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1. Zusammenfassung

Die typischen Längenskalen unseres (makroskopischen) Alltages erstrecken sich von ei-
nigen Millimetern bis zu mehreren Metern oder gar Kilometern. Bei dem menschlichen
Streben, zu finden “was die Welt im Innersten zusammenhält”1, fanden Physiker auf der
mikroskopischen Skala, d.h. in der Größenordnung von Ångström (10−10m), die Atome,
welche die Bausteine der uns umgebenden Materie bilden. Auf noch kleineren Längens-
kalen wurden subatomare Teilchen gefunden, welche die Bausteine der Atome sind. Zwi-
schen den mikroskopischen und den makroskopischen Längenskalen befindet sich “Die
Welt der vernachlässigten Dimensionen”2,3 – so nannte W. Ostwald 1915 seine Einfüh-
rung in die Kolloidchemie. Heutzutage wird der Forschungsbereich weiter gefasst (und
nicht nur als Teilbereich der Chemie betrachtet) und kolloidale Systeme werden oft auch
als weiche Materie oder komplexe Flüssigkeiten bezeichnet4. Kolloidale Systeme sind
dadurch charakterisiert, dass einige ihrer Bestandteile eine typische Längenskala von
einigen Nanometern (10−9m) bis zu einigen Mikrometern (10−6m) besitzen. Kolloida-
le Mischungen bestehen häufig aus Partikeln in einem flüssigen Lösungsmittel. Solche
kolloidalen Dispersionen werden in dieser Arbeit betrachtet. Jedoch können kolloidale
Systeme ebenso ein Gemisch aus gasförmigen, flüssigförmigen, und/oder festen Bestand-
teilen sein. Die Art der Bestandteile ist sehr vielfältig. Neben festen Partikeln können die
Teilchen selbst aus kleineren Einheiten aufgebaut sein, wie etwa Polymere oder Mizellen.
Eine frühe Abhandlung über die Vielfältigkeit von kolloidalen Systemen kann beispiels-
weise in dem Werk von Ostwald oder in der “Einführung in Kolloidchemie” von H. Stau-
dinger5 gefunden werden. Wegen der Charakteristika von kolloidalen Mischungen sind in
diesen innere Grenzflächen, d.h. deren Eigenschaften und ihr Beitrag zur freien Energie,
von Bedeutung. Die Energieskala dieser Systeme ist im Bereich der thermischen Energie
kBT ; T ist die Temperatur und kB = 1.38 × 10−23J/K ist die Boltzmann-Konstante6.
Daher ist neben der Wechselwirkungsenergie zwischen den Bestandteilen in kolloidalen
Systemen auch die Entropie dieser Systeme von Bedeutung, woraus sich ein interessantes

1 Ausspruch der Hauptperson, dem Gelehrten Heinrich Faust, in J. W. von Goethe, Faust, J. G. Cotta
(Tübingen), 1808.

2W. Ostwald, Die Welt der vernachlässigten Dimensionen: eine Einführung in die moderne Kolloid-

chemie; mit besonderer Berücksichtigung ihrer Anwendungen, Steinkopff (Dresden), 12. Auflg., 1944.
3 Auf eine ausführliche Referenzliste wird in dieser Zusammenfassung verzichtet. Es werden nur einige

deutschsprachige Publikationen, zumeist allgemeine Übersichtsartikel, zitiert. Für eine umfassendere
Referenzliste wird auf die Liste des Haupteiles verwiesen.

4 H. Löwen, Was ist hart an der Weichen Materie? Ein Streifzug durch das interdisziplinäre Gebiet

der Kolloide und Polymere, Physik Journal 7/8, 51 (2003).
5 H. Staudinger, Organische Kolloidchemie, Vieweg (Braunschweig), 1940.
6 Zur Bestimmung des Wertes von kB , siehe bspw.: PTB, Erster Wert der PTB für die Boltzmann-

Konstante PTBnews 2, 1 (2011).
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1. Zusammenfassung

Wechselspiel dieser Einflüsse ergibt7. Schon W. Ostwald relativierte die ‘Vernachlässi-
gung’ in seinem Vorwort, in welchem er über die kolloidalen Systeme als “so lange schon
existierende, aber so kurz erst wirklich erkannte Welt merkwürdiger Phänomene und
eigenartiger Gedanken” schreibt. Eventuell produziert die Kolloidforschung weniger pu-
blikumsträchtige Schlagzeilen, dafür jedoch, wie schon W. Ostwald in dem Untertitel
seines Buches andeutet, zahlreiche Anwendungen für unser alltägliches Leben. Hierzu
zählen beispielsweise Farben, Zahnpasta oder die Gegenstände, für welche aktuell eine
Mengenbeschränkung von 100ml in Flugzeugen gilt. Die zahlreichen Anwendungen re-
sultieren unter anderem aus der Vielfältigkeit der möglichen Bestandteile von kolloidalen
Systemen. Diese Variationsmöglichkeiten erlauben es, die effektiven Wechselwirkungen
zwischen den (großen) Bestandteilen zielgerichtet zu manipulieren, beispielsweise für ei-
ne Anwendung zu optimieren. Diese effektiven Wechselwirkungen ergeben sich durch
das Vorhandensein der weiteren Bestandteile und werden indirekt über diese vermit-
telt (siehe die Referenz in Fußnote 4). Zwar sind diese effektiven Wechselwirkungen im
allgemeinen nicht paarweise additiv, jedoch ist häufig die Beschränkung auf das effekti-
ve Paar-Wechselwirkungspotential zulässig8. Wegen der kontrollierbaren Variabilität der
effektiven Wechselwirkungen und ihrer guten experimentellen Untersuchbarkeit eignen
sich kolloidale Systeme in einer herausstechenden Art und Weise als Modellsysteme für
atomare Systeme und als paradigmatische Systeme der statistischen Physik9. Schließlich
besitzen diese kolloidalen Systeme auch sehr spezifische, sie auszeichnende Eigenschaf-
ten, so dass sie selbst ein interessantes, herausforderndes Gebiet der Physik darstellen.
Hiervon zeugt nicht zuletzt der Nobelpreis an P.-G. de Gennes, einen der ‘Gründerväter’
der theoretischen Kolloidforschung10.

Die dispergierten Kolloidteilchen verändern die Struktur des Lösungsmittels auf der
Skala seiner Korrelationslänge. Für atomare oder molekulare Lösungsmittel, wie sie hier
betrachtet werden, ist daher in vielen Situationen das Lösungsmittel nur in einer sehr
dünnen, d.h. einige Ångström dicken, Schicht um die Kolloide herum durch deren Prä-
senz beeinflusst. Dies ändert sich fundamental, wenn die binäre Flüssigkeitsmischung,
die als Lösungsmittel dient, in ihrer kritischen Konzentration mittels einer Verände-
rung der Temperatur an ihren kritischen Punkt eines Entmischungs-Phasenüberganges
gebracht wird. Bei einem Phasenübergang wechselt das System von einem sogenann-
ten ‘ungeordneten’ in einen ‘geordneten’ Zustand (oder vice versa)11. Es gibt für den
Phasenübergang eine quantitative Messgröße, den Ordnungsparameter Φ, dessen Wert
von einem dazugehörigen Kontrollparameter C abhängt. C ist meistens die Tempera-
tur T und der Ordnungsparameter Φ ist der Dichteunterschied (̺− ̺c) zur kritischen

7 C. Bechinger, H. H. von Grünberg, und P. Leiderer, Entropische Kräfte, Phys. Blätt., 55, 53
(1999); H. H. von Grünberg und C. Bechinger, Die Attraktivität von Unordnung,
Spektrum der Wissenschaft, 6, 16 (2000).

8 C. Bechinger und H. H. von Grünberg, Wenn drei Körper mehr sind als drei Paare Mehrkörper-

Wechselwirkungen in kolloidalen Systemen, Physik Journal 11, 33 (2004).
9 C. Bechinger, Physik mit kolloidalen Suspensionen, Phys. Blätt. 56, 75 (2000).

10 T. Vilgis und K. Kremer, Nachruf auf Pierre-Gilles de Gennes, Physik Journal 8/9, 116 (2007).
11 W. Gebhardt und U. Krey, Phasenübergänge und kritische Phänomene, Vieweg (Braunschweig),

1980.
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Dichte, die Differenz (ca − ca,c) der Konzentration von ihrem kritischen Wert oder die
Magnetisierung m für einfache Flüssigkeiten, für binäre Flüssigkeitsmischungen bezie-
hungsweise für uniaxiale Ferromagneten. An dem Phasenübergang ändert sich der Wert
des Ordnungsparameter Φ qualitativ aufgrund einer kontinuierlichen Änderung des Kon-
trollparameters C und zwar von Φ = 0 in der ungeordneten Phase zu Werten Φ 6= 0
in der geordneten Phase. An einem Phasenübergang erster Ordnung ist diese Ände-
rung sprunghaft von Φ = 0 zu einem endlichen Wert |Φ| > 0. An einem kritischen
Punkt (oder allgemeiner: an einem kontinuierlichen Phasenübergang) nimmt der Wert
von Φ als Funktion des Kontrollparameters C = t kontinuierlich endliche Werte an und
zwar gemäß Φ (t ≤ 0) ∼ (−t)β und Φ (t > 0) = 0. β ist dabei ein kritischer Exponent
und t = ±

(
T − T

(s)
c

)
/T

(s)
c ist die reduzierte Temperaturabweichung von der kritischen

Temperatur T (s)
c für einen oberen (± = +) bzw. unteren (± = −) kritischen Punkt. Vie-

le binäre Flüssigkeitsmischungen, wie beispielsweise Lutidin-Wasser-Mischungen, haben
einen (unteren) kritischen Punkt bei Umgebungsdruck und ihre kritische Temperatur ist
im Bereich T

(s)
c ∼ (20 . . . 70)◦ C. Daher lassen sich die kritischen Zustandsbedingungen

sowohl in Experimenten als auch in möglichen Anwendungen ohne Großapparaturen ein-
stellen. In der Nähe eines kritischen Punktes divergiert die Korrelationslänge ξ ∼ |t|−ν

des kritischen Materials als Funktion der reduzierten Temperaturabweichung t. ν ist
ein weiterer kritischer Exponent. Die langreichweitigen Korrelationen in dem kritischen
Medium werden durch die kritischen Fluktuationen induziert, deren Verteilungsfunkti-
on genau am kritischen Punkt keine charakteristische Länge besitzt. Folglich sind die
Fluktuationen skaleninvariant und diese Symmetrie der Selbstähnlichkeit überträgt sich
auf das gesamte System. (Fast-) kritische Systeme zeichnen sich desweiteren durch ihre
sogenannte Universalität aus. Dies bedeutet, dass es irrelevant ist, welche konkrete phy-
sikalische Größe fluktuiert. Relevant sind nur drei Eigenschaften und zwar die räumliche
Dimension d des Systems, die Dimension dΦ des entsprechenden Ordnungsparameters
sowie ob die Reichweite der Wechselwirkungen zwischen den Teilchen des kritischen Me-
diums lang- oder kurzreichweitig ist. Systeme, welche diese drei Eigenschaften gemeinsam
haben, bilden eine sogenannte Universalitätsklasse (siehe die Referenz in Fußnote 11).
Somit ist das kritische Verhalten der bereits oben erwähnten Phasenübergänge in einfa-
chen Flüssigkeiten, in binären Flüssigkeitsmischungen und auch in uniaxialen Magneten,
welche alle zur Ising-Universalitätsklasse gehören, nicht nur qualitativ dasselbe, sondern
auch quantitativ (gemessen in entsprechenden, sogenannten Skalenvariablen) gleich. Die
eingeführten Exponenten β und ν sind universelle Größen und in d = 3 gilt für die
Ising-Universalitätsklasse β = 0.3265(3) und ν = 0.6301(4). Dieses universelle Verhalten
kann mittels der Renormierungstheorie begründet werden12

Da die Korrelationslänge divergiert, beeinflussen begrenzende Oberflächen das kriti-
sche Verhalten des gesamten Systems und jede oben benannte Volumen-Universalitäts-
klasse spaltet sich in mehrere Oberflächen-Universalitätsklassen auf. So ist etwa der Wert
des Ordnungsparameters an der Oberfläche gegeben durch Φs (t < 0) ∼ (−t)βs, wobei

12 K. G. Wilson, Die Renormierungsgruppe, Spektrum der Wissenschaft 10, 66 (1979); Übersetzung
aus dem Englischen, Originalartikel erschienen im Scientific American.
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1. Zusammenfassung

der Wert, i. A. βs 6= β, des kritischen Oberflächenexponenten βs von der Oberflächen-
Universalitätsklasse abhängt. Räumliche Beschränkungen verändern ebenso das kriti-
sche Verhalten. In einem Film der Dicke L, dessen Oberflächen die gleiche Phase ad-
sorbieren, weicht die kritische Temperatur um Tc (L) − T

(s)
c ∼ L−1/ν von der kritischen

Temperatur T
(s)
c im unendlich ausgedehnten Volumen ab. In Filmen, deren Oberflä-

chen unterschiedliche Phasen adsorbieren, ergibt sich ein komplizierteres Verhalten. Die
räumlichen Beschränkungen des (fast-) kritischen Systems beeinflussen auch das Profil
des Ordnungsparameters und beschränken das Spektrum der kritischen Fluktuationen.
Daraus resultiert eine effektive Kraft, die sogenannte kritische Casimir Kraft fC , welche
auf die begrenzenden Oberflächen wirkt. Das Vorzeichen der kritischen Casimir Kraft
hängt von den Oberflächen-Universalitätsklassen der Begrenzungen ab. Für symmetrie-
brechende Oberflächen ist die kritische Casimir Kraft attraktiv, wenn beide Oberflächen
die gleiche Phase adsorbieren und repulsiv wenn die zwei Oberflächen je eine andere
Phase adsorbieren. 30 Jahre nachdem M. E. Fisher und P.-G. de Gennes die kritische
Casimir Kraft 1978 vorhersagten, wurde sie von C. Hertlein und Kollegen zwischen einem
Kolloidteilchen und einer planaren Wand direkt gemessen13. Es kann erwartet werden,
dass solch eine zusätzliche attraktive Kraft zwischen den Kolloidteilchen (der gleichen
Sorte) deren Stabilität im Lösungsmittel beeinflusst. Andererseits werden die kolloida-
len Partikel, die als Aussparungen im kritischen Medium wirken, das Phasenverhalten
des kritischen Lösungsmittels beeinflussen. Schon 1985 beobachteten D. Beysens und
D. Estève eine Aggregation14 von Kolloidteilchen in einer fast-kritischen Wasser-Lutidin
Mischung. Darauf folgten weitere Experimente und theoretische Untersuchungen, um
solche kolloidalen Dispersionen mit phasen-separierendem molekularen Lösungsmittel
zu verstehen. Unter anderem wegen den unterschiedlichsten Mechanismen, welche in
solchen Mischungen von Bedeutung sind, sowie weil verschiedenste Längenskalen, die
mehrere Größenordnungen umspannen, relevant sind, ist bisher weder das beschriebene
Aggregations-Experiment genau verstanden, noch gibt es ein klares Verständnis über das
Phasenverhalten solcher Mischungen. Das Ziel dieser Arbeit ist es, zu diesen Aspekten
einen Beitrag zu liefern.

Im ersten Teil der Resultate (Kap. 5) wird das vorhandene Wissen über die kritische
Casimir Kraft fC vertieft. Dabei wurde hauptsächlich die Filmgeometrie betrachtet und
der Einfluss des äußeren Feldes hb (konjungiert zum Ordnungsparameter Φ) berechnet.
Für binäre Flüssigkeitsmischungen ist dieses äußere Feld hb ∼ (µa − µb)− (µa − µb)c der
Wert von der Abweichung der Differenz (µa − µb) von ihrem kritischen Wert (µa − µb)c.
µa und µb sind die chemischen Potentiale der Teilchensorten a und b. Für Filme, deren
Oberfläche die gleiche Phase adsorbieren, stellt sich heraus, dass die Stärke |fC | der
kritischen Casimir Kraft für kleine negative Werte von hb merklich zunimmt. In den
räumlichen Dimensionen d = 4 und d = 3 und für t > 0 nimmt die Stärke um einen
Faktor von bis zu 7 beziehungsweise 10 zu, im Vergleich zu dem Wert von fC bei hb = 0.
Für Temperaturen t < 0, bei welchen es im Volumen Phasen-Koexistenz gibt, kann

13 K. Mecke, Die Kraft kritischer Fluktuationen, Physik Journal 3, 16 (2008).
14 Auf eine Ausdifferenzierung zwischen Aggregation, Koagulation, und Flokkulation wird hier vermie-

den. Hier werden sie gleichbedeutend als eine strukturelle Instabilität verwendet.

10

http://www.pro-physik.de/details/articlePdf/1104351/issue.html


die effektive Kraft zwischen den zwei einschließenden Oberflächen sogar noch stärker
werden. Für noch negativere Werte von t wird die effektive Kraft hauptsächlich im Be-
reich des Phasendiagramms zwischen der Film- und der Volumen-Phasenkoexistenzlinie
extrem stark. Mittels der sogenannten Derjaguin-Näherung kann die kritische Casimir
Kraft zwischen zwei großen kugelförmigen Teilchen aus den Ergebnissen für die kritische
Casimir Kraft in der Filmgeometrie berechnet werden.

Im zweiten Teil (Kap. 7) wird untersucht, unter welchen Umständen die kolloidale Di-
spersion wegen der auftretenden stark attraktiven kritischen Casimir Kraft strukturell
instabil wird. Bei solch einer strukturellen Instabilität bilden sich Aggregate, welche sich
aus der Dispersion lösen und sedimentieren. Wegen der beschrieben stärkeren kritischen
Casimir Kraft bei hb 6= 0 tritt diese Aggregation auf, wenn die binäre Flüssigkeitsmi-
schung etwas ärmer (als in der kritische Konzentration) in der Komponente ist, die von
den Kolloidteilchen adsorbiert wird. Dies ist ein Befund, der sowohl experimentell als
auch theoretisch belegt ist. Es wurden zwei verschiedene Szenarien für die Aggregation
identifiziert. In dem einen Fall ist die Stärke des (kurzreichweitigen) repulsiven Anteils in
der effektiven Wechselwirkung zwischen den Kolloidpartikeln zwar stark genug, um die
Dispersion für hinreichend große Werte t > 0 zu stabilisieren, jedoch ist die Stärke klei-
ner als jene der kritischen Casimir Kraft fC . In diesem Falle kompensiert die attraktive
Kraft fC die gesamte Repulsion im effektiven Wechselwirkungspotential. Wegen der At-
traktivität der kritischen Casimir Kräfte nähern sich die Kolloidpartikel an und berühren
sich schließlich in den Aggregaten. In den Aggregaten werden die Kolloidpartikel durch
Kräfte zwischen den Oberflächen, welche auf mikroskopischen Längenskalen wirken, zu-
sammengehalten. Diese Oberflächenkräfte sind sehr materialspezifisch, so dass nur der
Beginn dieses Aggregationprozesses den universellen Charakter kritischer Phänomene
besitzt und der weitere Verlauf sowie die Struktur der gebildeten Aggregate stark von
den speziellen Eigenschaften des Lösungsmittels und der Kolloidpartikel abhängen. Da
die Oberflächenkräfte typischerweise sehr stark sind, bleiben die so gebildeten Aggre-
gate auch bei einer Entfernung von der kritischen Temperatur bestehen. Zwar besitzt
das effektive Wechselwirkungspotential dann, für große Werte von t > 0, wieder eine
repulsive Barriere, jedoch hemmt diese (zusätzlich zu den starken Oberflächenkräften)
ein Auseinanderbrechen der Aggregate.

Im zweiten Fall bleibt die repulsive Barriere im effektiven Paar-Wechselwirkungs-
potential auf kurzen Abständen zwischen den Kolloidpartikeln bestehen und bei etwas
größeren Abständen bildet sich ein sogenanntes sekundäres Minimum heraus. Die Tiefe
dieses Potentialminimumes kann einige Vielfache der thermischen Energie kBT betragen.
Zwar ist auch in diesem Fall die genaue Abhängigkeit der Stärke des effektiven Wech-
selwirkungspotentials als Funktion des Abstandes von nicht-universellen Eigenschaften
der Bestandteile der kolloidalen Dispersion abhängig, jedoch lassen sich diese Abhän-
gigkeiten in guter Näherung in zwei relevante Parameter zusammenfassen. Diese sind
eine charakteristische Stärke A des repulsiven Anteils sowie seine charakteristische Län-
genskala κ−1. Auch in diesem Fall bilden sich Aggregate aus Kolloidpartikeln, welche
sedimentieren. Entfernt man sich in diesem Fall jedoch wieder von der kritischen Tem-
peratur, verschwindet das sekundäre Minimum im effektiven Wechselwirkungspotential
und die Kolloid-Aggregate lösen sich wieder auf. D.h. man hat hier einen Mechanismus
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1. Zusammenfassung

für eine reversible Aggregation der Kolloidpartikel, der mittels kleiner (im Bereich von
einigen Millikelvin bis zu ein paar Kelvin) Temperaturveränderungen reguliert werden
kann.

Die Berechnungen zeigen, dass experimentell beide Szenarien der Aggregation reali-
sierbar sein sollten. Die bisher berichteten Experimente fallen jedoch in die Kategorie
des reversiblen Aggregationsmechanismus. Die Resultate der theoretischen Berechnun-
gen und die experimentellen Daten aus der Literatur zeigen ein gleiches qualitatives und
ein ähnliches quantitatives Verhalten. Quantitativ können die Berechnungen und die
experimentellen Daten nur eingeschränkt verglichen werden, da zur genauen Beschrei-
bung dynamische Effekte des Aggregationsprozesses mit einbezogen werden müssen. Des
Weiteren sind die kritischen Casimir Kräfte nicht-additiv, d.h. es gibt starke Vielkör-
perwechselwirkungen. Diese müssen insbesondere bei der Berechnung der Struktur der
Aggregate mit berücksichtigt werden. Für beide Aspekte gibt es bereits theoretische An-
sätze und Resultate. Es bleiben aber noch Herausforderungen, diese in die Beschreibung
des Aggregationsprozesses zu integrieren.

Wie bereits skizziert wurde, verändert sich das thermodynamische Verhalten von Sys-
temen, welche räumlich eingeschränkt werden. In dem hier betrachteten Fall wird das
kritische Verhalten des Lösungsmittels durch das Vorhandensein der kolloidalen Teilchen
beeinflusst. Es kommt jedoch die weitere Komplikation hinzu, dass diese räumlichen Ein-
schränkungen nicht fixiert sind, sondern selbst makroskopische Freiheitsgrade besitzen.
Da die charakteristische Längenskala des Lösungsmittels, sprich die Korrelationslän-
ge ξ, makroskopisch groß wird, wird für kolloidiale Dispersionen mit (fast-) kritischem
Lösungsmittel die Beschreibung mittels eines effektiven Paar-Wechselwirkungspotentials
ungültig. Zwar könnte prinzipiell noch ein effektives Einkomponenten-System betrachtet
werden, weil es eine exakte Abbildung eines Mehrkomponenten-Systems auf ein effektives
Einkomponenten-System gibt, jedoch könnten die Vielkörper-Kräfte (zwischen N > 2
Teilchen) in solch einem System nicht mehr vernachlässigt werden und eventuell sogar
die dominierende Rolle übernehmen. Daher ist ein solcher Ansatz nicht mehr praktika-
bel. Das Phasenverhalten solcher Mehrkomponenten-Systeme wird detailiert im dritten
Teil dieser Arbeit (Kap. 8) diskutiert und die Grenzen des effektiven Ansatzes werden
herausgearbeitet. Bei der Beschreibung des Phasenverhaltens der Mehrkomponenten-
Mischung trifft man auf mehrere fundamentale Schwierigkeiten, welche u. a. in dem
Größenunterschied der einzelen Komponenten von mehreren Größenordnungen und der
attraktiven Wechselwirkung zwischen den Teilchen des Lösungsmittels begründet lie-
gen. Die kritische Temperatur Tc und das kritische Ordnungsfeld hb,c der kolloidalen
Dispersion sind abhängig von der Teilchendichte ̺ an Kolloiden. Für kleine Werte von ̺
wurde ein generelles Skalenverhalten für die Relationen zwischen den kritischen Werten,
Tc = Tc (̺c) und hb,c = hb,c (̺c), hergeleitet. In bestimmten Bereichen des thermodyna-
mischen Raumes der kolloidalen Mischung kann der Ansatz mit einem effektiven Paar-
Wechselwirkungspotential näherungsweise verwendet werden, um die Phasenkoexistenz
zu bestimmen. In diesem Bereich wurde die Phasenkoexistenz mittels verschiedener theo-
retischer Ansätze berechnet.

Für eine kolloidale Dispersion, bestehend aus nanometer-großen Kolloidpartikeln und
einem phasen-separierenden Lösungsmittel, wurde in Experimenten das Phasenverhal-
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ten beobachtet. Für diese Mischung ist der Ansatz mit einem effektiven Paar-Wechsel-
wirkungspotential nicht anwendbar. Durch eine Kombination der Resultate des effekti-
ven Ansatzes und genereller Skalenargumente lässt sich jedoch der Wert der Abweichung
der kritischen Temperatur Tc (̺) in der Gegenwart von den Kolloidteilchen zu der kri-
tischen Temperatur des reinen Lösungsmittels T

(s)
c = Tc (̺ = 0) abschätzen und man

erhält, dass diese Abweichung bis zu 20 Kelvin in dieser Mischung betragen kann. Dieser
Wert ist erstaunlich nahe an den experimentell beobachteten Werten, welche bis zu 25
Kelvin betragen können.

Die Arbeit schließt in Kapitel 9 mit einer Zussamenfassung und einer Einordnung der
gewonnenen Resultate in den aktuellen Stand des Forschungsgebietes und einem Ausblick
auf mögliche Ansätze und Perspektiven für weitere Arbeiten auf diesem Gebiet.

Teile dieser Arbeit wurden bereits vorab veröffentlicht:

• T. F. Mohry, A. Maciołek, und S. Dietrich,
Phase behavior of colloidal suspensions with critical solvents in terms of effective
interactions,
J. Chem. Phys. 136, 224902 (2012).

• T. F. Mohry, A. Maciołek, und S. Dietrich,
Structure and aggregation of colloids immersed in critical solvents,
J. Chem. Phys. 136, 224903 (2012).
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2. Introduction

Matter usually appears as a complex mixture of several components and only rarely as
a pure substance. Colloidal suspensions are particular examples of such mixtures which
we encounter in various applications in daily life, such as paint, toothpaste, or milk [1].
Studies on colloidal systems can be traced back earlier than the second half of the 18th
century. [1, 2, 3]. T. Graham has designated a certain class of substances as colloids
and distinguished their peculiar form of aggregation as colloidal condition of matter
opposed to the crystalline condition [4]. To what extent colloidal suspensions can be
regarded as a state of matter is disputable [2, 5]. Lacking a precise definition, colloidal
suspensions are characterized as a mixture with at least one component of mesoscopic
size, i.e., with an extension of (10−9 . . . 10−5)m [3] or with the number of its constituting
atoms in the range 103 . . . 109 [6]. Colloidal mixtures can be subdivided according to the
states of its components. There are dispersions in which solid particles are dispersed in
a liquid, in aerosols solid particles or liquid droplets are dispersed in a gas, emulsions
consist of liquid droplets dispersed in another liquid, and foams which are dispersions
of gas in liquid or a solid [5]. The solvent in which colloidal particles are dissolved can
itself be a mixture of molecular fluids. It may contain also surfactants, ions or smaller
colloidal particles. Due to the large ratio of surface area to volume, the surface properties
of colloidal particles and the properties of the interfaces between the constituents are
preeminent for the behavior of colloidal systems.

The presence of the solvent and of the smaller components mediates effective inter-
actions acting between large colloidal solute particles [7, 8, 9, 10]. The broad variety
of solvents and colloidal particles that can be used in colloidal suspensions opens up
the possibility to tailor these effective interactions between the large particles in a de-
sired way. This tunability (see, e.g., the overview in Ref. [11]) in addition the micro-
and nano- size of colloidal particles make colloidal system widely applicable. Further
it allows to use colloidal suspensions as model systems of atomic systems and to study
associated phenomena such as crystallization [12] or the kinetics of phase-transitions
[13] on experimentally accessible time scales [14]. Also, colloidal systems are suitable,
experimentally realizable model systems of the field of statistical physics. For example, a
practical colloidal model of a ratchet cellular automaton is reported in Ref. [15]. Besides
the mentioned applications, colloidal science has its research interests in its own rights
as a challenging field at the border between physics and chemistry [2].

The effective forces between colloidal particles can be tailored by choosing the compo-
nents of the solvent and their concentrations in the suspension. The prominent examples
of such forces are screened electrostatic interactions and the attractive dispersion forces
described by the Derjaguin-Landau-Verwey-Overbeek (DLVO) theory [16], or the deple-
tion forces [17, 18]. The latter, entropy-driven effective force is induced by the presence
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2. Introduction

of smaller colloidal entities. The range and the strength of the depletion forces can be
tuned by varying the size and the concentration of the small particles [19]. Depletion
forces are predominantly attractive, however in certain systems the addition of small
particles weakens the net attraction between the large particles [20].

The resulting phase diagrams of the colloidal particles are sensitive to changes in the
effective pair potential between colloids [7, 9, 9, 21]. The phase behavior of colloidal
suspensions is in general rather complicated and it is not easy to develop an appro-
priate theoretical description. Even for the simplest binary hard sphere mixture, the
bare existence of a fluid-fluid demixing transition was a subject of a long debate, see
the historical overview in Ref. [9]. Furthermore, for a binary mixture of species with
very different sizes and the small ones interacting attractively among each other, the
calculation of the free energy of solvation for the big particles is subtle. For a single big
particle immersed in a sea of small ones, this solvation free energy can be calculated by
means of density functional theory. It amounts to calculating the density profile of the
small ones around a fixed big particle [22, 23]. However, there is no proper theory of
a bulk mixture (consisting of the large solute particles and the particles of the solvent)
available which would serve satisfactorily for this task [24].

For mixtures which contain very large (compared with the size of the particles of the
solvent) particles, these solute particles confine locally the solvent. The confinement of a
fluid changes its phase behavior and results in a fluid-mediated effective force acting on
the confining surfaces [25]. This so-called solvation force depends on the thermodynamic
state of the solvent. Solvation forces become particularly strong if the solvent exhibits
fluctuations on large spatial scales. Associated with wetting phenomena near a first-
order phase transition of the solvent such fluctuations are present close the surfaces
of the colloidal particles [26, 27]. Another example, which is crucial for this study, are
thermal fluctuations of the solvent order parameter near its second-order phase transition
[28, 29, 30, 31, 32]. Upon approaching the critical point of a bulk system, the critical
fluctuations drive the divergences of the bulk correlation length ξ of the solvent. An
impressive experimental evidence of these large-scale fluctuations is observed in a liquid
mixture close to its critical demixing point. The fluctuations are distributed over length
scales of the order of the wave lengths of visible light. Accordingly, the light is scattered
and a transparent mixture becomes opaque. This effect is known as critical opalescence,
discovered experimentally by T. Andrews in 1869 [33] and theoretically described firstly
by M. v. Smoluchowski in 1908 [34] and quantified by Einstein [35]. The characteristic
length scale of the critical fluctuations is the bulk correlation length ξ, which governs
the exponential decay of the bulk order parameter correlation function. Because of the
divergence of ξ, right at the bulk critical point there is no characteristic length scale in the
system. As a consequence, the free energy is a generalized homogeneous function of the
relevant scaling fields, such as the reduced deviation t from the bulk critical temperature
Tc,b or the bulk ordering field hb which couples to the order parameter. This self-similarity
implies that physical quantities depend solely on the ratios of macroscopic relevant
length scales through so-called scaling functions [36, 37]. Due to the self-similarity of
critical fluctuations, for the critical behavior of the system the microscopic origin of
these fluctuations is not relevant. The critical behavior depends solely on the spatial
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dimension d, the symmetry of the order parameter, and whether the interactions between
the particles are long-ranged or short-ranged [38, 39, 40]. This property is know as
universality. As a consequence, the critical behavior of such different systems as binary
liquid mixtures, simple fluids, or uniaxial ferromagnets is described by the same scaling
functions.

Exposing the near-critical fluid to boundaries, e.g., by inserting colloidal particles act-
ing as cavities, perturbs the fluctuating order parameter near the surfaces of the colloids
on the scale of ξ and restricts the spectrum of its thermal fluctuations. Since these
restrictions depend on the spatial configuration of the colloids, they result in an effec-
tive force between the particles, the critical Casimir force fC [41, 42, 43]. Accordingly,
the range of the critical Casimir forces is proportional to the bulk correlation length ξ.
Therefore it can be tuned continuously by small changes of the temperature T . The
range can also be controlled by varying the conjugate ordering field hb, such as the
chemical potential in the case of a simple fluid or the chemical potential difference of
the two species forming a binary liquid mixture. The strength and the sign of fC can
be manipulated as well. This can be achieved by varying the temperature T or the field
hb and by suitable surface treatments, respectively [44, 45, 46]. The first experimental
observation of critical Casimir forces has been indirect, by studying the thickness of
the wetting films of 4He near the fluid-superfluid transition [47, 48], of 3He-4He mixtures
close to the tricritical point [49], and of classical binary liquid mixtures near their critical
demixing point [50, 51]. Development and improvement of the total internal reflection
microscopy (TIRM) [52, 53] has allowed to measure colloidal interaction potentials with
high accuracy, and in particular the critical Casimir forces between a colloidal particle
and a wall could be measured directly [44, 45]. In the following, the measurements of the
critical Casimir forces could be even used to probe sensitively chemical microstructures
on surfaces [54, 55, 56, 57]. Compared with other effective forces, the critical Casimir
force fC offers two distinct features. First, due to the universality of critical phenom-
ena, to a large extent critical Casimir forces do not depend on the microscopic details
of the system. Second, whereas adding depletion agents or ions changes effective forces
irreversibly, the tuning of fC via T is fully and easily reversible. The tuning of the bulk
correlation length ξ has been demonstrated experimentally in Ref. [58]. The critical
Casimir forces, which result from the confinement of the critical fluctuations, are the
“thermodynamical” analogs of the forces acting between objects induced by the vacuum
(zero-point) fluctuations of the electromagnetic field. This QED force has been postu-
lated by H. B. G. Casimir in 1948 [59] and has been experimentally verified nearly half a
century later [60]. Indeed, these two forces are examples of the various kinds of effective
forces induced by fluctuations. Such fluctuation induced forces act also between inser-
tions of membranes [61] or between colloidal particles which are trapped at an interface
[62], or in a confined bose gas [63, 64]. A review is given in Ref. [65].

In colloidal systems with near-critical solvents, the critical Casimir force fC adds an
additional contribution to the effective interaction potential between the large solute
particles. The critical Casimir forces successfully compete with direct dispersion forces
[66] or electrostatic forces in determining the stability and phase behavior, which is the
central issues of colloidal sciences [5]. In typical experiments, binary liquid mixtures
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2. Introduction

are used as solvent, which exhibit at ambient pressure a lower critical temperature
T

(s)
c ∼ (20 . . . 70)◦ C [45, 67]. Generically, colloidal particles adsorb one of these two

species of the binary liquid mixture. Solute particles with equal preference for one of
the two species realize equal boundary conditions for which the critical Casimir force is
attractive. Upon approaching thermodynamically the critical point of the solvent, the
additional attraction between the solute particles due to the emerging critical Casimir
forces may alter the phase behavior of the colloidal suspension. Colloidal particles which
in addition to their hard core repulsion interact attractively can phase separate into two
thermodynamic phases, one being rich and the other being poor in colloidal particles. On
the other hand, strong attractive interactions between the solute particles can result in
the formation of non-equilibrium aggregates in which the colloidal particle stick together.
In general, these aggregates may grow and shrink and their structure depends on the
packing fraction of the colloidal particles in the aggregates and on the strength of the
attraction among the colloidal particles [68, 69, 70]. In general the aggregates may consist
of crystalline structures, gels, glasses, but also loose fractal aggregates may occur.

