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ABSTRACT AND CHAPTER SUMMARIES

Abstract

In this thesis, novel meshless methods for surface and @laa reconstruc-
tion and rendering are proposed. Surface reconstructmn tmorganized point
sets is rst addressed with projection operators. Spediyca curvature-driven
projection operator is presented which de nes an approtersarface for a given
point cloud based on a diffusion equation and on curvatuiienason for point
sets. Implicit formulations for surface approximation ateo addressed. An im-
plicit surface de nition based on approximate moving lesgtiares approxima-
tion is introduced, which is able to provide high-order loapproximations to
the surface without requiring to solve systems of equati@ikateral lters are
introduced into this surface de nition in order to bettepresent sharp features
by robustly estimating normal vectors. An adaptive implformulation based
on partition of unity and orthogonal polynomials is alsogweed. This formu-
lation addresses approximation and robustness issuesnpedsy previous work
on partition of unity implicits. To accelerate the rendegrof these surface de ni-
tions, hardware-accelerated ray-casting of implicitacet and surfaces de ned
by projection operators is also discussed.

The results obtained for surface approximation are thetiexppo volume
data in order to extract surfaces that represent some éeatuhe volume. Re-
garding scalar data, a moving least-squares surface d@nng proposed which
is able to approximate iso-surfaces and surfaces locatedegions with high
gradient magnitude. The rendering of such surfaces is peeid on graphics
hardware to accelerate the computations. Visualizatioreofor elds is also ad-
dressed, speci cally the interactive computation and ezimt) of streamsurfaces
and of the novel path-surfaces. To that end, a hardwardegiated streamlines
and path-lines generation process is presented, whicHag@bproduce a quasi-
regular sampling of the surface. This allows the use of knpaint-based surface
rendering algorithms to interactively visualize the stnsarface or path-surface.

Volume visualization is then addressed using meshlessatdsthThese visu-
alization methods are based on a meshless volume modettextifaom the data.
This model is obtained using the moving least-squares appation method. In
order to preserve details in the reconstruction of the veluimdata, bilateral |-
tering is used which, together with the use of orthogonaypaials, provides
a matrix-free detail-preserving reconstruction of theuwok data. To further ac-
celerate the computation of the function reconstructibe, use of approximate
approximation is also explored in this context. To that emdanisotropic iterated
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4 Abstract and Chapter Summaries

approximate moving least-squares approximation of theanael data is de ned,
which converges to an ellipsoidal-basis-functions intéapon of the data. Fi-
nally, volume deformation by means of moving least-squaresldressed and a
closed formulation for nonlinear polynomial deformatiamproposed. An imple-
mentation of the set of moving least-squares deformatiafsaodware graphics is
also presented and used to interactively compute volunwmetions by means
of displacement maps.

Chapter Summaries
An overview of this thesis is given in this section as chaptenmaries.

Chapter 1: Introduction

This chapter introduces the topic of the thesis. The need feconstruction of
the volume model in the context of volume visualization isdias starting point
for the discussion. The problem of reconstructing the ugawey function which
represents the volume model using meshless methods is #iefQthis work.
Thus, the methods developed were based on the success désseEthniques
in solving problems from surface modeling and renderingctvtechniques based
on combinatorial structures have failed to solve in the .pa@hkis leads to a brief
description of the research performed, initially in the teom of meshless surfaces
from point clouds and volumes and latter of meshless voluisiglization.

Chapter 2: Interactive Visualization

In this chapter an overview of topics on interactive viszatiion is given. The
chapter starts by describing the visualization pipeling itsstages. Then a brief
discussion on surface data, modeling and rendering is gi8amce the focus of
the research reported in this work is on meshless methodsgamized point sets
and polygon soups are mentioned as the primary source ofatateodeling and
rendering algorithms based on meshless techniques.

Groundbreaking work on meshless surface reconstructibichsget the basis
for the development of the area in the last decade, is theerided. These ap-
proaches represent the main trends in meshless surfagestegzdion that have
gained the attention of the community lately; namely, stefaepresentations
based on projection operators and surface representdtasesl on implicit for-
mulations. The methods based on projection operators déhaeapproximate
surface as the set of static points for a certain map, whéenkthods based on
implicit formulations de ne the approximate surface as $e¢ of points belong-
ing, usually, to the zero set of the function.

Meshless surface rendering is then addressed. Renderithgpasebased on
points have gained popularity in the last years. Many wodiselbeen proposed
and their detailed description is beyond the scope of tlasigh Nonetheless, the



Abstract and Chapter Summaries 5

main ideas are mentioned with emphasis on ray-castingi spk on the com-
putation of the intersection of a ray with the meshless setfdn latter chapters
this description is detailed further in the context of thehteiques presented.

After addressing surface visualization in the context ef\ttsualization pipe-
line, the same approach is taken for volume visualizatidarti@g with the vol-
ume data types usually found in various applications atbag]ifferent grid types
that must be handled by volume visualization methods areritbesl. The sources
of the volume data are many and different, which in turn ti@es into a large
variation in the nature of the volume data, including thel gype, which is of par-
ticular interest to the techniques presented latter inftbsis. This is due to fact
that part of the research described in this work is focusegoroviding a means to
reconstruct volume data stored in meshes of arbitrary tgyohnd geometry.

After addressing reconstruction methods, volume renderiathods are then
described, speci cally direct volume rendering. Therefahe derivation of the
rendering integral for the emission-absorption modelvegi Finally, the chapter
ends with basic concepts of graphics processing units anegning. The ren-
dering pipeline implemented by most commodity graphicslWare is described.
Since graphics processing units were used to a large exiéime iapproaches de-
scribed in this work in order to accelerate the computatitiresconcept of general
purpose programing using graphics processing units isiaiismduced.

Chapter 3: Meshless Approximation Methods

In this chapter, an overview of the meshless approximatietihods used through-
out the thesis is given. The scattered data approximatidrirdarpolation prob-
lems are de ned followed by a description of radial basisctions, where the
concept of radial basis functions interpolation is introeld as well as the most
widely known radial functions. Then, the polynomial movilegst-squares ap-
proximation is approached with a simple and general deoniti

With this basis set, orthogonal polynomials in the contdxtnoving least-
squares are addressed. For this, the concept of orthogooéla polynomial
basis for a speci ¢ inner product de ned by a given weighthugction is intro-
duced. Then, an indexing that has proven to be ef cient imcaty the number of
operations performed to orthogonalize a polynomial bagisthve Gram-Schmidt
orthogonalization is described.

Lastly, approximate moving least-squares approximatsodescribed as an
ef cient and matrix-free approach to approximate scattedata. This method
produces an approximation to the solution of the movingtiegeares method
and is based on speci ¢ generating functions by means of whkalutions of
different approximation orders can be obtained. Radialsbfasctions and ap-
proximate approximation have been recently connectedigifiran iterative pro-
cess that, starting from an approximate approximationvexes to a radial basis
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functions interpolation. This process is also brie y déised here.

Chapter 4: Meshless Surfaces from Point Clouds

This chapter presents novel approaches for surface reaotish from unorga-
nized point sets. Projection operators are rstly addréssethis context, a novel
curvature-driven projection operator is proposed, whichased on the computa-
tion of a non-complete second degree polynomial de ned leypthncipal curva-
tures and directions at a given point on the surface. Thexetbe robust compu-
tation of the principal curvatures and directions for a dgbants is addressed.
This result is then used, together with an anisotropic diffo equation, to de ne
the projection operator, which is included in a ray-casgmgine to render the
surface.

Implicit surfaces are also addressed in this chapter. Tferdnt implicit
approaches are taken to tackle the problem of surface reaotisn from point
clouds. The rst approach proposed is based on moving leqisires surfaces and
addresses approximation and performance issues predgntbeém. By using
approximate approximation, the reconstruction process ¢sently performed
while enabling the computation of high-order approximasito the surface. Fur-
thermore, the iterative process mentioned above to obteadial basis functions
interpolation can be used to produce interpolating sugfa¢ée ef ciency of the
method is exploited to introduce bilateral Itering in theggess in order to ro-
bustly estimate the normal vectors at the surface pointis. mhakes it possible to
better visually represent sharp edges since the changke imotmal eld on the
surface are more important to the perception of sharp feativan the approxi-
mation to the surface itself.

The second approach taken to reconstruct surfaces frorh@ouds is based
on partition of unity implicits. Firstly, a review of the ginal method is given.
This method presents robustness issues, which are addifagkes chapter. Fur-
thermore, the method proposed here is twofold adaptiveattkie space is adap-
tively partitioned to t the details on the surface and thgde of the polynomial
approximation is set adaptively to better approximate téase. This can be
done by means of orthogonal polynomials. This, howevermdhices robustness
problems, which are addressed by developing coverage damtgria that guide
the approximation process. Moreover, an interactive toal €nables the user to
edit the surface is also presented, which allows the useon@at errors in the
approximate surface or to improve the quality of the appr@tion. Lastly, the
mesh resulting from the triangulation performed on the datacture used, thit
, presents triangles with low quality. To solve this probJenmesh enhancement
procedure based on vertex displacements is applied as mesissing. This
procedure successfully improves the quality of the triaagl

In the nal section of this chapter, commodity graphics heade is used to
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accelerate the rendering of surfaces de ned with projectiperators and with
implicit functions. Speci cally, a ray-tracing engine irgmented on graphics
hardware able to render such meshless surfaces is described

Chapter 5: Meshless Surfaces from Volumes

Meshless methods can be exploited in volume visualizatowell. Thus, in
this chapter, techniques addressing two different vigatibn problems are in-
troduced. The rst problem is the extraction of surfacesrespnting meaning-
ful information from volume scalar data; in this case, iststes and surfaces
located at regions of high gradient magnitude. This is dop@dning suit-
able weighting functions and using them in the moving leagtares surface ap-
proximation method. Moreover, a novel combination of a weg least-squares
approach with the moving least-squares approximation, pnedictor-corrector
sense, widens the domain of the de nition allowing to projpoints far from
the surface onto it. This process is implemented in the harekaccelerated ray-
casting engine and applied to Cartesian grids. To that éedmplementation is
accommodated to t the nature of the data and of the projaqtiocess.

The second problem addressed is the interactive generatgireamsurfaces
and of the novel path-surfaces proposed here. The mainiissugualizing vec-
tor elds using streamsurfaces is the need for triangutatire input streamlines.
This process can be slow and if the user interactively chatige seed points,
this could lead to long waiting times. This problem is monéical in the case of
path-surfaces which are generated from path-lines sire@dhtor eld is time-
dependent. Thus, streamlines and path-lines are genenati y in this work
using graphics hardware, which allows to interactivelyorestruct them when the
user modi es the position of the seeding points. Moreowehg able to better sup-
port point-based rendering methods, the density of thastiiees and path-lines
is maintained nearly constant by adaptively seeding andvarg lines according
to the evolution of the integration. This allows the use dagmg to render the
surface which eliminates the need for triangulating it. tRemmore, line integral
convolution is calculated on the surface to better depetidtails of the ow.

Chapter 6: Meshless Volume Visualization

This chapter proposes novel methods for visualizing voldata stored in meshes
of arbitrary topology. These methods are based on mestpessxamation tech-
niques to reconstruct the underlying function in the dat&is problem is ad-
dressed using two different approaches. The rst approadiased on a detail-
preserving approximation of the volume data, obtained hyimmiing a speci c
function. However, this problem is ill-conditioned andy&e the formulation re-
sults in an iterative method based on moving least-squaigtbigateral Itering,
the performance is considerably reduced compared to atheles, albeit unsta-
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ble, meshless methods. Therefore, orthogonal polynoraralsised to accelerate
the computation of the approximation in each iteration eimhproving stability.
This also allows to implement the technique on graphicsware since no system
of equations must be solved.

A less accurate approach based on approximate approximabte to reduce
computation times considerably, is also proposed. Thiscgmh uses the iterated
approximate approximation method to produce a result ghataximates a radial
basis functions interpolation of the data. This way, besidesasing performance
in comparison to both moving least-squares approximatmshradial basis func-
tions interpolation, a compromise between accuracy andstoless to noise can
be achieved. However, like all meshless methods appliediso@mopic domains,
the method must adapt to the anisotropy, which in the caseds gontaining vol-
ume data is given by the con guration of the grid elementauencing the result
at the evaluation point. Therefore, ellipsoidal weightdtions are introduced into
the process and a novel anisotropic iterated approximgti@aipnation is de ned.
Thus, the iterative process converges to an ellipticalkfasictions interpolation.
This method is also implemented on graphics hardware tostaect the function
for performing ray-casting.

Lastly, volume manipulation using moving least-squaredde presented. To
that end, previously developed methods for image and sidaformation based
on moving least-squares are extended to volumes and nanjoodynomial de-
formations are introduced. The key point of this novel noadir moving least-
squares deformation is the closed formulation provided¢ivis one of the main
advantages of the rigid, similarity and af ne moving leasdares deformations
proposed previously by other authors. Thus, the nonlinetorthation is an ad-
dition to the set of moving least-squares deformationslabvia. This complete
set of deformations was implemented in graphics hardwaaedelerate the com-
putation of displacement maps to support volumetric de&dions. By rede ning
the deformations as backward mappings, it is possible sk this displace-
ment map in a way that allows their use in commonly known harevaccelerated
volume rendering methods. The chapter nishes with a comparof meshless
deformations with physically-based deformations forakédral meshes imple-
mented on graphics hardware. Besides providing an oppasingparison case
to meshless deformations, the novel description of thevirarelaccelerated im-
plementation of implicit integration methods for solvirtgetdifferential equation
governing the deformation is a further contribution.

Chapter 7: Meshless Methods in Visualization

The last chapter of the thesis provides guidelines for tleeafishe methods pro-
posed in this work for surface and volume modeling and rendeA discussion
on the advantages and issues to be addressed in the futise gven.



ZUSAMMENFASSUNG UND
KAPITELZUSAMMENFASSUNGEN

Zusammenfassung

Interaktive Volumenvisualisierung hat in den letzten &ahin vielen Bereichen
Anwendung gefunden. Wichtige Fortschritte wurden gemaaebtche die algo-
rithmische Performanz sowie die Fahigkeit von Visuatisngstechniken fur Vo-
lumendatenuntersuchung verbessert haben. UnabhangigeroArt der Daten
und der Paradigmen der verwendeten Visualisierungsteomnss ein Modell der
Daten zur Verfugung stehen. Allerdings sind die Losungtrmden in den mei-
sten Fallen nicht vorhanden und daher muss ein Volumenindeleabgetaste-
ten Funktion rekonstruiert werden. Fur die interaktivesudlisierungsmethoden
wird meistens ein Volumenmodell gewahlt ohne die ursgliche Losungsme-
thode zu beachten. Trotz existierender Forschungen imberpblation hoherer
Ordnung und Filterung von Volumendaten wird oft ein einfaxe@s Modell be-
nutzt bspw. Rekonstruktion mittels linearer Interpolatio

Anderseits sind gitterlose Methoden fur Ober achenredtouktion popular
geworden. Gitterlose Methoden haben verschiedene \ertgie Skalierbarkeit
auf verschiedenen Datentypen, Unabhangigkeit von asgliKonnektivitat und
wenig Speicherverbrauch. Zusatzlich sind gitterloserAgpnationstechniken ge-
nau und einfach zu berechnen. Theoretische Ergebnisse poatkitische Anwen-
dungen wurden mit Erfolg entwickelt. Zu Beginn beschafsigh diese Disser-
tation mit gitterloser Ober achenapproximation und kteeue Methoden in die-
sem Bereich vor. Die Ergebnisse werden dann auf Volumendatgewendet,
um Ober achen zu extrahieren, welche bestimmte Eigerfsmhan den Daten
reprasentieren. Diese Richtung wird weiterverfolgt ur@uvhenvisualisierung
wird dann mit gitterlosen Methoden behandelt. Diese Vistalungsmethoden
basieren auf einem gitterlosen Volumenmodell, das aus derDund der Kon-
nektivitatsinformation des Gitters extrahiert wird. D&gl dieser Arbeit ist eine
Grundlage zu bilden, um eine allgemeine Methode zu de migdé auf verschie-
denen Volumendatentypen anwendbar ist und auf Technik&erbadie in ande-
ren Bereichen bereits erfolgreich verwendet wurden.

Kapitelzusammenfassungen

EineUbersicht dieser Dissertation wird in den folgenden Absitén als Kapitel-
zusammenfassungen gegeben.
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Kapitel 1: Einfihrung

Dieses Kapitel fuhrt in das Thema dieser Dissertation Ber. Bedarf fur eine
Rekonstruktion des Volumenmodells im Kontext der Volumeualisierung wird
als Ausgangspunkt fur die Diskussion verwendet. Das Brolaler Rekonstrukti-
on der zu Grunde liegenden Funktion, welche das Volumenthgeasentiert,
mit gitterlosen Methoden ist das Ziel dieser Arbeit. Datesibrt diese Arbeit auf
dem Erfolg von gitterlosen Methoden im Rahmen der Obereawhodellierung
und -darstellung, welche Methode, die auf kombinatoriachteukturen basieren,
bisher nicht Iosen konnten. Das ist die Argumentationjadiesem Kapitel ein-
gefuihrt wird. Dies fuhrt zu einer kurzen Beschreibung Berschungsarbeiten,
die sowohl die Rekonstruktion von gitterlosen Ober aclaeis Punktmengen und
Volumina als auch die gitterloser Volumenvisualisieruetpéndelt.

Kapitel 2: Interaktive Visualisierung

In diesem Kapitel wird eituberblick Uiber interaktive Visualisierung gegeben. Das
Kapitel fangt mit einer Beschreibung der Visualiserungsfine an. Diese Pipeli-
ne wird dann fur den spezi schen Fall von Ober achen aragest und eine kurze
Diskussion Uiber Ober achendaten, Modellierung und Reimd) wird gegeben.
Da der Fokus dieser Arbeit auf gitterlose Methoden liegtidea Punktmengen
undPolygon Soupals elementare Datenquellen fur gitterlose Modelliesinond
Renderingmethoden erwahnt.

Bezuglich der Modellierung sind Rekonstruktionsmethoaes Punktmengen
im Fokus der Diskussion. Daher werden grundlegende Anbeles gitterlosen
Ober achenrekonstruktion beschrieben, welche die Biisidie in der letzten De-
kade entwickelten Arbeiten darstellen. Dabei werden didebBlauptrichtungen
von gitterlosen Ober achenrekonstruktion eingefuhéamlich Ober achenrepra-
sentationen basierend auf Projektionsoperatoren unarliziten Formulierun-
gen. Die Methoden basierend auf Projektionsoperatorenidesn die approxi-
mierte Ober ache als die Menge statischer Punkte fur gegebene Abbildung.
Die Methoden basierend auf impliziten Formulierungen deren die approxi-
mierte Ober ache als die Menge von Punkten, die zur Nullgeeder Funktion
gehoren. Moving-Least-Squares-Ober achen konnerodbwit Projektionsope-
ratoren als auch mit impliziten Formulierungen de niertrdien, wie spater dis-
kutiert werden wird.

Gitterloses Ober achenrendering wird als nachstes Tddehandelt. Dabei
sind Methoden basierend auf Punkten als Renderingprieiitiden letzten Jahren
popular geworden. Da sehr viele Arbeiten in diesem Bereargestellt wurden,
Ubersteigt inre detailierte Behandlung den Umfang diBsssertation. Allerdings
werden die Hauptideen erwahnt und der Fokus auf Ray-Gpg#setzt, speziell
auf die Berechnung des Schnittspunktes zwischen einerhl Sind der gitterlo-
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sen Ober ache. In spateren Kapiteln wird diese Bescluggoim Rahmen der in
dieser Arbeit vorgestellten Techniken weiter detailliert

Nachdem Ober achenvisualisierung basierend auf deralisierungspipeline
behandelt wird, wird der gleiche Ansatz fur Volumenvissiarung verwendetet.
Die unterschiedlichen Datentypen und Gittertypen, weletie den Visualisie-
rungsmethoden behandelt werden, werden beschrieben.r8ites $pektrum der
Gitterypen ist in dieser Arbeit speziell wegen des Bedanfaiaterschiedlichen
Rekonstruktionstechniken fur unterschiedliche Giyieen wichtig. Ein Teil der
in dieser Dissertation beschriebenen Forschung koneetrdgrch auf der Entwick-
lung einer Technik fur die Rekonstruktion von in Gitterntineliebigen Topolo-
gie und Geometrie gespeicherten Volumendaten. NachderarRekktionsme-
thoden beschrieben sind, werden Volumerenderingtechrdkegestellt, speziell
direktes Volumenrendering. Dabei wird das Renderingiatiddgr das Emissions-
Absorptions-Modell abgeleitet.

Schlief3lich endet das Kapitel mit den grundlegenden Kaotereger Gra k-
hardwareprogrammierung. Die von der meisten Gra kharéwarplementierte
Renderingpipeline wird beschrieben. Da Gra khardwareigsdr Arbeit oft be-
nutzt wird, um die Berechnungen zu beschleunigen, wirddiedas Konzept von
Allzwecksgraphikhardwareprogrammierung eingefuhrt.

Kapitel 3: Gitterlose Approximationsmethoden

11

In diesem Kapitel wird eirlUberblick tiber gitterlose Approximationsmethoden

gegeben. Die Scattered-Daten-Interpolations- und Apprationsprobleme wer-
den de niert. Dann werden radiale Basisfunktionen bestien, wobei das Kon-
zept der radialen Basisfunktionen-Interpolation, sowie loekanntesten radia-
len Basis-Funktionen eingefuihrt werden. Danach wird digmomiale Moving-
Least-Squares-Approximation mit einer einfachen unceatiginen De nition be-
handelt.

Zusatzlich zu diesen Grundlagen werden orthogonale Baignim Rahmen
von Moving-Least-Squares beschrieben. Dafur wird dasz€phvon Orthogona-
litat einer Polynombasis fiir von einer bestimmten Gewinlgsfunktion de nier-
te Skalarprodukte eingefuhrt. Dann wird eine ef zienteilmerung beschrieben,
welche die Anzahl von notwendigen Operationen fir die Kiukdion einer or-
thogonalen Basis mit Gram-Schmidt-Orthogonalisierumiy zeert.

Schliel3lich wird die approximierte Moving-Least-Squakggproximation als
eine ef ziente matrizenlose Methode flr die Approximation Scattered-Daten
beschrieben. Diese Methode liefert eine ApproximatiorL@sung eines Moving-
Least-Squares-Problems. Die Methode basiert auf spdmsGenerierungsfunk-
tionen, wobei man Losungen mit verschiedenen Approxiomabrdnungen erhal-
ten kann. Ferner wurden radiale Basis-Funktionen und apprerte Approxi-
mationen mittels eines iterativen Prozesses miteinaneidaunden. Dieser Pro-
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zess fangt mit einer approximierten Approximation an undJergiert zu einer
radialen Basisfunktionen-Interpolation. Da dieser Pssz@ dieser Dissertation
verwendet wird, um Ober achen und Volumendaten zu rekamsten, wird ein
Uberblick tiber die in dieser Arbeit verwendeten Theorigeiren.

Kapitel 4: Gitterlose Ober achen aus Punktmengen

Dieses Kapitel stellt neue Methoden zur Ober achenrekoik&ion aus Punkt-
mengen vor. Zu Beginn werden bisherige gangige Verfahrilare Projekti-
onsoperatoren werden zuerst behandelt. In diesem Kontekieim neuer kriim-
mungsbasierter Projektionsoperator vorgestellt, welelé der Berechnung von
einem Polynom zweiten Grades basiert. Dieses Polynom winaien Hauptrich-
tungen und Krimmungen an einem gegebenen Punkt de nietieDwird die
robuste Berechnung der Hauptrichtungen und KriimmungsenPamktmengen
gezeigt. Diese Ergebnisse werden dann zusammen mit eirsatrapen Diffu-
sionsgleichung dazu benutzt, um den Projektionsoperatatenieren. Dieser
Operator wird dann in einen Raycaster integriert, um dier@bke zu rendern.

Ein weiteres Thema bilden die impliziten Ober achen. Zwerschiedene
Methoden werden benutzt, um das Problem von Ober achemstkuktion aus
Punktmengen zu losen. Die erste Methode basiert auf Melveagt-Squares-
Ober achen und behandelt Performanz- und Approximatoolleme solcher
Ober achen. Approximierte Approximation wird verwengdeitn den Rekonstruk-
tionsprozess zu beschleunigen und Approximationen ledl@ndnung zu ermogli-
chen. Ferner wird der oben genannte iterative Prozess @smuzy, interpolieren-
de Ober achen zu generieren. Die Ef zienz dieser Methodehvausgenutzt, um
bilaterale Filterung in den Prozess einzufiihren, damit eiae robuste Berech-
nung von Normalenvektoren erhalt. Dies ermoglicht eiassere Reprasentation
von scharfen Kanten, da dinderungen in dem Normalenfeld wichtiger fur die
Perzeption von scharfen Kanten als die eigentliche Appnakion der Ober ache
sind.

Die zweite in dieser Arbeit vorgeschlagene Methode furRigonstruktion
von Ober achen aus Punktmengen basiert auf Partition des.Erstens wird ein
Uberblick der urspriinglichen Methode gegeben. Diese btithat jedoch Pro-
bleme mit der Robustheit, was in diesem Kapitel behandel.viderner ist die
hier vorgeschlagene Methode zweifach adaptivim Sinnes dasRaum adaptiv
geteilt wird und das Grad des Polynomes adaptiv gesetzt winddie Approxi-
mation den Details der Ober ache anzupassen. Dies kantelsibrthogonalen
Polynomen umgesetzt werden. Allerdings fuhrt dies Proleléer Robustheit ein,
welche durch die Entwicklung von sogenannten Domanenes&kuaingskriteria
behandelt werden. Ferner wurde ein interaktives Tool exkieli, damit der Benut-
zer die Ober ache editieren kann, um Fehlern zu korrigievder um die Qualitat
der Approximation zu verbessern. Schliel3lich wird eine iele basierend auf
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Vertexverschiebungen dazu benutzt, um die Qualitat derdoke des resultieren-
den Gitters zu verbessern.

Im letzten Abschnitt dieses Kapitels wird die Gra khardwatazu verwen-
det, um das Rendering von Ober achen basierend auf Projedaperatoren oder
impliziten Funktionen zu beschleunigen. Speziell wirdieider Gra khardware
implementierter Raycaster fur gitterlose Ober achesdgieben.

Kapitel 5: Gitterlose Ober achen aus Volumina

Gitterlose Methoden konnen im Rahmen der Volumensvisigailing eingesetzt
werden. Daher werden in diesem Kapitel zwei verschiedesaalisierungspro-
bleme behandelt. Das erste Problem ist die Extraktion voer@bhen, die ei-
ne bestimmte Eigenschaft von einem Skalarfeld représemti In diesem Fall
werden spezi sch Iso achen und Ober achen in der NahenvBereichen mit
hohem Gradientbetrag extrahiert. Dies wird durch die Digom von geeigne-
ten Gewichtungsfunktionen fir Moving-Least-Square®ithen gemacht. Die
Domain der De nition wird mittels der Kombination von MowpLeast-Squares
und Weighted-Least-Squares erweitert. Dies ermogliehPdojektion von Punk-
ten, die weit weg von der Ober ache sind. Der Prozess wisd@a khardware-
basierter Raycaster implementiert und auf kartesischerGihgewendet.

Das zweite Problem ist die interaktive Generierung von r8tber achen
und der neuen Pfad-Ober achen. Das Hauptproblem in denalisierung von
Vektorfeldern mit Strom-Ober achen ist der Bedarf an deramgulierung von
der Stromlinien. Dieser Prozess kann langsam sein besoimddfall von Pfad-
Linien. Deshalb werden in dieser Arbeit Strom- und Pfadidmmittels einer Gra-
khardwareimplementierung generiert. Damit wird die Kémsktion der Strom-
und Pfad-Linien schnell genug, um eine interaktArederung der Saatpunkte
zu ermoglichen. Ferner wird die Dichte der Strom- und Rfaden nach der
Auswertung der Integration adaptiv gesetzt, um punktbi@skRenderingmetho-
den besser zu unterstitzen. Dies ermoglicht die Bengtzan Splatting, um die
Ober ache zu rendern und damit wird der Bedarf an Triangulhg vermindert.
Line-Integral-Convolution (LIC) wird au3erdem verwendein die Details der
Stromung besser darzustellen.

Kapitel 6: Gitterlose Volumenvisualisierung

Dieses Kapitel fuhrt neue Methoden fir die Visualisiegwon Gittern mit belie-
bigen Topologie und Geometrie an. Diese Methoden basieregitterlosen Ap-
proximationstechniken, um zugrundeliegende Funktiorekomstruieren. Dieses
Problem wird mit zwei verschiedenen Methoden behande#. édste Methode
basiert auf einer Detail-erhaltenden Approximation dduktendaten. Dies wird
mittels der Minimierung einer spezi schen Funktion gemiagelche die Details
in den Daten erhalten kann. Allerdings ist dieses Problemesbt konditioniert
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und da eine iterative Methode aus dieser Formulierung tiegylwird die Per-
formanz deutlich reduziert. Deswegen werden orthogonaligi®me verwendet,
um den Approximationsprozess in jedem Schritt zu bescideun wodurch die
Stabilitat verbessert wird. Dies ermoglicht die Implemierung der Technik in
Gra khardware, weil kein Gleichungsystem gelost werdemss

Eine billigere ungenauere Methode wird auch vorgestedisidrend auf ap-
proximierter Approximation, welche die Berechnungszeitttich reduziert. Die-
se Methode benutzt iterative approximierte Approximatiamelche eine radia-
le Basis-Funktionen-Interpolation approximiert. Aul3éz Berformanz im Ver-
gleich zu Moving-Least-Squares-Approximation und rasliBhsis-Funktionen-
Interpolation zu verbessern, kann man mit dieser MethodeneKompromiss
zwischen Genauigkeit und Robustheit erreichen. Allerslimyiss sich diese Me-
thode an die Anisotropie der Gitter anpassen. Daher wentiprenformige Ge-
wichtungsfunktionen in den Prozess eingefiihrt und eine @@isotrope iterative
approximierte Approximation de niert. Folglich konveggt der iterative Prozess
zu einer ellipsenformigen Basisfunktionen-InterpaatiDiese Methode wird auch
in Gra khardware implementiert, um die Funktion im Rahmenes Raycasters
zu rekonstruieren.

Schliel3lich wird Volumenmanipulation mittels Moving-LsteSquares vorge-
stellt. Dafur werden Moving-Least-Squares Methodendi@ Deformation von
Bildern und Ober achen erweitert, um Volumina zu untetgen und nicht-lineare
polynomiele Deformationen werden eingefiihrt. Der Haupig dieser neuen,
nicht-linearen Deformationen ist die geschlossene Faanulg, welche einer
der Vorteile von Moving-Least-Squares-Deformationenbsése Deformationen
wurden in Gra khardware implementiert, um die Berechnung Displacement-
Maps zu beschleunigen. Daher ist es durch die De nition defobmationen als
Ruckwartsabbildungen moglich, die Displacement-Maperechnen, so dass be-
kannte Gra khardwarebeschleunigte Volumenrenderingnog¢n benutzt werden
konnen. Das Kapitel endet mit einem Vergleich zwischeteddasen Deforma-
tionen und Gra khardwarebeschleunigten physikalischefobmationen fur Te-
traedernetze. AulRer einen Vergleich anbieten zu konisemlieé neue Beschrei-
bung der Gra khardwareimplementierung von implizitendgtationsmethoden
fur physikalische Deformationen ein weiterer BeitragsgieArbeit.

Kapitel 7: Gitterlose Methoden in der Visualisierung

Das letzte Kapitel dieser Dissertation bietet Richtliniéndie Benutzung der in
dieser Arbeit vorgeschlagenen Methoden an. Eine Disknd#er die Vorteile,
Probleme und zukiinftige Arbeiten kann auch in diesem kagafunden werden.



CHAPTER

1 INTRODUCTION

Volume visualization has become commonplace in the lagsydzifferent tech-
nigues aimed at both improving algorithmic performance @wdeasing the in-
sight gained from the data have been presented by numerthusrsiin the vi-
sualization community. The range of visualization and rpalation techniques
developed to help users gain a better understanding of thenetric data at hand
is very wide. However, independently of the nature of theaization technique
and of the paradigms upon which it is based, a volume modelsheebe avail-
able.

The volume model is the mathematical abstraction of theiaitogun or simu-
lation process that was used to generate the data. Howegengdthod of solution,
In Most cases, is not attached to the volumetric data andftirera volume model
must be reconstructed from the sampled data, which can beds&b scattered
positions or in the elements of a mesh. This model de nitemormally based
on the sampled data and some kind of neighborhood informatiostencil, that
de nes which samples have in uence upon the reconstructddmetric data at
a given position in the domain. This stencil is usually dednigy thek nearest
neighbors, in the case of scattered data, and by the neiglgbelements, be-
ing vertices or cells, in the case of meshes. In most casesbdel is chosen
without regarding the original method of solution sincestded before, it is not
available. The volume model in interactive visualizatioathods is usually very
simple. For instance, linear interpolation is a popularicbaespite the fact that
research on reconstruction lters and interpolation/agpnation methods that
provide a higher-order reconstruction has been reported.

On the other hand, meshless methods in the context of volataevisualiza-
tion have been restricted to scattered data. However, ifatitg/ears, the use of
mehless techniques for solving tasks addressed in the thsiethods based on
combinatorial structures has gained popularity, spgcveithin the surface recon-
struction community. Meshless methods provide a numbedweértages, such
as scalability to a variety of data, independence from eiptionnectivity and
low storage requirements. Additionally, meshless appnaxion techniques have
proven to be accurate and easy to compute. Theoreticatsesulvell as practical
solutions have been reported with success.

Despite the good results obtained with meshless methodsiféace approx-
imation, open issues remain to be addressed. Therefordisrém approxi-
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mation theory are explored in the context of the work rembrtethis thesis to

approach problems presented by meshless surface readimsirmethods. Per-
formance issues due to the computation of local approxonatare addressed
by means of mathematical results as well as algorithmictieols implemented

on commodity graphics hardware. Furthermore, robustnegsiamerical issues
found in meshless surface approximation methods are attes d new mech-
anisms for modeling challenging surface features, suclhagpsdges, are pro-
vided.

The results obtained in addressing the issues presenteddijess surface re-
construction techniques are then applied to volume datedierdo extract surfaces
that represent some feature in the volume. Thus, meshlas®dsefor modeling
smooth manifolds that approximate iso-surfaces and sesfiacated at regions of
high gradient magnitude were developed and are presentied imork. Meshless
methods are not restricted to modeling, but have been ugbdnereasing popu-
larity in rendering. A large number of works based on loc&bimation to render
a surface have been proposed. The exibility of such apgroa@xploited here
to interactively render streamsurfaces and path-surfasieg) graphics hardware
algorithms.

Following this direction, volume visualization is then aessed using mesh-
less approximation methods. The visualization methodeldpeed are based on
a meshless volume model extracted from the data using covibetmformation
available in the mesh as well as the sampled data stored afe¢heents of the
mesh. Although the visualization methods used as proof n€ept in this work
are direct volume rendering and iso-surface renderinggémerality of the ap-
proximation methods presented allows their use with anyaligation technique
that needs to reconstruct the underlying function from dachgata. Furthermore,
the exibility of meshless methods allows the use of the regd techniques with
a wide range of meshes. With this, we aim at laying the basiards de ning a
general method applicable to a variety of grid types basedeshless techniques
that have proven successful in other areas.

1.1 Goals of This Thesis

Since the main application area of meshless methods withimpater graphics
nowadays is surface reconstruction and rendering fromgamized point clouds,
a speci ¢ goal of this work is to address performance and @gpration issues
of known meshless surface approximation techniques. $pdéygj to improve

the robustness of the surface reconstruction and to aeteldre approximation
process without compromising the quality of the reconsiomc This is done to
set the basis for the use of surface reconstruction in vohiswelization prob-
lems. Thus, a further speci ¢ goal of this work is to modifyetmoving least-
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squares surface approximation method to reconstructcasthat represent some
feature of interest in the volume, speci cally iso-surfa@nd surfaces located at
regions with high gradient magnitude. Thereby, manifoldfases representing
these features can be obtained. Furthermore, exploitm@divantages of mesh-
less techniques not only for the reconstruction but alsaHervisualization of
surfaces extracted from volume data is sought in this workis 75 the goal of
the techniques developed to interactively sample and restdeamsurfaces and
path-surfaces.

As stated before, the main goal of this work is to explore the af mesh-
less methods for volume visualization. Approximate appration, orthogonal
polynomials and bilateral Itering are used to de ne mesddemethods for re-
constructing the underlying function in the data. The spegobal is to obtain
an ef cient means to reconstruct the function indepengenitthe geometry and
topology of the grid. Thus, the focus of the last part of thmrkvis to de ne a
method to compute the function reconstruction requiredsnalization applica-
tions from data stored in meshes of arbitrary type. Detailthe data must be
preserved and the methods must be easy to understand anthputeo Since
the use of these techniques in practical applications ipe€ial importance, the
acceleration of the computations by means of hardware mmgreations of the
different techniques proposed is also a speci ¢ goal of Wosk.

1.2 Outline of This Thesis

Chapter 2 provides an introduction to interactive viswalan, focused on sur-
face and volume visualization. Popular methods for recanghg the underlying
function of the data are described as well as rendering iethgas for surfaces and
volumes. For the latter, we focus on direct volume renderspgci cally for the
emission-absorption model. This description is given @ ¢bntext of the visu-
alization pipeline, which is introduced in the rst sectioA brief discussion of
graphics hardware and the rendering pipeline enclosedtq&er.

In Chapter 3, the mathematical background that is the bagtbdalgorithms
presented in this work is given. Since the focus of the wodknisneshless meth-
ods, the chapter is dedicated to offer a general descripfioroving least-squares,
radial basis functions, orthogonal polynomials, and apipnate approximation.

The main part of this thesis can be found in Chapters |4 to 6 revheesh-
less methods for modeling and rendering surfaces and valuare proposed.
Chapter 4 is dedicated to meshless methods for surfacexaption from point
clouds. Issues found in meshless techniques are addressedraributions to the
area in terms of numerical stability, robustness and perdmice of the methods
are presented. The natural extension to this work is thecgtign of meshless
surface approximation and rendering methods to surfaceacted from volu-



18 Chapter 1. Introduction

metric data. This is the focus of Chapter 5, where methodxtia& smooth
two-manifolds from volumetric data and to interactivelynder streamsurfaces
and path-surfaces are proposed.

In Chapter 6, volume visualization based on meshless mstiscaiddressed.
Firstly, the problem of devising a volumetric data approxion method, from
the visualization point of view, valid for a wide range of rhes and grids, is
approached. The use of meshless approximation methodsle&aaahoice to
address this problem since, as opposed to methods basedameperizations
of the position of the evaluation point with respect to theneénts of the mesh,
they are independent of the mesh connectivity. Howeverpatih the approxi-
mation method itself is completely meshless, mesh infalonanust be used to
in uence the approximation obtained so as to include themeesinectivity infor-
mation in the computations. The main concern in de ning thethds proposed
in this chapter is on the accuracy of the approximation,esimeshless approxi-
mation methods tend to smooth the data; on the performame the locality
of the computations turns into the need for solving a largelmer of systems
of equations; and on stability. Secondly, interactive neshvolume deforma-
tion is addressed by using moving least-squares defornsaitioplemented on the
graphics hardware. Afne, similarity, rigid and the novedmiinear polynomial
deformations are addressed.

Finally, Chapter 7 concludes the thesis with an overviewhefrhethods pro-
posed and a discussion of the usefulness of meshless teelsnigthe visualiza-
tion. Guidelines on the cases where the techniques preserag be applied are
also provided.
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CHAPTER

2 INTERACTIVE VISUALIZATION

Visualization is the process performed to provide a gragtdepiction of the in-
formation contained in a given raw data. The popularizatibmisualization in
the last decades is due, in part, to the increasing complekithe data avail-
able nowadays. Many different data sources exist, whicklyme usually very
complex data of a speci c nature. Simulations and data atom techniques
are able to produce data with different geometry, inclugliomt clouds, polygon
soups, and polygonal and polyhedral meshes. If the geadsta itself is the
input to the visualization process, we deal with computapgics problems such
as surface approximation, mesh healing, and nite-elem@ntipulation. On the
other hand, in scienti c visualization the geometric dasaially has some kind of
measured or simulated data attached to the geometric elent@m instance, vol-
umetric data obtained from computer tomography, magnetonmance imaging,
computational uid dynamics simulations, and sonar equepimto name a few,
are input data with scalar, vectorial or tensorial quagdistored in geometric and
topological structures, normally meshes.

