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Abstract
Theoretically, it is possible to reconstruct the 3D distribution of water vapor bymeans of GNSS tomography using troposphere
estimates from a network of GNSS stations, i.e., zenith delays mapped back into satellite directions. However, this technique
is still limited by restricted satellite-to-ground observation geometry, a simplified parameterization of troposphere delays
in the observation model and mandatory usage of constraints to stabilize the equation system. We propose an alternative
approach, called STEPPP, in which a network of ground-based GNSS receivers is used to process GNSS observations, based
on the Precise Point Positioning (PPP) technique and, instead of estimating the zenith wet delay and horizontal gradients, the
estimation of the whole wet refractivity field in a grid space is performed simultaneously. Contrary to GNSS tomography,
STEPPP operates on raw observation data instead of products. Values of wet refractivity at grid nodes are estimated from all
stations simultaneously, i.e., they appear as common parameters in PPP. We present the functional and stochastic model of
STEPPP, as well as first results of the model performance. We use GPS and Galileo dual-frequency observations generated
by the Spirent simulator for 20 evenly distributed stations. The simulated observations are intentionally free of troposphere
delays. However, we use a numerical weather model to retrieve reference profiles of wet refractivity and calculate slant
wet delays, which are added to the simulated observations. We define a voxel space above the network of stations up to
12 km height and we recover the wet refractivity profiles by means of the STEPPP model. Several numerical experiments
are performed using homogenous, inhomogeneous, constant and dynamic wet refractivity profiles. After a convergence time
of a few hours, the STEPPP model accurately recovers all model states, including the 3D wet refractivity field and station
coordinates.
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1 Introduction

Troposphere delay remains a major error source for pre-
cise Global Navigation Satellite System (GNSS) positioning
(Ma and Verhagen 2020). The hydrostatic component of tro-
posphere delay is well described by empirical models, but
the wet component depends on the content of water vapor,
which varies rapidly over time and space (Böhm et al. 2015).
Therefore, the wet delay has to be estimated together with
the coordinates of the receiving antenna. In this way, a very
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tomasz.hadas@upwr.edu.pl

B Thomas Hobiger
thomas.hobiger@ins.uni-stuttgart.de

1 Institute of Geodesy and Geoinformatics, Wrocław University
of Environmental and Life Sciences, Wrocław, Poland

2 Institute of Navigation, University of Stuttgart, Stuttgart,
Germany

dense network of GNSS ground stations turns into a power-
ful all-weather tool for remote sensing of water vapor in the
troposphere, which is also called GNSS meteorology (Bevis
et al. 1992). The slant troposphere delay of each GNSS sig-
nal cannot be estimated directly as it is rank-deficient with
respect to the carrier phase ambiguity parameters, which
means that the overall equation system becomes underdeter-
mined (Kačmařík et al. 2017). Therefore, parameterization
in the form of a zenithal delay which is mapped into the
satellite’s direction using an elevation-dependent mapping
function is chosen. Moreover, the asymmetry of the tro-
posphere is represented by so-called horizontal gradients
(Masoumi et al. 2017). In this way data from a single GNSS
receiver makes it possible to compute a discrete and simpli-
fied local representation of the troposphere.

Accurate and reliable troposphere models, water vapor
distribution models in particular, are not only important for
improving weather forecasts (Andrei and Chen 2009; De
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Haan 2013; Dousa and Vaclavovic 2014), but also to sup-
port geodetic techniques, i.e., real-timeGNSSpositioning (Li
et al. 2011;Wilgan et al. 2017) and Synthetic-Aperture Radar
(SAR) imagery (Delacourt et al. 1998; Hobiger et al. 2010).
These geodetic techniques are commonly used in natural haz-
ard (tsunami, earthquakes) warning systems, which raise the
demand for reliable and actual troposphere models. Dynam-
ics of water vapor distribution in the troposphere, measured
with GNSS, is a subject of weather research (Sapucci et al.
2016; Venkat Ratnam et al. 2016) and climate studies (Grad-
inarsky et al. 2002; Suparta 2012).

A 3D distribution of water vapor or refractivity field
can be recovered by means of GNSS tomography (Flores
1999; Nilsson 2005;Möller 2017a, b) using troposphere esti-
mates from a network of GNSS stations, i.e., zenith delays
mapped back into satellite directions (slant delays). How-
ever, the GNSS tomography technique is still limited by its
poor ability to reconstruct vertical profiles due to a restricted
satellite-to-ground observation geometry, a very simplified
parameterization of troposphere delays in the observation
model and mandatory usage of constraints to improve design
matrix rank score (Manning 2013). The actual mathemati-
cal challenge for GNSS tomography, that applies the Radon
transform (Radon 1917), arises from the fact that in most
cases either the number of observations is less than the num-
ber of model parameters describing the area or volume of
interest or the observation geometry does not allow for an
unbiased recovery of the actual situation (Rohm 2013).

In the case of GNSS, the number of observations is usu-
ally not large enough to allow direct inversion, even if a dense
ground-station network is available (Brenot et al. 2020). Dif-
ferent solutions are introduced to deal with the ill-posed
problem of the model, such as pseudoinversion (Barata and
Hussein 2012; Rohm and Bosy 2009), Tikhonov regulariza-
tion (Tikhonov 1963) or Kalman filtering (Rohm et al. 2014).
The geometric situation, with receivers on the ground and
satellites in the sky, makes it difficult to accurately recover
vertical structures in the troposphere (Hirahara 2000). In
order to overcome this problem, background information,
e.g., in the form of a-priori wet refractivity models, is usu-
ally required (Miranda and Mateus 2023). Therefore, only
a residual field with respect to the background model needs
to be estimated. Since constraints between the background
model and the estimated parameters can be considered in
the inversion process (Haji-Aghajany et al. 2020), the two
limitations, i.e., less observations than unknowns and poor
geometry, can be overcome (Forootan et al. 2021). However,
the quality of the tomographic inversion depends in such a
case then on the correctness of the background model and
the choice of the constraints to some extent (Guerova et al.
2016; Miranda and Mateus 2021).

An additional restriction on the quality of the GNSS
tomography relates to the fact that so far, troposphere

delay information, usually in the form of zenith delays, is
only available after point positioning solutions have been
obtained. Thus, the troposphere information that is contained
in the raw observations is already low-pass filtered both in
temporal and spatial domains, which sets a strong limitation
on the detection of small-scale atmospheric structures and
sudden events of extreme weather. Still, GNSS tomography
results are assimilated to numerical weather prediction mod-
els (Möller et al. 2015), showing a positive impact in terms
of humidity forecasting, especially during extreme weather
events (Hanna et al. 2019; Trzcina and Rohm 2019).

Nilsson and Gradinarsky (2006) were the first to propose
a method for reconstructing the wet refractivity field in one
step using double-differenced carrier-phase GPS observa-
tions. This paper demonstrates an alternative method for the
determination of the 3D refractivity field, called Simultane-
ous Troposphere Estimation with Precise Point Positioning
(STEPPP). In this approach, a network of ground-based and
moving GNSS receivers is used to process undifferenced
and uncombined multi-GNSSmulti-frequency observations,
based on the Precise Point Positioning (PPP) technique and,
instead of estimating the zenith wet delay (ZWD) and hori-
zontal gradients, the estimation of the whole wet refractivity
field in a grid space is performed. Contrary to GNSS tomog-
raphy, STEPPP operates on raw observation data instead of
products, i.e., zenith or slant delays, which eliminates the use
of slant-to-zenith mapping functions and estimation of tro-
pospheric gradients. Values of wet refractivity at grid nodes
are estimated from all GNSS stations simultaneously, i.e.,
they appear as common parameters in PPP.

The paper is organized as follows. First, we provide the
theoretical foundations of the STEPPP model, starting with
a general description of the PPP technique and tropospheric
refractivity, moving on to the parameterization of a refractiv-
ity grid and defining the functional and stochastic model of
STEPPP. The next section describes preparation of simulated
test data and a series of numerical experiments that validates
the concept of STEPPP. Finally, we present the results of
processing GNSS observations, including the reconstruction
of the 3D refractivity distribution within the defined vertex
grid.

2 STEPPPmodel

Driven by the goals and recommendations of Global Geode-
tic Observing System (GGOS, http://ggos.org/) geodetic
products, including troposphere parameters, should be deter-
mined in an utmost consistent and self-controlled approach
(Plag and Pearlman 2009; Kutterer et al. 2012). Thus, consid-
ering that GNSS wet delays at ground stations and vehicles
are caused by the same atmospheric medium, i.e., the tropo-
sphere, but havingdifferentmagnitude as the electromagnetic
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propagation paths differ from site to site, is the logical steps
when it comes to combine data from several receivers (Wang
et al. 2024). Thus, the concept of STEPPP can be seen as a
first step of data combination on the observation level (Coulot
et al. 2007).