Beysens and Estève [71] have reported aggregation phenomena for silica spheres im-
mersed in a binary liquid mixture of water and 2,6-lutidine which exhibits a miscibility
gap with a lower critical point [67, 72]. Using light scattering these authors found that
upon approaching the bulk coexistence region of demixing from the one-phase region
of the binary liquid mixture at constant composition of the solvent, the silica spheres
coagulate reversibly at rather well defined temperatures. Moving back the thermody-
namic state deeply into the one-phase region the coagulated aggregates dissolve again.
These observations, i.e., the formation of colloidal aggregates which sediment, have
been confirmed later for silica and polystyrene particles immersed in the same solvent
[73, 74, 75, 76, 77, 78, 79, 80, 81] and for various kinds of colloidal particles immersed in
other solvents [78, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90] (for reviews see Refs. [91, 92, 93]).
Experimental studies on the aggregation of colloidal particles immersed in binary liq-
uid mixtures which do not focus on the near-critical region of the solvent are reported
in Ref. [94] and references therein. Suspensions containing micelles formed by surfac-
tants can also phase separate [95] and immersed colloidal particles have been reported
to cluster [96, 97]. The experimental findings have been interpreted as (the precursors
of) a phase transition in the ternary mixture [82, 81, 83, 86] or as a (non-equilibrium)
coagulation.

Several theoretical approaches have been used in order to study this aggregation phe-
nomenon for colloids immersed in a solvent which is close to its phase separation focusing
on the influence of the phase-separation itself [98, 99, 100, 101, 102], or on the influ-
ence of wetting layers and the modified electrostatic interactions between the colloidal
particles due to the inhomogeneous solvent [103, 104, 105]. Most of these theoretical
attempts, however, stay on a qualitative level of description, pointing out the possibility
of coagulation.

The presentation is as follows. In Ch. 3 and 4 the concepts and used theoretical
methods of critical phenomena and colloidal systems, respectively, are presented. The
following chapters present the results of this study. In Ch. 5 the dependence of the critical
Casimir force on the bulk ordering field hb in spatial dimensions d = 3, 4 is considered.
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In Ch. 6 an effective one-component description of colloidal particles immersed in near-
critical solvents is introduced and discussed. This description is used in 7 in order to
study the structure and stability of solute particles in near critical solvents. The results in
Ch. 8 concern the phase behavior of colloidal suspensions with phase-separating solvents.
In Ch. 9 the results are summarized and a brief outlook is given.

Parts of the results of this work have been published ahead:

• T. F. Mohry, A. Maciołek, and S. Dietrich,
Phase behavior of colloidal suspensions with critical solvents in terms of effective
interactions,
J. Chem. Phys. 136, 224902 (2012).

• T. F. Mohry, A. Maciołek, and S. Dietrich,
Structure and aggregation of colloids immersed in critical solvents,
J. Chem. Phys. 136, 224903 (2012).
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3. Thermodynamics, phases, and

critical phenomena

3.1. Phases and phase transitions

Condensed matter systems appear in form of distinct (so-called) phases, e.g., simple
liquids can occur as a liquid, a vapor, or a solid. Another example are mixtures, which
can be either mixed or demixed. Despite their huge number of microscopical degrees
of freedom (of the order of several NA, where Avogadro’s constant NA ≃ 6 × 1023

[106, 107]), the macroscopic properties of these many-body systems depend on only
a few thermodynamic variables and are fully described by a proper thermodynamic
potential Π [108, 109, 110]. An open system consisting of several species is described
by the grand potential Ω = Ω (T, {µk}k ,V) which depends on the temperature T , the
chemical potentials {µk}k of the particle reservoirs of the species k, and the volume V.
For a closed system at fixed numbers {Nk}k of particles, the appropriate thermodynamic
potential is the Helmholtz free energy A (T, {Nk}k ,V) = Ω +

∑
k µkNk. In the latter

case, the chemical potentials are functions of the thermodynamic variables and are given
by µk (T, {Nk}k ,V) = (∂A/∂Nk)T,V ,µk′ 6=k

. The variables µk and Nk are called conjugated
to each other. In general, for a system described by the thermodynamic potential Π,
the pairs of conjugated variables are given by

Ql =±
(
∂Π

∂Pl

)

i 6=l

or Pl =∓
(
∂Π

∂Ql

)

i 6=l

, (3.1)

depending on whether Π depends on the thermodynamic variable Pl or Ql, respectively,
and 1 ≤ l ≤ N , where N is the number of macroscopic degrees of freedom. The signs ±
and ∓ depend on the particular pair of conjugated variables. The subscripts in Eq. (3.1)
indicate that the partial derivative is taken at constant values of the other variables of Π.
For simple substances the other two pairs of conjugated variables are the temperature T
conjugated to the entropy S and the pressure p conjugated to the volume V. For more
complex species additional macroscopic degrees of freedom are relevant, for example for
magnetic or charged particles, these are the magnetic field and the magnetization, or
the electrical field and the polarization, respectively. Each pair (Pl, Ql) of conjugated
variables, consists of one extensive Pl and one intensive Ql variable. By resorting to
the densities Π/P1 and Pl>1/P1 the thermodynamic properties of a system are given in
terms of intensive variables only, and the single extensive variable P1 accounts for the
size of the system [111]. Two phases I and II of a system differ in their corresponding
values (Pl>1/P1)

(I) and (Pl>1/P1)
(II) of the densities. and can coexist only if their values
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3. Thermodynamics, phases, and critical phenomena

of the so-called fields Ql are the same in both phases,

Q
(I)
l = Q

(II)
l , 1 ≤ i ≤ N . (3.2)

Typical examples of phase transitions encompass the liquid-vapour transition and the
liquid-solid and vapor-solid transitions in a simple fluid. The latter two phase transi-
tions are accompanied by a break of the translational symmetry in the system, whereas
the symmetries of the liquid and vapor phases are the same. These two phases differ in
their values of the thermal averaged number densities, ∆̺ = ̺l − ̺v ≤ 0. The corre-
sponding line of first order phase transitions ends at the bulk critical point (Tc,b, µc,b) at
which ̺l = ̺v = ̺c,b = 0, and ̺c,b is the bulk critical density. A binary liquid mixture
consisting of “A” and “B” species may, at fixed pressure p, phase segregate into two
phases, one being rich in particles of species A and the other one being rich in particles
of species B upon changing the difference ∆µ = µA − µB in the chemical potentials
of both species. At the critical demixing point, the concentration cA of particles of
species A attains its critical value cA,c. For the potential richness of phase diagrams of
binary liquid mixtures, beyond the sketch given here, see, e.g., Ref. [112]. As will be
discussed below, the phase transition of a uniaxial magnet from para- to ferromagnetic
with the critical temperature Tc,b, which in this context is called the Curie temperature,
at vanishing magnetic field, M = 0, is to a certain degree similar to the ones mentioned
above. There is a variety of other phase transitions, e.g., the isotropic-nematic transi-
tion in systems containing non-spherical particles, or phase transitions associated with
quantum degrees of freedom, such as the fluid-superfluid transition [32, 113]. For the
distinct phases the quantitative measure is the corresponding order parameter Φ. The
order parameter Φ is the coarse-grained analog of a microscopic local quantity, i.e., Φ
is the average of the latter over a subvolume, the extent of which is much larger than
the typical size of the particles but much smaller than the total volume V. In the cases
of the liquid-vapor transition Φ ∼ (̺− ̺c,b), of the demixing transition Φ ∼ (cA − cA,c),
and of the para-ferromagnetic transition Φ ∼ M , respectively. The order parameter is
defined such1 that in the one phase region its thermal average is Φ

(
hb = 0, t̂ > 0

)
= 0.

In the two phase region at hb = 0 the phases Φ
(
hb = 0, t̂ < 0

)
= ±Φb 6= 0 coexist. hb

is the conjugated bulk field to Φ and t̂ is the control parameter orthogonal to hb in a
two-dimensional thermodynamic (sub)space, such as {T, µ} in the case of a simple liquid
or the {T,∆µ = µA − µB, p = const} subspace of the thermodynamic-space of a binary
liquid mixture. In the latter case, the bulk ordering field hb ∼ (µA − µB)− (µA − µB)c,b
is related to the deviation of the difference of the chemical potentials from the criti-
cal value of this difference and the control parameter t̂ = t = ± (T − Tc,b) /Tc,b is the
reduced temperature deviation from the upper (± = +) or lower (± = −) bulk critical
temperature Tc,b such that t < 0 in the two-phase region. A lower critical point in binary

1 The definition of the order parameter is not unique. Its scale factor can be chosen quite arbitrarily.
Further, for example in Ref. [32] the order parameter is defined such that in the two phase-region
the phases with Φ = 0 and Φ = Φb > 0 coexist. The formulations in terms of differently defined
order parameters can be converted into each other and physical relevant quantities do not depend
on the concrete definition.
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liquid mixtures may emerge due to angular dependent interactions on top of attractive,
spherical interactions [114, 115, 116, 117]. Actually, the control parameters hb and t̂ are
functions of the natural thermodynamic variables µA,B and T , known as field-mixing.
t̂ corresponds in the thermodynamic space to the direction parallel to the coexistence
line and hb to the orthogonal direction. For a general discussion of this geometric point
of view on phase transitions also for higher dimensional thermodynamic spaces, see
Ref. [111]. For recent theoretical and experimental studies on the so-called complete
scaling hypothesis, see, e.g., Refs. [118] and [119], respectively, and references therein.
At a phase transition the value of the order parameter Φ changes non-analytically upon
a continuous variation of one of the control parameters t or hb. At a first-order transi-
tion2 the order parameter exhibits a jump at the coexistence value h

(cx)
b , whereas at a

continuous phase transitions the order parameter increases continuously as a function of
t to values Φ 6= 0 in the two phase region.

3.2. Bulk critical phenomena

Critical fluctuations and universality In general, the the thermal fluctuations decay
within a microscopic length scale such as the correlation length amplitude ξ(0). As can
be inferred from Fig. 3.1, for a simple fluid the slope p′T of the pressure p along an
isotherm T = const as a function of the (number) density ̺ becomes small and at the
bulk critical point (Tc,b, ̺c,b) it vanishes, (∂p (̺ = ̺c,b) /∂̺)T=Tc,b

= 0. Accordingly, the
isothermal compressibility χT diverges upon approaching the critical point,

χT = ̺−1∂̺

∂p

̺→̺c,b−−−−−−−−→
T→Tc,b

∞. (3.3)

The divergences of χT implies that small fluctuations, e.g., of the pressure, result in large
density fluctuations. The property of large fluctuations is common to all (near-)critical
systems [28, 123, 30, 31, 36, 37]. These critical fluctuations drive the divergences of the
correlation length ξ. and on length scales l with ξ0 ≪ l ≪ ξ the fluctuations are scale
invariant. Accordingly, the whole critical system becomes self-similar. It turns out, for
the critical behavior the particular nature of the critical fluctuations does not matter.
For the critical behavior only the symmetry properties of the order parameter, i.e., for
a vectorial order parameter its dimension dΦ, the spatial dimension d of the system,
and the range of the interparticle forces, whether they are long- or shorted-ranged,
are relevant [38, 39, 40]. Therefore, all systems consisting of particles interacting via
short-ranged forces with the same values u = (d, dΦ) share the common characteristic
critical behavior and form a universality class. Accordingly, quite different systems, such
as binary liquid mixtures close to their critical demixing point, simple fluids near the

2Ehrenfest classified the phase-transitions as first-, second-, etc. order phase-transitions depending on
the highest ordered derivative of the chemical potential which is discontinuous [120]. However, at a
continuous phase-transition, the second order derivative is not strictly discontinuous, but diverges.
Therefore, it is now common to summarize all higher ordered phase transitions as continuous ones
[32].
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pc,b

̺c,b

T > Tc,b
T = Tc,b
T < Tc,b

Figure 3.1.: Sketch of the isothermal pressure pT (̺) = p (̺, T = const) curves as function
of the number density ̺ for a simple fluid. For temperatures T > Tc,b, the pressure p
increases monotonically upon increasing ̺. For the bulk critical temperature Tc,b the slope
of the isothermal pressure curve is zero at the bulk critical density ̺c,b. The critical point is
indicated as black dot. For temperatures T < Tc,b a vapor and a liquid phase with distinct
densities ̺v < ̺l coexist. The corresponding isothermals pT<Tc,b

s exhibit within mean-field
theory a van-der-Waals loop and the extrema of pT<Tc,b

define the spinodals, which only

occur within mean-field theory [121, 122].
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critical point of the liquid-vapor transition, the uniaxial magnets close to the critical
point of the para-ferromagnetic transition, or theoretical suitable models exhibit the
same universal behavior, because they all are described by a scalar order parameter and
thus belong to the d-dimensional Ising bulk universality class. Other common examples
of bulk universality classes are the XY universality classes (dΦ = 2) to which, e.g.,
the fluid-superfluid transition in 4He belongs to and the Heisenberg universality class
(dΦ = 3). Of theoretical interest is also the so-called spherical model with dΦ → ∞ for
which analytic results can be obtained [124].

Scaling The scale invariance of a critical system manifests itself also in the thermody-
namic potentials. The free energy F of a system splits into a regular, analytic contribution
Freg and a singular contribution Fsgl,

F = Freg + Fsgl. (3.4)

At the critical point the singular free energy density fsgl is a generalized homogeneous
function of its variables [125, 36, 126, 123], i.e., for (every) λ > 0

fsgl (λ
p1w1, λ

p2w2, . . .) = λfsgl (w1, w2, . . .) . (3.5)

In Eq. (3.5) wi are the so-called scaling fields, which are functions of the thermodynamic
variables and pi are their associated renormalization group dimension. The property
given in Eq. (3.5) was first postulated by B. Widom as the so-called scaling hypothesis
[127, 125] and can be be derived within the renormalization group theory [128, 126,
37]. The variables wi with pi > 0 are so-called relevant variables, whereas the so-
called irrelevant variables wj have the dimension pj < 0. Marginal variables wk have a
dimension pk = 0. Only the relevant variables influence the critical behavior. For bulk
systems, in which t and hb are the only two relevant fields, from Eq. (3.5) it follows for
the singular bulk free energy density fb,sgl in units of kBT ,

fb,sgl (t, hb) = |t|2−α
f̃
(u)
b,sgl,±

(
|t|−∆ hb

)
, (3.6)

where ± refers to the sign of t. In the notation of Eq. (3.5), the universal critical
exponents are α = 2 − p−1

t and ∆ = phb
/pt and f̃

(u)
b,sgl,± is a universal scaling function

[up to metric factors, see c.f. Eq. (3.22)] the functional form of which only depends
on the bulk universality class u. Because in this thesis only the Ising universality class
is considered, in the following it is omitted to write the dependence on u explicitly.
Corrections to scaling are described by an universal exponent [129]. Due to the self-
similarity of critical system [see also Eq. (3.5)], asymptotically close to the critical point
physical quantities depend on each other according to power laws with critical exponents.
The critical exponent e for a quantity f (C) as function of the control parameter C, which
is typically the reduced temperature deviation t = ± (T − Tc,b) /Tc,b or the bulk ordering
field hb (see Sec. 3.1), is defined as

e = lim
C→Cc=0

ln [f (C)]
ln [C] . (3.7)
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3. Thermodynamics, phases, and critical phenomena

In general, one would have to distinguish the two different cases C ր Cc and C ց
Cc. However, for the cases in which f (C) is defined for both cases, the corresponding
exponents are the same, eր = eց ≡ e. e = 0 can either correspond to a discontinuity,
a cusp, or a logarithmic divergence [29]. The critical exponents e are universal, i.e.,
depend only on the universality class. At zero bulk field, hb = 0, upon approaching the
critical bulk temperature Tc,b the specific heat C and the susceptibility χ diverge as

Tc,bC (t, hb = 0) ∼ A± |t|−α and χ (t, hb = 0) ∼ D± |t|−γ , (3.8)

respectively, where A± and D± are non-universal, i.e., system specific, amplitudes which
are different for t > 0 and t < 0. Depending on the thermodynamic path, the order
parameter is asymptotically [in the sense of Eq. (3.7)] given by

Φ
(
t → 0−, hb = 0

)
∼ Bt |t|β and Φ (t = 0, |hb| → 0) ∼ Bh sgn (hb) |hb|1/δ , (3.9)

where Bt and Bh are non-universal amplitudes. Two limiting cases of the true bulk
correlation length ξ = ξ (t, hb), which governs the exponential decay of the bulk order
parameter correlations function, can be identified,

ξt ≡ ξ (t, hb = 0) =ξ
(0)
± |t|−ν and ξh ≡ ξ (t = 0, hb) =ξ

(0)
h |hb|−ν/(βδ) , (3.10)

with non-universal amplitudes ξ(0)±,h. For a general thermodynamic state point (t, hb) the
bulk correlation length ξ = ξ (t, hb) is given by

ξ (t, hb) = ξtI (|Σ| = ξt/ξh) , (3.11)

where I is a universal scaling function with I (|Σ| → 0) = 1 and I (|Σ| → ∞) = |Σ|−1.
The bulk order parameter pair-correlation function g (r) = 〈Φ (0)Φ (r)〉−〈Φ (0)〉 〈Φ (r)〉
at the critical point (t = 0, hb = 0) decays asymptotically as

gc (r = |r| → ∞) ∼ r−(d−2+η), (3.12)

where the exponent η is a measure of the deviation to a purely Gaussian behavior. The
surface tension ς between the coexisting phases for t < 0 close to criticality is

ς = ς0 |t|µ (3.13)

where ς0 is a non-universal amplitude and, here3, µ is a universal critical exponent.
Due to, inter alia, Eq. (3.6) the different critical exponents are not independent but are
related by so-called scaling relations [123, 32, 37, 130],

α + 2β + γ =2, 2− α =β (δ + 1) , γ =ν (2− η) ,

2− α =dν, ∆ =δβ, and µ =(d− 1) ν
(3.14)

3 Because the standard notation for both the chemical potential and this critical exponent is µ this
notation is adopted with the drawback of the double notation. The context in the use of µ should
avoid confusion between these two meanings of µ.
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3.2. Bulk critical phenomena

such that there are only two independent bulk critical exponents. The hyperscaling
relation 2 − α = dν is valid only for d ≤ d>, where d> is the upper critical dimension.
For d ≥ d> mean-field theory is exact; (for d = d> there are logarithmic corrections).
For the Ising universality class d> (dΦ = 1) = 4. The values of the critical exponents are
in d = 4 (see Appendix A)

β (d = 4) = 1/2 and ν (d = 4) = 1/2, (3.15a)

and for d = 3 accurate estimates from Monte-Carlo simulations and field-theoretical
approaches are available [130]

β (d = 3) = 0.3265(3) and ν (d = 3) = 0.6301(4). (3.15b)

Also not all introduced non-universal amplitudes are independent. It can be shown
that there are only two non-universal amplitudes. In summary of the said above, the
specific properties of the particular critical system are captured solely by these two
amplitudes [131]. Among others, there are the universal amplitude ratios [130, 132]

Uξ = ξ
(0)
+ /ξ

(0)
− , Rχ = D+Bδ−1

t B−δ
h , R+

σ =
ς0

kBTc,b

(
ξ
(0)
+

)d−1

,

Qc = B2
t

(
ξ
(0)
+

)d

/D+, Q+ = αA+

(
ξ
(0)
+

)d

, Q∗
2 =

(
ξ
(0)
h /ξ

(0)
+

)2−η

(D+/Dh)

(3.16)

where Dh is defined by χ (t = 0, |hb| → 0) ∼ Dh |hb|(1−δ)/δ and turns out to be Dh =
Bh/δ. Note, that in Eq. (3.16) Q∗

2 and the other amplitude ratios are given in terms
of the amplitudes ξ

(0)
+ and ξ

(0)
h of the true correlation lengths. In Ref. [130] Q2 and

the other amplitude ratios are defined in terms of the amplitudes ξ
(2nd)
+ and ξ

(2nd)
h of

the correlation lengths as defined by the second moment of the order parameter pair
correlation function. Both kinds of amplitudes are related by the universal ratios Q+

ξ =

ξ
(0)
+ /ξ

(2nd)
+ and Qc

ξ = ξ
(0)
h /ξ

(2nd)
h . For the (d = 3)-Ising universality class Q+

ξ ≃ Qc
ξ ≃ 1.

The values Uξ (dΦ = 1, d = 3) ≃ 1.9, Rχ (dΦ = 1, d = 3) ≃ 0.4, and Q2 (dΦ = 1, d = 3) ≃
1.2 [130] are adopted.

The critical equation of state The order parameter Φ (which is not uniquely defined)
is related to the ordering field hb by the equation of state, which for a near-critical system
exhibits the homogeneity property [130]

hb = (Bh)
−δ sgn(Φ) |Φ|δ F

[
t |Bt/Φ|1/β

]
, (3.17)

or equivalently
Φ = sgn (hb)Bt |t|β G

[
(Bt/Bh)

1/β t |hb|−1/(δβ)
]
. (3.18)

F(X̂) and G (Y ) are universal scaling functions with F(X̂ → 0) = 1, G (Y → ∞) = 1,
and G (Y → 0) = |Y |−β. For certain limits, results on the expansion of F and G are
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3. Thermodynamics, phases, and critical phenomena

available and the corresponding coefficients are known formally [130]. Within mean-field
theory G is known, see Appendix A. In the lowest order in its argument X̂ = t |Bt/Φ|1/β ,
the universal scaling function F has the functional form F(X̂) = 1 + X̂ [130], which
captures the crossover between the critical behavior at t = 0 and at hb = 0, respectively,
compare Eq. (3.9). At the coexistence curve one has t < 0 and hb = 0; therefore X̂ = −1
in agreement with Φb = Bt |t|β. Along the critical isotherm t = 0 one has X̂ = 0 and thus
Φb = sgn (hb)Bh |hb|1/δ. For the present purpose of fluid systems exposed to surfaces
the sign of Φ matters and the appropriate scaling variables are

X = sgn (Φ) |t| |Bt/Φ|1/β (3.19a)

and

Σ = sgn (hbt) ξt/ξh = sgn (hbt)
(
ξ
(0)
± /ξ

(0)
h

)
|hb|ν/(βδ) |t|−ν . (3.19b)

In terms of these scaling variables the equation of state, Eq. (3.17), takes the scaling
form

sgn (Σ) |Σ|βδ/ν = (Rχδ/Q
∗
2)

δ/(δ−1) sgn (X) |X|−βδ F± (|X|) , (3.20)

where F± (X) = |X| ± 1 and ± refers to the sign of t. Rχ and Q∗
2 are universal am-

plitude ratios, see Eqs. (3.16). The condition Σ = const corresponds to different paths
(depending on the constant value) in the thermodynamic space which all pass through
the bulk critical point (τ = 0, hb = 0). In the limits Σ = 0 and |Σ| = ∞, these paths are
the critical ‘isochor’ (hb = 0) and the critical isotherm (t = 0), respectively. Varying the
value of Σ from one of these limits to the other one allows to smoothly transform these
two specific critical thermodynamic paths into each other. These expressions shall be
used in order to calculate the variation of several experimentally accessible quantities
along experimentally realizable thermodynamic paths.

3.3. Critical phenomena in inhomogeneous systems

Surface critical phenomena

The presence of a macroscopic large surface breaks the translational invariance of the
system, resulting in a non-uniform profile of the order parameter, Φ = Φ (r). In addi-
tion to this geometrical constraint, the interactions between particles close to the wall
are modified and there are specific interactions of the particles with the wall. These
alterations are captured by a surface contribution Fs to the free energy and lead to a
wealth of phenomena both in the d-dimensional system and at the (d− 1)-dimensional
surface. There are surface phase transitions, at which Fs is non-analytic, but the bulk
free-energy density fb is analytic. The effects of these transitions may occur on macro-
scopically large spatial scales. For example, close to a phase coexistence of a fluid in
contact with the surface, wetting phenomena of various kinds are present [133, 26]. The
influence of the surface propagates into the bulk of the system on the scale of the bulk
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3.3. Critical phenomena in inhomogeneous systems

correlation length ξ. Therefore, except for certain conditions [134], the presence of col-
loidal particles affects the structure of their molecular solvent only on the scale of several
Ångstroms. One of such conditions is the divergence of the bulk correlation length ξ
upon approaching the bulk critical point. This results in the importance of boundaries
to critical phenomena [135, 136, 137] with the boundary conditions being, in a certain
sense, scale dependent [137]. As for bulk systems, for the critical behavior only few
macroscopic properties of the surfaces are of relevance and each bulk universality class
u splits into several surface universality classes [138, 139]. Due to missing neighboring
particles, modified interactions at the surface, etc., the tendency to order at the surface
might be enhanced or suppressed w.r.t. the bulk, corresponding to the extraordinary
transition and the ordinary transition, respectively, [140, 141]. For surfaces belonging
to the extraordinary surface universality class, i.e., at which the order is favored, the
surface orders already for temperatures t > 0, with the surface transition temperature
T (sf) > Tc,b (for an upper bulk critical temperature Tc,b). In the surface phase diagram
[133, 138, 139] the lines of the ordinary transition and extraordinary transition meet
in the multicritical point of the special transition, at which both the bulk and the sur-
face are critical [141]. Generically, the surface of a colloidal particle adsorbs one of the
species forming the binary liquid mixture which serves as solvent. Such an adsorption
preference is described by a surface ordering field hs, which is the surface analog of the
bulk ordering field hb, and the corresponding transition is called the normal transition
[142]. The corresponding boundary conditions for strong surface fields are denoted by
(+) and (−) for hs > 0 and hs < 0, respectively. The extraordinary transition and
normal transition turn out to be (asymptotically) equivalent [143, 142] Early studies of
surface critical phenomena concerned magnetic systems, for theoretical ones see, e.g.,
Refs. [144, 145] and for early measurements of surface critical exponents using spin-
polarized low-energy electron diffraction see Ref. [146]. For an extensive overview see
Refs. [138, 139]. The critical behavior of local surface quantities and excess over bulk
properties is characterized by a variety of surface critical exponents (some of which have
corresponding bulk counterparts, Sec. 3.2) [138, 139]. These exponents are related by
scaling relations and it turns out, that all surface exponents can be expressed in terms of
two bulk exponents and one surface exponent [147, 148]. Theoretical studies of the order
parameter profile in the semi-infinite geometry, beyond the mean-field theory [149, 140],
encompass scaling arguments, field-theoretical methods, and Monte-Carlo simulations,
see, in particular for the crossover behavior between the normal and ordinary transition,
Refs. [150, 151, 152, 153] and references therein. The rich interplay of the various length
scales associated with surface criticality are discussed in detail in Refs. [154, 137]. In
Ref. [155] results on universal amplitudes of critical adsorption are presented and com-
pared with experimental data. Concerning critical adsorption at and wetting of curved
surfaces, see, e.g., Refs. [156] and [157], respectively. The critical adsorption at geomet-
rically structured surfaces has been studied within mean-field theory in Ref. [158] and
at chemically structured surfaces in d = 4 [159, 160] and in d = 3 [161].
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3. Thermodynamics, phases, and critical phenomena

Finite systems

Generals: The confinement of a system has a significant influence not only on the
structure but also on the phase behavior of the system, see, e.g., Ref. [25, 162, 163] and
references therein. Changing the spatial confinement of a system allows one to tune
continuously between the various 0 ≤ d ≤ 3-dimensional bulk phase diagrams of the
system and thereby accessing new phases (which are not present in any bulk system) on
intermediate scales of the confinement [164, 165]. For example, between two particles,
which both prefer the ‘+’ phase and are located in an environment which is rich in
the ‘(−)’ phase, close to bulk coexistence of the ‘(−)’ and ‘+’ phases the ‘bridging’
transition occurs. At the bridging transition a bridge-like configuration rich in the ‘+’
phase between the two spherical particles builds up, see Refs. [27, 166, 167] and references
therein. The confinement shifts (w.r.t. the bulk) also locations of first order transitions
and critical points. These alterations of the phase diagrams of confined systems are
a result of the geometrical constraints and the interactions with the boundaries. For
sufficiently large confined systems, the free energy F can be decomposed into terms
proportional to the volume V and the confining surface area S [138, 139, 168],

F = Vfb + Sfs + . . .+ δF. (3.21)

fb = lim
V→∞

F/V and fs = lim
V ,S→∞

(F − Vfb) /S are the bulk and the surface free energy

densities, respectively [169]. The periods in Eq. (3.21) stand for contributions in more
complex geometries, like curvature, line, or edge contributions. δF is the finite-size
contribution to the free energy.

Film geometry: Paradigmatic examples for finite size systems are films. A d-dimen-
sional film has a mesoscopically large width L and is in the (d− 1) other dimensions
macroscopically large extended. In the following some aspects of the phase diagrams
of films are discussed, the intricate interplay between wetting transitions and the phase
behavior in films is reviewed in Ref. [170]. For (+,+) boundary conditions4, i.e., equal
adsorption preferences of the confining surfaces, the phase diagrams of films are shown
in Fig. 3.2. For (+,+) boundary conditions, the ‘+’ phase is favored due to the surface
fields and the coexistence line is shifted to negative bulk fields, h

(++)
b,cx < 0, and the

critical temperature Tc,++ (L) < Tc,b for finite width L is shifted to lower values than
the upper bulk critical temperature Tc,b [171, 172]; see also the detailed discussion of
the thermodynamics of a liquid film confined between two adsorbing walls in Ref. [173].
For (+,−) boundary conditions, i.e., competing adsorption preferences of the confining
surfaces, the symmetry w.r.t. the exchange hb → −hb is preserved and therefore the
coexistence line is located at h

(+−)
b,cx = 0. The corresponding critical temperature is

shifted to lower values than in the bulk and even below the wetting temperature Tc,w of
a corresponding single wall, Tc,+− (L) < Tc,w [174, 175]. For a more detailed discussion of

4 The universal properties of films with (−,−) boundary conditions are derived from the ones of films
with (+,+) boundary conditions by a change of sign of both the order parameter profile and the
corresponding bulk field, i.e., Φ(+,+) (z; t, hb) = −Φ(−,−) (z; t,−hb).
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L1

hb

L2

t

Figure 3.2.: Generic phase diagrams of bulk systems and films belonging to the Ising bulk uni-
versality class, such as uniaxial ferromagnets, simple fluids, or binary liquid mixtures in terms
of the reduced temperature deviation t = (T − Tc,b) /Tc,b from the bulk critical temperature
Tc,b and the bulk ordering field hb conjugated to the order parameter (see the last paragraph
of Sec. 3.1). In the bulk there is a first order transition line (thick black line) at t < 0 and
hb = 0 with the bulk critical point (black full dot) at (t = 0, hb = 0). For films with equal
adsorption preferences, i.e., (+,+) boundary conditions, and thicknesses L2 < L1 < ∞ the
first order transition line (thick black dashed-dotted lines) of capillary condensation is shifted
to negative values of the bulk field and the corresponding critical point in the film (black open
circles) is located at lower temperatures Tc,++ (L2) < Tc,++ (L1) < Tc,b than in the bulk. The
blue, green, and brown shorted-dashed lines correspond to thermodynamic paths of constant
value of the bulk scaling variable Σ = sgn (thb) ξt/ξh ∼ sgn (thb) |t|−ν |hb|ν/(βδ), compare
Eq. (3.19), along which the influence of both control parameters relative to each other does
not vary. ξt and ξh are the bulk correlation lengths along the critical isochor (hb = 0) and
the critical isotherm (t = 0), respectively, see Eq. (3.10). ν, β, and δ are standard bulk
critical exponents [Eqs. (3.9), (3.10), and (3.14)]. The green and blue line correspond to a
small (|Σ| ≪ 1) and a large (|Σ| ≫ 1) negative value of Σ, respectively, and the brown line
corresponds to an intermediate positive value Σ ∼ 1.
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this intricate phase diagram of (+,−) films see the seminal Refs. [174, 175] and the review
in Ref. [170]. Early Monte-Carlo simulation results are reported in Refs. [176, 177]. In
a recent study a film consisting of particles interacting via long-ranged forces subjected
to competing surfaces has been concerned [178]. Films with competing surface fields
of unequal strength, have been also studied [179]. Ising spin films with competing
surface fields in the presence of gravity have been studied within the density matrix
renormalization approach [180, 181] and by means of Monte-Carlo simulations and within
an effective phenomenological theory [182]. Structural and thermodynamic properties
of films with equal confining surfaces, both corresponding to the crossover between
the normal and the ordinary transition have been studied by means of transfer-matrix
methods, Monte-Carlo simulations, and within density functional theory [183, 184]. In
these references, the potential realization of ‘neutral’ walls has been discussed as well
as the field-mixing of the surface parameters in fluids (analogous to the field-mixing
of bulk fluids). The pseudo-transition in (d = 2)-dimensional films is investigated and
discussed, e.g., in Ref. [185]. The universal properties of critical films corresponding to
several bulk universality classes and subject to various boundary conditions have been
thoroughly discussed in Refs. [186, 187]. The singular contribution to the two-point
correlation function of critical films subject to ordinary-ordinary boundary conditions
has been determined by field-theoretic renormalization-group theory and the connection
to potential scattering experiments has been drawn in Ref. [188]. Recently, the fluid-
fluid demixing of a colloid-polymer mixture between two parallel opposing walls, both
with the same adsorption preference, has been studied experimentally [189].

Finite-size scaling: As for bulk systems, the free energy F = Freg + Fsgl of a confined
system is a sum of a regular and a singular contribution, Eq. (3.4). Finite-size scaling
theory [190, 168] predicts for the singular part of the free energy density

fsgl = L−df (sgn (t)L/ξt, sgn (hb)L/ξh) . (3.22)

f is an universal function which depends on the corresponding bulk universality class,
the surface universality class(es) of the confining surface(es), and the geometry. L is a
characteristic measure for the confinement, such as the film thickness L. The significance
of Eq. (3.22) is that there occurs no additional non-universal amplitude associated with
the confined geometry. Finite-size scaling [Eq. (3.5)], like the homogeneous property
of the bulk free energy density, cannot be proven rigorously but can be rationalized
within the renormalization group approach [191]. Note, that in the limit L → ∞ at
ξt/ξh = const, the scaling of the bulk free energy density, Eq. (3.5), is derived with the
metric factors (which have been dropped in Eq. (3.5)) being fixed. From the finite-size
scaling theory one derives for the shift of the critical temperature and the critical value
of the bulk field in films of large thickness L with (+,+) boundary conditions,

Tc,b − Tc,++ (L) ∼ L−1/ν and −h
(++)
b,cx (L) ∼ L−βδ/ν , (3.23)

respectively [171, 172].
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3.4. The critical Casimir force

Definition

As discussed in the previous section, boundaries alter the structure of a critical medium.
Moreover the confinement restricts the spectrum of the thermal fluctuations. These
modifications depend on the relative configuration and the shape of the boundaries
resulting in effective, so-called critical Casimir forces acting on the confining surfaces
[41, 42]. Because their origin are the critical fluctuations, the critical Casimir forces
exhibit the scaling property and universality, too.