In this chapter, an overview of interactive visualizatieshiniques, related to
the research reported in this work, is given. Interactigeiglization has been the
focus of research of a large number of works in the past theeadks. Different
approaches based on parallel computing, ef cient datacttras, compression
and level-of-detail, signal processing, and hardwarelacated techniques have
been presented. Of particular interest in the context af tiinésis are hardware-
accelerated techniques, which take advantage of currertnads in graphics
hardware. Thus, in this chapter, basics concepts on veaimn and graphics
hardware are given.

2.1 Visualization Pipeline

Thevisualization pipelinalescribes the stages of the process used to visualize a
dataset. Although there are many different versions of thealization pipeline,
they all describe the data ow that transforms the raw dat@aam image displayed
on some device. Figure 2.1 shows the stages of the visuahzapeline, namely,
data acquisition ltering , mappingandrendering The intermediate data is also
shown.

Data acquisitionis comprised by the methods used to producerévedata
such as computer simulations or measurements of naturabpiena. Usually,
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PROCESSING DATA

Data acquisition B
N > Raw data |
Filtering J‘* J
N > Visualization data |
Mapping j J
\ > Geometric data |
Rendering j J
N > Image data |

Figure 2.1: Stages and intermediate data of the visualizgipeline.

this raw data is not well-suited for visualization algonits. The task of processing
this data to provide the desired input to the display metkazhliled Itering . Fil-
tering includes several operations of different naturehsas interpolation, clip-
ping, and deformation. The data obtained from the lterithggvisualization data
is then used to generate a geometric representation diwemgappingstage. The
geometric dataesulting from the mapping is independent from the methadius
for displaying it and takes the form of geometric primitigesmplicit de nitions,
as well as properties such as color. The graphical reself issproduced during
therenderingstage which generates the sought visualization of the déttaough
this visualization pipeline arose from the visualizatiammonunity, it can be di-
rectly applied to other areas of computer graphics. Thisi@irtant for the focus
of this thesis, since the ow of the line of research repotiece goes from surface
modeling and rendering to volume modeling and rendering.

An important ltering task is the reconstruction of the vaotetric data at any
given point in the domain. As will be seen, interpolation apgroximation tech-
niques have been developed to accomplish this task for anaitge of different
input data. This Itering partially determines the mappiteghnique to be used.
It is worth mentioning that in the last years, a renewed @geon mapping tech-
niques based on implicit de nitions and meshless modeliag &risen, specially
in problems related to surface representations. The ajaitof such techniques
to volume data has not been fully explored yet. Howeverthse in this sce-
nario poses new problems for the interactive rendering @fidita resulting from
mapping techniques based on them. As mentioned befores Hresthe issues
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addressed in this thesis.

2.2 Surface Visualization

Although the term surface visualization is often used irestic visualization
applications, some authors use it to refer, in general, ¢opttocess described
by the visualization pipeline applied to surface data. lis thesis, for sake of
consistency, this latter approach is followed to betterhé tdescription of the
research reported in Chapters 4 and 5 within the visuatimatbntext.

Here, an overview of basic concepts on surface data, suré@omstruction,
and surface rendering focused on the approximation of eesférom sampled
data is given. We will see in later chapters that this samgétd can refer both to
surface and to volumetric data.

2.2.1 Surface data

In the context of this thesis, input surface data can comm ftwo different
sources. The rst type of such input data is comprised by thealed point
cloudsor unorganized point setsA point cloud is a seK = fx;; ;xygof
points sampled on the surfa@Sof an objectS  R3. This sampling is usually
performed by means of a three-dimensional scanner (seadtanice the Digital
Michelangelo Projedt100). Other information, such as the normal vector to the
surface at the sample position, radius, and material ptiegecan be attached to
the point data. In this case, each sample is referred tsada short forsurface
element Currently available technology is able to generate vemydaoint sets
with tens and even hundreds of millions of points, usuallhyaroblems such as
noise, non-uniformity, or regions devoid of data.

Polygon soupsire a further type of surface data that has been handleg latel
with meshless methods. A polygon soup is akseatf polygons with no inherent
structurej.e., a list of polygons with no connectivity information betwethem.
Sources of polygon soups are often polygonal data setsinomgaholes, gaps,
T-junctions, self intersections, and non-manifold stuwet Thus, the term can be
used to describe collections of polygons that do not possasagtees concerning
their structure.

Polygonal meshes can also constitute input surface datasbless methods,
for instance, when polygons with bad aspect ratio are foondip-sampling or
down-sampling the surface is the task to perform.

2.2.2 Surface reconstruction

The work on surface reconstruction from sampled surface datast and vari-
ate. One can broadly divide the approaches found in thalitez into meshless
approaches and approaches based on combinatorial sesigter mesh-based
approaches. In the latter group, approaches uSiglgunay triangulation§22;
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84], alpha shape$19; 43; 19 andVoronoi diagramsan be found8; 9]. These

methods usually generate jagged triangle meshes or teangkhes with poor
guality. Therefore, algorithms to smooth the surface angrave the quality of

the triangles are often used as post-processing.

On the other hand, meshless approaches do not rely on anyircoral
structure, although the result of the method can be a meslke Sneshless tech-
nigues are the focus of this work, and the mathematical fatiod upon which
they are based is given in the next chapter, a descriptionesft techniques will
be given later throughout the thesis. However, it may be nt@mbto mention here
two groundbreaking works upon which much current reseadased: Hoppe's
implicit surface de nition[69] and Levin'smoving-least-squares surfacggs).
These two works are representatives of the two main appesachmeshless sur-
face reconstruction, namely, the de nition of the surfaagds a level set of an
implicit function and (b) as the set of static points for sopmejection operator.
It must be noted, however, that it has been proven that meeast-squares sur-
faces can also be stated as an implicit surfddg. As discussed later, implicit
surfaces have a number of advantages, their suitability for CSG operations or
the simplicity of their de nition.

Hoppe and collaborators de ned the approximate surfachegero set of a
functionf that approximates theigned distancé&om a pointx to the surface
@S A simplicial surface is then constructed by means of a amirig algorithm.
The functionf 4 is de ned as

fu(x)= X Xxi;ni;

whereh i is the scalar produck; is the nearest point to, andn; is the approxi-
mation of the normal vector to the surfa@Satx;. The vectom; is estimated by
means of covariance analysis. To that endxiothe covariance matrix
X
C = (X xi) (X xi)

Xj 2N (xj)

is calculated, wher&l (x;) is the set oM nearest neighbors to;. If ; k =
1; ; 3 denote the eigenvalues &, where 3 < ; ,, associated with the
eigenvectorey; k = 1; ; 3, respectively, the vectar; is chosen to be eithex
or es. The actual orientation is computed afterwards by statiegarientation
problem as a graph optimization, so as to obtain consistemiénted normal
vectors.

On the other hand, Levin de nes tmeoving least-squares surfata a point
cloud as the set of stationary points of a certain g : R®! R3. Although
the moving least-squares methasldescribed in the next chapter, the de nition
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of moving least-squares surfaces is given here since tla@slet moving least-
squares are not necessary to understand this surfaceide.nit

Given a point 2 R® near@ So be projectedt v s (r) is de ned in two steps
as follows. First, a local approximating plare= fx : ha;xi h a;qi =0;x 2
R3gis computed by ndingg anda = a(q); kak = 1, so thata minimizes

X
ews (@)= (hxi h aqi)®! s (a4 ) (2.1)
i=1
wherea is in the direction of the line througt andr, the directional derivative
of IuLs () = ews (9;a(q)) in the direction ofa(q), evaluated af) is zero,i.e.,
Q@Qg)Idmes (@) =0, and! yis (p;a)  w(kp gk), wherew is a monotonically

decreasing function, typically a Gaussian
2
w(s) = exp( 5);

whereh is the Il size. OnceH is found, a local polynomial approximation is

computed. To thatend, Ié®; : i =1; ;Ngbe the orthogonal projections of
the pointsfx; :i =1; ;NgontoH, represented in an orthonormal coordinate
system orH de ned so that is projected onto the origin. Also, I&t = hx;; ai
hg;ai;i =1; N, le?the heights of the poinfx; : i =1; ;NgoverH.
Find a polynomiap2 ~?Z as
X
B= argzmin (p(Ri) )% wis (A Xi); (2.2)
P2 % =1

where ¢ is the space of-variate polynomials of degrea. The projection of
is de ned as

fms () g+ p(O)a: (2.3)
Then,
M@Sf x2R3:x=fys(X)g:

Many extensions to these methods have been proposed, arh@rigare those
presented in Chapter 4.

2.2.3 Surface rendering

A large number of computer graphics techniques are invoivesdirface render-
ing, ranging from visible surface determination to gloaimination algorithms.
As stated before, the output of the meshless surface appatixin method can be
used to generate a mesh, in which case traditional render@tigods can be used.
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On the other hand, if the meshless surface representatiorbis direct input to
the rendering method, some considerations must be takemsdiance, for the
ray/surface intersection calculation. There is a conaidleramount of work on
meshless rendering methods and many of them will be destiniée following
chapters. However, some seminal works on the topic are orexdihere.
Image-order algorithms. Ray-casting (or ray-tracing) meshless surface repre-
sentations has been approached both for implicit surfaeestidns [2] and for
surfaces de ned as the set of static points of a projecticerator[3]. In the case
of implicit surfaces, the surface/ray intersection prablean be regarded as the
problem of nding the roots of the implicit function on the a@in of the line de-
ned by the ray. Analytical and numerical approaches havenbgroposed67].
However, for general implicit functions, the most widelyedsapproach is the bi-
section method (Figure 2.2), where the ray is sampled witbgalar step size
starting at a point nea@ $until a change in the sign of the implicit function is
found. Then, the bisection method is applied starting whth two last points
(one on each side of the surface). Note that this processers sgo implicit
de nitions where the inside/outside state is given by tlggf the function.
Computing the intersection of a ray with a surface de ned bgrajection
operator takes a different approach. Starting with a pogar @ $ an iterative
process that provides an approximation to the intersedsiggerformed[3]. In
each iteration, the projection of the current approximatersection is computed.
If the distance between the point and its intersecttan Figure 2.2) is less than
a prede ned threshold, the process ends and the result mutinent approximate
intersection. Otherwise, a local approximation to theatefe.g, a polynomial
approximation, is computed and its intersection with theda nes the new ap-
proximate intersection. Details on how to compute the lapgiroximation to the
surface, on de ning its support, and on the data structusesl dor accelerating
the intersection computation are given in Chapters 4 and 5.
Object-order algorithms. A number of techniques are able to generate a dense
sampling of points from the original input set of points. irés surface de nition
is an example of this, since the projection operator can jpetitevely applied on a
dense set of points ne@ Sn order to project them onto the approximated surface.
When a suf ciently dense sampling is availabfmint-based surface rendering
can be applied. The idea behind point-based rendering igloiethe advantages
of points as graphical primitives compared to trianglesnely, the compactness
of the representation, ease of manipulation, and ex#iliThe rst work on
point-based rendering was published by Levoy and Whiféd]. Nowadays,
renderingsurfels e.g, by means of surface splatting, is the most widely used
approach for rendering a dense point set. As stated beforgls are points
which have additional information attached to them, fotanse, normal vectors,
radii and material properties. This information can be dal®d if not available
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Figure 2.2: Ray-casting implicit surfaces (left) and scef de ned as the set of static
points of some projection operator (right). For implicit midons, a surface cross is
found by sampling the ray at regular intervals. With the tastlsampled points, the
bisection method is applied to nd an approximation to th&eisection point. In the
case of projection operators, the approximate intersedsiprojected onto the surface. If
the distance to the projection is less than a threshold, the current aqipiation is the
intersection point. Otherwise a local approximatidnf to the surface is computed and
its intersection with the ray de nes the new approximateliséctionx. In both cases the
process starts with a point near the surf@&depicted by the circled point (see color
plates).

as there is a large amount of work on these topics. The remgleximplemented
by projecting the surfels onto the image plane and commagsttie contribution
of each surfel to the color of the pixels in the projectia@d.

2.3 Volume Visualization

The visualization pipeline applied to volumes is known akiree visualization.
The goal in volume visualization is to create a graphicatesentation of the in-
formation contained in the volume data to help the user geight into it. To that
end, many methods that address modeling, Itering and rengef the volume
have been developed. The goal is not only to generate a gadphpresentation
of the data, but to provide the user with a means to betterrstaded it. How-
ever, since the literature on volume visualization is vextemsive, this section
will be focused on basic volume visualization concepts #ratused throughout
this thesis.

2.3.1 \Volume data

Since volume data is acquired by a large number of differegdms, such as com-
puter simulation and medical imaging, the type, domain andire of the data,
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STRUCTURED GRIDS UNSTRUCTURED GRIDS

e

Figure 2.3: Classi cation of common grids types found inestti ¢ visualization.

Uniform Rectilinear Curvilinear

in turn, can vary largely. The data type, for instance, rarfgem scalar data to
higher-order tensor data, and very often it is possible td volume data with
multiple elds of different type.

Concerning the structure, volume data can be stored, inrgkres scattered
data or at the elements of a grid (Figure 2.3). Grids are lyssiabdivided in two
broad types, namelgtructuredandunstructured grids The sample positions in
structured grids can be indexed, for the three-dimensicasd, by(i; j; k ), where
i 21;) 2J,andk 2 K, andl ;J ;K denote indexing sets. Among struc-
tured gridsregular gridspossess the most ‘regular' geometry and the position of
each samplej; k , for the three-dimensional case, is implicitly stored aad be
reconstructed by

Viik = (1 X y;k Z)R + t;

whereR is a rotation matrixi is a translation vector, andx, yand z are the
grid cell size in each direction. A speci ¢ subtype of reguigids areCartesian
grids, forwhich x= y= 1z

A more general type of structured grids aestilinear gridswhich possess
irregularly spaced vertices in each dimension, so that

Vigk = (x(1);y(G)z(k)) R + t:

Curvilinear gridshave the same connectivity as rectilinear grids howeveveine
tex position cannot be implicitly de ned and must be exjlicispecied as a
position in space

Vigk = (X(5k ) y( 5 k) z( sk )) R + te

The advantage of curvilinear grids is that the domain of iheukation can be
better represented without having to increase the resolas it would be the case
with rectilinear grids. Also, the implicit nature of the awattivity is maintained.
This type of structured grids is largely used in the aircaaiti car manufacturing
industries.
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-

Conformal Semi-conformal Non-conformal Overlapping Adaptive

Figure 2.4: Different multiblock grid types.

Unstructured gridsare the most general grid type since the connectivity is
explicitly stored. These grids are also referred to as padyal meshes. A polyhe-
dral mesh is a nite set of polyhedra where the intersectibany two polyhedra
is either empty or a face, edge or vertex of each; or for anttjger of the set into
two subsets, there is always at least one polygon that iseadea polyhedron
from each subset. The term cell and polyhedron will be usedrsymously in
the following. In practice, the cells in these grids are Uigdimnited to tetrahedra,
hexahedra, prisms, and pyramids. As shown in Figure 2.3rugtared grids can
have cells of different type.

Multiblock grids(Figure 2.4) are also often found as result of computer sim-
ulations. Multiblock grids are formed by two or more gridsafy of the pre-
viously mentioned grid types. Multiblock grids can be claskas conformal
semi-conformalnon-conformakndoverlapping grids Conformal grids are the
easiest to handle, since a natural continuity in the comncts present. This
Is also the case for semi-conformal grids, where the maireisisat must be ad-
dressed is the different ‘resolutions' of the grids. Nomfoomal grids, on the
other hand, can be arbitrarily placed with the only constrtiat the intersection
of two grids is non-void and the meshes do not overlap as isabke with overlap-
ping grids. A very important grid type that can be includedagthe multiblock
grids is comprised by thadaptive mesh re nemegtids. These grids are formed
by a set of grids, where the grids of greater resolution atkimthe coarser grids
and the boundaries of the former are identical to the boueslaf the cell in the
latter that contains it. This type of grid adapts the resofubf each block to
the accuracy requirement of each part of the domain. Intatipg in multiblock
grids is a challenging task, which is addressed in Chapter 6.

2.3.2 \olume data reconstruction

In general, visualization algorithms require as input anstruction of the vol-
ume data from the samples on the entire domain. This datans&cation is
usually associated with interpolation methods. Howevgpy@aximation methods
can also be useful, for instance, when noisy data is to belé@nd/olume data
reconstruction is also referred to é®ring, specially in reconstruction methods
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for Cartesian grids. Here, an overview of the most commomaggies for vol-
ume data reconstruction is given. In the next chapter, reeshdpproximation
methods that are directly related to the research repanttds thesis will be de-
scribed in detail. As will be seen in Chapter 6, these metlwaaisbe used for
volume data reconstruction in arbitrary grids, while pthng a means to de ne
a uni ed approach that is able to generate both interpatatand approximations
of the volume data. That is, a method that is able to effelgtdeal with data with
and without noise stored in arbitrary meshes will be pressknin the following,

domain. The sample points can be the vertices of a grid, theargers of a grid
or scattered samples. The sampled data at samplexpasiteferred to byf;.
Scattered data. In general, there are two basic approaches to scatterededata
construction. The rst is based only on the scattered pasgiwhile the second
makes use of some sort of spatial decomposition to aid tleepokation process.
In the latter approach, once the spatial decomposition mspeed, the values
are reconstructed using reconstruction methods for gdididea, such as the de-
scribed below. On the other hand, meshless scattered datasteuction methods,
as mentioned above, are applied directly on the scattersplea. Since meshless
data interpolation and approximation are directly relatethe research reported
here, a detailed description that includes methods baspdrtition of unity, least-
squares, and radial basis functions will be given in the nbapter as part of the
mathematical foundations. However, here the two most wi#ebwn recon-
struction methods for meshless scattered data recoristnace brie y described,
namely, Shepard's methdd43, also known asnverse distance weighingnd
Sibson's interpolatioi7]. Shepard's interpolation can be written as

PN (X; Xi)
fs(x) = P22
izl!s(X;Xi)
where
| (X' ): ;
SUOY) = X yk2’

Shepard's method produc&®-continuous interpolations and cusps, corners and
at spots can be obtained. Modi cations to this method thdteess this issue
have been proposed, which fall within the category of metHmaked on partition

of unity. Shepard's method can be regarded as the simplsstafethe moving
least-squares method.

On the other hand, data interpolation using Sibson's patenzation pro-
ducesC!-continuous interpolations. Sibson's method takes inttant only the
natural neighborsof the evaluation poink to calculate the interpolated value.
The Voronoi diagranmz of the setX is a domain partitioning into regions(x;),
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such that any point i (x;) is closer tesitex; than any other sitg;: The regions

V (x;) are calledvoronoi cells Givenz and®, where® is the Voronoi diagram
of the setX [f xg, with Voronoi ceIIs‘{?(p); p 2 X[f xg; the setN,(x) of
natural neighbors of is comprised by the sites of the neighboring Voronoi cells

to the cell of the sitex: The Sibson's interpolant is then calculated as
P

c - f

X 2N  (X) Le(X;xi)

where! ((X;y) = v(‘@ (x)\ V(y)) andv is a function that returns the volume of
aregion.

Rectilinear grids. The simplest reconstruction method used in rectilineatgyri
is thenearest-neighbor interpolationvhere the reconstructed valtig(x) at the
evaluation poink is given byf;, wherekx; xk < kx; xk; 8] 6 i. Since this
interpolation is discontinuous, unpleasant abrupt changthe visual representa-
tion (rendering) are obtained. On the other hand, piecetniiaear interpolation
generate€°-continuous reconstructions and due to its simplicitygezscoding,
and low computational cost, is widely used in visualizatioethods. Given the
verticesx.,; k = 1;:::,;8, of the cellC, such thax is in the interior ofC, the
reconstructed valulg (x) is in this case obtained as

fi) =@ )@ )@ Hig+ @ H)A )fe
+ 1 )fe+r@ ) @ )fg
+(1 Y@ ) f+ (1) fog
+ f C7+(1 ) f Cg

with

— kbclcz XClk. — kbC1C4 XClk. — kbClCS XClk.
= — = =————+ and = —————:
kX, Xe K kXe, Xek KXes X, K
whereRe, ,, B¢, c,, andRg, ., are the projections of on the lines de ned by the
pairs of verticegxc,; Xc,), (X, 5 Xc,), @and(Xc, ; X¢; ) respectively. If the data is cell
centered, the dual mesh is used.

Higher-order reconstruction schemes sucBasplines Catmull-Rom splines
and,windowedsinc lters are also used in visualization applicatidd9. These
schemes argeparable Iters which can be written ds(#; %; &= hs(#)hs(%hs(8).
The reconstructed value is obtained as the sum over the semalints,

b\
fh(x) = fih(#i; %, &);

i=1
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where(#;;%; &) = X; Xx: Catmull-Rom splines and cubic B-splines belong to
the family of cubic splines

hs(8 3
1§ 6 20 (18 12b 60)j&%+ (12 9 60)j&° <1
~. 8(b+30 12(b+40)j§+6(b+50)j&* (b+60)j&® 1 j §<2
6: 0 otherwise

where differento andc generate different cubic splines. Note that this assumes
that the distances between two neighboring samples in angrdiion is one. |If
this is not the case, a normalization in each dimension i®paed. B-splines are
obtained by setting= 1 andc = 0, while Catmull-Rom splines are obtained with
b= 0 andc = 0:5. Windowedsinc lters, on the other hand, approximate the ideal
sinc Iter with a lter of nite support. Since simple truncatiorof thesinc lter
causes ringing artifacts, it is multiplied with functiorigat drop smoothly at the
boundaries of the support. The de ning equation of a winddgia@c, considering
one window, is

_ (1+cos(&=&))sinc(4&=§&) & < &n
Ns(&)(8 = 0 otherwise

whereé&, is the radius of the support. Note that this Iter needs to bemal-
ized to ensure the unity of its integral on the domain. As @& sidte, tri-linear
interpolation is also a separable lter.

Lagrange interpolatiorcan also be found to a lesser extent in visualization
methods. In the univariate case, the approach ts a polyabitpf degreed 1

xd
P(x) = Pj (X);
j=1
where "
X X
P, (x) = f, = Xk:
i k
k=1
k6 j

The method can be extended to the three-variate case foinesat grids to obtain
a reconstructiom, (x) of the value ak by successively applying the interpolation
to higher dimensions.

Curvilinear and unstructured grids. Linear interpolation in unstructured and
curvilinear grids is also widely used in visualization dpgations. The most com-
mon approach is to partition each polyhedral cell into tegdha and compute the
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linear interpolation on the tetrahedral partition. Notewver, that this interpo-

lation depends on the partition used. Given a pgim the interior of a tetrahe-

dronT = [Xy,; Xv,; Xvs; Xv,] IN the tetrahedral mesh, the barycentric coordinates
kK =1;:::;4; of x with respect tdl' are obtained by solving

x4
kXVk =X ’

Then, the volumetric data can be linearly interpolated with as

X4
fe(x) = kfy

k=1

Barycentric coordinates are a parameterization of thetipasof a point with
respect to the tetrahedra. Similangean value coordinateshere recently pro-
posed by Floateet al.[52] to parameterize any star-shaped polyhedra. Let
R® be the domain de ned by the set of cells of a polyhedral meshthérmore,
let C be a polyhedron in the mesh, with triangular facets and c&sk,, ;
k = 1;:::;m. The kernelK of C is the open set consisting of all points

tersection between the line segméxtx,, ] and the boundary@Cis x,,. C is
star-shapedif K is non-empty. The boundai@ Cof C is a mesh of triangles.
For anyx in K, each oriented triangle = [X,, ; Xy, ; Xy, ] de nes a tetrahedron
T = [x;xvj ; Xve s Xvn ]- Given the angle (s; r;s = 1;:::;3; between two line
segmentgx; x,, ] and[x; X,.], and the unit normah,s to the face[x; Xy, ; Xy.],
pointing into the tetrahedroR, the barycentric coordinates »iwith respect taC
are de ned by

where

km + jk Mm; Nemt + mj My 5 N1

BH T '

ij ; nkmi




34 Chapter 2. Interactive Visualization

where

Xy, X

ok, xk

Higher-order approximation in tetrahedral meshes is Wp@aldressed with
the Bernstein-Bzier formof trivariate spline439]. Therefore, a tetrahedral par-
tition must be constructed. Let be a tetrahedral partition of in R3. Then for
any integer®d r d, the associated space of polynomial splines of dedree
and smoothnessis de ned by

&

Si()= fs2C'(): sjr 2Py; alltetrahedraT 2 g;

wherePy is the space of trivariate polynomials of degreeAlthough there is no
general theory, there are a f&@ trivariate spline spaces which have been shown
to be useful in applications, such as the classical niergnt spaces witth= 9
on general tetrahedral partitions and nite-element spagiéhd =5, d = 3, and
d = 2 on subpartitions of where every tetrahedron is split into four, twelve, and
twenty four tetrahedra respectively.

Given a tetrahedrof = [Xy,; Xv,; Xvs; Xy, ], @ny cubic splines on , can be
written in its piecewise Berstein-Bézier form

X
St = Giki Bil 5 Giu 2 R;
i+j+k+l=d

wheregcj are called thd&ernstein-Bzier coef cientof the polynomial piecsj+
associated with thBézier points

T Xy Xy, KXy, +IXy,
ikl — q

i+j+k+l=d .
Here, theBernstein basis polynomiats degreed with respect tal' are

da . o
B ()= fpq 12 5 wititkel=d
If s 2 C'() withr 1, then the coef cientscj must satisfy certain
smoothness conditions. Suppose that two tetrah@dra[ Xy, ; Xy, ; Xv,; Xv,] @and

P = [Xvs; Xvyi Xvsi Xy, ], Share the facB = [Xy,; Xy, ; Xy, ]- Suppose also that

. X d

St = Ciki Biji
i+j+k+I=d

. X d

Sle = & B ;

i+j+k+I=d
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wheref @i?m Oi+j+k+1=d are the Bernstein polynomials of degkassociated with
f.Givenl i d,let

. X .
jlkl = Gil €j+x++ B (Vi)
forallj + k+ | = d i: Note that for a given pair of adjoining tetrahedr'ﬁ,

is uniquely associated with the domain poif); . The splines is C" continuous
across the facg if and only if

las=0;forallj + k+1=d iandi=0;:u;r

Thus, the reconstructed valuexa T isfy(x) = sjt(X):

Multiblock grids. Reconstructing the volume data stored in multiblock grids i
challenging task depending on the grid type. Conformal iloitk grids can be
addressed with the approaches described above. Semirg@ifmon-conformal,
and adaptive-mesh-re nement grids can be addressed bgstoating the value
inside each cell independently if linear interpolation se$. However, discon-
tinuities are often introduced. Overlapping multiblockdgrpose an even more
dif cult problem, since the domains of two or more grids degr. As mentioned
before, this problem is addressed in Chapter 6.

2.3.3 Volume rendering

Volume rendering is the process in the visualization pigelihat generates the
graphical representation of a volume data set. Volume ramglenethods can be
broadly divided intodirect volume renderingnethods andndirect volume ren-
dering methods. The former regard the volume data as a non-opaqué of
particles, and visualize it directly by modeling certairypical effects, while the
latter visualize some derived modelg, anisosurface meshSince indirect vol-
ume rendering in the context of this thesis, as will be seg¢harsubsequent chap-
ters, is in the form of surface visualization, the above @nésd description of
surface rendering suf ces. Therefore, direct volume reimggeis the focus of the
following discussion.

Direct volume rendering aims at visualizing a volume by miodgthree phys-
ical effects affecting the appearance of non-opaque nagdeamissionabsorp-
tion andscattering Emission refers to the light coming from chemical readion
or excitation on an atomic level. In a scattering processagrhinteracts with
a scattering center and emerges from the event moving irffexelit direction in
general with a different frequencynglastic scatteriny If the frequency does
not change, one speaks elfastic scattering Absorption refers to the attenua-
tion of light between a particle and a light source. In thédf@ing, the focus of
the discussion is on the so-callethission-absorption modetdhich will be used
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Figure 2.5: Ray through the volume.

throughout the rest of the thesis. A detailed descriptiodiffiérent models in-
cluding scattering, shadowing and multiple scatteringlm&afound in the work by
Max [111].
Volume rendering integral. Consider a cylinder with length centered around a
viewing ray that passes through the volume, whose radiusad nough so that
volume properties change only along its length (Figure. 2280, consider a light
source positioned at the end of the cylindes, the extreme opposite to the view
point, with radiancd. (per wavelength) in the direction of the ray. The color
of the pixel corresponding to the ray is determined by théarageL (D) coming
from the front of the cylinder. Consider furthermore a thiabsof this cylinder
with base are& and length s. Finally, consider a participating medium with
particle density . In the emission-absorption model, as the light ray owsnglo
the direction s the particles absorb the light that they intercept and et n
light. For simplicity, assume that all particles are ideatispheres with radius
The area of the projection of each particle on the base ofléesA = r 2. The
volume of the slab i€ s and therefore contaifd = E s particles. If sis
small enough, the particle projections on the base of thehsae low probability
of overlap. Thus, the area of the base of the slab occludedhdyarticles is
approximated bNA = AE s and the fraction of light occluded when owing
through the slab is

AE s=E= A s: (2.4)

As stated above, in addition to absorbing light, the pas@mit light with inten-
sity C per unit projected area. Thus, the radiance of the lighttechiby theN
particles in the slab iIEAN = C AE s which gives an added ux per unit area
equal to

CA s (2.5)

Thus, considering the light occluded (Equation 2.4) anditite emitted (Equa-
tion|2.5) by the particles in the slab per unit area, since sapproaches zero, the
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probability of overlap also approaches zero, the changeeimadiance of a ray of
light through the volume can be de ned as

% C(s) (s)A  (s)AL(s)
C(s) (s) (s)L(s)

Le(s)  (9)L(9): (2.6)

The quantity (s) is called theextinction coef cienandL ¢(s) is called thesource
term

To solve this differential equation, the terngs)L(s) is broughtdo the left
hand side and both sides are multiplied by the integratintpfaxp OS (t)dt

giving

dL Z S Z S
— + L(s) (s) exp (t)dt = Le(s)exp (t)dt
ds 0 0
or d 7 s 7 s
— L(s)exp (t)dt = Le(s)exp (t)dt
ds 0 0

Integrating froms = 0, at the back end of the volume, $o= D, at the eye, we
obtain
Z, Z, Z

L(D)exp (t)dt Lo = Le(S) exp (t)dt ds;
0 0 0

which can be rewritten as
Z D Z D Z S

L(D) = Loexp . (Hdt + . Le(S) exp . (Hdt ds: (2.7)

An analytic solution of this integral is, in general, notdéde. Thus, numer-
ical integration is needed. The most common numerical aqmation of the
volume rendering integral is done by means of Riemann sunfsllagis. The
interval from0to D is divided inton equal segments of lengthx = D=n and a
samplex; at each segment is choses todpe i x. Then
Z o !
exp (x)dx exp (i x) x

0 i=1
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LetLY = Le(i t) and de ne

exp (x)dx t0):
X j=i+l
The Riemann sum for
Z D Z S
Le(s)exp (t)dt ds
0 0
becomes
R L
LO £0)-
i=1 j=i+l

and the nal estimate of Equation 2.7 is

Yy o oox oy
L(D) Lo tO+ LD t0)
i=1 i=1 j=i+l
= LM 4t [0 D40 D 2y LO + 0L,

which gives us the back-to-front compositing formulation
LO = LO 4@ O)L6 v,

whereL®) is the accumulated color for tHerst ray segments, ) =1 t®
can be thought of as the opacity of thth segment along the ray, ahd® = L.
LY is know as theore-multiplied coloror associated colom volume rendering
algorithms.

A better approximation to the volume rendering integrallcaobtained by us-
ing pre-integrated classi catiori85], where a continuous, piecewise linear scalar
function is reconstructed along the viewing ray and the m@wendering integral
between each pair of successive samples of the scalar edalkiated by table
look-ups.

Image-order algorithms. The evaluation of the volume rendering integral is
common to all direct volume rendering algorithms. As in tlase of surface
rendering, these algorithms can be subdivided into olgesd¢r and image-order
algorithms. Ray-casting techniques for volume renddi®9y 54 are image-order
algorithms, where usually at least one ray is traced for gac#l in the image
from the view point to the volume. The volume is traversedgleach ray and
the nal color is composited using the color and opacitiesorestructed at each
sample point on the ray. In Figure 2.6 the ray-casting pmceslepicted. The
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ore

Figure 2.6: Volume ray-casting (see color plates). Frormtefright: at least one ray
is traced for each pixel in the image (ray casting), on eaghthia volume is sampled
a number of times (sampling), the contribution of each segrisecomputed (shading),
and the contributions of all ray segments are composite@terchine to nal color of the
pixel (composition).

four main steps are shown, namefy casting sampling shading andcomposit-
ing. During ray casting, the rays for each pixel are traced froeiew point
to the volume. Each ray is then sampled at speci ¢ locati@asnpling). The
sampling locations are not necessarily evenly spaced apeindelargely on the
grid type and on the volume ray-casting techniques impleetkp.g, accelera-
tion techniques and feature enhancement methods. The wagotiiribution of
each ray segment is computed can also vary due to the spéedirsg technique
used and to the numerical approximation of the volume ialefgr the individual
segment. The contributions of all ray segments are therdbtktogether during
the compositingas explained above. In the last years, one of the main prablem
approached by researches has been the acceleration ohtlexing process by
means of graphics hardwai45].

Object-order algorithms. In contrast to image-order algorithms, object-order
volume rendering algorithms compute the contribution dfividual parts of the
volume to the rendering integral. Usually, each part cbatas to the integral
along many rays. One of the most widely used image-orderrighgas is cell
projectionwhere cells in the grid are projected onto the image planésibility
order (see Figure 2.7). The contributions of the cells toitibegral along a ray
are blended using compositing as described above. Ano#rgrwell known
object-order algorithm isplatting[171], which generates the image by computing
for eachvoxel (a cell in a Cartesian grid together with its volumetric data
contribution to the result in all pixels which overlap witls footprintin image
space. The computation is performed by slicing the volunapaioject each slice
onto the image plane. The footprint of each voxel is actutléy reconstruction
kernel centered around it (see the section on volume dabasé&ciction above).

The support for texture mapping by graphics hardware madsilple the de-
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Figure 2.7: Object-order volume rendering algorithms. dklise (from top left): splat-
ting, cell projection, object-aligned, and view-alignexktture-based volume rendering.
Note that splatting and cell projection are not restrictecegular grids (see color plates).

velopment oftexture-based volume renderimgethods for Cartesian grid25]
(Figure 2.7). Where two-dimensional texturing is avaéablolume rendering
can be accomplished by projecting object-aligned textstiegs onto the image
plane. The contribution of the slices to the nal image arenposited together
by means of the blending operations supported by the greplaicware. In this
case, three stacks of slices aligned along the axis of thecbbpordinate sys-
tem are used. During rendering, the stack correspondingetatis closest to the
viewing direction is used. This requirement of maintainithgee stacks of tex-
tures is alleviated with the support for three-dimensidaatures, in which case
the volume is sliced orthogonally to the viewing directiofhe resulting slices
are textured directly by accessing the three-dimensi@xalite holding the vol-
ume. An approach related to texture-based volume rendesitige shear-warp
algorithm[87] where the viewing transformation is factorized such thatrtbar-
est facet of the volume becomes axis aligned with an offestimage buffer with
a xed scale of voxels to pixels. The volume is then rendetargo this buffer
using this more favorable memory alignment. Once all slafdbe volume have
been rendered, by rasterizing them in software, the buffédran warped into the
desired orientation and scale in the displayed image.
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2.4 Visualization and Graphics Processing Units

In the last years, the rapid technological advances in geagtardware has been
exploited in different areas of computer graphics to ace&deprocesses that ac-
complish tasks not necessarily restricted to those for lwthie graphics process-
ing units (GPU) are designed. This includes the implemantain graphics hard-
ware of many visualization algorithms for modeling and remuy volume data
sets, which has provided interactive means for the read-gmploration and ma-
nipulation of simulated and measured data.

The capabilities of commodity graphics hardware have b&ploied for ac-
celerating the techniques presented in this thesis. Towerah this section, basic
concepts of commodity graphics hardware and their use iergéprogramming
tasks will be introduced.

2.4.1 The rendering pipeline

The process performed by the graphics hardware to display af lprimitives is
known as theendering pipelingsee Figure 2/8). This list of primitives, generated
by the application, is input to the rendering pipeline infiwen of vertices. These
vertices are then transformed, rstveoorld coordinatesthen toeye coordinates
clip coordinates normalized device coordinateand nally to windows coordi-
nates by the vertex processor (which in Figure 2.8 includes timipive assembly
stage). The spatial relationships among the local coorelnsystems of the ob-
jects are de ned in world coordinates. The per-vertex ligiptcomputations and
the speci cation of texture coordinates are also perfornmedorld coordinates.
Eye coordinates result from positioning a virtual cameraragrbitrary location
in world coordinates. The transformation to eye space isrdehed by the posi-
tion, the viewing direction and the up vector of the camenalli@y is performed
in eye coordinates since the visibility of the polygons isedained by the line-
of-sight and the normal vector and center of each polygore Vértices in eye
coordinates are then projected onto the viewing plane t@awhttwo-dimensional
representation of the scene in clip coordinates. In thisespaipping and removal
of hidden surfaces are performed. Perspective divisidreis performed to obtain
normalized device coordinates. The normalized devicedinates are then trans-
formed to window coordinates by means of a viewport tramsédron. Finally,
in the last stage of the rendering pipeline, the projectdggoms are rasterized.
Rasterization is the process by which the representatidheopolygons in win-
dow coordinates is converted into raster format, vertexaties are interpolated
and perfragmentshading (including texturing) and hidden surface remayvpkr-
formed. Afragmentcan be regarded as a pixel with additional information such
as depth and texture coordinates.

Since the introduction of thgrogrammable pipelinghe operations performed
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CPU/Application
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Geometry Shader
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\—> Rasterization ——p Fragment Ops. —p Framebuffer, Tests & Blending

Figure 2.8: The programmable rendering pipeline.

by the vertex and fragment processors can be de ned by trgrgmamer by writ-
ing GPU programs. Additionally, the geometry shader stagetdeen introduced
into the pipeline recently. Aertex programs a graphics processing function that
performs mathematical operations on the vertex data, geometrical transfor-
mations, per-vertex lighting and texture coordinates aataons. It is important
to note that the operations are performed on the vertex dat# to the render-
ing pipeline by the application or on data previously writtgy thestream output
stage later described. Ayeometry shadeon the other hand, can generate new
primitives from existing primitives. The geometry shaderekecuted after the
vertex program shader and its input is the primitive withaaéncy information.
During the stream output stage, the vertex data generatdtelyeometry shader
is streamed out to buffers in graphics memory, always as tEmprimitives but
without the adjacency information. As hinted before, thieamed data can be
read back into the pipeline, which would be processed in aeylent rendering
pass. Similarly, the operations performed by the fragmentgssor, can be pro-
gramed by means dfagment programs These operations are performed on a
per-fragment basis.

One important aspect of the rendering pipeline is that th&) G&h only pro-
cess independent vertices and fragments. However, it caaeps many of them
in parallel. That is, the GPU is in some sense a stream processl the pro-
grams (kernels) perform the same operations on all elenfesrtisces, primitives,
fragments) in parallel. This fact has been exploited by mautors to perform
tasks for which the GPU was not originally designed. Thisaaelby mapping
the programming problem at hand into a stream processinggmoin order to
exploit the high parallelism and computational power of @feU, as will be seen
in the following.
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2.4.2 General-purpose GPU programming

The use of the GPU for solving general computing problemadsi asgeneral-
purpose computations on the GRGPGPU). Since GPUs are designed to per-
form graphics tasks, their programing is very restrictioenpared to the CPU.
However, problems that can be solved using stream progesambe effectively
tackled using the GPU. In this context, the programmablegssors of the GPU
are seen as resources that perform the operations de netlebietrnels. The
capabilities of the rasterizer for creating fragments ardrpolating per-vertex
constants are also often exploited in GPGPU applicatiodstarecent introduc-
tion of the geometry shader has given programmers a new ittolhww capabil-
ities for solving problems. The texture unit and the franfisucan be seen as
read-only and write-only memory interface respectivelyvdte-only texture can
be attached to the framebuffer in order to store results iAitother possibility
is given by the recently introduced stream-out stage. Siheeantroduction of
Shader Model 3branching and loops are supported by the processors. Howev
such ow control structures have a signi cant performananalty. Currently
available hardware supports single oating point preaisioall its stages, as well
as in the texture unit. This has boosted the used of GPUs irgregrhical appli-
cations.