2.1 Precise point positioning

The ionosphere free (IF) model of the PPP (Zumberge et al.
1997) was introduced as an alternative to relative posi-
tioning techniques. PPP is a well-established autonomous
positioning technique of a single receiver, in which satel-
lite orbits and clocks are fixed to precise products, e.g.,
from the International GNSS Service. PPP requires dual-
or multi-frequency observations and consistent application
of geophysical models. Among many advantages of PPP,
such as robust processing, single-receiver only solution,
world-wide coverage and straightforward error mitigation,
the IF PPP approach for many years suffered from long
initialization times and amplified observation noise. There-
fore, a redefined PPP functional model was introduced, that
uses undifferenced uncombined observations (Schönemann
2014):

(1)

Ps
r , i − ρs

r , 0 + c˜δt
s − ms

h · Zr , h − �s
r , P

≈ esr · δXr + c (δtr + I SBr ) + ms
w · Zr ,w +

f 21
f 2i

· I sr

Ls
r , i − ρs

r , 0 + c˜δt
s − ms

h · Zr , h − �s
r , L

≈ esr ·δXr +c (δtr + I SBr )+m
s
w · Zr ,w − f 21

f 2i
· I sr +λi ·Ns

r , i

(2)

with

ρs
0 �

√

(

˜Xs − Xr , 0
)2

+
(

˜Y s − Yr , 0
)2

+
(

˜Zs − Zr , 0
)2

(3)

esr �
[

Xr − ˜Xs

ρs
r , 0

Yr − ˜Y s

ρs
r , 0

Zr − ˜Zs

ρs
r , 0

]

(4)

δXr � [ δXr δYr δZr ]
T

(5)

where s, r, i are satellite, receiver and frequency indicators,
respectively, P is the pseudorange and L is the carrier phase
observation, ρ0 is the a priori geometric distance between
satellite and receiver, ˜X , ˜Y and ˜Z are precise satellite coor-
dinates, X0, Y0 and Z0 are a priori receiver coordinates, c
is the speed of light, ˜δt is the precise satellite-receiver clock
offset, mh and mw are troposphere mapping functions for
hydrostatic and wet component, respectively, Zh and Zw

are troposphere zenith delays for hydrostatic (ZHD) and wet

(ZWD) component, respectively, �P and �L are satellite,
receiver and site displacement effect corrections for pseudo-
range and carrier phase, respectively, e is the directional unit
vector, δX is the position correction vector, δt is the receiver
clock offset, ISB is the inter-system bias, f is the signal
frequency, I is the slant ionosphere delay, λ is the signal
wavelength and N is the integer carrier phase ambiguity.

2.2 Troposphere refractivity

Tropospheric refraction refers to the bending of electromag-
netic waves as they pass through that layer. The refractive
index, respectively, its real part,n is a measure of how much
the medium alters the path of light compared to its speed in
a vacuum (Born and Wolf 2013):

n � c

v
(6)

where v is the speed of light in a given medium. In the tro-
posphere, electromagnetic waves travel almost as quickly as
they do in a vacuum, resulting in a refractive index being
nearly one. Therefore, another quantity, called refractivity
N , is introduced (Mendes 1999):

N � 106(n − 1) (7)

The troposphere slant wet delay (SWD) is related to the
refractivity index by the following formula:

SWD � 10−6
∫

NwdS (8)

where S is the signal propagation path. In PPP, the SWD
cannot be estimated directly, since there are usually more
unknown parameters than observations. This is why in Eqs.
(1) and (2) the SWD is approximated as:

SWD ≈ ms
w · Zr ,w (9)

The mapping function ms
w absorbs the elevation depen-

dency of the signal delay and has to be provided from an
external model. In GNSS data processing, commonly used
examples of such models are empirical Global Mapping
Function (GMF, Böhm et al. 2006a) andGPT2w (Böhm et al.
2015), or deterministic VMF1 (Böhm et al. 2006b). Themain
limitations of the mapping function concept are the possible
loss of accuracy at low-elevation angles (below ten degrees)
and the neglect of troposphere asymmetry (Möller 2017a, b).

2.3 Functional model

The STEPPP model assumes that the Nw field can be
retrieved from simultaneous processing of undifferenced and

123



   61 Page 4 of 26 T. Hadaś et al.

Fig. 1 Schematic representation of the GNSS signal passing through
the refractivity grid

uncombined multi-GNSS, multi-frequency observations by
using a network of ground GNSS stations based on PPP
technique. Unlike GNSS tomography, which relies on inter-
mediate products such as Zw and horizontal gradients to
estimate the refractivity field, the STEPPP method directly
estimates the entire wet refractivity field in grid space from
raw GNSS observations. This eliminates the need for inter-
mediate steps like Zw estimation, providing a more direct
and potentially accurate approach.

2.3.1 Refractivity grid

To simplify the representation of the troposphere refractiv-
ity, the STEPPP model parameterizes refractivity within an
orthogonal grid, that divides the atmosphere into 3D regions
(voxels), where SWD values are estimated to reconstruct
the three-dimensional structure of the troposphere based
on GNSS observations (Fig. 1). However, the voxel-based
parameterization, where the Nw is assumed to be uniform
within each voxel, is replaced with node-based parameteri-
zation, where Nw is given at specific points, i.e., vertices of
voxels, called nodes. To establish a refractivity grid, a bound-
ing box of the area of interest is established, which typically

surrounds the network of GNSS receivers. The bounding box
can further be horizontally divided, to increase the spatial res-
olution of Nw profiles. In thisway, a set of bottom layer nodes
is defined. In the next step, the vertical layers are defined,
from 0 to 12,000 km, typically with non-equidistant spac-
ing, as suggested by Manning (2013), and the ground nodes
are replicated for each layer. Hereafter, we refer to all the
nodes created so far and to their corresponding vertical pro-
files as inner nodes and inner profiles, respectively. Then, the
outer nodes and outer profiles are created, that extends the
refractivity grid so that the low-elevation signals, i.e., at five
degrees, enter it from above.

2.3.2 Slant wet delay

Since the SWD is calculated along the ray path, interpolation
is required to determine the refractivity values inside a voxel
and thus allow to analytically solve the integral expressed
in Eq. (8). In GNSS tomography, various interpolation tech-
niques have been introduced, including trilinear interpolation
or spline parameterization combined with bilinear interpola-
tion for the horizontal direction (Perler 2011). The STEPPP
model adapts bilinear interpolation to consider a total of 26
cases of GNSS signal penetration through a voxel (Table 1),
with different combinations in terms of entrance and exit
walls (Fig. 2). Nodes are indexed by (i , j , k), indicating their
order in the grid in the North, East and Up direction, respec-
tively.

There are three main stages involved in the bilinear inter-
polation of wet refractivity within the voxel grid, i.e., (1)
linear interpolation between two adjacent vertices located on
the same edge of the voxel, (2) a linear interpolation within
one of the voxel’s walls, (3) linear interpolation along the sig-
nal propagation path as it passes through the voxel. Formulas
are derived for Case 1 (Fig. 3) as a representative example.

The following notation is applied: Ni , j , k
w is the wet refrac-

tivity at (i , j , k) node, while NQ
w is the wet refractivity at

point Q ∈ {A, B, C , D, in, out}, where A, B, C , D are
edge points, in and out are the signal entry and exit points,
respectively; each voxel has local coordinate frame (x , y,
z) that starts at the bottom node of the southwesternmost
edge; voxel dimensions are denoted as l, b, h, which are
length, width and height, respectively; the distance between
any point on the signal path and signal exit point is t ∈ [0,
u], with u representing the length of the signal path within
the voxel:

u �
√

(xin − xout)2 + (yin − yout)2 + (zin − zout)2 (10)

The three-step interpolation procedure is as follows:
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Table 1 GNSS signal entry and exit side combinations during voxel
penetration

Case Entry wall Exit wall

1 Top Bottom

2 Side 1

3 Side 2

4 Side 3

5 Side 4

6 Side 1 Bottom

7 Side 2

8 Side 3

9 Side4

10 Side 1 Side 2

11 Side 3

12 Side 4

13 Side 2 Side 4

14 Side 3

15 Side 1

16 Side 3 Side 1

17 Side 2

18 Side 4

19 Side 4 Side 1

20 Side 2

21 Side 3

22 Top Signal reaches a
receiver located
inside the voxel

23 Side 1

24 Side 2

25 Side 3

26 Side 4

Fig. 2 Voxel geometry and orientation of entry/exit sides

Step 1. Refractivity at four edge points is interpolated from
the refractivity at two corresponding edge nodes:

N A
w � Ni , j , k

w

(

1 − xout
l

)

+ Ni , j+1, k
w

xout
l

(11)

N B
w � Ni+1, j , k

w

(

1 − xout
l

)

+ Ni+1, j+1, k
w

xout
l

(12)

Fig. 3 Schematic representation of the GNSS signal path in a voxel for
Case 1

NC
w � Ni+1, j , k+1

w

(

1 − xin
l

)

+ Ni+1, j+1, k+1
w

xin
l

(13)

ND
w � Ni , j , k+1

w

(

1 − xin
l

)

+ Ni , j+1, k+1
w

xin
l

(14)

Step 2. Refractivity at the voxel’s enter and exit points is
interpolated from the refractivity at two corresponding edge
points:

N in
w � ND

w

(

1 − yin
b

)

+ NC
w

yin
b

(15)

N out
w � N A

w

(

1 − yout
b

)

+ N B
w

yout
b

(16)

Step 3. Refractivity at any point along the signal path is inter-
polated from the refractivity at enter and exit points:

Nt
w � N out

w

(

1 − t

u

)

+ Nin
w

t

u
(17)

Following Eq. (8), the SWD in a single voxel β, is calcu-
lated as:

SWDβ � 10−6
∫ u

0
Nt

wdt (18)

where SWDβ depends on the wet refractivity at eight voxel’s
nodes:

(19)

SWDβ � f (Ni , j , k
w , Ni , j+1, k

w , Ni+1, j+1, k
w , Ni+1, j , k

w ,

Ni , j , k+1
w , Ni , j+1, k+1

w , Ni+1, j+1, k+1
w , Ni+1, j , k+1

w )
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Table 2 Scaling coefficients which translate the refractivity values of
the eight surrounding nodes into SWD for Case 1 described in this
section. Other cases are detailed in Appendix 1

v av

(i , j , k) 1 − xout
l − yout

b + xout·yout
l·b

(i , j + 1, k) xout
l − xout·yout

l·b
(i + 1, j + 1, k) xout·yout

l·b
(i + 1, j , k) yout

b − xout·yout
l·b

(i , j , k + 1) 1 − xin
l − yin

b + xin·yin
l·b

(i , j + 1, k + 1) xin
l − xin·yin

l·b
(i + 1, j + 1, k + 1) xin·yin

l·b
(i + 1, j , k + 1) yin

b − xin·yin
l·b

and the SWD in the entire grid, consisting of mmax voxels,
is expressed as:

SWD �
mmax
∑

m�1

SWDβ (20)

Applying Eq. (10) to (17) into Eq. (18) yields:

SWDβ � 10−6 · u
2

8
∑

v�1

av · N v
w (21)

where the scaling coefficients av , which relate the node
values to SWD, can be obtained from solving the integral
(Eqs. 18 and 19) which can be obtained analytically in closed
form. For Case 1 (Table 2) the corresponding av formulas
are given in Table 2, while the remaining formulas are pro-
vided in Appendix 1. Since the node-based model, paired
with bilinear interpolation, allows to form a linear relation
between SWD and the unknown parameters, one can express
this linear model easily in any kind of estimator without the
need of linearization.

