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I. LINEAR EQUATIONS OF MOTION

In this section, we derive linear equations of motion, Eq. (2) in the main text. First,

we show harmonic approximation of elastic energy (Sec. I A) and calculate elastic force and

torque (Sec. I B). We also calculate viscous force and torque from dissipation function (Sec.

I C). Lastly, we derive the linear equations of motion (Sec. ID).

A. Harmonic approximation

We assume that the system consisting of N disks is initially in mechanical equilibrium and

small perturbations to the system result in translational and rotational motions of the disks.

If we introduce the translational and rotational displacements of the disk i as ui = (uix, uiy)

and θi, respectively, elastic energy of the system can be approximated as

E(t) ≃ E(0) +
1

2

∑
i,j

{
∂2E(0)

∂riα∂rjβ
uiαujβ +

∂2E(0)

∂riα∂θj
uiαθj +

∂2E(0)

∂θi∂rjα
θiujα +

∂2E(0)

∂θi∂θj
θiθj

}
,(1)

where the summation runs over the number of disks as i, j = 1, . . . , N and the Einstein

convention is used for the subscripts, α, β = x, y. On the right-hand-side of Eq. (1), the

second derivatives are taken at the initial equilibrium state (t = 0) and higher order terms

have been neglected. Because of the force and torque balance at t = 0, the first derivatives

are zero, i.e. ∂E(0)/∂riα = 0 and ∂E(0)/∂θi = 0, where riα is the α-component of the disk

position, ri = (rix, riy).
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B. Elastic force and torque

From Eq. (1), we find that the elastic force and torque acting on the disk i are given by

F e
iα = −∂E(t)

∂riα
= −

∑
j

{
∂2E(0)

∂riα∂rjβ
ujβ +

∂2E(0)

∂riα∂θj
θj

}
, (2)

M e
i = −∂E(t)

∂θi
= −

∑
j

{
∂2E(0)

∂θi∂rjα
ujα +

∂2E(0)

∂θi∂θj
θj

}
, (3)

respectively, where we have used the relation, ∂uiα/∂rjβ = δijδαβ. If the elastic energy can

be decomposed into the sum of pairwise potential as E(t) =
∑

i

∑
j>i eij, Eqs. (2) and (3)

are rewritten as

F e
iα = −

∑
j( ̸=i)

{
∂2eij

∂riα∂riβ
uiβ +

∂2eij
∂riα∂θi

θi +
∂2eij

∂riα∂rjβ
ujβ +

∂2eij
∂riα∂θj

θj

}
, (4)

M e
i = −

∑
j( ̸=i)

{
∂2eij

∂θi∂riβ
uiβ +

∂2eij
∂θi∂θi

θi +
∂2eij

∂θi∂rjβ
ujβ +

∂2eij
∂θi∂θj

θj

}
, (5)

respectively.

We model the pairwise potential as

eij =
kn
2
ξij

2 +
kt
2
ξ⊥ij

2
, (6)

where kn and kt are the stiffness in normal and tangential directions, respectively. In Eq. (6),

ξij ≡ (Ri+Rj)− rij > 0 represents the overlap between the disks, i and j, in contact, where

Ri (Rj) is the radius of the disk i (j) and rij ≡ |rij| with rij ≡ ri − rj is the inter-particle

distance. In addition,

ξ⊥ij ≡ uij · tij + θij (7)

with uij ≡ ui − uj and θij ≡ Riθi + Rjθj is the relative displacement at contact along the

tangential direction, where tij is the tangential unit vector. While the normal unit vector

is defined as nij ≡ rij/rij = (nijx, nijy), the tangential one is given by tij = (tijx, tijy) =

(nijy,−nijx). From Eqs. (6) and (7), we can calculate the second derivatives in Eqs. (4) and
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(5) as

∂2eij
∂riα∂riα

= kn
{
(1 + aij)n

2
ijα − aij

}
+ ktt

2
ijα , (8)

∂2eij
∂rix∂riy

= kn (1 + aij)nijxnijy + kttijxtijy , (9)

∂2eij
∂riα∂θi

= ktRitijα , (10)

∂2eij
∂θi∂θi

= ktR
2
i , (11)

where aij ≡ ξij/rij is the scaled overlap. Note that the Einstein convention was not used in

Eq. (8). In addition, for j ̸= i, we find

∂2eij
∂riα∂rjα

= − ∂2eij
∂riα∂riα

,
∂2eij

∂riα∂θj
=

Rj

Ri

∂2eij
∂riα∂θi

,
∂2eij
∂θi∂θj

=
Rj

Ri

∂2eij
∂θi∂θi

. (12)

If we introduce a 3N -dimensional elastic force and torque vector as

T e(t) ≡
(
F e
1x, F

e
1y,M

e
1 , . . . , F

e
Nx, F

e
Ny,M

e
N

)T
, (13)

Eqs. (4) and (5) are written as

T e(t) = −Dq(t) , (14)

where q(t) is the 3N -dimensional displacement vector (see the main text) and D is the

3N × 3N dynamical matrix. The dynamical matrix consists of the second derivatives of

pairwise potential, i.e. Eqs. (8)-(12), which are given by the initial positions of the disks (at

t = 0).