For a film of width L and the macroscopically large cross area S the critical Casimir
force acting between the two confining surfaces is given by

f
(‖)
C / (kBT ) = −

∂F
(ex)
sgl

∂L
= −∂ (Fsgl − Vfb,sgl)

∂L
, (3.24)

where Fsgl is the singular contribution to the free energy of the film and fb,sgl is the
singular bulk free energy density, compare Eqs. (3.4) and Eq. (3.21); V = LS is the
volume of the film and kBT is the thermal energy. Finite-size scaling theory (Sec. 3.3)
predicts for the critical Casimir force per unit area [192, 186, 187]

f
(‖)
C /S = kBTL

−dϑ
(d)
‖,I (Y = sgn (t)L/ξt,Λ = sgn (hb)L/ξh) , (3.25a)

where ξt and ξh are the true correlation lengths along the critical isochor and the critical
isotherm, respectively, see Eqs. (3.10). ϑ(d)

‖,I is a universal scaling function the functional
form of which depends on the bulk universality class of the phase transition occurring
in the bulk and the boundary conditions set by the two confining surfaces, i.e., on
their corresponding surface universality classes. In the present study only the Ising
bulk universality class and surfaces with equal adsorption properties in the so-called
strong adsorption limit, denoted as (+,+) boundary conditions (Sec. 3.3), are considered.
Therefore it is omitted to write explicitly the dependence of ϑ(d)

‖,I on the bulk universality

class and the boundary conditions. ϑ(d)
‖,I depends on the sign of Λ = sgn (hb)L/ξh because

the confining surfaces break the bulk symmetry w.r.t. hb → −hb.
Depending on the particular purpose other, equivalent, representations of the scaling

function of the critical Casimir force can be appropriate, such as

Ld

SkBT
f
(‖)
C =ϑ

(d)
‖,II (Y = sgn (t)L/ξt,Σ = sgn (thb) ξt/ξh) (3.25b)

=ϑ
(d)
‖,III (Y = sgn (t)L/ξ (t, hb) ,Σ = sgn (thb) ξt/ξh) , (3.25c)

where in Eq. (3.25b) Σ = Λ/Y and in Eq. (3.25c) Y = Y/I (|Σ|) have been used, compare
the general expression for the bulk correlation length in Eq. (3.11). Although the three
representations ϑ

(d)
‖,I−III are different functions, they describe the same quantity, see the

lhs of Eq. (3.25b). Therefore, in favor of a better readability, the indices I, II, and III
will be dropped whenever the particular dependency on the scaling variables is either
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not important or given explicitly, i.e., ϑ(d)
‖ (Y ,Λ) = ϑ

(d)
‖,I (Y ,Λ), ϑ(d)

‖ (Y ,Σ) = ϑ
(d)
‖,II (Y ,Σ),

and ϑ
(d)
‖ (Y,Σ) = ϑ

(d)
‖,III (Y,Σ). The representation I, ϑ(d)

‖ (Y ,Λ), is most intuitive and for

fixed Y (or Λ) the variation of ϑ(d)
‖ as function of Λ (of Y) corresponds to the variation

of the critical Casimir force along an isotherm, t = const, (an isochor, hb = const).
The strength of the critical Casimir force at a particular thermodynamic state point
depends on its distance to the bulk critical point and the distinct influences of the two
control parameters t and hb. In order to get an insight to these two mechanisms, the
representation III, i.e., ϑ(d)

‖ (Y,Σ), is appropriate. The significance of the influences of
t and hb relative to each other (as measured by their corresponding length scales) is
captured by |Σ| = ξt/ξh. Thus Σ provides information about the corresponding bulk
thermodynamic state and its value varies smoothly from 0 at the critical isochor to ±∞
at the critical isotherm. Complementary, the scaling variable |Y| = L/ξ (t, hb) is a mea-
sure for the spatial range of the confinement and for the distance to the bulk critical
point, which corresponds to Y = 0. Note, that for the two limiting cases Σ = 0 and
Σ = ±∞ one has Y (Σ = 0) = Y = sgn (t)L/ξt and5 |Y (Σ = ±∞)| = |Λ| = L/ξh,
respectively. This representation, ϑ(d)

‖ (Y,Σ), has the drawback that the bulk correlation
length ξ (t, hb) is often not known for an arbitrary thermodynamic state (t 6= 0, hb 6= 0);
for the mean-field expression for the corresponding scaling function I (|Σ|) [Eq. (3.11)]
see Eq. (A.8). In order to get around this lack of knowledge but retaining (to a cer-
tain extent) the property that each of the scaling variables accounts for the confinement
and for the bulk thermodynamic state, respectively, in Eq. (3.25b) the representation
ϑ
(d)
‖ (Y ,Σ) is given. Within this representation the corresponding bulk thermodynamic

state is encoded in Σ (as for the representation III) and Y = sgn (t)L/ξt is a measure
for the distance to the critical isotherm. Concerning the variation of ϑ(d)

‖ along ther-
modynamic paths corresponding to |Σ| = const ≫ 1, i.e., close to the critical isotherm,
ϑ
(d)
‖ (Y ,Σ) attains notable values only for small values of Y . Therefore, in this limit it

is useful to consider the scaling function as function of Λ = YΣ = sgn (hb)L/ξh, i.e.,
ϑ
(d)
‖ = ϑ

(d)
‖,II (Y = Λ/Σ,Σ). In this way, the variation of the scaling function ϑ

(d)
‖ along the

critical isotherm (corresponding to Y = 0 and |Σ| = ∞) can be inferred from the repre-
sentation II, too, namely in the simultaneous limit Y ,Σ−1 → 0 with Λ = YΣ = const,
i.e., ϑ(d)

‖ (Y = 0,Λ) = ϑ
(d)
‖,II (Y → 0,Σ = Λ/Y).

Theoretical results for films

There is a rich accumulated knowledge about the critical Casimir force for the Ising
bulk universality class (dΦ = 1) in spatial dimensions d = 2, 3, and d ≥ 4, see also the
reviews in Refs. [193, 124, 43]. Results obtained within mean-field theory correspond
to d ≥ d>, with the upper critical dimension d> = 4 for the Ising universality class.
Logarithmic corrections are present at the upper critical dimension d = d>, see, e.g.,

5In order to avoid a tedious, but not worthwhile discussion of the corresponding signs for the limits Σ →
±∞, only the absolute values are considered and |sgn (t = 0)| = 1 is assigned. Taking care about
the signs, one obtains Y (|Σ| = ∞) = sgn (Σ) Λ, with the assignment sgn (t = 0) = sgn (t → 0±).
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3.4. The critical Casimir force

Ref. [194] for a study of the critical Casimir forces at a tricritical point for which d> = 3.
Theoretical studies encompass analytic results, quasi-exact numerical calculations and
Monte-Carlo simulation results. For hb = 0 the scaling function ϑ

(d=2,4)
‖,(us,1,us,2)

(Y ,Λ = 0)

is known analytically in d = 4 for the various combinations (us,1, us,2) of the different
surface universality classes us,i ∈ {ordinary, special, and normal (±)} [195, 196] and in
d = 2 for (+,±) boundary conditions [197] and for free (corresponding to the ordinary
transition), fixed, periodic, and antiperiodic boundary conditions [198]. In the latter
reference also results for an effective force in d = 1 < d<, with the lower critical critical
dimension d< = 2 for the Ising universality class, are presented which, to some extent,
can be seen analogous to critical Casimir forces and with a critical temperature Tc,b = 0.
In d = 2 and for long-ranged (i.e., decaying with a power law) wall-fluid interactions the
critical Casimir force has been calculated in Ref. [199]. In d = 3 and for various combina-
tions of the ordinary and normal (±) boundary conditions the critical Casimir force has
been obtained by means of Monte-Carlo simulations [195, 200, 201, 202]. For symmetry
breaking boundary conditions (the normal surface universality class), results have also
been obtained by field-theoretical studies [195] and by the extended de Gennes-Fisher
local-functional method [203, 204, 205, 206]. A method of a ‘renormalized’ field-theory
which has some similarities with the local functional approach has been proposed in
Ref. [207]. The crossover behavior of ϑ(d)

‖ (Y ,Λ = 0) between various surface universal-
ity classes has been studied in d = 2 via transfer matrix calculations [208, 209, 210] and
at T = Tc,b by making use of a variational principle [211], in d = 3 by Monte-Carlo
simulations [212, 213], in d = 4 within Landau theory [214], and in ǫ = 4− d dimension
at T = Tc,b for symmetry preserving boundary conditions by renormalization group cal-
culations [215, 216]. The critical Casimir force between chemically structured, planar
surfaces has been studied in d = 4 [217, 160] and in d = 3 [161] and between geometri-
cally structured surfaces in d = 4 [158]. For hb 6= 0, in d = 2 the critical Casimir force
has been calculated at the bulk critical temperature, T = Tc,b, for symmetric boundary
conditions with both surfaces belonging to the ordinary transition or the normal transi-
tion [218], and for the crossover between these transitions [219]. Results for temperatures
around the bulk critical one, T T Tc,b for (+,+) boundary conditions [220, 185] and for
identical walls, both exposing algebraically decaying potentials [221] are also available.
Within mean-field theory, for hb 6= 0 and (+,+) boundary conditions the scaling func-
tion ϑ

(d=4)
‖ (Y ,Λ) of the critical Casimir force has been calculated numerically [222]. In

d = 3, close to the bulk critical point and for hb 6= 0 the effective force between sym-
metric, strongly adsorbing walls has been calculated from a density functional approach
[96, 97].

Experimental studies

Experimentally, it is difficult to adjust two planar plates parallel to each other. An ele-
gant way to realize the film geometry is by wetting films. The critical Casimir forces have
been observed indirectly via measurements of the wetting film thickness of pure 4He at
the fluid-superfluid transition (corresponding to ordinary-ordinary boundary conditions)
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3. Thermodynamics, phases, and critical phenomena

[47, 48] and of 3He-4He mixtures close to the tricritical point (corresponding to ordinary-
normal boundary conditions) [49]. These systems belong to the XY universality class
(dΦ = 2) and corresponding theoretical results are available [194, 196, 223, 200, 201, 224].
Experiments on wetting films of classical binary liquid mixtures close to their demixing
critical point [corresponding to (+,−) boundary conditions] have been also performed
[50, 51]. A colloidal particle in front of a planar substrate has been proven to be a
rewarding experimentally setup in order to measure the critical Casimir forces directly.
By making use of total internal reflection microscopy the Brownian motion of a colloidal
particle close to a wall can been observed [52]. From the histogram of the positions of
a polystyrene sphere suspended in a near-critical water-2, 6 lutidine mixture the corre-
sponding potential of the critical Casimir force between a spherical colloidal particle and
a planar wall for (+,±) boundary conditions has been deduced in good agreement with
theoretical predictions [44, 45]. Earlier theoretical results for the sphere-plane geometry
have been reported in Ref. [225]. This configuration has the additional advantage, that
the boundary conditions of the substrate can be changed locally by tuning the chemi-
cal composition of a monomolecular overlayer only. By making use of this property, in
subsequent experimental studies, the potential between a spherical particle and a sub-
strate corresponding to the crossover between (+) and (−) boundary conditions [46] and
chemically patterned substrates [226, 56] could be measured. Whereas for the crossover
behavior theoretical results are only available for the film geometry (see above), for
chemically patterned substrates corresponding theoretical results, which are based on
the Derjaguin approximation, (see below) are available [54, 55, 56]. These references
provide also a detailed comparison between the experimental and theoretical results,
which are in remarkably agreement. Only recently, Monte-Carlo simulation results in
d = 3 for the critical Casimir force between a spherical particle and a planar, homo-
geneous wall, both with fixed (±) boundary conditions, have been reported [227]. On
ellipsoidal particles in front of a planar wall not only the critical Casimir force but also
a corresponding torque acts. These have been studied for hb = 0 and (+,±) boundary
conditions within mean-field theory [228].

Non-planar geometries

In colloidal suspensions with near-critical solvents the colloidal solute particles act as
cavities in the fluctuating medium, and the critical Casimir forces between these particles
is of interest. Analogously to the critical Casimir force in the film, Eq. (3.25), the
corresponding pair potential Vc = kBTUc of the critical Casimir force between two
spherical particles (denoted as ◦◦) in spatial dimension d = 3 exhibits scaling [225, 228,
222, 55],

Vc (D;R, T, hb) =kBT
R

D
Θ

(d=3)
◦◦,I (Y• = sgn (t)D/ξt,∆ = D/R,Λ = sgn (hb)D/ξh) ,

=kBT
R

D
Θ

(d=3)
◦◦,II (Y• = sgn (t)D/ξt,∆ = D/R,Σ = sgn (thb) ξt/ξh) ,

(3.26)
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3.4. The critical Casimir force

where D is the surface-to-surface distance between the spherical colloidal particles, each
of radius R, and ξt and ξh are the bulk correlation lengths along the critical isochor
and the critical isotherm, respectively, Eqs. (3.10). Θ(d)

◦◦,I and Θ
(d)
◦◦,II are universal scaling

functions. As for the scaling function ϑ
(d)
‖ of the critical Casimir force in the film, in the

following the indices I and II are omitted; concerning the different representations of the
scaling functions see the discussion around Eqs. (3.25). Theoretical results for the univer-
sal scaling function ϑ

(d)
◦◦ of the critical Casimir force between two d-dimensional spheres

in the full range of the scaling variables Y•, ∆, and Λ are available only within mean-field
theory, d = 4, for equal adsorption preferences of both spheres (denoted as ��) [222]. At
the bulk critical point, i.e., T = Tc,b and hb = 0, the critical Casimir force f

(◦◦)
C between

two spheres is long-ranged and its asymptotic behaviors are known [229]. In the so-called
protein limit of small spheres far apart, i.e., ξ ≫ D ≫ R, the so-called small-sphere ex-
pansion renders f

(◦◦)
C (D;Tc,b, hb = 0, R) / (kBTc,b) ∼ Rd−2+ηD−(d−1+η), where η is the

standard bulk critical exponent for the two-point correlation function, Eq. (3.12). In the
opposite, so-called Derjaguin limit D ≪ R one has f

(◦◦)
C (D;Tc,b, hb = 0, R) / (kBTc,b) ∼

R(d−1)/2D−(d+1)/2. In Refs. [225] and [227] for the sphere-plane geometry both limiting
behaviors are compared with results of the corresponding numerical calculation and of
Monte-Carlo simulations, respectively, in the full geometry. From the form of the decay
of the critical Casimir forces it follows that these forces can indeed successfully compete
with direct dispersion [66] or electrostatic forces in determining the stability and phase
behavior of colloidal systems.

For sufficiently large particles, D/R ≪ 1, the Derjaguin approximation [230] allows
one to express the the critical Casimir force between two particles in terms of the scal-
ing function ϑ

(d)
‖ of the critical Casimir force between two planar, parallel walls, see,

e.g., Ref. [45]. Within the Derjaguin approximation the curved, smooth surfaces are
approximated by stepped surfaces. Between the opposing flat pieces of such surfaces a
force like in the slab geometry is assumed to act and the total force is taken to be the
sum of the forces between the single pieces of the stepped surfaces. Here, the cases of
(d◦ = 3)-dimensional ‘spheres’ (denoted as ◦) in spatial dimensions d = 3 (correspond-
ing to experimental realizations) and d = 4 (corresponding to the spatial dimension
in which, up to logarithmic corrections, mean-field theory is exact) are of interest. For
d > d◦ these ‘spheres’ are actually hypercylinders with a (d− d◦) dimensional hyper-axis,
see the detailed discussion in Ref. [228]. For d◦ = 3 and in d = 3 and d = 4, the Der-
jaguin approximation renders for the scaling functions ϑ

(d,d◦)
◦◦ and Θ

(d,d◦)
◦◦ [compare with

Eq. (3.26) and Θ
(d)
◦◦ ≡ Θ

(d,d◦=d)
◦◦ ] of the critical Casimir force f

(◦◦)
C = kBT

R
D2D

d◦−dϑ
(d,d◦)
◦◦

and the corresponding potential Vc = kBT
R
D
Dd◦−dΘ

(d,d◦)
◦◦ (for d = d◦ + 1 both quantities

are the ones per unit length of the, in one dimension infinitely large, hypercylinder),
[225, 228, 222, 55]

ϑ
(d,d◦=3)
◦◦,Derj (∆,Y•,Σ) = π

∫ ∞

1

x−dϑ
(d)
‖ (xY•,Σ) dx (3.27)
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and

Θ
(d,d◦=3)
◦◦,Derj (∆,Y•,Σ) = π

∫ ∞

1

(
x1−d − x−d

)
ϑ
(d)
‖ (xY•,Σ) dx, (3.28)

respectively. It is pointed out that within the Derjaguin approximation the scaling func-
tion Θ

(d,d◦)
◦◦,Derj does not depend on ∆ = D/R, which therefore enters into Eq. (3.26) only as

a prefactor, ∆−1. For d = d◦ = 4 this prefactor in the potential is ∆−3/2 and in Ref. [222]
for (+,+) boundary conditions the results of the Derjaguin approximation are compared
with the numerical calculations of the critical Casimir force in the full geometry. For
hypercylindrical particles in front of a planar wall in Ref. [228] the general expression
for the Derjaguin approximation is given and the corresponding results are tested within
mean-field theory for (+,±) boundary conditions with the calculations in the full ge-
ometry. Note, that within the Derjaguin approximation the scaling functions for the
sphere-sphere geometry and the plane-sphere geometry (•|) are related by a factor of 2,
i.e., Θ•|,Derj = 2Θ◦◦,Derj and ϑ•|,Derj = 2ϑ◦◦,Derj. In d = 4 for the sphere-plane geometry
and cylinders in front of a planar wall, in both cases for chemically homogeneous and
patterned walls, the Derjaguin approximation has been tested against corresponding full
calculations [54, 55, 56, 231]. It has been observed, that this approximation for homo-
geneous walls works surprisingly well even for D . R/3. In Ref. [227], for d = d◦ = 3
the results of Monte-Carlo simulations are compared with the results of the Derjaguin
approximation and the small sphere expansion.

3.5. Theoretical approaches

There is a variety of theoretical approaches to critical phenomena. The two-dimensional
bulk Ising model is exactly solvable [232] and also in confined (d = 2) geometries there are
numerous analytic results. For d = 2 Ising strips, transfer matrix calculations and den-
sity matrix renormalization-group methods are suitable [183]. The conformal invariance
of critical systems can be exploited in d = 2. In higher spatial dimensions the number of
associated transformations is however too large to gain results [233]. The field-theoretical
approach allows for different treatments. Within the mean-field approximation, exact
results can be obtained for d > d>, with the upper critical dimension d> = 4 for the Ising
bulk universality class. Applying renormalization group techniques allows for a deeper
understanding of critical phenomena, general results and in particular for an improved
perturbation theory in ǫ = d>−d dimensions [234, 128, 36, 37, 235]. Quantitative results
in the experimentally relevant case d = 3 are available via Monte-Carlo simulations, see,
e.g., the reviews in Refs. [236, 237, 238, 239] and references therein. Close to criticality
these simulations are computationally demanding and time consuming. Therefore only
small systems can be simulated and careful finite-size analysis are required. In order
to study inhomogeneous (d = 3)-dimensional systems, semi-empirical local functionals
have been constructed [240, 41, 205, 206, 241] which require the bulk critical proper-
ties as an input. In d = 2 there is an exact variational principle [242, 243]. Within
the so-called parametric representation, the critical bulk equation of state can be cast
in a form which by construction fulfills several analyticity requirements [244, 245, 29].
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Concerning classical near-critical fluids, a hierarchy of integro-differential equations in
momenta space has been proposed accompanied by suitable approximations [246].

3.5.1. Field-theoretical approach

Within the field-theoretical renormalization group theory the leading behavior of the
singular contribution Fs for a confined system is captured by the effective Landau-
Ginzburg Hamiltonian H [247, 248]. For a critical medium in the film geometry the
order parameter field Φ (z) depends solely on the position z perpendicular to the surfaces
and H is given by

H [Φ (z)] / (kBTS) =
∫ L/2

−L/2

h (Φ) dz +HS (Φ1,Φ2) , (3.29a)

with the Hamiltonian density

h (Φ) =
1

2

(
∂Φ (z)

∂z

)2

+
τ

2
[Φ (z)]2 +

g

4!
[Φ (z)]4 − hbΦ (z) . (3.29b)

τ ∝ t = ± (T − Tc,b) /Tc,b, changes sign at the upper (± = +) or lower (± = −) bulk
critical temperature Tc,b and the quartic term with the coupling constant g stabilizes the
Hamiltonian in the two phase region, i.e., for τ < 0. The surface contribution is

HS =
c1

2
Φ2

1 − hs,1Φ1 +
c2

2
Φ2

2 − hs,2Φ2, (3.29c)

where Φ1 = Φ (z = −L/2) and Φ2 = Φ (z = L/2). The so-called surface enhancements
c(1,2) account for a different tendency to order at the surfaces and the symmetry breaking
surface fields hs(1,2) capture the preference of the surfaces for one of the two phases
[138, 139, 137]. The (+,+) boundary conditions are given by c1 = c2 ≥ 0 and hs1 =
hs2 = ∞ rendering Φ1 = Φ2 = ∞. In Ref. [249] microscopic expressions for hs and c are
derived by using density functional theory.

In a systematic perturbation theory in terms of ǫ = d> − d, with the upper critical
dimension d> = 4 for the Ising universality class, the fluctuations are taken into account
with a statistical weight ∼ exp {−H [Φ] / (kBT )}. Mean-field theory corresponds to
the lowest order (d = 4). Accordingly, the mean-field equilibrium configuration ΦMFT

minimizes H. Within mean-field theory for the Hamiltonian given in Eqs. (3.29), one
has [222] ξt (t > 0) = |τ |−1/2 and ξh = 3−1/2|

√
g/6hb|−1/3, see Appendix A.

In order to calculate the critical Casimir force for a given configuration ΦMFT the
so-called stress-tensor T is suitable [250]. For the slab geometry one has f

(MFT )
C‖ /S =

kBT 〈Tz,z [ΦMFT ]− Tz,z [Φb,MFT ]〉, where 〈. . .〉 denotes the thermal average and the (z, z)
component of the stress tensor is

Tz,z [Φ ((z))] =
1

2
Φ′2 − τ

2
Φ2 − g

4!
Φ4 + hbΦ. (3.30)
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3.5.2. Local functional approach

Fisher and de Gennes proposed for T = Tc,b a local functional in terms of the order
parameter field Φ (z) the minimal value of which corresponds to the singular free energy
contribution Fs [41]. After an early attempt by Au-Yang and Fisher [251], Fisher and
Upton extended this ansatz for a near-critical medium, i.e., T 6= Tc,b, in the presence of
a wall [205, 206]. Later Borjan and Upton extended the functional in order to calculate
the order parameter profile in a slab, the critical Casimir amplitudes [203] and to study
critical adsorption both, on the critical isochor as well as on the critical isotherm [241].
The functional is constructed in such a way that it exhibits the proper scaling and
analyticity properties. For temperatures T 6= Tc,b and vanishing bulk ordering field,
hb = 0, the scaling function ϑ

(d=3)

‖++
of the critical Casimir force in a (d = 3)-dimensional

slab with (+,+) boundary conditions as obtained by the local functional approach agrees
surprisingly well with the scaling function determined from Monte-Carlo simulations
[204]. For the film geometry the local ansatz for the functional is

F [Φ (z)] =

∫ L/2

−L/2

f (Φ,Φ′, t, hb) dz + f1 (Φ1, hs,1) + f2 (Φ2, hs,2) (3.31)

where Φ′ = ∂Φ/∂z . The surface terms fi are the same as given in Eq. (3.29c), i.e.,
f1+ f2 = HS. The integrand f is assumed to depend on bulk critical quantities only and
is postulated to be

f (Φ,Φ′, t, hb) = {J (Φ) G (Λ (Φ, t, hb) Φ
′) + 1}W (Φ, t, hb) , (3.32)

where
W (Φ; t, hb) = A (Φ, t)−A (Φb, t)− (Φ − Φb)hb (3.33)

is the excess over bulk free energy density (in terms of kBT ) and A (Φ, t) is its conjugated
free energy density. The function G has to fulfill several requirements [205, 206]. It has
been shown, that appropriate choices are

J (Φ) = 1 and Λ (Φ, t, hb) = ξ (Φ; t) [2χ (Φ; t)W (Φ, t, hb)]
−1/2 , (3.34)

where ξ (Φ; t) and χ (Φ; t) are the bulk correlation length and the susceptibility of a bulk
homogeneous system at the thermodynamic state point (t,Φ), respectively [205, 206].
G can be approximated by G (x) ≃ x2 [206, 203]. In the scaling limit t → 0± and Φ → 0
the bulk quantities take the following analytic scaling forms

W (Φ; t, hb) = |Φ|δ+1 Y± (Ψ,Σ) (3.35a)

and (
ξ2/(2χ)

)
(Φ; t) = |Φ|ην/β Z± (Ψ) , (3.35b)

where Ψ = Φ/Φb (− |t|) = sgnΦ |X|−β [compare Eq. (3.19)]. Ỹ± (Ψ,Σ) = Y± (Ψ,Σ) /Y+ (∞, 0)
and Z̃± (Ψ) = Z± (Ψ) /Z+ (∞) are universal scaling functions. The functions Y± and Z±

(which describe bulk critical properties) as well as the values of the bulk critical expo-
nents are required as additional input for the local functional approach.
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3.5.3. The parametric representation of the critical equation of

state

Generals: The basic idea of the parametric representation is to perform a coordinate
transformation such that certain analyticity and scaling properties of the critical equa-
tion of state are manifest, i.e., build in, in that representation [244, 245]; the theoretical
background is worked out in Ref. [29]. This framework provides an elegant way for the
the description of bulk critical systems and their properties and (as shall be discussed
below) the unknown functions of that approach can be approximated by simple (elemen-
tary) functions. However, the drawbacks of this approach are that the central properties
of critical systems, i.e., universality and scaling, are incorporated a priori and are not
explained as being an outcome (in contrast to, e.g., the renormalization treatment),
as well as that the universal values of certain quantities, which are specific to critical
systems, such as critical exponents or universal amplitude ratios cannot be calculated
within the parametric framework, but are needed as input. Explicitly, the parametric
representation is formulated in terms of pseudo-‘polar’ coordinates (s ≥ 0, z),

t = sk (z) , hb = s
δβ l (z) , and Φ = s

βm(z) , (3.36)

where the ‘radial’ variable s ≥ 0 is a measure of the distance to the critical point
(t = 0, hb = 0) which corresponds to s = 0. The ‘angular’ variable z, with |z| ≤ zx,
measures the location on the coordinate curves s = const. Particular lines in the phase
diagram are specified by corresponding values of z; for the critical isochor (t > 0, hb = 0)
z = z0 = 0, for the critical isotherm (t = 0, hb ≷ 0) z = ±zc, and for the coexistence
curve (t < 0, hb = 0) z = ±zx. (Actually, in order to satisfy the assignments, these
values have to be the zeros of the functions in Eq. (3.36), m(z0) = 0, k (±zc) = 0,
and l (z0) = l (±zx) = 0.) For a phase diagram in these coordinates see, e.g., Fig. 1 in
Ref. [252]. The non-analycity of the thermodynamic functions is captured entirely by
s, whereas their dependence on z is analytic throughout. The functions k (z), l (z), and
m(z) are analytic in their argument and to a certain extent arbitrary, in the sense, that
there are no further requirements available which these functions have to fulfill [29, 130].
The singular part of the conjugated free-energy density takes the form [252]:

a (Φ, t) = s
2−αn (z) . (3.37)

Out of the four functions k (z), l (z), m(z), and n (z) introduced in the Eqs. (3.36) and
(3.37), respectively, only three of them has to be constructed and the fourth one fol-
lows by thermodynamic relations [252]. If one in addition requires that the mean-field
equation of state is reproduced for the classical values of the critical exponents one ad-
ditional relation has to be fulfilled [29, 252] and accordingly then only two out of these
four functions are independent. The angular functions of other bulk thermodynamic
properties can be expressed in terms of these above introduced ones [29, 252, 253], such
as the inverse susceptibility

1/χ = s
γp (z) = s

γ βδk′ (z) l (z)− k (z) l′ (z)

βk′ (z)m (z)− k (z)m′ (z)
, (3.38)
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where the prime denotes the differentiation w.r.t. z, or the singular excess over bulk free
energy density [Eq. (3.33)]

W (Φ; t, hb) = s
2−αw (z, zb) , (3.39a)

with hb = s
∆
b l (zb), Φ = s

βm(z), and t = sbk (zb) = sk (z) [Eq. (3.36)] and according to
Eq. (3.37)

w (z, zb) =n (z)− l (zb)m (z) |k (z) /k (zb)|∆

− [n (zb)− l (zb)m (zb)] |k (z) /k (zb)|(2−α) .
(3.39b)

Concerning the structure of the bulk system an additional function needs to be intro-
duced [254]. The correlation length is usually given as

ξ2/ (2χ) = s
−ηνa (z) . (3.40)

Within the parametric representation the scaling variable Σ [Eq. (3.19)] is solely a
function of z [compare Eqs. (3.10), (3.14), (3.36), and (3.38) from which one derives and
ξ
(0)
± = |k (z±)|ν [2a (z±) /p (z±)]1/2 and ξ

(0)
h = |l (zc)|ν/(βδ) [2a (zc) /p (zc)]1/2 ],

Σ = sgn (hbt) ξt/ξh = sgn [l (z) k (z)]

√
a (z±) p (zc)

a (zc) p (z±)

∣∣∣∣
k (z±)

k (z)

∣∣∣∣
ν ∣∣∣∣

l (z)

l (zc)

∣∣∣∣
ν/(βδ)

, (3.41)

where z+ = z0 corresponds to t > 0 and z− = zx corresponds to t < 0, respectively.

The linear parametric model One way to obtain explicit expressions for the functions
k (z), l (z), m(z), and a (z) [Eqs. (3.36) and (3.37), respectively] is to expand these func-
tions, consistently with the present symmetries, in powers of their argument. Indeed,
it can be shown, that for m(z) = z and l (z) = z +

∑m
i=1 l2i+1z

2i+1 there are coefficients
l2i+1 such that this specification of the parametric representation is exact up to order
ǫm+2, see Ref. [255, 130] and references therein. To the lowest orders necessary to fulfill
the conditions to reproduce correctly the phase diagram the so-called linear parametric
model is obtained [29, 130], given by [244]

k (z) =1− b2z2, (3.42a)

l (z) =l0z
(
1− z2

)
, (3.42b)

m(z) =m0z. (3.42c)

and

a (z) =a0
(
1 + a2z

2
)
. (3.42d)

The name of the linear model obviously stems from the Eq. (3.42c), which, despite its
simplicity, resembles quite well experimental data [244, 256]. The coefficients l0, m0,
and a0 in the Eqs. (3.42) are metric factors. According to the universality of critical
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phenomena, the constants b > 1 and a2 are assumed to be universal. They are fixed, for
example, by matching the universal ratios as obtained within the linear parametric model
to the values obtained by Monte-Carlo simulations or by field-theoretical renormalization
group treatments. Within the present study the values used in Ref. [204] are adopted,

b2 = 1.30 and a2 = 0.28. (3.43)

Concerning a discussion on the dependence of resulting scaling functions, in particular
ϑd=3
‖++

(Y ,Σ = 0), on the choice of b and a2 see, e.g., Ref. [257].

The ‘angular’ function n (z) of the free-energy density [Eq. (3.37)] is obtained by
integrating the equation of state, which can be done analytically within the linear rep-
resentation [Eqs. (3.42)] yielding [252, 257]

n (z) = m0l0
(
c0 + c1k (z) + c2 [k (z)]

2) (3.44a)

with the coefficients

c0 =
β (b2 − 1)

(2− α) b4
, c1 =

(4β − 1) + (1− 2β) b2

2 (1− α) b4
, and c2 =

2β − 1

2b4α
. (3.44b)

For α = 0 the coefficient c2 has to be modified and is finite; in particular, within mean-
field theory, for which α = 0 and β = 1/2, (c2)MFT = 0 [252]. For the critical exponents
taking their classical values and a2 = 0 the linear parametric model reduces to the
common mean-field Landau free energy [29].

There are also other specifications of the parametric representation, such as employing
trigonometric functions [258, 252, 253]. Within these trigonometric models the free
energy does exhibit a van-der-Waals loop in the coexistence region, in contrast to the
linear parametric model.
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4.1. Interactions

In order to cope with the large size difference between the molecular solvent particles
and the solute colloidal particles, it is suitable to adopt an effective approach. In Ref. [9]
exact, but implicit, formulas for the effective potentials between particles of one species
due to the presence of particles of another species have been derived. However, the
advantage of the effective approach is, that the effective pair-potential between two large
particles can be derived from a theory for the solvent alone, and the large particles act
as external potential to the solvent. The effective interactions between colloidal particles
are rich, subtle, and specific due to the diversity of materials and solvents which can be
used. The goal of the present study is to provide a general view of the effects a critical
solvent has on dissolved colloids due to the emerging universal critical Casimir forces.
Therefore for the background interaction potential between the colloids which is present
also away from the critical temperature T (s)

c of the solvent a generic potential is adopted.
It captures the essential features of a stable suspension on the relevant, i.e., mesoscopic,
length scale. These features are the hard core repulsion for center-to-center distances
r < 2R and a soft, repulsive contribution

Vrep (r) /(kBT ) = Urep (r) = A exp (−κD) , D = r − 2R > 0, (4.1)

which prevents coagulation favored by effectively attractive dispersion forces. The main
mechanisms providing Urep (r) are either electrostatic or steric repulsion, which are both
described by the generic functional form given by Eq. (4.1) [1, 259]. The steric repulsion
is achieved by a polymer coverage of the colloidal surface. If two such covered colloids
come close to each other the polymer layers overlap, which leads to a decrease in their
configurational entropy and thus to an effective repulsion. Concerning the electrostatic
repulsion, for large values of the surface-to-surface distance D the effective interaction
between the corresponding electrical double-layers at the colloid surfaces dominates; this
leads to a repulsion. The range κ−1 of the repulsion is associated with the Debye screen-
ing length in the case of electrostatic repulsion and with the polymer length in the case
of the steric repulsion. The strength A of the repulsion depends on the colloidal sur-
face charge density and on the polymer density, respectively. For the effective Coulomb
interaction screened by counterions A is given by [1]

A = 2π (ǫǫ0)
−1Υ2κ−2R/ (kBT ) , (4.2)

where ǫ is the permittivity of the solvent relative to vacuum, ǫ0 is the permittivity
of the vacuum, Υ is the surface charge density of the colloid, and κ is the inverse
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4. Colloidal suspensions

Debye screening length. Indeed the interaction potential of two charged spheres in
a dielectric medium containing counter ions does not depend purely exponentially on
the surface-to-surface distance D but, within the linearized Debey-Hückel theory, as
exp(−κD)/(D + 2R), where R is the radius of the spherical particles [259, 16] For
the cases considered in the present study κR ≫ 1 and thus only for surface-to-surface
distances D < R the soft repulsive contribution is relevant. However, in this range of
values of D one can approximate the denominator by 2R, which renders the generic form
given in Eq. (4.1). The results presented in Ch. 7 have been calculated using the generic
potential given in Eq. (4.1) as well as using the full form of the Debey-Hückel potential
quoted above. The differences are hardly visible.

Wetting phenomena [26] are also important for the aggregation in colloidal suspensions
and hydrodynamic interactions [70, 260] influence the character of aggregation. In order
to focus on the universal aspects connected with the critical Casimir forces, these former,
system specific, influences are in the present study neglected.

4.2. Structure

The bulk structure of a colloidal suspension is characterized by its radial distribution
function g (r) which can be interpreted as the probability to find a colloidal particle a
distance r apart from another particle fixed at the origin. The total correlation function
h (r) is related to the former one according to h (r) = g (r)− 1. The Ornstein-Zernicke
equation expresses h (r) in terms of the direct correlation function direct correlation
function c (r) and the number density ̺ [261, 262],

h (r) = c (r) + ̺

∫
h (r′) c (|r − r

′|) dd
r
′, (4.3)

or equivalently in Fourier space

ĥ (q) = ĉ (q) / (1− ̺ĉ (q)) , (4.4)

with ĥ (q) =
∫
eiqrh (r) dd

r, analogously for ĉ (q), and q = |q|. In order to determine
the two unknown functions c (r) and h (r) a second equation is required. This is the
so-called closure equation which in its most general form is given by

h (r) + 1 = exp {−U (r) + h (r)− c (r) + b (r)} (4.5)

where b (r) is the so-called bridge function, which in general is not known. The most
common approximations for the bridge function are the so-called Percus-Yevick approx-
imation (PY),

bPY (r) = ln [h (r)− c (r) + 1]− h (r) + c (r) , (4.6)

and the so-called hypernetted-chain approximation (HNC),

bHNC (r) = 0. (4.7)
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For practical reasons, in order to handle the hard core U (r < 2R) = ∞, it is useful to
introduce the function

k (r) = h (r)− c (r) . (4.8)

In terms of k (r) the Percus-Yevick closure (Eq. (4.6)) can be written as

cPY (r) = [exp {−U (r)} − 1] (k (r) + 1) (4.9)

and the hypernetted-chain closure (Eq. (4.7)) as

cHNC (r) = exp {−U (r) + k (r)} − k (r)− 1. (4.10)

The correlation functions can be calculated iteratively [262, 263]. For a given approx-
imate ci (r) one calculates the total correlation function hi (r) according to Eq. (4.4).
By using a closure, i.e., by choosing a bridge function, Eq. (4.5) renders a direct cor-
relation function ci+1 which typically differs from ci. This procedure is continued until
satisfactory convergence is achieved. The initial guess ci=1 (r) is guided by the shape of
the direct interaction potential.

The applicability and reliability of this integral equation approach is discussed in detail
in Ref. [264]. There has been an attempt to improve the performance of this approach
in the critical region [265]. For comparison with Monte Carlo simulations in the case of
a pair potential with attractive and repulsive parts see, e.g., Ref. [266], which discusses
particles interacting with a pair potential containing attractive and repulsive Yukawa-
like contributions ǫie−κir/r. The integral equation approach is capable to reveal the rich
phase behavior of such systems.

The structure factor

S (q) = 1 + ̺ĥ (q) = 1/ (1− ̺ĉ (q)) (4.11)

can be determined by scattering experiments.