2.3.3 State vector

After replacing the standard representation of SWD in PPP
observation equations, i.e., Eqs. (1) and (2), with a grid-based
formulas, i.e., Eqs. (20) and (21), and considering a process-
ing of a network ofGNSS receivers, the following state vector
x is defined:

xT � [ N 1,1, 1
w . . . Nn, e, u

w xR1 . . . xRq ] (22)

with receiver-specific state vector xRr :

xRr �
[

Xr Yr Zr cδtr I SBr I1r , f1
· · · I sr , f1

N1
r , f1

N1
r , f2

· · · Ns
r , f1

Ns
r , f2

]

(23)

where n, e, u are the numbers of grid nodes in North, East
and Up directions, i.e., i � 1...n, j � 1...e, k � 1...u; q is
the number of receivers, so r � 1...q.

To address the nonlinearity between some of the param-
eters, in particular related to the antenna position, in the
PPP observation equations the STEPPP model utilizes the
Extended Kalman filter. xRr are initialized as in a standard
PPPsolution, i.e., a pseudorange (StandardPoint Positioning,
SPP) solution is performed for each receiver independently
to determine a priori Xr , Yr , Zr , cδtr and ISBr , while other
unknowns are set to 0. Thewet refractivity for all nodes is ini-
tiated by using a background model, i.e., vertical profiles of
refractivity. One could reconstruct such a profile from Hop-
field model (1969):

Nw ≈ Nws · (H
e
w − H

He
w

)
μ

(24)

with

μ � g

Rd�
− 1 (25)

where Nws is the surface wet refractivity, He
w is the height

above the surface at which the Nw is zero, H is the height of
interest, g � 9.80665 m/s2 is gravitational acceleration, Rd

� 287.0569 J/(kg K) is gas constant and � � 0.0068 K/m
is the temperature lapse rate. He

w is reconstructed by using
surface temperature ts from:

He
w � 13.268 − 0.09796 · ts (26)

Surface parameters are recovered from a selected numer-
ical weather prediction (NWP) model.

Alternatively, the vertical profiles of wet refractivity can
be recovered directly from the selected NWP using the ray-
tracing technique (Cegla et al. 2023). In the experiments
described in this article, values from theNWPmodel are used
for the outer nodes. For the inner nodes, a priori values of wet
refractivity are chosen arbitrarily so that they differ signif-
icantly from the reference values. In this way, the STEPPP
model was tested under extreme conditions, in which wet
refractivity values must converge from inaccurate values.

2.3.4 Wet refractivity constraints

To improve designmatrix rank score pseudo-observations are
introduced, that consider expected similar refractivity value
for each two horizontally neighboring nodes: (i , j , k) and
(i + 1, j , k), (i + 1, j , k) and (i + 1, j + 1, k), (i + 1, j + 1,
k) and (i , j + 1, k), (i , j + 1, k) and (i , j , k). For each
pair of neighboring inner nodes on each layer the following
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pseudo-observation is added to the equation system:

N∗
w − N∗+1

w � 0 + ςc (27)

where (∗+1) is the location of a node horizontally neighbor-
ing a node with the location at (∗), ςc is the formal error of
the constraint. No constraints are applied between a pair of
two outer nodes, or a pair of one outer and one inner node,
due to the relatively large distance between such nodes.

In general, no constraints are considered for vertically
neighboring nodes, due to expected large wet refractivity
fluctuation along the vertical profile. However, vertical con-
straints are applied to the neighboring nodes at two layers
when their distance is only on the order of a few meters, i.e.,
the two lowest layers that bound the GNSS network. In that
particular case, the vertical constraint is only applied to the
inner nodes:

N (i , j , 1)
w − N (i , j , 0)

w � 0 + ςc (28)

2.3.5 Construction of the design matrix

Given the defined form of the state vector x (Eq. 22), the
corresponding design matrix H for the STEPPP model is a
block matrix composed as follows:

H �
∣

∣

∣

∣

∣

HN HRec

HC 0

∣

∣

∣

∣

∣

(29)

HN contains partial derivatives of SWD (Eq. 20) with respect
to i -th estimated Nw, i :

∂SWD

∂Nw, i
�

mmax
∑

m�1

10−6 · u
2

· av, i (30)

The HN matrix has as many rows as there are observa-
tions from all receivers in the network and as many columns
as estimated nodes of the wet refractivity grid. The HC is
the constrain block, that establish pseudo-observations that
consider expected similar refractivity value for horizontally
or vertically neighboring nodes (Eqs. 27 and 28). Therefore
each rowof the HC consists of twononzero elements, i.e., one
− 1 and one + 1. The number of rows in the HC matrix cor-
responds to the number of introduced pseudo-observations.
HRec is a block diagonal matrix:

HRec �

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

HR1 0 . . . 0
0 HR2 . . . 0
...

...
. . . 0

0 0 0 HRq

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(31)

where HRr represents the design matrix for a single receiver,
containing the partial derivatives of the PPP model param-
eters (except the troposphere delay parameters) for the r -th
receiver. The number of rows of the HRr depends on the num-
ber of observations, while the number of receiver-specific
unknown parameters defines the number of columns.

2.4 Stochastic model

The nominal precision of GNSS observations remains con-
sistent with standard PPP processing, i.e., tracking error
standard deviation for pseudorange σP and carrier-phase
σL are 0.3 m and 3 mm, respectively. Elevation-dependent
weighting is not applied, because no troposphere mapping
functions are involved, the precision of which is limited for
observations at low-elevation. The precision of the applied
pseudo-observations, i.e., horizontal refractivity constraints,
varies among layers, i.e., is linearly interpolated from 5 at
the ground to 0.1 at 12 km. They can further be adjusted
to reflect the expected spatial variability, e.g., by using
the NWP model forecasting. The stochastic modeling of
receiver-specific parameters in the state vector is consistent
with standard PPP processing. Considering the SPP origin
of a priori coordinate, receiver clock error and ISB, the a
priori uncertainties are 1, 1000 and 1 m, respectively. The
uncertainties of slant ionosphere delay and carrier phase
ambiguity are set to 10 m and 1000 cycles, respectively. All
parameters are considered as random walk, thus an addi-
tive noise term ϑ is defined for each parameter. Parameters
assumed as constant variables, i.e., receiver coordinates and
carrier phase ambiguities over a continuous arc, are with the
noise of 10–5 m/

√
s. The ϑ for ISB is set to 10–2 m/

√
s,

while ϑ for receiver clock error and slant ionospheric delays
is increased to 1 m/

√
s, considering their higher dynam-

ics.
The modeling of wet refractivity at grid nodes varies

between inner and outer nodes. For inner nodes, the uncer-
tainty is height-dependent, i.e., it is linearly interpolated from
3 at the ground to 10–5 at 12 km,whereas the noise starts from
10–1/

√
s at the ground and reaches 10–5/

√
s at 12 km. Such

modeling reflects, in a simplified way, the typical vertical
profile of the wet refractivity and its evolution over time. For
outer nodes, the uncertainty of 10–5 and noise of 10–5/

√
s is

applied irrespective of the height, which in practice results
in fixed values of refractivity for outer nodes. For pseudo-
observations, the uncertainty of the horizontal constraints is
set to 1, regardless of the heights of the nodes. The uncer-
tainty of the vertical constraints for the two lowest layers is
set to 0.01, given the 20-m distance between the layers and
the fact that the lowest layer is considered a virtual under-
ground layer, i.e., it is below the GNSS network.
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2.5 Preventing numerical issues

As the Kalman filter and in particular the Extended Kalman
filter is known to suffer from numerical instability, sev-
eral measures have been taken to prevent the occurrence of
numerical issues. First, the a-posteriori error covariance is
always computed by the help of the Joseph form (Brown
and Hwang 2012) as this algorithm guarantees symmetry
of the covariance matrices. Second, the elements of the
state vector are chosen with suitable units so that they
are matching in their order of magnitudes. Thus, a com-
bination of small and large numbers is avoided whenever
possible, ensuring that, e.g., matrix inversion is more stable
than in the case of highly unbalanced state vector com-
ponents in terms of magnitude. In particular, an estimated
wet refractivity is scaled by a factor of 1/1000, thus largely
increasing the values of scaling coefficients (see Eq. 21).
Third, the use of temporal and spatial constraints stabilizes
the systems and prevents states that are either unobserved
or observed by only a very small number of measurements
from impacting the matrix conditions and the stability of the
filter.

We check for the symmetry of the covariance matrix
before and after the update of the Kalman filter. More-
over, we study the general observability of the refrac-
tivity nodes as they are computed within the Kalman
filter. In doing so, we do not follow the rather com-
plex analysis described in standard Kalman filtering lit-
erature, e.g., (Brown and Hwang 2012). Instead, we
carry out an eigenvalue analysis on stacked (from each
epoch) normal equation matrices, i.e., HT H , where
H is the Jacobian (measurement) matrix. The num-
ber of zero eigenvalues would then allow us to con-
clude on the rank-deficit and tell us if the system in
general is observable or not. The magnitude of the
eigenvalues, on the other hand, provides information
about the stability of the system and if there are cer-
tain parameters which are less well observed than oth-
ers.

3 Methods

3.1 Test area

The study area is around the city of Wrocław, Poland,
i.e., between 16°48’ East (E) and 17°18’ E longitude, and
51°00’ North (N) to 51°13’ N latitude. In this area, 20
uniformly-sampled points were generated with normal
height randomized from 150 to 160 m. These 20 locations
were considered GNSS station locations (Fig. 4) and used
in all further experiments.