Recently, in order to overcome the limitations of the userapbics hardware
in stream processing, NVIDIA and ATIrR developed the Compute Unied
Device Architecture (CUDAV) and Close To Metd(CTM) technologies re-
spectively. CUDA allows the use of the computing featuretheflatest NVIDIA
GPUs through the standard C programming language. Thaieishader kernels
are replaced by kernels written in C. The advantage of usldBAon NVIDIA
GPUs is the possibility of processing thousands of thregaislsaneously in com-
parison with multi-core CPUs that can execute only a fewatiseat the same time.
Additionally, the threads on NVIDIA GPUs can communicateogag themselves.

CTM, on the other hand, is a hardware interface that givesldpers access
to the native instruction set and memory of the AMD Streanc@ssors and its
Radeon GPUs. The use of CTM opens up the architecture ofrensprocessors
and offers developers the low-level, deterministic, argkegable access to hard-
ware that is essential to develop compilers, debuggers$enstical libraries, and
applications platforms.
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CHAPTER

3 MESHLESSAPPROXIMATION METHODS

Meshless approximation methods were originally used teesgéoscience prob-
lems. Eventually, applications in other areas such as Pa&fgial intelligence,
signal processing, sampling theory, and optimizatiortatmaking use of these
tools. This popularization was due to the need of standarthods, such as
splines, for an underlying mesh to de ne the basis functionse most widely
known multivariate meshless method, often referred ioasse distance weight-
ing, was introduced by Shepalti43. Hardy[64] proposed thenultiquadricand
inverse multiquadrianethods, while Duchof42] developedhin plate splines
Lancaster an@alkauska$89; 84 generalized the idea of Shepard's functions to
de ne the moving least-squaresiethod. On the other hand, the amount of re-
search orradial basis functionss vast. However, the work by Wendlahti6g

is of special signi cance, since Wendland presented for tsietime a class of
compactly supported radial basis functions. This madeiblesthe use of com-
putationally ef cient meshless radial basis function nozth.

In this chapter, a brief overview of radial basis functiomsl dhe moving
least-squares method is given. Also, the usertiiogonal polynomialsindap-
proximate approximatiowithin the context of moving least-squares is described.
The de nitions presented here are used throughout thisgiepropose meshless
modeling and visualization techniques.

3.1 Radial Basis Functions

The general approximation problem can be de ned as follo@$ven a set of
pointsX = fx;; ;Xng ( R 3, and a functiof : RS ! R evaluated on

On the other hand, in the case of interpolation, the funckibh must hold
M f (x;) = fj. An usual approach to solve both the approximation and tteg-in
polation problems is to regard the functibhf as a linear combination of certain
basis functions :
X
Mf(x)= & «(X); (3.1)

k=1

wherex 2 RS. Solving the interpolation problem using this approachiseto

45
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a system of linear equations of the forvt = f; whereA = f k(xj)gj'?'k 1
c=[c; ;oltandf =[fy; ;fn]'. Thus, a unique solution to the problem
exists if and only ifA is non-singular. It is known thatositive de nitematrix is
non-singular. Thus, sincedrictly positive de nite functions a functionf such
that for any real numbeps;;  ; Xy, theN N matrixM = ff (x; xj)gm 1
is a positive de nite matrix, to ensure thatis non-singular, one can choose a set
of strictly positive de nite functions  (x) = (X Xg) as basis functions. Thus,
the functionM f is atranslation invariantinterpolant.

A function : R®! R s calledradial if there exists a univariate function

:[0;1)! R suchthat

(x  xk)= (r);

wherer = kx  x¢k. Thus, radial functions are not only invariant under transl
tion but also under rotation and re ection. More importgnthe approximation
problem becomes insensitive to the dimenson

There is a variety of basis functions that have been studid@pplied in com-
puter graphics, among which attein plate splinesmultiquadricsand Gaussian
functions. Thin plate splines were presented by Duchtih, who de ned the
radial function as
(r) = r’log(r) r 60

0 otherwise

The function is the fundamental solution of the biharmonic equaticie(x) =
Owhere isthelLaplace operator

Multiquadrics and inverse multiquadrics where introdutgdHardy. The
multiquadric and inverse multiquadric basis functionsdeeed as

(r):pm

and

(r)= 91:

a2+ r2

respectively, for some constaat
Gaussian functions of the type

(r)=exp( r?);

where is a constant, are the most widely used basis functions irpatengraph-
ics applications, perhaps due to their smoothness and dejgialy despite serious
drawbacks such as their sensitiveness to the choice of thenpter .
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3.2 Moving Least-Squares

For a set of basis functions (polynomial functions throughthis thesis) =

f 1;:::; w0, the moving least-squares meth[@8] aims at de ning a linear
combination of thatapproximatek. Let us de nethe vectors=[ f1; ;fn]
and ; =[ j(x1);:::; j(xn)]. Letus also de ne the inner produlgti, : RN

RN | R, as aweighted sum:

X
h; 1,(x)= i (X xi); (3.2)

i=1

where! (p;q) w(kp gk),w: R ! R; being a monotonically decreasing
function. Note that depends on the evaluation poixnndX. A functionM f
that minimizes

X
mnEX)=  (fi M f(x))?! (X;X)); (3.3)

i=1

where
X

ME(X)=  G(x) j(x)
j=1

is known asmoving least-square@iLS) polynomial approximation because as

X changes, the minimization changes,, the solution depends on the evaluation

oint.
g It is known[38] thatM f can be found by solving the system:
2 32 3 2 3
I PR | VI B C h; i
9 : : £9 : £=5 : £ (3.4)
h v, ar iio hows wmi Cm h; mi

or compactly written

e

h i, jihng=hy; jiy;i=100M:

i=1
3.3 Orthogonal Polynomials in Moving Least-Squares

Ifaset isde ned such thatthe inner productsatiskes;; i, = j j,where
j Is the Kronecker delta, System 3.4 becomes a linear systeznevthe coef-
cient matrix is diagonal. This means that is a set of orthogonal polynomials
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with respect to the inner product. Thus, the moving leas&ses approximation
is given by the sum
X! h, i
M f (X) = i(x)h.i': (35)

i=1 iv il

A set with such property can be obtained by making use of the naultiv
ate Gram-Schmidt orthogonalization process. Howeves,ghocess is computa-
tionally unattractive. On the other hand, the revised G&ehmidt process for
several variables by Weisfe[d64 provides a generalization of the recurrence of
three termg24] for polynomials of several variables, making it a more ative
method in terms of computational performance. Bartels @zebdanski18] im-
proved the results by Weisfeld and presented an even moceeaf method. The
authors argue that the revised Gram-Schmidt process is@horent than calcu-
lating and solving System 3.4. Although the method by Barggld Jezioranski
is used in this thesis, there are different ways to constxibbgonal polynomials
in several variables, since the construction is not enstré@ unique. Methods
to construct the set can be found in the works by Stokmanal.[147] and by
Philips[127]. Here, the method by Bartels and Jezioranski is used siabeatys
produces a matrix-free (or system-free) moving least+sgiapproximation,e.
no systems of equations must be solved, and is easy to uadeérshd to imple-
ment for discrete domains without losing ef ciency. Thened, this method is
described below fos = 3.

3.3.1 Indexing orthogonal polynomials

In the following bold formatting€.g, x) will be used for points ifk? and indexed
normal formatting €.9.x;) for the components of the pointe., X = ( X1; X2; X3).
The approach by Bartels and Jezioranski to construct a setlafgonal polyno-
mials is based on a special ordering of a 6B{'x3*x3* : 5 21 (N ;i =
1; 2; 3g of multinomials and a mapping of such ordered multinomialgteger
numbers so as to reduce the number of operations performbi niethod is
described here for the three-variate case for sake ofylarit

Let us arrange the multinomials in a recursive trianguléigpa where the-th
row contains all multinomials dfr  1)-th power and each row, with the exception
of the rst, is organized int@ groups (ranges): row (1) contains the multinomial
1; row (2) contains3 ranges with multinomialg, X,, X3; and row () has as their
1st, 2nd and3rd ranges the multinomials found by multiplyirg, X, andxs by
each member, in order, of range2; 3; 2;3and3inrowr 1respectively. For
instance the second, third and fourth rows of the triangateay are (recall that
the rst row contains only the monomid):
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Row 2. X1 X2 X3

| E—

Row 3. X2 X1X» X1X3 X3 XaoX3 X3
L 11 | I

Row 4. x3 x3Xp X2X3 X1X3 X1XaX3 X1X5 X3 X3X3 XpX3 X3

1L |

where the symbol indicates a range. The set of positions in this tabfe gs=
f1,2;3;4;5;6;:::9; thatis,e.g, the multinomial in positior® is x;X,. The set of
multinomials isf (i)g = f1;Xq; X2; X3; xf; X1X2; X1X3; x%; X2X3; :::g and the set
of vectors of exponents associated with(i)g is given byf (i)g = f(0;0;0),
(1;0;0);(0; 1;0); (0, 0; 1); (2; 0, 0); (1; 1, 0); (1, 0; 1); - - -

During the construction of the orthogonal polynomialssiimportant to track
polynomials previously constructed. Therefore, the pcedsoij © of position]
in the triangular array is de ned as follows: for the rst rg®, we have (j) =
(J1;]2;)3) whichisintherowj; + j, + j3 + 1. The position of the predecessor
jCof j in the array can be found by considering® = (j1  1;j2;j3). Thus by
looking for (j9 inthe seff (i)gitis possible to identify the positiojf (which
isinrow(j; 1)+ j,+ jz+1). Forinstance, let us consider 6, which isin
the rst range. Thus, (6) = XX, whose (6) = (1;1;0)and (j9 = (0;1;0).
Therefore,j® = 3. For the second range, similar arguments can be followed:

(j) =(0;]2;j3) whichis inthe rowj, + j3 + 1. The position of °can be found
by considering (j9 = (0;j» 1;j3). The predecessgPis in this case in row
(j 1)+ jz+1. Forthethirdrange,(j) = (0;0;j3) whichisin the rowjz + 1.
Thus,j %is found by considering(j9 = (0;0;j; 1), whichisinrow(jz 1)+1.

Based on this ordering, the construction of the set of ohagpolynomials
is performed following the same triangular pattern so a®to | correspond to
positioni in the array.

3.3.2 Constructing orthogonal polynomials

The revised Gram-Schmidt process is given by the followetyirrence relation
X 1
1:1andj:xkj jo o) =253

=1

wherexy, = X1 when the predecessptis in the rst rangexy, = Xz, whenj %is
the second range ang, = X3 whenj Ois in the third range,

_ g g i
LT
o i =N ] i1 00y i indei
andhxy, jo; iy = I X! o U where the upper indef] means the
function evaluated at point and ;o is thej “th orthogonal polynomial.
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The traversal of the table of multinomials is performed ie following way.
Asj runs through one rande (1;2; or;3), j °runs from rangek; to 3 in row
r 1 (note thatin both cases there are the same number of muiatg)mNhen
j jumps from rangé; tok; +1,j%is set back to the beginning of range+ 1 in
rowr 1. Asimilar process is also considered for the predecg<$Sofj °

The rst six orthogonal polynomials calculated with thisopess have the
following structure: (x) = 1, 2(X) = X1+ a, 3(X) = Xo+ bx +

a(X) = Xg+tdxo+texg+f, s(X) = X1 oX)+ gXs+ hXp+ixg+]j,
and ¢(x) = X1 3(X)+ kx2+ I x3+ mXx;,+ nx;+ 0, wherea througho are
constants depending cnandX .

Here, the three-variate polynomialg,, form =2; ;10 obtained with this

method are shown (recall that(x) =1.)

nooxi
Z(X) = Xz _r11 ::-[I]
X2 v R T )
— ~ iZ1 72 |-
3(X) - X2 g n [i] [i]' lil |(X)
=1 i=1 | (-
X o
=1 i=1 | (-
x4 P_n xgl gl I[i]! li]
5(X) = X1 2(X) F'{_r]]_ 01 01 i |(X)
! I (i
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3.3.3 Avoiding repetitive computations

To reduce the computational cost, two important resultsdoydds and Jezioranski
are used : (1Bi <j ) ;i = 0 wherej%is the predecessor ¢f, and (2) if



3.4. Approximate Approximation 51

j;I;p andm are such thattxy, jo; iy = Xy, po; mir;then

h ms mi!_

T o em T
. PM h oo1h

The former helps to identify the's with value equal td® and the latter makes it
possible to reuse inner products previously computed.

3.4 Approximate Approximation

Approximate moving least-squar@MLS) [46] is a computationally ef cient
approach free of systems of equations that is able to achigher-order approx-
imations. However, this method provides good approxinmatianly for regularly
spaced points. On the other hand, radial basis functioegaolation methods are
known to produce good results in many applications. Howewemerical insta-
bilities arise during the computation of radial basis fumes interpolations due
to the nature of the system of equations that must be solveg system is in
general large and ill-conditioned.

Recently, théterated approximate moving least-squanesthod[48] was de-
veloped to overcome the issues mentioned above of both dppate moving
least-squares and radial basis functions. This method gsea sequence of ap-
proximated solutions that converges to a radial basis fomginterpolation. This
turns the method suitable for irregularly spaced samplatpoiSince it is based
on approximate approximations, no systems of equations neusolved and thus
numerical instabilities are better avoided.

3.4.1 Approximate moving least-squares approximation

Maz'ya [112 proposed higher-order approximation methods free of pystef
equations, which achieve approximations up to a certawra@bn error which
can be negligible due to computer precisidfl]. Maz'ya developed such approx-
imate approximations for the numerical solution of diffeial operators, such as
multidimensional integro-differential operatdds37. Fasshauer observed that the
approximate approximation by Maz'ya can be regarded as at@ned moving
least-squarept6]. In addition, he presents methods to ef ciently de ne such a
approximation, therefore named approximate moving lsgeares approxima-
tion. Although itis a promising theory which can be usefut@veral applications
due to its computational simplicity, to our knowledge, oflgsshauef47; 44
makes use of the theory in practical problems, speci califaccompression.
Consider, as before, a set of pois = fXg;:::;XN0 RS and the set

Fasshauel47; 46 de nes the approximate moving least-squares approximatio
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for a regularly spaced set of poirXs as the functioM f that approximatet as

X
FO) M 0= fi"i(x); (3.6)

i=1

for suitable pre-de nedyenerating functions ;. For instance, Fasshauer pro-
proses:

LX) = oL () exp( (X)) (3.7)

wherer;(x) = Skx  x;k?=h?; L5 are the generalized Laguerre polynomials of
degreed [167], h is the |l distance of the data se$,is the dimension, andis the
shape parameter that controls the saturation error byngddile basic weight func-
tion. Using such generating functions, also known as Lagu@aussian func-
tions, it is possible to ensure an approximation orded(§24+?).

Although there are important results extending this metbadegularly spaced
points, they are dif cult to implemenii46]. However, Fasshauer and Zhadg]
proved recently an interesting result that helps overcamb de ciency. Speci -
cally, the authors proved a connection between approximateng least-squares
and radial basis functions interpolation. It was shown thiatpossible to obtain
a radial basis functions interpolation using an iteratix@cpss based on approx-
imate moving least-squares. Thus, this connection bridgarggages from both
approaches; on the one hand the matrix-free nature of ajppate approxima-
tions and, on the other hand, the capacity of radial basistifums to interpolate
functions from irregularly spaced points.

3.4.2 Connecting RBF and Iterated AMLS

Based on Equation 3.6, Fasshauer and Zld8lgproposed the following iterative
process, built upon approximate moving least-squares,

X

M f O (x) fi i(x); (3.8)

i=1

X
M f (M(x) + fi M FOx) " i(x); (3.9)

i=1

M .I: (n+1) (X)

and named iterated approximate moving least-squares approximeai@nLS).
Fasshauer and Zhang proved, under easy-to-check corgditiothe matrixA =
f'i(x;)gy -y s that

kKAk,<2=)M fMW(x)IM fg(x)whenn!1 ;
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whereM fgr(x) is the radial basis function interpolation for the basisg. In

fact, such a matricial condition is easily achieved, fotanse, iff' ;g de ne a
partition of unity, the matrix norm becomé# k, = 1. It is worth to mention

that radial basis functions methods can suffer from nurakiestability, for in-
stance, for small when Gaussian basis functions are used. On the other hand,
since the IAMLS produces a sequence of smooth solutionshatooverges to

the radial basis functions solution, it produces more stabsults as shown by
Fasshauer and Zhang.
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CHAPTER

4 MESHLESSSURFACES FROMPOINT CLOUDS

Meshless surface rendering methods have been around fadekewith the rst
work on point-based surface rendering proposed by Levowdhiited in 1985.
However, it was not until some years ago that meshless nmgpehd rendering
became popular. We refer the reader to surveys on the [bp&; 84. Note that
meshless methods are not limited to point-based techniduéact, a number of
works on point-based rendering are based on a meshlessesuéjaresentation
de ned by an implicit function or by a projection operatorerRaps the ground-
breaking work that most in uenced this trend nowadays, s work by Levin
on moving least-squares surfack®g]. At this point, it is necessary to remark
that meshless surface approximation techniques can beéagederate a mesh as
output. Nonetheless, the techniques remain meshless.

In this chapter, work developed upon recent results on ngolMast-squares
surface approximation is reported. As seen before, moeasgtisquares is a pow-
erful approximation method. Levil®7] studied the approximation power of the
moving least-squares, setting the basis for a number ofsttbek used the method
to solve a large range of problems in several areas incluchngputer graphics.
The clear advantage of the moving least-squares methoatishté accuracy of
the approximation can be concentrated around a determmatip the domain,
e.g, the point where the function is evaluated. Although thisangethat an ap-
proximation has to be computed for every point where thetfands evaluated,
a very important consequence is that the data can be adguaipf@oximated on
the entire domain using polynomials of low degree locally.

The work described in Sections 4.2 and|4.3 was carried oubiiatmra-
tion with Joao Paulo Gois from the Universidade de Saodd&razil. Valdecir
Polizelli-Junior and Tiago Etiene from the Universidades@® Paulo were active
collaborators during the development of the techniquesgmted in Section 4.4
and must be credited for the implementation of the technan development
of the extensions to improve robustness. Different detdithe hardware imple-
mentation of ray-tracing for projection operators (Sett#o5.1) were separately
developed in collaboration with Tobias Schafhitzel frora thniversitat Stuttgart
and Jdao Paulo Gois from the Universidade de Sao Paulo.

55
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4.1 Meshless Surface Approximation

Before detailing the methods introduced here, an overvieprevious work is
given. The techniques presented in this thesis are to a gxé&ait based on mov-
ing least-squares surfaces where, given a poiniXset fxi;; ;XnQ R3
sampled on a surfad® Swe wish to nd an approximatioM @ So @ SAs seen
in Chapter 2, Levin de ned! @ Sas the stationary points of a még,.s , given
as a two-step procedure.

Amenta and Kil[11] generalized the moving least-squares surfaces and de-
ned extremal surfacesTo that end, they start by giving an explicit de nition of
the moving least-squares surfaces as described in thevfoto Firstly, consider
a vector eld

n(x) = argmin ey.s (X; a);

a2s?
whereey s is, as in Chapter 2, de ned as
X . N2
evs (0;8) = (he; xii h a;qi)”! mes (a;%i):

i=1
This vector eld can be usually uniquely determined sirae xed and therefore
evLs IS a quadratic function . As noted by Amenta and Kil, the set of points
wheren is not well-de ned form surfaces which separate the spateriggions,
within each of whichn is a smooth function of.

Then, given the lind,.,(x) throughx with directionn(x), Amenta and Kil
characterize the moving least-squares surfaces as thé peints x for which
n(x) is well-de ned andx locally minimizesey.s (Y;Nn(x)), wherey 2 Iy.,«).
The authors presented a proof that this characterizatioesi@oints on the mov-
ing least-squares surface and generalized it to de ne exttsurfaces by letting
n be any function that assigns directions to points in spadauaimg any function
e(x;a) as energy function. Furthermore,rifis a consistently oriented smooth
vector eld, the implicit surface associated with an extedsurface de ned by
ande(x; a) is given by

g(x) = Mx);r y&ly;n(x))jxi = 0;

wherer ye(y;n(x))jx is the gradient o as a function of, whenn(x) is xed,
evaluated ax.

Implicit de nitions using moving least-squares have beemgd by other au-
thors as well. Adamson and Alex3] presented a simple surface de nition based
on weighted averages and weighted covariances. Given &ypoihe weighted
average is given by
PiNzl Xi! sms (X5 Xi) .

N

alx) = iz1 ! smis (X;Xi) ’
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where
Lsmis (X;xi) =exp( k x  xik?=h?);

and the weighted covariance xatin directionn, describing how well a plane
hn;x Xx;i tsthe weighted points, is given by

N . 12 .
iz ;X Xii ! smis (X;Xi)

2 =
() i1 ! smis (X; %)

Let (x) be the vector of weighted covariances along the directidtissocanon-

ical basej.e., 0 1
1;0,0)(X)

(X) = @ (O;l;O)(X) A
0:0:1) (X)

then the directions of smallest and largest weighted camags ak can be com-
puted as the eigenvectors of the bilinear form

X
)= (x) ()7

where an eigenvalue is the covariance along the directitimeohssociated eigen-
vector. Thus, the normal directior(x) atx is given by the direction of smallest
weighted covariance. The implicit de nition of the surfaoehis case is given as
the zero set of the function

Ismis (X) = M(x);a(x) xi:

Kolluri [83] analyzed the implicit moving least-squares surface d@nibrig-
inally proposed by Sheet al.[141] to approximate polygon soups when used to
approximate a point cloud. ® 3s a smooth closed surface and each pgjris
equipped with an outside surface normg) the approximated surfadd @ Ss
de ned as the zero set of the function

P N .
j=1 Limes (X5 xi)x xisnii
limes (X) = P _
j=1 Pimes (X5 %)

where
Fimes (X5 Xxi) =exp( k x Xik2=h2)=Ai

andA; is the number of samples inside a ball of radiusentered ak;. Kolluri
proved that the functioh, s is a good approximation to the signed distance
function to the surfacé@ Sand thatM @ 9s geometrically close and homeomor-
phic to@ Sunder the following sampling condition. Let theecal feature size (x)

of a pointx 2 @ Se the distance from to the nearest point of the medial axis



58 Chapter 4. Meshless Surfaces from Point Clouds

of @S A point setX is anh-sample if the distance from any poixt2 @ So

its closest sample iX is less tharhz (x). The proof of correctness presented by
Kolluri requires auniformh-sampling The setX is a uniformh-sampling if, af-
ter having being scaled so tha{x) > 1; 8x 2 @ Sthe distance from each point
X 2 @3So its closest sample is less thnAlso, for each sample;, the distance
to its closest surface poiptshould be less tham?. Moreover, the angle between
n; of a samplex; and the normah, of the closest surface point 1q should be
less tharh. Finally, let , be the number of samples inside a ball of radius
centered ak. Kolluri assumes that for each poirt if , > 0, the number of
samples inside the ball of radi@h centered ax is at mosi#8 .

Dey and Sur{40], following on the work of Kolluri, presented an implicit
moving least-squares surface de nition able to deal witlyaively sampled points.
Thus, the sampling condition is similar to that of Kollurittvithe exception of the
uniform sampling density. The form of the implicit functiam this case is the
same as in the work by Kolluri with the exception of the weigbtfunction. Con-
cretely, the implicit function is de ned as

P ,
_ = Lames (Gx)e xignii
lamLs (X) = P
j=1 Fames (X5 %)

where D I
2kx  x;k?

amts (X;Xi) = exp (@ (R) :

wherer andg; are the nearest pointsoandx; on @ Sespectively. The function
f is a smooth function arbitrarily close i, i.e.,

Jfx) zxi< z(x)

for arbitrarily small > 0. This is done since is not smooth everywhere on
@S The factor 2 in the exponent of the weighting function is introduced for
convenience in the proofs of correctness presented by Deean.

Multi-level partition of unity implicits were proposed byhakeet al.[122].
To de ne the supports of the partition of unity, the domairlecomposed using
an octree. The reconstructed surface mesh is then obtaioeda regular grid
(resampled from the octree) using Bloomenthal's polygeri21]. The implicit
function is given by

had
Impu (X) = . Qi(x) i(x);

wheref ;; ; mgisas set oM non-negative functions with compact support
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such that
b

i(x)=1;
i=1
Qi 2 Vi, andV, is a set of local approximation functions associated witthea
sub-domairsupp( ;). The set of function§ ;g can be generated by letting

()= p '\!AMPU(Ci;X) ’
i1 ' mpu (Ci;X)
where the quadratic B-splir#t) is used to generate weight functions
3kx Cik

2R;
centered at; and having a spherical support of radRis An interpolation ofX
can be obtained by using

'mpu(CisX) =D

(Ri kx ¢k, 2.

'mpu (CisX) = Rkx ok ;
I I
where
(a), = a ifa>0
7 0 otherwise

Given an octree partition of the space, which de nes theersiot and radiiR; of
the supports, the local tting of the data is calculated gggeneral (three-variate)
quadrics or bivariate quadratic polynomials. In the latise, a local coordinate
system(; ; ) is de ned for each suppolfc;; R;) with origin atc;, such that
the plang( ; ) is orthogonal tan; and the positive direction of coincides with
the direction oin;, wheren; is the normal vector estimated@tusing covariance
analysis. Once the local system is constructed, the lodghpmial approxima-
tion is de ned as

Qi(x) = CL 2+2C +C +C +C +GC
The unknown coef cientgg; k =1; ; 6, are determined by minimizing

X\I 2
Qi(Xj)! mpu (Ci; Xj):
j=1
Ohtakeet al.[123 later extended their work to improve the resulting surfage b
using normalized radial basis functions. Basically, thplioit function is de ned
as

pd pd
lrvpPU = Qi(x) i(x)+ i i(X);

i=1 i=1
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wheref ;gis a set of normalized radial basis functions, andi = 1; ;M,
are the coef cients of the radial basis functions interpiolato be determined.
Kazhdanet al. [79] proposed an interesting approach in which the surface

approximation is formulated as a Poisson problem. This atefiresents sev-
eral advantages over other formulations, but its procgssme is higher than
the one needed by partition of unity and moving least-squimenulations. This
technique is based on the insight that there is an intededloaship between ori-
ented points sampled from the surface of a model andnitheator functionof
the model. The indicator functions for a modelS is de ned asl at the points
insideS, andO outsideS. Given a patchP,, @ Sor eachx;, the authors start
by constructing a gradient eld

X
V(x) P B (X)Ni;

i=1

wherelF, (x) = B(x x;), Fis a smoothing lter, andPy,] is the area of the
patchPy, . This vector eld approximates the gradient eld of the Hed indicator
function,i.e,,

re=r(s B V;

where( ) is the convolution operator. This problem can be regardadRagsson
problem, for which the solution of the Poisson equation

4e=r V

provides the best least-squares approximation.

Lipmanet al.[104] presented an approximation technique based on moving
least-squares able to faithfully reconstruct piecewrseath surfaces from unor-
ganized point sets. The method nds, for each projectedtpairproper local
approximation space of piecewise polynomials. The locedigstructed spline
encapsulates the local singularities which may exist irdta, which constitutes
a very important contribution for the meshless surfacenstraction community.
This technique will be described in detail later in this desn the context of the
work on approximate moving least-squares surfaces preséetre.

Lipman et al. [105 also developed a projection operator for surface recon-
struction, which is parameterization free, in the senseé ihdoes not rely on
estimating a local parametric representation, such astat fangent planes used
by most of the approaches described in this section. Givenngut point set
X =fx i =1, ;Ng R3; the operator maps an arbitrary point set
POl = pj[O] j=1; M R® onto the seX . The goal is to compute a
set of projected point® = fqg; :j =1; ;Mg R3such that it minimizes
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the sum of weighted distances to pointsXofwith respect to radial weights cen-
tered at the same set of poir@ds Furthermore, the points i@ should not be too
close to each other. Thus, the desired set of p@nis de ned as the xed point
solution of the equation

Q = G(Q);
where
G(O = argmin fEL(P;X;0+ E»(P;Og;
P=fpj;j=1; Mg
X
Ei(P;X;0 = kpj  Xik! Lop (Gj; Xi);

i=1 j=1
hd hd

Ex(P;O = K (kpk  cK)! Lop (G Ck);
k=1  j=1;6k

where! op (p;q) Wop (kp  gk), andw op , as before, is a fast-decreasing
smooth weight function with compact support radihusle ning the size of the
in uence radius, (r) is another decreasing function penalizmgwhich become
too close to other points, and= f ¢ : k =1; ;Mgis a set of balancing
terms. Intuitively, the ternt; drives the projected points @@ to approximate the
geometry ofX , and the ternk strives at keeping the distribution of the points in
Q fair. The authors prove the approximation order of the dperand provide a
means to compute suitable values fQr

Guennebaud and Grofs2] presented a surface approximation method based
on moving least-squares tting of algebraic spheres. The afsthe algebraic
sphere to locally approximate the data improves stabiligas low sample rates
and in the presence of high curvature. An algebraic spheate red as the zero
set of the scalar elds,(x) =[1;x";x"x]Ju, whereu = [Up; ;Us+1]" 2 RS*?
is the vector of coef cients describing the sphere, vatbeing the dimension. In
degenerate casascorresponds to the coef cients of a plane withrepresenting
the distance from the origify;; ;us]” being its normal, andis;; = 0. To
t the algebraic sphere to a set d&f points, letW (x) andD respectively be the
N N diagonal weight matrix and thed (s + 2) deszign matrix de ned as

1 x] xIx;
W (X)=[!apss(X1;X); ;! apss(Xn;X)]; D = g Do : ;
1 X4 XL Xn
where

kx; xk

Papps(Xi)X) = h
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and
(r) = 1 r?d* r<1
-0 otherwise

Then, the solutiomni(x) can be expressed as

1 2
u(x) =argmin W 2(x)Du 4.1)
u;u&0

In order to avoid the solution(x) = 0, Pratt's constraint is used where the norm
of the gradient at the surface of the sphere is constrainagitéength by means of
a quadratic normalization, namek{u:;  ;us)k?® 4ugus:1 = 1. This ensures
that the algebraically tted sphere is close to the leastasgs Euclidean best t.
This minimization is only used to estimate the normal vexigprat the points in
X. Once the normals are available, as input or by means of tivey tlescribed
above, the actual sphere tting to reconstruct the surfacgerformed. To that
end, the constraints s;(X;) = n; are added to the minimization problem of
Equation 4.1. Therefore, the implicit function is de ned as

lapss = Sux)(X) = 1;xT;xTx u(x):

This method is able to provide curvature information as gitmduct of the tting
process. We, on the other hand, rst estimate the curvatLeigaen point on the
surface and exploit it to perform polynomial tting usingm@omplete quadratic
polynomials instead of full polynomials, as described ia tbllowing.

4.2 Curvature-driven Projection Operator

In this section, a novel projection operator for surfacerapipnation from unorga-
nized point sets is presented, based on the approximatainsational curvatures
and the diffusion equatiofb9]. The anisotropic diffusion equation used helps
preserve the geometry of the original surface and makessiiple to represent
thin features in the model. Also, it is shown how principahaiures and di-
rections can be estimated for point clouds. This curvatoferiation may be
used to de ned a local polynomial approximation as will becatlescribed. The
fact that the local approximation performed by the methamppsed is de ned
as a non-complete quadratic polynomial can help decreagertitessing time of
algorithms that perform intensive intersection compotaisuch as ray-tracing.
The ray-tracing algorithm by Adamson and Alel@] is used to render the sur-
faces de ned by the curvature-driven projection operaiar.that end, the inter-
section computation must be modi ed to t the proposed pectign operator. This
ray-tracer is used to demonstrate the quality of the apprations obtained (see
Figure 4.1 for an example).
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Figure 4.1: Rendering of the approximate surface for tharitdataset obtained with the
curvature-driven projection operator described in thigiea (see color plates).

Lange and Polthief90] adapted the well known mesh-oriented method by
Taubin[14§ for surface fairing to the point cloud context. In their wotke
authors used the method by Taubin together with an anisotdiffusion equation
for removing noise from point clouds without smoothing sheorners.

Curvatures and principal directions estimation for regglads and polygonal
meshes has been extensively studied in both the qualitatigehe quantitative
cases. Maltred and Danif10g presented a survey on classical work on curva-
ture estimation and a classi cation based on the requirésna@md constraints of
the methods described. Although there are many methodssfonating prin-
cipal curvatures and directions, almost all of them need shm®nly recently,
effective methods to estimate curvature information diyeficom point sets were
presented4; 154; 90; 72.

Tong and Tand154] presented a robust curvature estimation method based on
adaptive curvature tensors by means of tensor voting. litiaddthey presented
an analytical comparison with classical and ef cient methavith respect to their
input (point clouds or mesh models), their requirementsifgetrical measures)
and their outputs (quantitative or qualitative estimasjorHuang and Menji72]
proposed a curvature estimation method built upon the-Egstires scheme and
Euler's theorem from differential geometry. Although thetmod was proposed
to locally optimize unstructured surface meshes, it is silstble for point clouds.
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We derive the method presented from this work, since it capasdy adapted to
support weighting functions, which is an important coraditfor the quality of the
models generated by meshless techniques. Thus, the aarestimation method
by Huang and Menq was modi ed to introduce weighting function order to

improve the robustness of the method. These weighting iumetivere carefully
constructed and are speci c to the problem at hand.

4.2.1 Principal directions and curvatures

The directional curvatures at a poxibn a smooth surfac@ Sare de ned in terms
of the curvatures of smooth curves containinglrhe minimum and maximum di-
rectional curvatures computed from the curves are caltedtipal curvaturesand
their respective directions are callpdncipal directions One important result is
that principal directions are orthogonabaf2§].

Euler's theorem from differential geometry states thatrgwdrectional cur-
vature inx 2 @Scan be described as a function of its principal direction$ an
curvatures. More formally, let us de ne the principal ditieas and curvatures
atx as { and %, and  and % respectively. Euler's theorem states that the
curvature ak in the direction is given by:

“()= fcos( )+ jsin’( ); (4.2)

where =cos( ) {+sin( ) 3.

Let us consider the approximated tangent plahat x, where a local or-
thonormal coordinate syste(n, ; ) with origin atx is de ned, such that the
plane( ; ) is parallel toH (Figure 4.2). The projections; onH of the points
Xj 2 X are computed, which de ne the directions In practice only a sub-
set of X consisting of the nearest neighborsxofre used. However, as before,
this restriction is not included in the formulation herencg later by introducing
weighting functions, it is ensured that only the meaningfaints inX for the
computations at are taken into account.

By sorting such directions in counterclock direction, thglas ; from toxg
are obtained. Denote by the counterclockwise angle from the principal direction

Y to ;. The directional curvature can be approximated by

_ 2m(x); %,

(i) = koG (4.3)

wheren(x) is the normal vector at and% = x; X for x;. The following non-
linear overdetermined system is obtained from Euler'stéeoand the directional
curvatures approximation (Equation 4.3)

Xcog( 1+ )+ 3si?( 1+ )= *(i);i=1;::5N; (4.4)
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Figure 4.2: Estimating directional curvatures on the apipnated tangent plane &t(see
color plates).

where ;| = 1= 1. Note that ; = 0. Following the work by
Huang and Menq, let us de ne

1 .
1= é( 1t 3) 2= cos2)(; 1) s=sin@2 )3 1)
to obtain the following overdetermined linear system
f 1+ 2cos(2 )+ 3sin(2 )= *();i=1;:::;N: (4.5)

Therefore, the normal equation for System 4.5 becomes

2 3 2 3
X X X
N C Si A
i=1 i=1 2 3 i=1
X 1
G ¢ csi 24 5= NG L (4.6)
i=1 i=1 i=1 3 i=1
X\I 2
i GSi i AI i
i=1 i=1 i=1 i=1
whereg = cos(2 i), si = sin(2 ) and”® = *( ;). Thus, the principal
directions and curvatures are straightforwardly obtaiinesh ;; 1 i 3.

Although Huang and Menq state that the method is robust fayrdata, ro-
bustness for the problem at hand was only achieved by additap weights.
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Figure 4.3: Examples of “M”-like function graphs. From l&dtright: h = 2 and&=1,
h=1and&=1,andh =1 and&=2.

To that end, the following weighting function was introddder the rst time in
the process
X xk?
h?2 ’
where& 2 N . Note that this function is an “M”-like function. Thus, byttg
i 1cpo(Xi;x), the normal equation becomes

lcpo(XisX) = kx  xik*®exp (4.7)

2 N S N 3 2 X\' 3

! i ! iG ! i Si ! |A|

i=1 i=1 i=1 2 3 i=1
1

Lig lic ligsi 24 25= Litic 7 (4.8)

i=1 i=1 i=1 i=1
X X

'I i !iCiSi '|S| 'IAI i

i=1 i=1 i=1 i=1

The use of an “M”-like function is very important to obtain@pbresults with
the method proposed. This is due to the fact that the direatiourvatures ob-
tained by Equation 4.3 are dependent on the position of tiregpand their nor-
mal vectors. A small perturbation in the position of pointan produce a quite
different solution with the original method by Huang.

In the “M”-like function, kx x;k?%controls the in uence of the points close to
X on the solution. The larg&is, the smaller the region aroumdwnhich will have
signi cant in uence in the solution is. The exponential mbar of the function
maintains the same behavior of the traditional Gaussiaotiom Examples of
graphs of this function are presented in Figure 4.3 withedéfit parameter values.

Unlike a Gaussian weight, the “M”-like function is able tohs®the prob-
lem and to increase robustness. This will be shown in the seotion after the
description of the surface approximation procedure.

4.2.2 Projection and rendering procedures

As mentioned before, traditional projection-based s@feeconstruction tech-
nigues de ne the approximated surface for a given point@lasithe set of station-
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ary points for a carefully designed projection operatorisMmy, the input point
cloud can be resampled by projecting a suf ciently large bemof points from
its neighborhood onto the approximated surface. With thixgdure, a dense
sampling that covers the image space consistently can benelt

In this section, a new projection operator, derived fromdiieision equation
and directional curvature information, is described. Alsdocal approximation
to the surface, that is not part of the projection procedisreptained using the
method for computing principal curvatures and directioivelg in the previous
section and a result from differential geometry, whicheddhat a surface can be
approximated locally (in the neighborhood of a poir2 @) by

1
Mf(;):é X224 x 2 (4.9)
where( ; ) is in the local coordinate system de ned by the principakdtrons
atx.

The projection procedure is based on the surface fairingpoaeproposed by
Lange and Polthief90] for point clouds. The authors make use of an anisotropic
diffusion equation, which is useful to preserve sharp c@nket us consider the

diffusion equation
@

@t
where X is the Laplacian ok and is the diffusive term. The Laplace operator
can be approximated by the umbrella operator

1 X
X = — i (X Xx); (4.11)

Xi2N (x)

X; (4.10)

whereN (x) is the set ok nearest neighbors af, k being user-de ned,

IS
U kx, xk?
P
and = I'i. The explicit forward Euler method for Equation 4.10 leauls t
x(MD = x (M4 ~x(™); (4.12)

where t is the step size ang("™ is the integration at iteration. It must be
observed thatt must satisfy the time step conditiof&8]. Lange and Polthier
modi ed the traditional umbrella operator to obtain an aispic operator by
introducing a suitable real function which offers informoatrelated to the shape
of the object. This operator is able to move a point onto théasa fairly. The
anisotropic Laplacian becomes
1 X
TX= - i (i X); (4.13)

Xi 2N (x)
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where ; is a real function which depends on the directional cuneg{Equation
4.3) atx. Lange and Polthier argued for the use of one of the folloviimgtions
for a given threshold

_ Lyt
'~ 0 otherwise; (4.14)
( 1 X )j<”
| = 2 : h ) (4.15)
o< Otherwise

With this framework, the projectiop of a pointr onto the surface and the
local approximation to the surfaceatcan be found using following procedure:

1 Find thlg plangd with normal vectod = X 1; n; passing through
o= 1 I, x;,wheren;isthe normal vector at;:

2 Find the projectiorg of r onH;;

3 Find the projected poir resulting from using the anisotropic diffusion
equation starting at;

4 Calculate the principal directiond’; 5 and curvatures?; b atp;

5 De ne alocal coordinate system with amsf; 5) and origin atp;

6 The polynomialz( § 2+ 5 2),where and are in the local coordinate

system, approximates the surface locally.

