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Abstract
In engineering, the identification of the functional relationship between a set of physical variables is a common objective. In 
addition to physics, an increasing number of machine learning methods are being utilised to create these models. In particular, 
a machine learning algorithm, generally referred to as symbolic regression (SR), generates interpretable models in the form 
of mathematical functions. Thus, a physical interpretation of the relationship found remains possible. While the majority of 
contemporary SR algorithms do not employ a systematic approach, incorporating stochastic elements, this paper proposes 
a novel implementation of symbolic regression. This implementation takes the form of a systematic tree search, which is 
deterministically spanning and searching the space of possible symbolic models. For this purpose, new mathematical mod-
els are successively generated by small modifications of an existing model, whereby the search tree grows iteratively and 
with it the complexity of the models. The control of the search process, and thus the selection of the model to be changed 
is based on a specially designed dynamic heuristic. Through the additional use of dimensional analysis, the dimensional 
homogeneity of the models created can be guaranteed. The efficiency of the method to arrive at interpretable models from 
synthetic data is illustrated by finding each of the 12 Nguyen benchmark data sets. The robustness of the approach is shown 
by reconstructing Breguet’s range formula from data with varying degrees of noise.

Keywords  Symbolic regression · Artifical intelligence · Dimensional analysis

1  Introduction

In the field of engineering, functional relationships between 
physical variables are very often required, for example, in 
the design process for the dimensioning of components or in 
the simulation of thermal or fluid mechanical processes. In 
some special cases, closed models that have been physically 
derived, usually by solving differential equations, can be 
used. If this is not the case, the relationship between param-
eters can be investigated experimentally. The determined 
measurement or simulation data can then be used to create 
a mathematical model using a suitable regression method. 

A common approach is to specify a parameterized symbolic 
model whose coefficients are then fitted to the data using the 
least squares method. Well-known examples are the Nusselt 
relationships in heat transfer [1]. However, in this case, the 
engineer must provide a suitable parameterized model with 
their expertise. Alternatively, a very general model can be 
used, such as a polynomial of high degree or a fully con-
nected neural network. The latter, in particular, have been 
shown to be able to approximate any function [2]. However, 
the models represented by high-order polynomials or neural 
networks are difficult to interpret and deviate greatly from 
the handmade formulae known from physics. This is where 
symbolic regression (SR) can help. It attempts to automati-
cally determine compact, physics-based symbolic models 
from data that best describe the relationships in the data.

The concept of symbolic regression has gained significant 
attention in the machine learning (ML) community and is 
rapidly evolving as ML itself expands. Despite its growing 
interest, the idea of symbolic regression is not new. In the 
early 1990s, Koza addressed the issue of SR by employing 
a genetic programming approach [3]. This method involves 
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the evolution of a population of models through a process 
of selection, crossover, and mutation. This approach is to 
this day 1 of probably the most common techniques for 
addressing SR and was taken up and further developed by 
various researchers. So did, for example, Rudolph in the late 
1990s, who applied symbolic regression in combination with 
genetic programming to make early neural networks explain-
able for engineering applications [4]. In the early 2000s, 
even a commercial software product named Eureqa emerged 
to address SR.

With increased computational power and the emergence 
of modern AI algorithms, symbolic regression has expanded 
into various approaches. For example, Peterson et al. [5] use 
a sequence-based representation of models and train a rein-
forcement learning agent, which is then able to iteratively 
predict a good next operator or operand of the sequence to 
maximise the quality of the model. Cranmer et al. [6] use 
graph neural networks to divide symbolic regression into 
sub-problems, each of which is then solved again via genetic 
programming. Furthermore, transformer-based neural net-
works, which are commonly used in a wide range of appli-
cations, have been employed to output models, including 
coefficient values, directly from a data set [7]. For a more 
comprehensive overview of symbolic regression research, 
Angelis et al. [8] offer an extensive examination of various 
methodologies and their applications.