Fig. 4 Test area and locations of 20 simulatedGNSS receivers; the black
thin line represents the boundaries of the city of Wrocław

3.2 Two setups of the refractivity grid

To establish a bounding box of the area of interest, 15 km
distances toward North, South, East and West from the geo-
metric center of the GNSS network (51°06’ N, 17°00’ E)
were determined by solving the direct geodetic problem
(Sodano 1965). The four nodes of the bounding box are con-
sidered inner nodes of the bottom layer (height of 140 m) of
the refractivity grid. If no further horizontal division was per-
formed, we referred to the refractivity grid as sparse, while
the dense refractivity grid was established by dividing the
latitudinal and longitudinal extents into three equal parts,
thus creating nine voxels instead of one. The outer nodes
for the bottom layer were calculated by solving the direct
geodetic problem from voxels of the bounding box for a dis-
tance of 137,160.63 m, which is the result of dividing the
upper boundary of the troposphere (12 km) by the tangent
of the elevation mask (5°). Therefore, at the bottom layer
the sparse refractivity grid contained four inner and 12 outer
nodes, while the dense refractivity grid contained 12 inner
and 20 outer nodes (Fig. 4). Finally, the nodeswere replicated
across the predefined layers.

For the sparse grid, they were at heights of 160 m, 4 km,
6 km, 8 km and 12 km, which linearly approximates the
refractive profile adopted in the tests (Fig. 5). The dense
grid had an additional two layers at heights of 1 and 2 km,
which gave the dense grid vertical spacing closer to expo-
nential, which is typically considered in GNSS tomography
(Möller 2017a, b). In both grid definitions, all GNSS stations
are located within the space between the two lowest layers,
which are only 20 m apart vertically and subject to vertical
constraints. This improves the determinability of wet refrac-
tivity in nodes located below GNSS stations by eliminating
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Fig. 5 The locations of the bottom layer nodes in the sparse and dense
refractivity grids; the black thick line represents the boundaries of the
city of Wrocław

their strong correlation with the heights of the receivers due
to unfavorable observation geometry.

3.3 NWMused for simulations

The European Centre for Medium-Range Weather Forecasts
(ECMWF) ERA5 NWP model for July 1, 2023 was used
to recover background wet refractivity profiles using the
NWP raytracing, as in (Hadaś et al. 2017). The profiles were
obtained with a 1 h time resolution and 200 m vertical reso-
lution. The profiles were recovered for the geometric center
of the GNSS network and for four ERA5 nodes that surround
the test area (Fig. 6).

3.4 GNSS data

Daily RINEX files containing GPS L1/L2 and Galileo
E1/E5a pseudorange and carrier phase observations at 30-s
intervals were generated for 20 test stations using the soft-
ware simulation capability of a Spirent GSS9000 simulator.
The simulator did not consider tropospheric or ionospheric
delays, and set the receiver clock offset, ISB and carrier phase
ambiguities to 0. Together with the 20 RINEX v3.2 obser-
vation files (hereafter referred to as ’raw RINEX files’), the
simulator output one navigation RINEX file to recover the
simulated satellite orbits. Receiver approximate coordinates
were estimated using SPP and written to the headers of the

RINEX files. Considering incomplete RINEX files for sev-
eral epochs around 00:35 UTC, and the high complexity of
the calculations, which consequently demanded a lot of com-
puting resources, the calculations were limited to 12 h, i.e.,
from 01:00 UTC to 13:00 UTC.

For each GNSS observation, i.e., in each epoch, from all
GNSS receivers and to all visible satellites, the signal path
was linearly raytraced in a defined refractivity grid, using the
approximate receiver coordinates in the RINEX header and
satellite coordinates calculated from the navigation RINEX
file. In particular, the voxels through which the signal passes
were identified, together with entry and exit sides. For each
passed voxel, the scaling coefficients av were determined for
eight surrounding nodes.

Individual nodes of the grid were assignedwet refractivity
values from selected wet refractivity profiles, as specified
in the following subsection. Following Eqs. 20 and 21, the
SWD was determined for each GNSS observation and the
raw RINEX files were modified, i.e., SWD s were added to
the corresponding observations.

3.5 Processing variants

Processing was performed using a modified version of the
GNSS WARP software (Hadaś 2015; Marut et al. 2024) and
independently implemented in the INSTICT software (Topp
et al. 2025) in five different processing variants, which sum-
mary is provided in Table 3. The processing variants differed
in terms of grid geometry, the values and dynamics of wet
refractivity assigned to the inner andouter nodes of the refrac-
tivity grid. Other model settings were consistent across all
variants, as described in Sect. 2. The 2×2_sta_null variant
allowed us to check the consistency of the geophysical mod-
els used between the software and the GNSS simulator, as
well as to verify the STEPPP concept for zero wet signal
delays, i.e., without modifying the raw RINEX files by the
determined SWDs. The 2×2_sta_uniform variant reflected
the basic grid configuration, in which we introduced layer-
specific values of wet refractivity, while the wet refractivity
value remained homogeneous among all nodes within the
same layer. This is the first time when modified RINEX files
are processed, hence detailed analysis of single-station PPP
results is provided. In the next three variants, one feature of
the base variant (2×2_sta_uniform) was modified in order to
verify the impact of individual factors on the effectiveness of
the STEPPP model. Specifically, in 2×2_dyn_uniform, the
time-variability of wet refractivity profiles was introduced,
in 2×2_sta_diverse, non-homogeneous wet refractivity pro-
files were considered, and in 2×2_sta_uniform, the spatial
resolution of the wet refractivity grid was increased, as was
the number of layers.

For eachvariant, three independent processing stageswere
performed: (1) single-station PPP for all 20 stations, initiated
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Fig. 6 Refractivity profiles from
the ERA5 model: a time
evolution for the central point of
the GNSS network, b noon
profiles for the central point and
four ERA5 nodes

Table 3 Summary of processing variants

ID Grid
geometry

Nw at inner nodes Nw at outer nodes

2×2_sta_null Sparse All set to 0, constant over time All set to 0, constant over time

2×2_sta_uniform Sparse Static ERA5 profile for the central point of the
GNSS network at 12:00

Same as for inner nodes

2×2_dyn_uniform Sparse Dynamic ERA5 profile for the central point of the
GNSS network at 12:00

Static ERA5 profile for the central point of the
GNSS network at 12:00

2×2_sta_diverse Sparse Static ERA5 profiles from the four ERA5 nodes Static ERA5 profile for the central point of the
GNSS network at 12:00

4×4_sta_uniform Dense Static ERA5 profile for the central point of the
GNSS network at 12:00

Same as for inner nodes

with approximate station coordinates and zero values for the
remaining estimated parameters (receiver clock offset,I SB,
carrier phase ambiguities and tropospheric and ionospheric
delays), with ZWD noise set to 5 mm/

√
h, (2) network solu-

tion initiated as in PPP, but due to short baselines between
stations, the receiver clock offsets, ISBs and ZWDs were

not estimated; and (3) multi-station STEPPP solution, where
the state vector was initialized with incorrect wet refractiv-
ity values, and the other parameters were initialized as in
the single-station PPP stage. To demonstrate the STEPPP
model’s ability to converge from various incorrect a priori
values, the a priori Nw were set arbitrarily with a large error
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relative to the true values. Stage (1) allowed for verification of
the correctness of themodified RINEXfiles after introducing
the calculated SWDs, in particular by comparing the esti-
mated receiver coordinates and estimated ZWD with known
values, while expecting a value of 0 for the remaining esti-
mated parameters. Stage (2) verified whether the STEPPP
model is effective in retrieving the wet refractivity field from
an invalid a priori state vector, i.e., whether it converges to
the actual values.

To focus on the results of the STEPPP model and for the
sake of clarity, stage 2) results are presented for each of the
five processing variants, while stage 1) results are presented
for one representative variant only, considering the repeata-
bility of the results and the conclusions drawn from them.

3.6 GNSS tomography

The GNSS troposphere tomography experiment was per-
formed using the TOMO2 model (Rohm 2013) for the 4×
4_sta_uniform variant for comparison purposes. A node-
based approach was applied, with bilinear/spline interpola-
tion based on cubic polynomials, following Trzcina et al.
(2020). The three-dimensional wet refractivity field was
reconstructed from SWD observations provided for each
satellite-receiver pair within the tomographic domain. The
functional model was formulated using a vector of unknown
wet refractivity values, a vector of SWD observations, and
the projection matrix containing partial derivatives of obser-
vations with respect to the estimated parameters. To stabilize
the solution, a priori information on the wet refractivity
field was introduced as an additional term in the observa-
tion vector. No explicit spatial or temporal constraints on the
refractivity field were imposed. The solution was obtained
using a weighted least-squares approach with truncated
singular value decomposition (Flores 1999; Rohm 2013).
Consequently, the inversion yields a three-dimensional wet
refractivity field defined at the nodes of the tomographic
grid. The uncertainties of the SWD observations were mod-
eled using elevation-dependent weighting, with an RMS of
5 mm in the zenith direction. The uncertainties of the a priori
wet refractivity field were set to standard values provided by
the TOMO2 model, derived from validation of NWP wet
refractivity data against radiosonde observations for each
tomographic layer, ranging from10.7 units in the lowest layer
to 0.1 unit for the uppermost layer (Trzcina and Rohm 2019).

