get

h� h; vh i =
X

p2S

�
� pnvpn + � p� vp�

�
Dp: (2.28)

Since eac h function vh 2 W h
� can no w b e written as v h =

P
p2S (vpnn p + vp� )� p with

vpn � 0, w e obtain with � h
n =

P
p2S � pn p the relation

hF� h
n ; kvh

� kh i = F
X

p2S

� pnkvp� kDp: (2.29)

Com bining (2.28) and (2.29) allo ws us to write the inequalit y

h� h; vh i � h F� h
n ; kvh

� kh i ; vh 2 W h
� ;

in (2.18) p oin t-wise decoupled as

� pnvpn + � p� vp� � F� pnkvp� k; vpn � 0; p 2 S; (2.30)

due to the arbitrary c hoice of vpn and vp� . Cho osing v p� = 0 in (2.30) leads to the

condition

� pnvpn � 0; vpn � 0; p 2 S;

and therefore � pn � 0. The c hoice vpn = 0 and vp� = � p� leads to

k� p� k � F� pn; p 2 S:

Therefore, the equiv alence b et w een the de�nition (2.18) and (2.27) of the space M h(� h)
is sho wn. �

Before w e state the algebraic v ersion of the discrete h ybrid v ariational inequalit y , w e

giv e t w o remarks concerning the c hoice of the space M h(� h) .

Remark 2.4. Using M h(� h) as discretization space for M (� ) is not a conforming

approac h for the Lagrange m ultiplier space, i.e., M h(� h) 6� M (� ) .
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2.3. Algebraic represen tation

Remark 2.5. Using standard Lagrange m ultiplier spaces, the de�nitions (2.18) and

(2.27) for the space M h(� h) do not giv e the same spaces. In that case, the set de�ned

b y (2.27) is a subset of the set de�ned in (2.18) .

De�ning the gap at the no de p 2 S b y

gp :=
1

Dp

Z

� s
c

g p ds =
1

Dp
hg;  pi ; p 2 S;

w e arriv e at the p oin t-wise decoupled form ulation of the w eak con tact constrain ts (2.19b)

ha ving the same structure as the con tin uous ones, see (2.1) and (2.2), but restricted to

the co e�cien ts of the displacemen t u h
and the Lagrange m ultiplier � h

.

Lemma 2.6. The we ak formulation of the c ontact c onstr aints (2.19b) is e quivalent to

the p oint-wise c onditions

ûpn � gp; � pn � 0; � pn

�
ûpn � gp

�
= 0; p 2 S; (2.31)

and 8
><

>:

k� p� k � Fj� pn j;

k� p� k < Fj� pn j ) _̂u p� = 0;

k� p� k = Fj� pn j ) 9 � 2 R : � p� = � 2 _̂u p� ;

p 2 S: (2.32)

Pro of. The pro of is based on the biorthogonalit y of the basis functions (2.12) and the

fact that the jump of the constrained basis functions asso ciated with the no des on the

master side v anishes in a w eak sense, see (2.23) . W e write the functions u h
and _u h

in

terms of the constrained basis functions as

u h =
X

p2S

û p�̂ p; _u h =
X

p2S

_̂u p�̂ p; (2.33)

where the co e�cien ts û p and _̂u p are in tro duced in (2.24) and (2.25) , and use for � h
and

� h
the represen tations

� h =
X

p2S

� p p; � h =
X

p2S

� p p: (2.34)

Due to (2.23) and the biorthogonalit y relation (2.12) , w e obtain b y inserting (2.33) and

(2.34) in to the w eak form ulation of the con tact constrain ts (2.19b) , and b y dividing b y

the factor Dp : �nd � h 2 M h(� h) , suc h that

ûpn
�
� pn � � pn

�
+ _̂u p�

�
� p� � � p�

�
� gp

�
� pn � � pn

�
; � h 2 M h(� h); p 2 S: (2.35)

The algebraic restrictions on the co e�cien ts of the function � h 2 M h(� h) are stated in

Lemma 2.3. Using this lemma w e observ e from � h 2 M h(� h)

� pn � 0; k� p� k � F� pn; p 2 S:
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2. Hybrid v ariational form ulation and space discretization

The c hoice � pn = � pn + � pn � 0, since � pn � 0, and � p� = � p� in (2.35) leads to the

condition ûpn � gp , whereas the c hoice � pn = 0 and � pn = 2� pn with � p� = � p� leads

to � pn

�
ûpn � gp

�
= 0 . Th us, the con tact conditions in normal direction stated in (2.31)

are pro v en. T o deduce the t w o missing frictional conditions in (2.32) , w e apply the same

tec hniques as men tioned in Subsection 2.1.2. In particular w e refer to Figure 2.1. The

opp osite direction can b e sho wn b y m ultiplying (2.31) and (2.32) with the corresp onding

basis functions, and then b y building the sum o v er all no des p 2 S . �

A t the end w e giv e the algebraic form ulation of the w eak form of the �eld equation

(2.19a) . Therefore, w e de�ne for eac h no de p; q 2 N [ M [ S the en try of the mass

matrix b y

M ik [pq] := m(� qek ; � pei ); 1 � i; k � d;

and the en try of the righ t hand side b y

f i [p] := f (� pei ); 1 � i � d:

In the case of linearized elasticit y , see (1.38), the form a(�; �) is bilinear and the sti�ness

matrix can b e in tro duced b y

K ik [pq] := a(� qek ; � pei ); 1 � i; k � d: (2.36)

With the de�nitions of the coupling matrices D d and M d b et w een the �nite elemen t basis

functions � p and the basis functions  p for the Lagrange m ultiplier, see (2.21) , w e write

(2.19a) in the case of linearized elasticit y as

M•u + Ku + C� = f ; C :=

0

@
0

B d

D d

1

A : (2.37)

W e remark that the zero blo c k in the coupling matrix C refers to the lines asso ciated

with the no des in the set N . F or a general nonlinear material la w, the sti�ness term Ku
in (2.37) has to b e replaced b y the algebraic v ector K (u) with the en tries

K (u)[p] := a(u h; � p): (2.38)

W e obtain an y matrix Â with resp ect to the constrained basis functions from the matrix

A with resp ect to the standard basis b y the transformation Â = QdAQ >
d , i.e.,

Â =

0

@
Id 0 0
0 Id ~B >

d
0 0 Id

1

A

0

@
A NN A NM A NS

A MN A MM A MS

A SN A SM A SS

1

A

0

@
Id 0 0
0 Id 0
0 ~B d Id

1

A : (2.39)

Here, the A �� are the corresp onding sub-matrices of A b elonging to the indicated set of

no des. A straigh tforw ard computation of Â yields

Â =

0

@
A NN A NM + A NS

~B d A NS

A MN + ~B >
d A SN A MM + A MS

~B d + ~B >
d A SM + ~B >

d A SS
~B d A MS + ~B >

d A SS

A SN A SM + A SS
~B d A SS

1

A :
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2.3. Algebraic represen tation

F urthermore, the v ector f of the righ t hand side transforms in to the constrained basis b y

f̂ = Qdf =

0

@
fN

fM + ~B >
d fS

fS

1

A : (2.40)

Due to (2.23) the matrix B d describing the coupling b et w een the dual basis function for

the Lagrange m ultiplier and the �nite elemen t basis functions on the master side in (2.21)

v anishes in the constrained basis. Moreo v er, the matrix D d do es not c hange, since the

basis functions on the sla v e side are the same in the standard and the constrained basis,

see, (2.22) . Then, w e can write (2.37) with resp ect to the constrained basis as

M̂ •̂u + K̂û + Ĉ� = f̂ ; Ĉ :=
�

0
D d

�
: (2.41)

No w, the zero blo c k in the de�nition of the coupling matrix with resp ect to the con-

strained basis Ĉ refers to the no des in the set N [ M .
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3. Optimal a p rio ri erro r estimates

In this c hapter, w e pro vide an optimal a priori b ound for the discretization error of the

mortar metho d using dual shap e functions for the Lagrange m ultiplier. The results ha v e

b een published in [80, 81 , 83 ]. W e restrict ourselv es to the detailed presen tation for

the case without friction and lo w est order �nite elemen ts in the t w o-dimensional case,

[83 ]. F urthermore, n umerical examples are giv en to con�rm the theoretical ones. The

generalization to second order �nite elemen ts can b e found in [79]. The frictional case

w as studied b y means of a frictional an tiplane mo del in [81 ]. F urthermore, the extension

to piezo-electric materials can b e found in [80].

The optimal a priori error estimates are giv en for the discretization error in the H 1
-

norm for the displacemen t and in the H � 1=2
-norm for the Lagrange m ultiplier. The

in terest in con tact problems and v ariational inequalities has led to an increased researc h

activit y in this �eld. Abstract error estimates for v ariational inequalities can b e found,

e.g., in [18 , 47 , 53 ] and a priori b ounds for the discretization error of unilateral con tact

problems are giv en, e.g., in [61, 62]. Recen tly a lot of w ork has b een done to analyze mor-

tar form ulations based on standard Lagrange m ultipliers. A priori error estimates for the

displacemen ts in the H 1
-norm and for the Lagrange m ultiplier in the H � 1=2

-norm of order

h3=4
ha v e b een established, see, e.g., [9, 10 , 33, 111 ], under H 2

-regularit y assumption.

Using additional regularit y assumptions on the Lagrange m ultiplier, order h has b een

sho wn, see, e.g., [33 , 72 ]. Although the order h is optimal, the regularit y assumptions are

quite strong and restrictiv e. These �rst a priori results ha v e b een considerably impro v ed

during the last couple of y ears. In [8 ], order h1=2+ �
, 0 < � < 1=2, and order h

p
j loghj a

priori results are giv en for the H 1
-norm if the solution is H 3=2+ �

- and H 2
-regular, resp ec-

tiv ely . A new and stronger result is giv en in [10 ], where order h 4
p

j loghj can b e found. In

[73 ], quadratic �nite elemen ts in com bination with standard Lagrange m ultiplier spaces

are discussed and a priori estimates for the discretization error are giv en. A prori error

estimates for quadratic �nite elemen ts w ere also discussed in [7]. V ery recen tly , a priori

error estimates for a one-sided con tact problem with Coulom b friction w ere ac hiev ed in

[74 ].

Most of the theoretical results are obtained for standard Lagrange m ultiplier spaces

and the t w o dimensional setting. Here, w e ac hiev e for the case of linear mortar �nite ele-

men ts based on dual basis functions, as in tro duced in Subsection 2.2.1, for the Lagrange

m ultipliers optimal a priori error estimates of order h1=2+ �
for the displacemen ts and the

Lagrange m ultiplier if the solution is H 3=2+ �
-regular for 0 < � � 1=2. The tec hniques are

based on in tro ducing lo cally de�ned truncation op erators measuring the non-conformit y

of the discretization and on Sob olev�Slob o dec kij norms. A v arious n um b er of n umerical

examples illustrating the p erformance of the approac h and con�rming the theoretical

results are presen ted.
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3. Optimal a priori error estimates

This c hapter is organized as follo ws. W e start with the presen tation of the result for

the discretization in case of lo w est order �nite elemen ts without friction in Section 3.1.

Section 3.2 con tains v arious n umerical examples con�rming the theory . In Sextion 3.3,

w e deal with the question ho w to in terprete the discon tin uous discrete Lagrange m ul-

tiplier as a con tin uous function. Section 3.4 sho ws the extenison to the case of second

order �nite elemen ts. The error estimate for a frictional an tiplane problem is giv en in

Section 3.5. Finally , w e presen t in Section 3.6 a n umerical example illustrating the n u-

merically ac hiev ed error deca y in the case of a con tact problem with Coulom b's friction

la w.

3.1. Theo retical results

In this subsection, w e observ e the optimal a priori result for the discretization error of the

h ybrid form ulation of the static v ersion of the linearized con tact problem in tro duced in

Chapter 2 in com bination with linearized elasticit y (1.38) as material la w. T o b e able to

giv e a p erspicuous presen tation of the theory , w e restrict ourselv es to lo w est order �nite

elemen ts and to the case without friction for the t w o-dimensional case as published in [83].

W e start with the presen tation of the w eak form ulation and the statemen t of additional

assumptions in Subsection 3.1.1. In Subsection 3.1.2, w e then deriv e the optimal a priori

error estimate for the discretization error.

3.1.1. Problem statement

T o ac hiev e optimal a priori error estimates, w e assume that the t w o b o dies 
 s
and 
 m

are in con tact in there initial con�guration. So far, their common b oundary part in the

reference setting is the p ossible con tact b oundary and w e ha v e the relation � s
c = � m

c and

for the gap function w e ha v e g = 0 . In addition to this assumption, the normal v ector

n is assumed to b e constan t o v er � s
c . F urthermore, w e assume u i

D = 0 for the giv en

Diric hlet data suc h that there is no need to distinguish b et w een the spaces V and V 0

and w e write in the follo wing alw a ys V . De�ning the bilinear form b(�; �) on the pro duct

space V � M b y

b(v; � ) := h� n ; [v ]n i ; � 2 M ; v 2 V ;

w e get the h ybrid form ulation of the static con tact problem without friction from (2.6)

as: �nd (u ; � ) 2 V � M + suc h that

a(u ; v) + b(v; � ) = f (v); v 2 V ; (3.1a)

b(u ; � � � ) � 0; � 2 M + ; (3.1b)

where no w the admissible subset M + � M for the Lagrange m ultiplier is giv en b y

M + :=
�

� 2 M : h� ; � i � 0; � 2 W with � n � 0
	

: (3.2)

W e remark, that from this de�nition, w e get directly � � = 0 for the tangen tial part of

the Lagrange m ultiplier and therefore the required condition to the con tact stress for the

case without friction.
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3.1. Theoretical results

Existence and uniqueness of a solution (u ; � ) 2 V � M + of (3.1) has b een stated,

e.g., in [62 ]. F or a more general o v erview concerning existence of a solution for con tact

problems w e refer to [42]. The pro of is based on the inf-sup prop ert y for the spaces V
and M . This prop ert y states the existence of a constan t 
 > 0 suc h that

inf
06= � 2M

sup
06= v2V

b(v; � )
kvk1;
 k� k� 1

2 ;� s
c

� 
: (3.3)

Here, w e denote b y k � k1;
 the brok en H 1
-norm on the pro duct space H 1(
 s) � H 1(
 m ) .

F ollo wing the pro of of Lemma 2.3, w e obtain the discretized v ersion of the space M +

in tro duced in (3.2) as

M h
+ :=

n
� h =

X

p2S

� p p 2 M h : � p = � pnn ; � pn � 0; p 2 S
o

: (3.4)

No w, the discretized v ersion of (3.1) reads as: �nd (u h; � h) 2 V h � M h
+ suc h that

a(u h; vh) + b(v h; � h) = f (vh); vh 2 V h; (3.5a)

b(u h; � h � � h) � 0; � h 2 M h
+ : (3.5b)

Since for the spaces V h
and M h

n with M h
+ � M h

n := f � h 2 M h : � h � n = 0g
the discrete v ersion of the inf-sup condition (3.3) holds also in the case of dual basis

functions for the Lagrange m ultiplier, [137], w e ha v e existence and uniqueness of the

solution (u h; � h) 2 V h � M h
+ of the discretized v ersion (3.5).

In the follo wing, w e denote b y 
 a � � s
c the actual con tact set, i.e., [u ]n = 0 on 
 a and

[u ]n < 0 on 
 c := � s
cn
 a . If the displacemen t u is a con tin uous function, then the actual

con tact zone 
 a is a w ell de�ned and closed subset of � s
c .

3.1.2. Erro r estimates

The starting p oin t to establish a priori error estimates for the discretization errors in the

primal and dual v ariables is the follo wing abstract lemma, see, e.g., [73 ].

Lemma 3.1. L et (u ; � ) 2 V � M + b e the solution of (3.1) and let (u h; � h) 2 V h � M h
+

b e the solution of the discr ete formulation (3.5). Then ther e exists a c onstant 0 < C < 1
indep endent of the meshsize h; such that

ku � u hk1;
 + k� � � hk� 1
2 ;� s

c
� C

(

inf
v h 2V h

ku � vhk1;
 + inf
� h 2M h

n

k� � � hk� 1
2 ;� s

c

+ max
�

b(u ; � h); 0
� 1

2
+ max

�
b(u h; � ); 0

� 1
2

�
:

Pro of. The pro of can b e found in [73] for scalar-v alued standard Lagrange m ultipliers

and quadratic �nite elemen ts. It applies also to our situation. F or con v enience of the
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3. Optimal a priori error estimates

reader, w e brie�y recall the basic steps. Starting with a(u � u h; u � u h) , w e �nd for

vh 2 V h
using (3.1) and (3.5)

a(u � u h; u � u h) = a(u � u h; u � vh) + a(u � u h; vh � u h)

= a(u � u h; u � vh) � b(v h � u h; � ) + b(vh � u h; � h)

= a(u � u h; u � vh) � b(v h � u ; � � � h) � b(u � u h; � � � h):

Using the con tin uit y of the bilinear forms a(�; �) and b(�; �) , the trace theorem and K orn�s

inequalit y , w e obtain the upp er b ound

ku � u hk2
1;
 � C

�
ku � u hk1;
 + k� � � hk� 1

2 ;� s
c

�
ku � vhk1;
 � b(u � u h; � � � h): (3.6)

In terms of the discrete inf-sup condition for the spaces V h
and M h

n , [137], and observing

that k� hk� 1
2 ;� s

c
= k� h

nk� 1
2 ;� s

c
, � h 2 M h

n , w e �nd the upp er b ound

k� h � � hk� 1
2 ;� s

c
� C sup

w h 2V h

b(w h; � h � � h)
kw hk1;


= C sup
w h 2V h

b(w h; � h � � ) + a(u h � u ; w h)
kw hk1;


� C
�

k� h � � k� 1
2 ;� s

c
+ ku h � uk1;


�
:

Th us, w e arriv e due to the triangle inequalit y at the estimate

k� � � hk� 1
2 ;� s

c
� C

�
k� h � � k� 1

2 ;� s
c

+ ku h � uk1;


�
:

Setting � = 0 in (3.1) and � h = 0 in (3.5), w e �nd b(u ; � ) � 0 and b(u h; � h) � 0:
W e note that M + and M h

+ are con v ex cones. Using � = 2 � and � h = 2� h
, w e get

b(u ; � ) � 0 and b(u h; � h) � 0, resp ectiv ely . In terms of b(u ; � ) = b(u h; � h) = 0 , the

third term on the righ t side of (3.6) can b e written as

� b(u � u h; � � � h) = b(u ; � h) + b(u h; � ) � max
�

b(u ; � h); 0
�

+ max
�

b(u h; � ); 0
�

:

�

Next w e made same remarks concerning the last additional t w o terms on the righ t side

of the estimate in Lemma 3.1 coming in due to the non-conformit y of our approac h.

Remark 3.2. The term max
�
b(u h; � ); 0

�
tak es in to accoun t the discrete p enetration of

the t w o b o dies on the actual con tact set 
 a . The term max
�
b(u ; � h); 0

�
can b e greater

than zero if the normal comp onen t of the discrete Lagrange m ultiplier � h
n is negativ e

on a part of 
 c . W e recall that M h
+ is not a subspace of M + , and th us the normal

comp onen t � h
n of � h 2 M h

+ can b e smaller than zero. The �rst t w o terms in the upp er

b ound of Lemma 3.1 are the b est appro ximation errors. They re�ect the qualit y of the

appro ximation of the spaces V h
and M h

n . The third and the fourth term measure the

non-conformit y of the approac h.
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3.1. Theoretical results

T o pro v e optimal a priori error estimates under the H s
-regularit y assumption for the

displacemen ts u with 3=2 < s � 2, w e ha v e to consider the t w o last terms for the

bilinear form b(�; �) in the upp er b ound of Lemma 3.1. In a �rst step, w e brie�y recall

the de�nitions of the mortar pro jection � h : [L2(� s
c)]

d ! W h
and its dual op erator

� h
� : [L2(� s

c)]
d ! M h

Z

� s
c

(� hw )� h ds :=
Z

� s
c

w� h ds; � h 2 M h;

Z

� s
c

vh(� h
� � ) ds :=

Z

� s
c

vh � ds; v h 2 W h:

In terms of the stabilit y of � h
and � h

� , whic h can b e found for the general mortar setting

with dual basis functions for the Lagrange m ultipliers in [137], b oth op erators satisfy an

appro ximation prop ert y

kw � � hwk0;� s
c

� Ch� jw j �; � s
c
; k� � � h

� � k0;� s
c

� Ch� j� j �; � s
c
; (3.7)

for w 2 [H � (� s
c)]

2
, 0 � � � 2, and � 2 [H � (� s

c)]
2

, 0 � � � 1.

The pro of of the upp er b ound of b(u ; � h) is based on a regularit y assumption on the

actual con tact zone.

Assumption 3.3. R e gularity assumption on 
 a . W e assume that the numb er of p oints

in � 
 a \ 
 c is �nite.

W e no w giv e t w o lemmas pro viding upp er b ounds for the consistency errors.

Lemma 3.4. L et (u ; � ) 2 V � M + b e the solution of (3.1) and let (u h; � h) 2 V h � M h
+

b e the solution of the discr ete formulation (3.5). Under the r e gularity assumption u 2�
H

3
2 + � (
)

� 2
, 0 < � � 1

2 , we have the a priori err or estimate

b(u h; � ) � C
�

h1+2 � ju j23
2 + �; 
 + h

1
2 + � ju j 3

2 + �; 
 ku � u hk1;


�
:

for a p ositive c onstant C < 1 indep endent of h .

Pro of. F or standard Lagrange m ultipliers, w e refer to [73 ]. Although our dual basis

functions of M h
are not p ositiv e, w e can apply the same tec hniques. Using the discrete

saddle p oin t form ulation (3.5) and the de�nition of the mortar pro jection, w e �nd

b(u h; � h � � h) =
Z

� s
c

�
� h

n � � h
n

� �
(� h[u h])n

�
ds � 0; � h 2 M h

+ :

The normal comp onen t of the mortar pro jection of [u h] can b e written as (� h[u h])n =P
p2S � pn � p . W riting the normal comp onen ts of � h

, � h 2 M h
+ as linear com bination
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3. Optimal a priori error estimates

of the dual basis functions yields � h
n =

P
p2S � pn  p and � h

n =
P

p2S 
 pn p , � pn ; 
 pn � 0.

Setting � pn := 
 pn + � pq, w e obtain b y (2.12)

0 � b(u h; � h � � h) =
Z

� s
c

 q
�
(� h[u h])n

�
ds = � qn

Z

� s
c

� q ds:

W e recall that � q � 0 and th us � qn � 0, q 2 S . This results in com bination with � 2 M +

in the inequalit y Z

� s
c

� n

�
(� h[u h])n

�
ds � 0: (3.8)

In con trast to the general mortar setting with crossp oin ts, � h
restricted to the �nite

elemen t trace space on the sla v e side is the iden tit y . The appro ximation prop erties (3.7)

yield due to (3.8) the upp er b ound

b(u h; � ) =
Z

� s
c

� n
�
[u h]n � (� h[u h])n + (� h[u h])n

�
ds

�
Z

� s
c

�
� n � (� h

� � )n
� �

[u h]n � (� h[u h])n
�

ds

=
Z

� s
c

�
� n � (� h

� � )n
��

(� hu h;m )n � uh;m
n

�
ds

� k � � � h
� � k0;� s

c

�
k(u m � u h;m ) � � h(u m � u h;m )k0;� s

c
+ ku m � � hu mk0;� s

c

�

� h� j� j �; � s
c

�
h

1
2 ju m � u h;m j 1

2 ;� s
c

+ h1+ � ju m j1+ �; � s
c

�

� C
�

h
1
2 + � ju j 3

2 + �; 
 ku � u hk1;
 + h1+2 � ju j23
2 + �; 


�
:

�

A similar b ound for the term b(u ; � h) can b e established.

Lemma 3.5. L et (u ; � ) 2 V � M + b e the solution of (3.1) and let (u h; � h) 2 V h � M h
+

b e the solution of the discr ete formulation (3.5). Under Assumption 3.3 and the r e gularity

assumption u 2
�
H

3
2 + � (
)

� 2
, 0 < � � 1

2 , we have the a priori err or estimate

b(u ; � h) � Ch
1
2 + � ju j 3

2 + �; 
 k� � � hk� 1
2 ;� s

c

for a p ositive c onstant C < 1 indep endent of h < h 0 .

Pro of. The regularit y assumptions guaran tee that [u ]n restricted to � s
c is con tin uous.

W e denote b y I h
the Lagrange in terp olation op erator with resp ect to the mesh on the

sla v e side. Based on I h
, w e consider a mo di�ed in terp olation op erator

~I h
. T o simplify

the notation w e write the set of no des on the sla v e side of �
s
c in tro duced as S no w
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3.1. Theoretical results

PSfrag replacemen ts

� s
c

pi � 2 pi � 1 piwpi

I hg

� h

� a > 2h

~I hgg

Figure 3.1.: F unctions g; I hg and

~I hg.

as S := f pi : 1 � i � jSjg , where jSj denotes the total n um b er of no des in S , and let

Wc := f wj : 1 � j � Nwg b e the set of p oin ts in �
 a \ 
 c . The minim um distance b et w een

the elemen ts in Wc is denoted b y a, i.e.,

a := inf
�

kwj � wkk : 1 � j 6= k � Nw

	
:

By Assumption 3.3 w e ha v e Nw < 1 and th us a > 0. F or h < a
2 =: h0 , w e �nd b et w een

t w o neigh b or p oin ts in Wc at least t w o v ertices in S .

W e no w de�ne the mo di�ed Lagrange in terp olation op erator

~I h
as

�
~I h [u ]n

�
(pi ) :=

�
[u ]n (pi ) if supp(� pi ) � 
 c;

0 otherwise ;
(3.9)

where � pi is the standard no dal basis function asso ciated with the no de pi 2 S , see Figure

3.1. Using b(u ; � ) = 0 , w e �nd

b
�
u ; � h �

=
Z

� s
c

�
[u ]n � ~I h[u ]n

� �
� h

n � � n

�
ds +

Z

� s
c

~I h[u ]n
�
� h

n � � n

�
ds: (3.10)

By construction w e ha v e

~I h[u ]n � 0 and supp
� ~I h[u ]n

�
� supp

�
[u ]n

�
= 
 c . Using the

strong p oin t-wise con tact condition [u ]n � n = 0 w e �nd

Z

� s
c

~I h[u ]n � n ds = 0: (3.11)

F urthermore, w e get in terms of (3.4) the relation

Z

� s
c

~I h[u ]n � h
n ds � 0; (3.12)

Due to (3.11) and (3.12) the second term on the righ t side of (3.10) v anishes and w e get

from (3.10) the estimate

b
�
u ; � h �

� k [u ]n � ~I h[u ]nk 1
2 ;� s

c
k� h � � k� 1

2 ;� s
c
: (3.13)
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c

pi � 2 pi � 1 piwpi

I hg � ~I hg
g

Figure 3.2.: Di�erence of the in terp olated functions I hg � ~I hg.

T o estimate the term k[u ]n � ~I h[u ]nk 1
2 ;� s

c
, w e de�ne g := � [u ]n and consider the di�erence

I hg � ~I hg of the in terp olated functions, see Figures 3.1 and 3.2.

In terms of the in v erse inequalit y , see, e.g., [16 ], w e get

kI hg � ~I hgk2
1
2 ;� s

c
�

C
h

kI hg � ~I hgk2
0;� s

c
� C

X

pi 2M c

(g(pi ))
2 ; (3.14)

where the set of p oin ts M c on the con tact b oundary � s
c is de�ned b y

M c :=
�

pi 2 S : ~I hg(pi ) 6= I hg(pi )
	

:

Let wpi 2 W c b e the unique closest p oin t to pi 2 M c . Without loss of generalit y , w e

consider a lexicographically ordering of the indices and the case that g = 0 in the left

neigh b orho o d of wpi and g > 0 in the righ t neigh b orho o d of wpi .

F or h < a
2 , w e ha v e I hg � ~I hg = 0 on [pi � 2; pi � 1], see Figure 3.2. The regularit y

assumption on u yields g 2 H 1+ � (� s
c) and moreo v er g = 0 on [pi � 2; wpi ]. No w, the

Cauc h y�Sc h w arz inequalit y giv es for eac h p oin t pi 2 M c the estimate

�
g(pi )

� 2
=

0

B
@

piZ

wpi

g0(s) ds

1

C
A

2

=
1

jwpi � pi � 2j2

0

B
@

piZ

wpi

wpiZ

pi � 2

g0(s) � g0(t)

js � tj
1+2 �

2

js � tj
1+2 �

2 dt ds

1

C
A

2

�
1

jwpi � pi � 2j2

piZ

pi � 2

piZ

pi � 2

�
g0(s) � g0(t)

� 2

js � tj1+2 �
dt ds

piZ

wpi

wpiZ

pi � 2

js � tj1+2 � dt ds

� C
1

jwpi � pi � 2j2
jg0j2�; [pi � 2; pi ] h1+2 � jpi � wpi j jwpi � pi � 2j

= Cjg0j2�; [pi � 2 ; pi ] h1+2 � jpi � wpi j
jwpi � pi � 2j

� Cjg0j2�; [pi � 2; pi ] h1+2 � ;

where w e used the shap e-regularit y of the triangulation. T o obtain an upp er b ound for

kI hg � ~I hgk 1
2 ;� s

c
, w e ha v e to sum o v er all pi 2 M c . W e observ e that b y Assumption 3.3,

the n um b er of elemen ts in M c is �nite. In terms of (3.13) and (3.14), w e �nd no w the
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b ound

b(u ; � h) � k � � � hk� 1
2 ;� s

c

�
kg � I hgk 1

2 ;� s
c

+ kI hg � ~I hgk 1
2 ;� s

c

�

� Ch
1
2 + � jgj1+ �; � s

c
k� � � hk� 1

2 ;� s
c

� Ch
1
2 + � ju j 3

2 + �; 
 k� � � hk� 1
2 ;� s

c
:

�

No w, w e com bine the previous results and form ulate the optimal a priori error estimates

for t w o-b o dy con tact problems.

Theorem 3.6. L et (u ; � ) 2 V � M + b e the solution of (3.1) and let (u h; � h) 2 V h � M h
+

b e the solution of the discr ete formulation (3.5). Under Assumption 3.3 and the r e gularity

assumption u 2
�
H

3
2 + � (
)

� 2
, 0 < � � 1

2 , we have the a priori err or estimate

ku � u hk1;
 + k� � � hk� 1
2 ;� s

c
� Ch

1
2 + � ju j 3

2 + �; 


for a p ositive c onstant C:

Pro of. Using the w ell kno wn appro ximation prop ert y for the spaces V h
and M h

, the

pro of is a direct consequence of Lemmas 3.1-3.5 b y applying Y oung's inequalit y . �

A t the end of this subsection w e giv e t w o remarks concerning a priori estimates for the

Lagrange m ultiplier.

Remark 3.7. It is p ossible to establish an optimal a priori estimate for the Lagrange

m ultiplier in the w eigh ted L2(� s
c) -norm k� � � hk� 1

2 ;h; � s
c

giv en b y

k� k2
� 1

2 ;h; � s
c

:=
X

e2T h; � s
c

hek� k2
0;e; (3.15)

with he := jej . The pro of follo ws the same lines as for the H � 1=2(� s
c) -norm and uses an

in v erse estimate.

Remark 3.8. The same theoretical results can b e obtained if a di�eren t dual Lagrange

m ultiplier space is used, e.g., piecewise constan t dual Lagrange m ultipliers or con tin uous

piecewise cubic dual Lagrange m ultipliers as prop osed in [138].

3.2. Numerical examples

In this section, w e pro vide sev eral n umerical examples illustrating the p erformance of

the approac h and con�rming the theoretical results obtained in the previous section. W e

consider di�eren t examples for t w o-b o dy con tact problems. W e fo cus on the discretization

errors of the displacemen t in the L2
- and the H 1

-norm and of the Lagrange m ultiplier
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Figure 3.3.: Example 1: Problem de�nition and initial triangulation (left), stress com-

p onen ts � xx and the e�ectiv e v on Mises stress �
e�

on distorted domains

(distortion scaled b y factor 1000) (middle), and con tact stress in normal and

tangen tial direction (righ t).

in the w eigh ted L2
-norm (3.15) on the con tact b oundary . In general, con tact problems

do not admit an analytical solution. T o ev aluate the discretization errors, w e compute a

reference solution denoted b y u
ref

for the displacemen ts and a reference solution �
ref

for

the Lagrange m ultiplier corresp onding to a �ner mesh. W e note that in all our examples,

the meshsize h
ref

for the reference solution satis�es h
ref

� 1=4h . A reference meshsize

of h
ref

= 1=2h do es not guaran tee reliable n um b ers for the discretization errors. F or

the iterativ e solution of the non-linear system, w e use an inexact primal dual activ e

set strategy , see Chapter 4. In eac h outer iteration step, w e apply one linear m ultigrid

cycle. W e start with a coarse triangulation and use uniform re�nemen t tec hniques. Eac h

elemen t is decomp osed in to four sub-elemen ts within the next re�nemen t step. In all

examples w e w ork with plane strain, see (1.33) .

First example

In our �rst example, w e consider the problem depicted in Figure 3.3. The t w o b o dies in

their reference con�guration are scaled squares, 
 m := (0 ; 0:01) � (0; 0:01) and 
 s :=
(0:0; 0:01) � (0:01; 0:02). On 
 m

, w e set E m = 15 � 109
and � m = 0:2 and on 
 s

,

w e use a di�eren t material with E s = 20 � 109
and � s = 0:4. The lo w er b oundary of


 m
is clamp ed. The applied load pm

is giv en b y (105; � 106)>
on the left side and b y

(� 105; � 106)>
on the righ t side of 
 m

. Homogeneous Neumann b oundary conditions are

applied to b oth sides of 
 s
, and inhomogeneous Diric hlet data are giv en on the top of


 s
. The displacemen ts are set to b e u s

D = (0 :0; � 5 � 10� 7)>
.

The initial triangulation on lev el 0 is sho wn in the left picture in Figure 3.3. W e recall

that the normal comp onen t of the Lagrange m ultiplier � � h
n of the mortar discretization

appro ximates the con tact pressure. In the righ t picture in Figure 3.3, w e giv e the normal

and tangen tial comp onen t of � h
on lev el 6. The normal comp onen t is non-zero only in

the part of � s
c where the t w o b o dies are actually in con tact. As exp ected, the tangen tial
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3.2. Numerical examples

T able 3.1.: Example 1: Relativ e L2(
) -, relativ e H 1(
) -error of u h
with resp ect to u

ref

,

w eigh ted L2(� s
c) -error of � h

with resp ect to �
ref

and the n umerical con v ergence

orders.

lev el ku h � u
ref

k0;
 =ku
ref

k0;
 ju h � u
ref

j1;
 =ju
ref

j1;
 k� h � �
ref

k� 1
2 ;h; � s

c

0 6:447659e� 02 � 4:447386e� 01 � 9:507368e+ 02 �
1 1:947047e� 02 1:73 2:422984e� 01 0:87 3:709632e+ 02 1:36
2 5:719462e� 03 1:77 1:323250e� 01 0:87 1:937997e+ 02 0:94
3 1:798368e� 03 1:67 7:137496e� 02 0:89 8:890783e+ 01 1:12
4 5:181605e� 04 1:80 3:815553e� 02 0:90 3:743692e+ 01 1:25
5 1:551852e� 04 1:74 2:012575e� 02 0:92 1:503053e+ 01 1:32
6 4:544415e� 05 1:77 1:027931e� 02 0:97 5:607133e+ 00 1:42

comp onen t is equal to zero since w e are in the setting without friction. The distorted

domains with the stress comp onen t � xx and the e�ectiv e v on Mises stress �
e�

are sho wn

in the middle in Figure 3.3. The e�ectiv e v on Mises stress is giv en in terms of the pressure

p b y the relation

� 2
e�

:=
dX

i;j =1

j� ij � � ij pj2; p :=
1
d

tr (� ): (3.16)

W e use the �nite elemen t solution on lev el 8 as reference solution (u
ref

; �
ref

) . On

lev el 8, w e ha v e 262.144 elemen ts on 
 s
and 589.824 elemen ts on 
 m

. In T able 3.1, w e

giv e the discretization errors of the displacemen ts in the relativ e L2(
) -norm and in the

relativ e H 1(
) -norm. The error in the Lagrange m ultiplier is measured in a w eigh ted

L2(� s
c) -norm in tro duced in Remark 3.7. The con v ergence rates in the L2(� s

c) -norm for

the displacemen ts are appro ximately 1:8. Asymptotically , the con v ergence rates tend to

one in the H 1(
) -norm. As in the linear case, w e observ e b etter con v ergence rates for

the Lagrange m ultiplier. The b est appro ximation error of the Lagrange m ultiplier in the

w eigh ted L2(� s
c) -norm is of order h3=2

.