4.3. Thermodynamics

Determining the thermodynamic properties of a system from the underlying pair poten-
tial V (r) of its constituents is a central issue of statistical physics [262]. In principle the
thermodynamic properties of a system can be determined from its correlation functions
[262, 264]. For example, the so-called virial equation provides the pressure p of the
homogeneous system in terms of the the radial distribution function g (r) (see Sec. 4.2):

p/(̺kBT ) = 1− 2

3
π̺

∫ ∞

0

U ′ (r) g (r) r3 dr. (4.12)

The isothermal compressibility χT follows from the sum rule [262]

lim
q→0

S (q) = ̺kBTχT (4.13)
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4. Colloidal suspensions

with the structure factor S (q) given in Eq. (4.11). The system becomes unstable for
χT → ∞, corresponding to the critical point and, within mean-field theory, to the
spinodals in the phase diagram (see, e.g., Refs. [121, 122]).

There are further relations expressing thermodynamic quantities in terms of corre-
lation functions which are exact from the formal point of view. However, because the
bridge function is not known exactly, the set of equations (4.3) and (4.5) may have no
solution in the full one-phase region of the thermodynamic phase space; moreover the
resulting thermodynamic quantities depend on the scheme taken. This is the well known
thermodynamic inconsistency of this approach (although there are more sophisticated
schemes trying to cope with this problem) [264]. Moreover, for the kind of systems con-
sidered here, the determination of phase equilibria is even more subtle because due to
the adsorption phenomena, which are state dependent, the effective potential between
the colloids depends on the thermodynamic state itself. Inter alia this implies that the
effective potential acting between the particles should be different in coexisting phases.
This feature is not captured by the effective potential approach presented above. There-
fore within the integral equation approach only certain estimates for the coexistence
curve can be obtained. For a reliable phase diagram actually the full many component
mixture (such as the binary solvent plus the colloidal particles) has to be considered.

Another useful first insight into the collective behavior of attractive (spherical) parti-
cles is provided by the second virial coefficient [262]

B2 = 2π

∫ ∞

0

(1− exp {−U (r)}) r2 dr. (4.14)

Beyond the ideal gas contribution it determines the leading non-trivial term in the
expansion of the pressure p (̺) / (kBT̺) = 1+B2̺+ . . . in terms of powers of the number
density ̺. Measurements of B2 for colloids immersed in near-critical solvents have been
reported in Refs. [79, 80]. Vliegenthart and Lekkerkerker [267] and Noro and Frenkel
[268] (VLNF) proposed an extended law of corresponding states according to which the
value of the reduced second virial coefficient B∗

2 ≡ B2/B
(HS)
2 at the critical point is the

same for all systems composed of particles with short-ranged attractions, regardless of
the details of these interactions. B(HS)

2 = 2π
3
σ3 is the second virial coefficient of a suitable

reference system of hard spheres (HS) with diameter σ. This (approximate) empirical
rule is supported by experimental data [267] and by theoretical results [21]. The critical
value B∗

2,c can be obtained in particular from the Baxter model for adhesive hard spheres,
for which the interaction is given by exp {−U (r)} = H (r − σ)+ σ

12S
δ (r − σ) [269] where

H (r) is the Heaviside function and δ(r) is the delta function. The reduced second virial
coefficient is related to the so-called stickiness parameter S by

B∗
2 ≡ B2/

(
2π

3
σ3

)
= 1− 1

4S
. (4.15)

This model exhibits a liquid-vapor phase transition as function of S with the critical
value Sc ≃ 0.113, so that B∗

2,c ≃ −1.212 [270].
In order to obtain a suitable hard sphere reference system, following Weeks, Chandler,

and Andersen [271, 272] the pair potential U is split, as it is commonly done [262], into
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a purely attractive contribution

Ua (r) =

{
U (rmin) , r ≤ rmin

U (r) , rmin < r,
(4.16)

where U has its minimum at rmin, and into an effective core, exp {−UHS (r)} = H(r − σ),
with the diameter σ defined by

σ =

∫ r0

0

(1− exp {−U (r)}) dr, (4.17)

where U (r = r0) = 0. It has been checked that for the potential U considered here [c.f.,
Eq. (6.1)] and for its split potential

Us (r) = UHS (r) + Ua (r) , (4.18)

as given by Eqs. (4.16) and (4.17), the resulting values of B2 are almost the same.

4.4. Stability

The stability of colloidal suspensions and the aggregation of colloids are related to kinetic
processes, see Refs. [1, 69, 70] and references therein. In these references structural
instabilities are subdivided into flocculation, aggregation, or coagulation. however, the
notation is not consistent and transparent throughout the literature. In the present work
these terms are used as synonyms. They are based on the diffusion of single particles in
the presence of other particles of the same kind, interacting with them via interaction
potentials which contain both attractive and repulsive contributions. For a review of
different mechanisms and experimental results using small angle light scattering see
Ref. [68] and references therein. Because multiple scattering between colloidal particles
(or in strongly fluctuating media) substantially complicates the analysis of scattering
data, this method is limited to suspensions dilute in colloidal particles in which multiple
scattering can be neglected. An alternative experimental way to access information
about the interactions between and the structure of the colloidal particles is the turbidity
method [273, 274]. The concept of the stability ratio W , introduced by Fuchs, makes
use of static properties only in order to access the rate of aggregation in a suspension
[275]. For interacting particles, which in addition irreversibly stick together once their
surfaces touch each other, W can be calculated using Smulochowski’s theory [275]

W = 2R

∫ ∞

2R

exp {U (r)}
r2

dr. (4.19)

For hard spheres W = 1, while for W > 1 (W < 1) the repulsive (attractive) part of
the interaction potential U dominates. If there is a potential barrier, i.e., U (r) ≫ 1 for
a certain range of distances r > 2R, which leads to W > 1, on intermediate time scales
the suspension will equilibrate into a (meta)stable homogeneous state. Only on very
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large time scales cluster formation sets in slowly. It turns out that W is proportional to
the ratio between the characteristic times for diffusion of a single particle, tdiff , and for
the formation of a pair of particles, tpair [1]:

tdiff/tpair = 3η/W, (4.20)

with the packing fraction η = (4π/3)R3̺; ̺ is the number density of the colloidal
particles. Concerning the importance of hydrodynamic interactions, see e.g., early con-
sideration in Refs. [276, 277], and the review in Ref. [70].

4.5. Density functional theory

Density functional theory is based on the fact that there is a one-to-one correspondence
between the local equilibrium number density ̺ (r) of a fluid and a spatially varying
external potential acting on it. It follows that there exists a unique functional F [̺] which
is minimized by the equilibrium one-particle number density and that the equilibrium
free energy of the system is equal to the minimal value of the functional [278, 279]. Since
for static properties the absolute size of the particles does not matter, density functional
theory has turned out to be very successful not only in describing simple fluids but also
colloidal suspensions, see, e.g.,Ref. [280]. The ideal gas contribution to the functional F
is known exactly, Fid [̺] /(kBT ) =

∫
dr ̺ (r) {ln [λ3̺ (r)]− 1}, where λ = h/

√
2πmkBT

is the thermal wavelength, m is the mass of the particles and h is Planck’s constant.
For the expression of the excess contribution Fex = F − Fid only approximate ones are
available.

As a first step, for a liquid in a volume V the simple functional

Fex [̺] = FHS ([̺] ; σ) +
kBT

2

∫∫

V

d3
r1d3

r2 ̺ (r1)Ua (r12) ̺ (r2) , (4.21)

where r12 = |r1 − r2|, renders the direct correlation as within the random phase ap-
proximation. For the attractive contribution Ua to the interaction potential entering
into Eq. (4.21), the expression in Eq. (4.16) is employed. FHS ([̺] ; σ) is the excess
functional for the hard sphere system for which the effective hard sphere diameter σ
as given by Eq. (4.17) is taken. For FHS various sophisticated functionals are available
[281, 282, 283, 279]. For the present purposes, however, it is sufficient to determine the
bulk free energy density. According to Eq. (4.21) the so-called random phase approxi-
mation for F is given by

πσ3/6

v
FRPA/ (kBT ) = ησ

(
ln

(
ησ

1− ησ

)
− 2− 10ησ + 5η2σ

2 (1− ησ)
2

)
+

1

2
η2σŨa,0 (4.22)

where for the hard sphere-contribution in Eq. (4.22) the Percus-Yevick approximation (as
obtained via the compressibility equation) has been adopted [262]; Ũa,0 =

6
πσ3 Ûa(q = 0)

with Ûa (q) as the Fourier transform of the potential. The packing fraction ησ used in
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Eq. (4.22) corresponds to the effective hard sphere system, i.e., ησ = π
6
σ3̺ =

(
σ
2R

)3
η. In

Eq. (4.22) Fid/ (kBT ) = v̺
(
ln (ησ)− ln

(
π
6
(σ/λ)3

)
− 1

)
is incorporated, except for the

term v̺ ln
(
π
6
(σ/λ)3

)
which accounts only for a shift of F linear in ̺ and therefore is

irrelevant for determining phase coexistence. For the free energy given in Eq. (4.22) the

critical point is given implicitly by η
(RPA)
σ,c = 0.129 and

(
Ũa,0

)

c
= −21.3. By choosing

the Percus-Yevick approximation the results obtained by density functional theory and
by the integral equation approach are on the same footing.
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5. Dependence of critical Casimir

forces on bulk fields

5.1. Landau theory

The critical Casimir forces at hb 6= 0 in a slab with (+,+) boundary conditions are
given in terms of the scaling function ϑ

(d)

‖++
. For its dependence on two scaling variables,

there are different representations, see Eqs. (3.25) and the discussion thereafter. In an
earlier study of mean-field results, the dependence of ϑ

(d=4)

‖++
on Y = sgn (t)L/ξt and

Λ = sgn (hb)L/ξh has been considered. L is the width of the film and ξt = ξ (t, hb = 0)
and ξh = ξ (t = 0, hb) are the true bulk correlations lengths along the critical isochor
and the critical isotherm, respectively [Eq. (3.10)]. t is the reduced temperature devi-
ation from the critical temperature and hb is the bulk ordering field conjugated to the
order parameter. Within mean-field theory the expression for the true bulk correlation
ξ (t, hb) = ξtI (ξt/ξh) at the thermodynamic state point (t, hb) is known, see Eq. (A.8).
In the following, the dependence of ϑ(d=4)

‖++
on the scaling variables Σ = sgn (thb) ξt/ξh,

Eq. (3.19b), and Y = sgn (t)L/ξ (t, hb) is considered, because the effective model dis-
cussed in c.f. Ch. 6 is formulated in terms of Σ. In principle the behavior of ϑ(d)

‖++,III
(Y,Σ)

can be infered from the study of ϑ(d)

‖++,I
(Y ,Λ), too, see the equivalence given in Eq. (3.25).

Nonetheless, the study of ϑ(d)

‖++,III
(Y,Σ) itself may broaden the knowledge by setting a dif-

ferent point of view. The scaling variable Σ = sgn (thb) ξt/ξh depends solely on the corre-
sponding bulk thermodynamic state point and the scaling variable Y = sgn (t)L/ξ (t, hb)
is a measure of the confinment. Therefore, the use of these two scaling variables Σ and
Y allows to study the effect of the interplay between the two distinct control parameters
t and hb on one hand and the effect of confinment on the other hand separately by
keeping one of these two scaling variables constant. The scaling function ϑ

(d=4)

‖++
has been

obtained by minimizing the effective Hamiltonian given in Eqs. (3.29) and by making
use of the stress tensor which is given in Eq. (3.30).

In Fig. 5.1 contour lines of constant ‘distance’ |Y| = L/ξ (t, hb) = 3, 4, . . . , 10 are shown
in the thermodynamic space spanned by t and hb. Along these curves the modulus of
the scaling variable |Σ| = ξt/ξh ∼ |t|−ν |hb|ν/(βδ) varies from ∞ at the critical isotherm
(t = 0) to 0 at the critical isochore (hb = 0) and its sign sgn (Σ) changes upon crossing
one of these lines, compare also the phase diagram shown in Fig. 3.2. The |Y|-contour
lines exhibit a kink at the bulk coexistence line (t < 0, hb = 0) because of their bulk
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Figure 5.1.: Contour lines of constant ‘distance’ |Y| = L/ξ (t, hb) = 4, 5, . . . , 10 (from the in-
ner to the outer most ring), where ξ (t, hb) is the bulk correlation length at the thermodynamic
state point (t, hb), Eqs. (3.11) and (A.8). t = (T − Tc,b) /Tc,b is the reduced temperature de-
viation from the upper critical temperature Tc,b and hb is the bulk ordering field (Sec. 3.1).
Along the critical isochore, i.e., hb = 0, one has |Y| = L/ξt =

L

ξ
(0)
±

|t|ν and along the critical

isotherm, i.e., for t = 0, |Y| = L/ξh = L

ξ
(0)
h

|hb|ν/(δβ), Eqs. (3.10). The bulk critical point

(t, hb) = (0, 0) is indicated as full black dot, •. The color along the |Y|-contour lines corre-

sponds to the absolute value |ϑ(4)

‖++
| at the particular thermodynamic state point. ϑ

(4)

‖++
is the

scaling function of the critical Casimir force in a (d = 4)-dimensional film of width L with
(+,+) boundary conditions, i.e., both confining surfaces adsorb strongly the same species of
a binary liquid mixture, Eq. (3.25). For such films the critical Casimir forces are attractive

and ϑ
(4)

‖++
< 0. Along each |Y|-contour line the strength |ϑ(4)

‖++
| attains its minimal value at the

bulk coexistence curve (t < 0, hb = 0). The critical Casimir forces are strongest for negative

bulk fields hb < 0. For |Y| < 6.3 (for |Y| > 6.3) the maximal strength of |ϑ(4)

‖++
| along the

corresponding |Y|-contour line occurs at t > 0 (at t < 0). In the region t < 0 and hb < 0 cap-
illary condensation occurs, however for larger values of |Y| = L/ξ (t, hb) than the shown ones.
The dotted line is the thermodynamic path corresponding to Σ = sgn (thb) ξt/ξh = 1. This
mean-field results for the Ising universality class (dΦ = 1) correspond to spatial dimension
d = 4 for which ν (d = 4) = 1/2, β (d = 4) = 1/2, and δ (d = 4) = 3 [Eqs. (3.14) and (3.15a)]

and Uξ (d = 4) = ξ
(0)
+ /ξ

(0)
− =

√
2 [Eqs. (3.16) and (A.7)]. The non-universal amplitudes ξ

(0)
+

and ξ
(0)
h depend on the microscopic details of the particular system.

54



5.1. Landau theory

symmetry w.r.t. hb → −hb and the dependence of ξ (t, hb) on the bulk order parameter
Φb, for the mean-field expression see Eq. (A.6). The color of these contour curves
represents the strength |ϑ(4)

‖++
| of the scaling function of the critical Casimir force. Because

of the symmetry breaking surface fields |ϑ(d)

‖++
| clearly does not obey the bulk symmetry.

Complementary, in Fig. 5.2 the curves ϑ
(4)

‖++
as functions of Y = sgn (t)L/ξ (t, hb)

for various fixed values of Σ = sgn (thb) ξt/ξh are shown. The variation of the scaling
variable Y at constant value of Σ corresponds either to moving along the thermodynamic
path specified by Σ at fixed film width L, or, equivalently, varying the width L of
the film at a fixed bulk thermodynamic state point given by Σ = sgn (thb) ξt/ξh; see
also Fig. 3.2 and Eq. (3.19). Note, that within the former interpretation the phase
boundary and the critical point (which are both shifted w.r.t. the bulk) are fixed and the
thermodynamic state point in that particular phase diagram is varied, whereas within
the latter interpretation the bulk thermodynamic state point is fixed but due to the
variation of L the phase diagrams corresponding to different values of Y = sgn (t)L/ξ
are different.

For (+,+) boundary conditions the critical Casimir force in a slab is attractive and
accordingly ϑ‖++

< 0 for all values of t and hb. Along each |Y|-contour line the minimum

of the strength |ϑ(4)

‖++
| occurs at the bulk coexistence curve, i.e., for Y < 0 and Σ = 0,

corresponding to t < 0 and hb = 0. For Y = sgn (t)L/ξ < 0 and upon decreasing the
value of Σ = sgn (thb) ξt/ξh from 0, which corresponds to the critical isochor, towards
−∞ at the critical isotherm, i.e., upon moving clockwise along the |Y|-contour lines
in Fig. 5.1, the value of ϑ

(4)

‖++
becomes more negative. However in this region of the

thermodynamic space, i.e., for hb ≥ 0 and t ≤ 0, the value of ϑ(4)

‖++
depends only mildly

on Σ, see the hardly varying color along the |Y|-contour lines in Fig. 5.1 and in Fig. 5.2
the corresponding curves for different values of Σ < 0. For a shown, fixed value of Y < 0
the value of |ϑ(4)

‖++
(Y,Σ) | increases by not more than 20% upon decreasing Σ from 0

to −∞. Accordingly, the monotonic decay of |ϑ(4)

‖++
(Y,Σ) | towards 0 upon decreasing

the value of Y < 0 is quite similar (on the scale of Fig. 5.2) for different (fixed) values
−∞ ≤ Σ ≤ 0.

Recall, that Y = sgn (t)L/ξ and Σ = sgn (thb) ξt/ξh change their sign upon crossing
the critical isotherm t = 0, corresponding to |Σ| = ∞, see their definitions in Eq. (3.25).
Accordingly ϑ

(d)
‖ (Y,Σ → ∞) = ϑ

(d)
‖ (−Y,Σ → −∞), see the magenta and red curves

corresponding to Σ = −15 and Σ = 15, respectively. These two curves are merely
mirrored w.r.t. Y → −Y. Both closely represent the behavior of ϑ(4)

‖++
along the critical

isotherm.
The increase of the value of |ϑ(4)

‖++
| becomes more pronounced on the other side of the

critical isotherm, i.e., for Y = sgn (t)L/ξ > 0 and upon decreasing Σ = sgn (thb) ξt/ξh
from +∞, see Figs. 5.1 and 5.2. Along the |Y|-contour lines |ϑ(4)

‖++
| attains its maximum

value for hb < 0. For |Y| ≃ 6.3 this maximum is positioned at |Σ| = ∞, i.e., t = 0 and
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Figure 5.2.: The scaling function ϑ
(d=4)

‖++
(Y,Σ = const) of the critical Casimir force in a

(d = 4)-dimensional film subject to (+,+) boundary conditions, Eqs. (3.25), as function of
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5.1. Landau theory

the scaling variable Y = sgn (t)L/ξ (t, hb) which is a measure for the confinement. L is

the film width and ξ (t, hb) is the bulk correlation length [Eqs. (3.10) and (A.8)] at the

thermodynamic state point (t, hb), which is given by the reduced temperature deviation

t = (T − Tc,b) /Tc,b from the upper bulk critical temperature Tc,b and the bulk ordering field

hb conjugated to the order parameter. The scaling variable Σ = sgn (thb) ξt/ξh specifies the

corresponding bulk thermodynamic state point. The condition Σ = const defines thermody-

namic paths which pass all through the bulk critical point (t = 0, hb = 0), corresponding to

Y = 0, along which the influences of the two control parameters t and hb, as measured by

their associated bulk correlation lengths ξt = ξ (t, hb = 0) and ξh = ξ (t = 0, hb) [Eq. (3.10)],

respectively, relative to each other are constant. Panel (b) zoomes to values around 1 of the

ordinate. In the high-temperature region Y = sgn (t)L/ξ (t, hb) > 0 the strength |ϑ(d=4)

‖++
| of

the scaling function increases in general upon decreasing the value of Σ = sgn (thb) ξt/ξh. [An

exception is given for small values of Y and large negative values of Σ, see the bright blue curve,

corresponding to Σ = −2.0, and the violett curve, corresponding to Σ = −15.0, in the range

0 < Y < 5 in panel (b)]. The minimum along the critical isochore, corresponding to |Σ| = ∞
is about seven times deeper than the one along the critical isotherm, corresponding to Σ = 0.

Due to the definitions of the scaling variables Y = sgn (t)L/ξ (t, hb) and Σ = sgn (thb) ξt/ξh
the curves for |Σ| → ∞ resemble the behavior of the scaling function ϑ

(d)

‖++
along the critical

isochore (t = 0) and exhibit the symmetry ϑ
(d)

‖++
(Y,Σ → ∞) = ϑ

(d)

‖++
(−Y,Σ → −∞), see the

red and the violett curves corresponding to Σ = ±15. In the low-temperature region, Y < 0,

the decay of ϑ
(4)

‖++
upon decreasing the value of Y hardly depends on the fixed value Σ ≤ 0,

see panel (b). In contrast, for negative bulk fields, i.e., for Σ = sgn (thb) ξt/ξh > 0, the

presence of the capillary condensation amplifies strongly the strength |ϑ(4)

‖++
|, see the curves

for Σ > 0 and Y < 0 in panel (a). At the capillary condensation transition, wich occurs for

0 < Σ ≤ 1.6 and Y ≤ 13, the effective force between the walls exhibits a jump, see the brown

curve corresponding to Σ = 1.0 at Y ≃ 15.5.
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5. Dependence of critical Casimir forces on bulk fields

hb < 0, whereas for smaller or larger values of |Y| = L/ξt this maximum is located at
values t > 0 (corresponding to Y > 0 and Σ < 0) and t < 0 (corresponding to Y < 0

and Σ > 0), respectively. The increase of the value of
∣∣∣ϑ(4)

‖++

∣∣∣ for Y = sgn (t)L/ξ > 0

upon decreasing the value of Σ = sgn (thb) ξt/ξh is also seen for the curves shown
in Fig. 5.2. At about Σ ≃ 3 a local minimum (which is larger than the numerical
accuracy) for values Y > 0 in the curves ϑ

(4)

‖++,III
develops. Upon decreasing the value of

Σ = sgn (thb) ξt/ξh the depth of this minimum deepens and its position shifts towards
larger values of Y. For small (fixed) values of Y > 0 the value of ϑ(4)

‖++
attains a maximum

upon decreasing Σ and decreases again upon further decreasing the value of Σ, see for
an example the bright blue and violett curves, corresponding to Σ = −2.0 and = −15.0,
respectively, in the range Y = sgn (t)L/ξ < 5 in Fig. 5.2. In order to put the behavior
of the described minimum of the curves ϑ

(4)

‖++
(Y > 0,Σ < 3) in a quantitative context,

the depths ϑ
(4)

‖++
(Ymin,Σ = 0) = 1.4ϑ

(4)

‖++
(0, 0) and ϑ

(4)

‖++
(Ymin,Σ = ∞) = 10ϑ

(4)

‖++
(0, 0) as

well as the positions Ymin (Σ = 0) ≃ 3.8 and Ymin (Σ = ∞) ≃ 8.4 of the minimas along
the particular pathes Σ = 0 (i.e., the critical isochore) and Σ = ∞ (i.e., the critical
isotherm), respectively, are given.

For negative bulk fields and below the upper bulk critical temperature, i.e., for
Σ = sgn (thb) ξt/ξh > 0 and Y = sgn (t)L/ξ < 0, the trends observed in the high
temperature region, Y > 0, continue. That is, the curves ϑ

(4)

‖++
(Y,Σ = const) exhibit a

local minimum at a value Ymin (Σ > 0) < 0. This minimum becomes deeper and its
position Ymin becomes more negative along thermodynamic pathes which lie closer to
the bulk coexistence curve The closer the corresponding thermodynamic path lies to
the bulk coexistence curve, i.e., for Σ = sgn (thb) ξt/ξh > 0 decreasing to 0, the deeper
the minimum becomes and it shifts towards more negative values of Y. Whereas for
Σ = sgn (thb) ξt/ξh > 0 and Y = sgn (t)L/ξ > 0 the local minimum smoothly emerges,
see the discussion above, for Y < 0 and decreasing Σ > 0 towards 0, i.e., Σ ց 0 the
position Ymin of the local minimum shifts, within the present approach, towards −∞
and does not appear for Σ = 0. In order to calculate properly the effective force be-
tween the walls in the thermodynamic region corresponding to large negative values of
Y another approach is needed, because this Landau theory used here applies only for
the near-critical region.

For less negative values of Y = sgn (t)L/ξ < 0 the curves ϑ
(4)

‖++
(Y,Σ = const) merge

with the curve ϑ
(4)

‖++
(Y,Σ = 0). In Fig. 5.2 the deepening of the minima is seen for

all curves corresponding to values Σ > 0. The merging of the curves for tempera-
tures not too far below the bulk critical temperature, i.e., for small negative values of
Y = sgn (t)L/ξ (t, hb), is especially seen for the dark brown and dark grey curves, cor-
responding to Σ = 1.0 and Σ = 0.5, respectively, in the range −5 . Y, see Fig. 5.2 (b).
For sufficiently small values 0 < Σ < . . . ∼ 1.6 the corresponding thermodynamic path
crosses the film phase boundary Ycx (Σ) of coexisting phases. At the capillary condensa-
tion the solvation force (within this context this general term is more appropriate than
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5.1. Landau theory

the term critical Casimir force) exhibits a jump to a significantly smaller value in the
(−) phase than in the (+) phase and the local minimum of ϑ(d)

‖++
becomes a cusp.

The reason for the two described trends, the merging of the curve ϑ
(d)

‖++
(Y < 0,Σ > 0)

with the curve corresponding to Σ = sgn (thb) ξt/ξh = 0 for less negative values of
Y = sgn (t)L/ξ on one hand and, contrary, the deepening of the minimum at more
negative values of Y, is the interplay of three relevant length scales ξt, ξh, and L. As
described above, varying the value of Y at constant value of Σ can be seen as varying the
value of L at fixed values of ξt and ξh. For |Σ| = ξt/ξh → 0 one has Y = L

ξtI(Σ)
≈ L/ξt, see

Eq. (3.11). Accordingly, for small values of |Y| one has L ∼ ξt ≪ ξh and the behavior as
for hb = 0 is observed, whereas upon increasing the value of |Y|, L becomes comparable
and even larger than ξh. Therefore, as ξh, ξt ≪ L the influence of the surfaces with
the (+) boundary conditions diminishes and in the film (with the large width L) the
predominantly (−) phase becomes favourable and the system crosses the phase boundary
Ycx. Obviously, for Σ → 0 it follows that Ycx → −∞ in order to obtain L > ξh.

In Ref. [185], the solvation force fsolv in the region of the thermodynamic space close
to the capillary condensation has been analysed. Based on the argument that for suf-
ficiently large values of the width L, the L-dependent contribution to the excess free
energy density in the film is approximately the (corresponding) bulk excess free energy
density, the expression for the solvation force in that region of the thermodynamic space
fsolv

(
t, h

(cx)
b < hb < 0

)
≃ 2hbΦb (t) has been derived. Also the jump of fsolv at h(cx)

b has
been obtained and estimated. The value of the shifted coexistence bulk field has been
obtained as −h

(cx)
b (L) ≃ [ς/Φb (t)]

[
L− l0l

(
t, h

(cx)
b

)]−1

, where ς is the surface tension

between (+) and (−) phases, see Eqs. (3.13), (3.14), and (3.16), l is the thickness of the
adsorbed wetting film of (+) phase, and l0 is a constant which depends on the spatial
dimension d and the range of the wall-fluid and fluid-fluid interactions. In terms of the
scaling variables Y and Σ these expressions read

ϑ‖++
(Y ,Σ) ∼ − |Y|d |Σ|βδ/ν and

(
Σ(cx)

)−ν/(βδ) ∼ Y (1− l0l/L), (5.1)

where βδ/ν = 3 within mean-field theory [Eqs. (3.14) and (3.15a)]. These expressions
hold also within the present description as has been already mentioned in Ref. [222].
Upon decreasing the value of Y = sgn (t)L/ξt < 0 for small values of |Σ| and about
ln
(
−Y|Σ|1/3

)
≈ 1.5 the curve ϑ

(4)

‖++
crosses over to the expression given in Eq. (5.1). The

jump of the effective force occurs for small values of |Σ| at around ln
(
−Y |−Σ|3

)
≈ 2.5.

The expressions reported in Ref. [185] and given in Eq. (5.1), which are model in-
dependent and are derived from general thermodynamic arguments, are valid for the
thermodynamic region around the first order transition. It is quite interesting that the
results obtained within the mean-field theory of the Landau-Ginzburg Hamiltonian sat-
isfy these expressions, too. Nonetheless, these results should be taken with care, because
this Landau approach is appropriate for critical phenomena. It may capture certain
qualitative features of the first order transition but fails for a detailed and quantita-
tively correct description. Furthermore, although the general expressions can be written
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5. Dependence of critical Casimir forces on bulk fields

in terms of the scaling variables [Eq. (5.1)], for that region of the thermodynamic space,
i.e., close to the capillary condensation, the scaling (and the universality) property is
not expected to hold. The fact that the curves as obtained from the mean-field theory
of the Landau-Ginzburg-Wilson Hamiltonian obey scaling is an artifact of this theory.
The scaling regime can not be reached for these thermodynamic state points, because
for these |Y| = L/ξt ≫ 1 is required in contrast to the requirement for critical scaling
that ξ is the dominating length scale. For the d = 2 Ising film the failure of scaling has
been reported in Refs. [185, 221].

5.2. Local functional approach

In Ref. [204] it has been shown that for d = 3 and hb = 0 the scaling function
ϑ
(d=3)

‖++
(y,Σ = 0) of the critical Casimir force in a slab with (+,+) boundary conditions as

obtained from the semi-empirical local functional approach (Sec. 3.5.2) combined with
the linear parametric model (Sec. 3.5.3), compares well with Monte-Carlo simulation
data. Here, the results of this approach in the high temperature regime, t > 0, and for
general values hb 6= 0 of the bulk ordering are evaluated. For hb < 0 and t < 0, i.e., in the
region of the thermodynamic space where capillary condensation occurs this approach
may be not valid as discussed in Appendix B. This issue has been not investigated within
the present study, because the range of values t > 0 has been sufficient for studying crit-
ical Casimir forces in colloidal suspensions. The detailed calculations, which follow the
ones presented in Ref. [257], are given in Appendix B. The solvation force and the
order parameter profile are obtained by integrating the corresponding Euler-Lagrange
equation. For (+,+) boundary conditions the order parameter profile exhibits a min-
imum Φmin = ΨminΦb (− |t| , hb = 0+). Within the local functional approach as given
in Eq. (3.31) and specified in Eqs. (3.32) and (3.34), the scaling variables Ψmin and
Y = sgn (t)L/ξt are related in the strong adsorption limit for t > 0 via [see Eq. (B.7)]

A2Y =

∞∫

Ψmin

du

[
u−2(1+ν/β)Z̃± (u)

Ỹ± (u,Σ)− (Ψmin/u)
1+δ Ỹ± (Ψmin,Σ)

]1/2

, (5.2)

where A2 = [2δ (δ + 1)]−1/2
(

δRχ

Q2

)ν/γ

is a universal amplitude, compare with Eqs. (3.14)

and (3.16), Z̃± (Ψ) = Z± (Ψ) /Z+ (∞) and Ỹ± (Ψ,Σ) = Y± (Ψ,Σ) /Y+ (∞, 0) are the
universal scaling functions of the ratio ξ2

2χ
of the bulk correlation length and the suscep-

tibility and of the excess over bulk conjugated free energy density W, respectively, see
Eqs. (3.35), and the approximation Ĝ−1 (x) ≃ √

x (see Appendix B) has been adopted.
For t > 0 the scaling function ϑ

(d)

‖++
is obtained as [compare Eq. (B.5)]

ϑ
(d)

‖++
(Y > 0,Σ) = −A1YdΨmin

(1+δ)Ỹ± (Ψmin,Σ) (5.3)

with the universal amplitude A1 = RχQc/ (δ + 1), compare with Eqs. (3.14) and (3.16).
In terms of the variables {s, z} and the functions of the parametric representation
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5.2. Local functional approach

(Sec. 3.5.3) these expressions are, see Eqs. (B.10) and (B.9), respectively,

ϑ
(d)

‖++
= −Q+

α
Yd |k (zmin)|−dν w (zmin; zb) / (A+) (5.4)

and

Y =
2

ξ
(0)
+

zc∫

zmin

dẑ
|k (ẑ)|ν [m′ (ẑ)− βm(ẑ) k′ (ẑ) /k (ẑ)]

√
a (̂z) /w (ẑ, zb)√

1−
(

k(̂z)
k(zmin)

)2−α

w (zmin; zb)/w (ẑ; zb)

, (5.5)

where Q+ is a universal amplitude ratio [Eq. (3.16)]. In Eq. (5.4) the ratio of w and A+

is a universal function [see Eq. (3.8) and Appendix B] and in Eq. (5.5) the non-universal
metric factor ξ(0)+ = |k (0)|ν [2a (0) /p (0)]1/2 cancels with the non-universal metric factors
of the integrand (compare with Sec. 3.5.3) such that for both equations the right hand
sides are indeed universal. The “radial” variable z of the parametric model is related to
Σ by Eq. (3.41). zb and zmin correspond to the corresponding bulk thermodynamic state
(t, hb) and to Ψmin, respectively. The functions k, w, m, and a describe the dependence
of t, W, Φ, and ξ2

2χ
on z, see Eqs. (3.36), (3.39a), (3.36), and (3.40), respectively, and m′

and k′ are corresponding derivatives w.r.t. z.
In Fig. 5.3, for various fixed values of Σ = sgn (thb) ξt/ξh [Eq. (3.19b)], the vari-

ation of the scaling functions ϑ
(3)

‖++,II
= ϑ

(3)

‖++
(Y ,Σ) upon changing Y = sgn (t)L/ξt as

resulting from Eqs. (5.4) and (5.5) within the linear parametric model, Eqs. (3.42),
(3.43), and (3.44), are shown. It was choosen to present ϑ

(3)

‖++,II
, in order to enable a

direct comparison with the scaling functions resulting from the proposed approximation
(Sec. 5.3), which is formulated in terms of ϑ

(d)

‖++,II
and is based on both Monte-Carlo

simulation data and the mean-field theory. In order to compare with the correspond-
ing results obtained within mean-field theory and presented in Fig. 5.2 in terms of
ϑ
(4)

‖++,III
= ϑ

(4)

‖++
(Y = sgn (t)L/ξ (t, hb) ,Σ), recall the definitions of these scaling variables

given in Eqs. (3.25). Y = YI (|Σ|), where I interpolates between the two limiting cases
I (|Σ → 0|) = 1 and I (|Σ| → ∞) = |Σ|−1, see Eq. (3.11). Accordingly the abscissae Y
and YΣ in Figs. 5.3 a) and b), respectively, correspond to these limiting cases of the
abscissa Y in Fig. 5.2.

The scaling functions ϑ
(3)

‖++
obtained from the local functional approach within the

linear parametric model exhibit the same qualitative features as the ones calculated
within Landau theory see Fig. 5.3 and Fig. 5.2, respectively. The curves ϑ

(3)

‖++,II
as

functions of Y = sgn (t)L/ξt exhibit a minimum which deepens upon decreasing the
value of Σ = sgn (thb) ξt/ξh. For large negative values of Σ, the minimum is about
ten times deeper than for Σ = 0. Thus the increase of the the strength |ϑ(d)

‖++
| is

stronger for d = 3 than within mean-field theory (d = 4). For latter, the depth of
the minimum becomes deeper by a factor of about 7. These values are, however, quite
similar and rather small, compared to d = 2 for which the minimum along the crit-
ical isochore is of the order of ∼ 100ϑ

(d)

‖++
(0, 0) [218]. For not too negative values of
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Figure 5.3.: The scaling functions ϑ
(d=3)

‖++
(Y,Σ) of the critical Casimir force in a (d = 3)-

dimensional film subject to (+,+) boundary conditions, Eq. (3.25), in the high-temperature
regime, i.e., t = (T − Tc,b) /Tc,b > 0, where Tc,b is the upper bulk critical temperature. The
full lines are obtained from the local functional approach and the linear parametric model,
Eqs. (5.3) and (5.4). The dashed lines are obtained from the dimensional approximation
Eq. (5.6) within which the dependence on the bulk field is taken into account from the
corresponding scaling function in d′ = 4. The scaling variables are Y = sgn (t)L/ξt and
Σ = sgn (thb) ξt/ξh, where L is the film width and ξt and ξh are the true bulk correlations
associated to the reduced temperature deviation t and the bulk ordering field hb conjugated
to the order parameter, Eqs. (3.10). Σ = const defines thermodynamic paths which pass
through the bulk critical point, corresponding to Y = 0, and along which the strength of
the influences of these two control parameters relative to each other, measured in terms of
their correlation lengths, are constant. The critical isochor (hb = 0) corresponds to Σ =
0 and the critical isotherm (t = 0) to |Σ| = ∞. For large values |Σ| = ξt/ξh ≫ 1 the
corresponding thermodynamic paths lie close to the critical isotherm and the scaling function

ϑ
(d=3)

‖++
attains notable values only for small values t ≪ 1. For such thermodynamic paths
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5.3. Dimensional comparison and approximation

the proper scaling variable is |Λ| = |ΣY| = L/ξh, see panel (b). Upon decreasing the bulk

ordering field, i.e., decreasing the value of Σ, the strength |ϑ(d=3)

‖++
| increase remarkably. The

minimum at the critical isotherm is about ten times deeper than the one at the critical

isochor. For not too strong bulk ordering field, i.e., for |Σ| . 3, the curves from the two

different approaches compare well, see panel (a). The largest deviations are observed close

to the bulk critical point, i.e., for small values of Y = sgn (t)L/ξt. Right at the bulk critical

point, Y = sgn (t)L/ξt ∼ |t|ν = 0, the values of the curves of each approach are the same

regardless the value of |Σ| = ξt/ξh ∼ |t|−ν |t|ν/(βδ), because Y = 0 and |Σ| < 0 implies t = 0

and hb = 0. For strong bulk fields, i.e., Σ < −4 the resulting curves of the dimensional

approximation exhibit even the opposite trend, i.e., the strength |ϑ(d=3,d′=4)

‖++
| decreases for

more negative values of Σ. In order to explain this failure one has to resort to the ratio

ϑ
(d=3)

‖++
(Y,Σ = 0) /ϑ

(d′=4)

‖++
(Y,Σ = 0) of the scaling functions in the spatial dimensions d and

d′ along the critical isochore. The black dotted curve in panel (a) represents the negative

values of this ratio. Within the approximation, this ratio accounts for the behavior in spatial

dimension d. However, for large values |Σ| ≫ 1 only its value at Y = 0 but not its full shape

enters the approximation. For more details see the main text.