However, despite the variety of approaches, a significant 
degree of randomness persists in many symbolic regression 
methods. Consequently, more systematic and deterministic 
approaches are relatively rare. One of them is AI-Feynman, 
proposed by Udrescu et al. [9], which attempts to address SR 
by subdividing the problem into smaller sub-problems and 
then solving them through a brute-force algorithm. How-
ever, the brute-force approach is designed for the small sub-
problems and would quickly reach the limits of the available 
computing power for somewhat larger models.

Rivero et al. [10] also use a deterministic approach in 
their method. They develop a very simple model iteratively 
through evolutionary adjustments. However, these changes 
are not determined randomly, but are selected on the basis 
of clear conditions.

Sun et al. [11] explored the use of Monte Carlo tree search 
(MCTS), a technique that gained a lot of popularity due to its 
successful use in game AIs such as AlphaGo. They start with 
a simple model in the root node and then develop it along the 
tree path in the simulation phase of MCTS until a valid sym-
bolic model is created. As the name Monte Carlo implies, 
this method includes a significant degree of randomness.

Olivetti de Franca et al. [12] take a different approach 
by constraining the model’s form and, therefore, enable a 
more systematic description of the model. This is then used 
to do a tree search, which is, however, also using genetic 
programming to create new models. The main disadvantage 

lies in the constraint of the model’s form, which prohibits 
the generation and, therefore, finding of certain solutions.

This paper attempts to fill this gap by presenting a sys-
tematic and deterministic way to search the space of all pos-
sible models. To this end, the tree search presented here is 
a method that spans the entire search space and searches it 
systematically. Since symbolic regression is considered NP-
hard [13] it is in general not possible to analyse the space 
of eligible models in full, thus a brute force search is not 
sufficient. Consequently, a heuristic is incorporated into the 
search process to ensure its effective control, and duplicate 
detection is implemented as a fundamental component of 
the tree search process. In addition, dimensional analysis is 
used to reduce the search space and simultaneously ensure 
the dimensional homogeneity of every model found.

A major advantage of the method is that you end up with 
a comprehensive list of suitable models that can be weighed 
against each other in a Pareto analysis, taking into account 
accuracy and complexity. Furthermore, the search is scalable 
and the number of models to be analysed is only limited by 
memory and computing resources.

2 � Related work

This section provides an overview of prior research that is 
relevant to the present work, focussing on the representation 
of symbolic functions and general tree search methods.

2.1 � Representation of symbolic functions

Symbolic functions are usually represented as a string chain 
and decoded from left to right, with brackets and rules, such 
as dot-before-dash, specifying which operator is evaluated 

Fig. 1   Model tree of the func-
tion f (x) = c + c sin (x)

Fig. 2   General search tree
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first. This representation is not favourable for the machine 
processing of function expressions, which is why common 
computer algebra systems express them in a nested list con-
taining the operators and operands. The operators consid-
ered in this paper are addition ( + ), multiplication ( ∗ ), expo-
nentiation ( ̂ ) and transcendental functions ( T ). Division 
is formed indirectly through exponentiation with negative 
exponents and subtraction via addition with negative values. 
Operands can be variables ( xi ), fixed numbers in ℝ (e.g. 2) 
and coefficients ( ci ∈ ℝ ). While the coefficients are deter-
mined by optimisation at a later stage, fixed numbers can no 
longer be changed.

Nested lists can be better visualised in a tree structure. 
Every node of the tree then contains an operator or an oper-
and. The operators store their operands (which in turn can 
be operators) in the child nodes. The calculation sequence 
is inherently defined in the structure of the tree. Depending 
on the operator, the number of child nodes varies. While 
addition and multiplication can have an unlimited number 
of children (but at least two), exponentiation must have 
exactly two and transcendental functions must have exactly 
one child node. Operands are the leaf nodes of the tree and 
thus cannot have child nodes.