Second example

In our second example, [73], w e use the same geometry and the same material parameters

as in the �rst Example. The upp er part of 
 s
and the lo w er part of 
 m

are clamp ed.

Inhomogeneous Neumann data are applied to the left part of 
 s
and to the righ t part of


 m
. The b oundary forces are giv en b y ps = (105; � 106)>

and pm = ( � 105; � 106)>
, see

Figure 3.4.

In the middle picture in Figure 3.4, the stress comp onen t � xx is sho wn on the distorted

domains. The normal comp onen t of the Lagrange m ultiplier is giv en in the righ t picture.

In con trast to Example 1, w e observ e a singularit y at the left endp oin t of the con tact
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Figure 3.4.: Example 2: Problem de�nition (left), stress comp onen t � xx on distorted

domains (distortion scaled b y factor 1000) (middle), and con tact stress in

normal and tangen tial direction (righ t).

T able 3.2.: Example 2: Relativ e L2(
) -, relativ e H 1(
) -error of u h
with resp ect to u

ref

,

w eigh ted L2(� s
c) -error of � h

with resp ect to �
ref

and the n umerical con v ergence

orders.

lev el ku h � u
ref

k0;
 =ku
ref

k0;
 ju h � u
ref

j1;
 =ju
ref

j1;
 k� h � �
ref

k� 1
2 ;h; � s

c

0 6:314604e� 01 � 8:113448e� 01 � 4:648877e+ 03 �
1 3:513681e� 01 0:85 5:138377e� 01 0:66 2:210844e+ 03 1:07
2 1:414198e� 01 1:31 2:786256e� 01 0:88 1:668986e+ 03 0:41
3 5:196291e� 02 1:44 1:502248e� 01 0:89 9:087467e+ 02 0:88
4 1:885312e� 02 1:46 8:271511e� 02 0:86 4:278806e+ 02 1:09
5 6:983378e� 03 1:43 4:614857e� 02 0:84 1:994283e+ 02 1:10
6 2:611373e� 03 1:42 2:576322e� 02 0:84 9:358784e+ 01 1:09
7 9:293584e� 04 1:49 1:399176e� 02 0:88 4:454642e+ 01 1:07

zone. Here, w e use bilinear �nite elemen ts and a conforming triangulation on the p ossible

con tact b oundary � s
c . The �nite elemen t solution on lev el 8 is tak en as reference solution.

Due to the lo w er regularit y of the solution, w e cannot exp ect a con v ergence rate of order

h . The discretization errors for the relativ e L2(
) - and H 1(
) -norm of the displacemen t

are giv en in column three and four of T able 3.2, resp ectiv ely . The error of the Lagrange

m ultiplier in the w eigh ted L2(� s
c) -norm can b e found in the last column. Asymptotically ,

the con v ergence rates tend to 0:9 in the H 1(
) -norm. As in Example 1, w e observ e

a higher con v ergence rate for the Lagrange m ultiplier. The con v ergence rate for the

L2(� s
c) -norm is appro ximately 1:5. The lo w regularit y of the problem is re�ected in

smaller n umerical con v ergence rates.
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Figure 3.5.: Example 3: Problem de�nition and initial triangulation (left), maximal con-

tact stress (middle) and con tact stress (righ t).

Third example

Our third example is the Hertzian con tact problem of a linear elastic circle with a plane.

In this example, the con tact stress can b e computed analytically , see, e.g., [69, 88, 91].

So w e are able to compare the n umerically computed b oundary stress to the analytical

one. If an elastic circle with radius r and material p arameters E s
and � s

is pressed b y

a single p oin t load f s = (0 ; � f )>
on the top to a rigid plane, the analytical con tact

pressure is giv en b y

pn (x) =
2f
�b 2

q �
b2 � x2

�
; x � b; b:= 2

r
f r (1 � � 2)

E�
; (3.17)

where b is the half-width of the con tact surface and x is the distance to the cen ter

of the con tact surface. In our setting, w e replace the rigid plane b y a linear elastic

rectangle. Y oung�s mo dulus of the rectangle is set to b e larger than the one of the circle.

W e apply homogeneous Diric hlet b oundary conditions at the b ottom and at the t w o

sides of the rectangle. On the circle with radius r = 1 , w e set the material parameters

to b e E s = 7 000 and � s = 0:3. F or the rectangle with heigh t 1, w e use E m = 106

and � m = 0:45. The circle, assumed to b e the sla v e side, is pressed b y a p oin t load

f s = (0 ; � 100)> at the top of the rectangle. The problem de�nition and the geometry

are sho wn in Figure 3.5. As done in [21, 98 ], w e replace the p oin t load b y a surface load

to a v oid a strong singularit y on the upp er part of the circle. In order to obtain a unique

discrete solution, w e eliminate the horizon tal degrees of freedom of the t w o inner no des

on the v ertical symmetry axis, see Figure 3.5.

Using (3.17), the maximal normal con tact stress of the Hertzian con tact problem is then

giv en b y � max

n = 494:8; and for the half width of the con tact zone w e �nd b= 0:129. The

pictures on the righ t in Figure 3.5 illustrates the n umerical appro ximation of the con tact

stress. F rom lev el 4 on, the discrete maximal normal stress is a v ery go o d appro ximation

of the analytical one. In the righ t picture, the normal and tangen tial con tribution of the

Lagrange m ultiplier are giv en.

T o compute the discretization errors, w e use the mortar �nite elemen t solution on lev el

8 as reference solution. The errors are giv en in T able 3.3. Asymptotically , w e observ e
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T able 3.3.: Example 3: Relativ e L2(
) -, relativ e H 1(
) -error of u h
with resp ect to u

ref

,

w eigh ted L2(� s
c) -error of � h

with resp ect to �
ref

and the n umerical con v ergence

orders.

lev el ku h � u
ref

k0;
 =ku
ref

k0;
 ju h � u
ref

j1;
 =ju
ref

j1;
 k� h � �
ref

k� 1
2 ;h; � s

c

1 5:227370e� 02 � 4:663629e� 01 � 5:845408 + 01 �
2 1:381026e� 02 1:92 3:214708e� 01 0:54 4:998951 + 01 0:23
3 4:844067e� 03 1:51 1:807113e� 01 0:83 2:120954 + 01 1:24
4 1:350194e� 03 1:84 9:735769e� 02 0:89 8:377665 + 00 1:34
5 4:175901e� 04 1:69 5:111927e� 02 0:93 3:269378 + 00 1:36
6 1:102450e� 04 1:92 2:584385e� 02 0:98 1:168388 + 00 1:48

T able 3.4.: Example 3: Relativ e H 1(
) -error of u h
with resp ect to u

ref

and the maximal

con tact stress (� h
n ) max

for dual linear, dual constan t and dual cubic Lagrange

m ultipliers.

lev el

ju h � u
ref

j1;
 =ju
ref

j1;
 (� h
n ) max

constan t cubic linear constan t cubic

1 4:663629e� 01 4:663629e� 01 382:057 382:057 382:057
2 3:214712e� 01 3:214712e� 01 514:166 514:172 514:172
3 1:807105e� 01 1:807104e� 01 504:190 504:229 504:231
4 9:735749e� 02 9:735742e� 02 496:765 496:775 496:775
5 5:111913e� 02 5:111915e� 02 494:805 494:809 494:809
6 2:584384e� 02 2:584384e� 02 494:264 494:266 494:266
7 494:174 494:175 494:175
8 494:202 494:202 494:202

optimal con v ergence rates. In the L2(� s
c) -norm, the con v ergence rate tends to t w o with

increasing n um b er of re�nemen t steps, whereas the con v ergence rate in the H 1(
) -norm

tends to 1:0. W e observ e asymptotically a con v ergence rate of 1:5 for the Lagrange

m ultiplier in the w eigh ted L2(� s
c) -norm on the con tact zone. This results from the fact

that the error in the energy norm restricted to a band of width h can b e b ounded b y

C
p

hkuk1;
 .

In a last test, w e consider the in�uence of the c hoice of the dual Lagrange m ultiplier on

the displacemen t and the maximal con tact stress. T o do so, w e compare three di�eren t

dual Lagrange m ultipliers. In addition to the linear Lagrange m ultiplier, w e use discon-

tin uous piecewise constan t and con tin uous piecewise cubic Lagrange m ultipliers, [138].
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3.3. Visualization of discon tin uous Lagrange m ultiplier

T able 3.4 sho ws in the �rst t w o columns the relativ e H 1(
) -error for the dual constan t

and the dual cubic Lagrange m ultipliers. If w e compare the results of T able 3.4 with the

one of T able 3.3, w e �nd that all our three dual Lagrange m ultipliers yields almost the

same results. The di�erences in the H 1
-norm of the error is negligible. This is also true

for the maximal con tact stress. The last three columns of T able 3.4 sho w (� h
n ) max

for the

three di�eren t discretization metho ds.

3.3. Visualization of discontinuous Lagrange

multiplier

Due to the discon tin uit y of the dual basis functions  p for the Lagrange m ultiplier the

Lagrange m ultiplier � h
is discon tin uous itself. Therefore one has to tak e care ho w to

visualize this discon tin uous function. Instead of � h
w e plot in Figures 3.3, 3.4 and 3.5

and all o v er this thesis the linear con tin uous function

~�
h

de�ned b y

~�
h

=
X

p2S

~� p� p (3.18)

with the co e�cien ts

~� p giv en b y

~� p :=

R
� s

c
� h � p ds

R
� s

c
� p ds

; p 2 S: (3.19)

W e remark that from this de�nition directly follo ws after summation o v er all no des p 2 S ,

that the lo w est order momen tum is the same for

~�
h

as for � h
, i.e.,

Z

� s
c

~�
h

ds =
Z

� s
c

� h ds:

Due to the biorthogonalit y relation (2.12) , de�nition (3.19) leads to

~� p = � p , where � p

are the co e�cien ts of � h
and therefore w e get from (3.18)

~�
h

=
X

p2S

� p� p: (3.20)

Similar to the result of Theorem 3.6 and Remark 3.7 w e can establish optimal a priori

error estimates in the H � 1
2 (� s

c) -norm and the w eigh ted L2(� s
c) -norm for the mo di�ed

Lagrange m ultiplier

~�
h

.

Theorem 3.9. Under the r e gularity assumptions of The or em 3.6, the optimal a priori

err or estimates

k� � ~�
h
k� 1

2 ;� s
c

� Chju j2;
 ; k� � ~�
h
k� 1

2 ;h; � s
c

� Chju j2;


hold for the mo di�e d L agr ange multiplier (3.18) .

49



3. Optimal a priori error estimates

PSfrag replacemen ts

p1 p2 p3 p4 pjSjpjSj� 1

e1 e2 e3 ejSj� 1

Figure 3.6.: Ordering of no des pi and edges ei of � s
c .

Pro of. In addition to the appro ximation prop ert y (3.7) in L2
, the dual mortar pro-

jection satis�es the appro ximation prop ert y in H � 1
2

and the stabilit y condition in H
1
2

,

[137 ]. So far w e ha v e for � 2 f� 1
2; 0g with the trace theorem the estimates

k� � � h
� � k�; � s

c
� Ch

1
2 � � juj2;
 ; j� h

� � j 1
2 ;� s

c
� Cj� j 1

2 ;� s
c
: (3.21)

Due to the shap e of the basis functions  p � � p the mean v alue of � h � ~�
h

v anishes,

i.e., Z

� s
c

� h � ~�
h

ds = 0: (3.22)

In tro ducing � h
0 as the L2(� s

c) -pro jection on to the piecewise constan t functions on eac h

edge e 2 Th;� s
c

, w e observ e due to (3.22)

k� h � ~�
h
k� 1

2 ;� s
c

= sup
06= v2 [H 1=2

00 (� s
c )]2

h� h � ~�
h
; v � � h

0vi
kvk 1

2 ;� s
c

� sup
06= v2 [H 1=2

00 (� s
c )]2

k� h � ~�
h
k0;� s

c
kv � � h

0vk0;� s
c

kvk 1
2 ;� s

c

� C
p

h sup
06= v2 [H 1=2

00 (� s
c )]2

k� h � ~�
h
k0;� s

c
kvk 1

2 ;� s
c

kvk 1
2 ;� s

c

� C
p

hk� h � ~�
h
k0;� s

c
:

Due to the triangle inequalit y and Remark 3.7 w e ha v e

k� � ~�
h
k0;� s

c
� k � � � hk0;� s

c
+ k� h � ~�

h
k0;� s

c
� C

p
hju j2;
 + k� h � ~�

h
k0;� s

c

and therefore, it remains to sho w that

k� h � ~�
h
k0;� s

c
� C

p
hju j2;
 : (3.23)

In the follo wing, w e use for the b oundary no des pi and the edges ei of � s
c , assumed to b e

a straigh t line, the lexicographical ordering as depicted in Figure 3.6. T aking in to accoun t

the de�nition of the dual basis functions  p in terms of the standard basis functions � p ,

see (2.13), w e obtain with

� � pi :=

(
� pi � � pi +1 on ei ;

0 otherwise ;
� � pi := � pi � � pi +1 ;
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3.3. Visualization of discon tin uous Lagrange m ultiplier

using (3.20) and the represen tation (2.13) for the dual basis functions the relation

� h � ~�
h

=
jSjX

i =1

� pi

�
 pi � � pi

�
=

jSj� 1X

i =1

�
� pi � � pi +1

�
� � pi =

jSj� 1X

i =1

� � pi � � pi :

T o do so, w e estimate

k� h � ~�
h
k2

0;� s
c

=
jSj� 1X

i =1

�
� � pi

� 2
k� � pi k

2
0;ei

� Ch
jSj� 1X

i =1

�
� � pi

� 2
: (3.24)

W riting � h
� � =

P jSj
i =1 � pi � pi , w e observ e after applying the triangle inequalit y due to

(3.21) and Remark 3.7 the estimate








jSjX

i =1

�
� pi  pi � � pi � pi

� 






2

0;� s
c

= k� h � � h
� � k2

0;� s
c

� k � h � � k2
0;� s

c
+ k� � � h

� � k2
0;� s

c

� Chju j22;
 : (3.25)

T ak en in to accoun t the de�nition of the dual basis functions (2.13) , w e observ e the

prop ortionalit y relation








jSjX

i =1

�
� pi  pi � � pi � pi

� 






2

0;� s
c

� h
jSj� 1X

i =1

�
(2� pi � � pi +1 � � pi )

2 + (2 � pi +1 � � pi � � pi +1 )2
�
:

A simple algebraic computation leads to the estimate

�
� pi � � pi +1

� 2
� C

�
(2� pi � � pi +1 � � pi )

2 + (2 � pi +1 � � pi � � pi +1 )2 + ( � pi � � pi +1 )2
�

and therefore w e obtain from (3.24) b y using (3.25) at the estimate

k� h � ~�
h
k2

0;� s
c

� C
�

k� h � � h
� � k2

0;� s
c

+ h
jSj� 1X

i =1

�
� pi � � pi +1

� 2
�

� Ch
�

ju j22;
 +
jSj� 1X

i =1

�
� pi � � pi +1

� 2
�

: (3.26)

F rom the de�nition of the H
1
2 (� s

c) -seminorm restricted to the edge e

jvj21
2 ;e :=

Z

e

Z

e

�
v(s) � v(t)

� 2

(s � t)2
dsdt; (3.27)

w e observ e for a linear function v on the edge ei

jvj21
2 ;ei

=
�
v(pi ) � v(pi +1 )

� 2
:
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3. Optimal a priori error estimates

Moreo v er, w e can deduce from the de�nition (3.27)

jSj� 1X

i =1

j� h
� � j21

2 ;ei
� j � h

� � j21
2 ;� s

c
:

No w, w e can estimate the second term on the righ t side in (3.26)

jSj� 1X

i =1

�
� pi � � pi +1

� 2
=

jSj� 1X

i =1

j� h
� � j21

2 ;ei
� j � h

� � j21
2 ;� s

c
� Cj� j21

2 ;� s
c

� Cju j22;� s
c
;

where w e used the stabilit y of � h
� , see (3.21). Inserting this estimate in to (3.26), w e

observ e the desired relation (3.23) . �

3.4. Extension to quadratic �nite elements

In this subsection, w e shortly presen t the theoretical results and n umerical examples

for the extension of the optimal a priori error estimate stated in Section 3.1-3.2 to the

situation of quadratic �nite elemen ts. Subsection 3.4.1 con tains the obtained theoretical

result, whereas in Subsection 3.4.2 t w o n umerical examples con�rming the theoretical

result are giv en. The results ha v e b een published in [79 ], where the details can b e found.

3.4.1. Theo retical results

In this section, w e denote b y V h;i
the �nite elemen t space of order i = 1; 2. W e remark

that in all other sections w e neglect the index i , since alw a ys the case i = 1 w as considered.

In the same w a y w e in tro duce the space M h;j
, j = 1; 2, as the higher order space for

the discrete Lagrange m ultiplier. F or the de�nition of the dual basis functions for the

quadratic case, i.e, j = 2 , w e refer to [105 , 136 ]. The admissible space M h;j
+ � M h;j

for the case j = 2 is de�ned according to the de�nition for the case j = 1 , see (3.4),

i.e., eac h co e�cien t of the normal part of the corresp onding function � h;j 2 M h;j
+ is

enforced to b e p ositiv e. F or the three di�eren t pairings V h;1 � M h;1
+ , V h;2 � M h;1

+

and V h;2 � M h;2
+ , w e denote the �nite elemen t solutions b y

�
u h;1; � h;1�

,

�
u h;2; � h;1�

and

�
u h;2; � h;2�

, resp ectiv ely . W e note that although using the same notation, the �rst

solution comp onen t of

�
u h;2; � h;1�

and

�
u h;2; � h;1�

is di�eren t. In addition to the result

in Section 3.1 for

�
u h;i ; � h;j �

2 V h;i � M h;j
+ with (i; j ) = (1 ; 1), w e observ e the follo wing

a priori error estimate.

Theorem 3.10. L et (u; � ) 2 V � M + b e the solution of (3.1) and let (uh;i ; � h;j ) 2 V h;i �
M h;j

+ b e the solution of the discr ete pr oblem (3.5) with the sp ac es V h;i
and M h;j

inste ad

of V h;i
and M h;j

, r esp e ctively. Under Assumption 3.3 and the r e gularity assumption
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3.4. Extension to quadratic �nite elemen ts

T able 3.5.: Example 1: Relativ e H 1(
) -error with resp ect to u i
ref

and n umerical con v er-

gence orders.

lev el

ju h;i � u i
ref

j1;
 =ju i
ref

j1;


(i; j ) = (1 ; 1) (i; j ) = (2 ; 1) (i; j ) = (2 ; 2)

0 4:447386e� 01 � 1:765461e� 01 � 1:374306e� 01 �
1 2:422984e� 01 0:87 7:444445e� 02 1:25 7:274920e� 02 0:92
2 1:323250e� 01 0:87 3:841333e� 02 0:95 3:757366e� 02 0:95
3 7:137496e� 02 0:89 2:010207e� 02 0:93 1:959540e� 02 0:94
4 3:815553e� 02 0:90 1:070640e� 02 0:91 9:984628e� 03 0:97
5 2:012575e� 02 0:92 5:505093e� 03 0:96 4:633481e� 03 1:11
6 1:027931e� 02 0:97 � � � �

u 2
�
H

3
2 + � (
)

� 2
, 0 < � � 1

2 for i = 1 , and 0 < � < 1 for i = 2 , we have for the

two-dimensional c ase the a priori err or estimate

ku � u h;i k1;
 + k� � � h;j k� 1
2 ;� s

c
� Ch

1
2 + � ju j 3

2 + �; 


for a p ositive c onstant C:

Pro of. The pro of can b e found in [79]. It follo ws the same lines as the pro of of

Theorem 3.6 for the lo w est order case. The estimates observ ed in the Lemmas 3.1 and 3.5

can b e pro v en b y the same tec hniques, whereas in the pro of of Lemma 3.4 the inequalit y

(3.8) do es not hold for the quadratic case. Th us, w e ha v e to w ork additionally with the

L2
-pro jection on to the space of piecewise constan t functions with resp ect to the mesh

Th;� s
c

of � s
c to get the estimate in Lemma 3.4 for the quadratic case. �

3.4.2. Numerical examples

W e no w presen t as in Section 3.2 the n umerically observ ed relativ e errors and con v ergence

orders for the pairings (i; j ) 2
�

(1; 1); (2; 1); (2; 2)
	

.

First example

Considering the same example as the �rst Example in Section 3.2, see Figure 3.3, w e

observ e the results presen ted in T able 3.5 for the displacemen t and in T able 3.6 for the

Lagrange m ultiplier. W e use again the �nite elemen t solution on lev el 8 as our reference

solution (u1
ref

; � 1
ref

) for the lo w est order case. F or the other cases, w e use the solutions

on lev el 7 as (u2
ref

; � 1
ref

) and (u2
ref

; � 2
ref

) . T able 3.5 sho ws the relativ e errors in the H 1(
) -

seminorm. The absolute discretization error for the Lagrange m ultiplier is measured in a

w eigh ted L2(� s
c) -norm, see Remark (3.7) , and can b e seen in T able 3.6. The v alues for the

pairing (i; j ) = (1 ; 1) are the same as in T able 3.1. T o mak e the comparison with the other
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3. Optimal a priori error estimates

T able 3.6.: Example 1: W eigh ted L2(� s
c) -error of � h;j

with resp ect to � j
ref

and n umerical

con v ergence orders.

lev el

k� h;j � � j
ref

k� 1
2 ;h; � s

c

(i; j ) = (1 ; 1) (i; j ) = (2 ; 1) (i; j ) = (2 ; 2)
0 9:507368e+ 02 � 1:058862e+ 03 � 2:896468e+ 02 �
1 3:709632e+ 02 1:36 2:976714e+ 02 1:83 2:084812e+ 02 0:47
2 1:937997e+ 02 0:94 1:639180e+ 02 0:86 3:263949e+ 01 2:67
3 8:890783e+ 01 1:12 7:607820e+ 01 1:11 1:786991e+ 01 0:87
4 3:743692e+ 01 1:25 3:725874e+ 01 1:03 9:317617e+ 00 0:94
5 1:503053e+ 01 1:32 1:427542e+ 01 1:38 1:973473e+ 00 2:24
6 5:607133e+ 00 1:42 � � � �


 s
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Figure 3.7.: Example 2: Problem de�nition and initial triangulation, e�ectiv e v on Mises

stress �
e�

in (3.16) on the distorted domains, maxim um con tact stress on

the lev els for the three di�eren t discretization metho ds and normal con tact

stress.

pairings easier, w e presen t these v alues again. Comparing the discretization errors in the

H 1(
) -seminorm, w e observ e almost the same qualitativ e results for all three settings.

The con v ergence orders tend asymptotically to one. Ho w ev er, there are some quan titativ e

di�erences. Comparing the results of (i; j ) = (1 ; 1) on lev el l with the ones of (i; j ) =
(2; 1) or (i; j ) = (2 ; 2) on lev el l � 1, w e �nd a factor of impro v emen t of appro ximately

t w o. The di�erence in the accuracy for the H 1(
) -seminorm b et w een (i; j ) = (2 ; 1)
and (i; j ) = (2 ; 2) are negligible. This is not the case for the discretization error in the

w eigh ted L2(� s
c) -norm for the Lagrange m ultiplier. F or the Lagrange m ultiplier, w e can

compare the cases (i; j ) = (1 ; 1) and (i; j ) = (2 ; 1) on lev el l with (i; j ) = (2 ; 2) on lev el

l � 1. The full quadratic approac h yields b etter results.
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3.4. Extension to quadratic �nite elemen ts

T able 3.7.: Example 2: Relativ e H 1(
) -error with resp ect to u i
ref

and n umerical con v er-

gence orders.

lev el

ju h;i � u i
ref

j1;
 =ju i
ref

j1;


(i; j ) = (1 ; 1) (i; j ) = (2 ; 1) (i; j ) = (2 ; 2)

0 4:663632e� 01 � 3:159307e� 01 � 3:903263e� 01 �
1 3:214737e� 01 0:54 1:592747e� 01 0:99 1:376072e� 01 1:50
2 1:807130e� 01 0:83 6:777325e� 02 1:23 5:656398e� 02 1:28
3 9:735853e� 02 0:89 2:992646e� 02 1:18 2:422295e� 02 1:22
4 5:111965e� 02 0:93 1:340727e� 02 1:16 1:028243e� 02 1:23
5 2:584391e� 02 0:98 � � � �

T able 3.8.: Example 2: W eigh ted L2(� s
c) -error of � h;j

with resp ect to � j
ref

and n umerical

con v ergence orders.

lev el

k� h;j � � j
ref

k� 1
2 ;h; � s

c

(i; j ) = (1 ; 1) (i; j ) = (2 ; 1) (i; j ) = (2 ; 2)
0 5:845412e+ 01 � 5:849757e+ 01 � 1:323412e+ 02 �
1 4:999477e+ 01 0:23 4:129640e+ 01 0:50 3:621992e+ 01 1:87
2 2:121223e+ 01 1:24 1:814467e+ 01 1:19 1:389391e+ 01 1:38
3 8:378905e+ 00 1:34 7:316218e+ 00 1:31 5:230080e+ 00 1:41
4 3:269796e+ 00 1:36 2:813967e+ 00 1:38 2:015976e+ 00 1:38
5 1:168347e+ 00 1:48 � � � �

Second example

Our second example is the Hertzian con tact problem of a linear elastic circular disc

on a plane as considered in Section 3.2. Ho w ev er, w e use a sligh tly mo di�ed mesh as

initial triangulation, see Figure 3.7. Using (3.17), the maxim um con tact stress in normal

direction of the Hertzian con tact problem is then giv en b y � max

n = 494:8; and for the half

width of the con tact zone, w e �nd b = 0:129. The third picture in Figure 3.7 illustrates

the n umerical appro ximation of the maxim um v alue of the normal con tact stress for

all three discretization metho ds on the di�eren t lev els. F rom lev el 3 on, the discrete

maxim um normal stress is a v ery go o d appro ximation of the analytical one for all three

discretization metho ds. In the righ t picture, the normal con tribution of the Lagrange

m ultiplier � h;1
n on lev el 7 is giv en. The dashed blac k lines mark the analytical v alues of

the half width b of the con tact zone and the maxim um pressure � max

n .

F or the computation of the discretization errors, w e use for the lo w est order case

the �nite elemen t solution on lev el 7 as reference solution (u 1
ref

; � 1
ref

) . F or the cases

(i; j ) = (2 ; 1) and (i; j ) = (2 ; 2), w e use the �nite elemen t solutions on lev el 6. The errors
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3. Optimal a priori error estimates

in the H 1(
) -seminorm for the displacemen ts are giv en in T able 3.7 and the errors for the

Lagrange m ultipliers in the w eigh ted L2(� s
c) -norm are presen ted in T able 3.8. Asymptot-

ically , w e observ e optimal con v ergence rates. In the H 1(
) -seminorm, the con v ergence

rate for the case (i; j ) = (1 ; 1) tends to one with increasing n um b er of re�nemen t steps.

F or the cases (i; j ) = (2 ; 1) and (i; j ) = (2 ; 2), w e ev en observ e con v ergence rates of ab out

1:2. Asymptotically a con v ergence rate of 1:5 for the Lagrange m ultiplier in the w eigh ted

L2(� s
c) -norm is ac hiev ed. W e men tion that for the cases (i; j ) = (2 ; 1) and (i; j ) = (2 ; 2)

w e only observ e a con v ergence order of 1:4.

3.5. Extension to simpli�ed frictional p roblem

The case with friction w as studied for a frictional an tiplane problem with a constan t fric-

tion b ound. Here, only the frictional tangen tial constrain ts are imp ortan t and therefore

one has not to tak e care on the normal constrain ts in the presen tation. The estimates

of these constrain ts w ere already considered in Section 3.1. Th us the presen tation can

b e done in more clearer w a y resulting in an impro v emen t of the readabilit y . In Sub-

section 3.5.1 w e shortly presen t the problem form ulation and the ac hiev ed theoretical

results. Some n umerical examples are giv en in Subsection 3.5.2. The results ha v e b een

published in [81 ].

3.5.1. F rictional antiplane p roblem and theo retical results

W e consider the an tiplane shear deformation of t w o three-dimensional elastic b o dies

in frictional con tact on their common b oundary � s
c = � m

c . The an tiplane shear (or

longitudinal shear, generalized shear) ma y b e view ed as complemen tary to plane strain

deformation and represen ts the Mo de I I I fracture mo de for crac k problems. This mo del

w as considered b y man y authors, see for instance [15 , 78, 112 ]. The b o dies are assumed

to b e in con tact during the whole deformation pro cess. T o mo del the friction, w e use

T resca's la w and denote the a priori giv en constan t friction b ound b y gf . F or cylindrical

b o dies sub ject to an tiplane shear, w e assume that the external forces f i
and p i

are only

acting in axial direction of 
 i
. Th us, the displacemen t is parallel to the axial direction of

the cylindrical b o dies and indep enden t of the radial direction. Therefore the displacemen t

of the origin three-dimensional setting can b e describ ed b y a scalar function on the t w o-

dimensional radial cross section 
 s
and 
 m

of the t w o b o dies and b oth the go v erning

equations and the frictional b oundary conditions are quite simple. The Lamé-op erator

(1.38) results in the Laplace-op erator acting on the one-dimensional displacemen t �eld u
mo deling the displacemen t in axial direction. On the common con tact in terface � s

c , w e

assume T resca's friction la w for the scalar-v alued Lagrange m ultiplier � pla ying the role

of the conormal deriv ativ e.

T o giv e the w eak form ulation w e denote in the rest of this section the scalar v alued

spaces b y V , W , M and V h
, W h

, M h
de�ned according to the v ector v alues spaces V ,

W , M and V h
, W h

, M h
. The bilinear form b(�; �) on the pro duct space is no w de�ned

b y V � M b y b(v; � ) := h�; [v]i ; � 2 M; v 2 V: No w, w e get the h ybrid form ulation of
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3.5. Extension to simpli�ed frictional problem

the frictional an tiplane problem from (2.6) as: �nd (u; � ) 2 V � M � suc h that

a(u; v) + b(v; � ) = f (v); v 2 V; (3.28a)

b(u; � � � ) � 0; � 2 M � ; (3.28b)

where no w the admissible set M � for the Lagrange m ultiplier is giv en b y

M � :=
�

� 2 : h�; � i � h gf ; j� ji ; � 2 W
	

: (3.29)

W e remark that in this section the bilinear form a(�; �) is de�ned in terms of the Laplace-

op erator. F ollo wing the pro of of Lemma 2.3, w e obtain the discretized v ersion of the

space M � in tro duced in (3.29) as

M h
� :=

n
� h =

X

p2S

� p p 2 M h : j� pj � gf ; p 2 S
o

:

F or the considered frictional problem w e observ e a similar result as in Lemma 3.1.

Lemma 3.11. L et (u; � ) 2 V � M � b e the solution of (3.28) and let (uh; � h) 2 V h � M h
� b e

the solution of the c orr esp onding discr etize d version. Then ther e exists a p ositive c onstant

C indep endent of the meshsize h; such that

ku � uhk1;
 + k� � � hk� 1
2 ;� s

c
� C

�
inf

vh 2 V h
ku � vhk1;
 + inf

� h 2 M h
�

k� � � hk� 1
2 ;� s

c

+ b(u; � h � � )
1
2

o
:

The pro of is based on the same tec hniques as used in the pro of of Lemma 3.1. The

last term on the righ t side can b e estimated under a similar assumption as made in

Assumption 3.3 b y using the same tec hniques as in the pro of of Lemma 3.5. Then, w e

arriv e at the follo wing optimal a priori error estimate.

Theorem 3.12. L et (u; � ) 2 V � M � b e the solution of (3.28) and let (uh; � h) 2 V h � M h
�

b e the solution of the c orr esp onding discr etize d version. Under a suitable assumption

similar to Assumption 3.3 and the r e gularity assumption u 2 H
3
2 + � (
) , 0 < � � 1

2 , we

have the a priori err or estimate

ku � uhk1;
 + k� � � hk� 1
2 ;� s

c
� Ch

1
2 + � juj 3

2 + �; 


for a p ositive c onstant C indep endent of the meshsize h < h 0:

3.5.2. Numerical examples

In this last subsection, w e con�rm our theoretical results for the discretization error. W e

use the material constan ts for granite, so that Y oung's mo dulus E = 106 and P oisson's

ratio � = 0:25. These are related to the Lamé parameters � and � b y (1.33) , since in

all examples w e w ork with plane strain. W e fo cus on the discretization errors of the

solution u in the L2(
) - and the H 1(
) -norm. The error of the Lagrange m ultiplier

is considered in a w eigh ted L2(� s
c) -norm, see Remark 3.7. Since there is in general no

analytical solution a v ailable, w e use for computing the discretization errors a reference

solution u
ref

and �
ref

on a �ne mesh satisfying h
ref

� 1=4h . The use of h
ref

= 1=2h as

reference meshsize do es not yield reliable v alues for the discretization errors.
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Figure 3.8.: Example 1: Problem de�nition and grid on lev el 0 (left), con tour lines of

the solution (middle), Lagrange m ultiplier � h
and ampli�ed jump [uh] on � s

c
(righ t).