The approximated surface is de ned as the set of stationamt® for the
projection process described above. To render the appatedsurface, the ray-
tracing algorithm proposed by Adamson and Al¢3his used, changing only the
projection procedure. This can be done because the prolsegs described pro-
vides not only the projection of the point but also a localypoimial approxima-
tion to the surface (see Section 2/2.3). However, a goothettiof the principal
curvatures (f, ) and directions ({, %) is of major importance to obtain a
good local approximation to the surface (Equation 4.9). lagwed in the previ-
ous section, only by introducing suitable weights into thevature estimation a
robust approximation can be obtained. Figure 4.4 showsffeet®f introducing
weights into System 4.8. As can be seen, a Gaussian weightriesolve the
problem. The use of the “M”-like function was inspired by tlaet that instabil-
ities may arise in the estimate of the directional curvagiven by Equation 4.3
whenx ! x; for somex; 2 X . Note, however, that the “M”-like function is used
only for the curvature estimation, while a Gaussian weighised for the rest of
the process.

The moving least-squares-based surface approximationathgiroposed by
Alexaet al.[5] was implemented to compare the results obtained with theiinoul
and the method presented here. The goal was to be able to abtamparable
approximation to the surface using a reduced polynomiaiobt from the cur-
vature information. Therefore, complete quadratic poiyrads were used in the
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Figure 4.4: Polynomial approximations obtained (fromteftight) without weights, with
Gaussian weights and with the “M”-like function (top row).

Figure 4.5: Ray-tracing of the approximated surface forRbeker Arm dataset obtained
with the moving least-squares-based (left) and the cureattiven (right) methods.

implementation of Alexa's method. In Figure 4.5 the resoft®oth the moving
least-squares-based approximation and the curvatwerdagpproximation for the
Rocker Arm dataset are shown. In both cases, the ray-tratgogithm by Adam-
son and Alexa was used to render the approximated surfaceamse seen in the
gure, the results are equally good, however the methodgiresl is between 1.5
to 2.5 times faster. For these performance tests, the moasts rendered with
no re ection or refraction effects to 833 400viewport. More complex scenes
were also rendered and are shown in Figures 4.6 and 4.1. Nattéhin features
in the EtiAnt model in Figure 4.1 were correctly reconstaactvith our method.
The difference in the processing time is due to the fact takhough the
method proposed makes use of trigonometric functions tetooct the normal
equation, it only needs to solve a linear system with thrdenawns and thus
closed formulations can be used. Although a complete gtiagralynomial can
better approximate a larger neighborhood than the non-tEieguadratic poly-
nomial used, for the local computations involved in the rodtproposed this latter
guadratic polynomial approximates the surface accuratelpther important ad-
vantage of the method developed is the availability of adiexgharacterization
of the surface by means of the curvature information. Alagpractical terms,
when computing the local approximation, the points for vahice “M”-function
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Figure 4.6: Rendering of the approximate surface for thafStd Bunny dataset obtained
with the curvature-driven projection operator describethis section.

has values lower than a threshold are discarded. This naesthe computational
cost since less trigonometrical operations are perforrAeditionally, it reduces

the possibility of numerical instability during the locgd@oximation computa-
tion.

As mentioned before, the use of a non-complete quadratympatial for the
polynomial approximations simpli ed the ray-surface irgection computation.
However, it would be desirable to analyze the performangauohof the principal
directions and curvature estimation process and of the#ojsc diffuse equation
(although it was found that this latter process needs fematitans to converge).
Acceleration techniques can be introduced into the impigat®n of the ray-
tracing algorithm in order to be able to exploit the simpliaf the intersection
computation.

Besides the potential gain in computation time, the avaitglof curvature
information is important for a number of applications. Tias clear advantage
of the method presented over other surface approximatedmiques. There are
few works in the literature for curvature estimation froroudis of points and so
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far there is no work presenting comparisons among theseau&thA mathe-
matical and computational ef ciency study of such methodsstbe performed.
Although, with the method proposed, local characteriratibthe surface offered
by the principal directions and curvatures is availableoild be of interest to
de ne global propertiese.g, the Euler characteristic.

4.3 Approximate MLS Surfaces

In this section, two problems of approximation techniquasdal on moving least-
squares are addressed. The rstone is the need for solvarga humber of small
systems of equations when local polynomials are used toappate the surface.
This computational effort can be high for large models arvpiort resolutions,
turning the approaches prohibitively slow. On the otherdhamethods that de ne
the surface as the zero set of an implicit function are camataly faster. How-
ever, the implicit formulations presented in previous wpr&vide a planar tting
to the surface, which is not able to model details in the datevell as methods
based on local polynomial approximations of higher ordelthdugh the work
by Guennebaud and Grofs2] is an exception in that the implicit de nition is
based on local spheres tting, a more general polynomiahdgtmight be desir-
able. Therefore, the goal is to de ne a surface approxinmatiat combines the
approximation power of local polynomial approximationgasbed with moving
least-squares and the simplicity and performance of théigihformulations. To
that end, a method free of systems of equations is proposed recent results
on approximate moving least-squares approximation. Cdiures between the
theories on radial basis functions and on approximate ngolaast-squares ap-
proximation enable the use of such functions for meshledasimodeling and
rendering of irregularly sampled point sets. By performargiterative correc-
tion process, an approximation to the surface that betsethe sample points is
obtained. The iterative process de ned with iterated agpnate moving least-
squares generates a family of implicit surfaces ranginghftbe approximated
moving least-squares implicit surface to a radial basistions interpolated solu-
tion. The method is able to deal with noisy point sets by caimnguan estimate
of the optimal number of iterations of this correction prege An example of a
surface reconstructed with this method is shown in Figure 4.

The second problem addressed is the modeling of sharp ésater, discon-
tinuities in the approximating function or its derivativeBoint-based modeling
and rendering techniques are, in general, not able to aditwata represent sharp
edges. This problem is depicted in Figure 4.8, where rengsmf the Cube and
Fan Disk datasets obtained with known point-based methedsw@awn. As can be
seen, the surface approximation based on local polynommboximations pro-
duces good results, but the edges are still smooth. Thie isas been addressed
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Figure 4.7: Approximated surface for the Stanford Dragadtaioled as the zero set of the
implicit function based on approximate moving least-sgaaapproximation (see color
plates).

by point-based methods so far using extensive tests, caraptecomputationally
expensive statistical tools, auxiliary meshes, piecewgaoximations and user
intervention[104; 51; 130.

Fleishmaret al. [51] make use of boolean operations where sharp edges are
modeled by identifying them through detection of outliéree method by Fleish-
manet al. uses a robust statistical technique, called forward sdarhto de ne
piecewise local approximations. Given a poirb be projected onto the surface,
the method computes a set of piecewise smooth surfacesmeitjeborhood ox.
This is done by an incremental statistical method that addgpprogressively to
the local approximation, investigating the quality of thgpeoximation each time
a new point is added. Once such set of piecewise smooth sariacle ned, the
method projects the point according to possible neighbmitsituations. Other
methods making use of boolean operations have been préviaidressed63;
1;124; 173. To the extent of our knowledge, only the work by Reweal.[130]
and by Lipmaret al.[104] do not make use of boolean operators among point sets
to de ne sharp edges.

The method by Reutest al. makes use of thenriched reproducing kernel
particle approximationto substitute the local polynomial approximation in the
operator de ned by Alexat al. [5] for a local approximation that considers not
only polynomial terms, but also enriched functions thatcdég, in some sense,
discontinuous derivatives. The main drawbacks are theawbomatic process
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Figure 4.8: Surface approximations for the Cube and FansDistasets. From left to
right: EWA splatting, Adamson and Alexa's implicit surfade nition, moving least-
squares polynomial surface approximation (degree 2) améhtplicit function based on
approximate approximation (ord@(h®)).

to de ne the domain of the enriched functions and the neednfgestigating the
properties of the enriched functions to ensure that theesysif equations is in-
vertible. Oriented normal vectors are also required by thethod and, more
importantly, a user-driven tagging of the points near sHfi@agures.

Lipmanet al.[104] presented a very interesting method that effectively repre
sents singularities of the model. The method compusasgularity indicator eld
which intuitively assigns to each point an estimate of itsqgmity to a singularity.
The computation of this eld is based on the construction tufveer bound of the
derivative at each sample point which is in turn based ontttoe expresion of the
moving least-squares approximation previously presebgethe author§103.
Once the singularity indicator eld is calculated, the sitayity is approximated
as an one-manifold by means of moving least-squares usengitigularity indi-
cator eld to in uence the weighting functions. This one-m#old is then used to
generate either a discontinuous approximation or a contispiecewise-smooth
approximation. The discontinuous approximation is oladiby separating the
space in two halves (limited by the one-manifold) and apjpnating the surface
on both sides independently. The continuous piecewiseoappation is gener-
ated by aligning one axis of the local coordinate system thigttangent line to the
one-manifold at the origin of the local system and using thece of continuous
piecewise bivariate polynomials of certain degcefor computing the approxi-
mation to the surface instead of the complete space of bieapolynomials of
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degredd.

In this section, an ef cient iterative method to represenarp features is
presented, which does not require any user interventiosedan bilateral |-
tering. This method is coupled with the proposed implicitface de nition
based on approximate approximation. Bilateral Iters haeen previously used
to robustly de-noise point sets by modifying either the sachpoint positions
(Mederoset al.[114]) or the normal vectors at the sampled points (Jentes[78]).
The main difference between the method by Mederoal. and the method by
Joneset al. is that, while the former interprets the estimation of thenmal as
a minimization of a robust approximation formulation, tladtér interprets it as
the transformation of the normal vector given by the trassploinverse of the
Jacobian matrix of the bilateral Iter.

Similar results are used here to more accurately estimataeaiosectors at
points on the implicit surface. For this, consistently otesl normal vectors must
be available at the sample points. If not, they can be preatedp Traditionally,
weighted covariance analysis has been used to estimatethmahvectors at the
sample points when they are not availalBk However, to represent sharp fea-
tures using the approach presented here the input normtdrsest the sample
points must be robust and noise-free. This can be achievidtiaé method by
Mederoset al.[114] for denoising point clouds. In order to ensure a consistent
orientation of the estimated normal vectors at the sampietfahe method by
Hoppeet al.[69] to orient normal vectors can be used.

4.3.1 Iterated AMLS implicits

The advantages of iterated approximate moving least-sequae twofold, rstly,

it is possible to compute local approximations from scatigroints without solv-
ing any linear system. Secondly, the number of iteratiomtha shape parameter
can be set so as to produce an approximation that betteretdaia but does not
interpolate noise. Fasshauer and Zhf4f present an iterative approach to es-
timate the optimal number of iterations and shape paramétezse advantages
are exploited to de ne an implicit functioM fav s : R®! R, whose zero set
approximates the input point set, as

X
M fams (X) = g'i(x) (4.16)

i=1

whereg = hx; x;n;i andn; is the normal vector, given or estimated xat

This makes it possible to handle irregularly sampled pdoiiads and to provide
a family of approximations ranging from approximate moviegst-squares sur-
faces to radial basis functions interpolated surfaces. ifEnative process for the
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Figure 4.9: Plot of the value of the implicit function for ayrdarly (top) and an irregularly
(bottom) sampled dataset. From left to right: AMLS imphciith 5 iterations, AMLS
implicits with 20 iterations, Adamson and Alexa's impliiand Kolluri's implicits. The
white line shows the zero set of the function while colors rtrepvalue of the implicit
function with red corresponding to low values and blue tdhiglues (see color plates).

surface approximation proposed is similarly de ned as

) X '
Mf s (X) = g'i(x) (4.17)
i=1
Mf i (X) = Mfins () +
X h i
g M 0 Cx) i) (4.18)

i=1
If g were not dependent of, it would be possible to pre-compute this iterated
process in order to obtain the approximation by simply penfog a weighted
sum, as will be done in Chapter 6 for approximating volunecediata. Unfortu-
nately this is not the case.
The direction of the normal vector &tcan be also similarly stated as an iter-
ative process as follows

0) X
Namis x) = n;' i(x)
i=1
h i
1 _ ' .
Nawcs (X) = nims )+ mi nips (%) ' i(x):

i=1

This is done, since convergence was not proved for the devaf the iterated
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Adamson's Kolluri's AMLS implicits

Model (points) implicits implicits 1 iter. 3iter. 10 iter.
Stanford Bunny (35K) 30 29 103 107 126
Horse (48K) 50 52 183 283 389
Fan Disk (103K) 30 30 79 97 109
Armadillo Man (172K) 30 32 106 152 236
Stanford Dragon (400K) 116 120 361 499 778

Table 4.1: Performance measurements in seconds per fraiddmson and Alexa's im-
plicit formulation, Kolluri's implicit formulation and AM.S implicits. The performance
increase in the Fan Disc and Armadillo Man datasets is dubgatimber of rays that
effectively intersect the surface.

approximate approximation. That is, no theoretical gu@es are available that
supports deriving Equations 4,17 and 4.18 to obtain a gooahsdruction of the
gradient. It is important to note that singeis xed for eachx during the whole
iterative process, the fact that it dependsxotioes not affect the convergence of
the method.

In the tests performed, for

Skx  x;k?
ri(x) = TI;
Laguerre-Gaussian functions of ord2¢h?),

3

“i(x) = =z exp( ri(x)); (4.19)
orderO(h*)
0= o 00 em( ni(x) (4.20)
and ordeiO(h®)
0= S I+ 07 ew(neg)  (@21)

were used. Higher-order functions can be used, but the wepment would not be
visually perceived and controlling their shape parametarare dif cult. One can
easily generate the generalized Laguerre polynomialgyusiathematical soft-
ware such as MATHEMATICA167.

Comparisons with the implicit surface de nitions by Koli(i83] and by Adam-
son and Alexd?2] were performed for a two-dimensional synthetic point seé (s
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Figure 4.10: Renderings of the surfaces obtained with Adanand Alexa's implicit
function (left), Kolluri's implicit function (center) andAMLS implicits (right)

Figure 4.9). Irregularity was introduced into the pointteatiustrate the adaptive-
ness of each method to these cases. Although Adamson and'#ded Kolluri's
de nitions are targeted to regularly sampled point clouti® method based on
AMLS is compared with them due to the fact that the simplioityheir de nition
match that of the AMLS implicits. Also, this helps to appwegei the impact on
the performance caused by the iterative AMLS when comparedtter similar
implicit surface de nitions.

As can be seen in Figure 4.9, the AMLS implicit function gextes an ap-
proximation that ts the data more tightly without being lir@an interpolant. The
smoothness of the approximation can be controlled with hlagps parameter and
the number of iterations. In the detail windows of the guréscan be appreci-
ated that withb iterations, the approximation moves towards an interpmiabut
effectively Iters noise. After20iterations however, the function ts the data even
better and consequently starts to interpolate noise.

To perform the tests with three-dimensional models, aragitg engine based
on the methods by Wald and Seid&62 and by Adamson and AleXa] was im-
plemented. The ray-tracing implementation was tested different point sets
on a standard PC with a 3.4 GHz processor and 2 GB of RAM. Redoce mea-
surements were carried out witd@0 300target viewport. Comparisons with
the implicit surface de nitions by Adamson and Alexa and bgllkiri were also
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Figure 4.11: Effect of the number of iterations and the stgrameter on the approx-
imation. From left to right:3, 4 and5 iterations. From top to bottom: = 0:4, = 0:8,
=1:22, =20

performed for these models. In all cases, the same implatientof the ray-
tracer was used, changing only the corresponding surfgo®&mation method.
The performance results in seconds per frame are shown iie Fab. As ex-
pected, the method presented here performs worse in tercosrgdutational time
compared to Adamson and Alexa's and to Kolluri's methodsisTé due to the
iterative process performed to correct the approximatmmasto t irregularly
sampled data. Recall that the implicit de nitions by Adamsmd Alexa and by
Kolluri are targeted at regularly spaced data. Also, thdieitgunction based on
AMLS combines the simplicity of implicit formulations witthe reconstruction
guality of moving least-squares polynomial surface appnaxion and RBF im-
plicit surface interpolation. A visual comparison among three methods can be
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Figure 4.12: During normal vector estimation, weighingpbets based om(x); x; Xi
produces good results only for points on or near the surfatpoints not on the surface
(x on the top gure) this measure may assign large weights tghteirs €.g. x;) not
expected to greatly in uence the computations. For poimtdhe surfaceX in the right
gure), on the other hand, the measure assigns larger wéigheighbors on the same
plane ax or near to it §j andxy).

seen in Figure 4.10. It is important to mention that the sameashing factorh
was used for all methods. For the AMLS implicit function oétS8tanford Bunny
and of the Armadillo Man, 3 iterations with= 0:8 were performed. It can be
seen that the AMLS implicit surface better approximatesseraple points. How-
ever, for low-sampled models, such as the Stanford Bunmyesegions with at
spots appear when too many iterations are performed or gpegrarameter is set
too high. Another interesting comparison is shown in Fighi where it can be
seen that, by using higher-order generating functions,gbiglting approximation
ts the surface more tightly. In order to show the effect oétbhape parameter
and the number of iterations on the approximation, tests difterent values for

were carried out and the surface was rendered at eachateralihe resulting
renderings are shown in Figure 4.11. As can be seaffects the convergence
ratio of the iterative process. Therefore, both parameterst be estimated at the
same time as described by Fasshauer and F#in

4.3.2 Introducing sharp edges

Here, a method that automatically approximates sharp edgasvided, which
Is easy to understand and to implement. This method is bas#teaobust esti-
mation of normal vectors. The approach proposed to robastiynate the normal
vectors, at any point on the implicit surface, is based omitiremization of the
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Adamson's MLS Approx. Approx.

Model (points) implicits (degree 2)0(h®) sharp edges
Cube (6K) 6 140 14 24
Fan Disc (26K) 17 234 21 32
Stanford Bunny (35K) 20 503 30 45
Armadillo Man (173K) 16 122 17 23

Table 4.2: Performance measurements in seconds per frandaléonson and Alexa's

implicit formulation, moving least-squares surfaces Wgttal polynomial approximations
and the method proposed without and with bilateral lterifag approximating sharp

edges. The performance increase in the Armadillo dataskidgo the number of rays
that effectively intersect the surface. Note that, diffele from the results presented
above, the iterated method was not performed here, whiciitses lower computational

times. Furthermore, a smaller viewport was used, whichwatsdor the difference in the
results for Adamson's method.

following expression

#(9)! mis (X5 %)) (4.22)

i=1

with respect tay, whereg = m;x;  xi?,

#t)=1 exp -t

2 4

and j is a parameter that controls the sensitivity of the expogsts outliers and
edges, subject to the restrictigmjj = 1. The robustness is introduced by the
function#. Other functiongt, as well as their properties, are given in the work by
van de Weijer and van den Boomgaét®5. The normal vecton obtained with
this minimization provides an estimative that approxirsaearp edges, since the
sample points near the plane de ned by the normal vectand the poink will
have a greater in uence in the estimative (see Figure 4.12).

To minimize this equation, its derivative is used, whiclufesin a non-linear
system, which can be computationally expensive to solveréfbre, the fact that
the normal vectors at the sample points were already estth{aée previous sec-
tion) is exploited to de ne an iterative process to approxienthe normal vectors
at points on the surface. Given a rst estimativé® (x) of the normal vector at
X, the normal vector approximation can be re ned using théiaing iterative

process: p
N 1
r](n+l) (X) - o i=1 n; I(n)(X) .
k'- N K (n) k
i=1 n; i (X)

(4.23)
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Figure 4.13: Renderings of the Fan Disc, Cube and Icosahathitasets with moving
least-squares polynomial surface approximation (top)xaediethod proposed with sharp
edges enhancement (bottom).

Here,' (™ is de ned as follows. Since the derivative #f obtained from deriving

Equation 4.22 to minimize it, results in a robust weight
MM (x);x;  xi?
1 (X;X;) = exp > #' :
the radial weight used for the generating function is given b

Luis (G X! S o (X Xi);

which leads to

(n)
exp s (x)
I % zs-(”)(x)+}

(n) 2 .
3=2 g 27 Zsi x)*

! i(n)(x) —

where
kx  xik? N MM (x);x;  xi2

This is done in the spirit dbilateral Iters [44], and of the results of the work
by Fenn and Steid49], who derived an iterative process for robust data approx-
imation based on the work by van den Weijer and van den Boordda&5.

s =
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Note that, although each iteration of this process is anaqipiate moving least-
squares approximation, the robust formulation of Equadi®?® is not a moving
least-squares approximation. In the experiments perfoyeerations suf ced
in all cases to obtain a good approximation to the sharp featu

One important issue of the iterative normal vector improgehprocess given
by Equation 4.23 is that the poirtwhere the normal vector is estimated must be
on or near the surface as shown in Figure 4.12.

To perform the tests, this process was included in the &girtg engine. The
performance results in seconds per frame are shown in TaBle As before,
compared to the implicit de nition by Adamson and Alexa, thethod presented
here performs slightly worse. However, when the approaekented here based
on bilateral Itering is used, the method is able to approaimsharp edges with
low additional computational effort. The results are shawkigure 4.13, where
the method proposed for sharp edges approximation is caudpaith moving
least-squares polynomial surface approximation. As casdam, the bilateral
Iter corrects the normal vectors near the edges while nammhg smooth areas
unaltered. Even for the low-sampled Icosahedron modeleviti 600 points and
wide angles, the method proposed was able to approximate stiges. However,
note that, although sharp edges are preserved, cornetgateysmoothed in this
same model. This might be due to the fact that the points iméighborhood of
the corner lay on three (or more) intersecting planes, wreduces the effect of
the bilateral Iters. Note that this normal vector correctiprocess is applied only
on points on the surface. Thus, since the actual surfaceitttenns based on a
smooth vector eld, theC%-continuity of the approximate surface is mantained.

4.4 Adaptive Partition of Unity Implicits

Among the surface reconstruction methods based on imfilicdtions, methods
based on patrtition of unity have been recently used due io rtiee properties
concerning processing time, reconstruction quality ampdcay to deal with mas-
sive data setf122; 113. Basically, these methods determine a domain subdivi-
sion for which local functions are computed and combinecdetoela continuous
global implicit approximation for the point set.

In this section, a methdd8] developed to tackle important issues from previ-
ous surface reconstruction techniques based on partitiomty is described. The
proposed surface reconstruction method effectively caetthe space subdivi-
sion with an adaptive construction of local polynomial apg@mations by means
of multivariate orthogonal polynomial48]. This makes it possible to increase
the degree of the polynomial at locations where higheregolynomials are
needed to obtain a good approximation to the surface. Qgritsgrevious meth-
ods, the iso-surface is extracted directly from the datectire used to subdivide
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Figure 4.14: Stanford Lucy (16M Points) reconstructed i proposed method.

the space, namely, il . This enables the adaptive surface extraction to take ad-
vantage of re nement information obtained during functegpproximation. Fur-
thermore, as thé; is composed of tetrahedra, the surface extraction algorith
guarantees topologically coherent surfaces. The aspgxiofahe triangles gen-
erated by means df polygonization is usually poor, which motivates the use of
a simple, but effective]} vertex displacement technique that is able to consider-
ably improve mesh quality.

In general, least-squares formulations solved by normaons using canon-
ical polynomials lead to ill-conditioned systems of eqoas$. By using a basis of
orthogonal polynomials, no system of equations must beesiohnd stability is



84 Chapter 4. Meshless Surfaces from Point Clouds

improved without requiring expensive computations in casitto other methods
such as QR decomposition with Householder factorizatiogdar value decom-
position or pre-conditioned conjugate gradient. Furtleemthe use of orthog-
onal polynomials makes it possible to ef ciently increabe tlegree of the local
polynomial approximation due to the recursive nature oirtbenstruction. For

this reason, the method proposed is also adaptive withcegpthe degree of the
local ttings.

Contrary to previous work on multi-level partition of unityplicits, the pro-
posed method is able to avoid generating spurious surfasgshnd surface arti-
facts. This is achieved by using tests that discard appratkims considered non-
robust,i.e., approximations which oscillate within the local suppatowever, in
some cases, the automatic reconstruction algorithm masedass of details in
some regions due to the use of low-order polynomial funstidiioreover, even
with good robustness criteria, partition of unity implgcére particularly sensitive
to noise. As before, changing the robustness conditiongiein the solution
may lead to over-smoothing effects without assuring theorexhof all problems.
Thus, allowing the user to locally edit the global approxiima to place more
suitable shape functions is an interesting feature prapbsee.

This machinery allows the de nition of a two-fold adaptivarfition of unity
method in the sense that both the degree of the local appatiximand the space
subdivision are adapted to better t the surface. An exangple surface recon-
structed with the proposed method is depicted in Figure.4.14

4.4.1 Multi-level partition of unity implicits

Partition of unity implicits are de ned on a nite domain as a global approx-
imation M fpy obtained with a linear sum of local approximations. As with
other implicit surface approximation methods, the surfagoge ned as the zero
set of M fpy. For this purpose, a set of:,non-negative weight functioms

f 1;:::; kg with compact support, where iK=1 i(x) 1,x2 ;anda set
F = ffq;:::;fk g of local signed distance functiorig must be de ned on
Given the seF and , the functionM fpy : R®! Ris de ned as:
X
M fpy(Xx) fi(x) i(X); x2 (4.24)
i=1
A set of non-negative functionss f 1;:::; kg with compact support pro-
duces the partition of unity as
i(x
)= Pt
k=1 k(X)

where ; is a weight function with compact support. The domains covered
by a set of supports and, for each one, a funcfipand a weight function ;
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are de ned. Otahkeet al. subdivide the domain using an octree and de ne a
spherical support for each cube. The functibnsR® ! R at each local support
are computed using the set of points in the support by ihtidé ning a local
coordinate systerf1; ; ) atthe center of the support where ) de ne the local
plane (domain) and coincides with the orthogonal direction (image). Herfce,
isdened asfi(x) = w gi(u;Vv); where(u;v;w)isx inthe(; ; ) basis. The
function g; is obtained by the two-dimensional least-squares methaxte Mhat
this method requires points equipped with consistentlgraad normal vectors.

4.4.2 Thel, triangulation

Casteloet al.[29] proposed thd; triangulation as an adaptive structure with an
underlying algebraic description that allows both ef de@nemory usage and the
ability of being de ned in any dimension. Such algebraic aggion is based
on two mechanisms: the rst is used to uniquely identify a @iex within the
triangulation, and the second is used to allow traversalsarstructure.

The J; triangulation is conditioned by a grid of blocks which capend to
n-dimensional hypercubes R'. TheJ simplices are obtained by the division of
such blocks in a way that each simplex is coded by6thepleS = (g;r; ;s;t;h).
The rst two components are related to the location of thecklwithin the grid,
whereas the last four identify the simplex within the blo&peci cally, then-
dimensional vectog provides the location of a particular block in a particular
re nement levelr. Figure 4.15 illustrates, on the left, a two-dimensiohaland,
on the right, a highlighted block of re nement level= 0 (0-block) andg =
(3;1). Also in Figure 4.15, one can nd blocks with re nement levekE 1 (1-
block) depicted in dark blue.

Before explaining how simplices are described, it is imaotrto mention that
an n-dimensionall} allows the re nement of an-block by splitting it into2"

(i +1)-blocks. Itis also worth to notice that, in order to accomitedhe newly
created blocks, some other blocks may be forced to be re methat the dif-
ference in the re nement level of two neighboring blocks eelsecomes greater
than one. The last part of this accommodation process ispgosethat whenever
blocks whose re nement levels differ by one are neighbdne, dne having the
smallest is transformed into a transition block. Such a block is the thrat pos-
sesses only some of iksdimensional faced)(< k < n ) re ned. The situation
is illustrated by Figure 4.15 in which basic 0-blocks areocetl light-blue, basic
1-blocks are colored dark-blue and transition blocks atered light-red. In par-
ticular, the highlighted transition block has only its lefige re ned. From now
on, for the sake of clarity, non-transition blocks will béeed to as basic blocks.

The simplex representation is based upon the fact thataflges in a block
share at least the vertey, which is the center of the-dimensional hypercube.
So, starting invg, the next step is taken in the positive or negative directibn
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Figure 4.15: The} triangulation: on the left, a sample two-dimensional aiaptrian-
gulation and, on the right, examples of pivoting operati(see color plates).

one chosen coordinate axis. This will produgeas the center of atn  1)-
dimensional face and, as the process continues, the \s&wtice: v, will be de-

simplices can be represented by the path traversedvgaawv, which is coded by
ands. The vector stores a permutation nfintegers fromil to n representing
coordinate axes, while represents the direction, positive or negative, that must
be followed in each axis. For instance, in Figure 4.15, Saxflis represented by
=(1;2)ands=(1; 1), which means that, fromy, the path is traced through
axis 1 =1 (x, inthe gure) in the positive directions(, = 1) and then through
axis , =2 (y, inthe gure) in the negative directiors(, = 1).

For simplices inside basic blocks and simplices insidesitaon blocks that do
not reach any re ned face, the information provided bgnds suf ces. However,
in the remaining cases, further information must be prayjdeecause when a
re ned k-dimensional face is reached, there is not only one centélxenters.
For this reason, the scalbris used to inform how many steps are taken before
a re ned face is reached, while vectbde nes extra signs for axisp+1 :::
that are used for selecting one center from all possikslitir instance, in Figure
4.15, Simplex 1is represented by=(1;2),s=( 1; 1),h=1andt=(0;1)
because only one step is taken before reaching a re ned edgehe chosen
center for placing; is in the positive direction ofy.; .

Besides describing the location of simplices, dietriangulation also de nes
pivoting rules for traversing the triangulation withouingany other topological
data structure. These rules are completely algebraic inthies take a simplex
description §° for instance) as input and outputs another simplex desmnip
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(S as the result of the pivoting operation. Figure 4.15 ilatis two pivoting
operations in which simplicesand2 are pivoted in relation to verticeas andv,
respectively, generating simplicBsand4. All pivoting rules can be found in the
work by Casteleet al.

4.4.3 Robust adaptive partition of unity implicits

Traditionally, adaptive partition of unity implicits araiitt using an octree to parti-
tion the space and calculate local approximations thatidreexjuently combined
using weights. The more details the object possesses, treermaed the octree
must be. Thus, the octree can be used to identify complicatedft features on
the surface. Hence, the goal was to use this informationigedjduring function
approximation to obtain an adaptive polygonization. Tfaee asJi has an un-
derlying restricted octree as its backbone, the trianguriavas adapted to serve
both approximation and polygonization purposes. The a&edi@adaptiveness al-
lows capturing ne details without using re ned grids. Arin@r important feature
of the method is the increased quality of the local approkimna compared to
previous methods, which prevents spurious sheets anccsuaféfacts.
Local approximations. The local approximations; : R® ! R are generated
in the spherical supports of the weight functions which are de ned as the
circumspheres of the blocks enlarged by a factor greaterdgha €.g, 1.5).

The functionf; at each block is computed using the set of points encompassed

by its support by initially de ning a local coordinate syst¢ ; ; ), as explained
before, at the center of the support. Recall thais de ned asf;(x) = w
gi(u;Vv); where(u;v;w) isx inthe(; ; ) basis.

In the method proposed, the local functions are approxichbjemeans of
polynomial least-squares tting. However, instead of gsi canonical basis
fuvl :i;j 2 Ng, a basis of orthogonal polynomials with respect to the inner
product induced by the normal equation is chosen. This way, mot neces-
sary to solve any system of equations. To nd such a basisntbinod by Bar-
tels and Jezioranskig| is used.

mial tting in local coordinates can be computed as:

X e
gi(u’V)_jzl (v s j(upv) j(upw)’ 7 (4.25)

whereS; supp(ci; Ri), ¢i andR; are the center and radius of the bldcke-
spectively, andqu;; vi; w;) isX; inthe basig ; ; ). Thus,g provides an approx-
imation to the solution of
X
min (g(ui;vi)  w)%

(uisvi)
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Figure 4.16: The gure in the left side depicts the behavibthe J} during function ap-
proximation. The gure in the right side shows an illustaatiof the effect of the coverage
domain on the polynomial approximation. The left side o$tlgure depicts a case that
can arise when a high-order polynomial is used to approxrtiet surface inside the local
domain (blue circle). Since a large region of this domairois\of points, the polynomial
approximation may oscillate. Thus, the coverage domaime(bhe) is computed and the
ratio of the area of the coverage domain and the area of time fleellow line) is calcu-
lated. This ratio determines the degree of the polynomietlu®ecreasing the degree of
the polynomial when this ratio is below a threshold redubesoscillation as can be seen
on the right side of the gure (see color plates).

The main motivation for using such orthogonal polynomialgheir ability
of generating higher-degree approximations from pre\joosmputed approxi-
mations with low additional computational effort. As sthteefore, this property
enables the de nition of a method that is adaptive not onlyhia spatial subdi-
vision but also in the local approximation. However, a dowef employing
high-degree polynomials as local solutions is the fact thah functions may
present oscillatory behavior and, even if they present dldeast-squares error,
they may be a poor approximation inside the region of interiésr instance, in
Figure 4.16 on the left, the polynomial is close to the sanmalmts inside the
support, but the signs obtained when the function is evatlat the vertices of
theJ} block are not correct. Therefore, depending on the neigbblations, this
situation may lead to extra surface sheets or artifacts.

Before presenting a solution, one must notice that thislproloccurs because
even though high degree polynomials are able to approxipwate data nicely in-
between points, they can also oscillate at locations in vthiere are not points
to restrain the solution, as illustrated on left side of Fegd.16. Based on this
fact, it can be observed that the distribution of pointsdesihe support is as
important for generating a good function as the number affsaised in the least-
squares minimization. Figure 4.18c and Figure 4.18d depietl application of
the coverage domain.

Thus, an approximate, but computationally inexpensive; teaassess how
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well the points are distributed inside the support is presgknAs in the proposed
method the local domains are actually planes, it is necgdsaletermine how
large is the area of these planes covered with points. Fayrttie ratio k) between

the projection of the support of the block and the projectibthe bounding box
of the points over the plane is calculated. To that end, aregeecriterion for

polynomials was created by establishing a minimum valule ffr each polyno-

mial degree (for instance, 0.4, 0.8 and 0.85 can be used aefaelt parameters
for second, third and fourth degree polynomials). In Fighud6 the importance
of the coverage domain for aiding the choice of the correattion is illustrated,

since, in the example, a lower degree approximation (onidfn)ris more suitable
than a higher one (on the left).

As mentioned before, besides the coverage criterion, itsis mecessary to
take into account the minimum number of points that shouldi®ed for each
polynomial degree (the default is twice the number of poiyired bases for each
degree). The union of both of these criteria constitute teistness test used in
the proposed method.

An immediate issue that arises from this minimum point teghat not ev-
ery block in the domain encloses enough points for the patyabapproximation
described previously. Therefore, we created a strategipdadling blocks with
few or without points that differs from previous work becaugstead of iter-
atively growing the support of the block until the minimalmhber of points is
reached 122, which may cause a local approximation to in uence a large pa
of the domain, or using the approximation of the parent otloek [113, which
can be a poor approximation, this situation is addressecascking the nearest
cluster of points to the current block and performing a regdee approximation.

Such cluster of points is determined by nding the nearest@e pointr to
the center of the block, by querying enough neighbors aroitite default is 20
points), and by approximating a least-squares plane. Henveepending on the
point distribution, the plane can be orthogonal to the etgubiesulting plangl0)].
This situation is detected by comparing the normal vectahefplane with the
average of the normal vectorsioheighbors. If the angle is greater thar6, the
least-squares function is substituted by the plane wittrenal vector equals to
the computed average and the origin equals to the averagfebweiposition. This
last test is considered as the third robustness condititimeaiethod.

Now that the most important concepts of the proposed approace clari-
ed, an algorithmic outline of the method is provided: afsatting up the initial
Ji con guration, for each block that does not have an approsionade ned,
the number of points inside the support of the block is querigiginating three
different situations{(i), the number of points is enough for performing approxi-
mations;(ii ), the number of points is not enough even for a least-squdaeg;p
and(iii ), the number of points is greater than a speci ed maximunstinoé.
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Initially, in case(i), a test that measures the variation of point normal vectors
by Ohtakeet al.[122] is used to determine the presence of two or more surface
sheets inside the same support. If they exist, the methateeethe block and the
process starts again for the newly created blocks. If ong/gireet is detected, a
polynomial with degree one is calculated and its degreeasrsévely increased
until the error criterion is met, or until the robustness tises not allow a higher
degree or until the degree of the polynomial is equal to theimam allowed
(four as default). If the previous process nishes and theres acceptable, the
approximation is stored in the block, otherwise, the blacke ned, unless its
support possesses a critical number of poietg,(less than 100). In this situation,
the subdivision may be aborted if the new approximation kdogould increase
the error instead of decreasing it, due to the fact that tindahecks would enclose
small amounts of points that would not allow high degree apipnations.

In both parts of the above description in which the re nemessuggested, the
block may be already in the user-de ned maximum allowed esrent level, so
there is no other option rather than using the best apprdiomeaalculated so far.

The approximation cas@i) is handled by searching the nearest cluster of
points from the current block and performing a rst degrepragimation as ex-
plained above. Finally, caddi ) in a heuristic employed to avoid useless and
expensive calculations. It is an unnecessary effort toutate minimizations for
more than one thousand points. Thus in this case, subdivadidhe block is
forced whenever the maximum re nement was not reached,notke the ap-
proximation is computed anyway.

This section is concluded by elucidating the differenceMeen block re ne-
ments caused by approximation conditions and those teggeyJ} restrictions
(explained in Section 4.4.2). In the latter case, new apprations do not have
to be computed if the approximation for the block being relris already good.
Figure 4.16 illustrates a case in which not all leaf nodesl lapiproximations as-
sociated to them. In the gure, the blue circles represeat locks that hold
approximations and points inside them, the orange onedsudeaves that hold
approximations despite of not having points in their supga@nd the green one
stands for a non-leaf node that holds the approximation aslomly divided due
to theJ} accommodation process.

Function evaluation and adaptive polygonization.Given a pointx inside the
domain, an octree-like traversal of thg blocks is conducted to determine which
blocks encompass within their supports. The value & fpy(x) is obtained as
a combination of all local functions from the supports fotodontainx:

"M s 1) 1)
M fp - 51 x2S; i i )
o) ilv:ll;xzsi i(X)
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where ;(x) = (kx cik=R)) and the weight function(t) = (1  t?)* that
assumes zero value for 1.

The polygonization nds rst an initial simplex, which is arsightforward
task when a point near the surface is available. Then, aralef all simplices
that intersect the surface throudh pivoting rules is conducted, while generating
the adaptive surface mesh.

4.4.4 Extensions to the method

Here, two extensions to the method above presented areggdépdhe dif culty

in handling parameters in most surface reconstructioncggbres suggests that in
some cases it may be useful to allow manual edition of thetfomeso that the
user can either x undesirable artifact or enhance the appration quality by
choosing more appropriated functions. This constitutesr$t extension to the
method.

The second extension is related to the low quality presebyethe meshes
generated by thés polygonizer. It is actually an computationally inexpersiv
and memory ef cient technique that displacEsvertices in order to enhance the
aspect ratio of the triangles.

Interactive implicit function editing. For the function editing feature, one of
the advantages presented by partition of unity implicitshods over other tech-
niques, such as moving least-squares or radial basis funs;is exploited, namely,
the fact that the global function is de ned by a set of indegemt local functions in
subdomains,e., changing one of these functions only affects the globattion
locally. Thus, changing local traits of the function cotsis locating the desired
block and switching the associated approximation. Findingh a block in thé ;
triangulation is quite straightforward, since its struetaonsists of a restricted oc-
tree. The calculation is made by testing the blocks thatasorthe desired point,
in different re nement levels, until the one with the furaiis found.