C. Viscous force and torque

We introduce a dissipation function of the system as a quadratic form of the disk velocities,

R(t) =
1

2

∑
i,j

{
∂2R(0)

∂ṙiα∂ṙjβ
u̇iαu̇jβ +

∂2R(0)

∂ṙiα∂θ̇j
u̇iαθ̇j +

∂2R(0)

∂θ̇i∂ṙjα
θ̇iu̇jα +

∂2R(0)

∂θ̇i∂θ̇j
θ̇iθ̇j

}
, (15)

where the summation runs over i, j = 1, . . . , N and the Einstein convention is used for

α, β = x, y. In contrast to Eqs. (2) and (3), the viscous force and torque acting on the disk

i are given by

F v
iα = −∂R(t)

∂ṙiα
= −

∑
j

{
∂2R(0)

∂ṙiα∂ṙjβ
u̇jβ +

∂2R(0)

∂ṙiα∂θ̇j
θ̇j

}
, (16)

Mv
i = −∂R(t)

∂θ̇i
= −

∑
j

{
∂2R(0)

∂θ̇i∂ṙjα
u̇jα +

∂2R(0)

∂θ̇i∂θ̇j
θ̇j

}
, (17)
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respectively, where we have used the relation, ∂u̇iα/∂ṙjβ = δijδαβ. If we assume that the

dissipation function is decomposed into the sum of pairwise function as R(t) =
∑

i

∑
j>i wij

and the pairwise function wij is quadratic in the relative velocities, u̇ij and θ̇ij, Eqs. (16)

and (17) are rewritten as

F v
iα = −

∑
j( ̸=i)

{
∂2wij

∂ṙiα∂ṙiβ
u̇iβ +

∂2wij

∂ṙiα∂θ̇i
θ̇i +

∂2wij

∂ṙiα∂ṙjβ
u̇jβ +

∂2wij

∂ṙiα∂θ̇j
θ̇j

}
, (18)

Mv
i = −

∑
j( ̸=i)

{
∂2wij

∂θ̇i∂ṙiβ
u̇iβ +

∂2wij

∂θ̇i∂θ̇i
θ̇i +

∂2wij

∂θ̇i∂ṙjβ
u̇jβ +

∂2wij

∂θ̇i∂θ̇j
θ̇j

}
, (19)

respectively.

We model the pairwise function as

wij =
ηn
2
v
∥
ij

2
+

ηt
2
v⊥ij

2
, (20)

where ηn and ηt are the viscosity in normal and tangential directions, respectively. In Eq.

(20), v
∥
ij ≡ ṙij · nij is the relative speed in the normal direction, while

v⊥ij ≡ ṙij · tij + θ̇ij (21)

is the relative speed at contact in the tangential direction. From Eqs. (20) and (21), we can

calculate the second derivatives in Eqs. (18) and (19) as

∂2wij

∂ṙiαṙiα
= ηnn

2
ijα + ηtt

2
ijα , (22)

∂2wij

∂ṙix∂ṙiy
= ηnnijxnijy + ηttijxtijy , (23)

∂2wij

∂ṙiα∂θ̇i
= ηtRitijα , (24)

∂2wij

∂θ̇i∂θ̇i
= ηtR

2
i . (25)

Note that the Einstein convention was not used in Eq. (22). In addition, for j ̸= i, we find

∂2wij

∂ṙiα∂ṙjα
= − ∂2wij

∂ṙiα∂ṙiα
,

∂2wij

∂ṙiα∂θ̇j
=

Rj

Ri

∂2wij

∂ṙiα∂θ̇i
,

∂2wij

∂θ̇i∂θ̇j
=

Rj

Ri

∂2wij

∂θ̇i∂θ̇i
. (26)

If we introduce a 3N -dimensional viscous force and torque vector as

T v(t) ≡
(
F v
1x, F

v
1y,M

v
1 , . . . , F

v
Nx, F

v
Ny,M

v
N

)T
, (27)

Eqs. (18) and (19) are written as

T v(t) = −Bq̇(t) , (28)

4



where q̇(t) is the 3N -dimensional velocity vector (see the main text) and B is the 3N × 3N

damping matrix. The damping matrix consists of the second derivatives of pairwise function,

i.e. Eqs. (22)-(26), which are given by the initial positions of the disks (at t = 0).

D. Mass matrix and equations of motion

The equations of motion of the disk i are given by

mir̈i = F e
i + F v

i , (29)

Iiθ̈i = M e
i +Mv

i , (30)

where Ii = miR
2
i /2 is the moment of inertia of the disk i. Therefore, introducing the 3N×3N

mass matrix as

M =


mi 0 0

0 mi 0

0 0 Ii


i=1,...,N

, (31)

we can write equations of motion of all disks as

Mq̈(t) = T e(t) + T v(t)

= −Dq(t)− Bq̇(t) , (32)

where we used r̈i = üi and substituted Eqs. (14) and (28). Here, Eq. (32) is the linear

equations of motion (Eq. (2) in the main text), where q̈(t) is the second derivative of the

3N -dimensional vector q(t) with respect to t.