4 Results

4.1 Observability analysis

Figure 7 shows the eigenvalues, sorted by their magnitude,
for different approaches of STEPPP model definition. For

Fig. 7 Eigenvalues of estimated components, sorted by their magni-
tudes, for three different approaches of STEPPP model definition. The
zoom in plot is given for the first 24 components

the 5-layer variant, which corresponds to our initial grid def-
inition, we omitted the layer at a height of 160 m, i.e., just
above the GNSS network. For the 6-layer variant, we addi-
tionally consider the impact of adding a vertical constraint,
which is possible for the two lowest layers, only 20 m apart.
First, it can be observed that no eigenvalue is zero, which
indicates that in general all parameters are observable over
the period of 12 h. For most of the estimated parameters, the
eigenvalues are the same in all three variants. The differences
are particularly evident for the first two components, which
have been identified as northern nodes in the lowest layer.
For the 5-layer variant, the eigenvalues fall within the range
from 0.02 to 2 × 107 thus covering a range of nine orders
of magnitude. Although the range of eigenvalues increases
after adding the sixth layer, as the first component reaches
a value below 0.009, adding a vertical constraint causes the
first twenty-odd components to have eigenvalues at the same
level, from 0.07 to 0.08. These values are four times higher
than in the five-layer variant, where the use of vertical con-
straints was unjustified due to the large distances between
the individual layers. At the same time, adding a sixth layer,
with or without vertical constraints, did not affect the eigen-
values of the remaining components. Thus two conclusions
were adopted, i.e., (1) in general the system is observable, (2)
adding a sixth layer helps to reduce the range of eigenvalues
by increasing the extremely low eigenvalues of the first two
components to the level of the eigenvalues of the next twenty
components, which will very likely help to stabilize the solu-
tion and thus lead to more physically correct wet refractivity
estimates.
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Fig. 8 Distribution of the receiver-specific estimated parameters using
STEPPP for the 2×2_sta_null variant. The plot refers to the entire test
period, while the numbers refer to the mean and standard deviation for
the dataset excluding the convergence period of 120 min

4.2 Null wet refractivity field (2×2_sta_null)

In the first test of the STEPPP model, RINEX files obtained
directly from the GNSS simulator were used, i.e., the obser-
vations were unaffected by tropospheric delay. Therefore,
the correct result of the STEPPP model should be the repro-
duction of zero wet refractivity profiles; in other words, all
estimated wet refractivity values should be equal to zero.
Simultaneously, themodel should recover the simulated posi-
tions of the 20 GNSS stations, as well as the receiver clock
offsets, inter-system biases, slant ionosphere delays and car-
rier phase ambiguities that equal to zero.

The analysis of the time series of receiver-specific esti-
mated parameters (Fig. 8) revealed the high accuracy of the
results for all GNSS stations. After excluding the results from
the initial 2 h, which was assumed as the convergence period,
the accuracy of the coordinates was better than 0.1, 0.2 and
0.3 mm for the North, East and Up components, respectively.
The accuracy of the estimated receiver clock offsets and ISBs
was found to be at the level of 1 mm, but average biases of +
0.8 and − 1.5 mm were identified for these two parameters,
respectively. The estimated slant ionosphere delays and car-
rier phase ambiguities were zero mean, with precision of 0.1
and 1.5 mm, respectively.

Despite the a priori wet refractivity being set incorrectly,
i.e., they differed by 5 units all layers except the highest
one, the STEPPP model recovered the wet refractivity val-
ues at grid nodes with an accuracy of better than 0.1 units
after only 3 h of data processing, and maintained this level
of accuracy until the end of the processing window, i.e., for
the next 9 h (Fig. 9a). After 12 h of processing, the error
in determining wet refractivity ranged from -0.05 for the
fourth layer to + 0.05 for the sixth (top) layer. Throughout the

Fig. 9 STEPPP results for the 2×2_sta_null variant at selected epochs:
a wet refractivity profiles and b wet refractivity uncertainty

entire processing period, the differences between wet refrac-
tivity values at different nodes within the same layer never
exceed 0.01, potentially due to the use of horizontal con-
straints.

Despite the marginal errors in determining the wet refrac-
tivity, the estimateduncertainty remained significantly higher
(Fig. 9b).While the uncertainty in the lower layers decreased
from 5 units to below 2 units in just 1 h of data processing, it
remained in the range of 1.4 to 1.6 for the remaining process-
ing period. For layer 3 at a height of 4 km, the error decreased
from 3.7 to 1.8; for layer 4, it periodically increased from 2.5
to 3.1 before finally decreasing to 2.4; and for layer 5, it
remained around 1.4.

4.3 Uniform and static wet refractivity field
(2×2_sta_uniform)

4.3.1 Single-station PPP

After adding wet troposphere delays to the GNSS obser-
vations generated by the simulator, the time series of the
selected parameters, as estimated using the single-station
PPP technique, were examined for all the test stations
(Fig. 10). For each parameter, a typical convergence period
of around 2 h was observed. Once the PPP solution had
converged, the coordinate determination errors were within
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Fig. 10 Results of single-station PPP for 20 RINEX files generated
in 2×2_sta_uniform case: a coordinates, b receiver clock parameters,
c zenith wet delay. Individual receivers are plotted with lines that have
a slightly different tone

3 mm for each component. After 12 h of data process-
ing the corresponding uncertainty was below 2 mm for the
North component, below 4 mm for the East component, and
below 4 mm for the receiver height. Errors in estimating
the receiver clock offset and ISB, with an expected value
of zero for both parameters, were within ± 6 mm after the
convergence of the PPP solution was reached. ISB values
were more consistent between receivers, but were deter-
mined with a systematic error of + 4 mm. The uncertainty
in determining the ISB was approximately 1 mm and that
in determining the receiver clock offsets was below 4 mm.
The convergence time of the ZTD to the simulated value did
not exceed 2 h and thus did not differ from the convergence
time of the other parameters, particularly the receiver coor-
dinates. Once convergence had been reached, the estimated
ZWD value, which according to the adopted refractivity field
should be 184.7mm for all GNSS stations, ranges from182.5
to 185.8 mm (average 184.1 mm). The differences in the esti-
mated wet refractivity value by individual GNSS stations in
the same epoch did not exceed 3 mm. These results were
typical for the PPP technique, indicating that the addition of
wet tropospheric delay toGNSS observations was performed
correctly.

Fig. 11 Wet refractivity profiles at selected epochs as a result of STEPPP
for the 2×2_sta_uniform case

4.3.2 STEPPP

After applying the STEPPP model to the 2×2_sta_uniform
case, the static refractivity field with homogeneous layers
was accurately reconstructed (Fig. 11). Despite starting with
an a priori wet refractivity profile that differed significantly
from the simulated one, e.g., by more than 10 units for the
two lowest layers, after just 3 h of data processing the wet
refractivity values at the grid nodes did not differ from the
correct values by more than 0.3 units, and after 12 h the
accuracy was better than 0.1 units. Continuously, the largest
error was noticed in the wet refractivity value at the fourth
layer (at an altitude of 6 km), which might be due to the
relatively smaller distance of this layer from the neighboring
layers No. 3 and 5 (2 km from each), and consequently a
smaller contribution of this layer to the total value of theSWD
along the entire signal path.Although the error in determining
wet refractivity remained marginal, it showed the need to
optimize the setting of model layer heights, which should
take into account not only the physical stratification of the
wet refractivity field, but also the geometric distribution of
GNSS signals in the defined refractivity grid.

For station-specific parameters, their accuracy from the
STEPPP model was far superior to the accuracy obtained
from the PPP and network solutions (Fig. 12). The error
range in coordinate estimation using the PPP technique was
from − 2.6 mm to + 1.8 mm for horizontal coordinates and
from − 1.3 mm to + 3.4 mm for station height. For net-
work solutions the range was from − 1.3 mm to + 0.1 mm
for horizontal coordinates and from − 1.7 mm to 0.0 mm for
station height. In contrast, the corresponding STEPPPmodel
ranges were from − 0.4 mm to + 0.4 mm and − 0.8 mm to
+ 0.5 mm, yielding an improvement factor against PPP of
4 and 5, respectively. Systematic offset in receiver height
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Fig. 12 Comparison of parameters accuracy between single-station PPP
(in orange), STEPPP (in blue) and network solution (in green) after 12 h
of processing for the 2×2_sta_uniform case. The dark circle with an
’x’ inside represents the mean value; the box covers the results within
the + /i one sigma range; the thin light line represents the full range

was reduced from + 0.8 mm (PPP) and − 0.5 (network)
to − 0.2 mm while biases of horizontal coordinates main-
tained below± 0.2 mm. As for the network solution receiver
clock offsets and ISB cancel out. Moreover, given the short
baselines, also relative ZWD are almost zero and thus not
parameterized in the network solution. However, improve-
ments against PPP were also noticed for both clock-related
parameters. The systematic bias was reduced by 25 and 39%
for the receiver clock offset and ISB, respectively. The inter-
station agreement of the receiver clock offset improved from
4.5 to 1.6 mm, revealing the potential of the STEPPP model
in precise time transfer in local networks.

Although STEPPP did not directly estimate the ZWD, it
was reconstructed from the estimated wet refractivity field.
This reconstructed ZWD, with an error of no more than
0.1 mm for all 20 GNSS stations, proved to be much more
accurate than that ZWD estimated with the PPP technique.
The limited accuracy of ZWDestimation in the PPP solution,
as well as the comparison of the estimated ZWD with the
value reconstructed from the wet refractivity field, may have
been influenced by the temporal constraints of this param-
eter in PPP solution, since it cannot be directly linked to
the temporal constraints for NW . However, previous studies
on setting ZWD process noise indicate that optimal process
noise selection can improve ZWD accuracy by up to 50%
(Hadaś et al. 2017), meaning the STEPPP solution would
remain superior to PPP.

4.4 Dynamic wet refractivity field
(2×2_dyn_uniform)

The 2×2_dyn_uniform case test demonstrated the STEPPP
model’s ability to reconstruct refractivity profiles under con-
ditions of temporal variability of the wet refractivity field,
includinghighdynamics (Fig. 13). Following themodel’s ini-
tial convergence period under static conditions, the estimated
wet refractivity values aligned with the simulated values
across all layers of the refractivity grid. Even when simu-
lated wet refractivity changed by more than 13 units within
4 h in layer No. 3 (Fig. 12c, 05:00–09:00 UTC), the error of
estimated wet refractivity did not exceed 1 unit. The lowest
layer exhibited the poorest accuracy, though this was still bet-
ter than 1 unit. The error was systematic, i.e., the estimated
values during the period of high temporal variability were
usually underestimated, regardless of the current trend of the
parameter. Wet refractivity errors in the two highest layers
were significantly lower, as were the absolute wet refractivity
values.