In the implementation used, a graphic tool was developedHoosing points
over a reconstructed model and selecting either a new dégréee polynomial
approximation or a constant function, which can be de nedhmsyuser or auto-
matically computed.

Mesh enhancement.To approach the problem of the poor quality of some trian-
gles generated from thE , the mesh displacement technique was chosen because
it is quite simple to implement and does not impose a heaviheasl on the time

and memory complexities of the polygonizer. However, asldgrees of freedom

for movingJ} vertices without invalidating the structure are constdirthe im-
provement is limited. The idea is to move thg vertices away from the surface

a distance inversely proportional to the function valuepider to improve the
aspect ratio of the mesh elements.

The displacements are applied onlyhnvertices belonging to simplices that
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Figure 4.17: lllustration of the deformation ofig block: the vertex displacement tech-
nique is able to create more uniform mesh elements.

intersect the surface during the polygonization. For thason, no extra memory
is needed and the extra computational effort is due to tleaitzdlon of an approx-
imation for the maximum value of the function and for evaiogthe gradient of
the function at every displaced vertex. The following eguapresents how a
vertexx is taken to its new positioRey

#
signM fpyu(x)) MED M fpyu(x) el
o = xS0 fppl:(k ) Mg N a0
wheresign M fpy (X)) represents the function signxatM f J\5* is an estimative

to the maximum of the function in the domains the re nement level associated
to the vertex,g(l) is the size of al; block edge in the re nement levé| and
0< < 1ldetermines the maximum amplitude of the movement.

For basic blocks, the re nement level associated with aexdris equal to the
re nement of the blockr, whereas, for transition blocks, it is equal (fo+ 1)
for vertices that lie in re ned faces and equalrtdor the remaining ones. It is
worth to mention thag(l)=4 is the maximum amplitude of the displacement, in
any direction, allowed by th&; structure. In Figure 4.17 a representation of the
displacement of the vertices is depicted in two dimensions.

In Figure 4.18, the importance of the coverage domain istilated, as well
as the interactive function editing procedure. In Figut84, the 362K raw data
Stanford Bunny was reconstructed using the method by Otdtlaé using its
default parameters, while in Figure 4.18b, we selected #rarpeters to match
those used with the method proposed (maximum re nement Qearodt thresh-
old 0.002). Note that this set of points is the raw StanforaiBudataset (362K
points), whereas the Stanford Bunny dataset used in prgeweations contains
the vertices of the reconstructed versions (35K points¥idure 4.18c, the pro-
posed technique was used to reconstruct the same modeluivithe coverage
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(d) (e) (f)

Figure 4.18: Function editing: (a)-(b) method by Ohtakal. with its default parameters

and with suggested parameters. (c) reconstruction usigbposed method without

coverage domain; (d) reconstruction with coverage dom@hnuser selected imperfec-
tions; (f) function changed in order to eliminate imperiens. Comparisons against other
surface reconstructions can be found in the work by Kazhdaroppe.

criterion. One can notice the presence of several artitatthe surface and some
extra sheets, that were almost eliminated with the use ottlerage test (Fig-
ure 4.18d). In Figure 4.18e, a selection of blocks was de, fi@dvhich a constant
function was set with positive values (0.002), in order ion@late some of the
surface aws. Finally, Figure 4.18f depicts the bunny after function editing.

The models reconstructed using Ohtake's technique predenseries of ex-
tra sheets and surface artifacts. In the work by Kazhdan amppe{79], similar
problems were presented for other techniques. Neverthales differences with
the results presented by Kazhdan and Hoppe are due to patagion technique
they employed, which generated the mesh for only one coademmponent.
This was responsible for hiding most of the spurious she@&tse situation il-
lustrated by Figure 4.18, shows that the set of solutionpgsed in this paper
considerably enhances the robustness of the reconstractioven the fact that,
even without the coverage criterion and in the presence isknthe method was
able to minimize the number of defects.

Also concerning function editing, in Figure 4.19 anotheareple is presented,
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Figure 4.19: Enhancing the model using function editing:ngadel without high order
approximations (due to con guration), (b) selected blofiksfunction changing and (c)
nal result.

Figure 4.20: The Filigree model (514K points). The back awdtfviews of the model
are shown, in which the left half was generated with Ohtatexinique and the right half
was generated with the method proposed.

in which planar functions, employed due to a user-de ned goration (Fig-
ure 4.19b), were replaced by second degree polynomialderBiftly from the
previous example, in this one we used the function editingnioance the qual-
ity of the function and not to remove defects. The comparisetween Fig-
ures 4.19a and 4.19c illustrates the gain in reconstructiatity.

It is important to mention that the method proposed hereopas slightly
worse in terms of computation time than the method by Ohttkal. (about
5% slower). One major difference between the methods is thdhe approach
presented, the evaluation is decoupled from the functiggragimation, in the
sense that the whole function is built before the rst evéilwais made. This fact
means that for coarse grids or small ray tracer viewportsaka's method tends
to be faster, but as soon as the number of required functialua@ion increases,
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Figure 4.21: Comparing the iso-mesh produced fibin(left) against the iso-mesh ob-
tained fromJ} with displacement (right). See color plates.

the methods perform similar in terms of processing time.

Another substantial difference between the methods isuhetion behavior
in regions away from the zero-set. The proposed method piesebounded
maximum gradient magnitude for the whole domain due to tbastmess criteria
applied during the approximation phase. For instance,Hermhodel presented
in Figure[ 4.20, the ray-tracer algorithm we employ&8g showed a maximum
gradient magnitude of 1.9 for the method presented arid'Sffor Ohtake's.

In order to illustrate the results of the mesh displacemestirtique, the Chi-
nese dragon model (665K points) was reconstructed usingame re nement
level 7. Figure 4.21 shows, on the left, the original mesh and, orritite, the
model generated with mesh displacement. Both meshes angoseah of 535 605
triangles and the time taken for polygonizing the models 8&433s and 202.9s
for the normal and the displaceld version, respectively. This slow-down was
expected for the displaced version, since it requires maakiations of the func-
tion to compute the approximation of the gradient; but ew&rtlss extra cost is
constant and does not affect the complexity of the algorithm

To assess the improv%rpent of the triangles caused by thi&ackspent, the
aspect ratio measure = % was used, where,.x is the largest edgd?
is the perimeter and is the area of the triangle. Notice that the best aspect ratio
is 1.0 (equilateral triangle).

For the normal mesh, the average aspect ratio was 5.55 arstiaigard de-
viation was 128.09, whereas for the enhanced mesh, thegaveras 1.68 and
the standard deviation was 0.61. This result con rms theai¥eness of the
technique because it was able not only to enhance the avédragpiality of the
triangles but also to decrease the variation of the asp#ot r@hich means that
the whole mesh presents a reasonable overall aspect ratio.
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Figure 4.22: A CSG difference operation involving the Neygtimodel and a cylinder (see
color plates).

Finally, in Figure 4.22, a CSG difference operation betw#esn Neptune
model and a cylinder is demonstrated. The support for suehatipns is an im-
portant advantage of implicit surface de nitions.

4.5 GPU-based Rendering of Meshless Surfaces

Meshless surface representations can be directly visahy using meshless sur-
face rendering algorithms instead of generating a surfa&shnilrhere exist a wide
range of algorithms but the focus of this sections is on serf@ndering algo-
rithms for surface representations based on projectionatgs and on implicit
functions. Speci cally, it is shown how ray-tracing can beplemented on the
GPU to render such surface representations.
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4.5.1 Rendering surfaces based on projection operators

A GPU algorithm for ray-tracing surface representationseldeon projection op-
erators, which is considerably faster than CPU implemantaf150; 151, is pre-
sented here. This GPU implementation is based on the raywralgorithms for
moving least-squares surfaces proposed by Adamson and [&kand is tuned
for the moving least-squares projection operator proptyedevin [98] but can
be naively modi ed to support other projection operators.

The process is described below where each step represesmidering pass.
As in the work by Adamson and Alexa, support balls are de nexliad the sam-
ple points, which will be rendered during the steps “intetis@’, “form covariance
matrix', and “form system for polynomial tting'. During thsteps * nd normals'
and “solve linear system and nd projection’ a quad covetimg entire viewport
is rendered to generate a fragment per ray. The step “iagipioximation’ is
performed only once as a pre-processing step.

Initial approximation. In this render pass, local polynomial approximations for
each sample poing; are calculated. For this, a single quad is rendered to genera
a fragment per sample point. Each fragment calculates thresponding local
polynomial following Alexa's method to project a point ontlee surfacg for
which, given the point to project, the approximate tangent plane is obtained by
solving
X
nn1_itn i (r+ tn);ni?! yis (Xi;r + tn):
"=l
The local polynomial tting remains as described in Sectbh for Levin's de -
nition. Since the point to be projected is the sample posdlfit and is thus near
the moving least-squares surfate, 0 is assumed and the normrals calculated
using covariance analysis. Onoeis de ned, the polynomial is approximated
in the local coordinate system (with) as the origin andh as one of the vectors
of the orthonormal basis), witk; asr and using neighborhood information pre-
stored in a 3D texture to obtain the neighbors of the samplet gp. The result
(coef cients) is rendered to a 32-bits per-channel oattter for further use.
Intersection. The nearest intersection of each ray with the local polymbsni
stored at the sample points de nes the rst approximatiothefintersection of the
ray with the point set surface. To nd this intersection,wport-aligned discs with
radius are rendered as shown in Figure 4.23 (as a 2D example). Ezgpmdént
belonging to a disc calculates the intersection of the ray passes through it
with the polynomial stored at the respective sample poop-(ight zoom in the
gure). For this, the ray is transformed into the local caoate system, de ned

Note, however, that Alexa's projection procedure does ®eoiegate points on the surface as
noted by Amenta and K{l11].
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Figure 4.23: Calculating the intersection of the ray with khcal approximation stored in
each sample point (see color plates).

by x; andn in the 2D example, whene is the normal calculated in the rst step
of the algorithm. If there is no intersection or if the intecton is outside the ball,
the fragment is killed. Thus, using depth tests the neanéstsectiorr of the ray
with the local polynomials is obtained. Oncés determined and stored in a oat
texture, its projection on the moving least-squares sarfaéound. This is done
in the four next steps.

Form covariance matrix. Since the point found in the last step is assumed to
be reasonably close to the moving least-squares sutfac@,is assumed anal is
found using covariance analysis. For that, the covariamaeixnmust be formed
using the nearest neighbors of the painSince performind-nearest neighbors
spatial searches is expensive, a range query is perfornséehoh by rendering
discs with a radius suf ciently large to in uence the points in the neighborhibo

of each point, being = 2h a good estimate for homogeneously sampled point
clouds, where, as befork,is the Il size.

Each fragment generated this way calculates its distantieetantersection
point on the ray passing through it in order to ensure thatiit the neighborhood
of the intersection. In Figure 4.23 the zoomed disc in uentee intersection
point on the ray since it is within a distance whilst the in uence of the disc
in the back is discarded by means of a kill instruction for fitegyment through
which the ray passes. Each fragment belonging to the disesmonding tox;
that passes the proximity test calculafgs r)(x; r)™!'wms (Xi r). The
results of the fragments in the neighborhood afre accumulated using one to
one blending to three 16-bit-per-channel oat textureg ti@d the3 3 matrix
(since blending to a 32-bit-per-channel texture is prahiély slow).
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Find normals. In this step a single quad covering the viewport is rendeoed t
generate a fragment per ray. Each fragment calculatesdkewactor associated
to the smallest eigenvalue of the matrix obtained in the ipte/step, using a
GPU implementation of the inverse power method. The resuwltitten to a oat
texture.

Form system for polynomial tting. Once the normal at each intersection point
is found, we must calculate the polynomial approximationgi$VLS. For that, a
linear system is formed whose solution will provide the coefts of the poly-
nomial. The process is similar to the one of the step ‘formadance matrix'
with the difference that the value calculated by each fragnbelonging to the
disc corresponding t®; is twofold, a4 4 matrix! y.s (Xi;r)aa’ and a vector
lwis (Xi;r)aof sized, wherea = [(x; )i (xi )7 (xi  rx(xi 1)y 1J'.
These results are accumulated by means of blending to faatrtextures to be
used as input for the next step.

Solve linear system and nd projection. The linear system formed in the last
step is solved in a further render pass by rendering a quastioovthe viewport.
Each fragment (ray) solves the respective linear systengusinjugate gradient.
Then, the intersectionis projected onto the polynomial. If the distance between
r and its projection is smaller than a threshold, the intéiseof the ray with the
surface has been found to beOtherwise, the intersection of the ray and the local
approximation is calculated. If the intersection is indidke ball with its center in
the original sample point; and with radius , this intersection is written into a
oat texture in order to use it in the next iteration.

The next iteration starts in the step “intersection' whéamn the second iter-
ation on, it is necessary to check if the result of the lasatten,i.e., the result of
“solve linear system and nd projection’, is already thesirsection with the mov-
ing least-squares surface, in which case no further prowessdone in any of the
following steps. Otherwise, if the result of the last it@vatis a valid intersection
point within the ball de ned by; and , the following steps are performed using
this intersection as the new point If not, the nearest intersection, after the cur-
rentr, between the local approximations and the ray is found bynseadepth
tests as in the rstiteration, killing all fragments withlé less or equal the depth
of the current.

As reported by Adamson and Alexa, two to three iterationshassled to nd
all intersecting points between the primary rays and theingpeast-squares sur-
face. Itis important to note that in the case of calculatimgihtersection between
the moving least-squares surface and a set of rays that ansistently ori-
ented as the primary rays.@. secondary rays) the search for the intersection in
step “intersection' must follow another strategy. A naivete force scheme was
used, checking all local polynomial approximations forteeay (fragment). This
can be performed using nested loops and/or multiple remglgrasses. Since in
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Figure 4.24: GPU-based ray-tracing of the moving leastsgsurfaces for the Skeleton
Hand point cloud.

this case itis not possible to perform the range queriesssithed above, this rst
intersection can be used as a rough approximation of thesettgon between the
ray and the moving least-squares surface for secondarygtexe refracted, and
shadow rays. Thus, for these secondary rays none of thedmaining steps is
performed.

Ray-tracing a moving least-squares surface on the CPU taybdohibitively
slow, whilst the proposed implementation achieved up t6 62 for the Stanford
Bunny (36K points), 4.54 fps for the Horse (48K) and 2.22 fpsthe Skeleton
Hand (109K) using the GPU implementation described withefaiions. In the
case of 3 iterations the frame rate dropped to 4.16fps, $d&mnd 1.37 fps for
the Bunny, the Horse and the Skeleton Hand respectively. edexy 2 iterations
suf ce to generate a high-quality rendering as shown in Fegu24. The test were
carried out on an Nvidia Geforce 8800 Ultra graphics card.

For the tests performed, a single re ection secondary rayeaahepth o were
used. The use of secondary rays in the implementation @estis currently lim-
ited by the lack of a proper data structure for performingyeaqueries ef ciently
on the GPU. Therefore, the inclusion of such a data strucsuoé major impor-
tance and is addressed in the next section for renderingargurfaces.

The advantages of hardware-accelerated rendering of mdeast-squares
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Figure 4.25: Point set surface for the vertices of an iséasermesh extracted from the
Knee dataset with marching cubes.

surfaces could be exploited for accurate rendering of sasfanodeled as point
clouds extracted from different sources, like medical d&@r instance, the ver-
tices of a surface mesh generated from MRI data by meansdifitraal meth-
ods, such as marching cubes or surface reconstructioniteemapplied over
the result of a segmentation algorithm, could be used ag topihe ray-tracing
algorithm. This will provide a smooth noise-free renderaighe iso-surface ex-
tracted. Figure 4.25 shows an example of this process fd{tlee dataset.

4.5.2 Rendering implicit surfaces

Implicit surfaces can be rendered with the approach brieegatibed in Chap-
ter 2. A GPU implementation of this approach is presented.h&s in the case
of hardware-accelerated rendering of surface de nitioasdal on projection op-
erators, the implementation presented here is based orssuenation that the
surface is de ned on a tubular region arouXdand this region can be approxi-
mated as the union of the enclosing spheres with rad{gee above) centered at
the sample points.

The implementation for implicit surfaces is consideralagier than the imple-
mentation for projection operators. The algorithm, in ttase, performs a single
render pass. View-aligned discs with radiusentered at the sample points are
rendered as described above. In this case, since no ioit@l polynomial surface
approximation is available, each fragment computes thergettion points be-
tween the corresponding ray and the enclosing sphere o&thple point, whose
disc generated the fragment. The implicit function is eatdd at both points and,
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in case a surface crossing is detected by comparing the gigins resulting eval-
uations, the bisection method is used as depicted in Fig@reTd that end, the
sample points in the neighborhoods of the evaluation pamist be available.
This can be accomplished using two different GPU data strastas explained in
the following.

Gridded neighborhood. The rst data structure is built by creating a three-
dimensional Cartesian grid covering the domainXof with cell size equal to
H. Eachx; is then assigned to the cdll in the grid containing it (in the Eu-
clidean space). Additionally; is added to the neighboring cells that intersect
the support of the middle point &&. This support, in the implementation de-
scribed here, is radial and, since Gaussian weighting iometvere used for the
implicit functions tested, all cells in a radiud from the center are considered.
The parameter must be large to ensure that all points that have a signi aant
uence in the evaluation of the function at any evaluatingnpa 2 C. A good
choice is = 4, since larger values compromise the performance. Oncerithe g
containing the lists of points stored in each cell is creatieel points in each cell
are arranged consecutively in a two-dimensional array. Swah arrays are ac-
tually created, one containing the point positions and am#aining the point
normal vectors pre-calculated using covariance analygsteacribed throughout
the chapter. This increases considerably the memory spacdred in favor of
higher frame rates.

Three textures are then created with the grid and thesesariidye rst tex-
ture @rid ) is a three-dimensional texture with size equal to the regswi of the
grid. Each texel in the texture contains the number of patdged in the corre-
sponding cell as well as texture coordinates pointing teisp@ositions in the
textures containing the arrays of positions and normalorsdgpositions  and
normals respectively). To clarify what these last texture coortbsaare, it is
necessary to explain how the point positions and normabveeire arranged in
the two-dimensional arrays (which are directly mapped to-tlimensional tex-
ture). Since both arrays are arranged in the same way, tloev/fol discussion is
valid for both the positions and the normal vectors arrayge Joal of the arrange-
ment is to accelerate the fetching of the points stored inlla €aus, starting at
the position(i;j ) in the array containing the rst pointin the list stored iretbell
C, the goal in turn is to require updating only the index access the following
point in the list of points stored i€. To that end, the entire list &, with size
Nc, must be stored iN¢ consecutive positions in the array (row-wise). This can
beaccomplished by xing the width of the two-dimensionaisgras being equal
to M, whereM is the sum of the sizes of all lists in the grid. Then, the lists
the gird are successively stored row-wise in the array timiinumber of points
in a row is larger than the width. In this case, the next precestinues with the
next row in the two-dimensional array starting with the tisat caused the over-
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Figure 4.26: Renderings of the Fertility and Buste poins sising the GPU implementa-
tion described here with Kolluri's surface de nition.

ow in the previous row (note that this entire list is storedthe new row and not
partitioned among the two rows). Although this process eadsrther overhead
in the storage requirements, it facilitates the accesse@dints in the fragment
program.

During function evaluation in the fragment program, thd €l containing
the evaluation poink is found and its texture coordinates in textgred are
computed using the resolution of the grid and the extentefitmain. The data
in the corresponding cell is then fetched, which, as may belled, includes the
size of the list of points stored in the cell as well as theusxicoordinates of
the position of the rst point in the list in texturggositions  andnormals .
With this information, it is possible to access the texelstaming the points in
the neighborhood of (this is, the points stored iGy).

Sample-centered neighborhood.The sample-centered data structure is similar
to the gridded structure presented above. For each ggit list containing the
points within a radiusH from x; is computed. Thus, instead of creating a grid, a
two-dimensional array of width and height equalfoﬁe, whereN is as before
the number of points iXX, is used in order to generate enough array positions to
correspond with all points iiX. Thus, the texturepositions  andnormals

are arranged in the same manner as before using the lisesisibithe sample
points and the texture coordinates to the rst position aftelist are stored in the
corresponding position in the two-dimensional array rejpig the grid, which is
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stored in textur@eighborhoods

In this case, given an evaluation poitthe neighborhood aof is obtained
by computing in the vertex program the texture coordingtgst,) in texture
neighborhoods  where the data of the sample point corresponding to the cur-
rently processed disc is stored. For this, the index of tinepsa point is given
as an element of the texture coordinatesy passed by the application to the
vertex processor for each disc. The resulting texture ¢oatels(ty;ty) are then
passed to the fragment processor. Then, the fragment pnogsas(ty;ty) to
fetch the number of points in the neighborhood and the textaordinates in tex-
turespositions  andnormals where the rst point in the neighborhood is
stored. The entire list of neighboring points is then acegsss described above
each time the implicit function must be evaluated. The nepabdities for work-
ing with arrays offered by the NVIDIAs G80 graphics cardssiexplored to fetch
the positions and normal vectors only once, storing thenglobal array, but this
produced a dramatic performance decrease.

Independently from the data structure used, the list of tsdiraversed for
evaluating the implicit function contains points that may ke inside the support
of the weighting function centered at the evaluation printhus, in the fragment
program, it is important to check for this condition whenlegéing the function
so as to discard those points in the list that do not belongesupport.

Both data structures delivered the same results in termsrfafce approxima-
tion, as observed in Figure 4.26 where rendering of two pdimiids using the
data structures described above for KollutBsS] surface de nitions are shown.
Adamson and Alexa'$2] de nition produced similar reconstruction and perfor-
mance results. Although both data structures produce the sarface approx-
imation, the sample-centered neighborhood out-perfolmaggtidded neighbor-
hood in terms of processing time. Using an NVIDIA Geforce @80tra graphics
card, for the Fertility point set (107K points), gridded gigorhoods achieved
3.27 fps and sampled-centered neighborhoods 4.36 fps,eatidor the Buste
point set (125K points), gridded neighborhoods delivere8 Ips and sample-
centered neighborhoods 2.19 fps. Despite being fastemplsarentered neigh-
borhoods are not adequate when following secondary raysraty-&racing im-
plementation. In this case, the gridded neighborhood€battcommodate the
requirement of nding the neighboring points for an arhiyr@osition on an arbi-
trary ray.
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5 MESHLESSSURFACES FROMVOLUMES

Volume visualization can bene t from meshless technigunes are currently be-
ing applied to surface data. A number of authors have expltrs possibility
in the last years. The most natural application for mestdagsce modeling and
rendering techniques in the context of volumetric data ésektraction and ren-
dering of surfaces that are normally used to visualize veluim data, such as
iIsosurfaces and stream-surfaces.

Thus, in this chapter, results on meshless techniquesasetfor extracting
surfaces from volumetric data are reported. In Section&dr@ethod for extract-
ing moving least-squares surfaces from volumetric dataesgnted,which was
developed in collaboration with Jodo Paulo Gois from thevehsidade de Sao
Paulo. In Section 5.3, a method for the interactive extomctind rendering of
stream-surfaces and path-surfaces is described. Thisotheths developed in
collaboration with Tobias Schafhitzel from the UniveasiStuttgart, who must be
credited for the hardware-accelerated technique usedrtergiee a dense set of
streamlines. Before detailing the techniques develomtatad work is described.

5.1 Meshless Surface Extraction from Volume Data

Rendering volumetric data using meshless strategies leasduglressed by differ-
ent authors in the last years. @bal.[34] proposed a method for isosurface ren-
dering of volumetric data stored in Cartesian grids, nanmemsplatting’, which
samples points in the domain and projects them onto therfsasu The projected
points are then rendered using splatting. The samplingfeqmeed by nding the
voxels that intersect the isosurface and adding its middietpo the list of sam-
ples. The sampled points are then projected onto the sunkang either an exact
or an approximate projection method. The projection @ calculated by de n-
ingarayr = x + td and nding the root of

fi = f(x+ td);

for t, wheref, is the isovalue and is the tri-linear reconstruction of the scalar
eld. In practice, the directiord de ning the ray is given by the vertices of the
corresponding voxel that lies on the opposite side of theudace with respect to
X. This approach is slow since the roots of a cubic polynomiadtbe calculated.
Therefore, the authors nd an approximation by means of tkee/fdn-Raphson
method.

105
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Co et al. [32] addressed the problem of generating isosurfaces from -multi
block datasets with non-conformal cells. Their approaehntsty generating an
isosurface mesh with marching cubes. This mesh is then oggehierate a set of
sample points. The sample points are the input to a correatgorithm based on
radial basis functions which melds the non-conformal si@$aobtained with the
marching cubes algorithm. The correction algorithm usesghtess radial basis
functions interpolation of the isosurface and projectssample points onto it.
The interpolation is obtained by constructing a regulad gnd using the middle
point of each cell as center of the radial function. The prigd points are then
rendered using surface splatting.

The authors extended this approach to extract isosurfameslérge scattered
dataset$35]. To that end, marching tetrahedra is used, instead of magchibes,
over a set of local tetrahedralizations which are compubettiat their union cov-
ers the entire domain. This is achieved by constructing alaegrid covering
the domain and storing the scattered points in the resgectiN of this grid. Fur-
thermore, a scattered point is added at the center of eachcetli Thus, the
computations can be parallelized by dividing the regulat opto blocks, each of
which is processed by a thread. The points in the block ard teseonstruct a
Delaunay tetrahedralization. As mentioned before, magchetrahedra is used
to obtain an isosurface mesh which is in turn used to perfbl@rsame meshless
correction described above for multiblock datasets.

Livnat and Tricoch¢107] proposed an hybrid view-dependent method for iso-
contouring based on points and triangles. Nested-gridemmoyed to traverse
the domain and decide whether a triangle or a single point beuendered. Start-
ing at the root node, the algorithm prunes the current nodedriraversal if the
isovalue is outside the range stored in the node. In casedivalue is contained
in the node, and if the node is a leaf, geometry is generatéter@ise the visi-
bility of the children is determined and visible childrer grocessed in visibility
order. The geometry extraction step represents a node gitigée point in case
the projection of the cell covers a pixel or less. Otherwisatching cubes is used
to generate a local surface mesh.

Miriah et al. [116 address the problem of generating isosurfaces from data
obtained from simulations that make use of the high-ordée element method,
which is de ned by basis functions ireference spagehat give rise to avorld
spacesolution through a coordinate transformation, which doasnecessarily
has a closed-form inverse. Since methods such as marchaeg end ray-casting,
which perform operations in world space, must compute aem®esige nested root
nding process, the authors address the problem with gdarsgstems. A set of
particles is thus distributed on the surface using geometformation from the
world-space isosurface while performing the sampling fenence space. Given
the set of input particle positions = fx; ; XN g to be distributed across the
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surface and an implicit function(x), whose level set is the desired isosurface,
the positions¢i;i =1; ; N, are iteratively re ned as

fx(Xi) .
fr(xi)fx (i)’

wheref,(X;) is the gradient of the implicit function at;, until all particles lie
within an error threshold; of the surface. For each particle on the surface, a
compact monotonically decreasing energy kekihés associated. The energy

at a particle is then given by

X X kr k
Ei = Eij = E -1=
j=1ijs6i j=1ij6i

i xi f(xi) (5.1)

whererj = X; X;,and de nes the extent of the kernel such that whepj >
; E j = 0. Since using Euclidean distance fails to cull spatiallyselmeighbors
that lie on adjacent surfaces, the neighbors with normdbvecthat are more than
a90-degree difference from the normal of the partixjeare discarded.

The derivative oE; with respect to the position of the particle is used to move
the particle to a to a locally lower energy state

Q@E _ X @E rj

Vi= — .
@; j:l;jSi@rijkkrijk

The particle positions are then updated using the projectiohe derivative oE;
onto the local tangent plane

Fx (i) (xi)

wherel is the identity matrix.

Since performing this operation can result in particleshedsoff the surface,
a re-projection using Equation 5.1 is necessary to ensuatethie particles are
within 1 of the surface. This iterative two-steps process genepsdgles on
the surface that are evenly distributed. To adapt the deokthe particle sample
to the details on the surface, the radius of the energy fonaan be scaled, for
instance, according to the curvature. This mathematieahéwork is applied
to high-order nite elements by means of expressions cdyefarmulated using
Einstein notation in order to achieve world space adaptiwing reference space
evaluations of the basis functions, mapping functions &et derivatives. This
is done in order to avoid computing the inverse of the mappingtion between
reference space and world space.
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5.2 Moving Least-squares Iso-surfaces

Moving least-squares surfaces proposed by L&8) have been further studied
by Amenta and Ki[10; 111, who noted important properties about the domain of
a moving least-squares surface and the behavior of the mde@st-squares and
weighted least-squares minimization strategies in theaestrof moving least-
squares surfaces. Based on their observations, a noveligeehto extract sur-
faces from volumetric data is proposed, inspired by the “etiwn “predictor-
corrector' principle. The method proposed is able to pregdod approximations
to the surfaces de ned by a given feature in the volume, sgcs@surfaces and
surfaces located at regions of high gradient magnitude $H@aces). This last
class of surfaces is addressed since, as Katiak[81] pointed out, although there
is no mathematical prove, regions of interest are assumied kacated at regions
of high gradient magnitude.

Mesh surfaces extracted from volumetric data have someenheisadvan-
tages, such as the need for de ning the polygon charadtesige and the need for
storing topological information. Also, important detaitgy be omitted or coarse
regions might be excessively detailed. Although more ssiffated methods were
introduced in order to handle these probleh38; 139; 115 the mesh must be
locally recomputed and re ned, which is computationallyersive. Also, it is
necessary to de ne an initial surface, implying that therusest knowa priori
some characteristics of the object in order to de ne a goddlrapproximation.
The authors also mention the possibility of handling noiayadf sophisticated
strategies of re ning and displacement of vertices are used

On the other hand, the method presented handles these mpobigturally.
Since it is based on local polynomial approximations, trecision of the model
can be locally de ned. Also, low frequency noise in the dataasily handled, due
to the fact that the local approximations are computed bynseé least-squares
approaches. The method presented generates smooth swavaaging the piece-
wise approximation of mesh-based methods. As proof of qundee hardware-
accelerated ray-caster presented in the previous chapgeextended to handle
the surfaces de ned here. This is done since, as stated bysalaand Alex&3],
moving least-squares surfaces have clear advantages thesrrepresentations
when ray-tracing is used, namely the locality of the comipors, the possibility
of de ning a minimum feature size and the fact that the swefecsmooth and a
two-manifold. As seen in the previous chapter, beside thergnt implications
of these three characteristics, the second advantage oaxplmted when com-
puting the intersection of the ray with the surface, whits tast one turns CSG
operations feasible.

As stated before, a strategy inspired by predictor-cooreatethods, which
make use of two numerical approaches to solve ordinaryrdiitéal equations, is
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de ned here for extracting the surfaces. The rst approach ipredictor' which
provides a rst rough solution but requires only limitedanfation. This solution
is the input to the “corrector' which then nds a nal more agate solution.
These processes can be iterated in order to improve thesoblitained.

5.2.1 Computing MLS surfaces from volumetric data

The rst step of the method is performed by solving a movingskesquares ap-
proximation problem to nd an initial estimate for the proj@n of a given point
using a carefully de ned weight function that charactesizbe surface. This
makes it possible to deal with points that are relativelyram the surface. As dis-
cussed before, the weights traditionally used in movingtksguares minimiza-
tion schemes are given by some monotone decreasing funaftitre distance
from the pointr to be projected to the point (voxel in this cage)n the input set
X. Here, However, in this step information on "how close a Vxt a feature in
the volume' is used in order to weigh the vox&ls The function! ;; j = f1;29
used to weigh the voxels; determines the feature that de nes the surface and
therefore the surface itself. Isosurfaces can be genevatbdhe approach pro-
posed by using
v (xi)j?
2
1
wherev is the isovalue de ning the isosurfade(x;) is the scalar value at; and
1 Is a scaling factor (also regarded as a smoothing factoigo,Adssuming that
regions of interest are located at regions of high gradiesgmitude, a class of
surfaces that depicts changes in the material propertrebeabtained by using

L1(xi) = exp

kr f(x)k %
maxfkr f (x;)kg ’

) zexp 5 1
2

where ; is also a scaling factor. With these weighting functionsaal@pprox-
imating plane is computed by nding andn = n(q); knk = 1, so thatn
minimizes

X
&iso (9;n(q)) = hnixi gi®ti(xi); i =1;2 (5.2)

Xi2N (r)

whereN (r) is the set of neighbors of n is in the direction of the line through
andq, and the directional derivative dfso0 (d) = €50 (d; n(q)) inthe direction
of n(q), evaluated afj is zero,i.e., @q)Jpiso(q) = 0.

After the minimization a local coordinate system is de ngdlbe planeH (n; q).
On this local coordinate system, weighted least-squanesed to nd a bivariate
polynomialg( ; ) that locally approximates the surface using as weightimg-{fu
tion! ¢1.54. De ning p as the projection off on the tted polynomialg( ; ), the
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corrector scheme starts by computing a second approxigiplame by ndingx
anda = a(x); kak = 1, so thata minimizes

X
eiso(X;a) = haiX, X)i%( xi) (5.3)

where ( X;) = !t1.29(Xi)! mLs (Xi;X), ais in the direction of the line through
andx, and the directional derivative 0f;so (X) = €50 (X; a(x)) inthe direction
of a(x), evaluated ax is zero,i.e.,, @x)Jciso (X) = 0. Recall that s (p; q)
w(kp gk), wherew is a monotonically decreasing function.

Then, as in the predictor step, a local coordinate systene ised on the
planeH (a; x) and a polynomial approximation is computed using weightedt
squares with the weighting function instead of! 1.,4. The projection of x
on this polynomial tting is the nal projection of on the moving least-squares
surface. The resulting projected points can be input to amytfbased rendering
method, such as EWA surface splattifi9. In the following, however, the
focus is on describing a modi ed version of the ray-castimgjiaee for surface
de nitions based on projection operators, to accommodaieing least-squares
surfaces extracted from volumetric data.

5.2.2 Hardware-accelerated MLS Iso-surfaces and HG-surfzes

To interactively render a moving least-squares surfacztyr from the volumet-

ric data, viewport-aligned slices clipped with the bourdoox of the volume are
rendered, separated from each other by a distance=okh (in the direction of

the view vector), wher@5 < k < 1 andh is the smoothing parameter used in

I wLs during the corrector step. The idea behind this operatidhat since the
minimal feature size of the moving least-squares surfacst lmel greater thah,

by taking steps smaller thdnit is ensured that the intersection between each ray
and the surface will be found.

In order to reduce the computation time, the per-voxel mi@tion to be used
is pre-computed and those fragments for which this infolomats smaller than
a pre-de ned threshold are discarded. For the case of ifarses this data is
jv T (x;)j and for the surfaces located in regions of high gradient ntade it is
kr f (xj)k. This threshold must be low enough to ensure that a suf arember
of fragments is used for the rest of the process.

For each fragment generated that passes the above menshetie follow-
ing computations are performed in a single rendering pase predictor step
starts by minimizing Equation 5.2 de ning the pointo be projected as the po-
sition of the fragment in space. This minimization is peried by means of an
iterative process in whichj andn are updated in each iteration until the change
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@) (b) (©

Figure 5.1: The Bucky Ball dataset. (a) The nal result of o the predictor-corrector

method. (b) The points projected by the predictor at a distayreater than a pre-de ned
threshold are shown in red. (c) The output points from thalipter projected by the

corrector at a distance greater than the threshold are simograen (see color plates).

in g falls below a given threshold. The process starts by settiagr. In each it-
eration,q is rst xed and covariance analysis is used to obtain themalkvector
n. To that end, th@ 3 covariance matrix

X
Ci@)=  xi aq) i ag)ga(xi)

i=1

is calculated and the eigenvector associated with the estadigenvalue of the
matrix is computed using the inverse power method. Thisnegetor gives us
the normal vecton. Then,n is xed and Equation 5.2 is minimized by nding

t, so thatq + tn, whereq is the current solution. Then we sgt q + tn

and the next iteration starts. Findings straightforward since by xingh the
minimization of Equation 5.2 becomes a linear univariateimization problem.
Note that the pointg; that have a signi cant in uence for these computations are
the neighboring voxels af. Thus, no spatial search is required during the whole
projection process.

Oncen andq are found, a polynomial approximation to the surface iswealc
lated in a local coordinate system de ned over the plEr(@; q) using weighted
least-squares and weighting the poixtsn the neighborhood af with ! 1.5(X;).

To exploit the capabilities of the GPU to handle vector opens for vectors of
size4, the polynomial

g(; )=A?+B ?+C +D

is used for the local approximation (note tljat ) is in the local coordinate sys-
tem). Therefore, the matrix of the linear system to be soisai size4 4 and
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Size (voxels) Predictor Predictor-Corrector

Cadaver Head256¢ 154 2.92 0.14
Engine 256 110 5.88 0.27
Fuel 64° 9.26 0.88
Bucky 32 50.10 2.60

Table 5.1: Performance in frames per second for the movisg+equares surface extrac-
tion from volumetric data method.

thus easily handled in the shader. The projectioq oh the local approximation
gives us the poinp which is used as input to the corrector step.

In the corrector step, the minimization of Equation 5.3 isf@ened in the
same way as in the predictor step. The main difference isthaha is xed to
nd x, the minimization of Equation 5.3 remains non-linear. ThheBrent with
derivativemethod was implemented to solve this problem. Also, the tanae
matrix used for ndinga is in this case given by

X
Cax)= (i x) (X x)( xp):
i=1
As before, oncex anda are found, a local system is de ned and weighted least-
squares is used to compute a local approximating, this tisngguhe weighting
function . The projection of x on this polynomial gives us the projection of
the fragment's position on the approximate surface.

Then, the ray-casting algorithm continues. If the distapetsveen andr is
less than a pre-de ned errar,is the intersection of the ray with the approximate
surface. Otherwise, as described in the last chapter, teesaction between the
polynomial and the ray is found. If the intersection is withiregion of con dence
de ned by a ball with radius and center, the projection process is started again
de nding the intersection found as the neéw This process is repeated until the
distance between the projection ants less than the error, or the intersection is
outside the ball. In the last case the fragment is killed clwhsince depth tests are
used, simulates the jump to the next ball used by Adamson édhA

Rendering and performance results of the methods propasedrasented
in the following. All tests were carried out on a standard Pithva 3.4 GHz
processor, 2GB of RAM and an NVIDIA Geforce 8800 Ultra gragshtard. The
size of the viewport used for the performance measuremeass 12

In Table 5.1, the results obtained for the extraction ofae$ from volumet-
ric data are presented, performed using only the preditéprand the extraction
performed using one iteration of the predictor and one titemeof the corrector
steps. As can be noticed in the table, the corrector stepaasidsii cant overhead
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Figure 5.2: Moving least-squares surfaces extracted &Etigine and the Cadaver Head
datasets using the gradient magnitude (top) and isovahagto(n).

to the processing time. Although this step improves the r@oyuof the result, for

interactive applications where precision is not importémt predictor suf ces to

generate an already good approximation to the moving kEgstres surface. This
fact is depicted in Figure 5.1 where the effect of the predieind the corrector
steps on the input points (fragments) is shown. The predstep projects a sig-
ni cant percentage of the points at a distance greater thae-ale ned threshold,

set to test this effect. On the other hand, although the tedfieihe corrector step

over the points already projected by the predictor is red@cea small amount of

points, this further projection could be important for apations where precision
is the main concern.
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The results obtained are promising considering the contglekthe computa-
tions involved. Although the implementation for extragtimoving least-squares
surfaces from volumetric data is not interactive for thedmtor-corrector case,
the processing time is considerably low in relation thedaaghount of fragments
projected. Also, the renderings are of good quality as shovagure 5.2.