II. AMPLITUDE AND WAVE VECTORS

In this section, we explain the amplitude and wave vectors used in our numerical simula-

tions. In Table I, we list different combinations of the amplitude and wave vectors, A and

k. The longitudinal (L), transverse (T), and rotational (R) modes are excited by the com-

binations of A and k in this table. Note that, due to the tangential force and interlocking

of the disks, every mode is excited by any combinations of the amplitude and wave vectors.

For instance, the combination in the first line of Table I excites not only the L mode, but

also the T and R modes though their intensities are quite weak.
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TABLE I. The L, T, and R modes excited by different combinations of A = (Ax, Ay, Aθ) and

k = (kx, ky), where Ax and Ay are scaled by d0/t0, and Aθ is scaled by t−1
0 .

Ax Ay Aθ kx ky

L 10−3 0 0 k 0

0 10−3 0 0 k

T 10−3 0 0 0 k

0 10−3 0 k 0

R 0 0 10−3 k 0

0 0 10−3 0 k
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FIG. 1. The limit wave numbers, (a) k∗L, (b) k
∗
T , and (c) k∗R, as functions of the damping ratio ρD,

where the damping factor ϵn changes as listed in the legends.

III. LIMIT WAVE NUMBER

In this section, we show our results of the limit wave number. Figure 1 shows the limit

wave number, k∗
α (α = L, T,R), as functions of the damping ratio ρD, where the damping

factor ϵn varies as listed in the legends. As can be seen, all the limit wave numbers are

decreasing functions of ρD and ϵn. The limit wave number of L mode, k∗
L, does not exist

if ϵn < 0.3 (Fig. 1(a)) and that of T mode, k∗
T , cannot be found if ϵn < 0.08 (Fig. 1(b)).

As shown in Fig. 1(c), every wave number exceeds the limit wave number of R mode, k∗
R,

if ϵn = 0.5 and ρD ≥ 0.3. However, k∗
R does not exist if ϵn < 0.1 or ρD < 0.3. In the main

text, we only show the data for the wave number below the limit wave number, k < k∗
α.
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IV. EFFECTS OF THE DAMPING FACTOR

In this section, we show how sound characteristics depend on the damping factor ϵn.

Figure 2 displays (a) dispersion relations and (b) attenuation coefficients of L, T, and R

modes. The damping factor ϵn increases as listed in the legends (indicated by the arrows),

while the damping ratio is fixed to ρD = 0.4. Figure 2 also shows phase speeds of (c) L, T,

and (d) R modes. The horizontal lines in (c) represent macroscopic speeds of sound and the

dashed lines in (d) indicate the asymptotic behavior, cR(k) ∼ k−1.

V. CONTINUUM LIMITS OF THE DISPERSION RELATIONS OF THE ACOUS-

TIC MODES

In this section, we show our numerical results of the dispersion relations of acoustic modes,

ωα (α = L, T ). Figure 3 displays the continuum limits of the dispersion relations divided by

the smallest wave number, i.e. ωα(∆k)/∆k. In this figure, both ωL(∆k)/∆k and ωT (∆k)/∆k

are insensitive to the damping ratio, ρD, and damping factor, ϵn (symbols). Therefore, the

continuum limits of the dispersion relations of the L and T modes are independent of the

strength of contact damping. If we describe the continuum limits as

ωL(k)t0 = ωd
L

√
1 + ρKkd0 , (33)

ωT (k)t0 = ωd
T

√
1 + ρK

2
kd0 , (34)

the prefactors are given by ωd
L ≃ 0.741 and ωd

T ≃ 0.712, where the stiffness ratio is ρK = 1.

In Fig. 3, the dashed and solid lines indicate Eqs. (33) and (34), respectively.
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FIG. 2. (a) Dispersion relations and (b) attenuation coefficients of α = L, T , and R modes as

functions of the scaled wave number, kd0. The inset to (a) shows a zoom-in to the range between

9π/10 ≤ kd0 ≤ π and the dashed line in (b) has the slope 2. Sound speeds of (c) α = L, T , and

(d) R modes as functions of the scaled wave number, kd0. The arrow in (c) indicates a small dip

in cT (k). The inset to (d) shows a zoom-in to the range between 2 ≤ kd0 ≤ π, where ϵn increases

as indicated by the arrow. The horizontal lines in (c) indicate macroscopic speeds of sound (where

k → 0), while the dashed lines in (d) have the slope −1. In (a)-(d), the damping factor ϵn increases

as listed in the legends (indicated by the arrows), where the damping ratio is fixed to ρD = 0.4.
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FIG. 3. Continuum limits of the dispersion relations of the L and T modes divided by the smallest

wave number, ∆k. The symbols represent the value of damping factor ϵn.
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