Σ = sgn (thb) ξt/ξh, the position Ymin (Σ) of the minimum increases upon decreasing
the value of Σ, see Fig. 5.3 a). For large values of |Σ| = ξt/ξh the relevant part of
the corresponding thermodynamic path is close to the critical isotherm and accordingly
Ymin (Σ → −∞) ∼ |t|ν → 0. For negative values of Σ = sgn (thb) ξt/xih the correspond-
ing position |Λ|min = |ΣYmin (Σ)| = (L/ξh)min increases upon decreasing the value of Σ,
see Fig. 5.3 b). This behavior of the minimum is in line with the monotonous increase of
|Y (Σ)|min = [L/ξ (t, hb)]min as observed within mean-field theory (Sec. 5.1). The posi-
tion Ymin (Σ) of the minimum as obtained from the present local functional theory shifts
from Ymin (Σ = 0) = Ymin (Σ = 0) = sgn (t)L/ξt ≃ 3.1 at the critical isochor towards
Ymin (Σ = −∞) = Λmin (Σ = −∞) = sgn (hb)L/ξh ≃ 8.4 at the critical isotherm. These
values are similar to the ones obtained from mean-field theory, see Sec. 5.1.

5.3. Dimensional comparison and approximation

ϑ
(d)
‖ depends nontrivially on the spatial dimension d. It turns out that qualitative features

are often the same in d = 2, 3, 4 (for examples of exceptions see, e.g., Ref. [188]) but there
are significant quantitative differences, see Sec. 5.1 and Sec. 5.2 and the references given
in Sec. 3.4. Beside the interest in its own rights, the dependence on spatial dimension d
can be used to estimate the behavior in the experimental relevant case d = 3 from the
cases d = 2 and d = 4, for which (quasi-)exact results for many situations are available,
see e.g. Refs. [225, 195]. Systematically, this can be done within the ǫ-expansion [235],
where ǫ = d>−d and the upper critical dimension d> = 4 for the Ising universality class.
Because ϑ

(d=3)

‖++
(Y ,Σ = 0) is rather accurately known from Monte-Carlo simulations, the
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5. Dependence of critical Casimir forces on bulk fields

dependence of ϑ(d)
‖ on Σ can be approximated by

ϑ
(d)
‖ (Y ,Σ) ≃ ϑ

(d)
‖ (Y ,Σ = 0)

ϑ
(d′)
‖ (Y ,Σ)

ϑ
(d′)
‖ (Y ,Σ = 0)

≡ ϑ
(d)
‖ (Y ,Σ = 0)̟

(d′)
ϑ‖

(Y ,Σ) . (5.6)

Obviously, for d = d′ in Eq. (5.6) the lhs and rhs are equal. For d 6= d′ Eq. (5.6) is an
approximation, which can be motivated by the observation that typically the qualitative
features of the shape of the corresponding scaling functions depend on d only mildly, see,
e.g., the comparison of results as obtained within mean-field theory with corresponding
results obtained by Monte-Carlo simulations for d = 3 or with exact results for d = 2 in
Refs. [200, 201, 214]. Notice that for Σ → 0 the lhs and rhs of Eq. (5.6) become equal for
all values of d, d′, and Y . Thus, in this sense, this approximation is concentrated on the
dependence on hb. For d′ = 4 the approximation given in Eq. (5.6) can be understood
as the lowest order contribution, O (ǫ0), in the systematic ǫ-expansion of ̟

(d)
ϑ‖

(Y ,Σ)

which carries the Σ-dependence of the critical Casimir force. Due to the normalization,
a mean-field treatment of ̟(d)

ϑ‖
= ϑ

(d′)
‖ (Y ,Σ)/ϑ

(d′)
‖ (Y ,Σ = 0) does not suffer from the

undetermined amplitude of ϑ(d=4)
‖ .

In the expression for ̟
(d′)
ϑ‖

in Eq. (5.6) the scaling variables Y = sgn (t)L/ξt and
Σ = sgn (thb) ξt/ξh are taken with the bulk critical exponents corresponding to the
spatial dimension d. Thus the proposed approximation concerns only the shape of the
scaling function ̟

(d)
ϑ‖

. The use of bulk critical exponents corresponding to the spatial
dimension d in the scaling variables which are arguments of the scaling function in spatial
dimension d′ 6= d, may lead to a deviation from the proper asymptotic behavior [284].
For example, for |Σ| = ξt/ξh = 0 in the limit Y = sgn (t)L/ξt → ∞ both within mean-
field theory and within the local functional approach for d = 3 the asymptotic behavior
ϑ
(d)
‖ (Y → ∞) ∼ Y2−α exp (−Y) has been found, see Refs. [195] and [204], respectively.

Thus, because the value of α depends on d, for L → ∞ the asymptotic behavior of the
critical Casimir force is indeed different for different values of d. However, this potential
violation of the proper asymptotic behavior might occur for large values of the arguments
of the scaling function where its value is (exponentially) small and it might not matter
quantitatively in the range of values of Y and Σ for which the scaling function ϑ

(d)
‖ is

large.
In Fig. 5.4 the scaling function ϑ

(d=2)

‖++,I
of the critical Casimir force for the fixed value

Y = sgn (t)L/ξt = 1.67 as a function of Λ = sgn (hb)L/ξh is shown. The exact re-
sults are taken from Fig. 2 b) of Ref. [185]. In d = 2 the bulk critical exponents
ν (d = 2, dΦ = 1) = 1 and ∆(d = 2, dΦ = 1) = βδ = 15/8 are exactly known. The non-
universal amplitudes of the bulk correlation lengths of the two-dimensional square lattice
are ξ+ = 1/ [2arcsinh (1)] and ξ

(0)
h ≃ 0.233 [254]. The exact results are compared with

the results of the approximation given in Eq. (5.6) with d′ = 4. By construction of the
approximation, the value for Λ = 0 is for both curves the same. Both curves exhibit a
rather deep minimum which is located at negative values of Λ. However, the depth as
obtained by the approximation is less than half of the depth of the exact results. More-
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Figure 5.4.: Comparison of the exact scaling function ϑ
(2)

‖++
(Y = 1.67,Λ) of the critical Casimir

force in a (d = 2)-dimensional film subject to (+,+) boundary conditions with the corre-
sponding curve as obtained from the dimensional approximation given in Eq. (5.6) for d = 2
and d′ = 4. The exact results is taken from Fig. 2 b) of Ref. [185]. Varying the scaling
variable Λ = sgn (hb)L/ξh at fixed value of the scaling variable Y = sgn (t)L/ξt corre-
sponds to vary the bulk ordering field hb at fixed value of the reduced temperature deviation
t = (T − Tc,b) /Tc,b; Tc,b is the upper critical temperature. The dimensional approximation
is able to reproduce the qualitative features of the exact result, i.e., the pronunced minimum
at a negative value of Λ. However, the dimensional approximation fails quantitatively. The
position of the minimum is at a too less negative value of Λ and its depth is only about half
of the exact one. Also, whereas the value of the approximate function has reached 0 already

for Λ ≈ −15, the exact scaling function ϑ
(2)

‖++
(Y = 1.67,Λ) has large values even for Λ < −20.
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5. Dependence of critical Casimir forces on bulk fields

over the position of the minimum is Λmin = −12 for the exact results but Λmin = −8
within the approximation. The comparison with other exact results for d = 2 which are
available [185, 221] reveals, that the proposed approximation in Eq. (5.6) for d = 2 and
d′ = 4 does not hold quantitatively. Although the approximation captures the qualita-
tive trend that the depth of the minima becomes significantly deeper upon decreasing
the value of t, the actual value of the depth is however clearly underestimated; for t < 0
even by one or several orders of magnitude.

For d = 3 and hb 6= 0 there are no (quasi-)exact results or Monte Carlo simulation data
available with which the results for d = 2 and 4 could be compared with. But the results
obtained from the local functional approach presented in Sec. 5.2 can be compared with
the approximation given in Eq. (5.6). As can be inferred from Fig. 5.3, for d = 3 and d′ =
4 the approximation given in Eq. (5.6) compares to a certain extent even quantitatively
well with the results obtained from the local functional approach. In Fig. 5.3, curves
ϑ
(3)

‖++
(Y = sgn (t)L/ξt,Σ = const) are shown for various values of Σ = sgn (thb) ξt/ξh.

For the approximation the function ϑ
(d=3)

‖++
(Y ,Σ = 0) from Monte Carlo simulations [201]

has been used. Therefore a slight difference between the curves for Σ = 0 occurs, because
ϑ
(d=3)

‖++
from the local functional approach and from the Monte Carlo simulations differ

slightly. At Σ = sgn (thb) ξt/ξh = 0 the minimal value of ϑ‖++
(Y ,Σ = 0) occurs for d = 4

at a larger value Ymin of Y = sgn (t)L/ξt than for d = 3. This property transfers to
values Σ 6= 0, where Ymin is moderately larger within the dimensional approximation
than within the local functional approach. The depth of the minima of the curves
ϑ
(3)

‖++
(Y ,Σ = const) for moderate negative values of Σ is notably deeper within the local

functional approach than for the dimensional approximation, see the green curves in
Fig. 5.3 a) corresponding to Σ = −1. Upon further decreasing the value of Σ this
difference in the values of the minimas becomes quite small, see the blue and the red
curves in Fig. 5.3 a) corresponding to Σ = −2 and −3, respectively. For all values of
Σ corresponding to the curves shown in Fig. 5.3 a) the largest deviations between the
results of the local functional approach and of the dimensional approximation occurs for
values of Y which are larger than 0 and smaller than Ymin. For values of Y larger than
Ymin the curves obtained from the two different approaches and corresponding to the
same value of Σ become comparable.

For values of Σ < −4 the curves as obtained from the dimensional approxima-
tion clearly deviate from the curves obtained from the local functional approach, see
Fig. 5.3 b). The simultaneous limit Σ−1,Y → 0 with Λ = YΣ = sgn (hb)L/ξh = const,
corresponds to the critical isotherm (i.e., t = 0 and hb 6= 0). Along the critical isotherm,
the curve from the dimensional approximation, Eq. (5.6), attains the shape correspond-
ing to d′. Accordingly, the curves shown in Fig. 5.3 b) reflect the quantitative differences
of the scaling functions ϑ

(d)

‖++
for d = 4 and d = 3 upon approaching the critical isotherm

(see also Secs. 5.1 and 5.2 and in particular recall that the minimum at the critical
isotherm is by a factor 7 and 10, respectively, deeper than at the critical isochor). For
Σ < −4 the minimum in the curves ϑ

(d)

‖++
(Y ,Σ = const) from the dimensional approxi-
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5.4. Derjaguin approximation

mation becomes shallower upon decreasing Σ, see Fig. 5.3 b). This is in stark contrast
to the behavior seen for the curves corresponding to d = 3 and d = 4 from mean-field
theory and the local functional approach, respectively. That reason lies in the behavior
of the ratio ϑ

(3)

‖++
(Y ,Σ = 0) /ϑ

(4)

‖++
(Y ,Σ = 0), see the black dotted line in Fig. 5.3 a). The

curve resulting from the dimensional approximation [Eq. (5.6)] for Σ 6= 0 is the cor-
responding curve ϑ

(4)

‖++
(Y ,Σ) obtained from the Landau theory weighted with the ratio

ϑ
(3)

‖++
(Y ,Σ = 0) /ϑ

(4)

‖++
(Y ,Σ = 0) of the scaling functions for Σ = 0 in d = 3 and d = 4.

This ratio attains its maximal value for Yrat
max ≃ 2.6, and thus for a smaller value of Y than

the ones for which ϑ
(3)

‖++
(Y ,Σ = 0) and ϑ

(4)

‖++
(Y ,Σ = 0) attain their extremal values. (In

Fig. 5.3 a) the negative values of this ratio are plotted and therefore the corresponding
curve has a minimum.) Upon decreasing the value of Σ < 0, the minima corresponding
to the curve ϑ

(4)

‖++
(Y ,Σ) moves towards smaller values of Y . Accordingly, there is a value

of Σ, for which the curve ϑ
(4)

‖++
(Y ,Σ) happens to attain its extremal value precisely at

Yrat
max. And for this value of Σ, the minimum in the corresponding curve from Landau

theory is amplified the most within the dimensional approximation. This is in line with
the observation that for Σ ≈ −3 the corresponding minimas from the dimensional ap-
proximation and from the local functional approach are located close to Yrat

min and have
similar depths. Upon further decreasing the value of Σ = sgn (thb) ξt/ξh, on one hand
the minimum of ϑ(4)

‖++
(Y ,Σ) becomes deeper, but on the other hand it is less amplified.

As it turns out, the latter effect is stronger and thus leads to the observed behavior.
Recall (see Secs. 5.1 and 5.2) that the depth of the minimum of ϑ(4)

‖++
along the critical

isotherm is about 10ϑ(4)

‖++
(0, 0) and the depth of the minimum for d = 3 along the critical

isochore is about twice the corresponding value at Y = 0. Moreover it becomes by a
factor of ten deeper along the critical isotherm. Therefore for large negative values of
Σ → −∞ the depths of the minima of the curves as obtained by the local functional
approach and by the dimensional approximation differ by a factor of ∼ 2, see Fig. 5.3.

5.4. Derjaguin approximation

Within the Derjaguin approximation, which is valid for ∆ = D/R → 0, where D is the
surface-to-surface between two spheres and R is their radius, the results of ϑ(d)

‖ can be

used in order to obtain the scaling functions ϑ
(d,d◦)
◦◦ and Θ

(d,d◦)
◦◦ of the critical Casimir

force between two d◦-dimensional spherical particles and of the corresponding potential.
For d◦ = 3 see Eqs. (3.27) and (3.28), respectively. Because in the following only the
case d◦ = 3 is considered this dependence will not be written explicitly.
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Figure 5.5.: Comparison of the scaling function Θ
(d=3,Derj)
◦◦ of the potential of the critical

Casimir force [Eq. (3.26)] between two spheres with (+,+) boundary conditions in spatial
dimension d = 3 within the Derjaguin approximation, Eq. (3.28). The input scaling functions

ϑ
(3)

‖++
of the critical Casimir force in the film are from the local functional approach (full lines,

see also Sec. 5.2) and from dimensional approximation, Eq. (5.6), with d′ = 4 (dashed lines, see
also Sec. 5.3). The scaling variables are Y• = sgn (t)D/ξt and Σ = sgn (thb) ξt/ξh, where D is
the surface-to-surface distance between the spheres and ξt and ξh are the true bulk correlation
lengths, Eq. (3.10), of the reduced temperature deviation t = (T − Tc,b) /Tc,b from the upper
critical temperature Tc,b and of the bulk ordering field hb. The Derjaguin approximation
corresponds to the limit ∆ = D/R → 0, where R is the radius of the spheres. The resulting
scaling function does not depend on ∆. Σ = sgn (thb) ξt/ξh = const [Eq. (3.19b)] corresponds
to thermodynamic paths along which the relative (to each other) influence of the two control
parameters t and hb does not vary. Σ = 0 and |Σ| = ∞ correspond to the critical isochore
(hb = 0) and the critical isotherm (t = 0), respectively. Thermodynamic paths corresponding

to values Σ ≫ 1 lie close to the critical isotherm, and therefore the scaling function Θ
(d=3,Derj)
◦◦

attains only in a small range of values of Y• = sgn (t)L/ξt large values, compare, e.g., the
brown curves and the green curves corresponding to Σ = −7 and Σ = −2, respectively. As
it has been observed in the film geometry (see also Fig. 5.3) the dimensional approximation
works well only for not too large values of Σ = sgn (thb) ξt/ξh and for large values of Y• =
sgn (t)L/ξt.
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5.4. Derjaguin approximation

d = 3 comparison

The scaling functions Θ
(d=3,Derj)
�� resulting from the scaling functions ϑ

(d=3)

‖++
obtained

by using the local functional approach (Sec. 5.2) and the dimensional approximation
(Sec. 5.3), are shown in Fig. 5.5 for various fixed values of Σ = sgn (thb) ξt/ξh as func-
tions of Y• = sgn (t)D/ξt. ξt and ξh are the bulk correlation lengths [Eq. (3.10)] as-
sociated to the reduced temperature deviation t = (T − Tc,b) /Tc,b from the upper bulk
critical temperature Tc,b and to the bulk ordering field hb. The observed gross features
in that comparison are similar to the ones for the film geometry. For Σ < 1.5 the curves
Θ

(3,Derj)
�� (Y•) exhibit a minimum (on the scale of Fig. 5.5) which becomes deeper upon

decreasing the value of Σ. The depth of the minimum as well as its deepening is more
pronounced within the results of the local functional approach than for the curves ob-
tained from the dimensional approximation. For both approaches the position of the
minimum is similar. For Σ ≈ 2 this position attains its largest value which is Y• ≃ 1.
Whereas in the film geometry for Σ ≈ −3 the results of both approaches are similar,
for the sphere-sphere geometry already at this values of Σ = sgn (thb) ξt/ξh the results
of both approaches deviate quantitatively. This can be due to the integration over the
scaling function ϑ

(3)

‖++
in order to obtain Θ

(3,Derj)
�� [Eq. (3.28)], in which the quantitative

differences add. As for the film geometry, within the dimensional approximation the
minimum becomes shallower again for large negative values of Σ, see the discussion in
Sec. 5.3.

Comparison with full calculations

The preliminary results obtained from numerical calculations in the full geometry for
the scaling function ϑ

(d=4)
�� of the critical Casimir force between two spheres both with

(+) boundary conditions are now available [285]. In Fig. 5.6, for Y• = D/ξt = 1

and the various values ∆ = D/R = 2.0, 1.0, and 0.5 the resulting curves ϑ
(4)
�� (Λ) =

ϑ
(4)
�� (∆ = const,Y• = const,Λ) as function of Λ = sgn (hb)L/ξh are compared with the

corresponding curve obtained from the Derjaguin approximation. These curves exhibit
similar characteristics. For Λ > 0 the curves ϑ

(4)
�� (Λ) monotonically approach 0 upon

increasing the value of Λ. The minima of these curves are located at values Λmin ≃
−5 . . .− 7 and the values |ϑ(d=4)

�� | at the minima are about 3 . . . 7 times larger than the
corresponding value at Λ = 0. For decreasing the value of ∆ the position Λmin becomes
slightly more negative. The variation of the strength |ϑ(d=4)

�� | upon changing the value
of ∆ = D/R exhibits different trends for different values of Λ = sgn (hb)L/ξh. For
Λ = 0 the strength weakens upon decreasing the value of ∆, whereas for mediate and
large negative values of Λ the strength of |ϑ(d=4)

�� | increases upon decreasing the value
of ∆ = D/R. In particular, the minimum of the curves ϑ

(4)
�� (Λ) becomes deeper upon

decreasing the value of ∆. The curve corresponding to ∆ = 0.5 does not exhibit clearly
these features. This may be due to numerical artifacts. The numerical calculations for
such small surface-to-surface distances are tedious and subtle. In order to obtain a better
understanding of the dependence of ϑ(d=4)

�� on the value of ∆ = D/R the more accurate
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Figure 5.6.: The scaling functions ϑ��
(d=4,d◦=3) of the critical Casimir force between two

three-dimensional (hyper-)spheres both with (+) boundary conditions in spatial dimension
d = 4 as functions of Λ = sgn (hb)L/ξh at the fixed value Y• = sgn (t)D/ξt = 1. ξt and
ξh are the true bulk correlation lengths, Eq. (3.10), of the reduced temperature deviation
t = (T − Tc,b) /Tc,b from the upper critical temperature Tc,b and of the bulk ordering field hb.
R is the radial extent of the (hyper-)spheres which are in one dimension infinetly large and
D is their surface-to-surface distance. For ∆ = D/R 6= 0 the preliminary results are from
Ref. [285]. ∆ → 0 corresponds to the Derjaguin approximation, Eq. (3.27). The gross feature
of theses curves is the same, i.e., a pronunced minimum at negative bulk field, i.e., Λ < 0.

70



5.4. Derjaguin approximation

results need to be obtained. Further, the preliminary results of the full calculations for
∆ > 0.1 reveal that indeed for decreasing the value of ∆ = D/R the curves approach
the corresponding curves as obtained by the Derjaguin approximation. However, a
quantitative agreement could not been achieved. This is in contrast to the sphere-plane
geometry where for ∆ < 0.3 already quantitative agreement is observed [54, 55, 56, 231].
Because in the case of the sphere-sphere geometry there are two curved surfaces the
influence of which are approximated within the Derjaguin approximation, instead of one
such surface in the plane-sphere geometry it is reasonable that in the latter case the
Derjaguin limit is approached already for larger values of ∆ than in the former case. For
(d◦ = 4)-dimensional spheres in spatial dimension d = 4 the results for the full geometry
are available [222]. There, a non-monotonic dependence of the value of ϑ(d=4,d◦=4)

�� on its
variables has been observed.
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6. Effective model

In an effective approach the presence of the solvent enters via the effective pair potential
V (r = D + 2R) /(kBT ) = U (r = D + 2R) acting between the large colloidal particles
(Sec. 4.1). D is the surface-to-surface distance between the colloidal particles with radius
R. For the present study of monodisperse colloidal particles immersed in a near-critical
solvent two contributions to this effective potential are relevant. The background in-
teraction potential between the colloids, which is present also away from the critical
temperature T

(s)
c of the solvent, consists of a hard core repulsion for center-to-center

distances r < 2R and a soft, repulsive tail Urep for D = r − 2R > 0, see Eq. (4.1). The
latter prevents aggregation due to omnipresent effectively attractive dispersion forces.
Upon approaching the critical temperature T

(s)
c of the solvent the critical Casimir forces

emerge and their corresponding potential Vc = kBTUc, Eq. (3.26), adds to the back-
ground contribution. Therefore the effective pair-potential between the solute particles
is given by

U (r) =

{
∞, D < 0

Urep + U
(d=3)
c = A exp(−κD) + (R/D)Θ

(d=3)
�� (Y•,∆,Σ) D > 0.

(6.1)

For a particular experimental realization the strength A and the range κ−1 of the softly
repulsive interaction are material dependent constants [Eq. (4.1)]. In Eq. (6.1) Θ

(d=3)
��,I

is the scaling function of the critical Casimir force, Eq. (3.26), which depends on the
scaling variables Y• = sgn (t)D/ξt, ∆ = D/R, and Σ = sgn (thb) ξt/ξh. ξt and ξh are
the bulk correlation lengths, Eqs. (3.10), associated with the reduced temperature de-
viation t = (T

(s)
c − T )/T

(s)
c from the lower critical temperature of the solvent and the

bulk ordering field hb conjugated to the order parameter. In the case of binary liquid
mixtures the bulk field hb ∼ (µa − µb)− (µa − µb)c is related to the deviation of the dif-
ference (µa − µb) of the chemical potentials µa,b from the critical value of this difference.
Additional interaction which would account for effectively attractive dispersion forces
are not considered. Effectively, dispersion forces can be switched off by using index-
matched colloidal suspensions. As will be discussed in Ch. 7, the presence of attractive
dispersion forces does not change the conclusions of the present study. For dilute suspen-
sions many-body effects of the critical Casimir forces can be neglected. However, such
effects are important for determining the structure of the clusters formed. For capturing
the onset of aggregation in the homogeneous solution the critical Casimir pair potential
U

(d=3)
c is sufficient. From the general expressions for the effective (N ≥ 2)-body interac-

tions presented in Ref. [9] one cannot deduce easily a condition, for which circumstances
many-body (N > 2) interactions can be neglected. One may expect that for such low
number densities ̺ of the colloids for which the mean distance ̺−1/d between the colloids
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R
ξ

Figure 6.1.: Sketch of three colloidal particles (gray circles) with radii R immersed in a near-
critical solvent. The disturbance of the order parameter profile around the particles is drawn
as blue shaded area. The order parameter profile is disturbed on the scale of the bulk
correlation length ξ (dashed lines indicate the spheres with radii R + xi). For the three
particles at contact, i.e., their center-to-center distance r = 2R, the regions of each particle
in which the order parameter profile is disturbed have a common overlap if ξ/R >

√
4/3−1 ≃

0.155.

is large compared with the range of the critical Casimir forces, i.e., ̺−1/d > 2R+ ξ, the
approximation of pairwise additive critical Casimir forces is valid. However, from the
general expressions it is not evident, that the range of the effective pair-potential and
the mean-distance enter the condition for the validity of the pairwise approximation.
Another criterion depends only on the properties of the order parameter profile. This
profile is influenced by the presence of the colloidal particles on the scale of the bulk
correlation ξ, see Fig. 6.1. Therefore, one can expect that three-body interactions be-
come important, when the volumes of disturbance of three colloidal particles overlap.

For three particles in contact, this is the case for ξ/R >
√

4
3
− 1 ≃ 0.155 as has been

shown by simple geometrical arguments in Ref. [286] in a different context.

6.1. Range of parameters

The effective pair-potential U given in Eq. (6.1) can be written in terms dimensionless
parameters,

U (r = D + 2R) =

{
∞ x < 0

s
{
a exp (−x) + (1/x)Θ

(3,Derj)
�� (x/ζ,Σ)

}
x > 0,

(6.2)
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where s = κR, a = A/s, ζ = sgn (t) κξt, and x = κD = κr − 2s. (The amplitude a
should not be confused with the acronym for the preferentially adsorbed phase.) This
parametrization has the advantage, that the shape of U is determined by a, ζ , and Σ,
while s tunes the overall strength of the potential without affecting its shape. The ratio
of the competing length scales of repulsion and of the critical Casimir force are measured
by ζ , which is typically varied experimentally; a is usually kept constant and provides
a measure of the repulsion, while Σ [Eq. (3.19)] depends solely on the thermodynamic
state of the solvent.

In the following the ranges of the values of the parameters entering into the effective
potential, Eq. (6.2), and of the scaling variable Σ which correspond to possible exper-
imental realizations are discussed. The radius R of colloidal particles typically varies
between 0.1µm and 1µm. In the experiments reported in the present context so far
colloidal suspensions had been stabilized by electrostatic repulsion, with the value of the
strength parameter A ranging over several orders of magnitudes, i.e., from A ≃ 102 up
to 105 . . . 106 (see, e.g., Refs. [44, 45, 79, 80]). The value of κ−1 can be tuned by salting
the solution. Due to screening effects, an increased amount of ions in the solution leads
to a decrease of κ−1. Although the coupling between the charge density and fluctuations
of the order parameter is not yet fully understood, there is experimental [287] and the-
oretical [288, 289, 290, 291, 292] evidence that critical adsorption and critical Casimir
forces can be altered significantly by adding ions to the binary liquid mixture. Such
subtle mechanisms are not taken into account within the effective potential, Eq. (6.2),
discussed here. Therefore it is applicable only for not too small values of the screening
length, i.e., for κ−1 & 10nm. For binary liquid mixtures the correlation length amplitude
ξ
(0)
+ is of the order of few Ångstrom. The relevant experiments have been carried out

at room temperature due to T
(s)
c ≈ 300K. In those experiments deviations from the

critical temperature as small as T − T
(s)
c ∼ 10mK have been resolved [44, 45], which

corresponds to a correlation length ξt of a couple of tens of nm.
It is more difficult to assess the experimentally relevant range of the scaling variable

Σ, which is a function of the bulk ordering field hb. Often the amplitude ξ
(0)
h of the

correlation length ξh (hb) is not known. However, one may use the equation of state,
Eq. (3.20), which relates Σ to the scaling variable X associated with the order parameter
Φ, Eq. (3.19). In terms of the parameters of the potential given in Eq. (6.2), for t > 0
one has X = m0ζ

−1/ν with

m0 = sgn (Φ)
(
ζ
(0)
+

)1/ν

|Bt/Φ|1/β (6.3)

where ζ
(0)
+ = κξ

(0)
+ . Bt and ξ

(0)
+ are the non-universal amplitudes of the bulk order

parameter and the bulk correlation length, see Eqs. (3.9) and (3.10), respectively. For
example, in binary liquid mixtures the order parameter Φ is proportional to the deviation
of the concentration ca of the component a from its critical value c

(s)
a,c, Φ = A(ca − c

(s)
a,c)

(note that Bt is proportional to A), which can be easily controlled by changing the
mass or the volume fraction of one of the components of the mixture. The experiments
reported in Refs. [44, 45] provide indications concerning the size of the critical region in
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the thermodynamic direction orthogonal to the temperature axis for the binary liquid
mixture of water and lutidine near the consolute point of its phase segregation. These
measurements revealed the occurrence of critical Casimir forces within the range of
the lutidine mass fraction ωL deviating from its critical value ωL,c up to |ωL − ωL,c| ≃
0.04. From the experimental data in Refs. [293, 294, 72] one finds for the water-lutidine
mixture Bt,ω ≈ 1.0, see Appendix C.1. The index ω refers to the specific choice of the
order parameter, i.e., Φω (t → 0−) ≡ ωL − ωL,c ≡ Bt,ω |t|β. Fitting the experimentally
determined coexistence curve [71, 79, 80] yields a somewhat smaller value Bt,ω = 0.765
which we adopt in the following. Therefore the difference |ωL − ωL,c| ≃ 0.04 corresponds
to |Bt/Φ| = 19, which for, e.g., ζ (0)+ = 0.02 translates into |m0| ≃ 17 [Eq. (6.3)], where the
values of the critical exponents of the three-dimensional Ising universality class as given
in Eq. (3.15b) have been used. The critical composition corresponds to m0 = ±∞.
Accordingly, for the temperature differences accessible in these experiments, i.e., for(
T − T

(s)
c

)
/T

(s)
c ≈ 3× 10−5, one has for the scaling variable |X| ≈ 0.26, corresponding

to |Σ| ≈ 6.6.
As discussed before, the effective pair potential given in Eq. (6.2) is applicable only for

sufficiently large distances D & κ−1 because it takes only the interactions of the double-
layers into account and neglects possible short-ranged contributions to effective van-der-
Waals interactions. Furthermore, the critical Casimir potential takes its universal form,
Eq. (3.26), only in the scaling limit, i.e., for distances D which are sufficiently large
compared with the correlation length amplitude ξ

(0)
+ ≈ 0.25nm. Analogously also ξt

and ξh must be sufficiently large compared with microscopic scales. Later on, in order
to circumvent the unphysical divergence ∼ x−1 in U (D → 0) [see Eq. (6.2)] for small
distances D a linear extrapolation shall be consider, as far as necessary:

U (D < D0) = A exp (−κD) + Uc,0 + (D −D0)U
′
c,0, (6.4)

where D0 ≃ ξ0, Uc,0 = Uc (D = D0), and U ′
c,0 = (∂Uc/∂D)D=D0

.

6.2. Shapes of the effective potential

By varying the thermodynamic state of the solvent the range and the strength of the
attractive critical Casimir forces are changed. This variable attraction combined with
the repulsive background contribution results in a broad variety of possible shapes of
the effective potential given by Eq. (6.2). Examples of various shapes of this effective
potential, as obtained for different values of the parameters a, ζ , and Σ, are shown in
Fig. 6.2, where the reduced potential is plotted u = U/s versus the reduced distance x =
κD. Depending on the values of the parameters, the critical Casimir forces compensate
the repulsion for all values of D or only within certain regimes. Compensation for all
values of D occurs if the strength a of the repulsion is not too strong. This is illustrated
by the blue curve in Fig. 6.2 corresponding to the parameter values a = 10, ζ = 2.5,
and Σ = −4.2. Recall that negative values of Σ, Eq. (3.19b), correspond to solvent
compositions which are poor in the species preferred by the colloids. For different choices
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Figure 6.2.: Exemplary shapes of the effective pair potential given by Eq. (6.2). The dashed
line represents the purely repulsive part of the potential for a = 20. The potentials considered
here are physically appropriate for x = κD & 1. At smaller values of x (grayish area)
additional (effective) forces can occur. In particular, the occurrence of a first minimum at
contact, i.e., at D = 0, depends on microscopic details, which are not taken into account by
Eq. (6.2).
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6. Effective model

of the values of the parameters, the potential may exhibit local minima of different kind.
A minimum at distances smaller than the one corresponding to the repulsive barrier shall
be referred to as the primary minimum, whereas a minimum at distances larger than
the one corresponding to the repulsive barrier as a secondary minimum [16, 70]. For
larger values of a, a secondary attractive minimum (i.e., u < 0) can occur (in addition to
the primary global minimum for D → 0, which will be discussed below), while for small
distances D the potential maintains a repulsive part, as for the orange and green curves
in Fig. 6.2. Since s = κR can vary between ca. 10 and 100 a shallow minimum in u can
correspond to a deep potential well in U. For suitably chosen parameters, such as for the
green curve (a = 20, ζ = 2, Σ = −3.7) in Fig. 6.2, the potential may be repulsive at large
distances D → ∞ and may have an attractive secondary minimum. Thus the critical
Casimir forces provide a mechanism for realizing short-ranged attractive and long-ranged
repulsive interaction pair potentials as studied for example in Refs. [266, 295] in related
contexts. These studies have shown that such potentials give rise to complex phase
behaviors of colloidal suspensions.

The issue of the contact value U (D = 0) and the possibility of the occurrence of a
primary minimum at small values of D is subtle and, as pointed out in Sec. 6.1, cannot
be discussed in general in terms of the effective potential U given by Eq. (6.2). However,
U captures the occurrence of the potential barrier for D ≃ κ−1 and its reduction due
to the attractive critical Casimir forces which is sufficient for the focus of the present
study, i.e., concerning the influence of the universal critical Casimir forces. The short-
ranged interactions acting at distances D ≪ κ−1, ξ (with ξ ≫ ξ

(0)
+ ) depend sensitively on

materials properties. But for the following reason they do not affect our consideration
of the stability of colloidal suspensions. In the case of large values of a, the repulsion
is strong enough such that the critical Casimir forces cannot significantly reduce the
associated potential barrier. Therefore within experimental observation times only the
pair-interaction potential U considered in Eq. (6.2) is relevant for determining the phase
behavior and the coagulation process. The influence of attractive short-ranged forces
could be observed only for very long waiting-times because the time scale for passing the
barrier is ∼ exp (U), see Sec. 4.4. On the other hand in the case of small values of a the
critical Casimir forces fully compensate the repulsion. The estimates for the values of the
parameters for which the repulsive barrier disappears and thus rapid coagulation sets in
can be obtained from the effective potential U given in Eq. (6.2). However, in order to be
able to determine the detailed process of coagulation a truly microscopic description is
needed. This is beyond the scope of the present study devoted to universal features. As
long as no additional microscopic forces compete with the considered effective potential,
Eq. (6.2) provides a description which is sufficient for the present purpose.
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7. Structure and stability

7.1. Structure

The diversity of possible shapes of the effective pair potential given in Eq. (6.2), see
Fig. 6.2, leads to a variety of radial distribution functions g (r). In Figs. 7.1 and 7.2
the results for the hypernetted-chain closure are shown. The results obtained using
the Percus-Yevick closure are almost the same, differing mostly in that, for the same
value of ζ , the amplitude of the resulting g (r) is slightly smaller than the one within
the hypernetted-chain closure. For temperatures far away from the critical temperature
of the solvent (i.e., for ζ = κξt ≪ 1), the colloids are effectively hard spheres with
an effective diameter σ > 2R due to the soft repulsive background contribution Urep.
Accordingly, for such values of ζ , g (r) has the corresponding characteristics of a fluid
of hard spheres, such as the rather broad first peak for small values of D. Due to the
emerging attractive critical Casimir forces, for increasing ζ ∼ |t|−ν , i.e., for decreasing the

temperature deviation |t| =
∣∣∣1− T/T

(s)
c

∣∣∣ within the homogeneous phase of the solvent,

the radial distribution function g(r) is enhanced close to the surfaces of the colloids.
This implies an enhanced short-ranged order.