5.3 Point-based Stream Surfaces

Stream surfaces are a direct extension of streamlinesjghatirfaces that are
everywhere tangent to the vector eld. They are effectiveimultaneously dis-
playing various kinds of information of a ow, such as ow @ction, and torsion
of a vector eld as well as in conveying vortex structlf®]. Despite these ad-
vantages, stream surfaces are not common in ow visuatinatSuch a lack of
popularity may be due to the fact that stream surfaces requare advanced al-
gorithms than streamlines; interactive visualizationdsas easy to achieve as for
streamlines; wide stream surfaces lack internal visuacsire, leading to pos-
sible perception problems; and stream surfaces have beditianally restricted
to steady ow. These issues are addressed here by devisieg gaint-based
algorithm for stream surface construction and renderinger&by, an expensive
triangulation of the stream surface is avoided. Particeing starts at a curve of
seed points and results in a collection of particles thatasgnt the stream sur-
face. More speci cally, the issues mentioned above arees$dd by developing
a point-based computation of stream surfaces that mam&aineven density of
particles on the surface and by rendering the points by mafesdatting. An ex-
tension to path surfaces of unsteady ows and the combinatith texture-based
ow visualization on stream surfaces and path surfaces tovshner ow struc-
ture on those surfaces are also described. Furthermoseshiolwn how these al-
gorithms can be mapped to ef cient GPU implementations. Vikealization ap-
proach makes it possible to interactively generate anderestdeam surfaces and
path surfaces, even while seed curves are modi ed by theargene-dependent
vector elds are streamed to the GPU. Figure 5.3 illustrategxample of stream
surfaces generated by the algorithm presented.

While the concept of a stream surface is straightforwasdiniplementation
is more challenging than for streamlines because a consisteface structure
needs to be maintained. Hultqui3t] describes an algorithm that geometrically
constructs a stream surface based on streamline paraciedr. In particular, his
algorithm takes into account the stretching and comprassdinearby streamlines
in regions of high absolute ow divergence. Gaetal.[55] show how Hultquist's
algorithm can be improved in order to obtain higher accura@reas of intricate
ow. An alternative computation is based on implicit streaorface$157], which
however cover only a subclass of stream surfaces. A relatewf research ad-
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Figure 5.3: Visualization of the ow eld of a tornado with:ldft) a point-based stream
surface; (right) the combination of a stream surface anaitexbased ow visualization
to show the vector eld within the surface. Each stream swgfis seeded along a straight
line in the center of the respective image (see color plates)

dresses the issue of how stream surfaces are displayetivefigcfor example,
they can be chosen according to principal stream surfi@@srendered at sev-
eral depths by using ray castihg3], or visualized through surface particles to
reduce occlusioh156. Previous methods are restricted to stream surfaces, to
steady ow or instantaneous vector elds of unsteady ow,&vhas the approach
proposed is designed for steady and unsteady ow alike.

The approach proposed here adopts line integral convaltitC) [26], ex-
tended to tangential ow on curved surfaces. While severathads exist for
texture-based ow visualization on surfacf83], a hybrid object/image space
LIC method[166 is used because it can process vector eld data extracted by
point-based rendering. The object/image space LIC is airtoltexture advection
in image spac¢94; 159, but achieves better Iter quality and guarantees tem-
poral coherence under camera motion. The basic visualizatrategy described
here resembles recent work by Laraneg¢el.[92], which combines mesh-based
stream surfaces with texture advection for an improvedalization of steady
ow: by construction, a vector eld carved out on a streamfage is always tan-
gential to the surface; therefore, a projection of a 3D veeto onto a surface is
avoided. In addition, the visualization method proposetesgned for steady and
unsteady ow alike as mentioned before. Typically, the tegtbased visualiza-
tion of unsteady ow leads to smeared-out texture patteasgpresent in texture
advection[77; 15§ or UFLIC [142; 106; 102 We show that the approach pre-
sented leads to clear line patterns that show a certain elobipath lines. More
background information on ow visualization in general damfound in the book
chapter by Weiskoplf165.

5.3.1 Streamlines and path-lines generation

Stream surfaces are surfaces that are everywhere tangeritnb@-independent
vector eld. According to Hultquist73], a stream surface can be represented as
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a 2D parametric surface embedded in a 3D ow. A natural choicparame-
terization uses one parametsr? [0; 1], in order to label streamlines according
to their respective seed points. Assuming a parametergaesentation of the
seed curve, we baseon that curve parameterization. The actual streamlines are
computed by solving the ordinary differential equationparticle tracing,

ax(t) _ "y
G = Vex@:; (5.4)

wherex is particle position and is the vector eld at timet. The seed points
represent the initial values for the ordinary differenéguation. Then, the second
parameter of the stream surface is the titr,[0; t o], @along the streamline inte-
gration. This choice of surface parameterization resalta/o meaningful classes

of isoparameter curves: for constadnd varying, streamlines are obtained; for
constant and varyings, time lines are obtained, which are advected images of
the initial seed line.

For stream surfaces, a time-independent vector \eid assumed. However,
the above construction is already designed for time-degeneector elds. In
this case, particle tracing leads to pathlines insteadreéstlines, which in turn
results in the construction @lath surfacesnstead of stream surfaces.

As the aim is to provide an interactive tool for the generatiad visualization
of those surfaces, the algorithm for generating strearasesfand path-surfaces is
designed for a GPU implementation. The basic algorithmistssf three parts:
the generation of the seed points, the integration of theghes along the given
vector eld, and insertion/removal events to maintain aerdy dense sampling
of the surface by particles. The rst part is executed oncly ahthe beginning,
whereas the second and third parts are repeatedly exeouednterleaved man-
ner to incrementally construct the stream surface. A roughén density of par-
ticles is maintained in order to obtain a good reconstruatibthe surface during
the point-based rendering process.

The data structures of the algorithm can be represented asdlimensional
textures. Texturgarticles stores the positions of the particles in the object
space of the surface. The organization of plagticles texture is rather sim-
ple: the number of rows stands for the number of particlegreds the columns
describe the number of integration steps. Actually, the lmemof rows has to be
times greater than the number of initial particles to allowddditional room for
particles inserted during surface construction. Textia¢es is introduced to
store additional data values and has the same size as tpsitides . This
texture contains indices to the left and right neighborsiefrespective streamline.
The vector eld additionally is held in a three-dimensiotexture.

In the rst step of the algorithm, the seed points are gemeraflo generate
the seed points, the user de nes a seed curve by placingigldtiene at a spe-
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ci c region of interest. Seeding is implemented by rendgramly one column of
textureparticles (Figure 5.4a). The height of the quadrilateral used for ren-
dering represents the number of initial particles. Sinyldhestates textureis
initialized with indices to streamline neighbors.

After initialization, the integration of particle traces performed in the sec-
ond step. First-order Euler integration is applied to s@geation 5.4, but higher-
order methods could be used as well. Particle tracing updaéureparticles
in a column-wise manner, where each column correspondsgec stime. The
previous position of a particle is obtained by a texture lgokising the texture
coordinates that refer to the previous column. Then, thatgutposition is writ-
ten to the current column. A ping-pong rendering schemead fsr updating the
particle positions. Thetates texture is treated in the same manner to maintain
consistent connectivity information.

The third step of the algorithm implements the insertionemaoval of par-
ticles. This step relies on criteri@3] that decide whether a particle remains,
needs to be added, or has to be removed. In addition, a stigdace may tear,
for example in regions of very high divergence or when the lois an interior
boundary. Lek;; be the position of the-th particle at time& and (x;y) be the
distance between poinktsandy. Then, a particle is inserted if

(Xit; Xis1:t) > (Xi;05 Xi+1:0) (5.5)

and

(Xits Xient)  (Kix 0Xisrt 1) < (Xie 13 Xit); (5.6)
where and are usually sett@. The rstinequality tests if the current distance
is larger than times the initial distance between two adjacent particlé® sec-
ond inequality guarantees that the distance between twghbers does not grow
more than times faster than the distance between its previous andiitert
position. The surface tears if Equation 5.5 is true and Eqndi.6 is not met.
A particle dies if the distance between two neighboringiplas is too small, for

example, when particles enter a convergent area of the oparwicle is removed
if the following conditions are ful lled:

Xit X 1t Xi+1:t Xt
. ’ ’ . 1 57
KXix X 14K KXi+1:x  XixK ®.7)
and
(Xi;t;xi+1;t) < (Xi;O;Xi+1;O)
A XitsXi 1) < (Xi;0; Xi 1,0); (5.8)

where should be less thah The dot product in Equation 5.7 tests for collinear-
ity of the particle and its neighbors. If this is true, botktdinces from the particle
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to its neighbors are checked. Equation 5.8 de nes that agarieeds to be re-
moved if the distances to its neighbors are smaller than idtarctes at = O,
scaled by .

The computation of the different criteria requires datafithe local neighbor-
hood of a particle. The temporal neighborhood.(access to previous time step)
is intrinsically encoded in thparticles texture because a row of that texture
corresponds to different time steps of the same particle.spatial neighborhood
is explicitly stored in thestates  texture, which holds indices to the left and right
neighbors.

Particle removal is implemented by marking “dead” parscie the texture
particles so that they are not processed any further during partielgrtg
and surface rendering. By using render targets with oapogt precision, no
additional color channel is necessary. There exist at temsthannels, containing
the neighbors which cannot be negative. If the particle,ddeg of these chan-
nels is used to store this additional information, by neggitis current value. The
implementation of particle insertion uses two additiomxittires that store inter-
mediate results. The rst one contains the positions of e particles, and the
other one contains the corresponding states. Both textaresthe same height as
the originalparticles andstates textures. Each existing particle is tested
with its right neighbor using Equations 5.5 and 5.6. If batbqualities are true,
a new particle<i?t is created by linear interpolation between andx;.; 1. Then,
the particle position and connectivity are written to thelisdnal textures. The
neighbors are assigned to the new particle by using the pwies$ ofx;,; as left
andx;.; .t as right neighbors.

The problem is that the intermediate textures may contdinafew particles
that were actually inserted. In fact, most of the cells ofsthtextures will con-
tain inactive elements. Therefore, the intermediate testunust be condensed
by removing all inactive particles and putting the activetipbes in a consecu-
tive order. Such a reordering is rather complicated for a GRplementation.
The histogram pyramids proposed by Ziegeal.[173 are adopted and slightly
modi ed to ful Il this task. The main idea is to merge the ptiens of the new
particles, which are distributed over the whole texture.e D the fact that the
particles' positions are updated column by column, the mgrglgorithm is re-
stricted to a 1D domain. In fact, all new particles are staredne column, in
which either a texel is lled with a new particle or is empty.

A binary tree is built over this column by using a pyramid &tat1D textures,
where each level of the pyramid has at least half of the hedglthe previous
level, representing one level of the binary tree. The neseln represents the
new particle itself. In the implementation presented, a isagised to notify a
texel if it contains a new particle (= 1) or not ( = 0), which serves as basis
for the binary tree generation. If rendering level 1 of the binary tree is the
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Figure 5.4: lllustration of different steps of the algonith(a) during the initialization of
the particles texture only one column is rendered (the heaifjthe strip represents the
number of initial particles) and (b) during creation of thedry tree the new particles
build the highest level and the contents are summed up hetiidot contains the overall
number of particles to be inserted. In (c) the lifetime of ilgividual particles is shown.
The color gradient is de ned from red (at= 0) to green and illustrates the increasing
lifetime. The areas with red lines at the left and bottonhigarts of the image show
regions with many new streamlines (see color plates).

current one, for example, always two texels of lavalre accumulated and stored
into one texel of leveh 1. This is continued until the root lev@lis reached,
which is represented by one texel containing the overalllremof new particles
(Figure 5.4b). The creation of the binary tree requiresnder passes to build the
tree levels in a bottom-up manner.

After the binary tree is created, the new particles are adolé¢ide actual tex-
tureparticles . Here, the number of new particles is read back from graphics
memory. Due to the small texture size (one texel) the texteael back does
not affect the performance signi cantly. Then a quadritatas created with a
height equal to the number of new particles. According tohiseogram pyramid
method, each texel rendered by the quadrilateral is nurddesen O to k 1,
wherek stands for the number of new patrticles. The adapted top-diaversal
algorithm by Ziegleret al. [173 works as follows. Starting from the rst level
of the binary tree, the key value is compared with the entryhefcurrent cell.

If the key value is smaller than the cell value, the tree igersed downward. If
the key value is greater or equal, the value of the currenticstored and the
binary tree is traversed downward following the pointerhad successor. This is
repeated until the algorithm reaches lenelFinally, the value of the current cell
plus the number of predecessors gathered during the tedversompared to the
key value. If the key value is smaller, the new particle cgpanding to the key
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value is found, otherwise the successor cell is used. Byemamgl the position
and the corresponding states at the current fragment, theasicle is inserted
containing all the necessary information for the growinghaf stream surface. In
fact, the left neighbor is the particlg., which has created the new particle, and
the right one is the old neighbor ®f; , which wasx;.; ;.

To restore the consistency of the particle system, the atticfes need to be
updated as well. When a new particle is created, its indekerparticles
texture is yet unknown because of the particle merging nr@sha To build the
connectivity information, the binary tree is used to obtia relation of the new
particles to their old predecessors. Now, the tree is testebottom-up, from the
leaves to the root. The partickf; stored in the temporary texture serves as basis
of the traversal (note that it represents the leaf levef the binary tree). While
the binary tree is traversed upwards, each cell is testedbifiids the rst or the
second entry of a tuple. If it has a predecessor, the presecesalue is accumu-
lated before the algorithm ascends to the next tree leveleWhe root node is
reached, the gathering algorithm stops and the accumwhatad represents the
number of predecessors. This information and the texturedomates of the new
particles are suf cient for reassigning the new neighb®&igase note that this al-
gorithm has to be executed for all particles which have eckatnew one, as well
as for their former right neighbors, because they also nedd informed about
their new left neighbors.

The complete stream surface is constructed by applying #necle inser-
tion/removal and particle integration processes sevared. Figure 5.4c illus-
trates the lifetime of the individual particles. Color edes an increasing lifetime
of particles by red to green. New particles are identi ed ed areas surrounded
by green streamlines. The maximum integration length is-sigeci ed. The
algorithm proposed is able to create stream surfaces ahdpetces alike.

For the subsequent LIC calculation the vector eld is neededhe surface.
The remaining three channels provided byphaeticles andstates textures
are used to store the attached vector of the ow. Regardies$hether steady or
unsteady ow is visualized, only the vector used for the gntgion of the current
time step is stored.

5.3.2 Point-based surface rendering

The fact that particles are added when divergence in the présent ensures a
suf ciently dense sampling to cover the image space coasibt This way, it is
only necessary to generate enough particles and renderathemall point sprites
in order to obtain a closed surface. However, in order toinbdiasurfaces, the
normal vectors at each position on the surface must be detedm Therefore,
the normal vectors are rstly estimated at the particlesitpmss, which can be
performed by means of covariance analysis, as in previaimoss.
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(the particle positions), theé 3 weighted covariance matri is given by
X

C(q) = xi a9 i a)!cov(xi;q); (5.9)
pi2N (q)

whereN (q) ( X is the set of neighbors @f and! oy is a non-negative mono-
tonically decreasing function. Note that in practice, asalim all implementations
described in this thesis, only the neighborhoodjo$ used instead of the entire
data set to reduce computational costs, since the locdlibeale nitions (though
the compact weighting functions) allows it. Once the ma@iq) is calculated,
the normal vector af is estimated as the eigenvector@®q) corresponding to
the smallest eigenvalue. To nd this eigenvector the inegrewer method is used.

Given the layout of the texture holding the particles, thisgessing can be
performed in one render pass. For a given particle posgiotine setN (q) is
de ned as the; corresponding to the particles of the previous and next siteps
in the neighboring streamlines. These particles posittande accessed using the
connectivity information stored in thgarticles andstates textures. Then,
the computation o£(q) is straightforward and can be implemented in a single
fragment shader, together with the inverse power methodtaio the normal
vector at each particle position. This process is perforimetendering a single
quadrilateral of the same size as the particles texture.iffhg to the fragment
program are the texturgmrticles andstates . The former is used to fetch
the particles' positions and the latter to fetch the neighigpparticles' texture
coordinates. The results of this render pass are storee itextturenormals .

Once the estimated normals are available, three furthelergrasses are per-
formed. The nal result of this process is stored in thredtfar textures, namely,
the intersections texture with the intersection points on the surface; the
lit _surface texture, which holds the projected and lit surface; andutext
vectors with the interpolated vector of the ow at each position or thro-
jected surface.

The process is started, for the rst rendering pass, by nenga quadrilateral
for each particle centered at the particle position andgradular to the normal
vector corresponding to the particle. The quadrilateredstammed in the frag-
ment program by means of clipping operations to obtain dicadius , where
0:5h < b < h, whereh is, as before, the smoothing factor. For this, in the ver-
tex program, it is necessary to attach to each vertex of theith position and
the position of the particle in object-space coordinatexésthe normal vectors
were also computed in object-space coordinates). The gagprogram writes
the position of the fragment (if not clipped) to the texturgersections

This texture and the textur@rmals are the input to the second render pass.
Discs centered at each particle position are rendered &g iprevious pass. The
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vertex program in this case fetches the normal vector cooreding to the particle
and attaches it to the vertex in addition to the positionshef vertex and the
particle in object space. Each fragment thus generate@ésmiite normal vector
to the RGB channels anldstr(kx;  qik;kx;  z¢K) to the alpha channel of a
rst target textureweighted _normals . Thex; andg; are the positions of the
fragment and of the particle in object space respectivelyza is the intersection
point from the texturéntersections , stored in the texel corresponding to the
fragment position in clipping space. The functiogyr is de ned

2 2
I str(r;S) = exp L - ;
h2 2h2

where the parameter controls the in uence of the fragments that are behind the
intersection point. This parameter is chosen to avoid theeirce in the result
of fragments that are not in the 2D neighborhood (surfacethefintersection
point. Also, to obtain sharp intersections as in Figure B.5, important to test
if the texture coordinates (along theaxis in the texture) corresponding tp
are in the neighborhood of the texture coordinates of thagbkaicorresponding
to zx. This is done to ensure that only particles in the neighlgptime steps
are considered to calculate the normal and velocity vectérsecond texture
weighted _vectors is attached to a second render target, where the fragment
program writes, in the RGB channels, the velocity vectohatgarticle position
and, in the alpha channékrr(kx; ink; kxj  z«k). By using alpha blend-
igg, for each ray (pixel), the vectors . ! str(kx;  aik;kx;  z¢k)n;, and

. str(kX; dik;kx;  zKk)vi, are obtained, whene andv; are the normal
and velocity vectors a;, and the setx; g is the set of fragments projected onto
the pixel. By normalizing these two vectors, smoothly ipt#dated normal and
velocity vectors are obtained for each projected positiothe surface.

This fact is used in the third render pass, where a singlerdatatal cover-
ing the viewport is rendered, and each generated fragmtafiefe the respective
weighted sum of normal and velocity vectors from theighted _vectors
andweighted _normals textures. The normalized interpolated normal vector
is used to compute the lit surface, which is written to theussdit _surface
The normalized interpolated velocity vector is written be texturevectors
The lit surface can be then displayed, or these two texttowgsther with the tex-
tureintersections can be input to the process described in the next section,
where LIC is added to the lit surface.

5.3.3 LIC on the point-based surface

The point-based rendering process of the previous sectmndes a projection
of the stream or path surface onto the image plane, alongimfithmation about
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Figure 5.5: Path surface of an unsteady ow: on the left stte,time of the unsteady
ow eld is shown by colors (red for for early times, green ftater times); on the right
side the combination of the path surface and time-deperdénis illustrated (see color
plates).

the 3D position on the surface and the attached normal anditelectors. The

LIC computation implemented using these results can beidere a G-buffer

algorithm[134] because it relies on image-space information to perforrtighar

tracing and convolution. It is important to distinguishween the dimensionality
of the domain and the dimensionality of the attached datainfage-space or G-
buffer method always uses a 2D domain (the image plane)hieutttached data
(i.e., the G-buffer attributes) can be of other dimensionality.

The hybrid object/image space methd®b6 needs the following G-buffer
attributes: (1) the 3D position of the respective pixel ifjeab space (in tex-
ture intersections ) and (2) the 3D vector eld in object space (in texture
vectors ). The only other data that is used for LIC is an input noise.isTh
noise is modeled as a 3D solid texture to ensure temporatenbe under camera
motion. According to Weiskopét al.[166], the LIC texturd is computed by

Z

L(xPy) = k(. oM(ro( x5y d; (5.10)

where the subscript denotes parameters given in image space, the subsgcript
denotes parameters given in object spads,integration timeM is the 3D noise,

k is the lter kernel, and o represents positions along a pathline. The pathline is
determined by the initial image-space posit{af}; y?), which has a corresponding
initial 3D object-space position on the surface at initiade .

The original implementatiofil66] was designed for older Shader Model 2.0
GPUs and uses multiple render passes to step along paréttls pnd to dis-
cretize the LIC integral. Current GPUs with Shader Modelstipport allow for a
single-pass LIC implementation using loops. Input to tmpllementation are the
two G-buffer texturesntersections (object-space positions) anéctors
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Figure 5.6: Path surface of the unsteady ow around a cylinde

(object-space vector eld), which are initialized by themisbased rendering pro-
cess described above. The actual particle tracing is doBB iabject space co-
ordinates in order to achieve higher accuracy than pure erspgce advection
methods. Before the vector eld can be accessed, the cusi2bject space po-
sition is transformed to image space by applying the modely,vand projection
matrices.

LIC improves the visualization on stream or path surfacesibse a LIC tex-
ture provides additional information that cannot be endool a surface alone.
Figure 5.3 shows an example: the stream surface is quite avidevithout LIC
lines (Figure 5.3) the ow structure within the stream sedas not displayed;
in contrast, Figure 5.3 shows the stream surface with LIGyeging the internal
ow structure and the ow direction. Here, the LIC texturegembined with the
regularly rendered and illuminated surface (friim _surface texture)in order
to show the ow and the surface shape at the same time.

The above LIC algorithm works for steady and unsteady owaliSince the
steady case is rather simple, the focus of the followingwdision is on the un-
steady scenario, which generally is challenging for teedomsed ow visualiza-
tion. Typically, the texture-based visualization of uastg ow leads to smeared-
out texture patterns. For example, texture advedfioh 15§ constructs an over-
lay of streaklines (or inverse streaklines). Since stieakl may intersect each
other, the weighted average of noise input from those direskcould result in
a convolution that is not restricted to a curved line. Theref texture patterns
could be smeared out in a 2D area. Similarly, the feed fornaadivalue deposit-
ing mechanisms of UFLIG142; 106; 102 can lead to changing widths of line
patterns.
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The fundamental problem is that there is not a single, unigaeor for a single
spatial position in a time-dependent ow. In fact, the veaepends on how far in
time the integration along a particle trace has progresBaelabove texture-based
methods mix, at the same position, vector elds of differemie. In contrast, the
surface LIC implemented obtains the vector eld from pathface construction,
which usually yields a single vector for a certain spatiadipon because that spa-
tial position is linked to a speci c time. Figure 5.5 showsa@ar coding of this
time. Still, a path surface could intersect itself, whiclhresponds to two different
times and two different vector values at an intersectionfpdiigure 5.5 illustrates
such a self intersection. Fortunately, those intersegmnts typically form only
a zero seti(e., a 1D line on a 2D surface) and lead to different ow regions in
image space that are clearly separated by the interseaties IAs illustrated in
Figure 5.5, surface LIC is capable of generating crisp,-like LIC textures for
those different ow regions. The proposed method was teste@ PC with a
2.21 GHz CPU and 2 GB of RAM. Two different GPUs were used: ariNX
GeForce 8800 GTX and an NVIDIA GeForce 7900 GTX. For the pertnce
test, an unsteady data set was used, simulating the ow drawylinder with 17
time steps. Figure 5.6 shows a visualization of the test sigita For the steady
measurements, only the rst time step is used. The vectat iglgiven on a uni-
form grid of size256 128 256 Table 5.2 shows the results of a measurement
with 256 particles that are integrated along 256 time steépthe unsteady case,
the vector eld is updated eack56=17 15time steps. The performance for
rendering the plain surface mainly depends on the size optbjected surface,
which can be explained by the fragment-based surface appation. Applying
the surface LIC reduces the rendering speed by a fact@isofSince the current
driver of the new NVIDIA GeForce 8800 does not provide the fawer of the
architecture, particulary when rendering to texture isliagp the GPU was re-
placed with its predecessor, the NVIDIA GeForce 7900 GTXnfmasurements
that need render-to-texture functionality. With that GPlame rates o6:5 and
5:5 fps were measured for integrating particles in a steady asteady ow, re-
spectively. Further experiments showed that the perfocmar particle tracing
strongly depends on the size of the vector eld and the nundbeéime steps,
which corresponds to the number of texture uploads.

The vector eld, which is already accessed for particle gnétion, is stored
and later reused by an image/object space LIC method to dempu textures
on the stream surfaces and path surfaces. Only this adalittamface texture
gives a detailed impression of the ow behavior within thefage, facilitating the
identi cation of ow divergence and vortices, and suppadithe perception of
the surface shape. Stream and path surfaces have the aypb/draathey, by con-
struction, “carve” a tangential vector eld out of the uniyemg 3D ow. There-
fore, a projection of the vector eld and corresponding ptetation problems are
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Computation Steady Unsteady
Surface only 63.9

Surface with LIG 26.4

Integration only 6.5 5.5

1 Measured with an NVIDIA 8800 GTX GPU.
2 Measured with an NVIDIA GeForce 7900 GTX GPU.

The rendering speed does not differ from the steady case.

Table 5.2: Performance using a 25628 256 unsteady data set with 17 time steps (in
fps). Rendering speed does not depend on the underlying eldrand can be considered
similar for both steady and unsteady ow. While the rst twotdes of the table consider
only the rendering of the surface, the performance of théigkarintegration is given
separately.

avoided. Finally, the novel combined path surface/LIC apph provides clearly
de ned, texture-based path-lines which is not possiblén\pievious methods.



CHAPTER

6 MESHLESSVOLUME VISUALIZATION

Rendering volumetric data stored in structured and ungired meshes has been
addressed in the past with methods speci ¢ to each mesh Typgemain dif culty

in developing a uni ed approach is the data Iteringg., the reconstruction of the
function from the sampled data. Filtering for Cartesiardgrnas been widely
studied[117; 153 and the interactive rendering of volumetric data storedichs
grids is nowadays well documentptb]. Although ltering for other mesh types
has not received the same attention within the visualinatmmmunity, various
rendering methods for curvilinear grid85], tetrahedral meshd85], adaptive-
mesh-re nement meshd461] and multiblock meshek95] have been proposed,
usually using some parameterization inside the cell inim@@erform linear in-
terpolation. However, some of this mesh types pose probteaidhave not been
completely solved yet. For instance, adaptive-mesh-mmaet meshes, where the
volumetric value is stored at the center of cells of différgizes, and multiblock
meshes, with multiple overlapping meshes, are cases wheraterpolation of
the data is not trivial (see Figure 6.1). Discontinuitied antifacts are often gen-
erated during isosurface extraction from non-conformdtitmiock meshes, which
are usually treated during post-processing using geotrsdtdategie$33; 91; 140;
146; 169.

Furthermore, meshes containing mixed cell types can bedff&0). Interpo-
lating the data in these meshes can be performed usean value coordinates
proposed recently by Floatet al.[52], which are a generalization of barycentric
coordinates (see Chapter 2). This method can effectivelyrpetrize the domain
within a cell, however onlyC°-continuity is ensured across the cell boundaries
and requires triangulating the faces of the polyhedrons fidssible to triangu-
late the faces of any polyhedron, the uniqueness of thegwiation cannot be
ensured and therefore the resulting mean value coordidefgnd on the choice
of the triangulation.

Thus, rendering volume data using higher-order reconsbtngof data stored
in meshes with cells of arbitrary type is still an open prowl&his problem is the
focus of this chapter. A straightforward approach to sofe problem would be
to disregard the mesh and treat the case as a scatteredtégtaliation problem.
However, the connectivity information of a mesh is impottamnd cannot be sim-
ply replaced by the spatial queries (k-nearest-neighbmagjral-neighbors and
range-queries) usually performed by scattered data appaton approaches.

127
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Figure 6.1: Wireframe rendering of the Space Shuttle Lawetticle multiblock dataset.
Interpolating/approximating volumetric data stored imaiil’e-mesh-re nement meshes
or multiblock datasets is not trivial since the data is statthe center of non-conformal
cells of different sizes and even overlapping meshes aredfou

Therefore, and since points (vertices) are too weak to septecomplex data by
themselves, the power of a meshless technique must be pblaidthe approx-

imation method. Thus, results of approximation theory orwvimg least-squares,
bilateral Itering, orthogonal polynomials, radial basisictions and approximate
approximation are used here to approach this problem.

One important advantage of the approaches described ichhjster is that
they are completely mesh-free in the sense that no mesh rsustrstructed
as done by previous approaches, such as those based onbaglgafunctions,
wavelets and B-splines. However, it is shown how the mesinectivity can be
used to apply the methods to highly-anisotropic domainescéffely. Moreover,
the methods presented are matrix-fiie®, no system of equations must be solved,
which facilitates its implementation on commodity graghi@rdware. This work
was developed in collaboration with Jodo Paulo Gois frommUWmiversidade de
Sao Paulo.

The problem of meshless volume deformation is also addilesshkis chapter
and the advantages of moving least-squares in the contextiaine manipula-
tion to support exploratory tasks are studied. To that eecknt results on non-
physically-based moving least-squares deformation aeel asnd an interactive
hardware-accelerated implementation applicable to wtred and unstructured
grids is presented. A comparison with physically-basechetdral mesh defor-
mation is presented in terms of interactivity, for whichgnas hardware imple-
mentations were developed for both the moving least-sguard the physically-
based deformations. The work on moving least-squares whlaformation was
developed in collaboration with Alvaro Cuno from the Unisielade Federal do
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Rio de Janeiro and Siegfried Hodri from the Universitattgrt.

6.1 Meshless Methods for Volume Visualization

Janget al.[76] and Weileret al.[163 used radial basis functions to encode scalar
and vector elds stored in structured and unstructured mesBince a functional
representation is obtained, evaluating derived measarsgaightforward. The
authors use truncated Gaussian functions as basis fuacfloraccurately repre-
sent local features, the widths of each truncated Gaussiadaptively speci ed.
Thus, the functional representation is given by

2
f(x)="10o+ !iexp kx272.k ;
i=1 !
whereM is the number of radial basis functions, is the bias and?, ! ; and ;
are the width, the weight and the center of the radial basistion respectively.
To determine the center location, the authors make ugein€ipal components
analysisto cluster the data points and, in each cluster, the centselésted as
the weighted cluster average point or the maximum errort@srchosen by the
user. The width is determined by a hybrid gradient-descentimear optimiza-
tion technique (Levenberg-Marquardt method). The meamrsgearror over all
data points is used during optimization. The individual giiand global bias
are computed by minimizing the sum squared error for all gatats. Using this
method, radial basis functions are incrementally addetlisters with the largest
errors until the user speci ed error criteria is satis edndéding errors are cal-
culated as the difference between the original value andvakiated radial basis
function representation at each input data point.

Janget al. [75] extended their work to ellipsodial basis functions in ortter
reduce the number of basis functions required to encode lanehlnd to bet-
ter reconstruct data where long features are present. Tkmpre the use of
axis-aligned and arbitrary directional ellipsoidal bdsisctions. Using thiaha-
lanobis distancgthe ellipsoidal basis function, speci cally the ellipdai Gaus-
sian function, in three dimensions can be represented irxiatm as

legr (X5 V D =exp %(X )TV (x )

where is the center and/ ! is positive de nite and is de ned by a rotation
matrix R and a scaling matris asV ! = RS !S RT. The parameters of ?
are found performing a nonlinear optimization of the sumhef $quared error as
before.

Leeet al.[96] approach the problem using B-splines. Although good result
are obtained, the need for a regular grid of control points major drawback.
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This is also the case for Wavelet-based metH@éds More exible splines de-
ned on more general domains have been also proposed butmaahgroblems
arise and computational costs are signi cantly increagddreover, underlying
connectivity information is still necessary. Roeshl.[132] also presented a scat-
tered data interpolation method based on splines and keast-squares built upon
Bernstein-Bézier basis and a tetrahedral spatial decsitigpo. One of the main
computational efforts of the method is related to the siagublue decomposi-
tion needed for each least-squares computation, whictpesated until an error
criterion is satis ed.

Andersonet al. [12] approached the problem of visualizing volumetric data
stored in tetrahedral meshes by de ning ellipsoidal poimtntives. Differently
from the work by Jangt al,, the focus of the method presented by Andersioal.
is on rendering and not on function reconstruction. Theralgm is comprised
of three steps. The rst step is a pre-processing where thetpare created;
each point having a representative transform and scalae\adsociated with it.
An entire tetrahedron is thus represented by a single pdihe scalar value at
the point is de ned as the mean value of the scalar data setrédae vertices of
the tetrahedron. Since the point primitives are rasteraggedquares, their shape
must be transformed to better approximate the tetrahednwa rgpresent. The
transform is obtained by de ning a regular tetrahedron eesd at the origin such
that it is inscribed in the unit sphere. The transform is tbaltulated as the
transformatiorl that transforms the regular tetrahedron to the tetraheleory
processed. In the second step, the points are sorted trdoaek on the CPU.
Then, in the third step, the point primitives are rendered e vertex program
resizes each point using its transform to ensure that trehiedron is adequately
represented. The fragment program culls fragments basdteoshape of the
approximating element. Pre-integration is then used ttebejpproximate the
volume rendering integral.

Points had been previously used to render volumetric [d&4. The authors
proposed a method that renders a set of tiny particles geexltieking into account
a user-speci ed transfer function. The main advantage sf tdchnique, based
on the emission-absorption model, is that the particlesbeaprojected onto the
image plane without performing any sorting process. As sedfhapter 2, the
volume rendering integral for the emission-absorption eidés the form

z D z D Z S
L(D)= Loexp (t)dt + Le(S) (s)exp (t)dt ds:
0 0 0

If Lo =0 then,
zZ, Z

L(D) = Le(s) (s)exp (t)dt ds
0 0
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is obtained. This integral can be solved numerically by subihg the domain
of integration inton sub-domains in which the emissian can be regarded as
constant, which gives us

L.([)) = L-l + L_2 + L_3 + + L-k + + L_n;

where Z, Z .

Ly = LK (s)exp (t)dt ds
te 1 0
andL¥ is the constant emission in theth sub-domain. An opacity valug, in
thek-th subdomain, can be de ned as
Tk+1
k=1 exp (t)dt 1 exp( « t);
9%
where t is the length of the subdomain angdis a representative density. Usu-
ally, the opacity is speci ed from scalar values. A partidensity relates to a
scalar valuég (x) implicitly as

(F) =1 ep( () 1);
o = R dg) 1oew( 1)
10 otherwise

wherex is a position on the viewing ray. Thus, the particle densiy be de-
termined from an opacity value converted from a scalar vakieg the transfer
function. The particles are generated according to theiyedistribution func-
tion (x) given above using theit-and-missor metropolismethods. The image
is then created by projecting the generated particles tvetontage plane. On the
image plane, each pixel can be divided into several subgidée color of each
pixel is determined by averaging the colors of its sub-pixel

6.2 Moving Least-Squares Volume Visualization

In this section, a method based on moving least-squaresder@olumetric data
using higher-order approximations, that can be applieddshas of arbitrary ge-
ometry and topology, is presented. To preserve importaiailden the data, the
approximation method by Ferat al.[50], based on bilateral Itering, is extended
to three dimensions. Although extending this method to Hned-dimensional
domain is in theory straightforward, this leads to an ilkddgioned problem for
which basic numerical methods diverge. Pre-conditionimgdj i@gularization can
be used together with expensive more stable methods to thidvyeroblem. How-
ever, it was approached using multi-variate orthogonajmaiials since this al-
lows to avoid solving systems of equations while improvitgpogdity. Further-
more, performance is increased since orthogonal polyrismrasent properties
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that can be used to reduce the number of operations needatttdate the ap-

proximation. Also, as in the case of surface approximat@mapter 4), the recur-
sive nature of the revised Gram-Schmidt orthogonalizatged can be exploited
to increase the degree of the approximating polynomialgugie results of pre-
viously computed lower-degree polynomials. Thus, the eegf the polynomial

can be set adaptively without incurring in a high extra cotapanal effort as

would be the case with other methods.

An empirical comparison, in the context of the method pregesn terms of
stability and performance between orthogonal polynonaat$ methods applied
both on the overdetermined system and on the normal equatsrcarried out.
Speci cally, experiments with the Conjugate Gradient (Q@¢thod on normal
equations, Singular Value Decomposition (SVD), QR fae@iion via House-
holder transformations and Gauss-Jordan (GJ) with pigagipplied on normal
equationd20] were performed. As will be shown, orthogonal polynomials-ou
perform these methods in terms of speed of computation vileileg suf ciently
stable for the purposes of the problem at hand. Additionadlymprove the qual-
ity of the approximation obtained with the method presenédigpsoidal weights
are used in the moving least-squares formulation preseResults using Carte-
sian grids, unstructured meshes, curvilinear grids, adaptesh-re nement and
multiblock datasets with multiple overlapping meshes aesgnted.

6.2.1 Detail-preserving volume data approximation

The problem addressed here is the general approximatidasigonodescribed in
Chapter 3 in the context of volumetric data. Thus, here tleadas on the three-
dimensional case. Given a set of sample po¥its fx;; ;xng (R 3, anda
functionf : R®! R evaluated orX, generating the sét = ffy;:::;fyg (R,

least-squares polynomial approximation

pd
MIX) =" 6 ()

j=1
to a functionf is found by minimizing
X 2
min E(Xx) = (fi M f05)7! (X %i); (6.1)
i=1

with respect toci; j = 1; ;N. When computing a detail-preserving local
approximation, on the other hand, the aim is to minimize tlWwing energy
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functional:
min R(x) = (fi M frus (X))° 1 (X X0); (6.2)

where D
(=1 exp( 5-)

and is a parameter that determines the sensitivity of the egsmed0 out-
liers. Other functions can be found in the literatuf&0; 155. The goal of this
minimization is to consider not only the distance betweendavaluation poink

and the sample points; i = 1; :N, but also the difference betweénand
M fruis (Xi) for weighting the in uence of the sample points on the resiit
this case the system of equations that minimRés) becomes

()("
h o, jiv oG =h; iy og kK=1;::0M; (6.3)
j=1
where =[ f1;  fn], j =[ j(X1);:::; j(xn)], Cis the rst derivative of
and
hj; «i o= () k() (Gx) UM fruis (1) F1)?):

i=1

The solution of System 6.3 can be obtained with a xed poiatation as
follows. Let

b4
Mfs )= ¢”(x) j(x)
=1

be the solution for iteration, and(c(lo) (X);::; q(\ﬁ) (x)) an initial guess obtained
by solving System 3.4, rewritten here for convenience:
( X
h i, jihg=h; i, i=1;::0M (6.4)

j=1

Therefore, the inner products are xed, for iterationas

X
hi W™= ) k) OGx) XE M FSE (xi)?):;

i=1
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Figure 6.2: SliceB2 of the Engine volume dataset (left). Whilst moving leasiags
smooths the data (center-left), the robust approximatie@seyves the details (center-
right). Shepard's interpolation (right) is shown for sakeoamparison.

and, thus, the solution for iterationis obtained by solving the system

h ji!(”)ocj(”): DM k=150 M (6.5)
j=1

Then, for each iteration, a moving least-squares apprdiomes performed to
ndanew (" (p);:::;
iterative process, in practiceiterations suf ce to obtain a good approximation
if the initial guess is computed by solving System 6.4. Ndi&t in the above
discussion the sums are on the entireXsetHowever, as before, in practice only a
subset oiX is used to approximate the function at pomntThis subset is de ned
as the neighborhood of, that usually is given by thke nearest neighbors, where
k>M .

The implementation of this robust approximation is stréigtward. The rst
approximating function computed by solving System 3.4 eduss starting point
for the iterative process given by System 6.5.