T able 3.9.: Example 1: Relativ e L2(
) -error and relativ e H 1(
) -error of uh
with resp ect

to u
ref

, w eigh ted L2(� s
c) -error of � h

with resp ect to �
ref

and the n umerical

con v ergence rates.

lev el kuh � u
ref

k0;
 =ku
ref

k0;
 juh � u
ref

j1;
 =ju
ref

j1;
 k� h � �
ref

k� 1
2 ;h; � s

c

0 1:210198e+ 00 � 8:679373e� 01 � 1:525284e� 01 �
1 1:762545e� 01 2:78 5:503170e� 01 0:66 6:264323e� 02 1:28
2 4:855714e� 02 1:86 3:744576e� 01 0:56 7:003110e� 03 3:16
3 1:342324e� 02 1:85 1:969682e� 01 0:93 1:907398e� 03 1:88
4 3:395710e� 03 1:98 9:866146e� 02 1:00 7:817159e� 04 1:29
5 8:468612e� 04 2:00 4:907663e� 02 1:01 2:646597e� 04 1:56
6 2:062731e� 04 2:04 2:395136e� 02 1:03 8:864475e� 05 1:58

First example

In this section, w e consider the example sho wn in the left picture in Figure 3.8. W e set

the lo w er rectangle 
 m = [ � 1; 1] � [0; 1] and the upp er as 
 s = [ � 1; 1] � [1; 2]. On

� m
D , b eing the b ottom of the lo w er rectangle 
 m

, w e set the Diric hlet v alues equal to

um
D = 0 . W e assign at the top b oundary of the upp er b o dy 
 s

giv en Diric hlet v alues

us
D = 0:22 exp(� 60x2

1) . On all the remaining b oundary segmen ts, w e set homogeneous

Neumann b oundary conditions. F or the friction b ound w e use gf = 0:6. The con tour lines

of the n umerical solution uh
are presen ted in the middle picture in Figure 3.8, while the

righ t picture in Figure 3.8 sho ws the Lagrange m ultiplier � h
and the jump [uh] ampli�ed

with the factor 150 at the in terface � s
c . The discretization errors and the con v ergence

rates are presen ted in T able 3.9. Here, w e use the �nite elemen t solution on Lev el 8 as

reference solution u
ref

. The grid on Lev el 0 is sho wn in the left picture in Figure 3.8. On

Lev el 8, w e ha v e 525 825no des on 
 s
and 394:497 on 
 m

. The con v ergence rates in the
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3.5. Extension to simpli�ed frictional problem
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Figure 3.9.: Example 2: Problem de�nition (left), grid on lev el 1 (middle) and con tour

lines of the solution (righ t).
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Figure 3.10.: Example 2: Lagrange m ultiplier � h
and ampli�ed jump [uh] (left) and dis-

placemen t us;h
on sla v e side and um;h

on master side for gf = 0:6.

L2
-norm are asymptotically 2:0 and in the H 1(
) -norm, w e get 1:0. As also observ ed in

the linear case, w e get b etter con v ergence rates for the Lagrange m ultiplier. The b est

appro ximation error in the w eigh ted L2(� s
c) -norm is of order h1:5

.

Second example

No w, w e consider the problem depicted in the left picture in Figure 3.9. Here, the

in terface � s
c is a curv ed one. T o �x the geometry , w e set the three p oin ts P1 , P2 and P3

equal to P1 = (0 ; 1:5), P2 = ( � 1; 0) and P3 = (1 ; 0). The radius r of the upp er half disc

is set to b e r = 1 and for the angle � w e c ho ose � = �= 4. The lo w er b o dy pla ys the role

of the sla v e side 
 s
and the upp er one the role of the master side 
 m

. W e �x the domain

at the b ottom of the master side 
 m
. A t the top b oundary of the upp er b o dy 
 s

, w e set

the Diric hlet v alue to us
D = 0:055x1 . As in the �rst example, w e set the friction b ound

equal to gf = 0:6.

The righ t picture in Figure 3.9 sho ws the con tour lines of the solution. Figure 3.10

sho ws the Lagrange m ultiplier � h
, the jump [uh] ampli�ed to the factor 50 and the

solution of the master and sla v e side uh;m
, uh;s

on the in terface � s
c . The discretization
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3. Optimal a priori error estimates

T able 3.10.: Example 2: Relativ e L2(
) -error and relativ e H 1(
) -error of uh
with resp ect

to u
ref

, w eigh ted L2(� s
c) -error of � h

with resp ect to �
ref

and the n umerical

con v ergence orders.

lev el kuh � u
ref

k0;
 =ku
ref

k0;
 juh � u
ref

j1;
 =ju
ref

j1;
 k� h � �
ref

k� 1
2 ;h; � s

c

0 8:934322e� 02 � 3:231679e� 01 � 7:718450e� 02 �
1 3:096022e� 02 1:53 1:893279e� 01 0:77 2:216194e� 02 1:80
2 8:651862e� 03 1:84 1:034272e� 01 0:87 8:133636e� 03 1:45
3 2:427230e� 03 1:83 5:643122e� 02 0:87 3:781621e� 03 1:10
4 6:665729e� 04 1:86 3:041368e� 02 0:89 1:303146e� 03 1:54
5 1:791767e� 04 1:90 1:613158e� 02 0:91 3:521447e� 04 1:89
6 4:652240e� 05 1:95 8:311285e� 03 0:96 1:671239e� 04 1:08
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Figure 3.11.: Visualization of maximal con tact stress � max

n for the cases without friction

and with Coulom b's friction la w (left) for the co e�cien ts of friction F = 0:5
and of the con tact constrain ts (righ t) for the Hertzian con tact problem.

errors and the corresp onding con v ergence rates are listed in T able 3.10. Again w e use as

reference solution the solution on Lev el 8. The grid on Lev el 1 is presen ted in the middle

in Figure 3.9.

3.6. Numerical convergence studies fo r a frictional

contact p roblem

In this last section w e in v estigate n umerically the discretization errors and the con v er-

gence orders for the Hertzian con tact problem in com bination with Coulom b's friction

la w, see (1.27) . W e use exactly the same setting and the same parameters as in the

third example presen ted in Figure 3.5 in Section 3.2 for the case without friction. The

tangen tial condition � p� = 0 for the Lagrange m ultiplier is no w replaced b y the w eak
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3.6. Numerical con v ergence studies for a frictional con tact problem
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Figure 3.12.: Visualization of con tact constrain ts for the Hertzian con tact problem with

Coulom b's friction mo del for the co e�cien ts of friction F = 0:3 and F = 0:7.

T able 3.11.: Coulom b friction: Relativ e H 1(
) -error of u h
with resp ect to u

ref

, w eigh ted

L2(� s
c) -error of � h

with resp ect to �
ref

and the n umerical con v ergence orders

for the Hertzian con tact problem with F = 0:5.

lev el ju h � u
ref

j1;
 =ju
ref

j1;
 k� h � �
ref

k� 1
2 ;h; � s

c

1 4:465867e� 01 � 5:065628 + 01 �
2 3:056095e� 01 0:55 2:381819 + 01 1:09
3 1:693210e� 01 0:85 1:037995 + 01 1:20
4 9:155008e� 02 0:89 3:909448 + 00 1:41
5 4:857727e� 02 0:91 1:493191 + 00 1:39
6 2:450933e� 02 0:99 0:523946 + 00 1:51

p oin t-wise decoupled constrain ts (2.32).

F or the c hoices F = 0:5 the con tact stress in normal and tangen tial direction are

presen ted in the righ t picture in Figure 3.11, whereas the left picture in this Figure

sho ws the maximal con tact stress � max

n in comparison to the case without friction. The

maximal con tact stress is larger for the case with friction compared to the case without

friction. Figure 3.12 sho ws the con tact stress for the v alues F = 0:3 and F = 0:7 for the

co e�cien t of friction. Comparing these pictures, w e observ e that the zone, where the

no des are stic ky in tangen tial direction, i.e., [u ]� = 0 , increases with the co e�cien t of

friction. In the rest of the actual con tact zone w e ha v e k� � k = F� n and th us the results

p erfectly p erform Coulom b's friction la w.

The n umerically obtained discretization errors and con v ergence rates are sho wn in T a-

ble 3.11. As for T able 3.3 w e use as reference solutions the solution on lev el 8. Comparing

T able 3.11 with the results for the case without friction, see T able 3.3, w e observ e quan-

titativ ely and qualitativ ely the same b eha vior for the H 1(
) -error of the displacemen t

and the w eigh ted L2(� s
c) -error of the Lagrange m ultiplier.
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Numerical algo rithms
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4. Semi-smo oth Newton metho d fo r

no rmal constraints

The n umerical sim ulation of nonlinear m ultib o dy con tact problems for linear elasticit y

pla ys an imp ortan t role in man y applications in mec hanics. The in terest in suc h t yp e of

problems led to man y researc h activities in the recen t y ears b oth from the n umerical and

the theoretical p oin t of view. The main problem for the corresp onding n umerical algo-

rithms is to deal with the nonlinearit y of suc h problems, arising from the non-p enetration

condition for the in v olv ed b o dies. Here, w e pro vide a semi-smo oth Newton algorithm,

whic h equiv alen tly can b e in terpreted as a primal-dual activ e set approac h. F or primal-

dual activ e set strategies w e also refer to, e.g., [75 , 76, 86 ] in the framew ork of abstract

v ariational inequalities and to, e.g., [104, 129 , 130 ] in the framew ork of con tact problems.

By applying the primal-dual activ e set strategy , w e get a series of linear problems, whic h

can b e solv ed iterativ ely b y an optimal m ultigrid metho d. Using only one m ultigrid step

in eac h activ e set step, w e obtain an inexact strategy resulting in an e�cien t and p o w erful

algorithm. Alternativ e approac hes for suc h t yp e of problems are FETI-metho ds, see, e.g.,

[36 , 37, 38 ], monotone m ultigrid tec hniques, see, e.g., [93 , 94, 96 ] and Diric hlet�Neumann

algorithms, [6, 43, 98].

In this c hapter, w e form ulate the semi-smo oth Newton metho d for the con tact problem

without friction as considered in Subsection 3.1.1. The results ha v e b een published in

[79 , 84]. Newton-t yp e metho ds for con tact problems with friction ha v e already b een used

in, [2, 3]. Similar metho ds are also studied in the more recen t con tributions [27], where

the p erformance of generalized Newton-t yp e metho ds for frictional con tact problems is

sho wn to b e sup erior to in terior p oin t metho ds. The metho ds presen ted in [3, 27, 28 ] rely

on the reform ulation of the con tact and friction conditions using nonsmo oth equations

and on generalized di�eren tiabilit y concepts. Here, w e apply similar strategies but use

a di�eren t complemen tarit y function. A dditionally , w e study and exploit the structures

arising in Newton-t yp e steps and relate them to primal-dual activ e set strategies. W e

also apply our algorithm to t w o-b o dy con tact problems whic h are discretized in terms

of mortar tec hniques. While the algorithm can b e in terpreted as a semi-smo oth Newton

metho d, the extension to more general nonlinear material la ws is quite natural, since the

additional nonlinearit y can b e treat within the same iterativ e lo op. This approac h will

b e in v estigated in Chapter 6. F urthermore, suc h t yp e of algorithms for con tact problems

can easily b e used in com bination with elasto-plastic materials as done in [26, 29].

Computing generalized deriv ativ es of nonsmo oth functionals is a delicate issue. While

in [3] mainly in tuitiv e argumen ts are used, the pap ers [27, 28] use the concept of Bouligand-

di�eren tiabilit y . This concept allo ws the use of globalization (e.g., linesearc h) strategies,

but calculating the searc h direction requires the solution of a nonlinear system in eac h
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4. Semi-smo oth Newton metho d for normal constrain ts

Newton step. Although, w e w on't consider globalization tec hniques in this thesis, due to

excellen t n umerical exp eriences. The concept of semi-smo othness [75 , 121 , 122] as used

in this thesis has the adv an tage that the searc h direction can b e found b y solving a linear

system.

W e start in Section 4.1 with a short in tro duction to semi-smo oth Newton metho ds. In

Section 4.2, w e presen t the applied nonlinear complemen tarit y function. The degrees of

freedom of the arising linear system are reduced in Section 4.3 suc h that only a system

with resp ect to the primal v ariable has to b e solv ed. The resulting algorithm is stated in

Section 4.4. Finally , Section 4.5 con tains v arious n umerical examples demonstrating the

p erformance of the giv en algorithm.

4.1. Semi-smo oth Newton metho ds

F ollo wing [32], w e start with a short o v erview ab out the concept of generalized Jacobians

and the semi-smo oth Newton metho d. Let F : Rn ! Rn
b e a lo cally Lipsc hitz function,

then F is almost ev erywhere di�eren tiable. De�ning b y X F the set of p oin ts where F is

di�eren tiable, the set of generalized Jacobians of F at the p oin t x is giv en b y

@F (x ) := conv
�

lim
x i ! x ; x i 2 X F

DF (x )
�

;

where DF (x ) 2 Rn� n
denotes the standard Jacobian of F at the p oin t x and b y �con v� w e

indicate the con v ex h ull. The corresp onding generalized or semi-smo oth Newton metho d

for the equation F (x ) = 0 reads as follo ws: starting with some x 0 2 Rn
, the next iterate

x k = x k� 1 + � x k
, k = 1; 2; 3; : : : , is obtained suc h that the incremen t � x k 2 Rn

satis�es

the relation

0 2 F (x k� 1) + @F (x k� 1)� x k :

F or the n umerical realization of this metho d one has to c ho ose an y V k 2 @F (x k� 1) and

solv e the equation

0 = F (x k� 1) + V k � x k
(4.1)

to obtain the incremen t � x k
. This metho d has b een considered, e.g., in [122], for the

case that the function F is semi-smo oth. In this article, the semi-smo othness of the

function F : U ! Rn
on the op en subset U � Rn

implies that

lim
h ! 0

1
khk

kF (x + h) � F (x ) � V hk = 0; x 2 U;

holds, where V is an arbitrary elemen t of the generalized Jacobian @F (x + h) . A

more general concept of generalized deriv ativ es can b e found in [24, 75 ]. Here, semi-

smo oth Newton metho ds are regarded for slan tly di�eren tiable functions. The function

F : U ! Rn
is called slan tly di�eren tiable in the op en subset U if there exists a family

of mappings G : U ! L (Rn ; Rn ) suc h that

lim
h ! 0

1
khk

kF (x + h) � F(x ) � G(x + h)hk = 0; x 2 U:
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4.2. Nonlinear complemen tarit y function

It can easily b e seen that a semi-smo oth function is slan tly di�eren tiable, whereas for

a slan tly di�eren tiable function the slan ting functions G(x + h) are not required to b e

elemen ts of @F (x + h) . In [86, 104] a slan tly di�eren tiable function is also referred to as

a Newton di�eren tiable function.

In the follo wing sections, w e ha v e to w ork with nonsmo oth functions of the t yp e

F (x ) := max
�

a; x
	

; (4.2)

where the max-op erator has to b e in terpreted comp onen t wise. The generalized deriv ativ e

V k
in the semi-smo oth Newton metho d (4.1) is c hosen as the matrix DF (x ) with the

diagonal elemen ts

�
DF (x )

�
ii

:=

(
0 if ai � x i ;

1 if ai < x i ;
(4.3)

for i = 1; : : : ; n:. F ollo wing [75 ], w e observ e that this c hoice is also a slan ting function

of (4.2). W e remark that the arbitrary c hoice for the case ai = x i do es not in�uence the

con v ergence rate of the prop osed algorithms.

4.2. Nonlinea r complementa rit y function

The algebraic v ersion of the p oin t-wise decoupled constrain ts for the case without friction

can b e obtained from Lemma 2.6. F or the co e�cien ts û p of the displacemen t v ector u
with resp ect to the constrained basis �̂ and the co e�cien ts � p for the Lagrange m ultiplier,

the constrain ts read

ûpn � gp; � pns � 0; � pns

�
ûpn � gp

�
= 0; � p�s = 0; p 2 S: (4.4)

The frictional constrain ts (2.32) in Lemma 2.6 are no w replaced b y the condition � p�s = 0 .

Here, w e use the scaled v alues � pns := Dp� pn and � p�s := Dp� p� instead of � pn and � p� ,

resp ectiv ely . The use of the scaling factor Dp > 0 whic h is prop ortional to the lo cal

meshsize is motiv ated b y the fact that the H � 1=2(� s
c) -norm for the Lagrange m ultiplier

and the H 1=2(� s
c) -norm for the displacemen t no w ha v e the same error reduction. W e

remark that the prop osed scaling factors yield b etter n umerical con v ergence rates for the

inexact v ersion of the algorithm. F rom (4.4) w e ob erv e that for eac h no de p 2 S , w e ha v e

for the pair (ûpn; � pns) either ûpn = gp and � pns � 0 or ûpn < gp and � pns = 0 . In the

�rst case the no de p is in con tact, whereas in the second situation, the no de p is free. W e

ha v e to construct an iterativ e algorithm whic h �nally determines for eac h no de p 2 S its

correct state. T o do so, w e recall, that the algebraic v ersion of equation (2.10) for the

pro jection op erator restricted to eac h no de p 2 S reads as

� pns = max
�

0; � pns + c(ûpn � gp)
	

;

where w e used again the scaled v alues � pns instead of � pn . This motiv ates the de�nition

of the nonlinear complemen tarit y function, see also [3, 75 ],

Cn (ûpn; � pns) := � pns � max
�

0; � pns + c(ûpn � gp)
	

; (4.5)
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4. Semi-smo oth Newton metho d for normal constrain ts

for some constan t c > 0. The semi-smo oth Newton metho d, whic h results in a primal-

dual activ e set strategy , is based on the follo wing theorem.

Theorem 4.1. The p air (û p; � p) satis�es the c ontact c onstr aints (4.4) if and only if it

satis�es the c ondition

Cn (ûpn; � pns) = 0 ; � p�s = 0; p 2 S: (4.6)

Pro of. The equiv alence for the tangen tial constrain t � p�s is ob vious. W e �rst sho w

that (4.4) implies (4.6) . F rom (4.4) w e deduce either ûpn = gp and � pns � 0 or ûpn < gp

and � pns = 0 . In the �rst case, w e compute

Cn (ûpn; � pns) = � pns � max
�

0; � pns
	

= � pns � � pns = 0:

In the second one, w e get

Cn (ûpn; � pns) = � max
�

0; c(ûpn � gp)
	

= 0:

Th us, w e arriv e at the desired relation Cn(ûpn; � pns) = 0 for b oth situations.

Assuming (4.6), w e ha v e to distinguish b et w een the t w o cases � pns + c(ûpn � gp) > 0 and

� pns + c(ûpn � gp) � 0. F or the former case, w e deriv e from the condition Cn (ûpn; � pns) = 0

0 = Cn (ûpn; � pns) = � c(ûpn � gp);

and th us w e ha v e upn = gp . This leads directly to � pns > 0 and (4.4) holds. F or the case

� pns + c(ûpn � gp) � 0, condition Cn (ûpn; � pns) = 0 yields

0 = Cn (ûpn; � pns) = � pns

and therefore w e get from c(ûpn � gp) � 0 the constrain t ûpn � gp and arriv e again at

(4.4) . �

T o deriv e the semi-smo oth Newton metho d for the equation (4.4), w e compute for

eac h no de p 2 S the generalized deriv ativ e DCn of Cn(�; �) . W e obtain for the v ariation

(� ûpn; �� pns) 2 R � R

DCn (ûpn; � pns)( � ûpn; �� pns) = �� pns � � A

�
� pns + c(ûpn � gp)

��
�� pns + c� ûpn

�
; (4.7)

where w e used the generalized Jacobian (4.3). Here, � A denotes the c haracteristic func-

tion of the set A n :=
�

p 2 S : � pns + c(ûpn � gp) > 0
	

, i.e.,

� A :=

(
1 if � pns + c(ûpn � gp) > 0;

0 if � pns + c(ûpn � gp) � 0:

Let (ûk� 1
pn ; � k� 1

pns ) b e the previous iterate; w e obtain the new iterate

(ûk
pn; � k

pns) = ( ûk� 1
pn ; � k� 1

pns ) + ( � ûk� 1
pn ; �� k� 1

pns )
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4.3. Elimination of the Lagrange m ultiplier

of the semi-smo oth step b y solving the equation

DCn (ûk� 1
pn ; � k� 1

pns )( � ûk� 1
pn ; �� k� 1

pns ) = � Cn (ûk
pn; � k

pns): (4.8)

Separating the no des p 2 S in to the activ e set A k
n and the inactiv e set I k

n according to

A k
n :=

�
p 2 S : � k� 1

pns + c(ûk� 1
pn � gp) > 0

	
; (4.9a)

I k
n :=

�
p 2 S : � k� 1

pns + c(ûk� 1
pn � gp) � 0

	
; (4.9b)

a straigh tforw ard computation of (4.8) sho ws that the new iterate (ûk
pn; � k

pns) satis�es

ûk
pn = gp; p 2 A k

n ; (4.10a)

� k
pns = 0; p 2 I k

n : (4.10b)

Th us, w e obtain a Diric hlet b oundary condition for the new displacemen t in normal

direction if the no de p is activ e, i.e., p 2 A k
n . F or an inactiv e no de p 2 I k

n , (4.10b)

co oresp onds to a Neumann b oundary condition for the normal comp onen t of the Lagrange

m ultiplier. Th us, for the normal con tact constrain ts the semi-smo oth Newton metho d

leads to a primal-dual activ e set strategy . Com bining the conditions (4.10) with the

algebraic v ersion of the �eld equation (2.41) and the tangen tial condition � p�s = 0 , w e

ha v e to solv e in eac h Newton step the linear equation system

K̂û k + Ĉ� k = f̂ ; (4.11a)

ûk
pn = gp; p 2 A k

n ; (4.11b)

� k
pns = 0; p 2 I k

n ; (4.11c)

� k
p�s = 0; p 2 S (4.11d)

for the new iterates (û k ; � k) .

4.3. Elimination of the Lagrange multiplier

Next, w e giv e the complete algebraic represen tation of the linear system (4.11) and

eliminate the degrees of freedom of the Lagrange m ultiplier suc h that only a linear system

with resp ect to the primal v ariable has to b e solv ed. T o do so, w e decomp ose the diagonal

coupling matrix D d b et w een the Lagrange m ultiplier basis functions and the �nite elemen t

basis functions on the sla v e side � s
c in tro duced in (2.21) in to

D d =
�

D I k
n

0
0 D A k

n

�
;

where the t w o blo c ks are asso ciated with the no des in the corresp onding subsets as

indicated b y the subscript. F urthermore, w e de�ne the matrix N A k
n

2 RjA k
n j� djA k

n j
, where

jA k
n j denotes the n um b er of no des in A k

n , b y

N A k
n

:=

0

B
@

.

.

.

.

.

. 0 � � � 0 0 0
0 0 n >

p 0 0

0 0 0 � � � 0
.

.

.

.

.

.

1

C
A ; p 2 A k

n :
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4. Semi-smo oth Newton metho d for normal constrain ts

In addition to the v ector n p , w e de�ne the v ectors � pi , 1 � i � (d � 1), spanning

the tangen t plane at the no de p suc h that f n p; � p1 g in the t w o-dimnsional case or or

f n p; � p1 ; � p2 g in the three-dimensional case, resp ectiv ely , is an orthonormal basis in Rd
.

W e de�ne the scaled tangen tial matrix T A k
n

2 R(d� 1)jA k
n j� djA k

n j
for d = 3 b y

T A k
n

:=

0

B
B
B
@

.

.

.

.

.

. 0 � � � 0 0 0
0 0 � p1

> 0 0
0 0 � p2

> 0 0

0 0 0 � � � 0
.

.

.

.

.

.

1

C
C
C
A

; p 2 A k
n :

Since in the t w o-dimensional case, w e ha v e only one tangen t v ector, the de�nition of the

matrix T A k
n

con tains only one line for eac h no de p 2 A k
n . No w, the algebraic represen ta-

tion of (4.11) is giv en b y

0

B
B
B
B
B
B
B
B
B
@

K̂ NN K̂ NM K̂ N I k
n

K̂ N A k
n

0 0
K̂ MN K̂ MM K̂ M I k

n
K̂ M A k

n
0 0

K̂ I k
n N K̂ I k

n M K̂ I k
n I k

n
K̂ I k

n A k
n

D I k
n

0
K̂ A k

n N K̂ A k
n M K̂ A k

n I k
n

K̂ A k
n A k

n
0 D A k

n

0 0 0 0 Id I k
n

0
0 0 0 N A k

n
0 0

0 0 0 0 0 T A k
n

1

C
C
C
C
C
C
C
C
C
A

0

B
B
B
B
B
B
B
@

û k
N

û k
M

û k
I k

n

û k
A k

n

� k
I k

n

� k
A k

n

1

C
C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
B
B
B
@

f̂N

f̂M

f̂ I k
n

f̂A k
n

0
gA k

n

0

1

C
C
C
C
C
C
C
C
C
A

: (4.12)

Here, gA k
n

denotes the v ector con taining the en tries gp asso ciated with the activ e no des p 2
A k

n . W e remark that although the system (4.12) seems to ha v e more lines than unkno wns,

it is a regular one. The total n um b er of lines is exactly the n um b er of unkno wns. F ormally ,

the t w o last lines are one line and b elong all no des in the subset A k
n . The second to

last line con tains only one comp onen t of eac h unkno wn and the last line the remaining

ones, i.e. one comp onen t in the t w o-dimensional case and t w o comp onen ts in the three-

dimensional case. Due to the dual basis functions for the Lagrange m ultiplier space, the

degrees of freedom for the Lagrange m ultiplier � k
can b e lo cally eliminated in the linear

system (4.12) . Static condensation yields

� k = D � 1
d

�
f̂S � K̂ SNû k

N � K̂ SM û k
M � K̂ SSû k

S

�
: (4.13)

T o get the reduced system for the displacemen ts û k
, w e can easily eliminate the �fth ro w

and the �fth column of (4.12) , since � k
I k

n
= 0 . T o do so, w e apply the matrix T A k

n
to

the fourth ro w and write the result in to its second (and third) comp onen t. W e note that

T A k
n
D A k

n
� k

A k
n

= 0 , since T A k
n
� k

A k
n

= 0 and D A k
n

is a diagonal matrix con taining the same

en tries for eac h no de p 2 A k
n . No w, w e mo v e the sixth ro w in to the �rst comp onen t of
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4.4. Inexact semi-smo oth Newton metho d

the fourth ro w. The resulting system to solv e is then giv en b y

0

B
B
B
B
@

K̂ NN K̂ NM K̂ N I k
n

K̂ NA k
n

K̂ MN K̂ MM K̂ M I k
n

K̂ M A k
n

K̂ I k
n N K̂ I k

n M K̂ I k
n I k

n
K̂ I k

n A k
n

0 0 0 N A k
n

T A k
n
K̂ A k

n N T A k
n
K̂ A k

n M T A k
n
K̂ A k

n I k
n

T A k
n
K̂ A k

n A k
n

1

C
C
C
C
A

0

B
B
@

û k
N

û k
M

û k
I k

n

û k
A k

n

1

C
C
A =

0

B
B
B
B
B
@

f̂N

f̂M

f̂ I k
n

gA k
n

T A k
n
f̂A k

n

1

C
C
C
C
C
A

:

(4.14)

Although it seems that this linear system has more lines than unkno wns, this is not

correct. F ormally , the t w o last lines are one line and b elong to all no des in A k
n . These

t w o lines arise from a splitting of the fourth line of the system (4.12) in to its normal and

tangen tial comp onen ts. Th us, the linear system (4.14) is regular.

4.4. Inexact semi-smo oth Newton metho d

In this section, w e from ulate an e�cien t inexact v ersion of the primal-dual activ e set

strategy deriv ed in Section 4.2. The system (4.14) is linear and the conditions resulting

for the con tact constrain ts (4.11b) and (4.11c) are b oundary conditions whic h can easily

b e included in existing �nite elemen t co des. Hence, the prop osed iterativ e algorithm

is extremly �exible. T o construct e�cien t iterativ e solv ers, w e solv e the linear system

(4.14) not exactly but just apply m m ultigrid steps of an e�cien t m ultigrid metho d.

Th us, the new iterate is only an appro ximation whic h is used to pro ceed the iteration.

The com bination of primal-dual activ e set strategies and m ultigrid metho ds has also b een

considered in [97].

Denoting b y

û k;i = MG
�
û k;i � 1; A k

n ; I k
n

�
(4.15)

one iteration step of a linear m ultigrid solv er for the linear system (4.14) , w e can form ulate

our inexact primal-dual activ e set strategy , as stated in Algorithm 1. As one iteration step

of the linear m ultigrid metho d w e denote an ywhere in this thesis a recursiv e call to three

pre-smo othing steps on the linear system, one coarsening step, one W -m ultigrid cycle,

one coarse to �ne prolongation and three p ost-smo othing steps on the linear system. F or

the smo other w e use a symmetric Gauÿ-Seidel iteration. W e remark that the lev els of

the grids are not c hanged within the k -lo op in Algorithm 1. They are only c hanged in

step 6 within the iteration step of the linear m ultigrid.

F urthermore, w e men tion that the actual set of activ e no des A k
n , indicating Diric hlet

data, is not necessarily resolv ed on the coarser grids. Th us, w e ha v e to mo dify the

standard transfer op erators. There are di�eren t options; one is to use a non-conforming

approac h, see [134 ]. F urthermore, the transfer op erators ha v e to b e adapted to the fact,

that the linear system (4.14) is form ulated with resp ect to the new constrained �nite

elemen t basis. The essen tial idea is to correct the coarse grid spaces and use a natural

em b edding, see [139 , 140 , 141].

Solving the linear system (4.14) in step 5-7 exactly , w e get the exact v ersion of Algo-

rithm 1. W e refer to this case in the follo wing b y the c hoice m = 1 . In the exact case,
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4. Semi-smo oth Newton metho d for normal constrain ts

Algorithm 1 (Inexact) primal-dual activ e set strategy

1: set k = 1
2: initialize A 1

N and I 1
n , suc h that S = A 1

n [ I 1
n and A 1

n \ I 1
n = ;

3: initialize û 1;0
as an initial solution for the m ultigrid

4: set c > 0 and m 2 N and the tolerance "u

5: for i = 1; : : : ; m do

6:

û k;i = MG
�
û k;i � 1; A k

n ; I k
n

�

7: end for

8: if kû k;0 � û k;m k=kû k;0k < " u then

9: stop

10: end if

11: compute the Lagrange m ultiplier

� k = D � 1
d

�
f̂S � K̂ SNû k;m

N � K̂ SM û k;m
M � K̂ SSû

k;m
S

�

12: up date the activ e set A k+1
n and the inactiv e set I k+1

n b y

A k+1
n :=

�
p 2 S : � k

pns + c(ûk;m
pn � gp) > 0

	

I k+1
n :=

�
p 2 S : � k

pns + c(ûk;m
pn � gp) � 0

	

13: set û k+1 ;0 = û k;m

14: set k = k + 1
15: go to step 5

w e can also terminate the algorithm when the activ e and inactiv e sets A k+1
n and I k+1

n in

step 12 are the same as in the previous step, without c hec king the stopping criterion in

step 8 based on the relativ e error. F urthermore, w e men tion that in eac h Newton, step

w e only ha v e to c hange the lines of the original sti�ness matrix b elonging to the con tact

no des as describ ed in (4.14). Therefore, there is no need to reassem ble the whole sti�ness

matrix in eac h iteration step if w e store the original part K̂ S? . W e conclude with some

remarks concerning the in�uence of the parameter c and the momen tum of lo w est order

for the Lagrange m ultiplier.

Remark 4.2. In the exact v ersion of Algorithm 1 the p ositiv e parameter c has no in-

�uence on the sequence A k
n and I k

n . Ho w ev er, the parameter c pla ys an imp ortan t role

for the inexact strategy . Here, w e observ e n umerically con v ergence for c � c0 , where

0 < c0 < 1 dep ends on the material parameter E and � , [84].

Remark 4.3. F or a pure Neumann problem in all steps, b oth for the exact and the

inexact strategy , the momen tum of lo w est order is the same, i.e.,

R
� s

c
� h;k ds is constan t

for all steps. This holds ev en for the inexact case, since w e compute � h;k
b y (4.13) .
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Figure 4.1.: Example 1: Problem de�nition (left), distorted b o dy with the e�ectiv e v on

Mises stress �
e�

(middle) (distortion ampli�ed b y factor 1000) and normal

con tact stress for di�eren t steps of the activ e set strategy on lev el 6 for the

case A 1
n = ; (righ t).

4.5. Numerical studies

No w, w e in v estigate the n umerical b eha vior of the inexact primal-dual activ e set strategy

form ulated in Algorithm 1. These results ha v e b een published in [84] for the lo w est order

�nite elemen ts and in [79] for the higher order cases in tro duced in Section 3.4.

4.5.1. First example

W e consider the second example in Section 3.2. F or con v enience of the reader, w e sho w

the problem de�nition in the left picture in Figure 4.1 once more. F or the geometric and

the material data as w ell as for the applied b oundary conditions, w e refer to Section 3.2.

In this example, the con tact stress is non-symmetric on the p ossible con tact b oundary

� s
c and has a singularit y . The triangulation on lev el 0 consists of one quadrilateral p er

b o dy , suc h that the p ossible con tact part � s
c of 
 s

consists of t w o no des. The middle

picture in Figure 4.1 sho ws the distorted b o dy with the e�ectiv e v on Mises stress �
e�

.

First w e concen trate on the exact approac h, i.e., m = 1 in Algorithm 1. F or the �rst

step of our activ e set strategy , w e c ho ose A 1
n = ; and th us I 1

n = S . T o �nd the correct

activ e set on the higher lev els, w e consider three di�eren t strategies. One p ossibilit y is

that lev el l + 1 inherits the activ e set from lev el l , called the nested case. Alternativ ely ,

w e set on eac h lev el either all no des of S inactiv e, i.e., A 1
n = ; , or all no des activ e, i.e.,

A 1
n = S . W e men tion that there are man y other w a ys to initialize A 1

n on eac h lev el. F or

all three strategies considered here, the resulting n um b er of steps K l of the primal-dual

activ e set strategy is sho wn in T able 4.1. The second column con tains the n um b er of

no des p on � s
c . Column three of T able 4.1 con tains the n um b er of steps K l for eac h lev el

for the nested case. In the fourth column, the n um b er of activ e no des in eac h step are

giv en. In column �v e and six, the same is done for the case starting with A 1
n = ; on eac h
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4. Semi-smo oth Newton metho d for normal constrain ts

T able 4.1.: Example 1: Exact primal-dual activ e set strategy .

l jSj
nested case A 1

n = ; A 1
n = S

K l jA k
n j K l jA k

n j K l

0 2 2 0 1 2 0 1 2
1 3 1 1 2 0 1 2
2 5 2 1 2 2 0 2 2
3 9 1 3 3 0 4 3 3
4 17 1 5 4 0 8 6 5 4
5 33 2 9 10 4 0 16 12 10 4
6 65 2 19 18 6 0 31 24 21 19 18 6
7 129 2 35 36 7 0 61 47 42 38 37 36 7
8 257 1 71 8 0 122 93 81 76 73 72 71 8

2 3 4 5 6 7
0

0.1
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0.5

step k

||l k- l  ||
2
 / ||l k-1 - l  ||

2
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Figure 4.2.: Example 1: Relativ e error of the Lagrange m ultiplier for the exact activ e

set strategy on lev el 6 (left) and the inexact strategy (middle) for the c hoice

A 1
n = ; , normal con tact stress after di�eren t m ultigrid steps for the inexact

strategy (righ t).

lev el. In the last column, the n um b er of steps K l for the activ e set strategy is sho wn if

w e start on eac h lev el l with A 1
n = S . W e observ e that the n um b er of the activ e set steps

K l is indep enden t of the re�nemen t lev el if w e use the activ e set on the previous lev el as

start set A 1
n , whereas in the cases A 1

n = ; and A 1
n = S , the n um b er of steps K l dep ends

linearly on the lev el l . In the righ t picture of Figure 4.1, the normal comp onen t � n of

the Lagrange m ultiplier at di�eren t aciv e set steps on lev el 6 is presen ted for the case

A 1
n = ; .

Next, w e consider the inexact strategy for this example b y setting c = 1013
and m = 1 in

Algorithm 1. T o analyze the con v ergence, w e consider the relativ e error for the Lagrange

m ultiplier in eac h step giv en b y k� k � � k2 =k� k� 1 � � k2 . The b eha vior of the con v ergence

is sho wn in Figure 4.2. In the left picture, the con v ergence of the Lagrange m ultiplier

for the exact strategy on lev el 6 for the case A 1
n = ; is presen ted. Here, w e observ e
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Figure 4.3.: Example 2: Problem de�nition (left), and applied Neumann data pU and pD

(righ t).

sup erlinear con v ergence rates. F or the n um b er of activ e set steps, w e refer to T able

4.1. The picture in the middle of Figure 4.2 con tains the con v ergence of the Lagrange

m ultiplier for the inexact strategy . Here, w e consider lev el 6 and the case A 1
n = ; as

done for the exact strategy . The correct activ e set is found for the �rst time in the eigh th

step. In the follo wing, w e denote the m ultigrid step on lev el l , in whic h the correct activ e

set is found for the �rst time, b y M l . After that, the activ e set do es not c hange an y

more, and w e observ e constan t con v ergence rates for the m ultigrid iteration. Un til step

8, the nonlinear in�uence of �nding the correct activ e set yields oscillating con v ergence

rates. The righ t picture in Figure 4.2 sho ws the normal part of the Lagrange m ultiplier

for di�eren t steps of the inexact strategy .