For example, the function f (x) = c + c sin (x) can be writ-
ten in a nested list as follows: [+ [c, ∗ [c, sin [x]]]] . Figure 1 
shows the corresponding model tree.1

A major advantage of this data structure is that the opera-
tors and operands can be easily accessed and modifications 
to the function can be implemented using graph transfor-
mations. In addition, the isomorphism of trees can be used 
to detect duplicated models, which is further described in 
Sect. 3.2.3.

2.2 � Tree search

Search trees can be used to explore a state space. These 
could involve navigation problems or finding the best strat-
egy in games, such as chess or Go. Each node of the tree 
contains a state, whereas the paths between the nodes indi-
cate the actions that lead from one state to another. The tree’s 
growth process typically involves the expansion of a single 
node, accompanied by the execution of potential actions 

within that node, thereby generating new states. These 
new states are then designated as children of the expanded 
node. As illustrated in Fig. 2, a minimal tree with a single 
expanded node is presented.

A common method of categorising tree search algorithms 
is by how they decide which node to expand next [14]. This 
can be done in an uninformed way, as in a breadth-first or 
depth-first search. In this case, the node at the lowest or 
deepest level of the tree is expanded first. Another way is to 
use problem-specific information. This is often achieved by 
creating a heuristic function H(n) to evaluate each node. In 
this approach, generally known as best-first search, the next 
node to be expanded is the node with the best value of H.

3 � Automated model creation based on tree 
search

While conventional regression methods specify a model and 
only adjust the coefficients to the data, symbolic regression 
goes one step further and also adjusts the model itself. The 
symbolic models are built based on elementary functions2, 
which is particularly advantageous when compact models 
are to be found. The difficulty lies in finding suitable mod-
els from the infinite number of possible models. Even with 
restrictions on the models, the combinatorial possibilities for 
assembling the models from the building blocks presented in 
Sect. 2.1 quickly reach a level, where it is no longer feasible 
to test all possibilities in an acceptable amount of time. For 
this reason, an intelligent algorithm is inevitably required to 
select the models to be analysed.

Figure  3 shows the process chain discussed in this 
paper. First, the data from which the model is to be built is 
imported and the required pre-processing is performed. Then 
a dimensional analysis is performed to be able to do the 
model creation based on the dimensionless invariants. This 
model creation is performed using a tree search algorithm. 
The results are post-processed and an automated Pareto 
analysis is performed. If all trade-offs, such as complexity 
vs. error, are known in advance, the final result is available; 

Fig. 3   Overview

1  In this paper, the tree concerned is referred to as a model tree, in 
contrast to the search tree presented later. In other papers, the terms 
syntax tree, expression tree, and parse tree are also frequently used.

2  Elementary functions are functions “that can be realised by alge-
braic operations, concatenations and inversions from algebraic 
functions and the exponential function. This includes all rational 
functions, exponential and logarithmic functions, the trigonomet-
ric functions and hyperbolic functions, as well as their inverse func-
tions.” [15] (translation by the authors)
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otherwise, a user can select the best one for the given task 
from the filtered results.

3.1 � Data preprocessing using dimensional analysis

The data for a n-dimensional regression problem (consisting 
of n − 1 input dimensions and 1 output dimension) with K 
data points typically is given in the form:

with the input data matrix X and the output data vector y . 
The goal is to find a model f that predicts the output of a 
given input:

If the user does not provide two different data sets for train-
ing and validation, the data is split automatically in an 80:20 
ratio. Therefore, every fifth point is used as a validation data 
point.