In the case that the effective potential exhibits a repulsive barrier at small values of
D and is attractive throughout large distances (denoted by (la) in the following), upon
increasing ζ the positions of the extrema of g (r) move towards smaller values of D
(especially for intermediate values of ζ) and the value of g (r) at the maxima (minima)
increases (decreases); the latter occurs mostly for larger values of ζ , see Fig. 7.1.

In contrast, in the case of effective potentials which are repulsive at large distances
(denoted by (lr) in the following), a new first peak at small values of D emerges and
increases with increasing ζ while the former first peak decreases and finally disappears,
see Fig. 7.2. For the brown curve, corresponding to ζ = 2.5, in Fig. 7.2 the emergence
of a new peak at D/R ≃ 0.1 is seen. The broad former first peak is located at larger
distances D/R ≃ 0.25. A similar trend is seen for the other extrema at larger values of
D. However, since in that range of D the amplitude of g (r) is already quite small, the
actual changes of the shape of g (r) cannot be described in such simple terms.

In homogeneous, i.e., not phase separated systems, the (newly emerged or shifted)
first peak in g (r) can become significantly larger in the (lr) case than in the (la) case,
see Figs. 7.2 and 7.1, respectively, and note the different scales. The reason for this
difference can be understood as follows. To a large extent the height of the first maximum
in g (r) depends on the depth of the attraction well of the effective potential. Indeed,
for comparable potential well depths the first peak in g (r) is only slightly larger in the
(lr) case than in the (la) case. However, for equally deep potential wells the overall
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Figure 7.1.: The radial distribution function g (r) as obtained from the HNC closure
(Eq. (4.7)) for four values of ζ ∼ |t|−ν and for a volume fraction η = 0.04 of the col-
loids. The parameters of the corresponding effective potential (attractive at large distances
(la), Eq. (6.2)) are a = 100 for the strength of the repulsion, m0 = −100 for the reduced
composition (Eq. (6.3)), and s = κR = 10; κ−1 is the range of the soft repulsion, R is the
radius of the colloids, and D = r − 2R is the surface-to-surface distance. The sequence of
curves corresponds to the generic isochoral thermodynamic path realized in experiments. For
these values of the parameters, upon decreasing the reduced temperature t, i.e., increasing
ζ, a single attractive minimum develops in the effective potential. This increasing attraction
due to the critical Casimir force leads to the enhancement of g (r) close to the surface of the
colloid. This peak suggests that the formation of colloid dimers is favored. The inset provides
an enlarged view of the vicinity of the second maximum of g(r).
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Figure 7.2.: The radial distribution function g (r) as obtained from the HNC closure
(Eq. (4.7)) for various values of ζ ∼ |t|−ν and for a volume fraction η = 0.04 of the col-
loids. The parameters of the corresponding effective potential (repulsive at large distances
(lr), Eq. (6.2)) are a = 40 for the strength of the repulsion, m0 = −3 for the reduced com-
position (Eq. (6.3)), and s = κR = 50; κ−1 is the range of the soft repulsion, R is the radius
of the colloids, and D = r − 2R is the surface-to-surface distance. For these values of the
parameters, upon decreasing the reduced temperature t, i.e., increasing ζ, an attractive min-
imum develops in the effective potential at intermediate values of D while repulsion remains
at small and large values of D. Due to this attraction a peak develops upon decreasing t. For
a comparable potential well depth this peak is higher and narrower than in the case without
a long-ranged repulsion (compare Fig. 7.1).
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attraction is stronger in the (la) case due to the attraction throughout large distances
(which gives rise to a larger compressibility χT which is proportional to the integral of
g (r) − 1). Accordingly, the systems interacting via (la) effective potentials can phase
separate for shallower potential wells. Systems with potential well depths corresponding
to large first peaks in g (r) (as the ones shown for the (lr) potentials in Fig. 7.2) and
with a (la) character would already be phase separated. In this sense, the repulsion
occurring at larger values of D enhances the stability (w.r.t. phase separation) even of
colloidal suspensions exhibiting large peaks in g(r) in homogeneous systems. In order
to illustrate this point, notice that the compressibility corresponding to the blue curve
(ζ = 2.6) in Fig. 7.1 turns out to be approximately the same as the one corresponding
to the green curve (ζ = 3.8) in Fig. 7.2, although for the latter system the peak in g(r)
is nearly 20 times larger.

7.2. Stability

In the following the stability ratio W = W (a, s, ζ,Σ) [Eq. (4.19)] for the effective po-
tential given in Eq. (6.2) within the one-phase region is considered. Since the stability
ratio W depends exponentially on the potential, in the calculation of W one can afford
to omit the use of a cut-off at small distances D. The main contribution to W stems
from the maximum of the potential. The use of a cut-off would only slightly change the
value of W but it would require an additional specification which is not necessary for
this analysis.

In Fig. 7.3 the contour lines W = 1 are plotted in the space spanned by the parameters
a and z = Σ/ζ = 1/ (κξh) for various values of ζ . Changing Σ for fixed ζ and s
corresponds to moving along an isotherm in the thermodynamic space of the system. In
order to have the contour lines on the same scale, it is useful to introduce the reduced
variable Σ/ζ = 1/ (κξh) as abscissa. For W = 1 the time scales of diffusion and pairing
of two particles are comparable, see Eq. (4.20). For a given value of ζ , in the region
W > 1 above the corresponding contour line the suspension initially equilibrates into a
(metastable) fluid state. If the potential has its global minimum at D = 0, e.g., due to
van-der-Waals forces, aggregates may form eventually at long times; these time scales
depend on the value of W . On the other hand, for W < 1 rapid coagulation sets in.

The overall characteristics of the shape of contour lines W = 1 remains the same
for different (but fixed) values of ζ and s (see Fig. 7.3). Upon decreasing Σ towards
slightly negative values (i.e., for a binary solvent upon decreasing the amount of the
component preferred by the colloids relative to the critical composition) the colloidal
stability remarkably decreases, i.e., the contour line W = 1 is shifted to larger values of
the parameter a of the repulsion strength. For even more negative values of Σ, the system
is driven far away from criticality, so that the attraction due to the critical Casimir forces
weakens and stability is favored again. For the curves a = a (z = Σ/ζ = 1/ (κξh)), which
are given by W (a, s, ζ,Σ = zζ) = 1 for fixed s and fixed ζ , the position zmax of their
maximum does hardly vary with ζ . However the amplitude of a (z) and in particular
the maximum value amax = a (zmax) exhibit a significantly nonmonotonic dependence
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Figure 7.3.: Contour lines of constant stability ratio W = 1 (Eq. (4.19)) for the effective pair
potential given in Eq. (6.2) as function of a and Σ for various (fixed) values of ζ. The star
and the dagger superscripts correspond to s = 10 and s = 50, respectively. For values W < 1
(the region below the corresponding contour line) the colloids coagulate rapidly. For a binary
solvent with compositions which are smaller, i.e., slightly poorer in the component preferred
by the colloids, than the critical composition, i.e., for Σ . 0, this region (W < 1) broadens
towards larger values of the parameter a of the repulsion strength. The logarithmic plot in
the inset shows, that for rather large negative values of Σ the contour lines decay according
to a power law as function of ∆z = zm − z. The slope of the dashed line is 0.84; zm = −2.6
approximates the position of the maxima of the contour lines.
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on ζ ∼ |t|−ν . The value of amax is largest for ζ ≃ 2. This behavior reflects the fact that
for (+,+) boundary conditions (i.e., equal surface fields on both surfaces) as considered
here the critical Casimir forces are not strongest at T (s)

c and hb = 0, but slightly within
the one-phase region and for small negative values of hb.

The contour lines corresponding to a fixed value of s and various values of ζ merge to
a single curve for large negative and large positive values of Σ/ζ . Interestingly, within
the plotted range of large negative values of z = Σ/ζ the (common) decay of the contour
lines can be described by a power law ∼ (zm − z)−p = ∆z−p (see the double logarithmic
plot in the inset of Fig. 7.3, where zm = −2.6 approximates the various zmax (ζ) and
p ≃ 0.84). In the limit of strong bulk fields, i.e., |hb| → ∞, the critical Casimir forces
are vanishingly small. In this limit, W = 1 for hard spheres without a soft repulsive
contribution and therefore [a (|z| → ∞)]W=1 → 0. The leveling off of the contour lines
W = 1 close to Σ = 0 is a consequence of the choice of the abscissa ∼ hb

ν/(δβ). As a
function of hb the contour lines exhibit no leveling off around z = 0.

The potential under consideration as given in Eq. (6.2) is proportional to the parameter
s. Thus with increasing (decreasing) values of s the region W < 1 of aggregation shrinks
(widens), because the repulsive barrier in U becomes larger (smaller). However, since
the repulsive barrier contributes exponentially to W , the boundary of the region W < 1
is mostly determined by the sheer occurrence of the repulsive barrier (which, however,
is independent of s) and therefore the dependence of the contour line W = 1 on s is
weak. This is seen in Fig. 7.3 by comparing the blue and gray curves, wich are for ζ = 2
the contour lines W = 1 for s = 10 and s = 50, respectively. Note, that this weak
dependence of the stability region on the parameter s = κR is in contrast to the strong
dependence on s of the two-phase region of the effective colloidal system, as discussed
in Sec. 8.4, see especially Fig. 8.3. For the two-phase region not only the existence but
also the actual strength of the attraction is important, and therefore it is sensitive to
the value of s, because U ∼ s.

The contour lines in Fig. 7.3 of constant stability ratio W = 1 can be compared with
the contour lines in Fig. 8.3 of constant critical temperature T (eff)

c (or ζ (eff)c ) delimitating
the “liquid”-“gas" coexistence of the effective one-component colloidal system. In both
figures the contour lines are plotted in the plane spanned by the parameter a, measuring
the strength of the repulsion of the effective pair potential, and the scaling variable Σ

(or Σ rescaled by the fixed value of ζ). The gross features of these contour lines are
similar but the values of a are rather different. (Note the different scales for a in these
two figures.) For example, for the same value of s = κR = 10, at the temperature
corresponding to ζ = 2 strong coagulation (i.e., W < 1) occurs for a . 13, whereas
at the comparable temperature corresponding to ζ = 3 the colloidal suspension starts
to phase separate already for a much stronger repulsion, i.e., for a . 300, see the blue
curves in Fig. 8.3 in Sec. 8.4. Notice, however, that phase separation occurs at relatively
high packing fractions η & 0.06 of the colloidal particles, see Sec. 8.4 whereas aggregation
occurs also for very small packing fractions of the colloidal particles.

The experimentally relevant case of the variation of the stability ratio W with tem-
perature at constant order parameter is shown in a semi-logarithmic plot in Fig. 7.4
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Figure 7.4.: Semi-logarithmic plot of the stability ratio W , Eq. (4.19), for the typical ex-
perimental situation of varying the reduced temperature |t| ∼ ζ−1/ν at fixed composition(
ca − c

(s)
a,c

)
∼ m0

−1, Eq. (6.3). The steep decrease of ln (W ) towards negative values upon

increasing ζ, i.e., for t → 0, suggests that coagulation sets in within a narrow temperature
interval. The increase of W for large values of ζ occurs for strongly repulsive contributions
to the effective potential [a = 10, Eq. (6.2)]; s = κR, where κ−1 is the range of the repulsive
“background” potential and R is the radius of the colloids.
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in terms of ζ ∼ |t|−ν and the parameter m0 which is related to the order parameter,
Eq. (6.3). The steep decrease of W upon increasing ζ . 1 indicates that coagulation (i.e.,
W crossing the value 1 from above) is expected to set in above the critical temperature
within a rather narrow temperature interval. For the plots in Fig. 7.4 the chosen values
of the parameter allow one to focus on the region of the onset of coagulation. As one
can infer from the stability diagram, Fig. 7.3, a = 10 corresponds to a relatively strong
repulsion in the sense that for this value the range of values of Σ for which W < 1 holds
and thus coagulation occurs is rather narrow. This implies that one finds W < 1 only
for intermediate values of ζ . Such a case is represented by the red curve in Fig. 7.4 which
corresponds to m0 = −2, a = 10, and s = 10. There is a clear increase of W for ζ & 4.5;
for larger ζ , W becomes even larger than 1. The effect of varying m0, a, or s relative
to the red curve can be inferred from the brown, blue, and green curves, respectively.
Since the height of the potential barrier is proportional to s [see Eq. (6.2)], stability is
significantly enhanced for larger values of s, see the green curve corresponding to s=50
in Fig. 7.4. The value of ζ , for which ln (W ) turns from positive to negative (negative to
positive) is larger (smaller) than the corresponding one for s = 10. For the composition
corresponding to m0 = −5, which is closer to the critical composition [see Eq. (6.3)],
the region of values of ζ for which W < 1 is smaller than for m0 = −2, see the brown
curve in Fig. 7.4. Upon decreasing a, the value of ζ for which ln (W ) changes from being
positive to being negative becomes smaller, see the blue curve corresponding to a = 5.
For such small values of a, ln (W ) remains negative upon increasing ζ , also for values of
the parameters m0 and s not shown in Fig. 7.4.

In summary, along the thermodynamic paths considered (and typically realized in
experiments) the range of the attraction due to the critical Casimir forces grows steadily
with increasing ζ , but the amplitude of the critical Casimir forces is a nonmonotonic
function of ζ . The critical Casimir force attains its maximal strength for an intermedi-
ate value of ζ . Therefore, upon increasing ζ the repulsive barrier in the effective pair
potential is at first reduced; for sufficiently small values of a it can even disappear al-
together. For even larger values of ζ , the potential barrier may grow again (or emerge)
because the amplitude of the critical Casimir force decreases again. This latter barrier
is located at smaller values of D than the one which is present for small values of ζ .
The nonmonotonic dependence of the maximal strength of the critical Casimir force on
temperature results in a nonmonotonic behavior of W = W (ζ). Although, as stated
above, a repulsive barrier may emerge again, it is likely that aggregates, which have
formed for intermediate values of ζ , will not break up. This might be due to either
specific microscopic interactions or due to the secondary minimum in the effective pair
potential, which is still quite deep. Also in the case in which for all values of ζ a repulsive
barrier remains, coagulation can appear, due to a deep secondary minimum. This case
will be discussed in the next section 7.3.
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7.3. Comparison with experiments

For dilute suspensions, the second virial coefficient B2, Eq. (4.14), provides information
about the strength of the radially symmetric attraction between spherical particles [262].
In Refs. [79, 80] the second virial coefficient B2 has been determined for latex particles
immersed in a mixture of 2,6-lutidine and water by using light scattering. In order to
be able to compare these experimental data with the corresponding values for B2 as
resulting from the effective pair potential U (r) given in Eq. (6.1) the amplitude A of
the repulsive contribution Urep (r) = A exp (−κD) has to be specified. For the reported
experiments, the repulsion is due to screened electrostatic interactions and A is given by
Eq. (4.2). The reported experimental values [80] Υ = 5.7µC/cm2 and 2R = 555nm [80]
are adopted and the values ξ(0)+ = 0.25nm and T

(s)
c = 310K as typical for water-lutidine

mixtures (see, e.g., Ref. [45]) are used. The relative permittivity ǫ as function of the
mass fraction ωL of lutidine can be obtained by using the Clausius-Mossotti relation
[296], see Appendix C.2. In Ref. [80] no precise value of the Debye screening length κ−1

is given; it is stated that κ−1 ≈ (7 . . . 10)nm. Therefore the values of B2 have been
calculated theoretically for several values of κ.

Within their analysis, for temperatures far away from T
(s)
c (i.e., |T − T

(s)
c | & 3K)

the authors of Ref. [80] obtained values for B2 which would correspond to a system of
hard spheres of a radius of 4200nm. These extremely large, unexpected values (they
actually used particles of diameter 555nm) cannot be easily explained by a soft, repul-
sive interaction [80]. In order to circumvent this non-trivial effect, the theoretical and
experimental values of B2 normalized by the corresponding values (B2)reg far away from

T
(s)
c are compared. For the normalization of the experimental data, the mean values

corresponding to the three largest temperature differences |T − T
(s)
c | which have been

reported are used. For (B2)reg in the theoretical curves the values as obtained by taking
in the effective potential, Eq. (6.2), for x > 0 only the soft, repulsive term into account
(i.e., taking ζ = κξt = 0) are used, so that (B2)reg /vHS = 5.15, 5.33, 5.53, and 6.37 for
κ−1[nm] = 4, 4.5, 5, and 7, respectively, where vHS = (4π/3)R3 is the volume of the
hard spheres (HS).

In Fig. 7.5, for the critical composition, i.e., Σ = 0, the variation of B2 upon ap-
proaching the critical temperature T

(s)
c for the effective pair potential in Eq. (6.2) with

the experimental data given in Fig. 4 of Ref. [80] are compared. Although a rather
simple form for the background repulsive potential has been adopted, for κ−1 = 4.5nm
one obtains a fair agreement, in the sense that the qualitative trend of the steep decrease
is captured, whereas a quantitative agreement for the whole range of ξt has not been
achieved. Yet due to large error bars of the experimental data and large differences
between not normalized experimental and theoretical values of B2 (the origin of which is
unclear) one cannot claim that this value of κ−1 is the actual experimental one. Rather
κ−1 has to be consider in that case as an effective fitting parameter which accounts for
differences between the experimentally realized and the model background potential in
order to match the model with the experimental data. Furthermore, the sensitivity of
the results to uncertainties in the other parameters has not been checked. Both from
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Figure 7.5.: The value of the second virial coefficient B2 [Eq. (4.14)] normalized by its value

(B2)reg far away from T
(s)
c as function of the temperature deviation from the critical temper-

ature T
(s)
c of the solvent and at its critical composition (Σ = 0). The same data in the inset

but as function of the correlation length ξt = ξ
(0)
+

∣∣∣1− T/T
(s)
c

∣∣∣
−ν

of the solvent. The experi-

mental values (symbols) for latex particles immersed in the critical water-lutidine mixture are
taken from Fig. 4 of Ref. [80]. The lines correspond to the values obtained from the effective
pair potential given in Eq. (6.2). The values of a and s were obtained by using Eq. (4.2) for
A and the values Υ = 5.7µC/cm2 and 2R = 555nm as given in Ref. [80]. The values of κ are

similar to the range reported in Ref. [80]. The values ξ
(0)
+ = 0.25nm and T

(s)
c = 310K has

been adopted. For the critical mass fraction ωL,c = 0.287 of lutidine [80] one obtains ǫ = 22.3
(Appendix C.2). For further details see the main text.
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7.3. Comparison with experiments

experiment and theory it is evident that the attraction close to the critical temperature
increases significantly, resulting in a steep decrease of B2 towards large negative values.

In Ref. [80] the variation of B2 as function of
∣∣∣T − T

(s)
c

∣∣∣ is reported also for a mass
fraction ωL of lutidine larger than its critical value ωL,c ≃ 0.287, see Fig. 7.6. In general,
for off-critical compositions the strength and the range of the critical Casimir force results
from the interplay of the two bulk correlation lengths ξt ∼ |t|−ν and ξh ∼ |hb|−ν/(βδ), see
Sec. 3.4 and Ch. 5. For ωL = 0.35 > ωL,c the binary solvent is poorer in the component
preferred by the kind of colloids used (i.e., water) than at the critical composition.
In such a case the interplay of ξt and ξh is rather complex due to the occurrence of
capillary condensation which leads to bridging between two colloids. In particular, at
the same temperature the critical Casimir force can become stronger upon moving away
from the critical composition. But at off-critical compositions it is in general shorter
ranged than at the critical composition. Moreover, at off-critical compositions the critical
Casimir force emerges as function of temperature only closer to the critical temperature
as compared with the corresponding thermodynamic path at the critical composition.
In Fig. 7.6 the reduced experimental data for B2 corresponding to the mass fraction
ωL = 0.35 > ωL,c = 0.287 are compared with the theoretical curves obtained within
the present effective model; for ωL = 0.35 one has (B2)reg /vHS = 5.35, 5.55, 5.96, and
6.40 for κ−1[nm] = 4.5, 5, 6, and 7, respectively. As can be inferred from Fig. 7.6 for
κ−1 = 4.5nm the total attraction (within the present effective model), in terms of B2,
is stronger for ωL = 0.35 than for the critical composition ωL,c, i.e., for the same value
of ξt, B2 is more negative. For the theoretical curves corresponding to κ−1[nm] = 5
and 6 the aforementioned interplay of ξt and ξh manifests itself more clearly. For the
off-critical composition the attraction due to the critical Casimir forces sets in only for
larger values of ξt but becomes more rapidly stronger with increasing ξt so that, for large
values of ξt, B2 is more negative for ωL = 0.35 than for ωL,c. At the critical composition,
B2 starts to decrease (due to the attractive critical Casimir forces) already for smaller
values of ξt than for ωL = 0.35.

For the experimental data (within the large error bars and the reported temperature
range) no dependence of the value of B2 as function of |T − T

(s)
c | on the composition is

observed. (Reference [80] provides the values of B2 as function of |T − T
(s)
cx | but lacks

an absolute value for the coexistence temperature T
(s)
cx . T (s)

cx is the temperature at which
the solvent undergoes a first-order phase segregation for ωL = 0.35 6= ωL,c, see Ch. 8,
especially Fig. 8.1. T

(s)
cx − T

(s)
c = 0.145K is adopted as obtained from |ωL − ωL,c| =

Bt,ω |t|β with Bt,ω = 0.765.) This finding is in contrast to the behavior of the measured
effective particle-wall interaction potentials of Ref. [297], for which a dependence on the
composition of the water-lutidine mixture has been observed. At present it remains
unclear whether the dependence of B2 on ωL could not be resolved experimentally or
whether the data from these experiments happen to lie in that crossover regime in which
the curves B2

(
T

(s)
c − T

)
happen to be close to each other for the critical and the off-

critical mixture, see the inset in Fig. 7.6.
For the same system the authors of Ref. [80] used for the measurement of B2, in
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Figure 7.6.: The variation of the second virial coefficient B2 (Eq. (4.14)) as function of

the correlation length ξt = ξ
(0)
+

∣∣∣1− T/T
(s)
c

∣∣∣
−ν

of the solvent upon approaching the critical

temperature T
(s)
c for an off-critical composition of the binary solvent. The inset shows the

same for a larger range of ξt. The experimental values (×) are taken from Fig. 2 of Ref. [80]
and the four theoretical curves are obtained by using the effective potential in Eq. (6.2). The
values κ−1[nm] = 7, 6, 5, and 4.5, correspond to m0 = −10.6, −13.5, −18.0, and −21.3,
respectively (Eq. (6.3)). For the lutidine mass fraction ωL = 0.35 & ωL,c the solvent is poor
in the component preferred by the colloids. Therefore the critical Casimir force is stronger
than for the critical composition. Thus B2 can be expected to decreases more rapidly than
for ωL = ωL,c. This is indeed the case for the theoretical curves. For the experimental data
of Ref. [80] no dependence on ωL is seen; the dotted curves and the experimental data (◦)
correspond to the critical composition as shown in Fig. 7.5. B2 is normalized in the same way
as in Fig. 7.5. The order parameter amplitude used here is Bt,ω = 0.765, see Appendix C.1
and Eq. (3.17). By making use of the Clausius-Mossotti relation [296] one obtains ǫ = 19.3
(see Eq. (4.2) and Appendix C.2). The values of the other parameters are the same as in
Fig. 7.5.
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Figure 7.7.: Comparison of the values of B2 (Eq. (4.14)) at the thermodynamic state points
of the solvent for which immersed colloids aggregate. The four experimentally obtained
state points (squares; the straight black dotted lines in between are a guide to the eye) are
taken from Fig. 1 (middle) of Ref. [76]. The isolines of constant B2 (full colored lines; for
visibility of the blue line the red one is dashed, both lines nearly coincide) each belonging
to one of the state points (squares), are calculated within the present model [Eq. (6.2)]. For
the three state points closest to the critical composition ωL,c (yellow, blue, and red) one
has B2 < 0 corresponding to an effectively attractive colloidal suspension. To a certain
extent the B2-isolines resemble the possible shape of the line of the onset of aggregation.
For the state point with the largest deviation ωL − ωL,c (green) one has B2 > 0 within
the model used here, suggesting that in this case there are effectively attractive forces other
than the critical Casimir forces which drive the aggregation. For further details see the
main text. In order to obtain the theoretical values of B2 the following values have been

adopted ξ
(0)
+ = 0.25nm, κ−1 = 6nm, T

(s)
c = 307K, and ωL,c = 0.286 and the experimentally

given values 2R = 378nm and Υ = 3.85µC/cm2 have been used. The repulsion strength
A is obtained from Eq. (4.2) with ǫ depending on the mass fraction ωL of lutidine [296],
see Appendix C. The experimentally determined coexistence points (circles) on the binodal
of phase segregation with a lower critical point agree well with the relation |ωL − ωL,c| =
Bt,ω |t|β, where β = 0.3256 and Bt,ω = 0.765 (gray line); in accordance with a lower critical

point the reduced temperature is t =
(
T
(s)
c − T

)
/T

(s)
c .
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Ref. [76] the aggregation phenomena of immersed colloids have been studied. The cor-
responding given experimental values of the parameters, and especially Eq. (4.2) for the
repulsion strength parameter A can be used, in order to investigate these state points
within the present model.

First, it is worthwhile to mention that for the parameters corresponding to these
experiments, the repulsive barrier for small values of x = κD is of the order of tens
of kBT . Therefore, it seems that the observed aggregation is due to the very deep
secondary minimum emerging at a certain distance Dmin. This is a different mechanism
than the one discussed in Sec. 7.2, where the aggregation due to the disappearance of
the repulsive barrier at short distances D has been considered. While in the latter case
the colloids would stick together with their surfaces at contact, in the former case they
are close but not at contact. With κDmin ≈ 1 and s = κR ≈ 10 . . . 100, from the
effective potential given in Eq. (6.2) it follows that the colloids are a surface-to-surface
distance D/R ≈ 10−1 . . . 10−2 apart. In Ref. [76] the mean surface-to-surface distance
has not been estimated, but in experiments performed for a similar system Ref. [73] it has
been found that in the flocculated and sedimented aggregates the average interparticle
distance is about three times the mean radius of the polydisperse colloids. This is in the
stark contrast with the present theoretical estimates. Other experimental reports do not
specify the average interparticle distance occurring in the aggregates. In Refs. [84, 85]
it is stated, that the sediment is less dense than expected for a tight packing of spheres
and in Ref. [93] the aggregates are characterized as being compact, not fractal. The
authors of Ref. [83] argue that for their system the aggregates are indeed crystalline. The
possibility, that the flocculated colloidal particles form a bona fide, thermodynamically
stable, liquid-like or crystalline phase cannot be addressed within the effective, one-
component approach used here, because within this approach the reliable prediction of
the occurrence of a phase transition can be made only if the colloidal number density
is sufficiently large, see Ch. 8 whereas in the experiments referred to above the packing
fraction is as small as η ≈ 10−6 . . . 10−3.

Next, the issue is addressed whether a relation can be established which connects
the onset of the reversible aggregation to a threshold of a specific quantity which is
both theoretically and experimentally accessible. To do so following Refs. [79, 80] the
second virial coefficient B2 is considered and it is analyzed whether the values of B2

corresponding to thermodynamic state points of the solvent, at which the aggregation
of colloids sets in, are similar. For such state points, as determined experimentally
and reported in Fig. 1 (middle) of Ref. [76], the corresponding values of B2 within the
present effective model (Ch. 6) for the four values of ωL are B2/

(
4π
3
R3

)
= −67 (red

square), −65 (blue square), −23 (yellow square), and 5.4 (green square) (Fig. 7.7). In
Fig. 7.7 the isolines of constant B2 for these values of B2 are shown (using the same
color code). According to the present model, which takes into account only the repulsive
electrostatics and the attractive critical Casimir forces, for the state point with the
largest deviation ωL − ωL,c (green) one has B2 > 0 which corresponds to an effectively
repulsive colloidal system. Either the employed approximate scaling function of the
critical Casimir force is not valid in that region of the thermodynamic space, or for this
region of the thermodynamic space of the solvent other effectively attractive forces than
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the critical Casimir forces drive the observed aggregation. The values of B2 for the three
other state points are similar to each other, for two of them (the blue one and the red
one) the corresponding isolines are even hardly distinguishable. The similarity of these
values of B2 as obtained within the present model suggests that for these thermodynamic
states the aggregation is indeed driven by the critical Casimir forces and that B2 can
serve (to a certain extent, see below) as an indicator for the structural instability.

According to the B2-isolines, for the critical composition ωL,c and slightly smaller
compositions the structural instability is also expected to occur at temperatures T ≈
T

(s)
c − 0.05K, see Fig. 7.7. However, for such values of ωL no aggregation has been

observed in the reported experiments, although such temperature deviations are within
the experimentally accessible resolution. Besides the possibility that B2 can indeed not
serve as a quantitative indicator for the aggregation, there are further possible reasons
for this mismatch and the quantitative disagreement between the yellow B2-isoline on
one hand and the red and blue B2-isolines on the other hand. One reason could be
the simplified choice for the background potential which is used in the present study.
Furthermore, there are several experimental parameters for which only estimates could
be used. Within their analysis, the authors of Ref. [75] conclude that for calculating the
electrostatic potentials one should not use the bare surface charge density as given by
the manufacturer. Rather, the dissociation of the colloidal surface in the solvent has to
be taken into account. In the present analysis the nominal value for the surface charge
has been used due to the lack of more detailed data. The authors of Ref. [78] point this
out, too, and reveal the role of impurities as another important factor. They determined
the aggregation line in “fresh” mixtures and in the same mixture but one or several days
later. While the aggregation phenomenon as such was reproducible, the values of the
thermodynamic variables of the solvent at which the aggregation sets in varied strongly
within one and the same sample.

In the same reference, a dependence of the aggregation line on the volume fraction η
of colloids is observed, whereas in Ref. [83] it is stated that the shape of the region in
thermodynamic space where aggregates are forming does neither depend on the colloidal
concentration nor on the colloidal radius. In Ref. [76] a dependence of the time scale of
the aggregation process on η is reported. The present analysis does not capture such a
dependence.

In conclusion, the results suggest that the critical Casimir force plays an important role
in order to explain the aggregation phenomenon in this region of the phase diagram of
the solvent. Yet, in order to be able to determine all relevant mechanisms and forces and
in order to obtain quantitative agreement between the experiments and the theoretical
results, for both further efforts are needed to provide more precise values of the relevant
quantities.

Despite the complexity of the considered systems and of the aggregation process de-
scribed above, in Refs. [87, 88, 89] the simple criterion κξt = ζ = 1 for aggregation is
discussed. Besides the criticism raised in Ref. [88], in the present analysis quantitative
support for this criterion is found. The discussed phenomena occur for values ζ ∼ 1,
which can be expected because for κ−1 ≫ ξt the electrostatic repulsion and for κ−1 ≪ ξt
the attractive critical Casimir forces dominate. Thus for κ−1 ∼ ξt phenomena which are
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related to the emergence of the critical Casimir forces are expected to occur. However,
there is no indication, that in general ζ = 1 acts as a threshold value. Actually, for
off-critical mixtures rather the competition of the three length scales κ−1, ξt, and ξh is
of importance and the repulsion strength amplitude A has a (minor) influence.

Finally, in Fig. 7.7 experimental data for the binodal of the water-lutidine mixture are
shown, which nicely agree with the functional form ωL − ωL,c = ±Bt,ω |t|β (gray line),
where β = 0.3256 and Bt,ω = 0.765. This shows that the present description, which is
symmetric w.r.t. ωL = ωL,c, is sufficient for the phase space region of interest here.
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8. Thermodynamics

In this chapter colloidal suspensions with phase-separating solvents are considered, which
are structural stable. That is, the corresponding effective pair potentials between the
colloidal solute particles, as given by Eq. (6.2) and discussed in Ch. 6, are repulsive at
short distances (i.e., the repulsion strength a = A/ (κR) is sufficiently large).

8.1. General discussion

This Section is concerned with the thermodynamics of actually ternary colloidal suspen-
sions with binary solvents such as water-lutidine mixtures which exhibit a closed-loop
two-phase region of demixed phases (each being rich in one of the two species). The
focus is on that region of this miscibility gap which is close to the lower critical point.
For fixed pressure, their thermodynamic states can be characterized by the temperature
T and the concentration ca of one of the species with the critical point

(
T

(s)
c , c

(s)
a,c

)
and

the liquid-liquid phase coexistence curve T (s)
cx (ca) in the absence of colloids. Upon adding

colloidal particles to such a solvent, for fixed pressure the thermodynamic space of the
system becomes three-dimensional spanned by T , ca, and, e.g., by the colloidal number
density ̺ (see Fig. 8.1; one can also choose, instead, the fugacity of the colloids). Ac-
cordingly, the closed-loop phase coexistence curve T

(s)
cx (ca) becomes a two-dimensional,

tubelike manifold Tcx (ca, ̺) with Tcx (ca, ̺ = 0) = T
(s)
cx (ca). It contains a line Cc of crit-

ical points (Tc (̺) , ca,c (̺)) which is the extension of the critical point of the solvent in

the absence of colloids, i.e., (Tc (̺ = 0) , ca,c (̺ = 0)) =
(
T

(s)
c , c

(s)
a,c

)
. For fixed tempera-

ture T = const, the set of pairs
[(

c
(1)
a , ̺(1)

)
,
(
c
(2)
a , ̺(2)

)]
of coexisting states given by

T = Tcx(ca, ̺) forms a curve Ccx (T ) in the (ca, ̺) plane, the shape of which depends on
the considered value of T (see Figs. 8.1(a) and (b)). In the phase diagram, two coexisting
states are connected by a straight, so-called tie line (see Fig. 8.1). (If one chooses the
fugacity of the colloids instead of ̺, one also obtains a tubelike manifold Tcx of phase
coexistence. However, in this case the horizontal tie lines lie in the plane of constant
fugacity, i.e., parallel to the (T, ca)-plane, because the coexisting phases share a common
fugacity of the colloids.)