4.5.2. Second example

Next, w e consider an arti�cial self-con tact problem and compare the nested case with a

non-nested one for the exact strategy . The b o dy 
 is sho wn in Figure 4.3. W e set the

length l of the t w o arms equal to l = 5:0, the inner radius r1 of the connecting arc equal

to r1 = 0:2 and the outer radius r2 equal to r2 = 0:5. The p ossible con tact b oundary

� c on the upp er arm U is assumed to pla y the role of the sla v e side and � c of the lo w er

arm D the role of the master side. F or the material parameters, w e set E = 1000 and

� = 0:3, so the initial gap is giv en b y g = 0:4. As sho wn in the left picture in Figure 4.3,

w e �x the b o dy at the outer part of the connecting arc on the left side. On the remaining

b oundary parts, w e assume homogenous Neumann b oundary conditions except at the

top and the b ottom part. Here, w e apply the surface loads presen ted in the righ t picture

in Figure 4.3 pressing the t w o arms together. Of course, this problem is not a ph ysically

sensible one but only a mathematical test example for our metho d.

F or our computations, w e use an automatically generated �nite elemen t mesh consisting

of 52 triangles on lev el 0. The p ossible b oundary region � c of the sla v e side con tains

10 no des, whereas on the master side w e ha v e 9 no des. Hence, the meshes are non-

conforming at the con tact zones. The deformed b o dy and the resulting con tact stress

are presen ted in Figure 4.4. F or initializing the activ e set A 1
n , w e either follo w the nested

approac h, c ho ose A 1
n = f p = ( px ; py)> 2 S : px � 3:9g or start with A 1

n = ; . The
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Figure 4.4.: Example 2: Distorted b o dy with � xx (left upp er), the e�ectiv e v on Mises

stress �
e�

(left lo w er) and the normal con tact of the con tact stress � n for the

steps of the activ e set strategy on lev el 6 for the case A 1
n = f p 2 S : px �

3:9g.

T able 4.2.: Example 2: Exact primal-dual activ e set strategy .

l jSj
nested case A 1

n = f p 2 S : px � 3:9g
K l jA k

n j K l jA k
n j

0 9 10 0 10 � � � 2 2 3 2
1 17 4 3 7 6 5 1 5
2 33 1 9 1 9
3 65 2 17 18 1 18
4 129 1 35 2 36 35
5 257 2 69 70 2 71 70
6 513 1 139 3 141 140 139

n um b er of activ e set steps K l for these three cases are summarized in T able 4.2. F or

the nested case, w e need a large n um b er of steps on the lo w est lev els. After lev el 2,

the n um b er of steps K l decreases rapidly . In the second case, the initial set A 1
n is v ery

close to the correct con tact zone, but the n um b er of steps K l still dep ends asymptotically

linearly on the lev el. W e men tion that for this example, the no des will b e released v ery

slo wly , suc h that w e need a large n um b er of steps K l if w e c ho ose A 1
n = ; . A 1

n b eing

smaller than the correct con tact zone, in the second step A 2
n b ecomes to o large and the

additional activ e no des will b e released v ery slo wly . The righ t picture in Figure 4.4 sho ws

the normal part � n of the Lagrange m ultiplier for the three steps for the second case on

lev el 6.

4.5.3. Third example

W e compare the exact and the inexact approac h for the three di�eren t discretizations

in tro duced in Section 3.4 for the Hertzian con tact problem. Although considered already
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Figure 4.5.: Example 3: Problem de�nition (left), distorted b o dy with e�ectiv e v on Mises

stress �
e�

(middle) and normal con tact stress for di�eren t steps of the activ e

set strategy on lev el 4 (righ t).

T able 4.3.: Example 3: Step M l , in whic h the correct activ e set is found for the �rst

time for the inexact primal-dual activ e set strategy Algorithm 1 for all three

discretizations and di�eren t c hoices of A 1
n .

l
(i; j ) = (1 ; 1) (i; j ) = (2 ; 1) (i; j ) = (2 ; 2)

N 1
s Na nest. S N 1

s Na nest. S N 2
s Na nest. S

0 7 1 4 4 7 1 4 4 13 3 4 4
1 13 3 2 5 13 3 2 5 25 5 1 6
2 25 5 1 7 25 5 1 6 49 9 1 8
3 49 9 1 8 49 9 1 8 97 17 1 9
4 97 17 1 10 97 17 1 9 193 31 2 11
5 193 31 2 11 193 33 1 9 385 63 3 12
6 385 63 3 11 � � � � � � � �

in Section 3.2 for the lo w est order case and in Section 3.4 for the higher order case, the

problem de�nition and the initial triangulation on lev el 0 are sho wn in the left picture in

Figure 4.5 for con v enience. In our algorithm, w e set c = 104
and m = 1 , i.e., w e up date

the activ e set after eac h m ultigrid step. F or the initial c hoice of the activ e set, w e consider

t w o strategies. First w e consider the nested case. T o sho w that our metho d is robust, w e

set in a second test A 1
n = S , whic h is considerably larger than the correct con tact zone.

Let M l b e the minimal step k in Algorithm 1 on lev el l , in whic h the correct activ e set

A n is found for the �rst time and do es not c hange an ymore.

In T able 4.3, w e sho w the n um b er of m ultigrid iterations M l to detect the correct

activ e set on lev el l for di�eren t c hoices of (i; j ) . In the �rst column of eac h discretization

(i; j ) , the n um b er of con tact p oin ts is giv en. W e remark that for (i; j ) = (2 ; 2) w e ha v e

also degrees of freedoms on the edges e 2 Th;� s
c

and th us N 2
s = 2N 1

s � 1. F or the case
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4. Semi-smo oth Newton metho d for normal constrain ts

T able 4.4.: Example 3: Step K l , in whic h the correct activ e set is found for the �rst

time for the exact primal-dual activ e set strategy Algorithm 1 for all three

discretizations and di�eren t c hoices of A 1
n .

l
(i; j ) = (1 ; 1) (i; j ) = (2 ; 1) (i; j ) = (2 ; 2)

N 1
s Na nest. S N 1

s Na nest. S N 2
s Na nest. S

0 7 1 4 4 7 1 4 4 13 3 4 4
1 13 3 2 5 13 3 2 4 25 5 1 6
2 25 5 1 7 25 5 1 5 49 9 1 8
3 49 9 1 7 49 9 1 7 97 17 1 8
4 97 17 1 8 97 17 1 8 193 31 2 10
5 193 31 2 10 193 33 1 9 385 63 3 10
6 385 63 2 11 � � � � � � � �

T able 4.5.: Example 3: T otal m ultigrid steps for the nonlinear problem for the nested

approac h and the linear elasticit y problem without con tact for (i; j ) = (1 ; 1).

lev el l 0 1 2 3 4 5 6

nonlinear con tact problem 4 22 19 16 15 16 15
linear elasticit y problem 1 23 19 17 16 16 15

(i; j ) = (1 ; 1) and (i; j ) = (2 ; 1), the con tact constrain ts are c hec k ed only at the no des

p 2 S and th us w e ha v e N 1
s = jSj . F or (i; j ) = (2 ; 1), w e ha v e to mo dify the decomp osition

of the total degrees of freedom N [ M [ S . Here, the degrees of freedom asso ciated with

an edge e 2 Th;� s
c

are formally related to the subset M . F or details w e refer to [79]. The

second column con tains the �nal n um b er of con tact no des of the correct activ e set A n .

In the next t w o columns, the steps M l for the t w o di�eren t c hoices for A 1
n are presen ted.

F or the lo w est order case, w e ha v e computed solutions up to lev el 6, whereas for the

other t w o cases this is done only up to lev el 5 since then the n um b er of unkno wns for

the displacemen ts are equal. In T able 4.4, w e presen t the n um b er of steps K l to �nd the

correct activ e set for the exact algorithm.

F or the nested case, the n um b er M l or K l is indep enden t on the lev el l for b oth

algorithms. F or the case A 1
n = S , the n um b er M l or K l dep ends linearly on l . T o

compare the inexact algorithm with the exact approac h, w e observ e that the n um b er of

steps for all discretizations (i; j ) and all initial c hoices for A 1
n are almost equal. T able 4.5

sho ws the total n um b er of m ultigrid steps necessary to solv e the con tact problem with

the nested approac h for eac h re�nemen t lev el l . In comparison to that, the second

line displa ys the total m ultigrid steps needed to solv e the corresp onding linear elasticit y

problem neglecting the con tact constrain ts. W e observ e for b oth problems almost the

same iteration n um b ers. Th us, there is no reason to solv e the algebraic system exactly .
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Figure 4.6.: Example 4: Stress comp onen ts � xx and � xy for a symmetric (left) and non-

symmetric (righ t) setting.

W e summarize the results in the follo wing remark.

Remark 4.4. If w e use the nested up date for the inexact strategy , the correct activ e set is

found in the �rst few steps of the m ultigrid metho d. Com bined with the optimal m ultigrid

metho d and the dual Lagrange m ultiplier, whic h allo ws the lo cal basis transformation

and the lo cal static condensation, this approac h yields a p o w erful and e�cien t iterativ e

algorithm.

4.5.4. F ourth example

Finally , w e consider an example with more than t w o sub domains. W e use three circles

and a rigid obstacle, see Figure 4.6, and t w o di�eren t sets of b oundary data. The p ossible

con tact zone can b e decomp osed in to t w o di�eren t t yp es: the con tact b et w een t w o elastic

circles and the con tact b et w een one elastic circle and the rigid obstacle. F or this example,

one circle has to ha v e a master as w ell as a sla v e in terface. The con tact b et w een the rigid

obstacle and the elastic b o dy is also discretized in terms of dual Lagrange m ultipliers

de�ned on the elastic b o dy whic h is the sla v e side. The t w o pictures in the left of

Figure 4.6 sho w the stress comp onen ts � xx and � xy of a symmetric b oundary data. In

the t w o pictures on the righ t, the rigid obstacle forms a L-shap e, and the solution is

non-symmetric.
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5. Semi-smo oth Newton metho d fo r

frictional constraints

Solving con tact problems with friction in the three-dimensional case is a c hallenging task

in mec hanics and of crucial imp ortance in v arious applications. The main di�cult y lies

in the conditions for con tact and friction, whic h are inheren tly nonlinear and complicate

the theoretical analysis as w ell as the design of e�cien t n umerical algorithms.

In this c hapter, w e in tro duce our algorithm for con tact problems with friction. W e

extend the metho ds presen ted in Chapter 4 for the treatmen t of the non-p enetration

condition to the case of friction. No w, w e ha v e to solv e a linear problem with b oundary

conditions of Diric hlet, Neumann or Robin t yp e on the con tact zone � s
c in eac h iteration

step. W e remark that for the non-p enetration only b oundary conditions of Diric hlet- and

Neumann-t yp e o ccur, see (4.11) . As in the previous c hapter, a lo cal elimination of the

degrees of freedom asso ciated with the Lagrange m ultiplier can b e applied, suc h that the

resulting system only has to b e solv ed for the primal v ariable. This algorithm p erfectly

�ts in to the abstract framew ork used in Chapter 4 and inherits the adv an tages men-

tioned there, i.e., the simple implemen tation and the n umerical e�ciency . As has b een

published in [82], this approac h can b e regarded as a semi-smo oth Newton metho d guar-

an teeing fast lo cal con v ergence. F urthermore, semi-smo oth Newton metho ds for frictional

con tact problems are in v estigated in [3 ] within the framew ork of a mo di�ed augmen ted

Lagrangian approac h and in [27, 28] where a di�eren t nonlinear complemen tarit y function

is used.

Con tributions to theoretical and n umerical results for con tact problems with friction

in the three-dimensional case are quite rare. W e refer to the recen t pap ers [39 , 64 ], where

FETI domain decomp osition tec hniques are com bined with quadratic programming meth-

o ds. The quadratic constrain ts are appro ximated b y the in tersection of rotated squares

in order to mak e the application of optimization algorithms p ossible. Impro v emen ts are

prop osed in [99, 100 ]. A di�eren t idea is follo w ed in [46, 93 ], where monotone m ultigrid

metho ds are used to construct a globally con v ergen t solv er. The implemen tation of these

metho ds relies on a m ultilev el hierarc h y of spaces and requires the use of mo di�ed coarse

grid basis functions and suitable coarse grid constrain ts.

The structure of this c hapter is similar to Chapter 4. First of all, w e deal with T resca's

friction la w in Section 5.1-5.4. W e start with the in tro duction of the nonlinear comple-

men tarit y function and the presen tation of some suitable mo di�cations for the resulting

Robin-t yp e condition for the sliding no des in Section 5.1. The mo di�cations cause a sta-

bilization of the n umerical algorithm. Section 5.2 con tains the algebraic v ersion and the

elimination of the degrees of freedom asso ciated with the Lagrange m ultiplier. The inex-

act semi-smo oth Newton metho d is form ulated in Section 5.3. The follo wing Section 5.4
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5. Semi-smo oth Newton metho d for frictional constrain ts

illustrates its n umerical p erformance and �exibilit y . Finally , w e extend the considered

metho ds to the case of Coulom b's friction la w. In Section 5.5 w e presen t a widely used

�xed p oin t based approac h, whereas Section 5.6 con tains a new full Newton metho d.

5.1. Nonlinea r complementa rit y function

Due to Lemma 2.6, w e can write the algebraic v ersion of the p oin t-wise decoupled static

frictional constrain ts (1.30) in the case of a giv en friction b ound gf (�) : � s
c ! R, also

referred to as T resca's friction la w, in terms of the co e�cien ts û p of the displacemen t

v ector u with resp ect to the constrained basis �̂ and the co e�cien ts � p for the Lagrange

m ultiplier as

8
><

>:

k� p�s k � bp;

k� p�s k < bp ) û p� = 0;

k� p�s k = bp ) 9 � 2 R : � p�s = � 2û p� ;

p 2 S; (5.1)

where the friction b ound bp asso ciated with the no de p 2 S is de�ned b y

bp :=
Z

� s
c

gf � p ds:

W e remark, that w e ha v e bp = gf Dp if the friction b ound gf is a constan t function. As

done in Section 4.2, w e again use the scaled v alues for the co e�cien ts of the Lagrange

m ultiplier. F rom this condition, w e observ e that for eac h no de p 2 S , w e ha v e for the

pair (� p�s ; û p� ) either k� p�s k < bp and û p� = 0 or k� p�s k = bp and � p�s = � 2û p� . In the

�rst situation the no de p is a stic ky no de, whereas in the second case p is a slip no de.

Motiv ated b y the fact that w e can write the algebraic v ersion of equation (2.11) for the

pro jection op erator restricted to eac h no de p 2 S as

� p�s = bp
� p�s + cû p�

max
�

bp; k� p�s + cû p� k
	 ;

our semi-smo oth Newton algorithm is based on the nonlinear complemen tarit y function

C� (û p� ; � p�s ) := max
�

bp; k� p�s + cû p� k
	

� p�s � bp (� p�s + cû p� ) : (5.2)

for an y p ositiv e parameter c > 0. Similar to Theorem 4.1, w e get the follo wing equiv a-

lence.

Theorem 5.1. The p air (� p�s ; û p� ) satis�es the frictional c ontact c onstr aints (5.1) if

and only if it satis�es the c ondition

C� (û p� ; � p�s ) = 0; p 2 S: (5.3)
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5.1. Nonlinear complemen tarit y function

Pro of. W e �rst sho w that the conditions (5.1) lead to (5.3) . F or the pair (� p�s ; û p� )
satisfying (5.1) w e ha v e either k� p�s k < bp and û p� = 0 or k� p�s k = bp and � p�s = � 2û p� .

In the �rst situation w e deduce

C� (û p� ; � p�s ) = max
�

bp; k� p�s k
	

� p�s � bp� p�s = 0;

whereas in the second case, w e get

C� (û p� ; � p�s ) = max
n

bp;
�

1 +
c

� 2

�
bp

o
� p�s � bp

�
1 +

c
� 2

�
� p�s = 0:

Th us, w e ha v e the relation C� (û p� ; � p�s ) = 0 for b oth cases.

If for the pair (û p� ; � p�s ) the relations C� (û p� ; � p�s ) = 0 holds, w e observ e for the case

k� p�s + cû p� k < bp

0 = C� (û p� ; � p�s ) = bp� p�s � bp (� p�s + cû p� ) = � cbpû p� :

Th us, w e get due to c > 0 and bp > 0 the relation û p� = 0 . This leads directly to

k� p�s k < bp and the conditions (5.1) are satis�ed. If k� p�s + cû p� k � bp holds, w e deduce

from

0 = C� (û p� ; � p�s ) = k� p�s + cû p� k� p�s � bp (� p�s + cû p� )

the relations k� p�s k = bp and

� p�s = 
 û p� ; 
 :=
cbp

k� p�s + cû p� k � bp
:

Since k� p�s + cû p� k � bp and c > 0 w e ha v e 
 > 0 and th us conditions (5.1) are again

satis�ed. �

In the follo wing, w e deriv e for equation (5.3) the semi-smo oth Newton metho d. Un-

fortunately , b oth the Euclidean norm and the max-function are not smo oth and not

di�eren tiable in the classical sense. Ho w ev er, they are semi-smo oth and slan tly di�eren-

tiable in the sense of [75, 122 ], see also Section 4.1, whic h justi�es the application of a

semi-smo oth Newton metho d. W e note that in the �rst term of (5.2) , the Euclidean norm

app ears for non-zero argumen ts only . This is due to the fact that if k� p�s + cû p� k = 0 ,

w e obtain max(bp; k� p�s + cû p� k) = bp and the Euclidean norm v anishes. Therefore, the

only non-di�eren tiabilit y that matters in (5.2) is the maxf� ; �g-function. In eac h semi-

smo oth Newton step, the deriv ativ e of the Euclidean norm only o ccurs for p oin ts that

are di�eren tiable in the classical sense.

W e no w use the generalized Jacobian (4.3) for p 2 S to compute the generalized

deriv ativ e DC� of C� (�; �) . F or the v ariation (� û p� ; � � p�s ) 2 R(d� 1) � R(d� 1)
, w e obtain

DC� (û p� ; � p�s )( � û p� ; � � p�s ) = max
�

bp; k� p�s + cû p� k
	

� � p�s

+ � A
� p�s (� p�s + cû p� )>

k� p�s + cû p� k
(� � p�s + c � û p� ) � bp (� � p�s + c � û p� ) :

(5.4)
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5. Semi-smo oth Newton metho d for frictional constrain ts

Here, � A denotes the c haracteristic function of the set A � := f p 2 S : k� p�s + cû p� k >
bpg, i.e.,

� A :=

(
1 if k� p�s + cû p� k > bp;

0 if k� p�s + cû p� k � bp:

W e note that � p�s (� p�s + cû p� )>
is a (d � 1) � (d � 1)-matrix, either zero or of rank one.

F or a curren t iterate (û k� 1
p� ; � k� 1

p�s ) , one deriv es the new iterate

(û k
p� ; � k

p�s ) = ( û k� 1
p� ; � k� 1

p�s ) + ( � û k
p� ; � � k

p�s )

of the semi-smo oth Newton step b y solving the equation

DC� (û k� 1
p� ; � k� 1

p�s )( � û k
p� ; � � k

p�s ) = � C� (û k� 1
p� ; � k� 1

p�s ): (5.5)

The c haracteristic function � A in (5.4) separates the no des p 2 S in to the inactiv e set I k
�

and the activ e set A k
� according to

I k
� :=

�
p 2 S : k� k� 1

p�s + cû k� 1
p� k � bp � 0

	
; (5.6a)

A k
� :=

�
p 2 S : k� k� 1

p�s + cû k� 1
p� k � bp > 0

	
; (5.6b)

Using this notation and substituting (5.4) in (5.5) giv es after a straigh tforw ard compu-

tation that the new iterate (û k
p� ; � k

p�s ) satis�es

û k
p� = 0; p 2 I k

� ; (5.7a)

�
Idd� 1 � M k� 1

p

�
� k

p�s � cM k� 1
p û k

p� = h k� 1
p ; p 2 A k

� ; (5.7b)

with M k� 1
p := ek� 1

p (Idd� 1 � F k� 1
p ) , the scalar v alue ek� 1

p and the (d � 1) � (d � 1)-matrix

F k� 1
p giv en b y

ek� 1
p :=

bp

k� k� 1
p�s + cû k� 1

p� k
; F k� 1

p :=
� k� 1

p�s

�
� k� 1

p�s + cû k� 1
p�

� >

bpk� k� 1
p�s + cû k� 1

p� k
; (5.8)

and the v ector h k� 1
p 2 Rd� 1

h k� 1
p := ek� 1

p F k� 1
p (� k� 1

p�s + cû k� 1
p� ): (5.9)

While on the inactiv e set I k
� Diric hlet conditions are imp osed due to (5.7a) , the con-

dition on the activ e set A k
� stated in (5.7b) is of Robin t yp e since it in v olv es b oth the

displacemen t û k
p� and the Lagrange m ultiplier � k

p�s . The sets A k
� and I k

� appro ximate the

sets of slip and stic ky no des, resp ectiv ely . The Robin condition can easily b e handled if

w e rewrite (5.7b) as

� � k
p�s + L k� 1

p û k
p� = r k� 1

p : (5.10)
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5.1. Nonlinear complemen tarit y function

W e note that r k� 1
p en ters in the righ t hand side and the matrix L k� 1

p giv es a con tribution

to the matrix of the system. Comparing (5.10) with (5.7b) and (5.9) , and assuming that

Idd� 1 � M k� 1
p is regular, and w e obtain the relations

L k� 1
p := c(Idd� 1 � M k� 1

p )� 1M k� 1
p = c

�
(Idd� 1 � M k� 1

p )� 1 � Idd� 1
�
; (5.11a)

r k� 1
p := � (Id d� 1 � M k� 1

p )� 1h k� 1
p : (5.11b)

This Robin condition only guaran tees p ositiv e de�niteness of the system matrix if L k� 1
p

is p ositiv e de�nite. Note that for L k� 1
p = 0 , w e �nd a pure Neumann condition. The

degeneration of Robin to Diric hlet b oundary conditions is not included in the form (5.11) ,

but this is not required in our situation, since no des p with a Diric hlet condition b elong

to the set I k
� and therefore are not handled b y (5.10) . One can easily see that during

the iteration pro cess the matrix Idd� 1 � M k� 1
p is not necessary regular and therefore not

in v ertible. Ho w ev er, in the case of con v ergence, Idd� 1 � M k� 1
p tends to a p ositiv e de�nite

and symmetric matrix. This observ ation motiv ates the in tro duction of three p ossible

mo di�cations of the Robin system (5.7b) suc h that a regular matrix Idd� 1 � M k� 1
p is

obtained. T w o of these mo di�cations giv e a p ositiv e de�nite and symmetric matrix L k� 1
p .

W e remark that all mo di�cations con v erge in the limit case to the original system (5.7b)

and th us preserv e the lo cal con v ergence prop erties of the algorithm.

Remark 5.2. F rom (5.9), w e observ e the relation h k� 1
p = � k� 1

p . Inserting this result in to

(5.11b) one ends up with

r k� 1
p =

�k � k� 1
p�s + c� û k� 1

p� k2

k� k� 1
p�s + c� û k� 1

p� k2 � gk� k� 1
p�s + c� û k� 1

p� k +
�
� k� 1

p�s + c� û k� 1
p�

� >
� k� 1

p

� k� 1
p

and therefore the v ector r k� 1
p is linearly dep enden t to � k� 1

p .

5.1.1. Mo di�cation of the Robin system

T o obtain a robust and con v ergen t sc heme, w e replace the matrix F k� 1
p b y a scaled matrix

~F k� 1
p;l , l = 1; 2; 3. The index l stands for one of the three p ossibilities considered in this

w ork. Our n umerical results sho w that the scaling is essen tial for the robustness of the

iteration sc heme. A ccording to the de�nition of M k� 1
p and (5.9) , w e replace in (5.7b)

M k� 1
p b y

~M k� 1
p;l and h k� 1

p b y

~h
k� 1
p;l giv en b y

~M k� 1
p;l := ek� 1

p (Id2 � ~F k� 1
p;l ); ~h

k� 1
p;l := ek� 1

p
~F k� 1

p;l (� k� 1
�;p;s + c� û k� 1

�;p ); l = 1; 2; 3:

In a second step, w e replace the matrix Idd� 1 � M k� 1
p b y Idd� 1 � � k� 1

p;l
~M k� 1

p;l with a scaling

factor � k� 1
p;l > 0, suc h that the resulting matrix is regular. Then, the form (5.10) of the

Robin b oundary conditions reads as � � k
�;p;s + ~L k� 1

p;l û k
�;p = ~r k� 1

p;l with

~L k� 1
p;l := c

�
(Idd� 1 � � k� 1

p;l
~M k� 1

p;l )� 1 � Idd� 1

�
; (5.12a)

~r k� 1
p;l := � (Idd� 1 � � k� 1

p;l
~M k� 1

p;l )� 1~h
k� 1
p;l ; (5.12b)
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5. Semi-smo oth Newton metho d for frictional constrain ts

for l = 1; 2; 3. W e men tion that similar mo di�cations as done for the matrix F k� 1
p are

used in primal-dual algorithms for the minimization of functionals in v olving Euclidean

norms, see, e.g., [4 , 22, 77].

Since for all mo di�cations

~F k� 1
p;l ! F k� 1

p and � k� 1
p;l ! 1 as (û k

p� ; � k
p�s ) con v erges to the

solution, the mo di�cations do not degrade the lo cal sup erlinear con v ergence.

Next, w e presen t the three p ossible mo di�cations used in this thesis.

First mo di�cation

W e use a parameter � k� 1
p;1 6= 1 in Idd� 1 � � k� 1

p;1 Mp in (5.12) only if (� k� 1
p�;p )> (� k� 1

p�s + cû k� 1
p� ) <

0. This condition is equiv alen t to the fact that the angle b et w een the t w o v ectors is greater

than 90 degree. Since in the limit case b oth v ectors are parallel, the mo di�cation only

applies when the iterates are far a w a y from the solution. W e de�ne the scaled matrix

~F k� 1
p;1 :=

� k� 1
p�s

�
� k� 1

p�s + cû k� 1
p�

� >

max
�
bp; k� k� 1

p�s k
�
k� k� 1

p�s + cû k� 1
p� k

: (5.13)

Note that

~F k� 1
p;1 only di�ers from F k� 1

p if k� k� 1
p�s k > bp , i.e., if the Lagrange m ultiplier is

not in the feasible set giv en in (5.1). De�ning

� k� 1
p :=

(� k� 1
p�s )>

�
� k� 1

p�s + cû p�
�

k� k� 1
p�s k k� k� 1

p�s + cû p� k
; � k� 1

p := min

(
k� k� 1

p�s k

bp
; 1

)

;

it is easy to see that 
 1
~Fp; 1

= � k� 1
p � k� 1

p is an eigen v alue of

~F k� 1
p;1 with � k� 1

p�s as eigen v ector.

The second eigen v alue 
 2
~Fp; 1

= 0 b elongs to an eigen v ector whic h is orthogonal to � k� 1
p�s +

cû k� 1
p� . Therefore, the eigen v alues of

~M k� 1
p;1 are 
 1

~M p; 1
= ek� 1

p (1 � � k� 1
p � k� 1

p ) and 
 2
~M p; 1

=

ek� 1
p . Since � 1 � � k� 1

p � 1 and 0 � � k� 1
p � 1, w e get due to 0 < ek� 1

p < 1 the relation

0 � 
 1
~M p; 1

< 2 and 0 < 
 2
~M p; 1

< 1. Using (5.12) with

� k� 1
p;1 :=

(
1

1� � k � 1
p � k � 1

p
if � k� 1

p < 0;

1 otherwise :

yields a unsymmetric matrix

~L k� 1
p;1 with p ositiv e eigen v alues.

Second mo di�cation

In con trast to the �rst mo di�cation, w e w an t to obtain a symmetric matrix

~F k� 1
p;2 . Here,

w e need a parameter � k� 1
p;2 6= 1 in (5.12) for all cases with � k� 1

p 6= 1 . W e replace F k� 1
p b y

the symmetrization of (5.13) , namely

~F k� 1
p;2 :=

� k� 1
p�s

�
� k� 1

p�s + cû k� 1
p�

� >
+

�
� k� 1

p�s + cû k� 1
p�

��
� k� 1

p�s

� >

2 max
�
bp; k� k� 1

p�s k
�
k� k� 1

p�s + cû k� 1
p� k

: (5.14)
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5.1. Nonlinear complemen tarit y function

One can pro v e that the eigen v alues of

~F k� 1
p;2 are 
 1;2

~Fp; 2
= 1

2(� k� 1
p � 1)� k� 1

p 2 [� 1; 1], and

therefore the eigen v alues of the matrix

~M k� 1
p;2 are 
 1;2

~M p; 2
= 1

2ek� 1
p (2� (� k� 1

p � 1)� k� 1
p ) . Using

the same argumen ts as b efore, w e get 0 � 
 1;2
~M p; 2

< 2. Setting

� k� 1
p;2 :=

2
2 � (� k� 1

p � 1)� k� 1
p

results in a symmetric and p ositiv e de�nite matrix

~L k� 1
p;2 .

Third mo di�cation

In the third mo di�cation, w e use the matrix

~F k� 1
p;3 :=

� k� 1
p�s

�
� k� 1

p�s

� >

max
�
bp; k� k� 1

p�s k
� 2 (5.15)

instead of F k� 1
p . Ob viously , this matrix is symmetric and p ositiv e semide�nite with the

eigen v alues 
 1
~Fp; 3

= 0 and 
 2
~Fp; 3

= ( � k� 1
p )2

. Therefore, w e get for the eigen v alues of the

matrix

~M k� 1
p;3 due to 0 < ek� 1

p < 1 the relation 0 � 
 ~M p; 3
< 1, and the matrix

~L k� 1
p;3 de�ned

b y (5.12) with � k� 1
p;3 = 1 is symmetric and p ositiv e de�nite. W e remark that the matrix

~F k� 1
p;3 con v erges in the limit case to the matrix F k� 1

p since the solution for a no de p 2 A �

satis�es

� p�s + cû p�

k� p�s + cû p� k
=

� p�s

bp
:

Remark 5.3. Similar to Remark 5.2, w e observ e that

~h
k� 1
p;l and

~r k� 1
p;l are linearly dep en-

den t to � k� 1
p for the �rst and the third mo di�cation as for the unmo di�ed case (5.9) and

(5.11b) .

Remark 5.4. There is some freedom in c ho osing the nonlinear complemen tarit y function

to express the complemen tarit y conditions for the T resca friction la w. F or bp > 0, w e can

also w ork with

�C� (û p� ; � p�s ) := � p�s � bp
(� p�s + cû p� )

max
�

bp; k� p�s + cû p� k
	

(5.16)

instead of (5.2) . Complemen tarit y functions closely related to (5.16) for dealing with

friction conditions ha v e b een used in [3] obtained from a mo di�ed augmen ted Lagrangian

approac h and in [27 , 28] where the nonlinear complemen tarit y function is expressed in

terms of the min -function instead of the max-function. A semi-smo oth Newton iteration

for the solution of

�C� (û p� ; � p�s ) = 0 leads to an iteration rule that also emplo ys the

activ e and inactiv e sets de�ned in (5.6) , but results in a mo di�ed iteration step on the

activ e set A k
� . Our n umerical exp erience yields that algorithms based on (5.2) p erform

more robust compared to those based on (5.16) .
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5. Semi-smo oth Newton metho d for frictional constrain ts

5.1.2. Extension to the case bp = 0

Up to no w, w e ha v e assumed bp > 0 for all p 2 S . The reason for this assumption

is that for bp = 0 one cannot deduce � p�s = 0 from the condition C� (û p� ; � p�s ) = 0 .

Ho w ev er, if T resca's friction la w is com bined with �xed p oin t ideas in order to mo del

con tact problems with Coulom b's friction la w, w e ha v e to set bp = F� pns and th us bp = 0
naturally o ccurs for all p oin ts whic h are not in con tact. This fact mak es the case bp = 0
rather imp ortan t. F ortunately , no des p with bp = 0 can also b e handled using (5.7)

within the setting (5.13) -(5.15) .

In the follo wing, w e consider p 2 S with bp = 0 . If k� k� 1
p�s + cû k� 1

p� k > 0 holds, then

p 2 A k
� since bp = 0 . In the case k� k� 1

p�s + cû k� 1
p� k = 0 , w e ha v e to set p 2 A k

� . In b oth

cases, w e set

~M k� 1
p;l = 0 and (5.7b) leads to the desired homogeneous Neumann condition

� k
p�s = 0 . W e men tion that for k� k� 1

p�s + cû k� 1
p� k > 0 and k� k� 1

p�s k > 0, w e automatically

get p 2 A k
� and ek� 1

p = 0 due to (5.6b) and (5.8) and therefore

~M k� 1
p;l = 0 . In particular,

these matrices are w ell de�ned for this case. So only for the cases k� k� 1
p�s + cû k� 1

p� k = 0 or

k� k� 1
p�s k = 0 , w e ha v e to enforce the no de p to b e in A k

� .

5.2. Elimination of the Lagrange multiplier

As in Section 4.3, w e giv e the algebraic represen tation of the linear system whic h has to

b e solv ed in eac h semi-smo oth Newton step in the case of a frictional con tact problem.

Com bining this approac h for the frictional constrain ts in tangen tial direction with the

metho d for the con tact constrain ts in normal direction presen ted in Chapter 4, the linear

system stated in (4.11) has no w to b e replaced b y

K̂û k + Ĉ� k = f̂ ; (5.17a)

ûk
pn = gp; p 2 A k

n ; (5.17b)

� k
pns = 0; p 2 I k

n ; (5.17c)

û k
p� = 0; p 2 I k

� ; (5.17d)

� � k
p�s + ~L k� 1

p û k
p� = ~r k� 1

p ; p 2 A k
� : (5.17e)

Equations (5.17) can b e in terpreted as a semi-smo oth Newton metho d for the nonlin-

ear complemen tarit y function C(�; �) de�ned b y the com bination of the complemen tarit y

functions Cn (�; �) , see (4.5), and C� (�; �) , see (5.2) , as

C(û p; � p) :=
�

Cn(ûpn; � pns)
C� (û pn ; � pns)

�
: (5.18)

Summarizing Theorems 4.1 and 5.1, w e observ e that then the con tact constrain ts are

equiv alen t to the condition C(û p; � p) = 0 . Eac h p ossible con tact no de p 2 S b elongs in

eac h iteration step to one of the four subsets Sk
i � S , 1 � i � 4, with S =

S
1� k� 4 Sk

i ,

where the disjoin t subsets Sk
i are giv en b y

88



5.2. Elimination of the Lagrange m ultiplier

T able 5.1.: Boundary conditions for the con tact no des p 2 S .

old iterate Sk
1 Sk

2 Sk
3 Sk

4 new iterate

� k� 1
pns + c(ûk� 1

pn � gp) � 0 � � � k
pns = 0

� k� 1
pns + c(ûk� 1

pn � gp) > 0 � � ûk
pn = gp

k� k� 1
p�s + cû k� 1

p� k � bp � 0 � � û k
p� = 0

k� k� 1
p�s + cû k� 1

p� k � bp > 0 � � � � k
p�s + ~L k� 1

p;l û k
p� = ~r k� 1

p;l

� S k
1 := I k

n \ I k
� : stic ky no de not in con tact,

� S k
2 := I k

n \ A k
� : slip no de not in con tact,

� S k
3 := A k

n \ I k
� : stic ky no de in con tact,

� S k
4 := A k

n \ A k
� : slip no de in con tact.