However, models for the relationship between dimen-
sional quantities are subject to some restrictions. After 
all, the model must adhere to the principle of dimensional 
homogeneity and ensure that the same unit is to the right and 
left of the equal sign.3 If a formula is dimensionally homoge-
neous, it is independent of the chosen fundamental units [17, 
p. 79]. Furthermore, only dimensionless expressions can be 
processed within transcendental functions. To ensure dimen-
sional homogeneity for each model, it makes sense to search 
for the model in the dimensionless space. For this purpose, a 
dimensional analysis of all variables occurring in the model 
is carried out. A problem with n dimensioned variables can 
thus be simplified to a problem with fewer dimensionless 
variables. The number of variables of the new dimensionless 
problem m depends on the exact dimensions of the original 
variables. The way to examine the dimensional analysis is 
written in detail, for example, in [17] and [18]. The data set 
can automatically be transferred to the dimensionless data 
set with fewer variables.

where the invariants are a polynomial product of the dimen-
sioned variables. The exact exponents di,j of the dimensioned 
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variable xi for each dimensionless variable �j are calculated 
in the dimensional analysis.

The symbolic regression algorithm then uses the dimension-
less data set, which ensures that every model found complies 
with the condition of dimensional homogeneity. Further-
more, this has the advantage of significantly reducing the 
number of possible models and thus the search space.

The dimensional analysis is automated using matrix mul-
tiplication, as described in [19]. By permuting the rows of 
the dimension matrix, it is possible to generate different sets 
of dimensionless variables and to provide a set with mean-
ingful exponents d . Once the search for the model has been 
completed, the dimensioned model can be calculated using 
a back-transformation.

3.2 � Tree search methodology

The algorithm proposed in this paper is based on a tree 
search, which is used to span and search the space of pos-
sible models. Each node in the search tree contains one inde-
pendent symbolic model and, therefore, one corresponding 
model tree, as shown in Sect. 2.1. During the search process, 
the tree grows iteratively by expanding one node and adding 
new nodes with new models. The details of which nodes are 
to be expanded and how the new models are to be created are 
described in this section. An exemplary search tree, consist-
ing of four nodes, is shown in Fig. 4.

The search tree begins with a single root node that con-
tains the basic model f (x) = x

1
 . The tree is then expanded 

iteratively, with the models becoming more complex as the 
depth increases. Each iteration step can be divided into seven 
steps: 

1.	 Choose the next node to expand using a heuristic
2.	 Create new models by minimally modifying the model 

in the selected node
3.	 Remove potential duplicate models
4.	 Optimize the remaining new models
5.	 Evaluate the new models
6.	 Expand the tree
7.	 Check the termination criteria

(4)�j = x
1

d
1
,j x

2

d
2
,j … xn

dn,j

Fig. 4   Search tree (exemplary)

3  “For physical equations to remain valid for any chosen unit system, 
each summand of such an equation must carry the same dimension. 
Equations that satisfy this property are called dimensionally homoge-
neous.” [16]
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The search continues until one of the termination criteria 
is met. Figure 5 shows an example of the expansion of the 
search tree within one iteration step. Of all the unexpanded 
nodes (2, 3, 4), node 4 contains the best model with a heuris-
tic value of 47.0. How this value is determined is discussed 
in Sect. 3.2.1. Then three new variants of this model are cre-
ated and saved in the child nodes (5, 6, 7). The coefficients of 
the new models are optimised, and their deviation and heu-
ristic values are calculated. In the next iteration, node 5 will 
be expanded, because it has the new lowest heuristic value.

3.2.1 � Choice of the node

The selection of the next node to be expanded is a very 
important aspect of the tree search, especially when it comes 
to searching very large state spaces. The reason is that then 
it is not possible to expand every node and the selection of 
the node determines where to search and which areas are 
neglected.

The node selection in this work should be done in such 
a way that, on the one hand, good models should be found 
quickly while not leading in to dead ends, and, on the other 
hand, the search space should be expanded broadly so that 
the best models are not overlooked.

Heuristic function An uninformed tree search does not 
make sense in this case, which is why we propose a heuris-
tic tree search that uses information from existing models 
to evaluate the nodes. In the style of a best-first search, the 
best-valued node is then selected by the heuristic for expan-
sion in each iteration. This tree search uses a heuristic func-
tion for each node N that consists of the loss of the model L, 
the complexity of the model C and a penalty parameter p.