4.5 Diverse wet refractivity field (2×2_sta_diverse)

In the 2×2_sta_diverse variant, diverse refractivity profiles
were simulated within the grid, mainly differing in the three
lowest layers (Fig. 14a). The a priori wet refractivity profiles
were identical, but differing from the simulated values by
up to 20 units. The processing of GNSS observations with
the STEPPP model resulted in the estimated wet refractiv-
ity profiles converging to the simulated values, reaching a
consistency of 0.1 units after approximately 6 h (Fig. 14b–e,
blue line). The accuracy was maintained until the end of
the processing period, i.e., for the following 6 h. An excep-
tion was the lowest layer, i.e., the layer below the GNSS
stations, for which the wet refractivity values were under-
estimated by between 0.6 and 0.2 units. Despite the use of
vertical constraints with a pseudo-observation error of 0.01,
the differences between the two lowest layers were greater,
indicating the vulnerability of the lowest layer. Fortunately,
its impact on the total wet signal delay remained marginal
due to the small distance to the next layer—only 0.2% of the
thickness of the entire troposphere. According to Eq. 8, a wet
refractivity error of 1 unit over a distance of 20 m translates
into an error of 0.02 mm in determining the SWD, which is
significantly below the precision of GNSS observations.

As expected, in the refractivity field with spatially varying
refractivity profiles, the reconstructed ZWD values varied
among GNSS stations (Fig. 15a). During the first 2 h of
data processing, the reconstructed ZWD values ranged from
162.6 mm to 220.3 mm due to the convergence of wet
refractivity values at grid nodes. These values were there-
fore overestimated, due to the a priori profile adopted, which
assumed awet refractivity value significantly higher than that
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Fig. 13 Time series of wet refractivity and their error at different layers. Estimated values, except for i � 2, j � 2 (blue line) are intentionally biased
by 1% of vertical axis range to increase their visibility

Fig. 14 Wet refractivity profiles in 2×2_sta_diverse case: a reference values, b-e error between estimated and simulated wet refractivity at selected
epochs
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Fig. 15 ZWD time series for 20 GNSS stations: a ZWD values, b ZWD
error. The reference ZWDwas obtained using the simulated wet refrac-
tivity values for grid nodes

simulated up to a height of approximately 5 km (Fig. 14).
When the first 2 h of calculations were excluded from time
series analysis, theZWDvalues for individual stations ranged
from 166.3 mm (receiver No. 17) to 177.8 mm (receiver No.
12). These were receivers with extreme south-western and
south-eastern locations, respectively. Furthermore, the ZWD
time series were very stable over time. The maximum stan-
dard deviation for the ZWD time series was 0.3 mm, with
a maximum fluctuation of 1.7 mm (receiver No. 13). Ini-
tially reaching up to + 40 mm, errors in determining the
ZWD (Fig. 15b) systematically decreased to single mm val-
ues. From 03:00 UTC onwards, these errors did not exceed
1 mm, except for two short periods between 04:00 and 06:00
UTC for stations No. 4, No. 13 and No. 20, which were
located in the north-west of the GNSS network.

4.6 Dense wet refractivity field (4×4_sta_uniform)

Following the increase in grid resolution, receiver-specific
parameter estimation remained accurate to sub-millimeter
level for all GNSS receivers (Fig. 16). The coordinate accu-
racy was 0.2, 0.3 and 0.5 mm for the North, East and Up
components, respectively. There were no systematic errors in
the estimated parameters, except for the receiver clock off-
sets, which were underestimated by 1.1 mm, and the ISBs,
which were overestimated by 1.6 mm. The results for 4×
4_sta_uniform case were consistent with the results pre-
sented previously (Fig. 7), which related to the test involving

Fig. 16 Distribution of the receiver-specific estimated parameters using
STEPPP for the 4×4_sta_uniform variant. The plot refers to the entire
test period, while the numbers refer to the mean and standard deviation
for the dataset excluding the convergence period of 120 min

a zero refractionfield (2×2_sta_null). This demonstrated that
increasing the number of unknowns in the state vector by
almost 200 did not negatively impact the accuracy of esti-
mated receiver-specific parameters.

Accurate wet refractivity profiles were recovered with
STEPPP for the dense grid (Fig. 17), but the two lowest layers
converged more slowly than the others. 5.5 h were required
to achieve an accuracy of wet refractivity better than 1 unit.
In contrast, the higher layers converged to an accuracy of 1
unit in less than 2 h. After 12 h of processing the accuracy of
wet refractivity for all grid nodes was better than 0.3. Adding
extra refractivity nodes to the grid resulted in a longer conver-
gence time, particularly for the lowest layers, while slightly
reducing the accuracy of wet refractivity estimation.

The NW profile was also successfully reconstructed using
GNSS tomography (Fig. 17, gray line). For 6 of the 8 layers,
the NW error was less than 0.2 unit, while NW at heights of 1
and 4 kmwere underestimated by 0.8 and 1 unit, respectively.
The RMSE of NW reconstruction from GNSS tomography
was 0.5 unit, while the RMSE of NW from STEPPP after
12 h was below 0.2 unit. When interpreting the results, it
should be emphasized that the STEPPP solution requires a
convergence period,while a single-epochGNSS tomography
solution is possible provided that the model is fed with accu-
rate SWDvalues, i.e., from an independentGNSS processing
that has achieved convergence. Slightly greater inaccuracies
in the reconstructed NW profile from our GNSS tomogra-
phy solution may result from different assumptions of the
TOMO2 model, including logarithmic vertical variability of
wet refractivity. Typical GNSS tomography results for sim-
ulated SWD observations reported an RMS below 0.2 units
(RohmandBosy 2009),which is comparable to the NW accu-
racy achieved using the STEPPP model.
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Fig. 17 STEPPP results for the 4×4_sta_uniform variant at selected
epochs: a wet refractivity profiles and b wet refractivity error

5 Discussion

The STEPPP model was tested on a limited dataset and on
fabricated variants of the spatial and temporal variability
of the wet refractive field. However, the aim was to verify
the model’s isolated behaviors, i.e., its ability to recover the
distribution of wet refractivity under static and dynamic con-
ditions, during the asymmetric distribution ofwet refractivity
over the study area and the impact of the number of model
layers on the obtained results. During the development of
the model, the authors performed hundreds of processing
cases. However, only representative variants are presented to
demonstrate the general yet reliable validation of the model.
The results obtained so far encourage the continued devel-
opment of the STEPPP model.

To ensure reliablemodel validation, data fromaGNSSsig-
nal simulator was used to provide errorless reference values
of all the estimated parameters, including the station coor-
dinates and the wet refractivity values at the grid nodes. For
comparison purposes, PPP and network processing results
were provided, that were obtained on the same data, and
refractivity profiles were independently reconstructed using
GNSS tomography. The consistency of the results obtained
from different techniques provides further evidence of the
effectiveness of the STEPPP model.

Fan et al. (2025) have demonstrated the effectiveness of
an alternative one-step technique for reconstructing the wet-
refractivity field using real GNSS observations. The STEPPP

model has not yet been verified using real observations, i.e.,
obtained from physical GNSS stations. This is another step
for the authors, and the plan is to use a local networkof several
dozen low-cost GNSS stations (Marut et al. 2022). Further
tests will involve transitioning from the local to the regional
scale using observations from the Polish ASG-EUPOS net-
work of permanent GNSS stations (https://www.asgeupos
.pl/). In this case, the limitation in model validation will be
the lack of errorless reference values, meaning it will only
be possible to compare the model with other state-of-the-
art techniques for determining refractivity profiles, including
GNSS tomography and water vapor microwave radiometry.
Adapting the STEPPPmodel to a regional scale with a sparse
distribution of GNSS stations would require a change in grid
geometry, i.e., the location of wet refractivity profiles, as well
as careful application of horizontal constraints, but the foun-
dation of the model will remain unchanged. Extending the
research to include real observation data would require com-
plex optimization work in areas such as the stochastic model
and geometry of the wet refractivity grid.

Further research is needed on the physical spatio-temporal
variability of wet refractivity, to improve the stochastic
model. It will allow for the optimal definition of uncertainty
and noise of the estimated parameters, as well as the effec-
tive application of horizontal andvertical constraints between
neighboring nodes. The authors plan to use long-term ERA5
reanalyzes and to adapt selected models from GNSS tomog-
raphy. The overestimated uncertainties obtained so far may
result, among other things, from using the simulated GNSS
observations and simulated SWDs. In the case of real obser-
vations, which are subject to acquisition noise and signal
propagation errors, the method of observation weighting
should be considered.However, the use of standard elevation-
dependent mapping functions is contrary to the concept of
the STEPPP model, in which the slant delay of the signal is
not recovered by mapping the zenith delay.

The grid geometry, in particular its stratification, should
reflect the actual variability of the wet refraction field, while
being limited by the location of GNSS receivers and signal
paths within the grid. When transitioning from a local to a
regional scale, the curvature of the Earth will cause the grid
to lose its orthogonality in the local topocentric coordinate
frame. Therefore, adapting the assumption of linear interpo-
lation between nodes in the geographic system (longitude,
latitude) can lead to inaccuracies, but these are acceptable in
GNSS tomography. It should also be noted that the variabil-
ity of the wet refractivity profile is not linear. Either vertical
densification of the refractivity grid or the adoption of a more
complex model for refractivity interpolation in the vertical
direction is needed. A denser grid or a more homogeneous
distribution of the nodes might be beneficial for a better
representation of azimuthal variations. Moreover, the lim-
ited effectiveness of the STEPPP model in determining wet
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refractivity values for nodes in the lowest layer of the grid
remains an open issue. The authors attribute this fact to an
unfavorable distribution of signals within the grid, i.e., the
absence of signals crossing the bottom layer (theywould have
to have a negative elevation angle). Fortunately, the impact of
this error is marginal when vertical constraints with the next
nearby layer is applied. The authors consider changing the
method of vertical interpolation for cases where the receiver
is inside a voxel. For voxels with marginal height, a constant
profile of wet refractivity can be assumed, thus eliminating
from the state vector unknowns corresponding to the values
in the lowest layer.