The criteria for the old iterate (û k� 1
p ; � k� 1

p ) whic h assigns the no de p 2 S to the correct

subset and the b oundary condition for the new iterate (û k
p; � k

p) are illustrated in T able 5.1.

Using T resca's friction la w, no des can stic k in tangen tial direction without b eing in

con tact with the obstacle. These no des b elong to the set Sk
1 .

T o form ulate the reduced linear system, w e summarize the no des in the sets N and

M in the set

~N := N [ M and de�ne the matrix L Sk
i

and the v ector r Sk
i

via

L Sk
i

:= diag
� ~L k� 1

p;l

	
p2 Sk

i
2 R(d� 1)jSk

i j� (d� 1)jSk
i j ;

r Sk
i

:=
�

~r k� 1
p;l

	
p2 Sk

i
2 R(d� 1)jSk

i j :

After eliminating the Lagrange m ultiplier � k
, the system (5.17) can b e written as

A k
SSNû k = f k

SSN : (5.19)

T o giv e the de�nition of the matrix A k
SSN and the righ t hand side f k

SSN , w e use the

decomp osition of the co e�cien t v ector for the displacemen t û k
according to the subsets

of S and obtain

û k =

0

B
B
B
B
B
B
@

û k
~N

û k
Sk

1

û k
Sk

2

û k
Sk

3

û k
Sk

4

1

C
C
C
C
C
C
A

; f k
SSN :=

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

f̂ ~N

N Sk
1
f̂Sk

1

N Sk
2
f̂Sk

2

gSk
3

gSk
4

0
T Sk

2
f̂Sk

2
+ r Sk

2

0
T Sk

4
f̂Sk

4
+ r Sk

4

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

:
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5. Semi-smo oth Newton metho d for frictional constrain ts

The system matrix A k
SSN is giv en b y A k

SSN :=
0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

K̂ ~N ~N K̂ ~NSk
1

K̂ ~NSk
2

K̂ ~NS k
3

K̂ ~NS k
4

N Sk
1
K̂ Sk

1
~N N Sk

1
K̂ Sk

1 Sk
1

N Sk
1
K̂ Sk

1 Sk
2

N Sk
1
K̂ Sk

1 Sk
3

N Sk
1
K̂ Sk

1 Sk
4

N Sk
2
K̂ Sk

2
~N N Sk

2
K̂ Sk

2 Sk
1

N Sk
2
K̂ Sk

2 Sk
2

N Sk
2
K̂ Sk

2 Sk
3

N Sk
2
K̂ Sk

2 Sk
4

0 0 0 N Sk
3

0
0 0 0 0 N Sk

4

0 T Sk
1

0 0 0

T Sk
2
K̂ Sk

2
~N T Sk

2
K̂ Sk

2 Sk
1

T Sk
2
K̂ Sk

2 Sk
2

+ L Sk
2
T Sk

2
T Sk

2
K̂ Sk

2 Sk
3

T Sk
2
K̂ Sk

2 Sk
4

0 0 0 T Sk
3

0

T Sk
4
K̂ Sk

4
~N T Sk

4
K̂ Sk

4 Sk
1

T Sk
4
K̂ Sk

4 Sk
2

T Sk
4
K̂ Sk

4 Sk
3

T Sk
4
K̂ Sk

4 Sk
4

+ L Sk
4
T Sk

4

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

;

where the matrices N � and T � are the same as in tro duced in Section 4.3 with resp ect to

the no des in the subset of S indicated b y the subscript. This linear system is a regular

one although the n um b er of lines seems to b e larger than the n um b er of unkno wns.

F ormally , lines 2 and 6 are one line b elonging to the no des in Sk
1 , lines 3 and 7 are one

line b elonging to all no des in Sk
2 , lines 4 and 8 are one line b elonging to all no des in Sk

3

and lines 5 and 9 are one line b elonging to all no des in Sk
4 . The second and the third line

in (5.19) con tain the normal part for all no des p 2 S k
1 and p 2 S k

2 , resp ectiv ely , not b eing

in con tact. The stic k condition û k
p� for the no des p 2 S k

1 , i.e. no des not in con tact, is

enforced b y the sixth line and for the no des p 2 S k
3 , i.e. no des in con tact, b y the eigh th

line. Lines 4 and 5 con tain the non-p enetration condition ûk
pn = gp for the stic ky no des

p 2 S k
3 and for the slip no des p 2 S k

4 , resp ectiv ely . The Robin t yp e b oundary condition

for the no des p 2 S k
2 , b eing activ e in tangen tial direction and not in con tact is form ulated

in line 7 and for the no des p 2 S k
4 b eing activ e in tangen tial direction and in con tact in

the last line.

Due to the use of dual shap e functions for the Lagrange m ultiplier, the elimination of

the Lagrange m ultiplier � k
from (5.17) is p ossible without solving a linear system. The

linear system (5.19) can e�cien tly b e obtained b y a lo cal mo di�cation of the original

sti�ness matrix K̂ . The eliminated Lagrange m ultiplier � k
can then b e calculated using

(4.13) .

5.3. Inexact semi-smo oth Newton metho d

Similar to the linear system (4.14) , the conditions for the new iterate stated in (5.17)

are again b oundary conditions whic h can b e easily inserted in to existing �nite elemen t

co des. Again, w e solv e the linear system (5.19) not exactly , but apply only m m ultigrid

steps of an e�cien t m ultigrid metho d. Lik e in (4.15) , w e denote b y

û k;i = MG
�
û k;i � 1; A k

n ; I k
n ; A k

� ; I k
� ; � k� 1�

one iteration step of the linear m ultigrid solv er for the linear system (5.19) . Then, w e

can form ulate our inexact semi-smo oth Newton metho d, see Algorithm 2.
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5.4. Numerical studies for T resca friction

Algorithm 2 (Inexact) semi-smo oth Newton metho d

1: set k = 1
2: initialize û 0;0

and � 0
as an initial solution

3: set c > 0, m 2 N and the tolerance "u

4: de�ne the activ e and the inactiv e sets

A k
n :=

�
p 2 S : � k� 1

pns + c(ûk� 1;m
pn � gp) > 0

	

I k
n :=

�
p 2 S : � k� 1

pns + c(ûk� 1;m
pn � gp) � 0

	

A k
� :=

�
p 2 S : k� k� 1

p�s + cû k� 1;m
p� k � bp > 0

	

I k
� :=

�
p 2 S : k� k� 1

p�s + cû k� 1;m
p� k � bp � 0

	

5: for i = 1; : : : ; m do

6:

û k;i = MG
�
û k;i � 1; A k

n ; I k
n ; A k

� ; I k
� ; � k� 1�

7: end for

8: if kû k;m � û k;0k=kû k;m k < " u then

9: stop

10: end if

11: compute the Lagrange m ultiplier

� k = D � 1
d

�
f̂S � K̂ SNû k;m

N � K̂ SM û k;m
M � K̂ SSû

k;m
S

�

12: set û k+1 ;0 = û k;m

13: set k = k + 1
14: go to step 4

As for Algorithm 1, w e get the exact v ersion of Algorithm 2 if w e solv e the linear

system (5.19) in step 6-8 exactly , whic h is referred to b y m = 1 in the follo wing. In

con trast to Remark 4.2, the parameter c in�uences the c hoice of the inactiv e and activ e

sets I k
� and A k

� in tangen tial direction not only in the inexact v ersion but also in the

exact v ersion. Finally , w e men tion that in eac h Newton step, w e only ha v e to mo dify the

lines of the original sti�ness matrix b elonging to the con tact no des as describ ed in (5.19) ,

and th us there is no need to reassem ble the whole sti�ness matrix K̂ in eac h iteration

step if the part K̂ S? is stored.

5.4. Numerical studies fo r T resca friction

As a �rst example for a three-dimensional con tact problem with T resca friction, w e

consider a one-b o dy con tact problem. The main purp ose is to study the con v ergence

and the p erformance of Algorithm 2. W e consider a linearly elastic cub e 
 = [0 ; 1]3

with material parameters E = 200 and � = 0:3 and tak e the x1x2 -plane as the rigid
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5. Semi-smo oth Newton metho d for frictional constrain ts

Figure 5.1.: Problem de�nition with prescrib ed Diric hlet b oundary condition (left) and

distorted b o dy with e�ectiv e v on Mises stress � e� . The lo w er surface in the

plot is sub ject to con tact with T resca's friction la w.
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Figure 5.2.: Visualization of the solution at the no des p 2 S for T resca's friction la w on

Lev el 5 (left), legend (upp er righ t) and cutout (lo w er righ t).

obstacle whic h implies that the initial gap is g = 0 . The cub e is sub ject to the Diric hlet

distortion u D = (0 ; 0:2; 0:06� 0:15x1)>
on its upp er surface [0; 1]2 � f 1g as indicated in

the left picture in Figure 5.1. F or T resca's friction la w, w e c ho ose for the friction b ound

the function gf = 800x1x2(1 � x1)(1 � x2) . The righ t picture in Figure 5.1 sho ws the

distorted b o dy with the e�ectiv e v on Mises stress � e� . T o get a b etter understanding of

the di�eren t t yp es of no des that o ccur for con tact problems with T resca friction, w e sho w
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5.4. Numerical studies for T resca friction

T able 5.2.: P erformance of Algorithm 2 for the exact approac h ( m = 1 ) for u 0;0 = 0 ,

� 0 = 0 for all lev els and "u = 10� 9
with the mo di�cation (5.13) .

l jA k
n j =jA k

� j for k = 2; 3; 4; 5; 6; 7; 8; 9

0 2=0 2=0
1 6=4 5=8 5=8 5=8 5=8 5=8
2 15=16 12=16 12=16 12=16 12=16
3 49=32 38=37 33=39 33=39 33=39 33=39
4 171=66 132=102 116=118 112=122 112=123 112=123 112=123
5 651=252 506=357 443=411 412=435 406=444 406=446 406=446 406=446

in Figure 5.2 the no des of the con tact surface on Lev el 5. Di�eren t t yp es of no des are

mark ed di�eren tly , according to the legend in Figure 5.2. W e note that for eac h no de the

displacemen t is parallel to the Lagrange m ultiplier � p� as required. T o in v estigate the

p erformance of Algorithm 2, w e �rst concen trate on the exact approac h. In eac h step,

our algorithm up dates the set of no des b eing in con tact and b eing not in con tact giv en

b y A k
n and I k

n , resp ectiv ely , as w ell as the slip and stic k sets A k
� and I k

� and at the same

time p erforms a Newton step to adopt the direction of the distortion u p� to the direction

of � p� for the slipping no des. F or our tests, w e initialize the algorithm on eac h lev el with

u 0;0
h = 0 and � 0

h = 0 , leading to A 1
n = A 1

� = ; . W e terminate the iteration pro cess if the

relativ e c hange in the solution is less than "u = 10� 9
. In the complemen tarit y function,

w e use c = 100. Algorithm 2 yields a fast and stable con v ergence on all lev els. T able 5.2

sho ws the n um b er of iterations needed on di�eren t re�nemen t lev els, and the n um b er

of no des b elonging to the activ e sets A k
n and A k

� for the �rst mo di�cation (5.13) . W e

remark that for the second (5.14) and the third mo di�cation (5.15) only minor di�erences

o ccur. Note that in eac h iteration step one linear system has to b e solv ed. The n um b er

of iterations increases only w eakly on �ner lev els. It seems to dep end linearly on the

lev el. Usually , after the exact activ e sets for b oth friction and con tact condition are

found, the metho d requires ab out 3�4 additional iterations to con v erge. In these steps,

the algorithm adjusts, for p 2 S , the direction of the tangen tial traction � p� to the

tangen tial displacemen t û p� .

Next, w e compare the con v ergence and the b eha vior of the factors � k� 1
p and � k� 1

p;l for

the three mo di�cations (5.13)-(5.15) . The left picture in Figure 5.3 sho ws the errors

k� k
h � � ?

hk2 on Lev el 5 in a logarithmic plot for the initialization u 0;0 = (1 ; 1; 0)>
and

� 0 = ( � 1; � 1; 0)>
. Here, � ?

h denotes the Lagrange m ultiplier of the solution. Due to the

di�eren t initialization and the smaller tolerance "u = 10� 14
, additional iteration steps are

needed compared to T able 5.2. In the middle picture of Figure 5.3, w e presen t the cosine

� k� 1
p of the angle b et w een the v ectors � k� 1

p�s and � k� 1
p�s + cu k� 1

p� , and in the righ t picture

the b eha vior of the scaling factor � k� 1
p;l , l = 1; 2, for the no de p = (0 :0625; 1; 0)> 2 A k

�

for all k . W e observ e a sup erlinear con v ergence for all mo di�cations. Comparing the
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Figure 5.3.: Con v ergence of � k
on Lev el 5, c = 100 and "u = 10� 14

(left), b eha vior of � k� 1
p;l

(middle) and � k� 1
p;l (righ t) at the no de (0:0625; 1; 0)> 2 S for u 0;0 = (1 ; 1; 0)>

and � 0 = ( � 1; � 1; 0)>
.

T able 5.3.: Comparison b et w een the exact ( m = 1 ) and the inexact ( m = 1 ) strategy

with c = 100 using (5.13) and "u = 10� 10
.

strategy exact inexact nested

lev el l DOF K l MG-steps M l MG-steps M l MG-steps

1 27 3 41 3 11 2 10
2 125 3 44 3 13 2 12
3 729 4 59 4 14 5 13
4 4913 6 65 6 14 7 12
5 35937 7 85 8 17 7 14

b eha vior of the factor � k� 1
p;l , the �rst and the second mo di�cation sho w almost the same

b eha vior. Although the factor � k� 1
p;l tends faster to w ards 1 for the third mo di�cation, w e

observ e a slo w er con v ergence. F or the factor � k� 1
p;l w e obtain a b etter b eha vior for the

�rst mo di�cation than for the second one. F rom no w on, w e use mo di�cation one for all

computations.

Next, w e compare the exact v ersion of Algorithm 2, i.e., m = 1 , with the inexact

v ersion obtained b y using m = 1 , i.e., w e up date the activ e and inactiv e sets after eac h

m ultigrid step. W e denote b y K l the iteration step in whic h the correct activ e and inactiv e

sets are found for the �rst time and k ept afterw ards. F or the inexact approac h, w e denote

this step b y M l . T able 5.3 sho ws the n um b ers K l and M l on eac h lev el and the necessary

n um b ers of m ultigrid iterations to solv e the full nonlinear problem on lev el l . W e observ e

that the n um b ers K l and M l are almost the same and seem to dep end linearly on the

lev el l . Therefore, there is no need to solv e the linear system exactly . F urthermore, w e

compare the inexact approac h, where w e start with u 0;0 = 0 and � 0 = 0 on eac h lev el,

with the nested approac h in whic h w e inherit u 0;0
and � 0

h on lev el l + 1 from lev el l . The

v alues M l and the n um b ers of m ultigrid iteration steps are sho wn in the last column of

T able 5.3. W e note that the inexact semi-smo oth Newton metho d can b e in terpreted as

a nonlinear m ultigrid metho d.
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5.5. Fixed p oin t based algorithm for Coulom b friction

The n umerical studies for this problem are closed with a Remark.

Remark 5.5. W e recall that the parameter c can b e seen as a w eigh t for the tangen tial

distortion û p� in the sum with the tangen tial comp onen t � p�s of the Lagrange m ultiplier.

Th us, it pla ys a similar role for the tangen tial comp onen t as for the normal comp onen t.

As observ ed in Remark 4.2, w e get for the inexact approac h m = 1 a quite stable b eha vior

of Algorithm 2 indep enden t of the parameter c if this parameter is large enough, see [82].

5.5. Fixed p oint based algo rithm fo r Coulomb friction

In this subsection, w e extend Algorithm 2 to con tact problems with Coulom b's friction

la w based on �xed p oin t ideas. This approac h is widely used in the literature. W e refer

to, e.g., [2, 92], or the basic textb o oks [91, 106 , 143 ].

5.5.1. Algo rithm

F or Coulom b's friction la w, the friction b ound bp = Fj� pnsj needs to b e iterativ ely adjusted

using the normal comp onen t of the Lagrange m ultiplier. Therefore, w e get an additional

outer lo op for the up date of the friction b ound, see Algorithm 3. F or p oin ts p 2 S on

the con tact b oundary whic h are not in con tact, w e directly get zero con tact stress, i.e.,

� p = 0 , and th us w e are in the case of bp = 0 as considered in Subsection 5.1.2.

W e denote b y mod� � the mo dulo-op erator. Comparing this algorithm with Algorithm

2 for T resca friction, w e up date the friction b ound only after kf steps of the (inexact)

semi-smo oth Newton metho d. Since w e do not solv e the resulting linear problems exactly ,

it is not guaran teed that � k
pns � 0 for all p 2 S . Therefore, w e set bk

p = F max
�

0; � k
pns

	
.

F or the c hoice m = kf = 1 , the friction b ound and the activ e and inactiv e sets are up dated

after eac h m ultigrid step. As stopping criterion, w e use the relativ e error b et w een the

actual solution û k;m
and the solution for the last friction b ound û kc ;m

. F or the c hoice

m = kf = 1 , w e get the exact v ersion of the algorithm. In this case, w e solv e the resulting

T resca friction problem exactly for eac h friction b ound. Ob viously , this approac h is rather

costly . Ho w ev er, for a small co e�cien t of friction F it can b e sho wn that this discrete

�xed p oin t mapping is a con traction and th us con v erges, see [115 ].

5.5.2. Numerical examples fo r �xed p oint based Coulomb friction

In this subsection, w e study the p erformance of Algorithm 3 for Coulom b friction. This

friction mo del is ph ysically more realistic than the T resca mo del, since friction can only

o ccur at no des that are in con tact with the obstacle.

5.5.2.1. First example

W e consider the same geometry and data as for the example of Section 5.4 and c ho ose

the co e�cien t of friction F = 1 . The distorted cub e is depicted in the left picture

in Figure 5.4. Note that its distortion is signi�can tly di�eren t from the one obtained
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5. Semi-smo oth Newton metho d for frictional constrain ts

Algorithm 3 Fixed p oin t based algorithm for Coulom b friction

1: set k = 1
2: initialize û 0;0

and � 0
as an initial solution

3: set c > 0, m 2 N, kf 2 N and the tolerance "u

4: if mod kf (k � 1) = 0 , set kc = k � 1 and up date the friction b ound

bkc
p := F max

�
0; � kc

pns

	

5: de�ne the activ e and the inactiv e sets

A k
n :=

�
p 2 S : � k� 1

pns + c(ûk� 1;m
pn � gp) > 0

	

I k
n :=

�
p 2 S : � k� 1

pns + c(ûk� 1;m
pn � gp) � 0

	

A k
� :=

�
p 2 S : k� k� 1

p�s + cû k� 1;m
p� k � bkc

p > 0
	

I k
� :=

�
p 2 S : k� k� 1

p�s + cû k� 1;m
p� k � bkc

p � 0
	

6: for i = 1; : : : ; m do

7:

û k;i = MG
�
û k;i � 1; A k

n ; I k
n ; A k

� ; I k
� ;û k� 1;m ; � k� 1�

8: end for

9: if k > k f and kû k;m � û kc ;m k=kû k;m k < " u then

10: stop

11: end if

12: compute the Lagrange m ultiplier

� k = D � 1
d

�
f̂S � K̂ SNû k;m

N � K̂ SM û k;m
M � K̂ SSû

k;m
S

�

13: set û k+1 ;0 = û k;m

14: set k = k + 1
15: go to step 4

with T resca's friction la w, see Figure 5.1. The righ t picture in Figure 5.4 sho ws the

visualization of the constrain t k� p�s k � Fj� pns j that holds for all p 2 S . The few no des

where this inequalit y holds in a strict sense are the stic ky no des, i.e., u p� = 0 , whic h

are in con tact with the obstacle, i.e., upn = gp = 0 , W e remark that the solution has a

singularit y at the no de (1; 1; 0)>
.

As done for T resca's friction la w in Figure 5.2, w e also visualize the di�eren t t yp es

of con tact no des for Coulom b's la w. In con trast to T resca's mo del, Coulom b's la w only

allo ws three kinds of no des, since no des that are not in con tact with the obstacle are not

sub jected to an y frictional constrain ts. The size of the bullets in Figure 5.5 is prop ortional

to the normal con tact force j� pns j .

W e apply the inexact v ersion of Algorithm 3 with m = kf = 1 to solv e the con tact

problem with Coulom b's friction la w. W e use c = 100, "u = 10� 10
and initialize the
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Figure 5.4.: Distorted b o dy with e�ectiv e v on Mises stress � e� (left). The lo w er surface

in the plot is sub ject to con tact and Coulom b friction. Visualization of the

friction b ound Fj� pn j (small balls) and of k� p� k (righ t).
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Figure 5.5.: Visualization of the solution at the no des p 2 S for Coulom b friction on lev el

5 (left), legend (upp er righ t) and cutout (lo w er righ t).

iteration with u 0;0 = 0 and � 0
h = 0 on eac h lev el. Figure 5.6 sho ws the b eha vior of our

algorithm on v arious lev els. The n um b er of no des con tained in the activ e sets are plotted

o v er the iteration steps k . W e denote b y k
max

the n um b er of iteration steps necessary

to meet the giv en tolerance and b y K l the iteration step in whic h the correct activ e sets

are found for the �rst time and do not c hange afterw ards. The n um b er K l is mark ed

b y a dashed v ertical line in Figure 5.6. W e observ e that b oth k
max

and K l app ear to b e

almost indep enden t of the lev el l . Lo oking at Figure 5.6 more closely , w e note that on

eac h lev el, there are only minor c hanges of the activ e no des after k = 10 . T able 5.4 sho ws
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Figure 5.6.: Beha vior of Algorithm 3: Num b ers jA k
n j and jA k

� j of activ e no des in eac h

iteration step k on eac h lev el l . W e used the parameters c = 100, m = kf = 1
and "u = 10� 10

. Initialization: u 0;0 = 0 and � 0 = 0 .

T able 5.4.: Beha vior of Algorithm 3: K l and kmax on eac h lev el l for c = 100, m = kf = 1
and "u = 10� 10

.

lev el l DOF

u 0;0 = 0 , � 0 = 0 nested approac h

K l k
max

K l k
max

0 8 10 32 10 32
1 27 9 38 3 34
2 125 10 45 5 32
3 729 21 47 3 37
4 4913 12 46 4 38
5 35937 14 45 5 36

a comparison b et w een the initialization u 0;0 = 0 and � 0 = 0 on eac h lev el and the nested

approac h. As exp ected, the correct activ e sets are found earlier and few er iterations are

required for the nested approac h.

5.5.2.2. Second example

No w, w e consider a curv ed con tact in terface sub ject to Coulom b's friction la w. A t w o-

dimensional cross section of our geometry is sho wn in Figure 5.7. The lo w er domain


 m
, assumed to b e the master side, mo dels a spherical shell that is �xed at the outer

b oundary . The b o dy mo deled b y the domain 
 s
whic h is assumed to b e the sla v e side

is pressed against this shell. A t the top surface of 
 s
, w e apply the Diric hlet data

u s
D = (0 ; 0; � 0:2)>

. The geometry is giv en b y r i = 0:7, ra = 1:0, r = 0:6, h = 0:5 and
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Figure 5.7.: Problem de�nition (left), deformed mesh with e�ectiv e v on Mises stress � e�

on Lev el 3 (middle), t w o-dimensional cross section of the deformed mesh on

Lev el 2 (righ t) for F = 0:5.

-0.6 -0.3 0 0.3 0.6
-0.6

-0.3

0

0.3

0.6
coefficient of friction F=0.5

-0.1 0 0.1 0.2 0.3

-0.3

-0.25

-0.2

-0.15

-0.1

-0.05

0

coefficient of friction F=0.5

Figure 5.8.: Visualization of the no des b eing in con tact together with the deformation

and the stress v ectors on Lev el 3 for F = 0:5 (�rst), and a cutout (second)

� for the legend w e refer to Figure 5.5 � and visualization of � n (third) and

k� � k (fourth) with the friction b ound 0:5j� n j (dotted).

d = 0:3. In 
 s
, w e use a Y oung mo dulus E s = 300 and a P oisson ratio � s = 0:3, while in


 m
w e ha v e E m = 400 and � m = 0:3.

The results for the co e�cien t of friction F = 0:5 are sho wn in Figures 5.7-5.8. Figure 5.7

sho ws the deformed b o dies with the e�ectiv e v on Mises stress �
e�

on Lev el 3 and a t w o-

dimensional cross section on Lev el 2. In Figure 5.8, w e sho w the no des b eing in con tact,

their relativ e tangen tial slip û p� (lines) and the tangen tial con tact pressure � p� (arro ws).

W e remark that in the second picture, the no des with only an arro w are the stic ky

no des, the others are slip ones. In the t w o pictures on the righ t, the normal and the

tangen tial part of the Lagrange m ultiplier together with the friction b ound is plotted.

The comparison of the result for v arious co e�cien ts of friction F is sho wn in Figures 5.9-

5.10. In the �rst one, the visualization of the con tact no des together with the relativ e

tangen tial slip and the tangen tial con tact pressure is displa y ed. Figure 5.10 sho ws a

t w o-dimensional plot of the normal and tangen tial part of the Lagrange m ultiplier and

the friction b ound for all no des p 2 S o v er their distance to the midp oin t of the con tact

zone on the surface of 
 s
. The small oscillations in the plot o ccur due to the fact that

all no des p 2 S in the whole con tact zone are pro jected on to a straigh t radial line and
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Figure 5.9.: Visualization of the no des b eing in con tact together with the deformation

and stress v ector on Lev el 3 for F = 0:2; 0:4; 0:6 � for the legend w e refer to

Figure 5.5.
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Figure 5.10.: T w o-dimensional visualization of Lagrange m ultipliers for F = 0:2; 0:4; 0:6.

that w e w ork with an unstructured mesh. W e observ e that the n um b er of stic ky no des

decreases for smaller F .

Next, w e consider the p erformance of Algorithm 3 for the co e�cien t of friction F = 0:5.

F or the initialization, w e set û 0;0
p = 0:1n p for p 2 S , û 0;0

p = 0 for p =2 S and � 0
p = 0:0001n p

on eac h lev el. Using the parameters c = 100, m = kf = 1 and "u = 10� 9
, w e get the

p erformance of Algorithm 3 sho wn in Figure 5.11. Here, the n um b er of no des in jA k
n j and

jA k
� j are sho wn for Lev el 1- 3. Again, the dashed v ertical line marks the step K l in whic h

the correct activ e sets are found for the �rst time and remain unc hanged afterw ards.

A comparison b et w een this approac h and the nested approac h for v arious co e�cien ts of

friction is sho wn in T able 5.5. Although for F = 0:2 the con v ergence rates of the m ultigrid

metho d for Lev el 1 and 2 are w orse, the obtained results sho w qualitativ ely the same

b eha vior as for the cub e in the �rst example.

F or the next setting, w e use the same data and geometry as ab o v e, see Figure 5.7,

but enforce a non-symmetric b oundary traction at the top of 
 s
instead of the Diric hlet

data, namely , w e apply the surface traction ps =
�
15; 0; � 150 exp(� 100r 2)

� >
, where r

denotes the distance to the midp oin t of the top surface of 
 s
. The results for F = 0:7 are

presen ted in Figure 5.12.

Finally , w e remark that the b eha vior of Algorithm 1 for this example in the case

without friction is in v estigated in [85 ].
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Figure 5.11.: Beha vior of Algorithm 3: Num b ers jA k
n j and jA k

� j in eac h iteration step k
on Lev els 1; 2; 3 for F = 0:5. W e use the parameters c = 100, m = kf = 1
and "u = 10� 9

.

T able 5.5.: Beha vior of Algorithm 3: Necessary n um b ers kmax and K l on eac h lev el for

c = 100, m = kf = 1 , "u = 10� 9
and F = 0:2; 0:4; 0:6.

lev el DOF

û 0;0
p = 0:1n p; � 0

p = 0:0001n p nested approac h

K l k
max

K l k
max

0:2 0:4 0:6 0:2 0:4 0:6 0:2 0:4 0:6 0:2 0:4 0:6

0 104 4 4 4 12 16 21 4 4 4 12 16 21
1 541 10 5 5 111 20 33 1 3 2 91 20 25
2 3384 5 7 6 67 27 26 2 3 2 62 21 22
3 23694 9 11 9 33 32 32 3 3 2 29 21 21

5.5.2.3. Axially symmetric example

Finally , w e consider t w o rotationally symmetric examples in the three-dimensional case,

see also [85 ]. The geometry of the �rst example is sho wn in the �rst picture in Figure 5.13.

Due to the rotational symmetry this example can b e reduced to a t w o-dimensional setting.

The resulting geometry is sk etc hed in the second picture in Figure 5.13. F or the geometry ,

w e c ho ose L = 5 , H = 15 , r i = 27 , ra = 30 , M = (34:5; 7:0)>
and � = 13 . The softer

inner b o dy 
 s
, pla ying the role of the sla v e side, is mo deled using the material data

� s = 57:6923 and � s = 38:4615. F or the outer b o dy 
 m
, pla ying the role of the master

side, w e set � m = 576:923 and � m = 384:615. A t the top of the inner cylinder, w e apply

Neumann data ps = (17:0; 0)>
. Due to the rotational symmetry , w e ha v e homogeneous

Diric hlet data in the radial direction on the left side of 
 s
where r = 0 holds. W e �x


 m
at the three segmen ts � m

D , as sho wn in the second picture in Figure 5.13. F or the

co e�cien t of friction w e c ho ose F = 0:7. W e remark that the t w o b o dies p enetrate in

their reference con�guration.

The Lamé op erator in cylindrical co ordinates can b e found in [89 ]. W e denote b y ur

the displacemen t in the radial direction, b y uz the displacemen t in the axial direction and

b y u� the displacemen t in circumferen tial direction. The rotational symmetry conditions
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Figure 5.12.: Non-symmetric b oundary data: Deformed mesh with e�ectiv e v on Mises

stress �
e�

on Lev el 3 (left), visualization of the no des b eing in con tact

together with the deformation and the stress v ectors (middle) and of k� � k
(righ t) with the friction b ound 0:7j� n j (dotted).
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Figure 5.13.: Problem de�nition for d = 3 , problem de�nition for d = 2 , initial grid on

lev el 0, distorted grid on lev el 0 and e�ectiv e v on Mises stress on lev el 2.

imply u� = 0 and therefore w e get the relations " r� = " �r = " z� = " �z = 0 . F or the other

en tries of the strain tensor " , w e get

" rr =
@ur
@r

; " zz =
@uz
@z

; " �� =
1
r

�
@u�
@�

+ ur

�
; " rz = " zr =

1
2

�
@ur
@z

+
@uz
@r

�
:

The stress-strain relations no w read as

0

B
B
@

� rr

� zz

� ��

� rz

1

C
C
A =

0

B
B
@

� + 2� � � 0
� � + 2 � � 0
� � � + 2 � 0
0 0 0 �

1

C
C
A

0

B
B
@

" rr

" zz

" ��

2" rz

1

C
C
A :

T o construct dual Lagrange m ultipliers for this case, w e consider an arbitrary edge of

the triangulation of 
 s
on � s

c . W e assume s 2 [0; 1] to b e the lo cal co ordinate of the

parameterization of the edge. F or s = 0 , w e get the �rst p oin t pa = ( ra; za)> 2 S in the

rz -plane, and for s = 1 , w e ha v e the second p oin t pe = ( re; ze)> 2 S . Due to the use of

cylindrical co ordinates, w e ha v e to w ork with w eigh ted in tegrals, and the dual Lagrange
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Figure 5.14.: Normal part � h
n and tangen tial part � � of the Lagrange m ultiplier � , tan-

gen tial part us
� of the displacemen t on the sla v e side and tangen tial part um

�
of the displacemen t on the master side.

m ultiplier is de�ned b y

Z 1

0
 p(s)� q(s)r (s) ds = � pq

Z 1

0
� p(s)r (s) ds; p; q2 S; (5.20)

where r (s) = ra + s(re � ra) . If w e use linear elemen ts  pa = � a + � as and  pe = � e + � es,

the co e�cien ts � a , � a , � e and � e can easily b e computed. The w eigh ted biorthogonalit y

(5.20) yields

� a =
(re + 2ra)(3re + ra)

r 2
e + 4rera + r 2

a
; � a = �

2(2r 2
a + 2r 2

e + 5rera)
r 2

e + 4rera + r 2
a

;

� e = �
(2re + ra)(re + ra)

r 2
e + 4rera + r 2

a
; � e =

2(2r 2
a + 2r 2

e + 5rera)
r 2

e + 4rera + r 2
a

:

Figure 5.14 sho ws the normal and the tangen tial parts of the discrete Lagrange m ul-

tiplier on the con tact in terface. W e remark that the t w o b o dies are in con tact for all

no des with � n 6= 0 . In the tangen tial direction, w e get t w o activ e zones where w e ha v e

j� � j = Fj� n j . Bet w een these t w o sets, the t w o b o dies are glued together in the tangen tial

direction, i.e., [u ]� = û � = 0 . The tangen tial part of the displacemen ts on the sla v e and

the master side is sho wn in the second picture in Figure 5.14.

Our second example will b e the rotationally symmetric example from Subsection 5.5.2.2

restricted to the t w o-dimensional case. W e consider Coulom b's friction la w for the co ef-

�cien t of friction F = 0:45 and the material parameters � s = 173:077, � s = 115:385,

� m = 230:769 and � m = 153:846. A t the top, w e apply Diric hlet data giv en b y

u s
D = (0 :0; � 0:2)>

. The grid on lev el 0, the distorted grid with the e�ectiv e v on Mises

stress, the normal and tangen tial comp onen t of the Lagrange m ultiplier and the tangen-

tial comp onen t of the jump [u ]� are presen ted in Figure 5.15.
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Mises stress (middle), normal and tangen tial comp onen t of the Lagrange

m ultiplier and the ampli�ed tangen tial comp onen t of the jump [u ]� (righ t).

5.6. F ull semi-smo oth Newton app roach fo r Coulomb

friction

While Algorithm 3 for the solution of the con tact problem with Coulom b's friction la w is

based on �xed p oin t ideas, w e no w presen t a full Newton approac h. The main adv an tage

of this approac h is its fast con v ergence whic h is due to the fact that the friction b ound

is up dated in the Newton iteration and not via a �xed p oin t lo op. Our new metho d

deals with the three ph ysically feasible subsets (no con tact, con tact and slip, con tact and

stic k) of the con tact no des, whereas the prop osed full Newton approac h for Coulom b's

friction la w in [28] w orks with three di�eren t sets for the normal direction and six sets

in tangen tial direction.

5.6.1. Algo rithm

In this section, w e apply a fast direct solv er [123, 124 ] to solv e the linear system in eac h

Newton step. T o deriv e the full Newton iteration, bp in (5.2) is replaced b y bp(ûpn; � pns) :=
F maxf 0; � pns + c(ûpn � gp)g b efore deriving the Newton iteration step. In the t w o pap ers

[27 , 28] men tioned in the in tro duction, the authors ha v e used bp(� pns) := F maxf 0; � pnsg.

The equiv alence of these t w o c hoices follo ws from (4.5) . In what follo ws, w e use the

latter replacemen t since then the Newton-t yp e iteration automatically tak es the form of

an activ e set metho d that estimates the three relev an t sets for Coulom b friction no de not

in con tact, no de in con tact and stic k or no de in con tact and slip in eac h iteration step.