As stated above, the two-phase loop of the pure solvent (i.e., for ̺ = 0, bounded by
T

(s)
cx (ca)) extends into the three-dimensional thermodynamic space of the actual colloidal

suspension (̺ 6= 0). Due to the presence of additional interactions and degrees of free-
dom one expects that the shape of this two-phase region (bounded by Tcx(ca, ̺)) is not
a straight but a distorted tube. The actual shape of Tcx (ca, ̺) is expected to depend
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Figure 8.1.: Sketch of the phase diagram for colloids immersed in a binary liquid mixture,
the latter exhibiting a closed-loop miscibility gap. The focus is on the region around the

lower critical point � (T
(s)
c , c

(s)
a,c, ̺ = 0) (see the lavender phase separation curve T

(s)
cx (ca) in

the (T, ca, ̺ = 0) plane). For fixed pressure corresponding to a liquid state of the system,
the thermodynamic space of the pure solvent is two-dimensional; here the representation
in terms of the temperature T and the concentration ca is chosen. Upon adding colloids
at fixed pressure the thermodynamic space becomes three-dimensional; here the colloidal
number density ̺ as additional thermodynamic variable is used. The miscibility gap of the
pure solvent in the (T, ca, ̺ = 0)-plane extends to a two-phase region in the three-dimensional
thermodynamic space and is bounded by a two-dimensional manifold Tcx (ca, ̺) of coexisting
states (not shown). The tube-like shape of Tcx (ca, ̺) is not straight but bent and twisted.
Its actual form is expected to depend sensitively on all interactions (i.e., the solvent-solvent,
the solvent-colloid, and the colloid-colloid interactions). Each state on Tcx (ca, ̺) coexists
with another one, both being connected by a horizontal and straight, so-called tie line (green
dash-dotted line). There is a line Cc (black curve) of critical points (some of which are
shown as black squares) embedded in Tcx (ca, ̺) which is the extension of the critical point(
T
(s)
c , c

(s)
a,c, ̺ = 0

)
. Cc is given by the states for which the tie line has zero length. The

projections of Cc (with selected critical points ”) onto the planes (̺, ca) and (T, ca) (with
+ as the projection of ”) are indicated as red dashed curves. For ̺ → 0 the bending of
the curve Cc can be inferred from scaling arguments (Eq. (8.1)). For colloidal suspensions
interacting via an effective potential which consists of a soft repulsion and the critical Casimir
attraction, the results of the effective approach suggest that, for intermediate values of ̺, Cc
bends up again (see Sec. 8.4). This bending is due to the specific properties of the critical
Casimir forces and is indicated in panel (a). Effective colloidal models render coexistence
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curves T
(eff)
cx (̺ | ca) which are explicit functions of ̺ only and depend parametrically on

the overall concentration ca (see panel (a) for three examples; the three vertical arrows in-

dicate thermodynamic paths describing the approach of the corresponding critical point ”

upon raising temperature). For suitable effective models and within a certain region of the

thermodynamic space (see main text), the critical points (×),
(
T
(eff)
c (ca) , ̺c (ca)

)
, of the

coexistence curves T
(eff)
cx (̺ | ca) are expected to approximate the projection of Cc onto the

(T, ̺)-plane. Within the effective approach a unique value ca is taken throughout the whole

system. In contrast, all three panels show that in general for T = const the coexisting phases

(i.e., the points connected by a tie-line) differ both in ̺ and ca. Thus the effective approach

has a limited applicability for determining the phase diagram. Experimentally, upon increas-

ing temperature one is able to determine a (in general nonplanar) coexistence curve [black

line in panel (c)] in the three-dimensional thermodynamic space. In panel (c), for a selected

critical value hc = (1− ca,c (̺) , ̺) [i.e., hc is a point on the red dashed line in the (̺, ca)-

plane] such a curve (black line), its projection onto the (T, ̺)-plane (mustard line), as well as

a selected tie line and its three projections are shown. Note that the tie line is not parallel

to the ̺-axis. This means that the coexisting phases differ with respect to ca, in contrast

to the aforementioned assumption of an unique value of ca for the effective one-component

description. Thus the mustard curve in panel (c) will in general differ from the corresponding

curve T
(eff)
cx (̺ | ca) in panel (a), even if the associated critical points are the same.

sensitively on all interactions present in the ternary mixture, i.e., among the colloidal
particles, between the colloidal and the solvent particles, and among the solvent par-
ticles. The relevance of the solvent-solvent interaction for the effective potential and,
accordingly, for the phase behavior of the effective colloidal system has been demon-
strated recently by Monte Carlo studies in which various kinds of model solvents have
been used [298]. It is reasonable to expect that this relevance transfers also to the
phase behavior of the full multi-component system. Such distortions of the phase dia-
gram relative to that of the underlying binary mixture do occur for ternary mixtures of
molecular fluids. For example, in Ref. [299] experimental studies of molecular ternary
mixtures containing various kinds of lutidines are reported. These studies show that
the upper and lower critical temperature for a closed-loop phase diagram can be tuned
by varying only the concentration of the third component and that the two-phase loop
can even disappear upon adding a third component. Similar experimental results are
reported in Refs. [300, 301]. Such complex phase diagrams can also be generated by
adding colloidal particles to the binary solvent, as can be inferred from corresponding
experimental studies [82, 81, 83]. In contrast to the molecular ternary mixtures, for the
latter kind of ternary mixtures a decrease of the lower critical temperature upon adding
colloids as a third component is reported.

Theoretical studies of bona fide ternary mixtures have so far been concerned with, e.g.,
lattice gas models [302, 303, 304] and (additive or non-additive) mixtures of hard spheres,
needles, and polymers [305, 306]. In these studies the constituents are of comparable
size, i.e., their size ratios are less than ten. The peculiarity of the kind of mixtures
considered here lies in the fact that the sizes of their constituents differ by a few orders
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of magnitude. This property distinguishes them significantly from mixtures of molecular
fluids. In contrast to molecular ternary mixtures, in colloidal suspensions the colloidal
particles influence the other two components not only by direct interactions but also
via strong entropic effects. This is the case because their surfaces act as confinements
to fluctuations of the concentration of the solvent and they also generate an excluded
volume for the solvent particles. The importance of considering the colloidal suspension
as a truly ternary mixture has been already pointed out in Ref. [98].

8.2. Scaling of the critical point shift

For dilute suspensions, i.e., for ̺ → 0, the shape of the line Cc of the critical points can
be estimated by resorting to phenomenological scaling arguments similar to the ones
given by Fisher and Nakanishi [171] for a critical medium confined between two parallel
plates separated by a distance L, see Sec. 3.3 and in particular Eq. (3.23). For a dilute
suspension, the mean distance ̺−1/d between colloidal particles plays a role analogous
to L. Close to the critical point of the solvent, due to ξt ∼ |t|−ν one can identify the
two relevant scaling variables w(1) ∝ |t|−βδ hb and w(2) ∝ |t|ν ̺−1/d and propose the
scaling property f (T,∆µ, ̺) ≃ |t|2−α

f
(
w(1), w(2)

)
of the free energy density, compare

with Eqs. (3.6). The difference ∆µ = µa − µb ∼ hb of the chemical potentials µa,b

of the two components a and b of the solvent acts as a symmetry breaking bulk field.
It turns out that the scaling variable w(3) ∝ |t|ν R associated to the radius R of the
solute particles is an irrelevant scaling variable, compare Eq. (3.5) and the discussion
thereafter. The critical points are given by singularities in f occurring at certain points(
w

(1)
c , w

(2)
c

)
. This implies that the critical point (Tc (̺) , hb,c (̺)) shifts according to

Tc (̺)− T (s)
c ∼ ̺1/(νd) and hb,c (̺) ∼ ̺βδ/(νd) (8.1a)

so that

ca,c (̺)− c(s)a,c ∼ ̺β/(dν) (8.1b)

with [1/ (νd)]d=3 ≃ 0.53 and [β/ (dν)]d=3 ≃ 0.17, compare Eq. (3.15b). This states that
in the presence of colloids the critical point occurs when the bulk correlation lengths
ξt and ξh [Eq. (3.10)] of the solvent become comparable with the mean distance ̺−1/d

between the colloids. Eqs. (8.1) valid in the limit ̺ → 0 have been derived by resorting
to scaling arguments for a slab. In a slab of width L a dimensional crossover occurs
from the spatial dimension d to (d− 1) for the limiting cases L → ∞ and L → 0,
respectively, see Sec. 3.3. In contrast, for the considered case of a bulk system consisting
of colloidal particles in a (near-critical) binary liquid mixture there is no limit, in which
the fluctuations would be restricted to a dimension lower than d = 3. Regardless of the
density ̺ of the colloidal particles they cannot lower the dimension, due to their strictly
finite size. Therefore no dimensional crossover is expected.

98



8.3. Effective one-component approach

8.3. Effective one-component approach

Integrating out the degrees of freedom associated with the smallest components of the
solution (here two) provides a manageable effective description of colloidal suspensions.
This kind of approach is commonly used, for instance, recently for studying large parti-
cles immersed in various kinds of model solvents [298] or in order to describe a binary
mixture of colloids immersed in a phase separating solvent [307]. However, this effective
description has only a limited range of applicability for investigating the phase behavior
of colloidal suspensions. For example, it fails in cases in which the influence of a set of
colloids on the solvent cannot be neglected or the (pure) solvent undergoes a phase sep-
aration on its own, as considered here. In the effective approach, the concentration ca of
one of the solvent species, averaged over the whole sample, enters as a unique parameter
into the effective interaction potential between the large particles, see the dependence
on Σ in Eqs. (3.26) and (6.2). However, generically (e.g., due to the adsorption prefer-
ences of the colloids) the concentrations c

(i)
a are different in the two coexisting phases

i = 1, 2 (see Fig. 8.1) and thus, for a proper description, one would have to allow this pa-
rameter, and hence the effective potential, to vary in space. Experiments have revealed1

[75, 76, 84, 85] that for suspensions very dilute in colloids with a phase separated solvent,
basically all colloidal particles are populating the phase rich in the component preferred
by the colloids (with concentration c

(1)
a ). In this case the actual effective attractive in-

teraction among the particles will be weaker than implied by the effective potential in
which only the overall concentration ca < c

(1)
a enters as a parameter. Recall that the

critical Casimir forces depend non-monotonously on ca and are strongest for ca . c
(s)
a,c,

see Ch. 5. Thus for c
(2)
a < ca < c

(1)
a the critical Casimir forces differ for each concen-

tration and are – for the typical situation considered here – in general weakest for c
(1)
a ;

c
(2)
a is the concentration in the other coexisting phase. Within the effective approach for

the colloids, one obtains, e.g., by means of density functional theory, coexistence curves
T

(eff)
cx (̺ | ca) which depend parametrically on the solvent composition ca ≈ c

(s)
a,c [or equiv-

alently, by making use of Eq. (3.20), on Σ as in Eq. (6.2)]. Since the effective potential
corresponding to this specific value of ca is used both for the one-phase region as well
as for both phases within the two-phase region, this implies that the tacitly assumed
corresponding physical situation is such that the composition ca is fixed throughout the
system as an external constraint. In particular the two coexisting phases do not differ
in their values of the concentration of the solvent particles but only in their colloidal
densities ̺(1) and ̺(2). Thus within the effective approach for determining the phase
behavior one of the essential features, i.e., the tendency of the solvent to phase separate,
is suppressed. Accordingly, it is not possible to construct the full coexistence manifold
Tcx(ca, ̺) on the basis of the curves T

(eff)
cx (̺ | ca) alone. Rather, the effective approach

is adequate as long as to a large extent the phase segregation involves only the colloidal
1 In these references also exceptions to the described behavior are discussed which, however, are not

relevant for the region of the thermodynamic space considered here. For high temperatures T > T
(s)
c

(recall that T (s)
c is a lower critical point) the colloids may populate the meniscus formed by the two

coexisting phases of the solvent, and for compositions rather different from the critical one the
colloids are homogeneously distributed in both coexisting phases (as long as they are soluble at all).
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8. Thermodynamics

degree of freedom, i.e., the values of ̺ differ in the two phases, but the values of ca are
nearly the same. Therefore the approximation Tcx (ca, ̺) ≈ T

(eff)
cx (̺ | ca) is valid in a

region of the thermodynamic space in which the actual tie lines happen to be almost
orthogonal to the ca-axis (see Fig. 8.1). For the phase diagram in terms of the variables
T , ca, and the fugacity of the colloids this latter condition implies that the tie lines have
to be sufficiently short.

For temperatures corresponding to the one-phase region of the pure solvent and for
an intermediate range of values of the colloidal number ̺ the effective one-component
approach might work well. On one hand ̺ should be large enough so that the competition
between the configurational entropy and the potential energy due to the effective forces
can drive a phase separation. On the other hand ̺ has to be small enough so that the
approximation of using an effective pair potential between the colloids is valid and the
influence of the colloids on the phase behavior of the solvent is subdominant. Given such
values of ̺ and T , the reduced second virial coefficient B∗

2 [Eq. (4.15)] is an appropriate
measure for the strength of the attraction and a useful indicator of the occurrence of
a phase separation into a colloidal-rich (“liquid”) and a colloidal-poor (“gas”) phase.
According to the discussion above, for values of the thermodynamic variables (i.e., the
values of T and ̺, and for the prescribed value of ca) which are approximately the
same as in the one-component approach, the ternary mixture is expected to exhibit a
phase separation. According to the extended law of corresponding states due to VLNF
the corresponding critical point should occur when B∗

2 reaches the critical value B∗
2,c ≃

−1.212 [Eq. (4.15)] of Baxter’s model. While the extended law of corresponding states
due to VLNF provides an empirical estimate for the values of parameters for which there
is a critical point, within density functional theory these parameters as well as the shape
of the phase coexistence curve can be calculated. Within the effective approach only
its dependence on the colloidal density number ̺ for globally fixed values of ca can be
determined.

8.4. Phase diagrams

Generically, in experiments the solvent composition and hence the associated quantity
m0 [Eq. (6.3)] is fixed and ζ ∼ |t|−ν is varied. In Fig. 8.2(a) for a solvent exhibiting a
lower critical point and for the parameter choices aT/T

(s)
c = 100, s = 10, m0 = −100,

−20, and −6, and ζ0 = 0.01, 0.05, and 0.1 [Eq. (6.2)] the coexistence curves T (eff)
cx (̺ | ca)

and the spinodals of the colloidal “liquid”-“gas” phase transition as function of the colloid
packing fraction η = (4π/3)R3̺ as obtained by the density functional theory presented in
Eq. (4.21) are shown. [Note that in accordance with Eq. (4.2) and (6.2) in the product aT
the explicit dependence on T drops out.] For the corresponding free energy FRPA given

in Eq. (4.22) the effective colloidal system phase separates if Ũa,0 <
(
Ũa,0

)
c
= −21.3.

This condition is satisfied provided the attractive part of the interaction potential is suf-
ficiently strong. Recall, that for the effective potential considered here attraction occurs
for T/T (s)

c = 1± (ζ/ζ0)
−1/ν → 1 [see Eq. (6.2)]. For a solvent exhibiting a lower (upper)

100



8.4. Phase diagrams

0.994

0.996

0.998

1.000

0.05 0.10
η

(a)

T
/T

(s
)

c

2.5

3.0

3.5

4.0

0.05 0.10
η

(b)

ζ
=

ζ 0
t−

ν

m0 =

-100

-20

-6

Figure 8.2.: (a) Phase coexistence curves T
(eff)
cx (̺ | ca) (full lines), spinodals (mean-field di-

vergence of χT , dotted lines), and the critical points T
(eff)
c (crosses) of an effective, one-

component system of large particles [Eq. (6.2)] as obtained by density functional theory
according to Eq. (4.21). The curves correspond to a solvent with a lower critical tempera-

ture T
(s)
c and to various fixed solvent compositions ca [m0 = −100 (red), −20 (green), −6

(blue)]. The other parameters are taken as ζ0 = 0.01 (�), 0.05 (◦), and 0.1 (△), s = 10, and

aT/T
(s)
c = 100. Close to the phase separation, the dominant temperature dependence is that

of the critical Casimir forces encoded in ζ
(
t = 1− T/T

(s)
c

)
= sgn (t)κξt (t) = sgn (t) ζ0 |t|−ν .

Therefore, in terms of ζ [see panel (b)] the curves in (a) for different values of ζ0 fall de
facto on top of each other, independent of whether the solvent has an upper or a lower
critical point. Within the integral equation approach only the spinodals have been deter-
mined [Percus-Yevick: dashed lines in (b), see the main text]. According to Eq. (6.3),(
ca − c

(s)
a,c

)−1
∼ m0 = ±∞ corresponds to the critical composition c

(s)
a,c. For solvent com-

positions which are somewhat poor in the component preferred by the colloids, i.e., for in-
termediate negative values of m0 ≃ −20, the critical Casimir forces are strongly attractive.
Therefore, for them small correlation lengths suffice to bring about phase separation; accord-
ingly the binodals occur at small values of ζ ∼ |t|−ν . Here only thermodynamic states of the
solvent which are in the one-phase region, i.e., t > 0, are considered.
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8. Thermodynamics

critical point the lower (upper) sign holds in the one-phase region of the solvent, within
which the effective approach is applicable. In this temperature limit the variation of a
[Eq. (4.2) and (6.2)] with T is subdominant and thus the dependence of FRPA on T/T

(s)
c

and ζ0 reduces to a dependence on ζ only. Accordingly, as can be inferred from the
comparison of Figs. 8.2(a) and 8.2(b), in terms of ζ for each value of m0 the coexistence
curves T (eff)

cx (̺ | ca) for different values of ζ0 fall de facto on top of each other. The differ-
ence between these curves is of the order of (ζ0/ζ)

1/ν [because T/T
(s)
c = 1± (ζ/ζ0)

−1/ν ],
which for the three values of ζ0 used in Fig. 8.2 is about the thickness of the lines shown
in Fig. 8.2(b). In terms of this presentation it does not matter whether the solvent
exhibits a lower or an upper critical point. Although spinodals are mean-field artifacts
(Sec. 4.3), they are presented also because they provide some indication about the lo-
cation of the binodal which encloses the former. Furthermore the spinodals carry the
advantage that the isothermal compressibility χT is the property of only one thermo-
dynamic state. Therefore, in contrast to the calculation of the binodal (which depends
on two coexisting phases), the calculation of the spinodal does not suffer from the non-
uniqueness of the effective potential in the case of phase coexistence. As discussed in
Ch. 4, based on formally exact relations the phase behavior can in principle be calculated
from the correlation functions obtained within the integral equation approach. Within
the so-called compressibility route [Eq. (4.13)] the spinodals, i.e., the loci of the mean-
field divergence of χT , are directly accessible. On the other hand, the binodals, i.e., the
loci of two thermodynamic states which at the same temperature have different pack-
ing fractions but the same pressure, are directly accessible via the so-called virial route
[Eq. (4.12)]. Because the calculation of the binodals (the spinodals) via the compress-
ibility route (virial route) requires thermodynamic integration, which is (in particular
in the present context) subtle, these calculations have not be performed. The spinodals
calculated by the compressibility route are shown as dashed curves in Fig. 8.2(b). For
the region of the thermodynamic space where the integral equation approach renders
solutions for the correlation functions, the calculations failed to find binodals, i.e., along
the pressure isotherms p (η;T = const) as calculated via the virial route there are no
two states with η1 6= η2 and p (η1;T ) = p (η2;T ). These observations can be explained
by the thermodynamic inconsistency of this integral equation approach. Due to the ap-
proximate bridge function, the binodals as obtained by two different routes need not to
coincide. The same observations are found within the hypernetted-chain approximation
within which the spinodals are shifted w.r.t. to the Percus-Yevick results to slightly
smaller values of ζ . Although within the integral equation approach the binodals could
not be determined, at least the loci of the obtained spinodals are similar to the ones
obtained from density functional theory.

Since the critical Casimir forces are strongest for slightly off-critical compositions
m−1

0 ∼
(
ca − c

(s)
a,c

)
. 0 the binodals (and spinodals) are shifted to smaller values of ζ

upon decreasing |m0| down to m0 ≃ −20. With a further decrease of |m0| the system
moves too far away from the critical point of the solvent so that the critical Casimir
force weakens and the spinodals shift again to larger values of ζ .

The critical value ηc of the packing fraction is rather small, i.e., ηc ≈ 0.07 (see Fig. 8.2),
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because the effective hard sphere diameter σ which results from the soft repulsion Urep

is larger than 2R. In terms of ησ = (σ/(2R))3η (defined after Eq. (4.22)) the critical
value assumes its RPA-value η

(RPA)
σ,c = 0.129. In Refs. [9, 308], the phase diagrams of

hard particles in the presence of smaller ones have been considered. The presence of
the smaller particles leads to an attractive depletion force between the larger particles.
Within an effective one-component approach fluid-fluid transitions have been found by
means of Monte Carlo simulations. For size ratios 0.1 . . . 0.8 the critical packing fraction
ηc of the large particles is about ηc ≃ 0.25 [308]. These binary hard-sphere mixtures
are different from colloidal suspensions considered here as well as the physical origin
of the attractive effective interaction potential between the large particles. However,
on the level of the effective one-component system, considering both systems as hard
particles interacting in addition via an attractive potential one can compare the resulting
phase diagrams. Because the results of the Monte-Carlo simulations are more reliable
than the random-phase approximation, one may conclude, that the reported critical
packing fractions in Fig. 8.2 are too small. Indeed, the random phase approximation
works well if the range of the attractive interaction is much larger than the range of
the repulsive interaction [262]. In the present case, the range of attraction is rather
small compared with the radius R of the colloidal particles. In such cases, however, the
Percus-Yevick closure works usually well. Therefore it is interesting to note, that the
spinodals obtained via the random phase approximation and the Percus-Yevick closure
are quite similar. The binodals shown in Fig. 8.2 are rather flat compared with, e.g., the
ones for hard spheres interacting via a short-ranged, attractive temperature independent
potential and described also by Eq. (4.22). In the present system, the deviation from the
critical temperature Tc which leads to a range of η for the coexisting phases as large as
shown in Fig. 8.2, is about 1‰, whereas for a system of hard spheres with an attraction
the corresponding temperature deviation is a few percent. For smaller values of ζ0 the
binodals are flatter and the differences of the critical temperatures for different values of
m0 are smaller [see Fig. 8.2(a)]. The requirement η−1/3 > (4π/3)1/3 (2 + ζ/s) (see Ch. 6)
concerning the validity of the pairwise approximation for the critical Casimir forces is
fulfilled for the whole range of values for η and ζ shown in Fig. 8.2; e.g., for s = 10
and ζ = 4 the above condition is η < 0.3. On the other hand, the other requirement,
ζ < 0.154s is clearly not fulfilled in this range of the the values of ζ .

The sketch of the phase diagram in Fig. 8.1 and the calculated coexistence curves in
Fig. 8.2 correspond to using the background potential with fixed parameters s and a.
In order to investigate the dependence of the locus of the phase separation on prop-
erties of the background potential, in the following the critical temperature T

(eff)
c =

T
(eff)
c

(
Σ, a, s, ζ0, T

(s)
c ,±

)
of the effective colloidal system as function of its arguments

(± is taken to be − and + for a lower and an upper critical point, respectively) is
discussed. According to the discussion above, to this end it is sufficient to deter-
mine ζ

(eff)
c (Σ, a, s). In Fig. 8.3 for fixed values of s and for specific values of ζ

(eff)
c

the contour lines a = a
(
Σ; s; ζ

(eff)
c

)
are shown. That is, for a colloidal system with

a background potential characterized by certain values of a and s, from the plot in
Fig. 8.3 one can read off the value of the difference of the chemical potentials of the
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Figure 8.3.: Attraction due to critical Casimir forces can induce a “liquid”-“gas” phase sep-
aration of the colloids. Within the effective approach described by Eq. (6.2) the dominant
temperature dependence is that of the Casimir scaling function encoded in ζ = κξt (t) ∼ |t|−ν .
The full curves correspond to density functional theory [Eq. (4.21)] and show for which values
of Σ and a corresponding to the solvent composition and the repulsive strength of the back-

ground potential, respectively, a given temperature (in terms of ζ) is the critical one T
(eff)
c

or ζ
(eff)
c . The contour lines a

(
Σ; s; ζ

(eff)
c

)
depend parametrically on s = κR where κ−1 is

the range of the background repulsion and R is the radius of the colloids. Systems, with their

parameters being located in the area below the contour line ζ
(eff)
c , are phase separated at

this temperature. This two-phase region expands to larger values of a with increasing ζ. For

a fixed value ζ
(eff)
c , a

(
Σ; s; ζ

(eff)
c

)
is largest for compositions slightly poor in the component

preferred by colloids, i.e., Σ . 0. In addition, the corresponding contour lines based on the

extended law of corresponding states due to VLNF B∗
2

(
ζ = ζ̃

(eff)
c ,Σ, a; s

)
= B∗

2,c for the

reduced second virial coefficient [Eq. (4.15)] are plotted as dashed lines. It is satisfactory to
see that both approaches provide comparable results.
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two components of the solvent (which is related to Σ) for which T
(eff)
c has a pre-

scribed value. The full curves are calculated within the density functional approach
[Eq. (4.21)] and are compared with the ones corresponding to the simple prediction

[Eqs. (4.14) and (6.2)] B∗
2

(
ζ = ζ̃

(eff)
c ,Σ, a; s

)
= B∗

2,c = −1.212, which also yields a re-

lation ζ̃
(eff)
c = ζ̃

(eff)
c (Σ, a; s). Both approaches differ only slightly. For given values of

ζ
(eff)
c and Σ the extended law of corresponding states due to VLNF predicts a smaller

critical value of a than obtained from density functional theory. The largest deviations
occur for slightly negative values of Σ, for which the critical Casimir forces are more
attractive. For all values of the parameters shown in Fig. 8.3 (i.e., a & 30), at small dis-
tances D the corresponding potentials exhibit repulsive barriers & 30kBT . For smaller
values of a, i.e., a . 15, this potential barrier disappears and the colloidal particles may
form aggregates, as discussed in Ch. 7 and see in particular Fig. 7.3.

The contour lines a = a
(
Σ; s; ζ

(eff)
c

)
attain their largest values for slightly negative

values of Σ, i.e., for Σ ≃ −2. This again reflects the asymmetry of the strength of
the critical Casimir forces with respect to the bulk ordering field hb in the presence
of symmetry breaking surface fields. In Fig. 8.3, for all parameter pairs (a,Σ) below
each contour line, characterized by ζ

(eff)
c , the corresponding system at the temperature

belonging to the value ζ
(eff)
c is phase separated. This two-phase region widens with

increasing values of ζ and it significantly expands to larger values of a, which is in line
with the fact that the critical Casimir forces become stronger upon approaching T

(s)
c . For

s = 10, upon increasing ζ
(eff)
c from 3 to 5 the largest critical value of a increases by two

orders of magnitude (compare the corresponding blue and green curves in Fig. 8.3). The
two-phase region can be markedly increased upon increasing s (compare the blue and
gray curves in Fig. 8.3 corresponding to ζ

(eff)
c = 3 with s = 10 and s = 50, respectively)

because for the phase separation the strength of the attraction is important; due to
U ∼ s [Eq. (6.2)] the latter can be easily tuned by varying s.

For the experimental studies reported in Refs. [82, 81] colloidal mixtures consisting
of silica spheres, water, and 2-butoxyethanol or lutidine have been used; with a ra-
dius R ≈ 11nm the colloidal particles have been rather small. Thus, a priori, the
effective approach, developed in Ch. 6 and discussed in Sec. 8.3, is not expected to
apply. Nonetheless, one can try to do so and estimate the critical temperature for
solutions containing such small particles by using the general scaling arguments pre-
sented in Sec. 8.2. At the critical temperature, the dimensionless scaling variable
w(3) = w

(3)
0 |t|ν R associated with the radius of the colloids takes on a certain value

w
(3)
c with w

(3)
c /w

(3)
0 =

∣∣∣
(
T

(s)
c − Tc (̺)

)
/T

(s)
c

∣∣∣
ν

R ≡ |tc|ν R (where w
(3)
0 is a non-universal

amplitude). On one hand the value of w(3)
c /w

(3)
0 depends on the specific components of

the colloidal suspension via the non-universal amplitude w
(3)
0 . On the other hand, see

Sec. 8.2, it depends on ̺ [or equivalently on hb, see Eq. (8.1)], via w
(3)
c with w

(3)
c as

function of w(2)
c [or w

(1)
c ]. Thus, the value of w(3)

c /w
(3)
0 varies along the line Cc of criti-

cal points. Because Tc (̺ → 0) → T
(s)
c one has w

(3)
c (̺ → 0) ∼

∣∣∣1− Tc (̺) /T
(s)
c

∣∣∣
ν

R → 0.
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However, there are no general theoretical estimates concerning which values w(3)
c 6= 0 are

attained for ̺ 6= 0. This lack of knowledge can be overcome by resorting to the results
obtained from the effective approach. Still this leaves open the issue, to which extent the
non-universal amplitude w

(3)
0 depends on the kind of colloids used. Within the present

analysis the dependence on the kind of solvent used is taken into account by adopting the
corresponding values for the non-universal parameters. Concerning the kind of colloids,
at least two main influences of the colloids on the solvent, i.e., the excluded volume and
the strong adsorption of one of the components, are taken into account via R and the
boundary conditions for the solvent order parameter at the colloid surfaces [i.e., hs = ∞
in Eqs. (3.29)], respectively. The non-universal amplitude may depend on the direct
colloid-solvent interaction, e.g., via a non-universal amplitude related to a finite surface
field hs < ∞. The direct interactions between the colloids can be expected to enter the
non-universal amplitude, too. Softly repulsive colloid-colloid interactions may be taken
into account by using an effective HS diameter σ [see, e.g., Eq. (4.17)] instead of 2R
(which, in turn corresponds to a non-universal amplitude w

(3)
0 proportional to σ/ (2R)).

For the solvents used, the relevant parameters are ξ0 ≈ 0.25nm and ζ0 ∼ 0.03. Choosing
s = 10 (see Sec. 6.1 and Fig. 8.2(a)) renders R = ξ0s/ζ0 ≈ 85nm. This value of R is
sufficiently large so that the aforementioned effective approach can be considered to be
reliable. From Fig. 8.2(a) the corresponding shift |tc| ∼ 0.001 can be read off which
leads to w

(3)
c /w

(3)
0 ≃ 1.094nm. By using this latter mean-field estimate and demand-

ing, that the such obtained value applies approximately to the experiments reported in
Refs. [82, 81] for the experimental value R ≈ 11nm of the radius of the colloidal particles

one thus obtains the shift |tc| =
(
w

(3)
0 R/w

(3)
c

)−1/ν

≃ 0.234. With the critical temper-

ature T
(s)
c ≈ 320K of the solvent [82, 81], this leads to Tc (̺) = (1− tc)T

(s)
c ≈ 310K.

Indeed, for such a temperature phase separation in the ternary mixture has been ob-
served although even lower critical temperatures Tc ≈ 300K have been reported [82, 81].
As stated above such an agreement for even small colloids could not have been antici-
pated from the outset.
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9.1. Outlook

In order to make a further progress in the understanding of the role of critical Casimir
forces for aggregation phenomena, advances concerning static and dynamical issues are
needed. In order to obtain more reliable quantitative results in the spatial dimension
d = 3, the dependence of the critical Casimir forces on the bulk ordering field hb should
be tested with Monte-Carlo simulation data. It is tempting to test the reliability of
the local functional approach both within the sphere-plane geometry and in the film
geometry for finite positive surface fields. In d = 3, for both cases the results can
be compared with corresponding Monte-Carlo simulation data provided by Refs. [227]
and [212, 213], respectively. Because the local functional approach is formulated for
general d, its results can also be compared with corresponding exact results in d =
2. Concerning finite surface fields, within the present specifications [Eqs. (3.32) and
(3.34)] the local functional approach is limited to positive, not too asymmetric boundary
fields, because it fails to describe properly an interface. Yet, it is worthwhile to test to
which extent this approach captures the deviations from the strong adsorption limit.
Because the formalism of the local functional approach is the same as for mean-field
theory, i.e., the minimization of a suitable functional, it seems plausible that a ‘rescaling’
property of quantities in films subject to finite surface fields onto corresponding fixed
point values, as observed for d = 4 [214], can be found within the local functional
approach also for d = 3. Such a property could help to analyze experimental data and
to allude to which extent substrates used in experiments fulfill the strong adsorption
limit. If in different situations the local functional approach proofs to yield results
similar to Monte Carlo simulations, it is a versatile tool for quantitative comparisons
of theoretical predictions with experimental data, because the local functional approach
is substantially less computational demanding than Monte Carlo simulations. With
the f3dm-library a powerful tool for numerical minimization of functionals in complex
geometries is available [309], see also Ref. [231]. For hb = 0, in various studies the
rich crossover behavior of the critical Casimir force between two plates with asymmetric
finite surface fields has been revealed. However, in that crossover regime the strength
of the critical Casimir force is notable smaller than for the strong adsorption limit. In
order to increase the strength of the critical Casimir force in this crossover regime of
finite surface fields, slightly off-critical compositions of the critical medium could be
used, because for these the critical Casimir forces are stronger than for the critical
composition. In d = 3 and for weak surface fields (and hb = 0), both theoretical results
[212, 213] and experimental data [46] for the critical Casimir force are available, but
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a quantitative comparison is lacking. Such a comparison would be needed in order
to make use of the tunability of critical Casimir forces via surface fields in potential
applications. To this end also a deeper understanding of the relation between the scaling
variables associated to the surfaces and experimentally accessible, microscopic quantities
is required. Insights to this issue could be gained from the microscopic and the surface
field-mixing considerations presented in Refs. [249] and [184], respectively, as well as from
a comparison of the universal scaling functions of the critical Casimir force with effective
potentials between solute particles obtained from microscopic calculations. For a near-
critical model solvent (composed of particles interacting between each other via a hard
core repulsion and an attractive square well potential), effective interaction potentials
between two spherical particles which interact with the solvent particles (in addition to
the hard core repulsion) via attractive or repulsive square well potentials with various
interaction strengths have been obtained by Monte Carlo simulations [310].

The study of the process of aggregation of colloidal particles due to the critical Casimir
forces and of the structure of the resulting clusters demands a dynamical description.
Even the critical dynamics of the order parameter profile in a fixed configuration of
confinement is already a challenge by its own, see, e.g., Refs. [311, 231, 312] and refer-
ences therein. Inter alia, each bulk universality class splits up into several dynamical
universality classes and the relaxation time trx ∼ |t|−νz diverges upon approaching the
bulk critical temperature. trx describes the temporal persistence of order parameter
fluctuations and z is the universal dynamical critical exponent. Further, for the detailed
description of the clustering, the non-additivity of the critical Casimir forces as well as
hydrodynamic interactions, which are non-additive, too, have to be taken into account.
Within mean-field theory, for two spherical particles in front of a planar wall, the many-
body contribution to the total critical Casimir force can reach up to 25% [313]. Thus,
for the precise description of the aggregation of colloidal particles in near critical sol-
vents one is faced with the collective motion of solute particles which interact between
each other via long-ranged many-body forces mediated by two coupled, slowly relaxing
fields. Because the theoretical analysis of the reported experimental data of turbidity
measurements requires a dynamical approach and in several experimental studies dy-
namical structure factors have been reported, it seems to be justified to address this
challenging problem theoretically and with suitable computer simulations. (For a list of
experimental studies see Ch. 2.) For the static structure factor, the approach reported
in Ref. [188], which has been concerned for critical films with ordinary-ordinary bound-
ary conditions, provides a starting point. It needs to be checked to which extent this
approach can be applied to symmetry breaking boundary conditions and to non-planar
boundaries.

Recently, it has been shown, that the critical Casimir force between a colloidal particle
with (+) boundary condition and a patterned substrate of stripes with (+) and (−)
boundary conditions can change its sign as function of the distance between the particle
and the substrate. For certain realizations this leads to a stable levitation of the colloidal
particle above the substrate, which is purely due to the critical Casimir effect, and the
height can be tuned sensitively with temperature [55]. In the work only the critical
composition (i.e., hb = 0) has been considered. For a given (experimental) pattern it
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may help to use the bulk field as additional tunable parameter of the critical Casimir
force, in order to adjust the conditions of stable levitation at a desired height.

Concerning the thermodynamic properties of colloidal suspensions with near-critical
solvents a multicomponent theory (beyond the effective approach) is needed, as dis-
cussed in Ch. 8. One of the challenges thereby is to construct a suitable theory, which
accounts for all relevant degrees of freedom, i.e., the ones of the solvent particles and
the ones of the large solute particles and takes care about the sizes of the particles of
different species, which differ by several orders of magnitude. Standard theories of mix-
tures, which treat the different species on the same level, encounter problems in such
cases as has been observed in calculations of the effective potential between two large
solute particles [314]. The results obtained from the Ornstein-Zernicke approach (within
the RPA-closure), which treats both components on the same footing, underestimate
extremely the strength of the effective potential compared with the results of a density
functional approach using the insertion method [19], within which one large solute par-
ticle acts as an external potential. However, concerning bulk thermodynamic properties
the density functional approach may be faced with similar problems as the Ornstein-
Zernicke approach, because in the corresponding calculations the large solute particles
cannot be treated anymore as an external potential. To which extent such a failure
arises and how it can be circumvented needs to be investigated. Further, the proper
treatment of the attractive interactions among the small particles of the solvent is a
subtle issue, even for calculating the free energy of solvation for a big particle [22, 23].
The large size difference of the particles of the different species obviously enters into
the total entropy and the interaction energy between particles of different kinds. But
furthermore, this size difference has also entropic effects on the total interaction energy
of the (smaller) particles of the solvent. This coupling has been revealed in a density
functional treatment of a binary mixture of hard particles and particles which interact
among each other via a softly-repulsive pair potential [315]. It is straightforward to
extend this density functional to a mixture of several species of ‘soft’ particles. Such a
mixture of ‘soft’ particles can exhibit a fluid-fluid demixing transition and may serve as
a toy model for a phase-separating solvent. In the binary mixture of hard particles and
‘soft’ particles, depletion forces between the hard particles due to the presence of the
latter may drive a phase separation. This kind of phase transition is well studied, see
e.g., Ref. [315] and references therein, and has been recently studied in the presence of
a fixed matrix of quenched hard particles [316]. For the binary Asakura-Oosawa model
(within which the particles of one kind do not interact with each other and the particles
of the other kind expose a hard core repulsion) and particles of similar sizes, differences
in the phase diagrams obtained from the effective one-component description and of the
full binary mixture have been revealed by Monte-Carlo simulations [317].