6.2.2 Matrix-free detail-preserving volume data approximation

Although the process described in the previous sectioritsdswa detail-preserving
approximation of the volumetric data (see Figure 6.2), & Varge number of
small systems of equations must be solved. More importatitly systems of
equations are ill-conditioned and solving them with knownohniques such as
Gauss-Jordan (with pivoting) or Conjugate Gradient leadgsgtabilities. More
expensive techniques, such as preconditioned Conjugatié€st or SVD and QR
factorizations with regularization can be used to impraabisity. Good results
are obtained with these methods as will be discussed. Hoyteescomputational
effort is prohibitive and increasing the degree of the agpnation means having
to compute the new approximation and to discard the prelyiax@mputed ap-
proximation. Orthogonal polynomials, on the other hand,vaell suited for this
task due to their recursive construction while being coiitipetin terms of stabil-
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(@) (b) (© (d) () (f)

Figure 6.3: Volumetric data approximation for a slice of @@mbustion Chamber dataset:
(a) Gauss-Jordan with pivoting, (b) Conjugate Gradientammal equations, (¢) QR, (d)
SVD and (e) orthogonal polynomials. Noise represents atialu points where instabili-
ties led to a poor approximation. In (f), the result with lnénterpolation on the original
mesh is shown. Note that, for these results, dlolgt  precision was used to increase the
numerical instability. In practice, choosing a suf cignthrge support and usirdpuble
precision, orthogonal polynomials produce results vigualdistinguishable from those
obtained with QR and SVD (see color plates).

ity compared to expensive techniques and in terms of pedoo® compared to
basic techniques.

Note that, in order to be able to de ne orthogonal polynosiialand! must
hold °> Oand! > 0 ensuring thah;i!(”)0 de nes a new inner product for
each iteration. Using orthogonal polynomials, the robygtraximation is also
an iterative process. The approximation in the rst itevatis obtained using the
inner producty i, , where the weight functioh is positive and decreasing. Based
on this weight a rst set of orthogonal polynomials is founsing the process
described in Chapter 3. The rst approximation to the soluis then given by

MEQ )= )it
i1 h i iy
With this rst result the iterative process is started. Icle#erationn a new set of

orthogonal polynomials is constructed using the inner pebt i !(”)0 and a new
approximated solution is found as
(n) — il o,
M fruis (X) = _ i(X)ﬁ-
i=1 iv ity o
The implementation of the method was tested with regularmels (Cartesian
grids), structured curvilinear grids, tetrahedral meshdaptive-mesh-re nement
meshes and multiblock datasets. From the tests perfornveaksifound that the
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Figure 6.4: Volume and isosurface rendering of differertada=rom left to right: the
Bucky Ball structured dataset, the Heat Sink unstructurgdset, the Penguin adaptive-
mesh-re nement mesh, the Space Shuttle Launch Vehicleibtadk dataset with multi-
ple overlapping curvilinear meshes and the Combustion ®@eacurvilinear dataset (see
color plates).

approximation reconstructs the function preserving tketeile Itering low fre-
guency noise. This can be seen in Figure 6.2, where a coropasfsShepard's
interpolation, moving least-squares approximation amddeétail-preserving ap-
proximation is shown. Although Shepard's interpolatiofasster, it fails to recon-
struct the function accurately, while moving least-sqaam®oothes the data.

As mentioned before, several solvers were implementediégsihe approach
based on orthogonal polynomials. Speci cally, SVD and Q&dazation meth-
ods were used due to their stability, as well as the Conju@eaelient on normal
equations (see Section 13 of the report by Schewdhdk) and Gauss-Jordan
with pivoting due to their simplicity and high performancddsual results of the
approximation obtained with these methods for a slice ofdbmbustion Cham-
ber dataset are shown in Figure 6.3. For sake of comparisengsulting linear
interpolation on the original mesh obtained with barydentoordinates is also
shown. For this test, alouble variables where changedfioat to increase
the probability of incurring in numerical instabilitiest is important to mention
that, although a cutting plane is shown, the approximatias performed in the
three dimensional domain. As can be seen in the gure, the &X® QR fac-
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Method
Polynomial degree Orth. Pol CG Gauss-Jordan QR SVD
2 0.19 0.43 0.76 0.46 0.87
3 0.47 0.61 0.93 1.15 2.84
4 0.76 0.82 1.83 2.19 8.35

Table 6.1: Processing time (in milliseconds), for a singi@ation of the approximation,
with orthogonal polynomials, Conjugate Gradient (CG), &adordan, and QR and SVD
factorizations.

torizations are the most stable followed by orthogonal poiyials. Conjugate
Gradient and Gauss-Jordan with pivoting are not able tmparfvell due to the
high condition number of the matrix. It is important to reénat Gauss-Jordan
and orthogonal polynomials are used to solve Systems 6.4 andhile SVD,
CG and QR are directly applied on the overdetermined systeatgesult from
Equations 6.1 and 6 [20].

Although the SVD and the QR factorizations are more statda thrthogo-
nal polynomials, they are considerably slower. Table 6rhrearizes the per-
formance measurements carried out. Since the functioro&ppation does not
depend on the mesh type, the performance for all datasetsiméar. The perfor-
mance measurements were carried out on a standard PC edjwiipa 3.4GHz
64-bit processor and 2GB of RAM. As can be seen, orthogonghpmials are
faster than any other method tested. Furthermore, ortredgumlynomials have
a clear advantage when the degree of the polynomial appatiimincreases.
This can also be observed in the table, which shows the catipattime for ap-
proximations of degrees 2 to 4. This is possible due to thersae nature of
the revised Gram-Schmidt orthogonalization process, lvhilows to use previ-
ously computed low-degree polynomial approximations t@aioba higher degree
polynomial. This means that the processing time in Tabldd.1he orthogonal
polynomials of degree 3, for instance, includes the contmrtaf the orthogonal
basis for polynomial approximations of degree 0 to 3.

To accommodate the method to anisotropic meshes, elliglbaeight func-
tions are used. This allows to handle meshes with irreg@armpéing for which
spherical weights do not present good results as can berséegure 6.5. Itisim-
portant to notice that, although an ellipsoidal Gaussiaigktes used, in practice,
its support is truncated to the ellipsoidal region de nedtbg neighborhood of
the evaluation point. Using double precision and the ediighsl weight functions,
the orthogonal polynomials proved to be stable, accuraddast to compute. As
a proof of concept, a ray-caster was implemented to gendnatet volume ren-
derings and isosurface renderings of the test datasetsreSh#s can be seen in
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Figure 6.5: Comparison between the use of spherical (Ieft)edlipsoidal (right) weights
(Oxygen Post dataset).

Figure 6.4 where renderings of different datasets are shblete that the isosur-
faces are smooth even for the adaptive-mesh-re nement arnthbiock datasets
with no need for post-processing or special handling.

Orthogonal polynomials have shown to be a good choice dugeiogtability
in volumetric data approximation, while being faster thawy af the other four
approaches implemented to solve the systems of equatiewersé advantages
of using orthogonal polynomials were found, namely, the faat the method
becomes matrix-free and the recursive nature of the Gramait orthogonal-
ization. This allows us to reconstruct the underlying fimctof the data stored
in meshes of any type preserving details in the data by mddrikateral Itering
and ellipsoidal weight functions. Also, if the degree of pfadynomial approxima-
tion is increased, the new polynomials that must be addduktedt of orthogonal
polynomials can be calculated using previously computéghmonials. Thus, the
degree of the polynomial could be increased by the usertinetiiesired approx-
imation order is achieved.

Although the fact that the method is matrix-free,, that no system of equa-
tions must be solved, was exploited to implement it on comigaplaphics hard-
ware, it was found that, despite being faster than solviegsistem, calculating
the orthogonal polynomials is still slow for visualizatiparposes. Therefore, ap-
proximate approximations were explored to address thisleno as will be seen
in the next section.

6.3 Approximate MLS Volume Visualization

In this section, a further volume rendering method that caafplied to meshes
of arbitrary geometry and topology is presented. This netibdoased on the it-
erated approximate moving least-squares approximgiglnwhich is applied to
anisotropic domains to reconstruct the volumetric datandurendering in this
work. This allows to preserve important details on the dat#he same spirit as
in surface reconstruction from point cloudkl]. To provide gradient information
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for shading and other visualization purposes, the gradieeich vertex of the
mesh is estimated by means of weighted least-squafdé}. During rendering,

the gradient at the evaluation point is reconstructed ugargted approximate
approximation as done for the raw volumetric data. It is Wwaootmention that it-

erated approximate moving least-squares approximatitmamisotropic weights
has not been previously addressed. In this work, it is shawthis combination

is possible and how ef cient it is in the context of volume dening.

Although a meshless interpolation method is used, anigmtnmeshes con-
taining highly stretched cells are handled properly andmatically by means
of ellipsoidal weight functions calculated from mesh imf@tion. For this, the
construction of the ellipsoidal supports are explored imerdetail here. The lo-
cal ellipsoidal weight functions make the method robustsunthble for different
meshes. The results show that no parameter tuning is negessee the same
values produced good results. The implications of usingsidal weights in the
iterated approximate moving least-squares approximatieralso discussed and
an adaptive iterative approximate approximation is de.ned

In order to accelerate the method, a GPU version was impleddrased on
spatial data structures which is able to handle non-conveshes with highly
stretched cells. It is shown how to pre-compute the resuti@iterative process
at the sample points, so that during rendering the methaatesdto a weighted
sum of the data stored at the vertices.

Additionally, the fact that no system of equations must Heexbcan be men-
tioned as an advantage of the method. Also, as discussed prekiious section,
no pre-processing to de ne a new topological data struatfithe data is needed,
such as done in methods based on radial basis functions|eiseead B-splines.

6.3.1 Ellipsoidal weight functions revisited

As mentioned in the last section, ellipsoidal weight fuos produce better re-
construction results for moving least-squares approxonatof volumetric data.
In this section, it is further discussed how ellipsoidalpons can be used in the
context of approximate approximation. Since Gaussianhidignctions are used,
in practice, the weight function is truncated to force contpupport. Special
care must be taken into de ning this support so as to enswteaty signi cant
contribution from the sample points to the reconstructéde/es always taken into
account. This is achieved by choosing a suitable |l sizeapaeter. With this con-
sideration, the ellipsoidal support is computed with aigtrdiorward approach.

Given a sample point;, the setv; = fx; 2 X :x; 2 star(x;)gis computed,
I.e., the set of points that share an edge in the meshxyitihese points are used
as input for a principal comp(g(nents analysis. For this, th@dance matrix

C-= x %) (x Xx)

X2V



140 Chapter 6. Meshless Volume Visualization

is calculated. The eigenvectogg; k = 1; : 3 of C are the main directions of
the ellipsoid. The eigenvalues can be used to de ne the stippthe ellipsoidal
weight. Here, however, the maximal distance in each of thi mliaections be-
tweenx 2 V; andx; is usedj.e, = max.zy, jnX  X;; &ij, where  de nes
the size of the support in the directiep. Thus, the transformation matrim that
de nes the local support is given by

2 3
€1

M :dlag( 1, 2, 3)4 (S7) 5:
€3

This support is used to de ne the ellipsoidal Gaussian weagrexplained below.
The constant scales the support in all directions. This constant hasétsdb so
as to include enough data points according to the order ajeherating function
used. The role of this constant will be further discusseer liat this section.

Note that this computation is similar to the one used by &g, [75]. How-
ever, since they need to compute the center of the suppodndimear system
must be solved for each support, which increases the cotnmahcost. Another
important difference is the use of an stencil obtained froenrhesh information.
This helps to adapt the method to both highly anisotropiciaattopic meshes,
as will be shown in the results. Thus, differently from Jahgs not necessary to
decide between using axis-aligned ellipsoidal weightsiti@rily oriented ellip-
soidal weights or spherical weights for each data set. Theoagh used to com-
pute the weight function using the stencil from the mesh hasva to be reliable
and to produce good results for all the test meshes used. riig@ti@pic support
used is also similar to the one proposed by Danlal.[41] for reconstructing sur-
face from point clouds. The authors also use anisotropis li@sctions built upon
covariance analysis. They argue that by de ning suitablsaropic functions on
the data, it is possible to represent sharp details of thggnali object.

6.3.2 Anisotropic iterated approximate moving least-squiees

The use of anisotropic spaces is not new and it has delivengdsatisfactory re-
sults in the paste.g, in mesh generatiofiL44], in scalar function encodiniy5]
and in surface reconstructi¢dl]. However, the use of anisotropic spaces in iter-
ated approximate approximation is, to the extent of our Kadge, discussed for
the rsttime here. It is worth to mention that, despite thekdaf a rigorous math-
ematical proof regarding convergence, numerical reshltsvggood results. The
importance of iterated approximate approximation appliercgnisotropic spaces
is that it can generate a good reconstruction of the volumdsata without the
need for solving systems of equations and no new space desiop model
of the data must be generated. Thus, it is very simple to imeteé on modern
commodity graphics hardware.
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The original iterated approximate moving least-squarethatewas de ned
under the canonical inner produst;yi = x'y. By simply recalling the results
presented by Fasshauer and Zhp8, it is not dif cult to verify that these results
can also be extended to the inner product

h;yia = x'Ay ;

induced by a positive matriA. To apply this to the problem of rendering ar-
bitrary meshes, the inver$®, of the transformation matri¥ ; is calculated for
the support of each sample point as described above. Thgmraedric positive
matrix
A= RiR'
Is de ned for each sample, which induces a local inner prodimcyia,, since
A is positive-de nite. The implications of this inner produde nition in the
practical set of the problem addressed can be better unddrbly looking to a
speci ¢ case. Thus, let the Laguerre-Gaussiafx) be the generating function
for each sample poirg;, as in Chapter 3, so that the approximated value iat
given, as before, by
X
M fyames (X) = fi' i(x):
i=1
In three dimensions, the generating functibpgre given, for orde®©(h?), O(h%)
andO(h®), by ,
LX) =z exp( ri(x));

(0= 35 2 100 em( re);

and
1 3 7
i(X)= - ) éri

respectively. The function (x) is rede ned as

(9+ 5107 exp( ri(x);

2R ART
ri(x) = 7}]2' -

whereR; = x X;. Thus, the tern®; A;R[ can be regarded as the squared distance
betweenx andx; in the space with origin at; de ned by the transformation
matrixR; (recall that this distance is also known as Mahalanobisdest). Thus,

ful lls the role of the Il size and the actual Il sizeh can be set to a constant,
e.g, 0:25, which ensures that all data points in the support are censitfor the
approximation. Note that using the Mahalanobis distartee effect obtained is
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that of a local anisotropic Il size. The iterated procesattbonverges, in this case
to an ellipsoidal basis functions interpolation, is givgn b

X

M s () f5(%); (6.6)

i=1

(n) X (n)
M fyms (X) + fi M fyas (Xi) "i(x): (6.7)

i=1

M f s (%)

6.3.3 Gradient estimation

The least-squares gradient estimation by Mavriflisd, which is independent
of the topology of the mesh, is generalized here to three msives. The method
relies on de ning a stencil which identi es relevant poiras the star of the vertex
where the gradient must be evaluated. Let us consider a ppiat(X;i;Vi; z)
where the derivative must be evaluated and= ( Xx;Vk;2Zx) 2 V(X;). The
following weighted least-squares allows us to estimategitaglientr f (x;) =

((Fx)is (Fy)is (F2)i):

X
min  exp(h Xk Xi;Xx  Xiia )(Ew)% (6.8)
X2V
where
(Eiw)? = ((fx)i dxi +(fy)i dyw +(f,)i dzx dfi); (6.9)

di = f(xk) f(x;)and, analogouslygxix = Xk Xi;dyx = Yk Vi;dzx = z

z;. Since the number of neighbors, in general, is small and di@ positions can
be arbitrarily de ned, singular value decomposition isdise nd the unknowns
((fx)i; (fy)i; (f2)i) more precisely. Thus, the gradient at any paint the domain
is obtained as

X
rf(x)= rf(xi)" i(x):

i=1

Similarly to the volumetric data, the gradient approxiraatis obtained with iter-
ated approximation as

X

F (i) i(x);

i=1

0
r f\(/lzllLS (X)

(n) X (n)
r fumes () + rfei) rofywmes Xi) "i(x):

i=1

+1
r f\(/nM L)S (x)
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6.3.4 GPU-based rendering

As mentioned before, modern commodity graphics hardwaxsed to accelerate
the rendering process. Here we describe the pre-compusgberformed to re-
duce the rendering time, as well as the data structures rttag to textures stored
in graphics memory and the render passes implemented foothme rendering
engine.
Pre-processing. The data pointgx;; f;) are stored in a two-dimensional texture
of size’ N. The gradients at the vertices of the mesh are then pre-cedps
described above. This allows to perform shading and enhblade of other visu-
alization methods based on gradient information. Durimgleging, the gradients
are reconstructed at the evaluation point using the adaptvated approximate
approximation as done for the raw volumetric data. This isedsince the results
by Fasshauer and Zahg8] do not apply to derived data. The pre-computed gra-
dients are packed into a two-dimensional texture of the ssire=of the texture
holding the positions and data of the vertices of the mesle. matrixA; is also
pre-computed for each vertex of the mesh, which is then dtoré¢hree further
two-dimensional textures of the same size as the rst two.
Finally, since by rearranging Equation 6.7, we obtain
X X . #
Mffus )= fir  fi M {0 () "i(0);
i=1 j=0

it is possible to accumulate the results of the iterativeess at each vertex as

X (i)
g(x;) = f; + fi M fius (Xi) (6.10)
j=0

and store them in the texture holding the data points instédide scalar values
fi. During rendering, the reconstructed value at the evalngipintx is simply
calculated as

X
MESIS ()= (i) i(X):

i=1
Similar arguments are used for the gradient vector.
Data structure. A Kd-tree subdivision is used to generate a partition of {hexce
S0 as to limit, to an upper bound, the number of vertices oinlesh fetched to
evaluate the function at a given position. The idea was td lturn the number
of vertex supports intersecting a leaf node, including thpsrts completely con-
tained in the node. Although using grids of linked lists, @sisual done in GPU
implementations for which proximity queries are requireda better choice in
terms of performance, to ensure this upper limit a very niel grould have to be
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constructed when dealing with highly anisotropic meshesresthe cell sizes vary
considerably. For instance, the Blunt Fin dataset is a wedlhn dataset which
does not impose a challenge to currently available rengemiethods. However,
meshless methods suffer from its particularly stretchdls ¢5]. In the tests,

for this dataset, the kd-tree partition needed about 3080nedes to ensure an
upper limit of 250 supports intersecting a single leaf, whiie grid of linked lists

needed?k 1:5k 5k cells.

The construction of the Kd-tree was performed as usual bdisigding the
nodes at a position determined by means of a bisection pg@weas to minimize
the difference between the number of intersecting supresach child node,
i.e,, to approach the ratio of supports in each childltoThe direction of the
normal vector to the dividing plane is chosen along the atigvhich the best ratio
is obtained. The process stops after a user-de ned numbierations. Since
traversing a Kd-tree on the GPU is computationally expenstwas decided to
render each leaf node in a different render pass and blene:slédt of each leaf
node using alpha blending, as explained in the following.

Render passes.To handle mesh boundaries different from the bounding box of
the volume, two initial render passes are performed everg the viewing vector

is changed. The rst render pass stores the intersectioadf eay with the front
faces of the surface mesh in a texture bound tamebuffer object . In

the second render pass the same operation is performedefdrattk faces. A
singleframebuffer object can be used for the two texture attachments to
reduce the number &fambebuffer  bindings. A limitation of this approach is
that the meshes must be convex.

These two textures are then used in the render passes peddonrendering
each leaf node. For this, the textures containing the vertsitions, gradients,
volumetric data and transformation matrices are input thh@éander pass. Since
each leaf has more than one support intersecting it, a ligedices whose sup-
ports intersect the leaf is constructed. The list contdiegéxture coordinates of
the actual information of each vertex stored in the previooentioned textures.
All lists are then stored in a further two-dimensional tegtto be accessed in the
fragment program. To access this list, during each rendses, plae texture coordi-
nates of the rst position of the list in the texture is pasasdn uniform variable,
together with the number of vertices in the list. With thisormation, and the
entry and exit points of the ray in the leaf, computed in theexeand fragment
programs respectively as explained below, the ray in thgnfient program is tra-
versed calculating the reconstructed value as in Equatibh @ he entry point of
the ray in the leaf is calculated by rendering the front famfethe bounding box
of the leaf node and interpolating the positions of the gediat each fragment.
With the ray direction, given by the normalized vector frame tamera position
to the entry point, the exit point is calculated in the fragingrogram using the



6.3. Approximate MLS Volume Visualization 145

information of the planes tangent to the back faces of baxqhtox of the leaf

node (recall that a leaf node has an axis aligned boundiny bixe entry and

exit points of the ray in the bounding box of the leaf node ampared to the

entry and exit points of the ray in the mesh calculated asritestabove, so that
the sampling is ensured to be performed inside the mesh @tnak. In order to

obtain a correct forward blending of the results of each tesfe, the nodes are
rendered in order of proximity to the camera position.

The convergence to radial basis functions interpolatiorthef method de-
scribed above was con rmed with numerical tests where toenstructed value
at the vertices of the mesh using iterated approximate appetion was com-
pared to the input data stored in a curvilinear mesh with lgiglretched cells.
The data was generated by sampling three different fureathe vertices of the
grid, namely,

(1:25 + cos(54y)(cos(62))) .

faxyi2) 6+63x 1))
tanh(9z 9x +1
fa(X;y;2) (tanh( 5 »)+1) :
2 2 2
fa(x;y;z) = 0:75exp Ox_ 2"+ Oy 7 27+ 0z 2)
: (9x+1)2 (y+1)? (9z+1)2
+ 0:75exp 9 10 10
2 2 2
+ 05exp 9% 7) +(9y43) +(9z 5)

02exp (9x 4 (9y 7)* (9z 5)* ;

The domain of these functions @ = [0;1] [0;1] [O; 1] and their ranges
are[ 0:37;0;37], [0:0; 0:22]and[ O; 1;1:1] respectively. After an average 50
iterations the method converged and mean and maximum ef@s 9 and
5E 8, respectively, were obtained. It is worth to mention thativergence was
obtained in the tests. On the other hand, the convergentenssad, as stated by
Fasshauer and Zhaig8], by testing new values ofit can be possible to reach
convergence faster, but divergence can occur. Howevere sire results of the
iterated process are pre-computed, this slow convergade®thave any impact
in the processing time during rendering.

Regarding performance, tests using an Nvidia GeForce 8808 graphics
card were carried out. The main dif culty in the implemembatof the method on
the GPU was nding an effective way to deal with proximity gies. The use of
a Kd-tree allowed us to limit the number of vertices visitedfeconstructing the
function at a given point, but the performance was dramiitidecreased by the
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Figure 6.6: Renderings of the Blunt Fin, Bucky Ball, Oxygenos® and Combustion
Chamber datasets (see color plates).

large number of render passes. Implementing the methodimgkesender pass
with a cleverer approach is a task that must be addressed intilre. Thus, for
the Blunt Fin @0 32 32cells), Fighter {0125tetrahedra) and Oxygen Post
(38 76 38cells) the processing time w&s95s, 2:97s and4:45s per frame
respectively. On the other hand, the performance with that I35k (21668
tetrahedra), Nucleoll 41 41cells), and Combustion Chamb&7( 33 25
cells) datasets decreased and these datasets were reimdgleg@¥ls, 11:72s and
10:09s respectively.

Visual rendering results are shown in Figure 6.6 with dédferdatasets. In all
cases, including the numerical tests reported above, &dlls = 0:25and scaling
parameter = 0:9. These values provided good results both visually and mger
of accuracy. This is a further advantage of the method ptedetompared to
approaches where parameter tunning is needed for eacledatas

Although the method proposed presents convergence inealesit cases, it is
necessary to prove similar results to the presented by &asshnd Zhanf#8], in
order to demonstrate the convergence to an ellipsoidas hasction. Numerical
tests regarding the dependence of the quality of the solwtith respect to the
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cell size, cell aspect ratio and frequency of the test famcsampled at different
locations in the domain must be also carried out.

6.4 Moving Least-Squares Volume Deformation

Volume deformation is used for a wide range of applicatioihile physically-
based methods yield a plausible deformation, in applioatguch as volume reg-
istration and volume exploration the interest focuses onigding a fast and easy
to manipulate means for modeling volumes. Deformationraigms for different
types of grids based on a combination of atomic transfomatisuch as scale,
twist, squeeze, taper or bend have been proposed. Althbegk transformations
are easy to use separately, a combination of them to germratplex deforma-
tions is a dif cult problem. Moreover, most of them are noitable for direct
manipulation by the user even when they can be controlletyuisiv parameters.

A meshless approach was proposed by Migteal. [119 based on the idea
of performing the registration of two point sets, where aapalecomposition of
a quadratical matrix is used. Interactive deformation diireetric data is also
addressed in the work by Chet al. [31] and by Westermanet al. [170 by
using free-form deformations. An hyperpatch wé# control points is used to
deform the enclosing space and thus the object. GibS@dhproposed the 3D-
Chainmail algorithm, which is based on the propagation efdéformation at the
vertices of the grid, where the deformation of a vertex isldam the deformation
of its neighbors.

Deformation based on the idea of providing an as-rigid-@ssjble deforma-
tion has gained popularity in the last years. The term ad-ag-possible was
introduced by Alexat al.[6] to describe a deformation for which the scaling and
shearing are minimal. This yields a natural and plausiblerdeation, as has been
shown by Schaefeet al.[136 and Igarashet al. [74] who presented deforma-
tion algorithms for bidimensional images. The advantage@method presented
by Schaefeet al. is that, by using moving least-squares, it is not necess$ety t
the image be triangulated and that a closed-formula for #ferchation can be
obtained. An ef cient and effective extension of this medro three dimensions
was proposed by Curet al.[37] which is the basis of the work presented in this
section. Cuno's approach was chosen to solve the miniroizatioblem because
of its advantages compared to other methods which will beudsed later in this
section, when a description of how the minimization probtsm be solved using
orthogonal matrices and quaternions is given.

Since the goal of the method presented here is to aid in theepsoof vol-
ume exploration, the aim was to provide a means to deformdhene that per-
mits the use of known hardware-accelerated volume renglengthods. As men-
tioned before, Cuno's generalization to three dimensidnSamaefer's moving
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least-squares deformations was used. Although Cuno'sodetias proposed for
surface meshes, the mathematical background can be apptlede-dimensional
meshes straightforwardly. Since the goal is to provide anm&adeform any type
of volume, the approach used is based on calculating a deplant map to obtain
undeformed positions from deformed ones, as in the work [akfSalamd 131].
This is the reason why the GPU implementation presentedjlaserseen later,
focuses on creating a Cartesian grid with displacemenbv&atvhich can be used
to recover the position given by the inverse map of the deftion. Therefore, a
backward mapping is de ned in contrast to the forward maggie ned by Cuno.

One important contribution presented here is the inclusiamonlinear poly-
nomial transformations in the set of moving least-squaedsrdhations originally
proposed by Schaefer and extended to three dimensions by, @idmch com-
prises af ne, similarity and rigid transformations. Thigyy a further set of poly-
nomial transformations is available, which complies wité tequirement of being
represented by a closed formula. To that end, orthogonghpatials are used in
order to be able to de ne a moving least-squares polynorpiat@imation free of
systems of equations. Nonlinear polynomial transfornmegtiare able to provide
deformations, such as bending, that cannot be modeled inghrl transforma-
tions. The GPU implementation of this polynomial transfations has shown
interactive frame rates as will be discussed in the resiifts also shown how
cuts can be simulated and the special handling needed tdheseih a moving
least-squares deformation is described.

6.4.1 Afne, similarity and rigid deformations

In this section, moving least-squares deformations inetlsienensions for back-
ward mapping are described, which are obtained from thedawnapping ver-
sion[37] straightforwardly by means of variable exchange.

Moving least-squares deformation uses control pointsttthke user manip-
ulate the volume. The set ™ control pointsf p;g and their deformed posi-
tionsf ;g is the only input to the method. A functiod fpy. s is then ap-
proximated that maps any poiatin the undeformed volume to a poimtin the
deformed volume. The functiav f oy s is a continuous interpolating function,
i.e, M fpmis (Pi) = di, which holds that iBp; = q; thenM fpus (pi) = pi;
i=1 N.

By using moving least-squares to nd fpu.s , Schaefer computes a differ-
ent transformatiom, for each poinu by solving

X
min - Li(lu(pi) o) (6.11)
i=1
The weighting function used in the moving least-squaresamation evaluated
in p; andu is denoted here, differently from previous sections! hyand de ned
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as
1

(pi  u)?

and = h?, whereh is the Il size. The functionM fpuLs that minimizes this
expression provides a forward mapping. However, as statéurdy in order to
better t the deformation method to rendering algorithmstsas ray-casting, the
aimis to nd the backwards transformatigpn! that maps each deformed position
v to its positionu in the undeformed volume. This is easily accomplished by
formulating the minimization as

b\
min© 1qpi 1) (6.12)

i=1

where
1 0= 1

= ————
(@ v)?
This is an advantage of moving least-squares deformatiomgared to, for in-

stance, free-form deformations, where the inverse tramsfon is not so simple
to nd. Thus, the deformatioM fpy s IS de ned as

M foms (V) = 1, *(v):
Sincel, ! is an af ne transformation, it can be written as
I, 1(x) = xM + t; (6.13)

whereM andt describe a rotation and a translation respectively. As dine
Schaefert can be written as

t=p aqM;
wherep andqg are the weighted centers of mass of the manipulation points
P P
— iN:1 ! iopi — iN:1 ! |0q|
p = —PN—IO q = —PN—IO
i=1 i i=1 i
Therefore, it is possible to rewrite Equation 6.13 as
') =(x aq)M+p; (6.14)

and, by lettingd; = pi p and§; = g g ,the moving least-squares problem
from Equation 6.12 becomes

min ! XqM  pik* (6.15)
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The transformation matrild determines the behavior of the deformation and
is not restricted to af ne transformations. Speci cally) as-rigid-as-possible de-
formation is obtained by restrictirlg to represent a rotation. In the following, the
backward mapping versions of the af ne, rigid and simikatitree-dimensional
moving least-squares deformations are described. Clasedifas are obtained
for these deformations. Thus, as mentioned before, laterstitown how closed
formulas for non-linear deformations can be obtained bypgisirthogonal poly-
nomials.

Af ne deformations. If no restriction is imposed oM in Equation 6.15, the
solution is an af ne transformation that can be obtained eguing the equation
with respect taM :

P P
@ L' XkGM  pik? _ @ o LaM o py@aiM o pi)’
@/ 5 @
@ L' aMM e 20MTaT + pipT
- @Y
X X
=2 1M 2 1{p:
i=1 i=1

The root of this equation gives the transformation matrix

o

h\ '\
M = a6 L7 pi: (6.16)

i=1 i=1

Since this requires the inversion o8a 3 matrix, for which analytic solutions ex-
ist, Equation 6.14 can be considered a closed formula. Bhigisn is exactly the
same as the one presented by Schaefer and collaboratong fiovda-dimensional
case. Onlyg; andp; where interchanged. However, in this case, no pre-pratgssi
is possible as in the method by Schaefer, since the pgjnése not xed. Itis
important to note that the control points cannot be copla@herwise the ma-
trix becomes singular and the deformation function is umeel. From this, the
minimum number of control pointgl follows.

Rigid deformations. As done by Schaefer, to obtain a rigid deformation it is
necessary to restridéfl to a rotation matrixj.e, M 2 SOs;(R), whereSO3(R)

is the group of real orthogonal 3 matrices, with the propert§M 2 SOs(R),
detM = 1. With this restriction, the optimization problem becomes

P
min koM pik®: (6.17)

M 2S03(R
3( )i=1
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The formulation by Schaefer for the two-dimensional castricts the matrix
to be a2 2 orthogonal matrixj.e, MTM = I. In two dimensions this suf-
ces to restrict the solution to a rotation, since in thiseaetM = 1 always
holds. For the three-dimensional case this is however mmigimsince3 3 or-
thogonal matrices can have determinardtand therefore a rotation as well as a
mirroring can be represented by such matrices. Indepelydemh the procedure
to solve the problem, a deformation that is not as-rigigp@assible is obtained
whendetM = 1. Therefore, the matrix must be restrictedNb™™ = |
anddetM = 1. Alternatively it is possible to use another representatioch
as quaternions or rotation angle/axis. This latter apgraoaaised by Cuno for
surface meshes and is applied here to compute the displatemag as will be
described in the following.

To solve the moving least-squares problem of Equation & irewritten as
a maximization problem that only involves matrix and vectuaiitiplications. For
the rotation matrix a new representation of the rotation l®ans of rotation axis
and angle is used, which makes it easier to solve the optiloizproblem. The
estimation of the rotation axis and angle is carried out asigenvalue- nding
problem that is solved by nding the roots of a polynomial @&gleed. For this,
Equation 6.17 is rewritten as

min ZX\I |.0q.|\/|[f).T+X\I |.0p.p.T+X\I L gMM Tgl
M 2S0s(R) - Ml i - MM - Ml i

Note that in this equatioMM T = | and therefore the last two terms are
constant and can be disregarded in the minimization prob&nte the rstterm
is negative, the problem can be rewritten as the maximizggroblem

XY
max Lagmpr: (6.18)

M 2S03(R
3( )i=1

Three-dimensional rotationin the three-dimensional space it is possible to rep-
resent a rotation by using matrices, quaternions, Euleleamgotation axis and
rotation angle. In order to nd a rotation matrix that sohEguation 6.18 it would
be necessary to nd nine unknowns. Therefore, a representtiat uses fewer
variables, speci cally a rotation axesand a rotation angle is used. The rotation
matrix depends on vecterand scalar as
0 1
0 e, ey
M=cee+tcos( )(I e'e)+sin( )@ e 0 e A: (6.19)
ey e, O
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By replacing this in Equation 6.18, we obtain

max eCe' +cos( )(s eCe' +sin( )ke"); (6.20)
kek=1;cos( )2+sin( )2=1

where
X
cC=tila; (6.21)
i=1
s = trace(C) andk = P iN=1 19, ;. The rstrestriction in the maximization
problem given by Equation 6.20 makes the ve&dre normalized. The second
restriction is apparently unnecessary sinos( )? + sin( )? = 1 is always true.

However, this restriction is used to solve Equation 6.2Gfo¢ ) andcos( ) that
hold this restriction. For this, the Lagrange function

L(e;sin( );cos(); 1; 2) = eCe' +cos( )(s eCe')+sin( ke +
(1 Kk ek)+
,(1 cos()? sin( )3

is used. Here ; and ; are the Lagrange multipliers. The stationary points of
L are obtained as the roots of the rst partial derivatives ofvith respect tce,
cos( ) andsin( ):

(L cos())e(C+CH+sin( )k = ;e (6.22)
s eCe' = 2 ,cos() (6.23)
ke' = 2 ,sin(): (6.24)
From Equation 6.24sin( ) = % which replaced in Equation 6.22 gives
1
T keTk = —— e 2
gC+C)~ 2 5(1 cos()) © 1 cos( )e (6.25)
By letting
N = C+C’
a = ! (6.26)

2 (1 cos())

. r
1 cos()

it is possible to rewrite Equation 6.25 as

e(N + ak'k) = ¢ (6.27)
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which means that the rotation axéss an eigenvector of the matr{i + ak k)
corresponding to the eigenvalue Since is a root of the characteristic polyno-
mial P( ) of the matrix(N + akTk), using the Frobenius nori kg and the
approximation

det(l + A) 1+trace(A);

we have
P() 8 Z2[trace(N)+ a]kk "
+ %(trace(N)2 k NkZ)+ a(kk "trace(N) KNk T)
det(N)(1+ kN *kTa):

The variableain P ( ) is unknown, since it depends on. It is possible to show
thataand are related. For thag' is multiplied to both sides of Equation 6.22
and by using Equations 6.23 and 6.24,

2(1 cos )(s 2 ,c0s )+2 ,sin sin = jee'

is obtained. By rearranging this equation, noting teat = 1 and using the

De nition 6.26, we obtain L
= : 6.28
a 2s ( )

Thus, the equatioR( ) =0 becomes

0 = % 34s+ 265 2kCkZ +
4 kCk2 s> s 2kCk'™ det(N) +
det(N)(2s kN *k"):

To nd the root of this polynomial, it is converted to a depsed quartic function
by replacingy = S

4

0 =y
y? 2kCKk2
y (8det(C)) +
det(N)(2s kN k') 8det(C)s+2kCkis® s

which can be solved using the method by Ferrari. Since thblgmo at hand
is a maximization problem (Equation 6.18), the largest gt of this quartic
function gives the solution.

Determining the rotation axis and angl&iven the maximal root of the character-
istic polynomial, by substituting = s and using Equation 6.28, the rotation
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Figure 6.7: Examples of af ne (left), rigid (center) and diamity (right) moving least-
squares deformations. The top row shows the undeformedtobybereas the bottom
row shows the corresponding deformation.

axise can be obtained as an eigenvecto(f+ ak "k) corresponding to the now
known eigenvalue . For small deformations, this approach can be problematic
sincea can be very large. By substitutigy = ake” andu = ¢ itis possible
to rewrite Equation 6.27 as

u(N )= k: (6.29)

With this, e is obtained by normalizing, which is obtained by means of a matrix
inversion. To obtain the rotation anglethe optimization problem given by Equa-
tion 6.20 is solved with respect$in( ) andcos( ). From Equations 6.26 and 6.28
we have

2s=2 ,(1 cos()):

By adding Equation 6.23 we obtain, fo,

2 ,= s eCe':

Therefore, from Equations 6.23 and 6.24 we obtain

T T
_S e ece and sin( )= ke

cos( )= S
) s eCeT s eCel

Similarity deformations. A generalization of the rigid deformations is the simi-
larity deformation, which consists of a rotation and an omf scaling. By intro-
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ducing a scaling factors 2 R into Equation 6.12 a new minimization problem

can be stated as W
min X M pik:

M 2S03(R) i1
This can also be restated as a maximization problem as
max_ 2 * fimp! . %07
M 2S0s(R) Si:l"' ! Sizl""'

By assembling the Lagrange functions and deriving withe@espo s the opti-
mality condition

X X
LaMpl s Gl =
i=1 i=1
i§ obtained. Since the optimality condition of Equation®s2ates that solving
N LM PT = roa Suf ces, we obtain

rmax
=P
iN:1 ! iOQiQiT

The matrixM is calculated as in the case of rigid deformations.

S

6.4.2 Nonlinear polynomial deformation

As mentioned before, nonlinear polynomial transformatiane able to provide
deformations, such as bending, that cannot be modeled ingharl transforma-
tions. Non-linear moving least-squares deformations aaedsily obtained by
solving Equation 6.12 with the functidp®(x) being a polynomial of arbitrary de-
gree. Let = f 4;:::; w0, where j are basis functions (polynomial functions

= [ p1;:::;pn] @and de ne the inner produdti,o : R R" ! R, as a
weighted sum:
X
h; ijo= Pt (6.30)
i=1
Then, the new minimization problem can be formulated as

X
min© 1P %Na) (6.31)

i=1
where

b\
%)= g(v) j(v)

j=1
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andg are the unknown coef cients to be found. Note thatmust not contain
constant terms since the translattas not directly computed (see Equation 6.14).
These coef cients can be obtained by solving the corresigngormal equation
given by (
b

h ; jliog =h; oo k=111, M (6.32)
j=1
Solving this problem would mean having to invert, for ingt@nfor a complete
guadratic polynomial, 40 10-matrix and for a cubic polynomial 20 20
matrix. The interest here lies on providing a closed formaiteof the polynomial
transformation of arbitrary degree. This can be achieved&gns of multi-variate
orthogonal polynomials described in Chapter 3.

Thus, aset is de ned, as before using some orthogonalization procasd)
that the inner product satisels i; i, 0o = § j, where j is the Kronecker
delta, System 6.32 becomes a linear system where the ceef matrix is diago-
nal. Thus, the approximation is given by the sum

RO BT EA LS (6.39
i=1 h j» jho

Again, must not contain constant terms. The mappjnigis then given by
=% q)+p:

6.4.3 GPU-based MLS displacement map computation

As stated before, since the goal is to be able to ef cientifgren rendering of the
deformed volume, GPU-implementations of the transforamatidescribed above
were developed. The approach followed is based on compatuigplacement
mapD covering the domain of the volume, which provides the disptaent of
the backwards mapping given lhy!. The size of the displacement map can be
chosen so as to balance performance and accuracy of thaaiggbosition.