The resulting nonlinear complemen tarit y function is

D � (û p; � p) := max
�

F
�
� pns + c(ûpn � gp)

�
; k� p�s + cû p� k

	
� p�s

� F max
�

0; � pns + c(ûpn � gp)
	

(� p�s + cû p� ) :
(5.21)

W e men tion that in con trast to C� (�; �) , the function D � (�; �) dep ends on the normal parts

of the displacemen t and the Lagrange m ultiplier. Similarly as in Section 5.1, w e deriv e
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5.6. F ull semi-smo oth Newton approac h for Coulom b friction

a semi-smo oth Newton step for the solution of D � (û p; � p) = 0 and (4.5) . Using the

notation bp := F
�
� pns + c(ûpn � gp)

�
, w e obtain as in (5.4) the generalized deriv ativ e DD �

of D � (�; �) b y

DC� (û p; � ps)( � û p; � � ps) = max
�

bp; k� p�s + cû p� k
	

� � p�s

+ � I n [ A �n

� p�s (� p�s + cû p� )>

k� p�s + cû p� k
(� � p�s + c � û p� ) � � I � [ A �n bp (� � p�s + c � û p� )

+ � I � F (�� pns + c� ûpn) � p�s � � I � [ A �n F (�� pns + c� ûpn) ( � p�s + cû p� ) ;

(5.22)

where the c haracteristic functions for the three disjoin t sets

I n :=
�

p 2 S : bp � 0
	

;

I � :=
�

p 2 S : k� p�s + cû p� k � bp < 0
	

;

A �n :=
�

p 2 S : k� p�s + cû p� k � bp > 0
	

(5.23)

are giv en b y

� ? :=

(
1 if p 2 ?;

0 if p =2 ?:

De�ning according to (5.23) the disjoin t sets in terms (5.22) of the old iterates

I k
n :=

�
p 2 S : bk� 1

p � 0
	

;

I k
� :=

�
p 2 S : k� k� 1

p�s + cû k� 1
p� k � bk� 1

p < 0
	

;

A k
�n :=

�
p 2 S : k� k� 1

p�s + cû k� 1
p� k � bk� 1

p > 0
	

;

the new iterates for the semi-smo oth Newton metho d applied to (5.21) or rather (5.10)

in com bination with the normal constrain ts (4.5) in tro duced in Section 4.2 satisfy similar

to (5.7) and (4.10) for the normal constrain ts with bk� 1
p := F

�
� k� 1

pns + c(ûk� 1
pn � gp)

�
in

terms of (5.22) the follo wing conditions:

� F or the no des p 2 I k
n , i.e., the no de not in con tact, w e get

� k
pns = 0 and � k

p�s = 0: (5.24)

W e note that I k
n � A k

� , where A k
� := f p 2 S : k� k� 1

p�s + cû k� 1
p� k � bk� 1

p � 0g. F ur-

thermore, the c hoice for � k
p�s is not the strict consequence of the Newton iteration.

It is deriv ed directly from (5.21), namely from k� p�s + cû p� k� p�s = 0 , and th us

also the limit case for the strict Newton iteration. Since the friction b ound is zero

for a free no de, there is no need to adjust the direction b et w een � p�s and û p� and

th us the c hoice � k
p�s = 0 is a consisten t c hoice in the iteration pro cess.

� F or the no des p 2 I k
� , i.e., the stic ky no des in con tact, w e get

ûk
pn = gp and û k

p� +
�
Fû k� 1

p� =bk� 1
p

�
� k

pns = û k� 1
p� : (5.25)

W e note that I k
� � A k

n , where A k
n := f p 2 S : bk� 1

p > 0g. F urthermore, the

constrain t ûk
pn = gp in normal direction w as already used to deriv e the constrain t

û k
p� +

�
Fû k� 1

p� =bk� 1
p

�
� k

pns = û k� 1
p� .
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5. Semi-smo oth Newton metho d for frictional constrain ts

� F or the no des p 2 A k
�n , i.e., the slip no des in con tact, w e get

ûk
pn = gp and

� � k
p�s + L k� 1

p û k
p� + Fv k� 1

p � k
pns = r k� 1

p + bk� 1
p v k� 1

p ;
(5.26)

where

v k� 1
p := (Id d� 1 � M k� 1

p )� 1 � k� 1
p�s + cû k� 1

p�

k� k� 1
p�s + cû k� 1

p� k
2 Rd� 1

and bk� 1
p is used for the friction b ound bp in the matrices M k� 1

p and L k� 1
p . W e

remark, that A k
�n = A k

� \ A k
n holds.

W e men tion that I k
n , I k

� , and A k
�n represen t a disjoin t decomp osition of S . Comparing

(5.25) and (5.26) with (5.7a) and (5.7b), resp ectiv ely , w e observ e that the main di�erence

is the term in v olving � k
pns on the left hand side of (5.25) and (5.26).

Again, w e apply the mo di�cations stated in Subsection 5.1.1 and replace the matrices

M k� 1
p and L k� 1

p and the v ector r k� 1
p b y

~M k� 1
p;l ,

~L k� 1
p;l and

~r k� 1
p;l , resp ectiv ely . Therefore,

w e use the v ector

~v k� 1
p;l := (Id d� 1 � � k� 1

p;l
~M k� 1

p;l )� 1 (� k� 1
p�s + cû k� 1

p� )

k� k� 1
p�s + cû k� 1

p� k

instead of v k� 1
p . In (5.27) b elo w, w e brie�y state the algebraic represen tation of the ab o v e

system, where w e use in addition to the notation in tro duced in Section 5.2

G := diag
�

bk� 1
p Idd� 1

	
p2S

and

U := diag
�

û k� 1
p�

	
p2S

; V := diag
�

~v k� 1
p;l

	
p2S

:

As in the previous sections, w e use a sub-blo c k notation for the matrices, e.g., GI k
�

.

De�ning no w

~N := N [ M [ I k
n , w e obtain after eliminating the Lagrange m ultiplier

the follo wing linear system to b e solv ed in eac h full Newton step for the con tact problem

with Coulom b's friction la w:

0

B
B
B
B
B
@

K̂ ~N ~N K̂ ~NI k
�

K̂ ~NA k
�n

0 N I k
�

0

0 0 N A k
�n

RI k
�
K̂ I k

� ~N RI k
�
K̂ I k

� I k
�
� GI k

�
T I k

�
RI k

�
K̂ I k

� A k
�n

T 0
A k

�n
K̂A k

�n ~N T 0
A k

�n
K̂A k

�n I k
�

T 0
A k

�n
K̂A k

�n A k
�n
+ LA k

�n
TA k

�n

1

C
C
C
C
C
A

0

@
û k

~N
û k

I k
�

û k
A k

�n

1

A =

0

B
B
B
B
B
@

f̂ ~N

gI k
�

gA k
�n

R I k
�
f̂ I k

�
� j I k

�

T 0
A k

�n
f̂A k

�n
+ r 0

A k
�n

1

C
C
C
C
C
A

(5.27)

with the notation

T 0
A k

�n
:= TA k

�n
� FV A k

�n
N A k

�n
; RI k

�
:= FU I k

�
N I k

�

and

r 0
A k

�n
:= r A k

�n
+ GA k

�n
V A k

�n
; j I k

�
:= G I k

�
U I k

�
:
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5.6. F ull semi-smo oth Newton approac h for Coulom b friction

Algorithm 4 F ull semi-smo oth Newton metho d for Coulom b's friction la w

1: set k = 1
2: initialize û 0

and � 0
as an initial solution

3: set c > 0 and the tolerance "u

4: de�ne for bk� 1
p := F

�
� k� 1

pns + c(ûk� 1
pn � gp)

�
the activ e and the inactiv e sets

I k
n :=

�
p 2 S : bk� 1

p � 0
	

I k
� :=

�
p 2 S : k� k� 1

p�s + cû k� 1
p� k � bk� 1

p < 0
	

A k
�n :=

�
p 2 S : k� k� 1

p�s + cû k� 1
p� k � bk� 1

p > 0
	

5: solv e the linear system (5.27) to obtain the new iterate û k
for the displacemen t

6: if kû k � û k� 1k=kû kk < " u then

7: stop

8: end if

9: compute the Lagrange m ultiplier

� k = D � 1
d

�
f̂S � K̂ SNû k

N � K̂ SM û k
M � K̂ SSû k

S

�

10: set k = k + 1
11: go to step 4

W e men tion that as the linear systems (4.14) and (5.19) this system is a regular one

although the n um b er of lines seems to b e di�eren t from the n um b er of unkno wns. This

is due to the fact that formally lines 2 and 4 are one line b elonging to the no des p 2 I k
�

and lines 3 and 5 are one line b elonging to the no des p 2 A k
�n . F or the no des p 2 I k

n no

mo di�cation of the system is necessary . Th us, these no des are formally assigned to the

set

~N = N [ M [ I k
n . Comparing the linear system (5.27) with (5.19) , w e observ e that

here, the normal and tangen tial comp onen ts are p oin t-wise coupled b y the lines four and

�v e. In Algorithm 4, the full semi-smo oth Newton metho d for Coulom b's friction la w is

form ulated.

5.6.2. Numerical examples fo r full Newton app roach

As a n umerical example, w e consider the situation presen ted in the left picture in Fig-

ure 5.16, where a t w o-dimensional cross section of the problem de�nition is sho wn. The

ring is �xed on its upp er outer edge and the to ol on its b ottom. Note that the b o dies

p enetrate in their reference con�guration. W e use Y oung mo dulus E m = 8:13� 108
and

a P oisson ratio � m = 0:3 for the inner to ol mo deled b y 
 m
, and E s = 9 � 107

, � s = 0:3
for the outer ring b eing the sla v e domain 
 s

. The co e�cien t of friction is F = 0:7. The

deformed mesh with e�ectiv e v on Mises stress � e� is sho wn in the middle and the righ t

of Figure 5.16. The pictures in Figure 5.17 depict the p ossible con tact no des on the ring

b eing the sla v e side. The no des without a line are no des b eing not in con tact with the
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Figure 5.16.: Problem de�nition (left), deformed mesh with e�ectiv e v on Mises stress � e�

(middle) and cross section of the deformed mesh (righ t) for F = 0:7.
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Figure 5.17.: Visualization of the no des b eing in con tact, together with the deformation

and stress v ectors for F = 0:7 (left), and a cutout (middle) � for the legend

w e refer to Figure 5.5.

inner to ol.

T o sho w the b eha vior of the full semi-smo oth Newton approac h form ulated in Algo-

rithm 4 in comparison to the �xed p oin t based Algorithm 3, w e compare the con v ergence

rates of the Lagrange m ultiplier with those obtained from the �xed p oin t based approac h

with m = 1 and kf = 1 . Our algorithms are initialized with u 0 = u 0;0 = 0 and

� 0 = 0 , and the parameter c = 108
and the tolerance "u = 10� 9

are used. The �nite

elemen t mesh consists of 66:600 degrees of freedom. Figure 5.19 sho ws the relativ e error

k� k � � k2=k� k2 for the �xed p oin t based and the full Newton approac h in a logarithmic

scale for the examples presen ted in the Figures 5.16 and 5.7. W e observ e sup erlinear con-

v ergence of the full Newton approac h, and only half of the iteration steps compared with

the �xed p oin t approac h are required. F or the �xed p oin t approac h the con v ergence rate

k� k+1 � � k2=k� k � � k2 tends to appro ximately 0:3. In a last test, w e in v estigate the in-

�uence of the co e�cien ts of friction on the full Newton approac h. The con v ergence rates
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Figure 5.18.: Con v ergence rates for the examples of Figure 5.16 (left) and Figure 5.7

(righ t) for the �xed p oin t based and the full Newton approac h for F = 0:7.
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Figure 5.19.: Con v ergence rates for the example of Figure 5.7 for the �xed p oin t based

and the full Newton approac h for F = 0:2; 0:4; 0:6.

for the example presen ted in Figure 5.7 for the co e�cien ts of friction F = 0:2; 0:4; 0:6 are

sho wn in Figure 5.19. W e use the same initial v alues as in Figure 5.9. Again, w e observ e

a similar b eha vior as b efore for all co e�cien ts of friction. Therefore, the b eha vior of the

full Newton metho d is indep enden t of the size of the co e�cien t of friction.
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Mo re general applications
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6. La rge defo rmations

In this c hapter, w e extend the algorithms considered in the former sections to con tact

dynamics in com bination with nonlinear material la ws as in tro duced in Subsection 1.3.

Since the con tact constrain ts are treated b y a semi-smo oth Newton metho d, see Chapter 4

and 5, it is quite natural to handle b oth nonlinearities, the con tact and the material ones,

in one iteration lo op. F urthermore, this approac h ev en states a Newton metho d for the

whole system. W e sho w, that for the form ulation of the Newton system with resp ect

to the new constrained basis, the same mo di�cations as in the linear case ha v e to b e

applied to the original system with resp ect to the standard basis. Th us again, existing

�nite elemen t co des can b e easily generalized to our algorithms. W e shortly commen t

on the algorithmic asp ects in Section 6.1 and giv e some n umerical examples illustrating

the p erformance of the approac h in Section 6.2. Finally , w e men tion that w e will not

consider damping strategies and globalization tec hniques in this Chapter as all o v er in

this thesis. F or an o v erview ab out damping strategies w e refer the in terested reader to

the textb o ok [34 ]. A line searc h tec hnique has b een applied to the the semi-smo oth

metho ds in tro duced in this thesis within the framew ork of pseudo-rigid b o dies in [95 ].

In the second part of this c hapter w e fo cus on energy-conserving time-discretization

algorithms for dynamic con tact problems. The sim ulation of dynamic con tact problems

using �nite elemen t tec hniques can already b e found in [132]. The Hilb er-Hughes-T a ylor-

sc heme [71 ] and the generalized � -metho d in tro duced in [30] are n umerically dissipativ e

sc hemes. As an example for an algorithmic energy-conserving sc heme w e men tion the

energy-momen tum metho d [127] and the metho d b y Gonzales in tro duced in [55]. The

second one is used within this w ork. These t w o metho ds conserv es not only the en-

ergy but also the linear and the angular momen tum. Based on [71] in [67] the authors

in tro duced a con trollable energy dissipation while conserving momen ta in conserv ativ e

strategies lik e [55 ]. A n umerical approac h whic h enforces the conserv ation of the total

energy b y an additional constrain t can b e found in [102]. F urthermore, in [101, 103 ]

the generalized energy-momen tum metho d w as in tro duced. This approac h com bines the

energy-momen tum metho d with the generalized � -metho d. This approac hes w ere applied

to dynamic con tact problems in com bination with the algorithm in tro duced in Chap-

ter 4 in [59]. A stabilized discon tin uous mortar form ulation in the framew ork of elasto-

dynamics w as in tro duced in [65, 66 ]. Based on the Hamilton theory [13 , 70] presen ts an

energy-conserving sc heme for dynamic con tact problems b y using an discrete gradien t

of the Hamilton functional. F or a detailed literature o v erview ho w to treat n umerically

the con tact part to get an energy-conserving approac h, w e refer to the in tro duction of

Section 6.3.

W e start in Section 6.1 with the extension of our algorithm to the case of nonlinear

material la ws. Numerical examples illustrating its p erformance are giv en in Section 6.2.
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6. Large deformations

Section 6.3 in tro duces the form ulation and the n umerical treatmen t for con tact dynamics

follo w ed b y a v arious set of n umerical examples in Section 6.3.1.

6.1. Algo rithmic asp ects fo r nonlinea r materials

By using a nonlinear stress-strain relation, the material part in the w eak form ulation

(2.19) represen ted b y a(�; �) , is no longer bilinear. It is just linear with resp ect to the

second argumen t, i.e., the test function. Th us, neglecting the mass term, the algebraic

v ersion (2.37) reads

K (u) + C� = f ; (6.1)

where w e replaced the original linear sti�ness part Ku b y the nonlinear functional K (�) :
RdNV ! RdNV

. Here, NV denotes the total n um b er of no des of the �nite elemen t space

V h
. Reminding that the co e�cien t v ector u is the v ector corresp onding to the discrete

function u h
and using the same notation as in (2.36) , the en tries of this functional are

giv en b y

�
K (u)

�
i
[p] :=

X

i = s;m

Z


 i
P i (u h;i ) : r (� pei ) dx ; 1 � i � d; 1 � p � NV : (6.2)

F or p ossible nonlinear stress-strain relations P (u h) , w e refer to Subsection 1.3.

T o apply Newton's metho d, w e consider (2.37) with resp ect to the new constrained

basis in tro duced in Section 2.3. T o do so, w e write the functional K (u) with resp ect

to the constrained basis. The en tries of this new functional K̂ (û ) : RdNV ! RdNV
are

no w giv en b y replacing the test function � p in (6.2) b y the constrained test function �̂ p .

Due to the linear b eha vior of the transformation (2.22) for the basis functions and the

transformation form ula (2.24) for the co e�cien t v ector w e directly get the relation

K̂ (û ) = QdK (Q>
d û ): (6.3)

Denoting b y @K (u) the Jacobian of K (u) with resp ect to the standard no dal basis and

b y @̂K (û ) the Jacobian of K̂ (û ) with resp ect to the constrained basis, w e obtain due to

(6.3) b y applying the c hain rule the relation

@̂K (û ) = Qd @K (u) Q>
d : (6.4)

This equation states, that the Jacobian of the sti�ness term with resp ect to the new

constrained basis can b e obtained b y the same transformation from the Jacobian with

resp ect to the standard basis functions as the linear sti�ness matrix with resp ect to

the constrained basis is obtained b y the original one as stated in (2.39) . Th us, one

can easily extend existing �nite elemen t co des with existing assem bling routines for the

Jacobian @K (u) to our semi-smo oth Newton approac h. F urthermore, w e remark that

the transformation (6.4) can b e carried out lo cally in an e�cien t w a y .

T o form ulate Newton's metho d, w e consider the algebraic form of (6.1) with resp ect

to the constrained basis as stated in (2.41) and de�ne the function

F(�; �) : RdNV � RdNM ! RdNV
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b y

F(û ; � ) := K̂ (û ) + Ĉ� � f̂ : (6.5)

Here, NM denotes the n um b er of no des on the con tact in terface � s
c , i.e. NM = jSj . F or the

de�nition of the transformed v ariables Ĉ and f̂ , w e refer to (2.41) and (2.40), resp ectiv ely .

T ogether with the nonlinear con tact conditions expressed b y the semi-smo oth function

C(û p; � p) in (5.18) , w e obtain our solution b y solving the nonlinear system

�
F(û ; � )
C(û ; � )

�
= 0; (6.6)

where for p 2 S the en tries C(û p; � p) of the function

C(�; �) : RdNV � RdNM ! RdNM

are giv en in (5.18) . In the case of the full Coulom b approac h in tro duced in Section 5.6,

w e ha v e to replace the nonlinear complemen tarit y function C� (�; �) in the frictional con-

strain ts (5.18) b y the nonlinear complemen tarit y function D � (�; �) in tro duced in (5.21) .

In the follo wing, w e shortly presen t the semi-smo oth Newton metho d for equation (6.6)

for the case of the full Newton approac h for Coulom b's friction la w giv en b y Algorithm 4.

W e men tion that also Algorithms 1-3 can b e extended in the same w a y to nonlinear

material la ws. The extension of the Algorithms 1, 2 and 4 giv es rise to an semi-smo oth

Newton approac h, while the extension of the �xed p oin t based approac h for Coulom b's

friction la w presen ted in Algorithm 3 do es not lead to a Newton approac h, since due

to the �xed p oin t based up date of the friction b ound this algorithm itself is not a full

Newton metho d.

F or the deriv ativ e of the function (6.5) in the direction (� û ; � � ) w e compute

DF(û ; � )( � û ; � � ) = @̂K (û ) � û + Ĉ � � (6.7)

Let (uk� 1; � k� 1) b e the previous iterate, w e write the new iterate as

(uk ; � k) = ( uk� 1; � k� 1) + ( � uk ; � � k);

w e obtain the Newton incremen t for the �rst line of the Newton system applied to (6.6)

b y solving the linear equation system

DF(û k ; � k)( � û k ; � � k) = � F(û k ; � k):

Using (6.5) and (6.7) this system reads

@̂K (û k� 1) � û k + Ĉ� k = f̂ � K̂ (û k� 1): (6.8)

The semi-smo oth Newton metho d applied to the second line in (6.6) is giv en in Sub-

section 5.6.1. After determining the three disjoin t subsets I k
n , I k

� and A k
�n from the old

iterate (û k� 1; � k� 1) , the conditions for the no des are giv en in (5.24) -(5.26) . These con-

ditions are form ulated with resp ect to the en tries û k
p of û k

. Th us, for the en tries � û k
p of

the incremen t � û k
w e ha v e to w ork with

� ûk
pn = gp � ûk� 1

pn and � û k
p� +

�
Fû k� 1

p� =bk� 1
p

�
� k

pns = 0 (6.9)
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6. Large deformations

instead of (5.25) for all stic ky no des p 2 I k
� and with

� ûk
pn = gp � ûk� 1

pn and

� � k
p�s + L k� 1

p;l � û k
p� + Fv k� 1

p;l � k
pns = r k� 1

p;l + bk� 1
p v k� 1

p;l � L k� 1
p;l û k� 1

p�

(6.10)

instead of (5.26) for all slip no des p 2 A k
�n . Since the Neumann b oundary condition for

the no des not in con tact is only expressed in the Lagrange m ultiplier w e can directly use

(5.24) for the no des con taining to the set I k
n . Comparing (6.8), (6.9) and (6.10) with the

form ulation ac hiev ed for the linear material la w in Subsection 5.6.1, w e obtain that only

the righ t hand sides ha v e to b e adjusted and the sti�ness matrix K̂ has to b e replaced

b y the Jacobian @̂K . Using the same mo di�cations giv en in Subsection 5.1.1 and the

notations in tro duced in Subsection 5.6.1, w e obtain similar to (5.27) after eliminating

the Lagrange m ultiplier the linear system

0

B
B
B
B
B
@

@̂K ~N ~N @̂K ~NI k
�

@̂K ~NA k
�n

0 N I k
�

0

0 0 N A k
�n

RI k
�
@̂K I k

� ~N RI k
�
@̂K I k

� I k
�
� GI k

�
T I k

�
RI k

�
@̂K I k

� A k
�n

T 0
A k

�n
@̂KA k

�n ~N T 0
A k

�n
@̂KA k

�n I k
�

T 0
A k

�n
@̂KA k

�n A k
�n
+ LA k

�n
TA k

�n

1

C
C
C
C
C
A

0

@
� û k

~N
� û k

I k
�

� û k
A k

�n

1

A =

0

B
B
B
B
B
@

f̂ NL
~N

gNL
I k

�

gNL
A k

�n

R I k
�
f̂ NL
I k

�

T 0
A k

�n
f̂ NL
A k

�n
+ r 0NL

A k
�n

1

C
C
C
C
C
A

(6.11)

for the incremen t � û k
, where the adjusted righ t hand sides are giv en b y

f̂ NL := f̂ � K̂ (û k� 1);

gNL := g �
�
ûk� 1

pn

�
p2S

;

r 0NL := r 0 � LU :

W e remark that due to the zero righ t hand side of the second equation in (6.9), the v ector

j I k
�

in (5.27) v anishes in (6.11). Although the n um b er of the lines and the n um b er of

unkno wns seems not to b e same, they do so. This is due to the same reason men tioned

after the linear system (5.27) . F ormally , lines 2 and 4 are one line b elonging to the no des

p 2 I k
� and lines 3 and 5 are one line b elonging to the no des p 2 A k

�n . Since the linear

system (6.11) is form ulated for the incremen t � û k
, the Lagrange m ultiplier � k

is obtained

b y the lo cal p ost-pro cess

� k = D � 1
d

�
f̂ NL

S � @̂K SN � û k
N � @̂K SM � û k

M � @̂K SS� û k
S

�
:

No w, w e summarize our explanations in Algorithm 5. This algorithm is a direct con-

sequence of Algorithm 4. In con trast to that algorithm, the system matrix and the righ t

hand side for the sti�ness part ha v e to b e assem bled in eac h iteration step, see step 5.

6.2. Numerical examples fo r nonlinea r materials

In this section, w e presen t t w o n umerical examples with Coulom b's friction la w to sho w

the p erformance of Algorithm 5. The �rst example is in the t w o-dimensional setting,

116



6.2. Numerical examples for nonlinear materials

Algorithm 5 Semi-smo oth Newton metho d for nonlinear material with Coulom b friction

1: set k = 1
2: initialize û 0

and � 0
as an initial solution

3: set c > 0 and the tolerance "u

4: de�ne for bk� 1
p := F

�
� k� 1

pns + c(ûk� 1
pn � gp)

�
the activ e and the inactiv e sets

I k
n :=

�
p 2 S : bk� 1

p � 0
	

I k
� :=

�
p 2 S : k� k� 1

p�s + cû k� 1
p� k � bk� 1

p < 0
	

A k
�n :=

�
p 2 S : k� k� 1

p�s + cû k� 1
p� k � bk� 1

p > 0
	

5: assem ble the Jacobian @̂K (û k� 1) and the functional K̂ (û k� 1)
6: solv e the linear system (6.11) to obtain the incremen t � û k

and compute the new

iterate û k = û k� 1 + � û k
for the displacemen t

7: if kû k � û k� 1k=kû kk < " u then

8: stop

9: end if

10: compute the Lagrange m ultiplier

� k = D � 1
d

�
f̂ NL

S � @̂K SN � û k
N � @̂K SM � û k

M � @̂K SS� û k
S

�

11: set k = k + 1
12: go to step 4

whereas the second one is in the three-dimensional case. W e test di�eren t material

nonlinearities for b oth examples.

T w o-dimensional example

W e consider the situation depicted in Figure 6.1. A half of an ann ulus mo deled b y the

domain 
 s := f x = ( x1; x2)> 2 R2 : 60 � k x k � 100 ^ x2 � 0g, whic h is assumed to b e

the sla v e side, is pressed against the rectangle 
 m := [ � 140; 140]� [� 225; � 100], whic h

is assumed to b e the master side. W e �x the rectangle at its lo w er side and apply the

follo wing unsymmetric Diric hlet b oundary condition at the top b oundary of the upp er

b o dy:

u s
D;l =

�
0

� 8

�
; u s

D;r =
�

0
� 5

�
;

see also the left picture in Figure 6.1. All other b oundary segmen ts are sub jected to

homogeneous Neumann data. F urthermore, the left picture in Figure 6.1 sho ws the

deformed initial mesh; all computations presen ted b elo w are done on a �ne mesh obtained

after three uniform re�nemen t steps. Th us, the domain 
 s
is discretized b y 5 313 no des

and domain 
 m
b y 8 385 no des. As material parameters, w e use Y oung mo duli E s =

2 100, E m = 2 986 and P oisson ratio � = 0:3 for b oth b o dies. Algorithm 5 is initialized
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Figure 6.1.: Problem de�nition, initial con�guration and deformed mesh on a coarse lev el

(left) and e�ectiv e stress on the deformed mesh on a �ne lev el for the co e�-

cien t of friction F = 0:6 (righ t).

with û 0 = 0 and � 0 = 0 . F urthermore, w e set c = 105
and "u = 10� 10

.

In the righ t picture in Figure 6.1, the e�ectiv e v on Mises stress on the distorted domains

is sho wn for the co e�cien t of friction F = 0:6 and the neo-Ho ok ean material la w, see

(1.43) . Figure 6.2 sho ws the normal and the tangen tial part of the Lagrange m ultiplier

as w ell as the friction b ound � F� n and the ampli�ed tangen tial displacemen t for v arious

v alues of the co e�cien t of friction F in com bination with the neo-Ho ok ean material la w.

One observ es, that the con tact constrain ts for Coulom b's friction mo del are v eri�ed and

the region of stic ky no des (b et w een the t w o v ertical dashed lines) increases with the

co e�cien t of friction F . Figure 6.3 sho ws the relativ e errors kû k � û k� 1k2=kû kk2 in a

logarithmic scale for v arious v alues for F for the neo-Ho ok ean material la w (left picture)

and for the Sain t V enan t�Kirc hho� material, see (1.34), (righ t picture). As exp ected, w e

obtain asymptotically a sup erlinear con v ergence b eha vior of Algorithm 5.

Three-dimensional example

As an example in the three-dimensional case, w e consider the situation illustrated in

Figure 6.4. T w o half-cylinders are pressed against eac h other. The upp er half-cylinder


 s
is only �xed at its righ t upp er surface and pressed b y the constan t surface load

ps
N =

0

@
0
0

� 500

1

A

applied on its left upp er surface against the lo w er half-cylinder. In a �rst setting (as

indicated in the left picture in Figure 6.4) the lo w er half-cylinder, assumed to b e the

master b o dy 
 m
, is �xed at its t w o lo w er surfaces. In a second setting w e only �x the
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Figure 6.2.: Visualization of con tact constrain ts for Coulom b's friction mo del for the co-

e�cien ts of friction F = 0:2; 0:4; 0:6; 0:8.
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Figure 6.3.: Con v ergence b eha vior for F = 0:2; 0:4; 0:6; 0:8.

left lo w er surface of 
 m
and apply homogeneous Neumann b oundary conditions, i.e.,

ps
N = 0 , on the righ t lo w er surface. As the top view (righ t picture in Figure 6.4) sho ws,

the situation is not symmetric with resp ect to the x2 -axis. The axis of the t w o half-

cylinders are orthogonal to the x1x3 -plane with midp oin ts am = (0 :15; � 0:185)> and

as = (0 :25; 0:175)> . F or the inner and outer radii of the cylinders w e set r m
i = r s

i = 0:115
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Figure 6.4.: Problem de�nition (�rst setting).

Figure 6.5.: E�ectiv e v on Mises stress for the �rst setting.

and r m
o = r s

o = 0:185. F or the length w e set hm = hs = 0:16 and for the o v erlap w e c ho ose

ho = 0:1. W e set the Y oung mo duli equal to E m = 2:1� 105
and E s = 1:8� 105

. F or the

P oisson ratios w e c ho ose � m = 0:3 and � s = 0:25. F or the co e�cien t of friction, w e set

F = 0:5. W e discretize the b o dies with hexahedral �nite elemen ts; eac h b o dy consists of

12 084 no des. The deformed meshes with the �nite elemen t mesh and the e�ectiv e v on

Mises stress for the neo-Ho ok ean material are sho wn in Figure 6.5 for the �rst setting

and in Figure 6.6 for the second setting. The left pictures in these �gures sho w the view

from the fron t, whereas the righ t pictures sho w the view from the bac k. Comparing these

t w o �gures, w e observ e a di�eren t e�ectiv e stress for the second setting than for the �rst

one. The ma jor di�erence o ccurs in the lo w er half-cylinder.

In our algorithm, w e c ho ose the parameters c = 106
, "u = 10� 10

and start the iteration

pro cess with û 0 = 0 and � 0 = 0 . The con v ergence b eha vior of the t w o settings b oth for

the neo-Ho ok ean material la w and the Sain t V enan t�Kirc hho� material la w are presen ted

in Figure 6.7. Again, w e observ e asymptotically a sup erlinear con v ergence b eha vior

of Algorithm 5, whereas for the second setting in com bination with the Sain t V enan t�
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6.3. Con tact dynamics with large deformations

Figure 6.6.: E�ectiv e v on Mises stress for the second setting.

2 4 6 8 10 12
10

-14
10

-12
10

-10
10

-8
10

-6
10

-4
10

-2
10

0

iteration steps

re
l. 

er
ro

r

neo-Hooke

 

 

first setting
second setting

2 4 6 8 10121416182022242628
10

-14
10

-12
10

-10
10

-8
10

-6
10

-4
10

-2
10

0

iteration steps

re
l. 

er
ro

r
St. Venant Kirchhoff

 

 

first setting
second setting

Figure 6.7.: Con v ergence b eha vior for neo-Ho ok ean and Sain t V enan t�Kirc hho� material.

Kirc hho� material the sup erlinear b eha vior app ears v ery late.

6.3. Contact dynamics with la rge defo rmations

In this section w e extend the algorithm for nonlinear material la ws in tro duced in the

previous section to the case of dynamical con tact problems. Some of the presen ted results

ha v e b een published in [19, 41, 56 ]. In particular w e fo cus on energy conserving time

in tegration sc hemes based on the midp oin t rule, whic h is a sp ecial case of the generalized

� metho d, see [30]. The k ey to get an energy-conserving algorithm for the structural

part is the treatmen t of the stress up date in the time-stepping pro cedure. Here, w e

apply the metho d in tro duced in [55] for general nonlinear material la ws, where the use of a

discrete deriv ativ e to de�ne the required algorithmic up date of the second Piola�Kirc hho�

stress tensor is prop osed. This approac h w as extended in [67] to pro vide an energy-

con trolling time in tegration sc heme for con tact problems without friction enforcing the

standard Karush-Kuhn-T uc k er conditions at time discretization p oin ts. F urthermore,
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6. Large deformations

in [127 ], the authors prop osed an algorithmic up date of the stress tensor based on the

mean v alue theorem. Ho w ev er, this requires the solution of a nonlinear equation at

eac h quadrature p oin t to �nd this solution. F or the Sain t V enan t�Kirc hho� material

this equation degenerates to an equation with an explicit ro ot. Recen tly , in [109 ] the

metho d in tro duced in [127 ] w as extended in a manner, suc h that the arising nonlinear

algorithmic equations can b e solv ed b y the quadratically con v ergen t Newton-Raphson

metho d. T o get energy-conserving time in tegration sc hemes for the con tact part, w e

follo w the approac hes in tro duced in [107 ] for the frictionless con tact problem and in [23]

for the frictional case. F or the energy-conserving sc heme in case of frictionless case,

[107 ] allo ws a small p enetration of the b o dies in order to ful�ll the so called p ersistency

condition in a discrete sense. This p enetration tends to w ards zero if the time step size

tends to w ards zero. T o o v ercome this, [108 ] suggests an v elo cit y up date approac h, where

the additional non-ph ysical algorithmic con tact w ork is transfered to the kinetic part and

the non-p enetration condition is ful�lled. Ho w ev er, the discrete v ersion of the p ersistency

condition is no longer satis�ed.

6.3.1. Energy conserving time integration

As already men tioned in the in tro duction, the time discretization of the w eak form (2.6)

is based on the midp oin t rule. W e de�ne tk := k � t , k = 0; : : : ; NT , where the time

step size is giv en b y � t := T=NT . F urthermore, w e denote b y u k(x ) � u (x ; tk) the

appro ximation of the displacemen t �eld at time tk
. De�ning

� u k := u k+1 � u k ; � _u k := _u k+1 � _u k

the relations based on the midp oin t rule are giv en b y

u k+1 =2 :=
1
2

�
u k+1 + u k

�
= u k +

� u k

2
; (6.12a)

_u k+1 =2 :=
1
2

�
_u k+1 + _u k

�
=

� u k

� t
=

2
� t

�
u k+1 =2 � u k

�
; (6.12b)

•u k+1 =2 :=
_u k+1 � _u k

� t
=

2
� t2

� u k �
2

� t
_u k : (6.12c)

The ev aluation of the �rst equation of the v ariational form ulation (2.6) at time tk+1 =2

leads for all v 2 V 0 to

2
� t2

m(� u k ; v) + a
algo

� �
u k ; u k+1

�
; v

�
+ h[v]; � k+1 =2i = f k+1 =2(v) (6.13)

with the righ t hand side

f k+1 =2(v) := f k+1 =2(v) +
2

� t
m( _u k ; v); (6.14)

where f k+1 =2(v) is f (v) ev aluated at time tk+1 =2 := ( k + 1=2)� t . F ollo wing [55 ], The

algorithmic form a
algo

(�; �) in (6.13) is giv en b y

a
algo

� �
u k ; u k+1

�
; v

�
:=

X

i = s;m

Z


 i
F i (u k+1 =2)Si

algo

(u k ; u k+1 ) : r v i dx (6.15)
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6.3. Con tact dynamics with large deformations

with the algorithmic second Piola�Kirc hho� stress tensor

S
algo

(u k ; u k+1 ) := 2 dW(Ck; Ck+1 )

and dW(Ck ; Ck+1 ) is a discrete deriv ativ e of the energy functional de�ned b y

dW(Ck ; Ck+1 ) :=
@W
@C

(Ck+1 =2) +

 
W(Ck+1 ) � W(Ck) � @W

@C (Ck+1 =2) : M
kM k2

!