When considering the application of the model for oper-
ational purposes (e.g., for assimilation to numerical weather
prediction models, as is the case of GNSS tomography), the
computational time required for the STEPPP model must
be analyzed. The most computationally intensive stage of
the data processing is the inversion of the predicted squared
covariance residual matrix during the Kalman gain calcu-
lation. The size of the matrix depends on the number of
observations; however, the inversion time increases expo-
nentially. The current Matlab implementation of the model
with twentyGNSS receivers and observations frombothGPS
and Galileo enables one observation epoch to be processed
in less than 4 s using a personal computer with an 8-core,
3.5 GHz processor and 32 GB of RAM. However, increasing
the number of GNSS stations and densifying the refractivity
grid may require implementing the model in a more efficient
programming language in order to maintain real-time pro-
cessing regime.

6 Conclusions

This paper provides a detailed description of the STEPPP
model, which uses undifferenced and uncombined GNSS
observations to determine the 3D refractivity field together
with station coordinates and other receiver-specific parame-
ters, i.e., receiver clock offset, slant ionosphere delays and
carrier phase ambiguities. In terms of data, processing tech-
niques and the resulting products, the STEPPP model is
understood as combining PPP and GNSS tomography within

a singlemathematical framework. The advantage of STEPPP
over both techniques is the lack of troposphere zenith-to-slant
and gradient mapping functions, since only the bilinear inter-
polation of the wet refractivity along the signal propagation
path is considered.

Various numerical tests were conducted using dual-
frequency GPS and Galileo observations from a GNSS
simulator. Realistic SWD values were calculated from the
ERA5 NWP and then added to corresponding observations.
This allowed the developed concept to be validated in syn-
thetic conditions, in which the error-free values of all the
estimated state vector parameters were known. In particu-
lar, the recovery of various wet refractivity fields was tested,
starting from null refractivity and progressing through verti-
cally, vertically and horizontally differentiated fields, as well
as time-varyingwet refractivity fields. In addition, two differ-
ent grid geometries were tested, i.e., sparse and dense, with
96 and 288 wet refractivity nodes, respectively.

The results proved the effectiveness of the STEPPPmodel
in retrieving wet refractivity fields irrespective of its spatio-
temporal variability, while concurrently estimating other
unknown parameters, including GNSS station coordinates.
The accuracy of the determined wet refractivity profiles was
better than 0.1 units. The positioning results were supe-
rior to single-station PPP, i.e., accuracy of 0.1 and 0.2 mm
was achieved for horizontal components and vertical com-
ponents, respectively, for all test stations.

The concept of STEPPP can be seen as a step of data com-
bination on the observation level (Coulot et al. 2007), which
increases the robustness, precision, accuracy and integrity of
geodetic products, which does not only apply to troposphere
estimates, but also includes station coordinates, velocity and
time information as well as a manifold of other geodetic and
geophysical parameters which can be estimated by means
of PPP. Thus, the STEPPP model fulfills the recommenda-
tion of Global Geodetic Observing System (GGOS) (Plag
and Pearlman 2009; Kutterer et al. 2012) to combine data
on the observation level and determine geodetic products,
including troposphere parameters, in an utmost consistent
and self-controlled approach.
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Appendix 1. Scaling coefficients which
translate the refractivity values of the eight
surrounding nodes into SWD

Case 1 ai , j , k � 1 − xout/l − yout/b + xout · yout/(l · b)
ai , j+1, k � xout/l − xout · yout/(l · b)
ai+1, j+1, k � xout · yout/(l · b)
ai+1, j , k � yout/b − xout · yout/(l · b)
ai , j , k+1 � 1 − xin/l − yin/b + xin · yin/(l · b)
ai , j+1, k+1 � xin/l − xin · yin/(l · b)
ai+1, j+1, k+1 � xin · yin/(l · b)
ai+1, j , k+1 � yin/b − x in · yin/(l · b)

Case 2 ai , j , k � 1 − xout/l − yout/b + xout · yout/(l · b)
ai , j+1, k � 0

ai+1, j+1, k � 0

ai+1, j , k � yout/b − yout · zout/(b · h)
ai , j , k+1 � (1 − xin/l − yin/b + xin · yin/(l · b)) + (zout/h − yout · zout/(b · h))
ai , j+1, k+1 � xin/l − xin · yin/(l · b)
ai+1, j+1, k+1 � xin · yin/(l · b)
ai+1, j , k+1 � (yin/b − x in · yin/(l · b)) + (yout · zout/(b · h))

Case 3 ai , j , k � 0

ai , j+1, k � 1 − zout/h − yout/b + yout · zout/(b · h)
ai+1, j+1, k � yout/b − yout · zout/(b · h)
ai+1, j , k � 0

ai , j , k+1 � 1 − xin/l − yin/b + xin · yin/(l · b)
ai , j+1, k+1 � (xin/l − xin · yin/(l · b)) + (zout/h − yout · zout/(b · h))
ai+1, j+1, k+1 � (xin · yin/(l · b)) + (yout · zout/(b · h))
ai+1, j , k+1 � yin/b − x in · yin/(l · b)

Case 4 ai , j , k � 1 − xout/l − zout/h + xout · zout/(l · h)
ai , j+1, k � xout/l − xout · zout/(l · h)
ai+1, j+1, k � 0

ai+1, j , k � 0

ai , j , k+1 � (1 − xin/l − yin/b + xin · yin/(l · b)) + (zout/h − xout · zout/(l · h))
ai , j+1, k+1 � (x in/l − xin · yin/(b · l)) + (xout · zout/(l · h))
ai+1, j+1, k+1 � xin · yin/(l · b)
ai+1, j , k+1 � yin/b − xin · yin/(l · b)
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Case 5 ai , j , k � 0

ai , j+1, k � 0

ai+1, j+1, k � xout/l − xout · zout/(l · h)
ai+1, j , k � 1 − xout/l − zout/h + xout · zout/(l · h)
ai , j , k+1 � 1 − xin/l − yin/b + xin · yin/(l · b)
ai , j+1, k+1 � xin/l − xin · yin/(l · b)
ai+1, j+1, k+1 � (xin · yin/(l · b)) + (xout · zout/(l · h))
ai+1, j , k+1 � (yin/b − xin · yin/(l · b)) + (zout/h − xout · zout/(l · h))

Case 6 ai , j , k � (1 − zin/h − yin/b + yin · zin/(b · h)) + (1 − xout/l − yout/b + xout · yout/(l · b))
ai , j+1, k � xout/l − xout · yout/(l · b)
ai+1, j+1, k � xout · yout/(l · b)
ai+1, j , k � yin/b − yin · zin/(b · h) + (yout/b − xout · yout/(l · b))
ai , j , k+1 � zin/h − yin · zin/(b · h)
ai , j+1, k+1 � 0

ai+1, j+1, k+1 � 0

ai+1, j , k+1 � yin · zin/(b · h)
Case 7 ai , j , k � 1 − xout/l − yout/b + xout · yout/(l · b)

ai , j+1, k � (1 − zin/h − yin/b + yin · zin/(b · h)) + (xout/l − xout · yout/(l · b))
ai+1, j+1, k � (yin/b − yin · zin/(b · h)) + (xout · yout/(l · b))
ai+1, j , k � yout/b − xout · yout/(l · b)
ai , j , k+1 � 0

ai , j+1, k+1 � zin/h − yin · zin/(b · h)
ai+1, j+1, k+1 � yin · zin/(b · h)
ai+1, j , k+1 � 0

Case 8 ai , j , k � (1 − xout/l − yout/b + xout · yout/(l · b)) + (1 − xin/l − zin/h + xin · zin/(l · h))
ai , j+1, k � (xout/l − xout · yout/(l · b)) + (xin/l − xin · zin/(l · h))
ai+1, j+1, k � xout · yout/(l · b)
ai+1, j , k � (yout/b − xout · yout/(l · b)
ai , j , k+1 � zin/h − xin · zin/(l · h)
ai , j+1, k+1 � xin · zin/(l · h)
ai+1, j+1, k+1 � 0

ai+1, j , k+1 � 0

Case 9 ai , j , k � 1 − xout/l − yout/b + xout · yout/(l · b))
ai , j+1, k � xout/l − xout · yout/(l · b))
ai+1, j+1, k � (xin/l − xin · zin/(l · h)) + (xout · yout/(l · b))
ai+1, j , k � (1 − xin/l − zin/h + xin · zin/(l · h)) + (yout/b − xout · yout/(l · b))
ai , j , k+1 � 0

ai , j+1, k+1 � 0

ai+1, j+1, k+1 � xin · zin/(l · h)
ai+1, j , k+1 � zin/h − xin · zin/(l · h)
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Case 10 ai , j , k � 1 − zin/h − yin/b + yin · zin/(b · h)
ai , j+1, k � 1 − zout/h − yout/b + yout · zout/(b · h)
ai+1, j+1, k � yout/b − yout · zout/(b · h)
ai+1, j , k � yin/b − yin · zin/(b · h)
ai , j , k+1 � zin/h − yin · zin/(b · h)
ai , j+1, k+1 � zout/h − yout · zout/(b · h)
ai+1, j+1, k+1 � yout · zout/(b · h)
ai+1, j , k+1 � yin · zin/(b · h)

Case 11 ai , j , k � (1 − zin/h − yin/b + yin · zin/(b · h)) + (1 − xout/l − zout/h + xout · zout/(l · h))
ai , j+1, k � xout/l − xout · zout/(l · h)
ai+1, j+1, k � 0

ai+1, j , k � yin/b − yin · zin/(b · h)
ai , j , k+1 � (zin/h − yin · zin/(b · h)) + (zout/h − xout · zout/(l · h))
ai , j+1, k+1 � xout · zout/(l · h)
ai+1, j+1, k+1 � 0

ai+1, j , k+1 � yin · zin/(b · h)
Case 12 ai , j , k � 1 − zin/h − yin/b + yin · zin/(b · h)

ai , j+1, k � 0

ai+1, j+1, k � xout/l − xout · zout/(l · h)
ai+1, j , k � (yin/b − yin · zin/(b · h)) + (1 − xout/l − zout/h + xout · zout/(l · h))
ai , j , k+1 � zin/h − yin · zin/(b · h)
ai , j+1, k+1 � 0

ai+1, j+1, k+1 � xout · zout/(l · h)
ai+1, j , k+1 � (yin · zin/(b · h)) + (zout/h − xout · zout/(l · h))