Within field-theoretical methods, microscopic structures, such as packing effects of
hard particles, get lost. Nonetheless, suitable coarse-grained field theories are promising
to have the potential to allude to the generic features of colloidal mixtures with phase-
separating solvents. A systematic coarse-graining scheme, within which microscopic and
mesoscopic fluctuations can be incorporated has been recently developed [318, 295] and
applied to ionic systems [319]. It is reasonable to assume that the considered colloidal
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suspensions, consisting of spherical solute particles and a phase-separating solvent, be-
long to the Ising universality class. If it is so, the critical behavior of these suspensions
would be given by the same description of the singular bulk free energy, Eq. (3.5), and
the same effective field theory, Eq. (3.29), as the critical solvent. The difference would
be, that the corresponding order parameter Φ will be a function of both the concen-
tration ca of the solvent as well as the density of the colloidal particles, Φ = Φ (ca, ̺).
An analogous effect has been explored in near-critical solvents containing ions. For such
mixtures, the critical field is a combination of the concentration of the solvent and the
density of the ions [288]. This issue could be also further explored within the concepts
of field-mixing and complete scaling (for the case of simple fluids, see, e.g., Ref. [118]
and references therein).

More complex colloidal suspensions offer a broad field of activity for further research,
for example a mixture of colloidal species with different adsorption preferences for the
solvent particles. According to Gibbs’ phase rule, for such a four-component system (a
binary mixture of colloids in a binary solvent) at constant pressure a two-dimensional
manifold of critical points embedded in a three-dimensional manifold of coexisting states
in the (then four-dimensional) thermodynamic space can be expected. Recently, such a
mixture was studied experimentally [307]. In this study, concerning the effective inter-
action potential of the critical Casimir forces between the colloids the attractive (+,+)
boundary conditions and the repulsive (+,−) boundary conditions were realized for col-
loidal particles of the same kind and for particles of different kind, respectively. In line
with an effective density functional approach, upon approaching the critical tempera-
ture of the solvent there are indications that these two kinds of particles phase separate.
Another kind of more complex colloidal suspensions is provided by non-spherical solute
particles immersed in near-critical solvent. Such particles may have rod-like shapes or
can be so-called Janus particles. The latter have different adsorption preferences at op-
posing sides. A study of Janus-cylinders within the effective approach has explored not
only the possibility of a phase segregation in colloidal-rich and colloidal-poor phases,
but also that in the nematic phase the critical Casimir forces induce an orientational
order, such that the faces of the Janus-particles with the same adsorption preference
face each other [320]. The addition of ions to near-critical colloidal suspensions offers
further perspectives. It has been shown both theoretically [288, 289, 290, 291, 292] and
experimentally [287] that the strength of and even the sign of the effective force between
solute particles in near-critical solvents is sensitive to the amount of added salt and
that the ions couple to the fluctuations of the order parameter associated to the solvent.
Therefore, it can be expected, that the presence of ions modifies the phase behavior
of such mixtures, although certain bulk critical properties of the pure solvent (without
colloids) are hardly affected by salt [287, 297]. Recently the large scale structure of a
solvent containing impurities has been analyzed by means of general properties of the
direct correlation function [321]. It has been shown that only impurities of anions and
cations which differ sufficiently in their sizes alter the large scale structure of the solvent.
If such impurities are present, the solvent becomes non-uniform upon increasing its bulk
correlation length. If it turns out that such conditions can be realized in experiments,
the effective force between two solute particles in such a structured liquid solvent is of
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interest and how the presence of the (molecular) aggregates influences the assembly of
immersed larger colloidal particles.

In general, a flexible confinement is of interest. In such a case there is an interplay
between the flexible confinement the shape of which determines the effective force acting
between the boundaries with this effective force which in turn affects the shape of the
boundary. Such conditions could be met in colloidal suspensions which are dense in
colloidal particles. If the particles are jammed or in an glassy state, the effect of this
non-trivial confinement to the critical behavior of the binary liquid solvent could be
investigated or, in turn, whether the attractive critical Casimir forces could induce a
glassy state to dense colloidal particles. Experiments have been reported which addressed
the structure of silica hydrogels [322] and the influence of a fractal network of silica
particles on the demixing of the 2,6-lutidine-water mixture, which served as solvent
[323]. In Ref. [324] scattering methods have been used to investigate silica particles
immersed in 2,6-lutidine-water mixture. A structural arrest of the solute particles and
a glass transition has been reported. Related to those issues, it seems worthwhile to
study critical phenomena of binary liquid mixtures confined by porous media [325].
Measurements of the specific heat in such a confinement has been reported in Ref. [326].
In the non-equilibrium state of granular matter [327] there are also fluctuations on large
spatial scales, the confinement of which results in Casimir-like effective forces [328, 329].
The mutual interplay between geometry and phase transitions has been studied also in
Ref. [330], addressing complete wetting of a flexible substrate.

Within the scope of nanofluids, i.e., fluids containing nanometer-sized structures, such
as hard particles or soft entities, near-critical solvents open new perspectives. Nanoflu-
ids raise fundamental questions for basic research and are exploited in a wide array of
applications [331]. On one hand, it is intrigue to observe and investigate critical phe-
nomena with nanometer sized particles. On the other hand, critical phenomena offer a
richness in order to tune the properties of nanofluidic devices. For example, the shape of
a nanometer-sized droplet or film (formed by a binary liquid mixture) will be altered by
critical fluctuations, as well as the self-assembly of immersed nano-particles. A wealth
of phenomena can be expected by exposing near-critical nanofluids to confinement. The
implications and the potential of wetting phenomena in the broader field of nanofluidics
have been recently emphasized [332].

———————–

9.2. Summary

In the present study colloidal suspensions with the solvent which phase separates has
been explored theoretically. In typical experimental realizations such a solvent is a
binary liquid mixture which exhibits a miscibility gap. Close to its critical demixing
point long-ranged fluctuations of the corresponding order parameter emerge. These
critical fluctuations drive the divergence of the bulk correlation length ξ and the system
becomes scale invariant (Sec. 3.2). Exposing the near-critical medium to boundaries
perturbs the fluctuating order parameter near the confining surfaces on the scale of
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ξ and restricts the spectrum of its thermal fluctuations (Sec. 3.3). These restrictions
result in a modified critical behavior, for example, in confined geometries the critical
temperature is shifted w.r.t. the bulk. Since these alterations depend on the spatial
configuration of the confinements they result in an effective force between the confining
surfaces which is called the critical Casimir force (Sec. 3.4). Colloidal particles act as
cavities in the fluctuating, near-critical solvent and thus the critical Casimir forces act
between these solute particles in addition to regular background forces (Sec. 4.1). For
colloidal particles with the same adsorption preferences to one of the two species forming
the binary liquid mixture, the so-called (+,+) boundary conditions apply and the critical
Casimir forces are attractive. This attraction due to the critical Casimir forces can be
easily controlled by the reduced temperature deviation t = (T

(s)
c − T )/T

(s)
c from the

lower critical temperature T
(s)
c of the solvent and provides a versatile mechanism in

order to manipulate the collective behavior of colloidal particles with number density
̺. For certain circumstances, the presence of the solvent can be treated in an implicit
way via parameters in an effective contribution to the pair potential of the colloids.
Standard liquid state theory can be applied to such effective, one-component systems of
colloidal particles in order to describe their structure (Sec. 4.2), their thermodynamic
properties (Sec. 4.3), and their stability (Sec. 4.4). The present study has elaborated
on the limitations of the applicability of this effective approach to colloidal suspensions
with phase-separating solvents. The main results of this thesis concern the dependence
of the critical Casimir forces on the composition of the solvent (Ch. 5), the structure
and stability of dilute colloidal particles in near-critical solvents (Ch. 7), and the phase
behavior of colloidal suspensions with phase-separating solvents (Ch. 8), and can be
summarized as follows.

For spatial dimensions d = 4 and d = 3 the critical Casimir forces in a slab with (+,+)
boundary conditions have been calculated (Secs. 5.1 and 5.2, respectively) and have
been discussed in terms of the corresponding universal scaling function1 ϑ(d), Eq. (3.25).
For spatial dimension d = 4, mean-field theory (Sec. 3.5.1) is exact and ϑ(d=4) has
been calculated for the whole range of the thermodynamic control parameters t and
hb, where hb is the bulk field conjugated to the order parameter Φ. For the case of a
binary liquid mixture hb is related to the difference of the chemical potentials of the
two species. In Figs. 5.1 and 5.2 the variation of ϑ(d=4) along specific thermodynamic
paths is shown. The critical Casimir forces are weakest for temperatures corresponding
to the bulk coexistence region and compositions rich in the preferential phase, i.e., for
t ≤ 0 and hb ≥ 0. Upon turning from the positive branch of the critical isotherm
(t = 0, hb > 0) to the positive branch of the critical isochor (t > 0, hb = 0) and further
to the negative branch of the critical isotherm (t = 0, hb < 0), the critical Casimir force
becomes significantly stronger. For binary liquid mixtures the latter corresponds to
compositions ca . c

(s)
a,c which are slightly poorer in the component adsorbed by the

colloidal particles than the critical composition c
(s)
a,c. Capillary condensation occurs for

1In the summary, in favor of an easier reading, the indices ‖++ and �� indicating the film geometry
and the sphere-sphere geometry, respectively, with (+,+) boundary conditions, as they are present
in the main text, have been dropped.
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t < 0 and at bulk fields h
(cx)
b (L) < 0. For thermodynamic state points for which in the

bulk the (−) phase is present, whereas in the film predominantly the (+) phase is present,
i.e., for t < 0 and h

(cx)
b < hb < 0, the effective force between the two walls is strongest.

Upon crossing h
(cx)
b the effective force exhibits a jump to significantly smaller values in the

predominantly (−) phase then in the predominantly (+) phase. For the experimentally
relevant case, spatial dimension d = 3, the (semi-empirical) local functional approach
(Sec. 3.5.2) has been evaluated for temperatures t > 0 (corresponding to the bulk one-
phase region) and for bulk fields hb 6= 0. In d = 3 the critical Casimir force exhibits
the same qualitative features as in d = 4, see Fig. 5.3. The increase of the strength∣∣ϑ(d)

∣∣ of the scaling function of the critical Casimir force upon turning from the critical
isochor towards the critical isotherm is even stronger in d = 3 than in d = 4. An
approximation, Eq. (5.6), is proposed and discussed in order to estimate the dependence
of the critical Casimir force on the bulk field hb in spatial dimension d from available
results for spatial dimension d′. This approximation is applied to d = 3 and d′ = 4. As
can be inferred from Fig. 5.3, for not too strong bulk fields this approximation compares
well with the results obtained from the local functional approach. The comparison
with available data [185] for the critical Casimir force in d = 2 reveals that for d = 2
and d′ = 4 the approximation underestimates extremely the strength of the critical
Casimir force. For the comparison along an isotherm, t = const > 0, see Fig. 5.4. The
quantitative mismatch for d = 2 and d′ = 4 can be expected, because for d′ = 4 the
approximation given in Eq. (5.6) can be seen as the lowest order contribution of an
expansion in ǫ = 4− d of the dependence of ϑ(d) on hb. By making use of the Derjaguin
approximation [Eq. (3.27) and (3.28)], the critical Casimir force between two spherical
particles which are close to each other can be obtained from the results corresponding to
the film geometry. In Fig. 5.5 the scaling functions Θ(d=3)

Derj of the corresponding potential
resulting from the functions ϑ(3) obtained by using both the local functional approach
and the dimensional approximation are compared. The quantitative differences between
corresponding results of the two approaches are larger for Θ(d=3)

Derj than for ϑ(3) in the film
geometry. For d = 4, preliminary results of numerical calculations of the critical Casimir
force in the full sphere-sphere geometry are available [285]. In Fig. 5.6, these results for
the critical Casimir force at fixed temperature t > 0 and for different particle separations
D as function of the bulk field hb are compared with the corresponding curve obtained
from the Derjaguin approximation. These curves exhibit the same gross features, which
are the monotonic decay towards zero for increasing values hb ≥ 0 and a pronounced
minimum for slightly negative bulk fields. The results of the Derjaguin approximation,
which corresponds to D → 0, are in line with the general trends observed from the
preliminary data for the critical Casimir force upon decreasing the distance D.

In Ch. 6, a generic effective one-component description for colloidal particles immersed
in a near-critical solvent is introduced and discussed. Within this approach the presence
and influence of the solvent enters through the parameters of the effective pair potential
between the monodisperse colloidal particles of radius R. The considered effective pair
potential, Eq. (6.1), consists of the critical Casimir contribution, Eq. (3.26), plus a
regular background potential. For the latter a generic, softly repulsive contribution,
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Eq. (4.1), with strength A and acting on a length scale κ−1 is adopted. In Sec. 6.1,
the ranges of the values of the parameters entering into the effective potential which
correspond to possible experimental realizations are discussed. The competition between
the repulsive and the tunable attractive contributions to the effective pair potential leads
to a variety of possible shapes of this potential, see Fig. 6.2.

Concerning the structure of the effective one-component colloidal system, the Ornstein-
Zernicke equation (4.3) has been solved numerically by making use of the Percus-Yevick
and the hypernetted-chain closure [Eqs. (4.9) and (4.10), respectively]. In Figs. 7.1
and 7.2 the radial distribution function g (r) for two different, experimentally realiz-
able parameter sets (a = A/s, s = κR,m0) and various temperatures [in terms of ζ =

κξ (t, hb = 0)] is shown. m−1
0 ∼ ca − c

(s)
a,c is related to the composition of the solvent

[Eq. (6.3)]. Close to the surface of a colloidal particle (r & 2R) a peak develops upon
approaching the critical temperature T

(s)
c (i.e., for increasing values of ζ), reflecting the

increasing attraction due to the critical Casimir force. This indicates the presence of
a pronounced short-ranged order and that the formation of colloidal dimers is favored.
Concerning the structural stability of colloidal suspensions with near-critical solvents,
two different mechanisms have been identified, see Secs. 7.2 and 7.3. The solute parti-
cles may stick together in contact with each other due to attractive short-ranged surface
forces. The stability ratio W ∼ tpair/tdiff [Eqs. (4.19) and (4.20)] is a measure for the
strength of a repulsive barrier which prevents such kind of coagulation. The time scales
tpair and tdiff are related to the pairing of two colloids and to the diffusion of a single par-
ticle, respectively. Rapid coagulation is expected to set in for W < 1. The emergence of
the attractive critical Casimir forces can reduce and diminish a present repulsive barrier.
Within the described effective model, W has been calculated. In Fig. 7.3 the contour
lines W = 1 are shown for various temperatures (in terms of ζ) and various values of
s = κR in the space spanned by the parameter a = A/s of the strength of the back-
ground repulsion and by the bulk ordering field hb [in terms of z = 1/ (κξ (t = 0, hb))].
This shows that the critical Casimir force can lead to rapid coagulation. The coagula-
tion region extends to larger values of a for hb . 0 because the critical Casimir forces
are stronger for compositions of the solvent slightly poor in the component preferred
by the colloids. The variation of W with temperature at fixed solvent composition,
as it is typically realized in experiments, is shown in Fig. 7.4. W rapidly decreases
to W < 1 upon approaching the critical temperature via the disordered phase. This
implies that the aggregation should set in within a narrow temperature interval. For
cases in which a repulsive barrier remains (W > 1), clustering of the solute particles can
appear, too, because of a deep attractive minimum in the effective pair potential. For
such situations, the results obtained from the effective model has been compared with
experimental data in Sec. 7.3 thereby concentrating on the second virial coefficient B2,
Eq. (4.14). In Figs. 7.5 and 7.6, for the critical and for an off-critical composition, re-
spectively, the variation of the second virial coefficient B2 upon decreasing the distance t
from the critical temperature T (s)

c of the solvent as obtained within the effective model is
compared with experimental data [80]. For both, the theoretical results and the experi-
mental data, upon decreasing t the virial coefficient B2 decreases towards large negative
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values. Due to extremely large experimental values of |B2| also far away from T
(s)
c , the

origin of which is not clear, the quality of the quantitative comparison is limited. For
the off-critical composition, the critical Casimir force can become stronger than at the
critical composition. However, it attains a relevant strength only closer to the critical
temperature T (s)

c of the solvent and for the same temperature t it has in general a shorter
spatial range than for the critical composition. Therefore, for the same value of t, the
total attraction due to the critical Casimir forces can either be smaller or larger for an
off-critical composition compared with the critical one. Accordingly, as can be seen in
Fig. 7.6, B2 can be less or more negative, respectively. For the experimental data of
Ref. [80] there is no visible dependence on the composition of the solvent, which could
be due to this crossover behavior. The issue whether a relationship can be established
between the onset of aggregation and a specific quantity which is accessible both theo-
retically and experimentally has been addressed. To this end, for thermodynamic state
points at which in experiments [76] aggregation sets in B2 has been calculated within
the effective model. For the state point farthermost from the critical point, within the
present approach, the critical Casimir forces cannot be the driving force. Regarding
the other state points, to a certain extent the corresponding B2-isolines agree with each
other and with the possible shape of the aggregation line, see Fig. 7.7. Concerning the
quantitative discrepancies various possible explanations has been discussed, see Sec. 7.3.

A general discussion of the phase behavior of a ternary mixture consisting of colloidal
particles and a binary solvent which exhibits a miscibility gap is given in Sec. 8.1 and
it is illustrated in the sketches in Fig. 8.1. For such suspensions dilute in colloidal
particles, scaling arguments for the shift of the critical temperature for ̺ → 0 are
given in Eq. (8.1). In Sec. 8.3 the relationship between the full description and the
one which is based on an effective, one-component colloidal fluid is discussed in detail.
For certain regions of the three-dimensional thermodynamic space (T, ca, ̺) of a ternary
mixture, the effective one-component model is applicable for obtaining the onset of
phase separation (see Sec. 8.3). Both within density functional theory (and applying the
random phase approximation), Eq. (4.21), and the integral equation approach (Secs. 4.2
and 4.3), for particles interacting via the effective pair potential given in Eq. (6.2)
the phase coexistence curve and the spinodal (i.e., the loci where within mean-field
theory the isothermal compressibility χT diverges) have been calculated. In Fig. 8.2 the
coexistence curves for various values of ca−c

(s)
a,c ∼ m−1

0 are shown. Both approaches yield
similar results for the spinodals, although the spinodals as obtained by using the density
functional theory approach are narrower and are located slightly further away from the
critical temperature T (s)

c of the solvent than the ones obtained from the integral equation
approach. In Fig. 8.3 the dependence of the critical temperature of the effective one-
component system (expressed in terms of ζ (eff)c ) on the parameters a = A/s and s = κR
of the background potential and on the bulk field hb of the solvent is shown. For a given
value of a, ζ (eff)c is smallest for slightly negative values of hb. The critical temperature
has been calculated within density functional theory and compared with the simple
prediction B∗

2 = B∗
2,c as suggested by Vliegenthart and Lekkerkerker [267] and Noro and

Frenkel [268]; B∗
2 is the reduced second virial coefficient, Eqs. (4.14) and (4.15), and B∗

2,c
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is the critical value of Baxter’s model. Both approaches yield good agreement. In an
experimentally study [82, 81] a shift of the critical temperature |Tc (̺)− T

(s)
c | ∼ 20K in

the presence of rather small (R = 11nm) colloidal particles with number density ̺ w.r.t.
the critical temperature T

(s)
c = Tc (̺ = 0) of the solvent has been observed. By making

use of the results obtained from the effective model and of general scaling arguments
this order of magnitude of the shift can be estimated.

These results show that the critical Casimir forces can induce reversible structural
instabilities to colloidal particles immersed in near-critical solvents. The phase behavior
of such suspensions has been discussed and it has been stressed that concerning the full
phase diagram of these colloidal suspensions the separation of length scales associated
with the solvent and with the solute particles does not hold. That is, a full description of
the multicomponent mixture, beyond the effective one-component colloidal description,
is needed which takes the degrees of freedom of both the solvent and the solute colloidal
particles into account. In Sec. 9.1 potential approaches in order to address open issues
are sketched and possible directions for future research related to the topics of this thesis
are drawn.
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A. Bulk critical properties within

Landau theory

Within Landau theory for bulk critical phenomena (which is a mean-field approximation)
the singular part of the (reduced) bulk free energy density fsgl is the Hamiltonian density
h given in Eq. (3.29b) and the order parameter in the bulk attains a constant value. It
is appropriate to introduce the reduced quantities [222]

M =

√
g

6
Φ and H =

√
g

6
hb, (A.1)

In terms of these, the equation of state is

∂ fsgl
∂Φ

= τΦ +
g

3!
Φ3 − hb = (6/g)1/2

{
τM +M3 −H

} !
= 0, (A.2)

and accordingly the bulk order parameter is [222, 333]

Φb (τ, hb, g) =

{
sgn (hb) (2τ/f − f/g) D ≥ 0

sgn (hb) 2b
1/2/g cos

[
1
3
arccos

(
−ab−3/2

)
− π/3

]
D < 0

(A.3)

where a = 3g2 |hb|, b = 2g |τ |, D = a2 + sgn (τ) b3, and |f | =
∣∣∣−a +

√
D
∣∣∣
1/3

with

sgn (f) = sgn
(
−a +

√
D
)
. In particular Mb (τ,H) =

√
g
6
Φb (τ, hb, g) attains the values

Mb (τ,H = 0) =

{
0 τ > 0

± |τ |1/2 τ < 0
and Mb (τ = 0, H) = sgnH |H|1/3 . (A.4)

In general, M (τ,H) = Mb (− |τ | , H = 0)G± (Σ = sgn (τH) ξt/ξh) where the scaling
function G± depends on the sign of τ and is

G± (Σ) =

{
sgn (Σ)

√
8 cos

[
arccos

(
−0.5 |Σ/U±|3

)
/3− π/3

]
, |Σ| < sgn(−τ)

21/6

sgn (Σg̃± (Σ))
√
1/6

(
2 sgn (τ) |g̃± (Σ)|−1/3 − |g̃± (Σ)|1/3

)
, else

(A.5)

where g̃± (Σ) = −21/2 |Σ/U±|3 +
[
2 |Σ/U±|6 + sgn (τ) 23

]1/2
and U± = ξ

(0)
± /ξ

(0)
+ depends

on the sign of τ From Eq. (A.4) the mean-field values for the critical exponents (β)MFT =
1/2 and (δ)MFT = 3 can be read off [compare their definition Eq. (3.9), the values given in
Eq. (3.15a), and the scaling relations in Eqs. (3.14)]. Within mean-field theory the bulk
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A. Bulk critical properties within Landau theory

correlation length ξ (t, hb) is given by ξ2 = 1/f(2), where f(2) ≡ ∂2fsgl/∂Φ
2 [139, 222, 32].

Accordingly,
ξ =

[
τ + (g/2)Φ2

]−1/2
=

[
τ + 3M2

]−1/2
, (A.6)

and in particular

ξ+ = ξ (t > 0, hb = 0) = τ−1/2 (A.7a)

ξ− = ξ (t < 0, hb = 0) = (−2τ)−1/2 (A.7b)

ξh = ξ (t = 0, hb ≶ 0) = 3−1/2 |H|−1/3 . (A.7c)

From Eqs. (A.7) the value (Uξ)MFT =
√
2 of the universal amplitude ratio within mean-

field theory is obtained, compare (3.16), as well as (ν)MFT = 1/2 and [ν/ (βδ)]MFT =

1/3, compare Eq. (3.10). Further one obtains the non-universal amplitude ξ
(0)
h =

(9g/2)−1/6 and the mean-field relation Btξ
(0)
t =

√
6/g, which is specific to the Landau

model. Combining Eqs. (A.3) and (A.6) one obtains the scaling function I [Eq. (3.11)]
within mean-field theory.

I (Σ) = U±

[
3 |G± (Σ)|2 + sgn (τ)

]−1/2
. (A.8)

Finally the result ς/ (kBT ) = 4
√
2g−1

(
ξ
(0)
t

)−3

|t|3/2 [334, 335] for the surface tension

ς = ς0 |t|µ, where µ = (d− 1) ν [Eqs. (3.13) and (3.14)] within Landau theory is reported.

The universal ratio Rσ [Eq. (3.16)] is within Landau theory Rσ = ς0
kBT

(
ξ
(0)
t

)d−1 MFT
=

4
√
2/g and µ = (d− 1) ν

MFT
= 3/2.
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B. The critical Casimir force within

the local functional approach

Here, the results of this approach for values hb 6= 0 and t > 0 are evaluated. The following
expressions are given formally for general values of t, however for t < 0 the validity of
these expressions is subtle because for values hb < 0 and t < 0 the order parameter
profile Φ (z) may attain values which correspond to instable or metastable bulk values,
|Φ (z)| < |Φ (t, hb)|. The integrand of the functional depends solely on bulk quantities
and accordingly may be ill defined for such values of the order parameter profile. In
particular, the used linear parametric model is not suitable to describe metastable states.
This issue has been not investigated within the present study, because the range of values
t > 0 has been sufficient for studying critical Casimir forces in colloidal suspensions.
Integrating once the Euler-Lagrange equation (∂f/∂Φ) = d

dz
(∂f/∂Φ′) for the functional

given in Eq. (3.31) yields

Φ′ ∂f

∂Φ′
− f = E (L) , (B.1)

where the constant of integration E (L) depends on the width L, and the boundary
conditions are

∂f

∂Φ′

∣∣∣∣
z=−L/2

=
∂ f1
∂Φ1

and − ∂f

∂Φ′

∣∣∣∣
z=L/2

=
∂ f2
∂Φ2

. (B.2)

It can be shown [257] that E (L) = f
(‖)
C / (kBTS), compare Eq. (3.24). Inserting the

specifications of f as given in Eqs. (3.32) and (3.34) the general Eq. (B.1) reads

Ĝ (Φ′Λ (Φ, t, hb)) = 1 + E (L) /W (Φ; t, hb) , (B.3)

where Ĝ (x) = xdG
dx

−G (x). For symmetric boundary conditions c1, c2 > 0 and hs,1, hs,2 >
0 the order parameter profile has a minimum Φmin = Φ (zmin) located at zmin. In
particular Φ′ (zmin) = 0 and, because Ĝ (0) = 0 [206], from Eq. (B.3) and the note after
Eq. (B.2) it follows that

f
(‖)
C / (kBTS) = E (L) = −W (Φmin; t, hb) . (B.4)

The scaling function ϑ
(d)

‖++
is obtained from Eq. (B.4) together with the scaling expressions

in Eqs. (3.25) and (3.35),

ϑ
(d)

‖++
(Y ,Σ) = −A1 |Y|dUd

±Ψmin
(1+δ)Ỹ± (Ψmin,Σ) (B.5)
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B. The critical Casimir force within the local functional approach

with the universal amplitude A1 = RχQc/ (δ + 1), compare with Eqs. (3.14) and (3.16),
and U± (Y > 0) = 1 and U± (Y < 0) = Uξ = ξ

(0)
+ /ξ

(0)
− . Concerning values Y < 0 be

aware of the subtleness discussed at the beginning of this appendix.
An implicit equation determining Φmin is obtained by applying the inverse function

Ĝ−1 on Eq. (B.3) and integrating it from −L/2 to zmin, i.e.,

zmin + L/2 =

Φ1∫

Φmin

dΦ
Λ (Φ, t, hb)

Ĝ−1 (1−W (Φmin; t, hb) /W (Φ; t, hb))
, (B.6)

where Φ′ < 0 for the range of integration and Ĝ−1
(
Ĝ (x)

)
= |x| has been used. Using

the scaling forms given in Eq. (3.35) and applying the strong adsorption limit for which
zmin = 0 and Φ1 = ∞ one obtains

A2 |Y| =
∞∫

Ψmin

du
u−(1+ν/β)

[
Z̃± (u) /Ỹ± (u,Σ)

]1/2

Ĝ−1
(
1− (Ψmin/u)

1+δ Ỹ± (Ψmin,Σ) /Ỹ± (u,Σ)
) . (B.7)

Adopting the linear parametric model (Sec. 3.5.3) allows to evaluate Eqs. (B.4) and
(B.6) quantitatively. Within the parametric model the excess free energy density and
the bulk correlation length are given by Eqs. (3.39) and (3.40), respectively, and the
integrated Euler-Lagrange equation (B.6) becomes

zmin + L/2 =

z1∫

zmin

dẑ
Φ′

(t) (ẑ) [t/k (ẑ)]
−ν−β

√
a (ẑ) /w (ẑ, zb)

Ĝ−1

[
1−

(
k(̂z)

k(zmin)

)2−α

w (zmin; zb)/w (ẑ; zb)

] , (B.8)

where zmin and z1 are given by Φmin and Φ1, respectively, and Φ′
(t) (z) = (∂Φ/∂z)t=const =

[t/k (z)]β [m′ (z)− βm(z) k′ (z) /k (z)], compare Eqs. (3.36). For t > 0 one has 0 ≤ zmin ≤
z1 ≤ zc and for t < 0 one has zc ≤ zmin ≤ z1 ≤ zx.

In the strong adsorption limit Φ1 = [t/k (z1)]
β m(z1) → ∞. Accordingly s1 → ∞ and

z1 → zc such that k (z1) → 0 and t = s1k (z1) = const. Therefore Eq. (B.8) becomes
with the approximation Ĝ−1 (x) ≃ √

x [see after Eqs. (3.34) and (5.2)]

|Y| = 2U±

ξ
(0)
+

zc∫

zmin

dẑ
|k (ẑ)|ν [m′ (ẑ)− βm (̂z) k′ (ẑ) /k (̂z)]

√
a (̂z) /w (ẑ, zb)

Ĝ−1

[
1−

(
k(̂z)

k(zmin)

)2−α

w (zmin; zb)/w (ẑ; zb)

] , (B.9)

where U± = ξ
(0)
+ /ξ

(0)
± depending on the sign of Y and the non-universal metric fac-

tor ξ
(0)
+ = [k (0)]ν [2a (0) /p (0)]1/2 [compare with Eq. (3.41)] cancels with the non-

universal metric factors of the integrand such that the right hand side is universal.
From Eq. (B.4) together with Eqs. (3.14), (3.25), (3.36), and (3.39) the scaling function

ϑ
(d)

‖++
= −

(
ξ
(0)
+ /U±

)d

|y|d |k (zmin)|−dν w (zmin; zb) of the critical Casimir force is obtained.
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In order to show the universality of the rhs explicitly, note that A/A+ is universal, where
A+ is the non-universal amplitude associated to the specific heat [Eqs. (3.8) and (3.6)].
Therefore

ϑ
(d)

‖++
= − Q+

αUd
±

|Y|d |k (zmin)|−dν w (zmin; zb) / (A+) , (B.10)

with the universal the universal amplitude ratio Q+ = αA+

(
ξ+0

)d
, Eq. (3.16). For the

linear parametric model [257],

A
(lin)
+ = − l0m0

2b2
(2− α) (1− α)

{
2β (b2 − 1)

b2 (2− α)
− 2β − 1− (4β − 1) /b2

(1− α)
− 1− 2β

b2α

}
.

(B.11)
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C. Properties of water lutidine

mixtures

The binary liquid mixture water-2,6 lutidine has a lower critical temperature T (s)
c ≃ 307K

and a critical mass fraction ωL,c = 0.28 . . . 0.29 [67, 336, 293]. The reported values in
literature vary slightly, for a discussion see Ref. [45].

C.1. The non-universal amplitude of the order

parameter

For the mixture of 2,6-lutidine and water the amplitude Bt of the bulk order param-
eter Φ (t → 0−) = Bt |t|β, Eq. (3.9), can be estimated from the refractive indices n1,2

of the two coexisting phases 1 and 2 near the lower critical point [293]. The refrac-
tive index difference ∆n = n1 − n2 is related to the difference in the volume frac-
tion ∆ϕa = ϕ

(1)
a − ϕ

(2)
a of the component a in the two phases according to [293]

∆ϕa = k(T )∆n. The coefficient k(T ) can be expressed [294] in terms of the re-
fractive indices n1,2 and the refractive indices na,b of the pure components a and b:
k = 3 (n1 + n2) [(Aa − Ab) (n

2
1 + 2) (n2

2 + 2)]
−1, where Aa,b =

(
n2
a,b − 1

)
/
(
n2
a,b + 2

)
. The

refractive indices of pure water and pure 2,6-lutidine are [72] nW = 1.33 and nL = 1.49,
respectively. For the lutidine-water mixture the resulting value of k = k(T ) varies by
less than 0.4% within the reported temperature range [293] T − Tc,b < 15K. Thus to
a good approximation one can take k (T ) ≃ k0 ≃ 6.35 independent of T . According to
Ref. [293] for T − Tc,b < 0.5K the two-phase coexistence in terms of the refractive index
is well described by the power law ∆n = A (T − Tc,b)

β with Tc,b = (307.258± 0.001)K,
A = (0.0471± 0.0001)K−β, and β = 0.338± 0.003. Thus for ∆ϕ ≃ Bϕ |t|β one obtains
the amplitude Bϕ = k0 (Tc,b)

β A ≃ 2.073. The mass fraction ωa in terms of the volume
fraction ϕa is given by

ωa = ̺m,aϕa [̺m,aϕa + ̺m,bϕb]
−1 = Ωϕa [(Ω− 1)ϕa + 1]−1 , (C.1)

where ̺m,a and ̺m,b are the mass densities of the components a and b, respectively,
and Ω = ̺m,a/̺m,b. Accordingly ∆ωa (t → 0−) = ω

(1)
a − ω

(2)
a = Bω |t|β , where the

amplitude is given by Bω = Ω [(Ω− 1)ϕa,c + 1]−2Bϕ = Ω [1 + (Ω−1 − 1)ωa,c]
2
Bϕ; ωa,c

is the critical mass fraction of the component a. With the mass densities [72] ̺m,W =
0.995g/cm3 and ̺m,L = 0.911g/cm3 of pure water and pure lutidine, respectively, and
the critical mass fraction [71] ωL,c ≃ 0.29 one obtains Bω ≃ 2.0. For the symmetric
coexistence curve, as assumed here, the order parameter defined by the mass fraction is
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C. Properties of water lutidine mixtures

Φω (t < 0, hb = 0) = ω
(1)
a − ωa,c = 0.5∆ωa, rendering the value Bt,ω = 0.5 × Bω ≃ 1.0.

Fitting the experimentally determined coexistence curve [71, 79, 80] yields a somewhat
smaller value Btω = 0.765 which is adopted in the main text.

C.2. Permittivity

By using the Clausius-Mossotti relation [104, 296], which both for pure systems and for
mixtures expresses the permittivity in terms of the polarizabilities of the constituting
atoms, the relative (to vacuum) permittivity ǫ of a binary liquid mixture can be expressed
[296] in terms of the volume fraction ϕa of component a and the relative permittivities
ǫa,b of the two components a and b: f (ǫ) = vf (ϕaf (ǫa) + (1− ϕa) f (ǫb)), where f (ǫ) =
(ǫ− 1) / (ǫ+ 2) and vf is the fractional volume change upon mixing for which vf = 1
[104] is adopted. The volume fraction ϕa expressed in terms of the mass fraction ωa is,
compare with Eq. (C.1), ϕa = ωa̺m,b/ [(1− ωa) ̺m,a + ωa̺m,b], where ̺m,a (̺m,b) is the
mass density of component a (b); For the mass density and the relative permittivity of
pure lutidine (of pure water) the values [72] ̺m,L = 0.911g/cm3 (̺m,W = 0.995g/cm3)
and [104] ǫL = 7.33 (ǫW = 81), respectively, are adopted.
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Technical tools

Numerical calculations have been done using computer programs written in the pro-
gramming language C with the aid of the GNU Scientific Library (GSL) [337] and by
using the Computing software Mathematica [333]. The figures have been mostly done
with the powerful graphing utility gnuplot [338] and some with the drawing program xfig
[339]. The editors emacs [340] and kile [341] have been used. The text has been written
in the document markup language LaTex [342]. Helpful hereby has been Ref. [343],
which has an extended reference list.
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