M

with

M := Ck+1 � Ck ; kM k2 := M : M :

The discrete righ t Cauc h y strain tensors are giv en b y

Ck =
�
F(u k)

� >
F(u k); Ck+1 =

�
F(u k+1 )

� >
F(u k+1 ); Ck+1 =2 =

1
2

�
Ck + Ck+1

�
:

W e remark, that the form a
algo

(�; �) is no longer bilinear. It is only linear with resp ect to

the second argumen t represen ting the test function.

F or eac h time in terv al [tk ; tk+1 ], w e linearize the non-p enetration condition (1.17) in

normal direction and end up with

[� u]kn � gk � 0; � k+1 =2
n � 0; � k+1 =2

n ([� u]kn � gk) = 0 ; (6.16)

where the gap gk
at time tk

is de�ned b y

gk(x ) := �
�
' s;k(x ) � ' m;k (Rtk (x ))

�
n k(x ):

Here, w e denote b y ' ?;k(x ) := x + u ?;k(x ) � x + u ?(x ; tk) the appro ximation of the

deformation ' ?
at time tk

, and n k(x ) � n (x ; tk) is the out w ard unit normal v ector to

the appro ximated actual con�guration at time tk
. The jump [� u ]k is giv en b y

[� u ]k := � u s;k(x ) � � u m;k (Rtk (x )) :

F urthermore w e set � k+1 =2
n := � k+1 =2n k

and [� u]kn := [� u ]kn k
. The corresp onding tan-

gen tial parts are giv en b y � k+1 =2
� := � k+1 =2 � � k+1 =2

n n k
and [� u ]k� := [� u ]k � [� u]knn k

.

As w e assume the deformation o v er eac h time step (tk ; tk+1 ) to b e small, the conditions

(6.16) giv e a suitable discretization of the con tin uous condition (1.17) . Con tact form ula-

tions b y using the original v ersion (1.17) of the non-p enetration condition on com bination

with mortar metho ds can b e found, e.g., in [145]. Similar to the v ariational v ersion (2.6)

w e arriv e for eac h time step tk+1 =2
at the time discretized v ariational form ulation: �nd

(� u k ; � k+1 =2) 2 V � M (� k+1 =2)

2
� t2

m
�
� u k ; v

�
+ a

algo

�
(u k ; u k+1 ); v

�
+



[v]; � k+1 =2� = f k+1 =2(v); (6.17a)



[� u]kn ; � n � � k+1 =2

n

�
+



[� u ]k� ; � � � � k+1 =2

�

�
�



gk ; � n � � k+1 =2

n

�
; (6.17b)
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6. Large deformations

for all (v; � ) 2 V 0 � M (� k+1 =2) . W e remark, that w e replaced in the friction la w the

term [ _u ]k+1 =2
� b y its discrete v ersion [� u ]k� =� t , where the factor 1=� t do es not ha v e an y

in�uence on the v ariational inequalit y (6.17b).

After applying the space discretization, w e observ e as in Section 2.3 that the v ariational

inequalit y (6.17b) is equiv alen t to the p oin t-wise con tact constrain ts

�^uk
pn � gk

p ; � k+1 =2
pns � 0; � k+1 =2

pns

�
�^uk

pn � gk
p

�
= 0 (6.18)

and 8
>>><

>>>:




 � k+1 =2

p�s




 � F

�
� � k+1 =2

pns
�
� ;




 � k+1 =2

p�s




 < F

�
� � k+1 =2

pns
�
� ) � û k

p� = 0;



 � k+1 =2

p�s




 = F

�
� � k+1 =2

pns
�
� ) 9 � 2 R : � k+1 =2

p�s = � 2� û k
p� ;

(6.19)

for all p ossible con tact no des p 2 S . Analog to Section 2.3, the discrete gap is giv en b y

gk
p := D � 1

p

R
' s;k (� s

c ) gk  p ds and the scaled v alues b y � k+1 =2
pns := Dp�

k+1 =2
pn and � k+1 =2

p�s :=

Dp�
k+1 =2
p� � � k+1 =2

pns n k
p . W e follo w with t w o remarks.

Remark 6.1. T o ful�ll the con tact conditions correctly , w e ev aluate the con tact in tegrals

represen ted b y the dualit y pro duct h�; �i and the discrete gap gk
p on the actual con�gura-

tion ' s;k(� s
c) at time tk

. Therefore the matrices D and B in tro duced in (2.21) and also

the basis transformation (2.22) dep end on tk
and the v alues for the Lagrange m ultiplier

are de�ned on the actual con�guration. F or ease of notation, w e neglected all the time

indices in these quan tities b efore.

Remark 6.2. It is w ell-kno wn that due to the use of the midp oin t sc heme, spurious

oscillations in the Lagrange m ultiplier o ccur. T o a v oid these oscillations, w e remo v e the

mass from the no des in S , see [56]. The idea of massless con tact no des has �rst b een

describ ed in [90 ], where the mo di�ed mass matrix has to b e obtained from the solution

of a global minimization problem. Here, w e use a simple under-in tegration sc heme in the

lo cal neigh b orho o d of the con tact b oundary . This approac h is extremely c heap to realize

and still pro vides an optimal discretization, see [57 ]. A further approac h based on the

Newmark sc heme to o v ercome these oscillations can b e found in [35].

T o get an energy conserving discrete form ulation of the con tact, w e use the approac hes

giv en in [23 , 107 ]. F ollo wing [107 ], w e mo dify the con tact constrain ts in normal direction

and replace (6.18) b y the constrain ts

gk
p > 0 ) � k+1 =2

pns = 0;

gk
p � 0 ) � k+1 =2

pns � 0; �^uk
pn � 0; � k+1 =2

pns �^uk
pn = 0:

(6.20)

W e remark that this algorithmic approac h ful�lls the so called p ersistency condition

� n (x ; t) _g(x ; t) = 0 , see [106], in a discrete sense. Ho w ev er, the geometrical non-p enetration

is violated and allo ws a small p enetration when the t w o b o dies come in to con tact. F or-

tunately , this violation tends to w ards zero if the time step size tends to w ards zero.
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6.3. Con tact dynamics with large deformations

De�ning the kinetic energy and the in ternal stress energy at time tk
b y

Kk :=
1
2

X

i = s;m

Z


 i
%i k _u h;i;k k2 dx ; Ek :=

1
2

X

i = s;m

Z


 i
P h;i;k : r u h;i;k dx ;

the total energy Kk + Ek + Ec
k is constan t in time, where the con tact w ork Ec

k p erformed

up to time tk
is giv en b y

Ec
k :=

k� 1X

j =0

Z

' h;s;j (� s
c )

� h;j +1 =2[� u h]j ds =
k� 1X

j =0

X

p2S

� j +1 =2
p�s � û j

p� :

6.3.2. Rema rks on the algo rithm

In eac h time step w e apply Algorithm 5 to �nd the pair (� û k ; � k+1 =2) . Next, w e commen t

on the Newton metho d for the structural part and presen t a small mo di�cation in the

normal part Cn (�; �) of the nonlinear complemen tarit y function C(�; �) . This mo di�cation

is necessary since w e use the mo di�ed non-p enetration constrain t (6.20) but do es not

in�uence the structure and p erformance of our semi-smo oth Newton approac h.

Similar to (6.5) w e de�ne for eac h time step for the giv en previous displacemen t v ector

uk
and the v elo cit y v ector

_uk
the function

Fk
�
� û k ; � k+1 =2�

:=
2

� t2
M̂ � û k + K̂

algo

�
uk ; uk+1

�
� û k

� �
+ Ĉk � k+1 =2 � f̂ k+1 =2; (6.21)

where the nonlinear part K̂
algo

(uk ; uk+1 ) represen ts the algebraic represen tation of the

form a
algo

(�; �) in tro duced in (6.15) with resp ect to the new constrained basis. W e re-

mark, that the displacemen t v ector uk+1
results from the time incremen t � û k

due to the

transformation form ula (2.24) for the co e�cien t v ector via the form ula

uk+1 = uk +
�
Qk

d

� >
� û k :

The time index k in the de�nition of the matrix Ĉk
and in the transformation matrix Qk

d
is a consequence of Remark 6.1. F urthermore, f̂ k+1 =2

denotes the corresp onding algebraic

represen tation of the righ t hand side f k+1 =2(v) in tro duced in (6.14) with resp ect to the

constrained basis. T o apply Newton's metho d to the function (6.21), w e ha v e to compute

its Jacobian with resp ect to � û k
similar to form ula (6.4) in terms of K

algo

(uk ; uk+1 )
whic h denotes the algebraic represen tation of a

algo

(�; �) in tro duced in (6.15) with resp ect

to the standard �nite elemen t basis. Th us, it is enough to compute the Jacobian of

K
algo

(uk ; uk+1 ) with resp ect to the standard no dal �nite elemen t basis. The Jacobian and

also the corresp onding function en tering in to the righ t hand side can b e obtained lo cally

b y a linear transformation. F urthermore, w e remark that the Jacobian of K
algo

(uk ; uk+1 )
with resp ect to � û k

is the same as its Jacobian with resp ect to û k+1
.
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6. Large deformations
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Figure 6.8.: Problem de�nition and initial coarse grid.

F or the con tact part, the comp onen ts C(�; �) of the nonlinear complemen tarit y function

C(�; �) in the nonlinear equation system (6.6) ha v e to b e replaced b y

C(� k+1 =2
p ; � û k

p) :=

0

B
B
B
@

� k+1 =2
pns � max

�
0; � k+1 =2

pns + c~gk
p

	

max
�

F
�
� k+1 =2

pns + c~gk
p

�
;




 � k+1 =2

p�s + c� û k
p�




 	

� k+1 =2
p�s

� max
�

0; F
�
� k+1 =2

pns + c~gk
p

�	�
� k+1 =2

p�s + c� û k
p�

�

1

C
C
C
A

; (6.22)

for p 2 S , where w e used the notation

~gk
p :=

8
<

:
�

� k+1 =2
pns

c
� gk

p if gk
p > 0;

�^uk
pn if gk

p � 0:

One can easily sho w that the con tact conditions (6.19) and (6.20) are equiv alen t to the

condition C(� k+1 =2
p ; � û k

p) = 0 for all p 2 S . The pro of for the equiv alence b et w een the

mo di�ed non-p enetration condition (6.20) and the �rst line in (6.22) is similar to the

pro of of Theorem 4.1, whereas the equiv alence b et w een the frictional constrain ts (6.19)

and the second line in (6.22) is stated in Theorem 5.1.

6.4. Numerical examples

In this section, w e presen t three n umerical examples for con tact dynamics with large

deformations illustrating the p erformance of the n umerical approac h presen ted in the

previous section. F or all three examples w e compare Coulom b's friction la w with the

frictionless case. The �rst t w o examples are in the t w o-dimensional case, whereas the

third one is a three-dimensional setting. F or all three examples w e use the neo-Ho ok ean

material la w giv en in Subsection 1.3.3.

First example

The setting of our �rst example is illustrated in the left picture in Figure 6.8. A half-

ring with initial v elo cit y v s
0 = (10; � 10)> hits up on a bar. The bar rests in its initial
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6.4. Numerical examples

Figure 6.9.: Situation with e�ectiv e v on Mises stress without friction for tk = k� t with

k = 9; 22; 35; 48; 61; 74; 87; 100.

Figure 6.10.: Situation with e�ectiv e v on Mises stress with friction for tk = k� t with

k = 9; 22; 35; 48; 61; 74; 87; 100.

con�guration and is �xed at is left side during the whole pro cess. It is assumed to b e

the master side giv en b y 
 m = [ � 140; 140]� [� 115; � 85]. The half-ring pla ys the role

of the sla v e b o dy 
 s
. Its midp oin t is giv en b y as = (0 ; 0)>

and its inner and outer radii

are giv en b y r i = 40 and ro = 80 , resp ectiv ely . W e use the neo-Ho ok ean material la w

(1.43) with the material parameters E s = 2 100, � s = 0:3 and %s = 1:0 for the half-ring

and E m = 6 986, � m = 0:3 and %m = 0:3 for the bar.

W e consider the time in terv al (0; 10) with the time step size � t = 0:1. Our computa-

tions are made on a quadrilateral mesh obtained after t w o uniform re�nemen t steps of

the coarse mesh sho wn in the righ t picture in Figure 6.8. Eac h b o dy is discretized b y

1 717 no des. In our n umerical algorithm w e set the parameters in the nonlinear comple-

men tarit y function to c = 2 000. Figure 6.9 sho ws the distorted b o des with the e�ectiv e
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Figure 6.11.: Energy and con tact w ork without (left) and with (middle and righ t) friction.
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Figure 6.12.: Problem de�nition and initial coarse grid.

v on Mises stress at di�eren t time steps for the frictionless case and Figure 6.10 sho ws

the same time steps for Coulom b's friction la w with the co e�cien t of friction F = 0:8. In

con trast to the case without friction the half-ring tilts to the righ t side for the case with

friction. This e�ect arises due to the tangen tial frictional forces.

Figure 6.11 sho ws the energy ev olution in time for the case with and without friction.

As illustrated in the left picture in this �gure, the total energy is constan t in time for

the case without friction, whereas the picture in the middle sho ws that it decreases for

the frictional case. F urthermore, the righ t picture sho ws that the loss in the energy is

exactly the con tact w ork arising due to the friction. Th us, the sum of the total energy

and the con tact w ork is constan t in time.

Second example

In our second w e example w e consider t w o rings with midp oin t M = (0 ; 0)>
as illustrated

in the left picture in Figure 6.12. The inner ring with initial v elo cit y v s
0 = (10; � 10)>

hits up on the outer ring whic h rests in its initial con�guration. The inner ring is assumed
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6.4. Numerical examples

Figure 6.13.: Situation with e�ectiv e v on Mises stress without friction for tk = k� t with

k = 15; 50; 85; 120; 155; 190; 225; 269; 295; 330; 365; 400.

to b e the sla v e b o dy 
 s
and the outer ring the master b o dy 
 m

. Therefore, � s
c is the

outer b oundary of the inner ring and � m
c the inner b oundary of the outer ring. The radii

indicated in Figure 6.12 are c hosen as r s
i = 30 , r s

o = 50 , r m
i = 70 and r m

o = 90 . As for

the �rst example w e use the neo-Ho ok ean material la w (1.43) . As material parameters

w e use E s = 6 986, � s = 0:3 and %s = 0:3 for the inner ring and E m = 2 100, � m = 0:3
and %m = 1:0 for the outer one. W e consider the time in terv al (0; 40) with the time step

size � t = 0:1. Our computations are made on a quadrilateral mesh obtained after t w o

uniform re�nemen t steps of the coarse mesh sho wn in the righ t picture in Figure 6.12.

The inner ring is then discretized b y 672 no des and the outer ring b y 828 no des. In our

n umerical algorithm w e set the parameters in the nonlinear complemen tarit y function to

c = 1 000. Figure 6.13 sho ws the distorted b o dies with the e�ectiv e v on Mises stress at

di�eren t time steps for the case without friction and Figure 6.14 sho ws the same time

steps for Coulom b's friction la w with the co e�cien t of friction F = 0:3. Comparing the

�nal time steps for the t w o settings, w e observ e a completely di�eren t b eha vior for the

case with friction than for the case without friction.

Figure 6.15 sho ws the energy ev olution in time for the case with and without friction.
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6. Large deformations

Figure 6.14.: Situation with e�ectiv e v on Mises stress with friction for tk = k� t with

k = 15; 50; 85; 120; 155; 190; 225; 269; 295; 330; 365; 400.
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Figure 6.15.: Energy and con tact w ork without (left) and with (middle and righ t) friction.

Again w e observ e qualitativ ely the same b eha vior as for the �rst example. As illustrated

in the left picture in this �gure, the total energy is constan t in time for the case without

friction, whereas the picture in the middle sho ws that the total energy decreases for the

case with friction. F urthermore, the righ t sho ws that the loss in the energy is exactly the
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Figure 6.16.: Problem de�nition.

con tact w ork arising due to the friction. Th us, again the sum of the total energy and the

con tact w ork is constan t in time. During the three time in terv als, in whic h the t w o rings

are not in con tact, the total energy is preserv ed.

Third example

As third example w e consider t w o half-cylinders pressing against eac h other. The problem

de�nition is illustrated in the t w o pictures in Figure 6.16. The axis of b oth half-cylindes

are orthogonal to the x1x3 -plane. The midp oin ts of the t w o axis are giv en b y as =
(0; 0:14)> and am = (0 ; � 0:17)> , resp ectiv ely . F or the inner and outer radii of the

cylinders w e set r m
i = 0:13, r m

o = 0:17, r s
i = 0:09 and r s

o = 0:13. F or the length of

the half-cylinders w e set hm = 0:17 and hs = 0:11. F urthermore, w e set ho = 0:05 and

remark that the initial con�guration is unsymmetric in x2 -direction. W e �x the lo w er

half-cylinder assumed to b e the master b o dy 
 m
at its righ t lo w er surface. The left lo w er

surface is �xed only in x2 - and x3 -direction. On the upp er surfaces half-cylinder w e apply

inhomogeneous Diric hlet data. The righ t one is sub jected to

u s
D;r =

0

@
0
0

� 0:1 t
T

1

A ;

whereas the left one is sub jected to Diric hlet data only with resp ect to the x2 - and the x3 -

direction whereas in x1 -direction w e apply homogeneous Neumann b oundary condition.

The b oundary conditions for this surface are summarized as follo ws:

0

@
free b oundary condition�

us
D;l

�
2

= 0�
us

D;l

�
3

= � 0:12 t
T

1

A :

131



6. Large deformations

Figure 6.17.: Situation with e�ectiv e v on Mises stress without friction for tk = k� t with

k = 5; 10; 15; 20; 25; 30; 35; 40.

Figure 6.18.: Situation with e�ectiv e v on Mises stress with friction for tk = k� t with

k = 5; 10; 15; 20; 25; 30; 35; 40.

As for the other examples w e use the neo-Ho ok ean material la w (1.43) . As material

parameters w e use E s = 120, � s = 0:3 and %s = 0:3 for the inner ring and E m = 60 ,

� m = 0:25 and %m = 0:5 for the outer one.

W e consider the time in terv al (0; T) with the �nal time T = 1 and the time step size
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6.4. Numerical examples

� t = 0:025. Our computations are made on a hexahedral mesh. The upp er half-cylinder


 s
is discretized b y 672 no des and the lo w er half-cylinder 
 m

b y 870 no des. In our

n umerical algorithm w e set the parameters in the nonlinear complemen tarit y function

to c = 20 . Figure 6.17 sho ws the distorted b o dies with the e�ectiv e v on Mises stress at

di�eren t time steps for the case without friction and Figure 6.18 sho ws the same time

steps for Coulom b's friction la w with the co e�cien t of friction F = 0:3. Comparing the

case without friction with the case with friction, w e observ e that the e�ectiv e stresses

are higher at the con tact zone for the case with friction. This results due to fact that

con tact forces in tangen tial direction o ccur at the con tact zone. F urthermore, w e observ e

that the relativ e tangen tial displacemen t b et w een the t w o b o dies is m uc h higher for the

case without friction than for the case with friction. Although this e�ect can not b e

seen in detail in the presen ted pictures it can b e observ ed clearly from the mo vie whic h

unfortunately can not b e sho wn here.
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7. Thermo-mechanical contact

p roblems

Due to the sliding of the b o dies b eing in con tact most of the frictional w ork results in

generation of heat. This observ ation motiv ates the extension of the mortar metho d to

thermo-mec hanical dynamical con tact problems including frictional heating and thermal

softening e�ects at the con tact in terface. In addition to the displacemen t �eld, the tem-

p erature �eld en ters as a further primal v ariable. Similar the thermal �ux at the con tact

in terface has to b e in tro duced as an additional dual v ariable, also denoted as Lagrange

m ultiplier. While the mec hanical Lagrange m ultiplier tak es care on the non-p enetration

condition and the friction la w for the mec hanical unkno wns, also the thermal Lagrange

m ultiplier is necessary to mo del the generation of heat as w ell as the �o w condition for the

thermal v ariables. The main fo cus in this c hapter is on the treatmen t of the Robin-t yp e

thermal in terface condition within the mortar framew ork. A straigh tforw ard application

of the concept of biorthogonalit y to Robin-t yp e constrain ts do es not decouple the ther-

mal constrain ts at the no des. T o b ene�t from the elimination of the Lagrange m ultiplier,

w e in tro duce a stable op erator whic h can b e in terpreted as mass lumping at the in ter-

face. F or the form ulation of the linear thermo-elastic constitutiv e equations, w e follo w

[20 , 135 ]. A more general thermo-plasticit y form ulation is giv en in [126]. The extension

to dynamical thermo-mec hanical con tact mec hanics can b e found, e.g., in [87, 106 , 116 ]

and is also considered in the textb o oks [135, 142 ]. F or the mo deling of the con tact heat

�ux, w e use the linear mo del prop osed in [116 ]. More general mo dels can b e found in

[144 ]. F or the considered form ulation with a co e�cien t of friction dep ending on the

temp erature, w e refer to [106 , 116 ].

This c hapter is organized as follo ws. W e start with the problem form ulation for linear

thermo-elasticit y in Section 7.1. The time discretization is obtained in Section 7.2 and the

space discretization in terms of mortar tec hniques in Section 7.3. Section 7.4 deals with

the algebraic system of the nonlinear problem follo w ed b y some commen ts on the applied

n umerical algorithm. Finally , Section 7.6 con tains t w o n umerical examples illustrating

the discretization and the prop osed n umerical algorithm.

7.1. Problem fo rmulation fo r linea r thermo-elasticit y

In addition to the displacemen t �eld u i (x ; t) w e are in terested in the temp erature �eld

� i (x ; t) for (x ; t) 2 
 i � (0; T) . As in Section 1.1 the lo cal balance of momen tum is giv en

b y

%i •u i � Div (P i ) = f i
in 
 i � (0; T); (7.1)
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but no w the �rst Piola�Kirc hho� stress tensor P i
dep ends on b oth, the displacemen t

and the temp erature. The v ector f i
again describ es the giv en b o dy forces acting on 
 i

.

In the case of linear thermo-elasticit y , the stress tensor is giv en b y

P i := � i
tr (" i ) Idd +2� i " i � dK i � i (� i � � 0) Idd; (7.2)

see [20, 135], where the linearized strain tensor is in tro duced in (1.39) . The Lamé pa-

rameters � i
and � i

are obtained b y form ula (1.33) in terms of Y oung's mo dulus E i > 0
and the P oisson ratio � i 2 (0; 0:5). The bulk mo dulus K i

is giv en b y

K i := � i +
2
d

� i :

� 0 is a reference temp erature at whic h the b o dies are stress free, and the factor � i
denotes

the thermal expansion co e�cien t of the material of b o dy 
 i
. W e remark that the relation

b et w een the relativ e temp erature � i � � 0 and the stress is giv en b y the stress-temp erature

tensor, whic h reduces to dK i � i Idd , due to the assumed isotrop y .

In addition, w e ha v e to consider the heat conduction equation whic h results from the

�rst la w of thermo dynamics:

ci
�

_� i = �H i � div(qi ) + r i
in 
 i � (0; T); (7.3)

with the sp eci�c heat capacit y ci
� of the b o dy 
 i

. The term H i
denotes the heating from

the Joule e�ect, and the prescrib ed heat source term is giv en b y r i
. F ollo wing [135 ], w e

get for linearized thermo-elasticit y

H i := d� i K i � 0 div ( _u i ): (7.4)

Due to the classical F ourier's la w, the heat �ux is giv en b y

qi = � � i r � i
(7.5)

with the thermal conductivit y � i > 0. W e remark that in a more general setting, � i
is

a tensor whic h is p ositiv e semi-de�nite as a consequence of the second la w of thermo dy-

namics.

T o form ulate the initial b oundary v alue problem, w e consider again the decomp osition

of the b oundary in the reference con�guration � i := @
 i
of the domain 
 i

in to three

nono v erlapping op en subsets � i
D , � i

N and � i
c with �

i
D [ �

i
N [ �

i
c = � i

. In addition, w e

ha v e t w o subsets � i
� and � i

q suc h that �
i
� [ �

i
q = �

i
D [ �

i
N and � i

� \ � i
q = ; . Using the

linear stress tensor � i
as in tro duced in (1.38) , w e summarize (7.1) -(7.5) and form ulate

the initial b oundary v alue problem

%i •u i � Div (� i ) + dK i � i r � i = f i
in 
 i � (0; T); (7.6a)

ci
�

_� i + d� i K i � 0 div ( _u i ) � div (� i r � i ) = r i
in 
 i � (0; T); (7.6b)
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where w e assume � 0 to b e constan t on 
 s [ 
 m
. As initial conditions, w e set

u i (x ; 0) = 0 in 
 i ;
_u i (x ; 0) = v i

0(x ) in 
 i ;
� i (x ; 0) = � i

0(x ) in 
 i ;
(7.7)

where v i
0(x ) denotes the initial v elo cit y of the b o dy 
 i

and � i
0(x ) its initial temp erature.

T o obtain a w ell de�ned system, w e ha v e to sp ecify suitable b oundary conditions for the

displacemen t and the temp erature

u i = u i
D on � i

D � (0; T);
P i n i

0 = t i
N on � i

N � (0; T);
� i = � i

D on � i
� � (0; T);

qi n i
0 = qi

N on � i
q � (0; T);

(7.8)

where n i
0 denotes the out w ard unit normal v ector in the reference con�guration on � i

.

The mec hanical in terface conditions on the con tact b oundary are the same as stated in

Section 1.2. W e only replace the co e�cien t of friction F in Coulom b's friction la w (1.19)

b y a temp erature dep enden t one. De�ning the maximal temp erature of the t w o con tact

in terfaces

� c(x ; t) := max
�

� s(x ; t); � m (Rt (x ); t)
	

for (x ; t) 2 � s
c � (0; T); (7.9)

and Coulom b's friction la w reads no w as

8
><

>:

kp� k � F(� c)jpn j;

kp� k < F(� c)jpn j ) [ _u ]� = 0;

kp� k = F(� c)jpn j ) 9 � : p� = � 2[ _u ]� ;

on � s
c � (0; T); (7.10)

where the follo wing temp erature dep enden t co e�cien t of friction F(� c) � 0 is used:

F(� c) := F0
(� c � �

dam

)2

(�
dam

� �
ref

)2
: (7.11)

In this de�nition, F0 is the static co e�cien t of friction at the giv en reference temp erature

�
ref

, and �
dam

is a damage temp erature on the in terface. T ypically , �
dam

is related to

the temp erature at whic h frictional stress is no longer due to solid shearing e�ects but is

generated b y viscous shear of a molten �lm on the con tact in terface. It can b e tak en as

the lo w est melting temp erature of the t w o b o dies in con tact, see [106 ]. Since � c < �
dam

,

w e ha v e F0(� c) � 0 and lim � c ! �
dam

F(� c) = 0 . Therefore (7.11) sho ws a thermal softening

e�ect.

The conditions for the heat �ux qi
c := qi n i

across the p ossible con tact in terface � i
c can

b e written as

qi
c = 
 i

c(pn )( � i � � 0); qs
c + qm

c + p� [ _u ]� = 0 on � s
c � (0; T); (7.12)

137



7. Thermo-mec hanical con tact problems

where 
 i
c(�) dep ends only on the normal pressure and has to satisfy 
 i

c(0) = 0 , see [87,

106 , 116 ]. This condition guaran tees that there is no heat �ux b et w een the t w o b o dies

if they are not in con tact. F or 
 i
c(�) , w e emplo y a linear mo del 
 i

c(pn) := 
 i
cpn , see [106].

Using (7.10) and (7.12) , w e �nd

qs
c = � cpn [� ] � � cF(� c)pnk[ _u]� k; (7.13a)

qm
c = � � cpn [� ] � (1 � � c)F(� c)pnk[ _u ]� k (7.13b)

on � s
c � (0; T) with the parameters

� c :=

 s

c

m
c


 s
c + 
 m

c
and � c :=


 s
c


 s
c + 
 m

c
: (7.14)

W e men tion that [� ] := � s � � m
denotes the jump of the temp erature o v er the p ossi-

ble con tact part � s
c � (0; T) in tro duced according to the de�nition of the jump in the

displacemen t in (1.18). Then (7.13) yields

qm
c = � qs

c � F(� c)pnk[ _u ]� k; (7.15)

with a non-negativ e dissipation due to friction

Dc := D mec h

c + D therm

c = F(� c)pnk[ _u ]� k +
X

i = s;m


 i
cpn

� i
(� i � � 0)2 � 0: (7.16)

Finally , the coupled problem to b e solv ed is giv en b y the equilibrium conditions (7.6), the

b oundary conditions (7.8) , the initial conditions (7.7), the mec hanical con tact conditions

(1.17) and (7.10) and the thermal �o w conditions on the con tact in terface (7.12) .

7.2. Discretization in time

Both the h yp erb olic mec hanical equilibrium condition (7.6a) and the parab olic thermal

one (7.6b) are discretized using the midp oin t sc heme whic h is of order t w o. W e use the

same notations as in tro duced in Subsection 6.3.1. Firstly , w e remind the de�nition of

tk := k � t , k = 0; : : : ; NT , where the time step size is giv en b y � t := T=NT . Secondly ,

w e denote b y u k � u (�; tk) and � k � � (�; tk) the appro ximation of the displacemen t �eld

and the temp erature at time tk
, resp ectiv ely . Setting � u k := u k+1 � u k

, the midp oin t

sc heme yields to the appro ximation giv en in (6.12) . In the same w a y , the v alues � � k
,

� k+1 =2
and

_� k+1 =2
for the temp erature are de�ned. The equilibrium (7.6) stated at the

midp oin t tk+1 =2
of the time in terv al can no w b e written as

2
� t2

� i � u i;k �
1
2

Div

�
� i (� u i;k )

�
+ dK i � i r � i;k +1 =2 = f i;k +1 =2

1 ; (7.17a)

2
� t

ci
� �

i;k +1 =2 +
1

� t
d� i K i � 0 div (� u i;k ) � div (� i r � k+1 =2) = f i;k +1 =2

2 ; (7.17b)
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7.3. Space discretization and mortar form ulation

with the righ t hand sides

f i;k +1 =2
1 := f i (x ; tk+1 =2) +

2
� t

� i _u i;k + Div

�
� i (u i;k )

�
; (7.18)

f i;k +1 =2
2 := r i (x ; tk+1 =2) +

2
� t

ci
� �

i;k : (7.19)

As time discretization of the non-p enetration condition w e use as in Section 6.3.1 in

eac h time step the linearized condition (6.16) . The discrete v ersion of the mec hanical

frictional con tact conditions (7.10) at time tk+1 =2
can b e form ulated as follo ws:

8
>>><

>>>:

kpk+1 =2
� k � F

�
�

k+1 =2
c

�
jpk+1 =2

n j;

kpk+1 =2
� k < F

�
�

k+1 =2
c

�
jpk+1 =2

n j ) [� u ]k� = 0;

kpk+1 =2
� k = F

�
�

k+1 =2
c

�
jpk+1 =2

n j ) 9 � : pk+1 =2
� = � 2[� u ]k� :

(7.20)

The time discretization of the thermal �ux conditions on the con tact in terface giv en in

(7.13) reads

qs;k+1 =2
c = � cpk+1 =2

n [� ]k+1 =2 � � cF
�
�

k+1 =2
c

�
pk+1 =2

n
k[� u ]k� k

� t
; (7.21a)

qm;k +1 =2
c = � � cpk+1 =2

n [� ]k+1 =2 � (1 � � c)F
�
�

k+1 =2
c

�
pk+1 =2

n
k[� u ]k� k

� t
: (7.21b)

Similar to (7.15) , w e obtain

qm;k +1 =2
c = � qs;k+1 =2

c � F(�
k+1 =2
c )pk+1 =2

n
k[� u ]k� k

� t
: (7.22)

Summarizing the equilibrium condition (7.17), the mec hanical con tact conditions (6.16)

and (7.20) and the thermal con tact condition (7.21) leads to the time discretized form u-

lation of the coupled thermo dynamic con tact problem. A dditionally , w e ha v e to enforce

the b oundary conditions (7.8) in eac h time step tk+1 =2
as w ell as c ho ose u 0

,
_u 0

and � 0

according to the initial conditions (7.7).

7.3. Space discretization and mo rta r fo rmulation

In this section, the space discretized v ariational form ulation of the time discretized ther-

mo dynamic con tact problem is deriv ed. In addition to the mec hanical Lagrange m ulti-

plier for the mec hanical b oundary stress pc , denoted in this c hapter b y bf lambdau w e

in tro duce the thermal Lagrange m ultiplier � � for the thermal heat �ux qs
c on the p ossible

con tact b oundary , resp ectiv ely . T o do so, w e end up with a mortar based form ulation.

Our main fo cus is on the treatmen t of the Robin t yp e thermal in terface conditions (7.13)

whic h leads to a generalized saddle p oin t form ulation. A lo cal static condensation of the

thermal Lagrange m ultiplier can easily b e obtained b y a lumping tec hnique. F or the spa-

tial discretization of the primal v ariables u and � , standard conforming �nite elemen ts of
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7. Thermo-mec hanical con tact problems

lo w est order are used. As o v erall in this thesis, the basis functions of the dual v ariables

� u and � � are biorthogonal to the trace of the shap e functions of the primal v ariables.

F or the dualit y , w e refer to Subsection 2.2.1.

W e start with the in tro duction of the discrete function spaces. In addition to the

function spaces in tro duced in Subsection 2.2 for the mec hanical v ariable, w e ha v e to

de�ne function spaces for the thermal v ariable. Although for the mec hanical v ariable the

same function spaces as b efore are used, w e recall its de�nitions. T o simplify the notation

in what follo ws, a discrete function is denoted b y the same sym b ol as its con tin uous

coun terpart, omitting the usual index h (i.e. u k+1 =2
instead of u k+1 =2

h ). W e de�ne the

v ector v alued space V i;h � [H 1(
 i )]d
for the displacemen t �eld and the scalar v alued

space V i;h � H 1(
 i ) on eac h sub domain i = s; m for the temp erature b y

V i;h :=
n

u i 2 [Si
1]d : u i j � i

D
= u i

D

o
; V i;h :=

n
� i 2 S i

1 : � i j � i
�

= � i
D

o
; (7.23)

where Si
1 = Si

1(
 i ; Th;
 i ) denotes the �nite elemen ts space of standard no dal basis func-

tions of order one asso ciated with the triangulation Th;
 i
of the sub domain 
 i

. The

corresp onding pro duct spaces are giv en b y V h := V s;h � V m;h
and V h := V s;h � V m;h

.