Case 13 ai , j , k � 0

ai , j+1, k � 1 − zin/h − yin/b + yin · zin/(b · h)
ai+1, j+1, k � (yin/b − yin · zin/(b · h)) + (xout/l − xout · zout/(l · h))
ai+1, j , k � 1 − xout/l − zout/h + xout · zout/(l · h)
ai , j , k+1 � 0

ai , j+1, k+1 � zin/h − yin · zin/(b · h)
ai+1, j+1, k+1 � (xout · zout/(l · h)) + (yin · zin/(b · h))
ai+1, j , k+1 � zout/h − xout · zout/(l · h)

Case 14 ai , j , k � 1 − xout/l − zout/h + xout · zout/(l · h)
ai , j+1, k � (1 − zin/h − yin/b + yin · zin/(b · h)) + (xout/l − xout · zout/(l · h))
ai+1, j+1, k � yin/b − yin · zin/(b · h)
ai+1, j , k � 0

ai , j , k+1 � zout/h − xout · zout/(l · h)
ai , j+1, k+1 � (zin/h − yin · zin/(b · h)) + (xout · zout/(l · h))
ai+1, j+1, k+1 � yin · zin/(b · h)
ai+1, j , k+1 � 0
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Case 15 ai , j , k � 1 − zout/h − yout/b + yout · zout/(b · h)
ai , j+1, k � 1 − zin/h − yin/b + yin · zin/(b · h)
ai+1, j+1, k � yin/b − yin · zin/(b · h)
ai+1, j , k � yout/b − yout · zout/(b · h)
ai , j , k+1 � zout/h − yout · zout/(b · h)
ai , j+1, k+1 � zin/h − yin · zin/(b · h)
ai+1, j+1, k+1 � yin · zin/(b · h)
ai+1, j , k+1 � yout · zout/(b · h)

Case 16 ai , j , k � (1 − xin/l − zin/h + xin · zin/(l · h)) + (1 − zout/h − yout/b + yout · zout/(b · h))
ai , j+1, k � xin/l − xin · zin/(l · h)
ai+1, j+1, k � 0

ai+1, j , k � yout/b − yout · zout/(b · h)
ai , j , k+1 � (zin/h − xin · zin/(l · h)) + (zout/h − yout · zout/(b · h))
ai , j+1, k+1 � xin · zin/(l · h)
ai+1, j+1, k+1 � 0

ai+1, j , k+1 � yout · zout/(b · h)
Case 17 ai , j , k � 1 − xin/l − zin/h + xin · zin/(l · h)

ai , j+1, k � (xin/l − xin · zin/(l · h)) + (1 − zout/h − yout/b + yout · zout/(b · h))
ai+1, j+1, k � yout/b − yout · zout/(b · h)
ai+1, j , k � 0

ai , j , k+1 � zin/h − xin · zin/(l · h)
ai , j+1, k+1 � (xin · zin/(l · h)) + (zout/h − yout · zout/(b · h))
ai+1, j+1, k+1 � yout · zout/(b · h)
ai+1, j , k+1 � 0

Case 18 ai , j , k � 1 − xin/l − zin/h + xin · zin/(l · h)
ai , j+1, k � xin/l − xin · zin/(l · h)
ai+1, j+1, k � xout/l − xout · zout/(l · h)
ai+1, j , k � 1 − xout/l − zout/h + xout · zout/(l · h)
ai , j , k+1 � zin/h − xin · zin/(l · h)
ai , j+1, k+1 � xin · zin/(l · h)
ai+1, j+1, k+1 � xout · zout/(l · h)
ai+1, j , k+1 � zout/h − xout · zout/(l · h)

Case 19 ai , j , k � 1 − zout/h − yout/b + yout · zout/(b · h)
ai , j+1, k � 0

ai+1, j+1, k � xin/l − xin · zin/(l · h)
ai+1, j , k � (1 − xin/l − zin/h + xin · zin/(l · h)) + (yout/b − yout · zout/(b · h))
ai , j , k+1 � zout/h − yout · zout/(b · h)
ai , j+1, k+1 � 0

ai+1, j+1, k+1 � xin · zin/(l · h)
ai+1, j , k+1 � (yout · zout/(b · h)) + (zin/h − xin · zin/(l · h))
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Case 20 ai , j , k � 0

ai , j+1, k � 1 − zout/h − yout/b + yout · zout/(b · h)
ai+1, j+1, k � (xin/l − xin · zin/(l · h)) + (yout/b − yout · zout/(b · h))
ai+1, j , k � 1 − xin/l − zin/h + xin · zin/(l · h)
ai , j , k+1 � 0

ai , j+1, k+1 � zout/h − yout · zout/(b · h)
ai+1, j+1, k+1 � (yout · zout/(b · h)) + (x in · zin/(l · h))
ai+1, j , k+1 � zin/h − xin · zin/(l · h)

Case 21 ai , j , k � 1 − xout/l − zout/h + xout · zout/(l · h)
ai , j+1, k � xout/l − xout · zout/(l · h)
ai+1, j+1, k � xin/l − xin · zin/(l · h)
ai+1, j , k � 1 − xin/l − zin/h + xin · zin/(l · h)
ai , j , k+1 � zout/h − xout · zout/(l · h)
ai , j+1, k+1 � xout · zout/(l · h)
ai+1, j+1, k+1 � xin · zin/(l · h)
ai+1, j , k+1 � zin/h − xin · zin/(l · h)

Case 22 ai , j , k � (1 − zout/h) · (1 − xout/l − yout/b + xout · yout/(l · b))
ai , j+1, k � (1 − zout/h) · (xout/l − xout · yout/(l · b))
ai+1, j+1, k � (1 − zout/h) · (xout · yout/(l · b))
ai+1, j , k � (1 − zout/h) · (yout/b − xout · yout/(l · b))
ai , j , k+1 � (zout/h · (1− xout/l− yout/b+ xout · yout/(l ·b)))+ (1− xin/l− yin/b+ xin · yin/(l ·b))
ai , j+1, k+1 � (zout/h · (xout/l − xout · yout/(l · b))) + (x in/l − xin · yin/(l · b))
ai+1, j+1, k+1 � (zout/h · (xout · yout/(l · b))) + (xin · yin/(l · b))
ai+1, j , k+1 � (zout/h · (yout/b − xout · yout/(l · b))) + (yin/b − xin · yin/(l · b))

Case 23 ai , j , k � ((1−zout/h)·(1−xout/l−yout/b+xout ·yout/(l ·b)))+(1−zin/h−yin/b+yin ·zin/(b·h))
ai , j+1, k � (1 − zout/h) · (xout/l − xout · yout/(l · b)
ai+1, j+1, k � (1 − zout/h) · xout · yout/(l · b)
ai+1, j , k � ((1 − zout/h) · (yout/b − xout · yout/(l · b))) + (yin/b − yin · zin/(b · h))
ai , j , k+1 � (zout/h · (1 − xout/l − yout/b + xout · yout/(l · b))) + (zin/h − yin · zin/(b · h))
ai , j+1, k+1 � zout/h · (xout/l − xout · yout/(l · b))
ai+1, j+1, k+1 � zout/h · (xout · yout/(l · b))
ai+1, j , k+1 � (zout/h · (yout/b − xout · yout/(l · b))) + (yin · zin/(b · h))

Case 24 ai , j , k � (1 − zout/h) · (1 − xout/l − xout/b + xout · yout/(l · b)
ai , j+1, k � ((1 − zout/h) · (xout/l − xout · yout/(l · b))) + (1 − zin/h − yin/b + yin · zin/(b · h))
ai+1, j+1, k � ((1 − zout/h) · (xout · yout/(l · b))) + (yin/b − yin · zin/(b · h))
ai+1, j , k � (1 − zout/h) · (yout/b − xout · yout/(l · b))
ai , j , k+1 � zout/h · (1 − xout/l − yout/b + xout · yout/(l · b))
ai , j+1, k+1 � zout/h · (xout/l − xout · yout/(l · b) + (zin/h − yin · zin/(b · h))
ai+1, j+1, k+1 � zout/h · (xout · yout/(l · b)) + yin · zin/(b · h))
ai+1, j , k+1 � zout/h · (yout/b − xout · yout/(l · b)
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Case 25 ai , j , k � ((1−zout/h)·(1−xout/l− yout/b+xout · yout/(l ·b)))+(1−xin/l−zin/h+xin ·zin/(l ·h))
ai , j+1, k � ((1 − zout/h) · (xout/l − xout · yout/(l · b))) + (xin/l − xin · zin/(l · h))
ai+1, j+1, k � (1 − zout/h) · (xout · yout/(l · b))
ai+1, j , k � (1 − zout/h) · (yout/b − xout · yout/(l · b))
ai , j , k+1 � (zout/h · (1 − xout/l − yout/b + xout · yout/(l · b))) + (zin/h − xin · zin/(l · h))
ai , j+1, k+1 � (zout/h · (xout/l − xout · yout/(l · b))) + (x in · zin/(l · h))
ai+1, j+1, k+1 � zout/h · (xout · yout/(l · b))
ai+1, j , k+1 � zout/h · (yout/b − xout · yout/(l · b))

Case 26 ai , j , k � (1 − zout/h) · (1 − xout/l − yout/b + xout · yout/(l · b))
ai , j+1, k � (1 − zout/h) · (xout/l − xout · yout/(l · b))
ai+1, j+1, k � ((1 − zout/h) · xout · yout/(l · b)) + (xin/l − xin · zin/(l · h))
ai+1, j , k � ((1 − zout/h) · (yout/b − xout · yout/(l · b))) + (1 − xin/l − zin/h + xin · zin/(l · h))
ai , j , k+1 � zout/h · (1 − xout/l − yout/b + xout · yout/(l · b)
ai , j+1, k+1 � zout/h · (xout/l − xout · yout/(l · b))
ai+1, j+1, k+1 � (zout/h · (xout · yout/(l · b))) + (x in · zin/(l · h))
ai+1, j , k+1 � (zout/h · (yout/b − xout · yout/(l · b))) + (zin/h − xin · zin/(l · h))
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