The displacement map is stored in a three-dimensional nggpioint texture.
Linear interpolation is used to obtain the displacementorest any point in the
domain. Thus, in a GPU-based volume renderer, it suf cegtathe displace-
ment vector corresponding to the current position on thefm@y the displace-
ment texture. This is the only change that any volume remderest suffer to
accommodate the deformed volume. However, if gradientiétion is needed
by the volume renderer, some considerations must be takematount, which
are described later.

Since the computation of the displacement map can be peztbrmparallel
and few texture fetches are needed while a signi cant amof@imathematical
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Figure 6.8: Examples of a nonlinear polynomial deformafimnthe Knee dataset. The
bending effect shown is achieved by moving one control pint of 15) at the bottom
of the model.

operations must be performed, this problem is well-suibe@fGPU implementa-
tion. Besides the performance increase in calculating #fierched positions for
each voxel in the displacement map, by calculating it on tR&J@&o data transfer
is needed to upload the map to the graphics hardware memory.

To |l the three-dimensional texture holding the displaceamimap, the result
is rendered into the texture by meansfi@imebuffer objects , for which
3D textures are supported by the NVidia GeForce 8 graphiascduring ren-
dering of the slices of the 3D texture each fragment reptesarvoxel in the
displacement map texture, whose position is given to thgnfient shader as tex-
ture coordinates. Given the position for the fragment, theder calculates the
undeformed position (backwards mapping) as detailed posly.

To perform this computation, the deformed and undeformesitipos of the
control pointsg; andpi,i =1; ; N, respectively, are required. Sinbevaries
and arrays with dynamic size are not supported, a constaril égN is added
dynamically as rst line of the shader code. This constantssd throughout the
code to de ne the arrays holding the control points deforraed undeformed
positions and partial results obtained during the compmnaf hen, the shader is
compiled in run-time. Since the number of control pointssla®t change often,
the cost of compiling the code in run-time is not relevant.

The fragment shader implementation of the actual algosttorcalculate the
undeformed position for each voxel of the displacementiexis straightforward
thanks to the capabilities of the latest graphics hardwactkisiidentical to the
CPU implementation. One consideration must be pointed owtker in the case
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Figure 6.9: A two-dimensional depiction of a volume being cu

of the non-linear deformations. Since only Shader Modelgpsus more than 32
TEMPvariables and implementing the Gram-Schmid orthogonaizaequires
a number of temporal variables depending on the number dfagooints, the
non-linear deformation is only supported by the NVidia Gele series.
Introducing cuts into moving least-squares deformationsin order to introduce
cuts to support the interactive exploration of the volurhe,&GPU implementation
of the deformation algorithms described above is extendiéé. use of cuts with
the rigid transformation provides a plausible behavior enexible enough to
support different types of cuts on the same model.

A cut can be realized by using a two-dimensional cutting eletye.g, a plane,
that divides a portion of the volume in two pieces. Withoutdimg generality, the
following discussion will use half-planes. The behaviottlé cut is depicted in
Figure 6.9, where a half-plane (represented by the yelloe)Islices a volume.
The cut is only apparent after a deformation is performedhén gure it is also
possible to see two features of cuts with moving least-sgudeformations: one
of the manipulation points does not in uence the portion loé volume on the
other side of the cut, and void regions are created when mgfgrthe volume.

In order to obtain these features for cutting volumes de&atmith the moving
least-squares approaches described above, a new weigiiofudepending on
the position of the point to be deformed relative to the agtfplane is de ned.
This weight function limits the in uence of the control paghon the other side of
the cutting plane, and is de ned as

1

1 0= ) -
L d(v,q.)kOIi VK2

whered is a damping function that de nes how much in uence a displhcontrol
pointq; has on a voxel. If g; andv are not occluded one from the other by the
cutting plane, thenl(v;q;) = 1. The functiond tends asymptotically t6 with
the size of the coverage. The damping function used in the \ess

kgi vk
kai  vk+ (v;qp)

d(v;qi) =
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Figure 6.10: Example of a cutting plane in combination witig&d moving least-squares
deformation.

where returns the length of the shortest indirect path frgnto v that does not
cross the cutting plane (Figure 6.9) and the facter 1 makesd decrease more
rapidly.

The choice of the damping functi@hn uences directly how the cut will look
like. If dis discontinuous, undesired sharp edges are obtamgdduring iso-
surface rendering. Also, must be strictly monotonically decreasing relatively to
the occlusion betweewn andq;, since the in uence of a heavily occluded control
point must be smaller than that of lighter occluded contmhts.

To create the void regions it does not suf ces to use the dagfuinctiond,
since this only accounts for the result of the deformatiommvh cutting plane is
present. For this, a test checking if the deformed and thefonohed positions
of v are occluded one from the other by the cutting plane is pexol; in which
case the deformed position is not taken into account forehdering.

To visualize the surface of a cu#,g, during isosurface rendering, the alpha
channel of the displacement map is used to store the \hlfiehe deformed
position of the voxel belongs to a void region. During remagr the current
position on the ray is discarded if the interpolated valughaf alpha channel
is greater thar®:5. In order to better represent the surface of the cut, adaptiv
sampling is performed during the rendering with higher fiercies around cut
boundaries. The regions around the cut boundaries arg eastignized from the
interpolated value in the alpha channel. As one moves fahtwavards a cut, this
interpolated value increases uplto

On the left side of Figure 6.7 it is possible to see the charatic behavior
of the af ne deformations. The deformed volume presentashand scales, that
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Figure 6.11: Visual comparison of the different moving tesguares deformation meth-
ods. From left to right: original model, af ne deformatiosimilarity deformation, rigid
deformation and nonlinear polynomial deformation of deg2e The polynomial defor-
mation shows a bending effect that cannot be accomplishiédothier deformations.

turns it very dissimilar to the original volume. The effeditained with these
deformations seems very unnatural since most objects lityr@ae not subject
to such transformations. An example of the rigid defornratan also be seen
in Figure 6.7. With the deformation it is possible to leave tieck undeformed
while pulling the head back. The similarity deformation winan the gure, on
the other hand, depicts clearly the expected scaling.

A visual comparison of the deformations is shown in Figuel61n the gure
it is possible to see the characteristics of each transfoomarhe af ne transfor-
mation scales the cube, while the similarity transfornratitcreases the size of
the top of the cube. The rigid transformation avoids theisgabut the bump
on the top is very pronounced as expected. The non-linearmdation (degree
2) shows how bending can be achieved by moving only one mbatipn point.
This can also be seen in Figure 6.8.
Deforming normal vectors. Volume rendering algorithms need the gradient in-
formation, for instance, to render isosurfaces or provigleting effects for direct
volume rendering. After a deformation, the gradient vextmiculated from the
data at the undeformed position must be corrected. Thisealobe using the de-
formation texture holding the displacement vectors andrdotmation stored in
the alpha channel and an adaptation to backward mapping ai¢thod proposed
by Barr[17]. Barr describes the transformation of a normal vector faravérd
mappingF as

Ng=detJeg Jel T Np;

whereJg is the Jacobi matrix oF , n, is the normal vector at the undeformed
pointp andng is the unknown normal vector at the deformed pajnfTo adapt
this method to backward mapping, let

1 T
Ng = J Ny:
q detJG( G) P

wherelJg is the Jacobi matrix of the backward mappi@g It is easy to see that
for the Jacobi matriXIp of the displacement magg = | + Jp, wherel is the
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identity matrix. Thus,

1

Ng= ——— (1 +J35) ny:
q detI+JD( p) Ny

Since the normal vectors (gradient vectors) for lightinggmses are normalized,
the factorm can be neglectedlp can be computed from the displacement
texture by means of nite differences. To accelerate thelegimg, the matrix
(I + Jp)T can be pre-computed and stored in an additional texture giddient
vector at the cut boundaries must be also recomputed. Thisnvean be easily
calculated as the gradient of the values in the alpha chaniriee displacement
texture.

In Figure 6.10, a cut obtained with a rigid deformation isidegdl. With the
cut, it is possible to see the interior of the teapot. The diseamipulation points
allows the user to easily change the appearance and natthie ofit. Although
implementing the function on the GPU for a half-plane is straightforward, for
more complex geometric cutting objects it could become espe.

Table 6.2 shows the performance of the deformation algostbn the CPU
and the GPU for different displacement map sizes and nunfamndrol points.
The tests were performed on a standard PC equipped with a p@idessor and
1GB RAM. It is important to note that due to the use of backwaapping, no
pre-processing can be applied to accelerate the computaitihhe displacement
map as it was done by Schaefsral.[136 and Cuncet al.[37]. As expected,
it is possible to see that the processing time is proportiomaéhe size of the
displacement texture. The computation of the displacemeaqtis not interactive
for medium and large resolutions. On the other hand, the GRAIl suited for
this problem as shown in Table 6.2 where it can be seen thatactive frame
rates are achieved having a performance increase of a faici®0 compared to
the CPU implementation. The graphics card used was an N@dfeorce 8800
Ultra. It is important to note that in the case of the GPU immatation, the
processing time is not proportional to the size of the disgraent texture. In
this case, an increase of 8 times the number of voxels in #tiareedoubles the
processing time. By examining other measurements, it isiplesto see that the
processing time on the GPU is proportional to the number ioéslin the 3D
textures. This is because the largest part of the procesisnagis taken by the
binding of the current slice to tHeamebuffer object

6.4.4 Other approaches for moving least-squares deformatn

In this section, other potential methods for solving the imimation problem
given by Equation 6.12 that are not based on rotation axisamgles are dis-
cussed. Disadvantages and limitations will be discussed.
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Deformation algorithm (CPU/GPU)
Size af ne rigid similarity nonlinear (degree 2)

64 64 64 0633-0:004 1125-0:008 1133-0:008 927=0:102
128 128 128 4868-0:015 8779-0:045 8976-0:045 11718-0:46
256 256 256 3855-0:104 6997-0:325 7055-0:325 79300=0:73

Table 6.2: Processing time for the CPU and GPU implememsitaf the deformation
methods (in seconds) for displacement maps of differeetssiz

By letting! °= 1, the minimization problem

X
min kgiM  pik® (6.34)

M 2S03(R
3( )i=1

is obtained, which is a least-squares problem. This proli¢enamedorthogo-
nal procrustes problenby Golub and Van Loaf60] and Viklands[160 and is
regarded as the problem of tting two three-dimensionalnp@louds or as the
search for the opposite orientation of two coordinatesesyst In general, the
orthogonal procrustes problem is formulated fedimensional spaces, however
in this case it is only meaningful in three dimensions. Atialgolutions to Equa-
tion 6.34 are available, for instance, by means of quatasiitl] and orthogonal
matriceq70; 13.

Orthogonal matrices. For the orthogonal procrustes problem of Equation 6.34,
the method by Golub, based on the singular value decompositihe unweighted
(! = 1) correlation matrixC (Equation 6.21), can be used. For any n-matrix,
the singular value decomposition gives a decompositiohefdarmA = USV T,
where them m-matrixU andthen n-matrixV are orthogonal while thea n-
matrixSis diagonal. The rows dfl are the eigenvectors #fA T and the columns
of V the eigenvectors oA TA. The diagonal elements & are the square roots
of the eigenvalues o&A T. In this caselJ,V andS are3 3-matrices.

To obtain the rotation matrix that solves Equation 6.34, gmgular value
decompositiorld c ScV { of C is computed. Then, the rotation matrix is given
by M = Ucdiag(L 1;det(UcV L))V, wherediag(l; 1; det(U ¢V ()) is intro-
duced to ensuréet(M) = 1 in case thedet(UcV () = 1. This does not
in uence the orthogonality oM .

This method does not produce the expected results as carebears€&ig-
ure 6.12. Actually, there are many locations where the dedtion obtained is
identical to the deformation produced by the method baseadt@tion angle and
axis, but there is nonetheless an abrupt change in the apmeaof the deforma-
tion, which shows, additionally, noise at the boundaries glunumeric instabili-
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Figure 6.12: Result obtained with orthogonal matricestierBoston Teapot model.

ties. An explanation for these results is given by Viklaht&d, who presented

an analysis on the weighted orthogonal procrustes prohidrch corresponds to
the moving least-squares problem. The weighted orthogmoakustes problem
has, in contrast to the orthogonal procrustes problem, migtane but up to eight

minima. Although this number of minima cannot be theordiggaroven and was

only empirically obtained, it is enough that a single minimoannot be ensured
for the method to be unsuitable for the problem at hand. Tppa@ach is very

similar to the work by Hord70] and by Arunet al.[13], which are therefore also
unsuitable for our problem.

By the polar decompositionp’;\s used by Muk¢rl.[121] for the registration
of two point clouds, the matrix v, ! §7p; is decomposed in the forRS,
whereR is a orthogonal matrix an8l is a symmetric matrixR is then used as the
rotation matrix for the rigid deformation. However, thesaidependency between
the polar and the singular value decompositions, whiclkestaR = UVT and,
therefore, the problem persists.

Quaternions. The method described here for rigid deformations based dimgp
the rotation axis and angle shows visually no unpleasastn@dssearch for the
optimal rotation by means of quaternions as done by H@afh should produce
the same results as the method based on the rotation axisgled bn the method
based on quaternions, a closed formula is presented aled baghe search for a
normed rotation axis and angle in the form of a quaterniomtiiat, the eigenvec-
tor corresponding to the largest eigenvalue of a symmaétric4-matrix is com-
puted, which results in the minimizing quaternion. It is mn@ant to mention that
the solutions by Horih71; 7d were originally proposed only for the least-squares
formulation to register two coordinate systems.
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6.4.5 Comparison with physically-based mesh deformation

The interactive simulation of stiff deformable objects igrablem well suited for
the application of the high programmability of current drags hardware. Thus, a
hardware-accelerated simulation system for deformakiahtedral meshes based
on implicit integratior{ 149 was developed and is presented here as opposing case
to the meshless deformation described above. As in movasg-kquares defor-
mations, with the simulation performed on the GPU, rendgttve deformed body
can be realized directly without the need for readbacks awehtbads from/to
the graphics hardware. For means of performance compad#terent explicit
solvers were implemented on the GPU. This allows us to betterpare in terms
of performance the GPU implementations of the moving Iegstares deforma-
tion algorithm and of a traditional physically-based mesiented deformation
method.

Itis important to mention here, related work that has beewrldped in the last
years. Milleret al.[118 presented a approach based on the nite element method
for real-time deformations. By estimating the rotationaltpof the deformation
and using linear elasticity, they create plausible aniometifree of the disturbing
artifacts present in linear models and faster than noratimeodels. However,
since they solve a linear system on the CPU for the impli¢dggration, its use
with large meshes is still limited. Teschretral. [152 perform deformations on
low resolution tetrahedral meshes, coupled with high regm surface meshes
used to visualize the deformed body. Explicit Verlet intggm on the CPU is
used to solve Newton's equation of motion. The actual defdion process is
able to handle up t85000tetrahedra at interactive rates.

Physically-based simulation on the GPU has been addregsessbarchers
during the last years to simulate a variety of phenomi@#a 66; 56; 86; 2R
The approach by Georgit al. [56] is of particular relevance in the context of
this work. They simulate mass-spring models at interadtasme rates through a
GPU-based computation of the Verlet integration method tateahedral meshes,
where the edges of the tetrahedra represent springs timatheiparticles. Al-
though the frame rates reported are interactive, instedsilarise for large time
steps due to the use of an explicit method and to the stiffaksguations with
high spring constants. Thus, here implicit integrationfmGPU is addressed.
Implicit integration of the physical model. The physical model is based on the
set ofN interacting particles in a given tetrahedral mesh. Particiteracts with
the setN; of theN; particles connected to it by an edge. Interaction is reptese
by a linear spring model, for which the energy functiérior two particles and
] is given by

E = % (kxi kL) (6.35)
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wherelL is the original distance between the particbesandx; their positions,
Xj = X; Xj,and gthe spring constant. Given the particles velocitieandv;,
damping forces exerted on particlérom the interaction with particlg are also
included. Thus, the forces acting on partickdue to particlg are

o - @E_ ) Xi
fi9 = avi v (6.37)

The combined forcé over particlei is gi =P [s] 4 gldly 4 ¢l
. particlei is given byf; pon, (F7 + f7) + £,
wherefi[e] is the sum of external forces applied on the particle thatatalepend

on its position or velocity. Then, the derivatives of theclmwith respect to the

position and the velocity are the matrices given by
|

@i Xij X;}- L Xij X;}- .

— = + 1 I 6.38

@j SX;}—X”‘ S kXij k X;}—Xij ( )

@

— = l: 6.39

@ d (6.39)
Arranging the forces, positions and velocities of [dllparticles in three arrays
F =[fy; 0] X =[x xn]andV = [vy; ;Vn ], respectively, and given
the3N 3N diagonal matrixM = [my; my; my; My ; My ; My ], wherem;

is the mass of particle, the dynamical problem can be written in terms of the
second-order differential equation

x =M (x;x) (6.40)

Given the known position (t) and velocityv (t) of the system at timg the goal
is to nd the new positiorx(t + h) and the new velocity (t + h) at timet + h,
whereh is the time step.
De ning v = X, Equation 6.40 is converted to a rst-order differentialiag

tion:

d x _ %

d v ~ M H(x;v)
Letting x = x(t+ h) x(t)and v = v(t+ h) v(t), the implicit Euler
method approximatesx and v as

(6.41)

X _p vit)+ v

v M H(x(D)+ V(D) + V) (6.42)

Following the groundbreaking work by Baraff and Witibe], x = h(v(t) +
V) in the lower part of Equation 6.42 is replaced and the rstesrdpproxi-
mation of a Taylor series expansion bis taken, to form the syste® v = b
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Figure 6.13: Textureseighbors andneighborhood hold the information of the
neighboring particles.

@

M @ h?M @ v=hM t f(t)+ h@v(t) (6.43)

@ @

which must be solved for v in order to ndx(t + h) andv(t + h).
Hardware-accelerated simulation.To solve the linear system of Equation 6.43
on the GPU, the input data is stored in 32 bit oating pointtegs. These textures
hold the state information (vectoxsandv), the externals force8®, connectivity
information, and partial results obtained during the satioh.

The input data is stored in ve 2D textures, namedyternal _forces ,
positions , vglocities , heighbors , andneighborhood , with dimen-

S} s given byd N e, with the exception oheighbors whose dimensions are
dtp 1 Nieh.

For each particle, texturepositions  holds its position in space, while tex-
turevelocities holds its velocity and mass. The sum of the external forces is
stored inexternal _forces . Connectivity information is stored in two sepa-
rate textures (See Figure 6.13). Textamghborhood stores a pointer to the
position of textureeighbors , where the information of thi; neighbors of the
particle is stored. This information includes a pointerkbtcthe position of the
neighbor in the rst four textures, the original distanceveen the particle and
the neighbor, and the index of the particle. The number ajim®arsN; is stored
in one channel of textuneeighborhood . Although s, 4, andh are passed as
environment parameters; could be stored alternatively in the remaining channel
of textureneighborhood to allow the use of different local material properties.

This arrangement maps nicely to hold the sparse non-banaédxncom-
puted when forming the linear system. Each rowNgf neighbors in texture
neighbors can be regarded as being the non-zero non-diagonal pasition

I h

!Better choices for the dimensions of these textures coulatheeved using the results given
in the work by Bolz[23].
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thei-th row in the matrix. This holds, since only the elementshef thatrix cor-
responding to two connected particles are non-zero.

A typical implementation of the simulation algorithm is givin the following,
where the description of the GPU implementation of each ctéipe algorithm is
detailed. The rst step computeg, & andf = fl& + fi9 + fl€. Two render-
ing passes are performed to compute the derivatives anddoin the rst pass,
the non-diagonal (ﬂements g are calculated. For this, a quadrilateral covering

. . f N .
a viewport of sized i—; Njeis rendered to generate the fragments represent-

ing the non-zero non-diagonal elements%f Since each element c% is a

3 3-matrix, the result of each fragment Haslements. Thus, the results are ren-
dered to three target texturasn _diagonal _dfdx k, k = 0;1;2. The texture
non _diagonal _dfdx k will hold the results of the non-zero non-diagonal ele-
ments of thg3 i + k)-th row of%, in the texels corresponding to the neighbors
of thei-th particle. Texturepositions , neighbors , andneighborhood

as well as the parameters andh, are input to this pass.

In the second pass the diagonal element%ohnd the force vector are
computed. Each diagonal elementgf is given by the negation of the sum of
the non-diagonal elements in its row. Thus, in the seconderng pass, the di-
agonal elements are computed by generaihgN €)? fragments, and summing
in each fragment the results of the previous rendering pagssponding to its
neighbors. Therefore, texturasn _diagonal _dfdx k are inputs to the current
rendering pass. To access the information in textams diagonal _dfdx Kk,
the texturesieighborhood andneighbors are required. As the combined
forces are also computed in this pass, textp@stions , velocities , and
external _forces are also needed as input. Thus, fragmeaalculates the
3 3-matrix corresponding to theth diagonal element og, and the com-
bined force corresponding to partigleThe result is stored in four target textures:
diagonal _dfdx k;k =0;1;2andforces

The third step is forming the linear systéin v = b given by Equation 6.43.
The linear system is formed in three rendering passes. Irrghpass the right
sideb of Equation 6.43 is calculated by generatifty N €)2 fragments. Each
fragment calculates three elements of vedtdo be stored in texture. Since
matrixM 1! is diagonal, it is only needed to loop over the neighbors efgrti-
clei corresponding to the fragment to calcul&e) + hgv(t) and multiply the
result bymli. For this, texturesion diagonal _dfdx k, diagonal _dfdx Kk,
andforces are required, so as the textunesighbors , neighborhood ,
andvelocities and the parametdr.

Next, the matrixA on the left side of the linear system must be computed. In

the second pass, the non-diagonal elements givenhi 1% hM 1% are
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Figure 6.14: Surface rendering of deformed tetrahedraheses

LTI
calculated. To that end, we generéte ,_, N;e)° fragments. Each fragment

multiplies the input fromnon _diagonal _dfdx k by 2—2 to obtain a partial

result. Note that the indexof the corresponding particle'(row) is needed, which
can be fetched from the alpha channel of textoegghbors . Then, rgih is
added to the diagonal elements of the partial result, asdrtlai result is written
to the texturesion _diagonal _Ak,k=0;1;2.

To compute the diagonal elemengd, ne)? fragments are generated, provid-

ing as input texturediagonal _dfdx k, and their content is multiplied byr?]—f

for fragmenti. 1 "IL‘—N is added to the diagonal elements and then the result is
written to texturesliagonal _Ak; k = 0;1; 2. Note that textureselocities
andneighborhood are also needed as input duettpandN;.

The third and nal pass solves the linear system far and updates the vectors
x andv. With the texturesliagonal _Ak, non _diagonal _Ak, andb holding
the matrixA and vectom, the problem ts nicely to the GPU-based implemen-
tation of the Conjugate Gradients algorithm proposed bygéreét al. [86]. The
arrangement of the data we use differs from the one propogédiger and is
more similar to the one proposed by Beitzal.[23]. Thus, the GPU matrix oper-
ations proposed by Kruger were tted to work with our arrangent. One of the
major differences with both works is the implementationhaf teduction operator.
Instead, a two pass reduction operator was implementedya@u to thdog N
passes needed by Kruiger and Bolz. In the rst pass, a remtuby a factor o255
is performed. This result is then combined in a second past,is possible to
handle vectors of up t255 elements. Further passes or nest€®DPinstructions
would be needed for larger vectors. We also eliminate thd fagenultiple passes
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Mesh size Frame rates [fps] CPU Euler [fps]
Tetrahedra Expl. Euler Verlet Veloc. Verlet Impl. Euler Hgjp Implicit
Bar 80 3880 3408 3454 282 5824 67
Dolphin 13766 1039 764 764 113 102
Panda 17312 945 612 614 100 80
Elephant 24106 900 539 541 48 58
Knee 112299 169 119 119 22 14
Foot 156612 220 149 149 12 10

Maximum response time exceeded.

Table 6.3: Performance in fps of the integration method$eraPU and CPU.

looping on the non-zero elements of each row and using tloenretion stored on
the alpha channel of textureeighbors to access the corresponding element in
the vector to be multiplied by the matrix. Each fragment gatezl performs this
operation and then adds the result to the contribution oflihgonal element.

Once the linear system is solved, the solution vectoris used as input to
a nal rendering pass, whene fragments are generated to update the position
and velocity of each particle. The result is rendered toutegpositions  and
velocities , and then the next iteration of the simulation is started riu
rendering, to access the deformed vertex positions, eatéxvetches its correct
position from the resulting textures, which is then transfed and passed to the
rasterizer. This allows to avoid costly readback operatioom the GPU.

Figures 6.14 and 6.15 show deformations performed on twattetlral meshes
using our approach. Results describing the performandesadlgorithms are pre-
sented here. All performance measurements were carriedmatstandard PC
equipped with an NVIDIA GeForce 7800 graphics board, a 3.& BE CPU, and
2GB RAM. Table 6.3 shows the comparative results of the GREkeU implicit
Euler and the straightforward GPU implementations of thgiei Euler, Verlet
and velocity Verlet solvers, which are thus not describee hé&rame rates for
the integration process (not including rendering time)g@ven in fps. Timings
for the naive CPU versions of the implicit and explicit Eudee also included. In
some cases, the CPU implementation of the implicit Euler neasable to solve
the equation before the program aborted due to exceedednitineut response.
In debugging mode, the program solved the linear systenessdly with a sig-
ni cant increase of the processing time. It is importantéoiark that, for the Bar
mesh, it was possible to use a maximum time step 8f0:001s for ¢ = 3000
with the explicit integration methods. With higheg or largerh, instability oc-
curred. On the other hand, with the implicit Euler amd= 0:01s no stability
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Figure 6.15: Original and deformed mesh of the Foot dataseletail on a toe is shown
in the upper left corner of each image.

problem was found usings larger tharB0000

In terms of performance, physically-based deformatiorigesbon the GPU
with explicit methods are as fast as computing a low-samgigplacement map
(64 64 64, for rigid deformations, on the GPU for a similar number of
elements (cells). However, as mentioned before, expligthods are in gen-
eral instable. When compared to the GPU implementationefrtiplicit Euler
method, the computation of the displacement map perforsterfaNonetheless,
both approaches provide interactive frame rates. As llyijimedicted, physically-
based deformations and meshless deformations perforer betifferent tasks.
While physically-based deformations are suitable for $ation tasks and visu-
alization problems where realism is important, it has bdeseoved that moving
least-squares deformations are more suitable for explgréasks due to the ease
of manipulation, for instance, in illustrative, educa@aband entertainment soft-
ware. One task that is dif cult to accomplish with both phgadily-based and non-
physically-based deformations is performing cuts. Coetal. [36] addressed
this issue for the case of displacement maps by introducisgpdtinuous dis-
placements. In the case of moving least-squares defomsativs is easily ac-
complished by modifying the weighting function as was sh@kove. Finally,
meshless physically-based deformation has been addriegsster authors and
the interested reader can nd a number of works on the eld, [119; 80; 120;
124.



CHAPTER

7 MESHLESSMETHODS IN VISUALIZATION

In this work, surface and volume data reconstruction andlegng were ad-
dressed with meshless techniques. Most of the techniqesemed are based
on the moving least-squares approximation method, whiahegapopularity in
the last years within the computer graphics community, isigdor surface ap-
proximation from unorganized point sets. The meshlessoastteveloped by the
surface reconstruction community generate astonishiggbd results compared
to traditional methods based on combinatorial structussch can be regarded
as mesh-based methods and dominated the area for decades.

However, despite the success of meshless surface recctimtrumethods,
some problems persist and new problems arose. Thus, thezgbes developed
in the context of the work reported in this thesis, initigllygeted problems found
in meshless surface reconstruction algorithms. The iiegudet of techniques can
be seenin Figure 7.1. The rst problem addressed resultdteinurvature-driven
projection operator proposed in Section 4.2, which was ldgeel to reduce the
number of operations needed for calculating the polynologal approximations
to the surface. This was done, since the number of local appations that must
be calculated to fully represent or render a surface usingmgdeast-squares is
very large. With the projection operator based on curvaiuveas possible to
model the local approximations using non-complete quadpaynomials. This
can be exploited in different scenarios. For instance, lgcgphardware imple-
mentations can bene t from the reduced size of the matrikefrtormal equation,
since4 4-matrices are natively supported by current commodity lgicgocards.
With this goal in mind, a graphics hardware implementatibthe original mov-
ing least-squares surfaces de nition was presented. Thgenit possible to ob-
tain interactive framerates for rendering a surface. Onééu contribution of the
work on the curvature-driven projection operator was thaotation of the cur-
vature itself for unorganized point sets. As shown in therditure, the curvature
information can be used not only to have a quantitative nteaswanalyse the sur-
face, but for rendering purposes, for instance, for periognmon-photorealistic
rendering or accessibility shading.

A number of works on implicit moving least-squares surfacas developed
the last years by many authors, addressing sampling, reactisn and perfor-
mance issues. However, one of the major drawbacks of thaitpads presented
is the linear nature of the surface approximation. Thusneresults on approxi-
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Surface data

l Point clouds
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Figure 7.1: Guideline for the use of a (incomplete) set of itess techniques in the
context of surface approximation. The methods proposetignthesis are marked with
red borders (see color plates).

mate approximation were used in this work to combine the kaityp of implicit
de nitions with the high-order approximation of projeati@perators. The result-
ing method is presented in Section 4.3. This method beneots the matrix-free
nature of approximate approximations, which allows the potation of higher-
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order approximations without having to solve systems oftigas. This allowed
the de nition of an implicit function, whose zero set proeslan approximation
to the surface that, differently from previous de nitionis,not linear. Also, it
was shown that this simplicity can be exploited to introdoes mechanisms to
model speci c features of the surface, speci cally, shadges. Bilateral Itering
was introduced into the surface de nition as an iterativegeissing to model sharp
features in the model. Despite the results being an appetomto the moving
least-squares approximation, the fact that no system aiteans must be solved
helps to avoid numerical instabilities.

Another family of meshless surface approximation methsdmprised by
the partition of unity implicts. These implicit de nitionsuffer from robustness
and algorithmic problems. The latter refer speci cally teetneed for different
data structures to perform the surface approximation anekt@act the output
mesh. Also, spatial adaptiveness is sometimes not enougtctonmodate com-
plex surfaces. Thus, a method based on orthogonal polytoaria on thel z
data structure was devised (Section 4.4), which providénly spatial adap-
tiveness but also approximation order adaptiveness. $p#ygithe degree of the
polynomial approximation matches the local complexityref surface. However,
with this approach the robustness of the method worsensadtietoscillations
produced by high-degree polynomials. To attack this problkifferent algorith-
mic solutions were combined with satisfactory results.

The potential advantages of using meshless approximatethads for vol-
ume data visualization were also explored (Figure 7.2). lWss reconstruction
methods in this context were relegated to scattered dateipdst and were ba-
sically built upon partition of unity, inverse distance geiing and similar ap-
proaches. The work in this direction was started by direstlgnding the moving
least-squares surface de nitions to isosurfaces and cesfocated at regions of
high gradient magnitude. A combination, in the sense of dipter-corrector ap-
proach, of weighted least-squares and moving least-sgjweae de ned, which
increased the domain of the de nition while maintaining tipgality of the rep-
resentation. The result of this technique is a smooth twoHola representing
some feature in the volume.

The exibility of points was used in several works to renderfaces. This
exibility was the reason why rendering dynamic surfacesr@sted from volu-
metric data using points was explored in Section 5.3. Spadly, the interactive
rendering of streamsurfaces, and the novel path-surfacesaddressed. Com-
modity graphics hardware capabilities were used to gemerdense sampling of
the streamsurface or path-surface. This sampling was thethto render a closed
surface with splatting. Interactive frame rates were aadeallowing the user to
place the probe for generating the streamsurface or pathesuand to animate
the path surface in real time.



174

Yes

Chapter 7.

Volume data

Meshless Methods in Visualization

l Any grid
Manipulate ]
Yes No
Physically
based
l No
MLS Deformation —_—
\ ]
DVR
DVR/Surface
Third-party SW
GPU-based Def.
Surface
*
MLS Iso-surfaces | €——— Scalar/Vector
Scalar
* Vector
Stream/Pathsurf. <
No Model -«
Orth. Pol. Vol. Ren. « available
l Yes
TAMLS Vol. Ren. -
Third-party SW

Figure 7.2: Guideline for the use of a (incomplete) set of itess techniques in the
context of volume visualization. The methods proposedisttiesis are marked with red
borders (see color plates).

Methods for rendering volumetric data stored in a wide raoigemesh types

were developed as well (Sections 6.2 and 6.3). The goal wespioit the exi-
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bility of meshless approximation methods for de ning a neswuction technique
independent of the mesh type. The rst approach to solveptoblem led to the
combined use of detail-preserving weighting functions mnoing least-squares.
While the reconstruction results were promising, numeéritaabilities often oc-
curred and a large number of systems of equations had towedsdrhus, orthog-
onal polynomials were used to tackle both problems with gasalts. Perfor-
mance increased considerably while improving stabilitguegh for the purposes
of visualization. Despite this fact, a graphics hardwarplementation proved to
be still slow for visualization tasks. Therefore, approateapproximation was
used to increase performance. Although the method basedtlomgonal poly-
nomials produces more accurate solutions than the mettsmailman approximate
approximation, the latter proved easy to implement andéasbmpute compared
to the former.

Implementing orthogonal polynomials on the graphics hardwor other pur-
poses might deliver interactive frame rates. This is the das the non-linear
polynomial moving least-squares deformations propose8edation 6.4. This
method is based on recent work on moving least-squaresndafians in three
dimensions, which provided closed solutions for compuéhge, similarity and
rigid deformations. Thus, in some sense, the non-lineamuaohial deformations
proposed complete this set of moving least-squares defansasince by using
orthogonal polynomials a closed solution for higher-ordetynomial approxi-
mations (interpolations in this case) can be obtained. fEuswas exploited, as
hinted before, to develop hardware-accelerated algostiomthe complete set of
moving least-squares deformations, which allowed to aehieteractive frame
rates. Although these results were used for volume defoomasurface defor-
mation can be as well addressed with the same concept ad imrfiggure 7.1. It
is maybe worth mentioning that a hardware-implementati@physically-based
algorithm for deforming tetrahedral meshes was also deeel@and is included
within the discussion of meshless volume deformation asw@perative model.

Albeit being conceptually interesting and setting a basduture work, the
meshless methods presented in this thesis need to be atedley deliver inter-
active frame rates. Although it is highly probable that rgemeration of graphics
hardware will be able to accomplish such task, the size ofiitasets to be visu-
alized will also grow. However, we believe that the use of mesults from ap-
proximation theory can help overcome this problem. Alsgorous mathematical
proofs of convergence must be developed to better susem#éthods. Nonethe-
less, in the same way that meshless techniques have prowedadvantageous
in comparison to mesh-based techniques for surface reaatien, not only from
unorganized point sets but also from polygon soups and pabigneshes, they
could also deliver interesting results in the context olwmoé data visualization.
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Figure C.1:Ray-casting implicit surfaces (left) and surfaces de nedhe set of static points of
some projection operator (right). For implicit de nitione surface cross is found by sampling the
ray at regular intervals. With the two last sampled poirts, llisection method is applied to nd
an approximation to the intersection point. In the case ofgmtion operators, the approximate
intersection is projected onto the surface. If the distdrioghe projection is less than a threshold,
the current approximation is the intersection point. Othise a local approximatioM f to the
surface is computed and its intersection with the ray de thesnew approximate intersectian

In both cases the process starts with a point near the su@&epicted by the circled point.

Figure C.2:0bject-order volume rendering algorithms. Clockwiseffrtmp left): splatting, cell
projection, object-aligned, and view-aligned textursdzhvolume rendering. Note that splatting
and cell projection are not restricted to regular grids.
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Figure C.3:Volume ray-casting. From left to right: at least one ray &#d for each pixel in
the image (ray casting), on each ray the volume is sampledrdeauof times (sampling), the
contribution of each segment is computed (shading), anddhgibutions of all ray segments are
composited to determine to nal color of the pixel (compasij.

Figure C.4: Rendering of the approximate surface for the EtiAnt datateained with the
curvature-driven projection operator described in thigiea.
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Figure C.5:Estimating directional curvatures on the approximatedéan plane ax.

Figure C.6:Approximated surface for the Stanford Dragon obtained@gého set of the implicit
function based on approximate moving least-squares ajypation.
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Figure C.7:Plot of the value of the implicit function for a regularly ffpand an irregularly (bot-
tom) sampled dataset. From left to right: AMLS implicits wh iterations, AMLS implicits with
20 iterations, Adamson and Alexa's implicits and Kolluritaplicits. The white line shows the
zero set of the function while colors map the value of the inifflunction with red corresponding
to low values and blue to high values.

Figure C.8:TheJ} triangulation: on the left, a sample two-dimensional aepriangulation
and, on the right, examples of pivoting operations.
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Figure C.9:The gure in the left side depicts the behavior of the during function approxima-
tion. The gure in the right side shows an illustration of taffect of the coverage domain on the
polynomial approximation. The left side of this gure defsi@ case that can arise when a high-
order polynomial is used to approximate the surface ingidddcal domain (blue circle). Since a
large region of this domain is void of points, the polynon@pproximation may oscillate. Thus,
the coverage domain (blue line) is computed and the ratibeitea of the coverage domain and
the area of the plane (yellow line) is calculated. This rdgtermines the degree of the polynomial
used. Decreasing the degree of the polynomial when thig imtbelow a threshold reduces the
oscillation as can be seen on the right side of the gure.

Figure C.10:Comparing the iso-mesh produced franh (left) against the iso-mesh obtained
from J} with displacement (right).
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Figure C.11:A CSG difference operation involving the Neptune model acglmder.

(a) (b) (€)
Figure C.12:The Bucky Ball dataset. (a) The nal result of applying theegictor-corrector
method. (b) The points projected by the predictor at a dcgtgneater than a pre-de ned threshold
are shown in red. (c) The output points from the predictojguted by the corrector at a distance
greater than the threshold are shown in green.
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Figure C.13:Calculating the intersection of the ray with the local apgimmation stored in each
sample point.

Figure C.14Visualization of the ow eld of a tornado with: (left) a poinbased stream surface;
(right) the combination of a stream surface and textureethasn visualization to show the vector
eld within the surface. Each stream surface is seeded a#oatyaight line in the center of the
respective image.

Figure C.15:Path surface of an unsteady ow: on the left side, the timénefinsteady ow eld
is shown by colors (red for for early times, green for latards); on the right side the combination
of the path surface and time-dependent LIC is illustrated.
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Figure C.16:lllustration of different steps of the algorithm: (a) duithe initialization of the
particles texture only one column is rendered (the heigtit@strip represents the number of initial
particles) and (b) during creation of the binary tree the particles build the highest level and the
contents are summed up until the root contains the overailmu of particles to be inserted. In (c)
the lifetime of the individual particles is shown. The coipadient is de ned from red (at=0)

to green and illustrates the increasing lifetime. The angtisred lines at the left and bottom-right
parts of the image show regions with many new streamlines.

@) (b) (€) (d) (e) (®
Figure C.17:\Molumetric data approximation for a slice of the Combusiiramber dataset: (a)
Gauss-Jordan with pivoting, (b) Conjugate Gradient on rabmguations, (¢) QR, (d) SVD and
(e) orthogonal polynomials. Noise represents evaluatmntp where instabilities led to a poor
approximation. In (f), the result with linear interpolation the original mesh is shown. Note that,
for these results, onlffoat  precision was used to increase the numerical instabilityprhac-
tice, choosing a suf ciently large support and usithguble precision, orthogonal polynomials
produce results visually indistinguishable from thoseaoted with QR and SVD.
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Figure C.18:Renderings of the Blunt Fin, Bucky Ball, Oxygen Post, and Gostion Chamber
datasets.

Figure C.19:Volume and isosurface rendering of different data. Frorhtlefight: the Bucky
Ball structured dataset, the Heat Sink unstructured datéePenguin adaptive-mesh-re nement
mesh, the Space Shuttle Launch Vehicle multiblock datagbtmultiple overlapping curvilinear
meshes and the Combustion Chamber curvilinear dataset.
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Figure C.20:Guideline for the use of a (incomplete) set of meshless igales in the context of
surface approximation. The methods proposed in this tlaesisnarked with red borders.
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Figure C.21:Guideline for the use of a (incomplete) set of meshless igcles in the context of
volume visualization. The methods proposed in this thesisrearked with red borders.
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