As test spaces, w e ha v e to use spaces satisfying zero Diric hlet b oundary conditions giv en

b y V h
0 := V s;h

0 � V m;h
0 and V h

0 := V s;h
0 � V m;h

0 with

V i;h
0 :=

n
v i 2 [Si

1]d : v i j � i
D

= 0
o

; V i;h
0 :=

n
� i 2 S i

1 : � i j � i
�

= 0
o

: (7.24)

An y function � 2 V h
or � 2 V h

0 and � 2 V h
or � 2 V h

0 stand for the pair � = ( � s; � m ) ,

� = ( � s; � m ) , resp ectiv ely . W e remark that the spaces V h
and V h

dep end on time tk+1 =2
,

if the Diric hlet data u D and � D are not constan t o v er time. But this time index is

neglected for ease of notation. Similar to the v ector v alue spatially discrete space M h

for the mec hanical Lagrange m ultiplier � u w e denote the spatially discrete space for the

thermal Lagrange m ultiplier � � b y M h
. W e remark that w e use the constrained basis

in tro duced in Subsection 2.3.1 not only for the discrete mec hanical space but also for the

discrete thermal space.

A function � u 2 M h
is written as � u =

P
p2S � p p , � p 2 Rd

, where its normal

and tangen tial parts are de�ned according to (2.16) . No w, the discrete con v ex subset

M h(� u; � ) of M h
yields, due to the biorthogonalit y relation (2.12)

M h(� u; � ) =
n

� u =
X

p2S

� p p 2 M h : � pn � 0; k� p� k � Fp� pn; p 2 S
o

: (7.25)

W e men tion that the only di�erence to the de�nition (2.27) is the dep endence on the

temp erature � whic h en ters in the de�nition of the temp erature dep enden t co e�cien t of

friction Fp at eac h no de p according to the con tin uous la w (7.11) . The temp erature is

appro ximated b y the discrete function � 2 V h
, i.e., � =

P
p � p� p =

P
p �̂ p�̂ p , � p; �̂ p 2 R,

where � p are the co e�cien ts with resp ect to the standard no dal basis, and �̂ p are the

co e�cien ts with resp ect to the new constrained basis. The co e�cien ts are related b y

� = Q>
1 �̂ . Since the co e�cien t �̂ p , p 2 S , denotes the w eak jump b et w een the master
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and the sla v e side due to (2.25), � p � �̂ p can b e regarded as the v alue of the master side

at the sla v e no de p. Therefore w e de�ne Fp b y

Fp := F0
(� cp � �

dam

)2

(�
dam

� �
ref

)2
; � cp := max

�
� p; � p � �̂ p

	
; p 2 S: (7.26)

Multiplying the semi-discrete mec hanical equilibrium condition (7.17a) with a test

function v i 2 V i;h
0 , in tegrating o v er 
 i

, applying partial in tegration and summation o v er

i = s; m, incorp orating the b oundary conditions (7.8) and the fact that � u 2 M h(� u; � )
appro ximates the con tact stress pc , �nally leads to

2
� t2

m1(� u k ; v) +
1
2

a11(� u k ; v) + a12(� k+1 =2; v) + h[v]; � k+1 =2
u i = f k+1 =2

1 (v); (7.27)

with the bilinear forms

m1(u ; v) :=
X

i = s;m

Z


 i
%i u i v i dx ; (7.28)

a11(u ; v) :=
X

i = s;m

Z


 i
� i (u i ) : r v i dx ; (7.29)

a12(�; v) :=
X

i = s;m

Z


 i
dK i � i r � i v i dx (7.30)

and the linear form

f k+1 =2
1 (v) :=

X

i = s;m

Z


 i
f i (x ; tk+1 =2)v i (x ) dx +

X

i = s;m

Z

� i
N

t i
N (x ; tk+1 =2)v i (x ) ds

+
2

� t
m1( _u k ; v) � a11(u k ; v): (7.31)

Multiplying the time discretized thermal equilibrium condition (7.17b) with a test

function � i 2 V i;h
0 , in tegrating o v er 
 i

, applying partial in tegration, summation o v er

i = s; m and using the b oundary conditions (7.8) , w e end up with

2
� t

m2(� k+1 =2; � )+
1

� t
a21(� u k ; � )+ a22(� k+1 =2; � )+

X

i = s;m

Z

� i
c

qi
c�

i ds = ~f k+1 =2
2 (� ); (7.32)

with the bilinear forms

m2(�; � ) :=
X

i = s;m

Z


 i
ci

� �
i � i dx ; (7.33)

a21(u ; � ) :=
X

i = s;m

Z


 i
dK i � 0� i

div (u i )� i dx ; (7.34)

a22(�; � ) :=
X

i = s;m

Z


 i
� i r � i r � i dx (7.35)
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and the linear form

~f k+1 =2
2 (� ) :=

X

i = s;m

Z


 i
r i (x ; tk+1 =2)� i (x ) dx �

X

i = s;m

Z

� i
q

qi
N (x ; tk+1 =2)� i (x ) ds

+
2

� t
m2(� k ; � ): (7.36)

In tro ducing the thermal Lagrange m ultiplier � k+1 =2
� as the heat �ux on the sla v e side

qs;k+1 =2
c and using (7.21b) to express the heat �ux qm;k +1 =2

c on the master side, w e obtain

from (7.32)

2
� t

m2(� k+1 =2; � ) +
1

� t
a21(� u k ; � ) + a22(� k+1 =2; � ) + h[� ]; � k+1 =2

� i = f k+1 =2
2;h (� ); (7.37)

where the righ t hand side is de�ned b y

f k+1 =2
2;h (� ) := ~f k+1 =2

2 (� ) +
X

p2S

Fk+1 =2
p

k� û k
p� k

� t

Z

� s
c

� k+1 =2
pn  p

�
� m � Rt

�
ds: (7.38)

W e note that (7.38) is the discretized v ersion of the non-linear term in the thermal �ux

condition (7.22) .

T aking in to accoun t the normal and the tangen tial part � k+1 =2
pn and � k+1 =2

p� of the no dal

v alue � k+1 =2
p of the discrete mec hanical Lagrange m ultiplier, w e can discretize the time

discrete mec hanical con tact conditions (6.16) and (7.20) in space and arriv e similar to

the con tin uous v ersion (6.17b) at

h[� u ]kn ; � un � � k+1 =2
un i + h[� u ]k� ; � u� � � k+1 =2

u� i � h gk ; � un � � k+1 =2
un i (7.39)

for all � u 2 M h(� u; � ) .

The thermo-mec hanical con tact condition (7.22) is a Robin-t yp e in terface condition

relating the temp erature � k+1 =2
with the heat �uxes qs;k+1 =2

c , qm;k +1 =2
c . Emplo ying the

de�nition of the thermal Lagrange m ultiplier � k+1 =2
� as the heat �ux on the sla v e side

qs;k+1 =2
c , the thermal �ux condition is satis�ed in the follo wing w eak sense

hw; � k+1 =2
� i = bh(� k+1 =2; w) � dk+1 =2

h (w); w 2 W h; (7.40)

where the bilinear forms are de�ned as

bh(�; �) : V h � W h ! R; bh(�; w ) :=
X

p2S

� c� k+1 =2
pn �̂ p

Z

� s
c

� pw ds; (7.41)

and the linear form dh(�) is giv en b y

dk+1 =2
h (w) :=

X

p2S

� cFk+1 =2
p � k+1 =2

pn

k� û k+1 =2
p� k

� t

Z

� s
c

wp� p ds: (7.42)
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7.4. Algebraic represen tation

Similar to the de�nition of the second term on the righ t hand side of (7.38), w e simplify

the non-linearities in the bilinear form bh(�; �) and the linear form dh(�) to handle the fully

discrete form ulation of the time discretized thermal �ux condition (7.22) . F or simplicit y ,

the dep endence of the bilinear form bh(�; �) on the normal con tact pressure � k+1 =2
un is not

re�ected in the notation, as w ell as the dep endence of the linear forms f k+1 =2
2;h (�) and

dk+1 =2
h (�) on the displacemen t � û k+1 =2

, the temp erature � k+1 =2
and the normal con tact

pressure � k+1 =2
un .

Summarizing (7.27) , (7.37) and the con tact conditions (7.39) and (7.40) , w e end

up with the fully discrete w eak form of the thermo-dynamic con tact problem: �nd

(� u k ; � k+1 =2; � k+1 =2
u ; � k+1 =2

� ) 2 V h � V h � M h(� k+1 =2
u ; � k+1 =2) � M h

suc h that for all

time steps

2
� t2

m1(� u k ; v) +
1
2

a11(� u k ; v) + a12(� k+1 =2; v) + b1(v; � k+1 =2
u ) = f k+1 =2

1 (v);

2
� t

m2(� k+1 =2; � ) +
1

� t
a21(� u k ; � ) + a22(� k+1 =2; � ) + h[� ]; � k+1 =2

� i = f k+1 =2
2;h (� );

h[� u]kn ; � un � � k+1 =2
un i + h[� u ]k� ; � u� � � k+1 =2

u� i � h gk ; � un � � k+1 =2
un i ;

bh(� k+1 =2; w) � h w; � k+1 =2
� i = dk+1 =2

h (w)
(7.43)

holds for all (v ; �; � u; w) 2 V h
0 � V h

0 � M h(� k+1 =2
u ; � k+1 =2) � W h

, together with a suitable

w eak form of the initial conditions (7.7) . W e remark that (7.43) is non-linear. Due

to the use of Coulom b friction the righ t hand sides f k+1 =2
2;h (�) and dk+1 =2

h (�) as w ell as

bh(�; �) dep end on the mec hanical Lagrange m ultiplier � k+1 =2
u ; further the righ t hand

sides f k+1 =2
2;h (�) and dk+1 =2

h (�) also dep end on the temp erature � k+1 =2
, via the temp erature-

dep enden t co e�cien t of friction F . The follo wing remark concludes this section.

Remark 7.1. The Robin-t yp e in terface condition for the heat �ux can also b e expressed

without Lagrange m ultiplier. Cho osing w = [ � ] 2 W h
in the last equation in (7.43) and

summing up the second and the last equations in (7.43) , w e obtain, due to the de�nition

of the bilinear form bh(�; �) and the fact that � k+1 =2
un = pk+1 =2

n ,

2
� t

m2(� k+1 =2; � ) +
1

� t
a21(� u k ; � )

+ a22(� k+1 =2; � ) + bh(� k+1 =2; [� ]) = f k+1 =2
2;h (w) + dh([� ]):

(7.44)

7.4. Algeb raic rep resentation

T o form ulate the algebraic represen tation of the �rst t w o equations in (7.43) , w e in tro duce

the mass matrices M j , j = 1; 2, resulting from the bilinear forms mj (�; �) with resp ect

to the no dal basis. T o a v oid n umerical oscillations in space due to the p ossible non-zero

heat �ux at the in terface, w e use a standard lumping tec hnique and replace the mass

matrix M 2 b y a diagonal matrix M L
2 [p; p] :=

P
q M 2[p; q]. W e remark that using the

143



7. Thermo-mec hanical con tact problems

lump ed v ersion of the mass matrix do es not deteriorate the n umerical con v ergence rate,

see [133 ]. The sti�ness matrices according to the bilinear forms aij (�; �) , i; j = 1; 2, with

resp ect to the no dal �nite elemen t basis are denoted b y A ij . The corresp onding matrices

with resp ect to the new constrained basis are obtained b y the lo cal transformation M̂ 1 =
QdM 1Q>

d , M̂ L
2 = Q1M L

2 Q>
1 , Â 11 = QdA 11Q>

d , Â 12 = QdA 12Q>
1 , Â 21 = Q1A 21Q>

d and

Â 22 = Q1A 22Q>
1 . With these notations, the algebraic v ersion of the �rst t w o equations

in (7.43) in the new constrained basis can b e written as

� 2
� t 2 M̂ 1 + 1

2 Â 11 Â 12

1
� t Â 21

2
� t M̂ L

2 + Â 22

� �
� û k

�̂ k+1 =2

�
+

�
~D d 0
0 ~D 1

�  
� k+1 =2

u

� k+1 =2
�

!

=

 
f̂ k+1 =2
1

f̂ k+1 =2
2

!

; (7.45)

where w e used the notation

~D d :=
�
0; D d

� >
. Before stating the de�nition of the righ t

hand side in (7.45) , w e men tion that the zero blo c ks in the coupling matrix b et w een the

�nite elemen t shap e functions in the constrained basis and the Lagrange m ultipliers � u

and � � corresp ond to the no des in the set N [ M . F ollo wing (7.18) , the righ t hand side

for the mec hanical part f̂ k+1 =2
1 with resp ect to the new constrained basis is giv en b y

f̂ k+1 =2
1 := Qd

�
f k+1 =2
1 +

2
� t

M 1 _uk � A 11uk
�

= Q1f
k+1 =2
1 +

2
� t

M̂ 1 _̂u
k

� Â 11û k ; (7.46)

where f k+1 =2
1 stands for the discrete v ector of the �rst t w o terms on the righ t hand side

in (7.31) assem bled with resp ect to the no dal basis at time tk+1 =2
. Denoting b y

~f k+1 =2
2

the discrete v ector of the �rst t w o terms of the righ t hand side in (7.36) assem bled with

resp ect to the no dal basis at time tk+1 =2
and taking in to accoun t the de�nition of f 2;h(�) ,

see (7.38), w e obtain for the righ t hand side f̂ k+1 =2
2 in (7.45) the relation

f̂ k+1 =2
2 := Q1f k+1 =2

2 �

0

@
0

B >
d

0

1

A lk+1 =2
p ; f k+1 =2

2 := ~f k+1 =2
2 +

2
� t

M L
2 � k ; (7.47)

where the en tries of the v ector lk+1 =2
are giv en b y

lk+1 =2
p := Fk+1 =2

p � k+1 =2
pn

k� û k
p� k

� t
; p 2 S;

whic h results from the second term on the righ t hand side of (7.38) . Again the zero

blo c ks refer to the no des in the set N and M .

Next, w e deriv e the algebraic form of the fully discrete w eak forms of the mec hanical

con tact conditions (7.39) and the thermal in terface conditions (7.40) . The algebraic

v ersion of the mec hanical con tact conditions (7.39) are the same as in (6.18) and (6.19).

Ho w ev er, w e ha v e to replace in the frictional constrain ts (6.19) the co e�cien t of friction

F b y the temp erature dep enden t one F
k+1 =2
p . Denoting b y W h

the scalar v alued analogon

to the v ector v alued space W h
and using this space as test space for (7.40) , the matrix

asso ciated with the bilinear form bh(�; �) , see (7.41) , will not b e a diagonal one, and the
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7.4. Algebraic represen tation

thermal con tact constrain ts will not decouple as the mec hanical ones in (6.18) and (6.19) .

T o exploit the adv an tage of the dual Lagrange m ultiplier shap e function w e use

bh(� k+1 =2; I hw) � h w; � k+1 =2
� i = dk+1 =2

h (w); w 2 W h
(7.48)

instead of (7.40), where the in terp olation op erator I h : W h ! M h
is de�ned b y

w :=
X

p2S

wp� p 7! I hw =
X

p2S

wp p: (7.49)

A rigorous theoretical analysis and optimal con v ergence rates for the linear framew ork

can easily b e obtained b y observing the fact that I h
is de�ned lo cally , preserv es constan ts

and is stable with resp ect to the L2
-norm. Moreo v er, the action of I h

on bh(�; �) can b e

regarded as lumping or equiv alen tly as under-in tegration. Th us, to sho w optimalit y , the

same tec hniques as in [133 ] can b e applied. Due to the c hoice of the biorthogonal basis

functions, (7.48) decouples for eac h no de p 2 S to

� c� k+1 =2
pn �̂ k+1 =2

p � � k+1 =2
�p = � cFk+1 =2

p � k+1 =2
pn

k� û k
p� k

� t
: (7.50)

No w, w e summarize our results. The algebraic v ersion of the space discretized w eak

form ulation (7.43) of the dynamic thermo-mec hanical con tact problem is giv en b y (7.45)

with the mec hanical con tact constrain ts (6.18) and (6.19) with F
k+1 =2
p instead of F and

the thermo-dynamic �o w condition at the con tact zone (7.50) . W e end this section with

three remarks concerning the applied space discretization.

Remark 7.2. Similar to Remark 7.1, one can sho w that the discretized v ersion of the

thermal part giv en b y the second line of (7.45) and (7.50) is equiv alen t to

2
� t

m2(� k+1 =2; � ) +
1

� t
a21(� u k ; � )

+ a22(� k+1 =2; � ) + bh(� k+1 =2; I h � h[� ]) = f k+1 =2
2;h (� ) + dh(� h[� ]);

(7.51)

where � h : L2(� s
c) ! W h

denotes the standard mortar pro jection giv en b y

Z

� s
c

�� � ds =
Z

� s
c

�
� h �

�
� � ds; � � 2 M h : (7.52)

The algebraic form ulation of (7.51) leads to the solution if w e substitute the v alues � k+1 =2
�p

coming from (7.50) in to the second line of (7.45) . Here, w e ha v e to tak e in to accoun t that

for � =
P

p � p� p 2 V h
the mortar pro jection of the jump is giv en b y � h[� ] =

P
p2S �̂ p� p ,

where �̂ p are the co e�cien ts with resp ect to the new constrained basis. Therefore b oth

form ulations are equiv alen t.

Remark 7.3. As already men tioned in Remark 6.1 w e ev aluate the con tact in tegrals and

the discrete gap on the curren t con�guration at time tk
. Therefore the matrices D d and

B d and also the basis transformation (2.22) dep end on tk
, and the v alues for the Lagrange

m ultipliers � u and � � are de�ned on the curren t con�guration. As in Section 6.3, w e ha v e

neglected all time indices in these quan tities b efore.

Remark 7.4. Similar to Remark 6.2 w e also remo v e the mass from the no des in S in the

mass matrix M 1 to a v oid the spurious oscillations in the mec hanical Lagrange m ultiplier.
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Figure 7.1.: Problem de�nition.

7.5. Numerical algo rithm

One of the c hallenges in the n umerical sim ulation of suc h t yp e of problems is the design

of fast and robust solv ers whic h can handle the non-linearities in the mec hanical and

thermal in terface constrain ts e�cien tly . F or the highly non-linear mec hanical condition

w e use the semi-smo oth Newton metho d presen ted in Section 5.6. A t the same time,

w e up date the non-linearities of the thermal condition in the iteration pro cess using a

�xed p oin t approac h. F urthermore, w e up date the co e�cien t of friction as w ell as the

non-linearities in the Robin-t yp e thermal in terface condition (7.50) and the non-linear

part lk+1 =2
p in (7.47) using a �xed p oin t strategy .

W e remark that the resulting system matrix is not symmetric due to the con tributions

of the thermo-mec hanical coupling and the asymmetry in the mo di�cations for the sliding

no des on the con tact zone. F or details w e refer to Chapter 5. Since the algebraic prop-

erties of the matrix are not a�ected, the asymmetry do es not in�uence the con v ergence

rates of appropriate iterativ e sc hemes suc h as m ultigrid metho ds.

Due to the decoupled constrain ts, w e can also easily eliminate the degrees of freedom

of the Lagrange m ultipliers from the global system. The constrain ts b oth for the me-

c hanical part and for the thermal part are of Diric hlet-, Neumann- or Robin-t yp e and

ha v e to b e included in to the system. Th us, only a system in the primal v ariables for

the displacemen t and the temp erature has to b e solv ed. The Lagrange m ultipliers can

e�cien tly b e obtained b y a lo cal p ost-pro cess.

Finally , w e men tion that since the time discretization sc heme do es not exp ect to con-

serv e the energy , w e here do not use the discrete v ersion of the p ersistency condition

(6.20) as in Section 6.3 but ful�ll the non-p enetration condition (6.16) directly .

7.6. Numerical examples

In this section, w e sho w n umerical examples b oth in the three- and the t w o-dimensional

situation for the prop osed form ulation and algorithm.
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T able 7.1.: Material parameters.

sla v e b o dy 
 s
master b o dy 
 m

mass densit y %i 7 856 8 154
Y oung's mo dulus E i 2:1 � 105 8:2 � 105

P oisson ratio � i 0:25 0:3
thermal expansion co e�cien t � i 1:5 � 10� 5 1:5 � 10� 5

sp eci�c heat capacit y ci
� 460 520

thermal conductivit y � i 55 65

Figure 7.2.: T emp erature distribution at time tk� 1=2
for k = 8; 14; 20; 26; 32; 38; 44; 50.

7.6.1. Three-dimensional example

In the �rst n umerical example, w e consider the three-dimensional situation sk etc hed in

Figure 7.1. The upp er b o dy 
 s
, assumed to b e the sla v e side, impinges with the ini-

tial v elo cit y v s
0 = (30; 0; � 1:1)>

on the lo w er b o dy 
 m
and slides o v er it. The lo w er

b o dy 
 m
rests in the initial con�guration and is clamp ed at its b ottom surface. F or all

other b oundary faces, w e assume homogeneous surface tractions and thermal �uxes,

i.e., t i
N = 0 and qi

N = 0 , resp ectiv ely . The lo w er b o dy is mo deled b y the cub oid


 m := [0:0; 0:85]� [� 0:1; 0:1] � [0:15; 0:15], whereas 
 s
w as generated from the cub oid

[0:05; 0:45]� [� 0:1; 0:1]� [0:17; 0:31] b y deforming the lo w er, fron t and bac k surface suc h

that w e get the b o dy depicted in Figure 7.1. The lo w er surface of 
 s
is assumed to b e

the p ossible con tact b oundary � s
c and the upp er surface of 
 m

forms the opp osite con tact

b oundary � m
c . The c hosen material parameters are summarized in T able 7.1.

The initial and the reference temp erature are set to � 0 = 20 for b oth b o dies. F or

the reference and the damage temp erature in the co e�cien t of friction (7.11) , w e use

�
ref

= 20 and �
dam

= 60 , resp ectiv ely . The static co e�cien t of friction is assumed to b e

F0 = 0:03. F urthermore, w e use the parameters 
 s
c = 
 m

c = 1 , whic h lead to � c = � c = 0:5
in (7.14) . The considered time in terv al [0; 1] is split in to 50 time steps of size � t = 0:2.

F or the space discretization, w e use 45� 13� 11 = 6 435 no des for the lo w er b o dy 
 m

and 27� 13� 11 = 3 861 for the upp er b o dy 
 s
.

The n umerical results are presen ted in Figures 7.2 to 7.7. Figure 7.2 sho ws the distorted

b o dies with the temp erature distribution at di�eren t time steps. One can observ e that

heat is generated at the con tact in terface due to the sliding pro cess and is di�using
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Figure 7.3.: E�ectiv e stress �
e�

at time tk
for k = 8; 14; 20; 26; 32; 38; 44; 50.
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Figure 7.4.: Normal comp onen t � k� 1=2
pn and tangen tial part k� k� 1=2

p� k of the con tact stress

at the no des x2 = 0 for k = 8; 14; 20; 26; 32; 38; 44; 50.

in to the b o dies. In Figure 7.3, the distorted b o dies are displa y ed with the e�ectiv e v on

Mises stress �
e�

giv en b y � 2
e�

:=
P d

i;j =1 j� ij � � ij pj2 , where the pressure is de�ned b y

p := 1
d tr (� ) . Figures 7.4 to 7.7 presen t the b eha vior of the frictional in terface conditions

(6.19) with F replaced b y F
k+1 =2
p and (7.50) at the con tact no des of the upp er b o dy 
 s

on the line x2 = 0 . Therefore the horizon tal axis of these �gures represen ts the x1 -axis

as indicated in Figure 7.1. In Figure 7.4, the b eha vior of the con tact pressure in normal

and tangen tial direction is sho wn, where the dots mark the friction b ound Fpj� pn j . One

can see that the normal part of the con tact pressure and the con tact zone increases with

time. All con tact no des are sliding ones, and the n umerical results con�rm condition

(6.19) with F
k+1 =2
p instead of F . The thermal �o w condition (7.50) at the con tact no des

is ev aluated in Figure 7.5. Due to the increasing con tact pressure � pn , the thermal �ux

� � also increases with time. The curv e � c� pn[� ]p = � c� pn �̂ p sho ws that the jump in the

temp erature is p ositiv e for the no des with larger x1 -co ordinate and negativ e otherwise.

This b eha vior p erfectly �ts to the plots of the temp erature ev olution of � s
and � m

on

b oth sides of the con tact zone sho wn in Figure 7.6, where the v ertical dashed lines mark

the curren t con tact zone. The series of pictures in Figure 7.7 displa ys the ev olution of
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Figure 7.5.: Thermal in terface condition (7.50) at the no des x2 = 0 for at time tk� 1=2
for

k = 14; 20; 26; 32; 38; 44; 50.
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Figure 7.6.: T emp erature distribution � s;k� 1=2
p and � m;k � 1=2

p at the no des x2 = 0 for k =
8; 14; 20; 26; 32; 38; 44; 50.

the temp erature dep enden t co e�cien t of friction Fp at the maximal temp erature � p on

the con tact no des. The horizon tal dashed line marks the static co e�cien t of friction F0 ,

and the t w o v ertical lines indicate the curren t con tact zone. One can observ e that, due

to the heating of the t w o b o dies, the maximal temp erature � p increases o v er time, and

therefore Fp decreases due to (7.26) .

T o illustrate the p erformance of the algorithm describ ed in Section 7.5, Figure 7.8

depicts the relativ e errors

k(� û k ; �̂ k+1 =2) j � (� û k ; �̂ k+1 =2) j � 1k2

k(� û k ; �̂ k+1 =2) j k2

(7.53)

of the iterates for di�eren t time steps. Here, k � k2 denotes the Euclidean norm of the

co e�cien t v ector and j the iteration index. The iteration pro cess w as initialized with the
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Figure 7.7.: Co e�cien t of friction F
k� 1=2
p and maximal temp erature �

k� 1=2
p at the con tact

no des x2 = 0 for k = 8; 14; 20; 26; 32; 38; 44; 50.
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Figure 7.8.: Relativ e error (7.53) of the iterates for the time steps tk
with k =

20; 30; 40; 50.

solution from the former time step. As our algorithm is a com bination of a semi-smo oth

Newton metho d and �xed p oin t approac h, w e exp ect and n umerically observ e a linear

con v ergence b eha vior for eac h time step with around 6 iteration steps b eing necessary to

obtain a relativ e accuracy of 10� 9
.

As a second example, w e c hange the initial conditions of the temp erature for the lo w er

b o dy 
 m
to � m

0 = 10 instead of � m
0 = 20 as b efore. The initial temp erature of the upp er

b o dy 
 s � s
0 = 20 and the v alue �

ref

= 20 is not altered, as w ell as other parameters.

Due to the fact that the upp er b o dy is w armer compared to the lo w er one, there is a

temp erature exc hange b et w een b oth b o dies through the con tact in terface in addition to

the frictional heat generation. The results are presen ted in Figure 7.9. One can see

that the temp erature in the upp er b o dy 
 s
is higher and therefore the jump [� ]p = �̂ p is

p ositiv e. F urthermore, there are con tact no des with a larger co e�cien t of friction Fp than

the static v alue F0 . This e�ect arises since w e c ho ose �
ref

= 20 and the heat transfer

from the w armer upp er b o dy 
 s
to the lo w er b o dy 
 m

ststes as so on as the b o dies come

in to con tact, resulting in � p < �
ref

.
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Figure 7.9.: Thermal in terface condition (7.50) (�rst ro w), temp erature distribution

� s;k� 1=2
p and � m;k � 1=2

p (second ro w) and co e�cien t of friction F
k� 1=2
p and

maximal temp erature �
k� 1=2
p (third ro w) at the con tact no des x2 = 0 for

k = 20; 30; 40; 50 for the second example.
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Figure 7.10.: Problem de�nition and grids at initial state, during and after con tact on

lev el 0.

7.6.2. T w o-dimensional example

No w, w e consider the t w o-dimensional situation sk etc hed in Figure 7.10. The upp er

domain 
 m
is mo deled b y a disc with radius ra = 0:5 and origin (0; 0)> featuring a

squared hole with a diagonal of length 2r i = 0:6. The b o dy 
 m
impinges with an initial

v elo cit y v 0 = (2 :4; � 0:2)>
the lo w er b o dy 
 s = [0:0; 0; 6] � [� 0:9; � 0:51] b eing at rest

151



7. Thermo-mec hanical con tact problems

Figure 7.11.: T emp erature distribution at time tk� 1=2
(upp er) and e�ectiv e stress �

e�

at

time tk
(lo w er) for k = 90; 140; 190; 240; 290; 340.
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Figure 7.12.: Normal comp onen t � k� 1=2
pn and tangen tial part k� k� 1=2

p� k of the con tact stress

on � s
c for k = 90; 140; 190; 240.

in the initial con�guration and clamp ed on its lo w er side. F or all other b oundary faces,

w e assume homogeneous surface tractions and thermal �uxes, i.e., t i
N = 0 and qi

N = 0 ,

resp ectiv ely . As indicated in Figure 7.10, the upp er part of 
 s
is assumed to b e the

p ossible con tact b oundary � s
c and the lo w er part of 
 m

mo dels the opp osite con tact

b oundary � m
c . F or the material parameters, w e use again the ones stated in T able 7.1

but vice v ersa, i.e., 
 s
has no w the parameters giv en in T able 7.1 for 
 m

and 
 m
the

ones for 
 s
. The initial temp erature is c hosen as � 0 = 20 for b oth b o dies, while the

reference and the damage temp erature in the co e�cien t of friction (7.11) is assumed to

b e �
ref

= 20 and �
dam

= 60 , resp ectiv ely , with the static co e�cien t of friction F0 = 0:003.

F urthermore, w e set the parameters 
 s
c = 
 m

c = 1 , whic h leads to � c = � c = 0:5 in (7.14).

The mesh used in the computation is obtained b y applying t w o uniform re�nemen t

steps to the grid presen ted in Figure 7.10, and consists of 2 737 no des, 561 for 
 s
and

2 176 for 
 m
. The time discretization consists of 340 time steps of size � t = 10� 3

.

The t w o b o dies come in to con tact at tk = 50 � t and disconnect at tk = 306 � t . The

n umerical results for this example are presen ted in Figures 7.11 to 7.15. The distorted

b o dies with the temp erature distribution at di�eren t time steps are sho wn in the upp er
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Figure 7.13.: Thermal in terface condition (7.50) on � s
c at time tk� 1=2

for k =
90; 140; 190; 240.
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Figure 7.14.: T emp erature distribution � s;k� 1=2
p and � m;k � 1=2

p on � s
c for k =

90; 140; 190; 240.

ro w of Figure 7.11, whereas the b ottom ro w of Figure 7.11 depicts the e�ectiv e v on

Mises stress �
e�

.

The b eha vior of the frictional in terface conditions (6.19) with F replaced b y F
k+1 =2
p

and (7.50) at the con tact no des of the lo w er b o dy 
 s
are illustrated in Figures 7.12 to

7.15. The �rst one sho ws the b eha vior of the con tact pressure in normal and tangen tial

direction with resp ect to time, the dots are indicating the friction b ound Fpj� pn j . One can

observ e that the normal part of the con tact pressure and the con tact zone increases with

time. As in the previous examples all con tact no des are sliding ones, and the n umerical

results ful�ll condition (6.19) with F
k+1 =2
p instead of F . The thermal �o w condition (7.50)

at the con tact no des is presen ted in Figure 7.13. Due to the increasing con tact pressure

� pn the thermal �ux � � also increases o v er time. F or the legend of the curv es w e refer

to Figure 7.5. The curv e � c� pn[� ]p = � c� pn �̂ p sho ws that the jump in the temp erature

is negativ e for the no des with larger x1 -co ordinate and p ositiv e for the other ones. This

b eha vior p erfectly �ts with the plots of the temp erature ev olution of � s
and � m

on b oth

sides of the con tact zone sho wn in Figure 7.14, where the v ertical dashed lines mark

the curren t con tact zone. Finally , Figure 7.15 displa ys the ev olution of the temp erature

dep enden t co e�cien t of friction Fp and the maximal temp erature � p on the con tact no des

on � s
c . The horizon tal dashed line marks the static co e�cien t of friction F0 and the t w o

v ertical lines indicate the curren t con tact zone. One can see that due to the heating of the

t w o b o dies, the maximal temp erature � p increases o v er time and therefore the co e�cien t

of friction Fp decreases due to (7.26) .
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Figure 7.15.: Co e�cien t of friction F
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p and maximal temp erature �
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p on � s

c for
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8. Concluding rema rks

This thesis is dev oted to the mathematical form ulation of nonlinear con tact problems, its

discretization and the dev elopmen t of e�cien t n umerical solution algorithms. In order

to handle the t ypical situation of nonconforming �nite elemen t meshes at the con tact

in terface, the mortar metho d with dual basis functions for the Lagrange m ultiplier has

b een emplo y ed. This c hoice allo ws a rigorous mathematical analysis and optimal a priori

estimates for the discretization error. F urthermore, it pro vides an excellen t starting

p oin t for the construction of e�cien t n umerical solution algorithms based on semi-smo oth

Newton metho ds. A large n um b er of n umerical examples has b een pro vided in order to

con�rm the theoretical results and to sho w the �exibilit y , the robustness and the e�ciency

of the prop osed algorithms.

After in tro ducing the strict mathematical form ulation of con tact problems, the �rst

topic of the thesis has b een dedicated to the mortar form ulation for nonlinear con tact

problems. F urthermore, its discretization b y using dual basis functions for the Lagrange

m ultiplier and the resulting algebraic represen tation of the discrete v ariational inequalit y

ha v e b een presen ted. Optimal a priori error estimates for the discretization error of

the mortar form ulation ha v e b een obtained under suitable regularit y assumptions on the

exact solution.

The main part of the thesis has b een dev oted to the dev elopmen t and the n umerical

in v estigation of semi-smo oth Newton metho ds to solv e the arising nonlinear equations.

Due to the emplo ymen t of dual basis functions for the Lagrange m ultiplier, a p oin t-wise

decoupling of the con tact constrain ts at the con tact in terface has b een deriv ed. Moreo v er,

the in tro duction of a basis transformation of the �nite elemen t basis has allo w ed for

transforming a t w o-b o dy con tact problem to the same structure as a one-b o dy con tact

problem. This transformation has turned out to b e a simple lo cal algebraic mo di�cation

of the system matrix and the righ t hand side. Due to this, e�cien t semi-smo oth Newton

metho ds ha v e b een dev elop ed and an equiv alen t reform ulation in terms of a primal-dual

activ e set strategy has b een giv en for the case without friction. Ev en in the frictional

case with Coulom b's friction la w, a full semi-smo oth Newton metho d has b een presen ted

whic h exhibits a sup erlinear con v ergence b eha vior. Moreo v er, it has b een sho wn that

com bining these approac hes with linear m ultigrid metho ds for solving the arising linear

systems in eac h step, inexact strategies can b e applied, suc h that the total e�ort for

solving the nonlinear con tact problem is almost the same as for solving a linear problem.

In the last part of this thesis, extensions of the discretization metho d and the n umerical

algorithm to more generals con tact problems ha v e b een considered. Firstly , its applica-

tion to con tact dynamics including large deformations with nonlinear material la ws in

the framew ork of energy-conserving time in tegration sc hemes has b een in v estigated. Sec-

ondly , thermo-mec hanical con tact problems ha v e b een considered. A discrete v ariational
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8. Concluding remarks

form ulation in terms of mortar tec hniques b y using dual basis functions b oth for the

mec hanical and the thermal Lagrange m ultiplier has b een deriv ed and an extension of

the n umerical algorithm to this highly nonlinear system has b een in tro duced.

Summarizing the results, w e conclude that the prop osed discretization tec hniques and

the n umerical algorithms pro vides a p o w erful and e�cien t to ol for the sim ulation of

frictional con tact problems. Due to their comparativ ely simple structure and their quite

simple adaptabilit y to existing �nite elemen t co des for structural mec hanics the prop osed

metho ds are a promising approac h not only for the sim ulation of frictional con tact prob-

lems but also for the wide range of sim ulation pro cesses based on the discretization and

n umerical solution of v ariational inequalities.
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