In the following the parts of the heurisitc function gets 
explained in detail.

Loss of the model The basic idea behind the heuristic 
is that the paths whose nodes already contain good models 
are pursued further. Therefore, the error of the models is 
directly included in the heuristic value. If the model error 
of the node is low, this also reduces the heuristic value, and 
the node is favoured.

Complexity When generating new models, there are many 
modifications that basically always lead to an improved or 
at least unchanged model error (for example, adding a coef-
ficient). If only the model error were considered, many of the 
newly generated models would be evaluated by the heuristic 
function as the new best nodes. The current path would thus 
be followed further and further until a potential model limi-
tation (see Sect. 3.2.2) is reached.

To counteract this phenomenon and also support the 
general preference for compact symbolic models, the com-
plexity of the models is also included in the heuristic. As a 
result, if there is no noticeable improvement in model pre-
diction (this means LN ≈ const ), the heuristic value of the 
model increases with increasing tree depth. This is because 
complexity increases, and thus CN , which in turn ensures 
a higher heuristic value HN . The exploitation of the paths 
with no improvement in loss is, therefore, automatically 
cancelled.

The complexity of the model is currently determined by 
the number of operands and operators in the model tree. At 
this point, it is also possible to incorporate more individual 
complexity metrics, for example, to weight the operands and 
operators differently to take account of the different compu-
tational effort required by the machine.

Penalty parameter The penalty parameter weights the 
influence of model complexity on the heuristic. In other 
words, it penalises nodes for the complexity of their mod-
els, hence the name. The choice of the exact value for p has 
a decisive influence on the search. For high values for p the 
search tends to explore the search space similar to a breadth-
first search, because the models with low complexity in the 
upper layers of the tree then have the best heuristic values. 
Small values for p, on the other hand, ensure the exploita-
tion of the paths with the most accurate models similar to a 
depth-first search.

That is why the penalty parameter p can be used to skil-
fully control the exploration–exploitation trade-off at runt-
ime. Practice has shown that varying the parameter over the 
full range from low to high at runtime yields the best search 
results. By default, the penalty changes every 10 iterations 
between 100, 10, 1, 0.1 and 0.01. However, it is recom-
mended to avoid setting the parameter to 0, as this usually 
results in overfitting.

(5)HN = LN + pCN

Fig. 5   Expansion of the search tree within one iteration step
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3.2.2 � Generation of new variants

In the second step, new variants are generated by slightly 
modifying the previously selected model f. The primary goal 
of the new variant generation is to be able to generate poten-
tially any symbolic model within user-defined restrictions. 
In particular, this requires the non-linear linking of terms. 
Therefore, these modifications primarily consist of changes 
to the variables. For example, the variable xi in the function 
expression is replaced by xi + c , c xi or T

(
xi
)
 , where T stands 

for one of the transcendental functions.4 Furthermore, there 
are modifications, such as multiplying the function expres-
sion by an additional variable xj or adding a new summand. 
A complete overview of the modifications can be found in 
Table 1. All modifications are then applied individually 
to every variable or transcendental function to create new 
models.

Model restrictions However, not every modification 
creates a meaningful new model. For example, the model 
f
1
= x + c

1
 is transformed to f

2
= x + c

1
+ c

2
 by applying 

modification A. In this new model, the additional coefficient 
c
2
 does not offer an advantage. For this reason, unnecessary 

modifications should be detected and prevented. Fortunately, 
the data structure of the models presented in Sect. 2.1 makes 
it quite easy to restrict them. When new variants are created, 
the system checks whether this variant is permissible. In 
this particular case, the modification is allowed only if the 

variable node in the model tree does not have a coefficient 
as a sibling.

A further restriction is that, equivalent to the sums men-
tioned above, each product node may only have one coef-
ficient as a factor. In both cases, there is no advantage in 
having an extra coefficient, since the coefficients could be 
merged together. Moreover, sums must not have sums and 
products must not have products as direct child nodes. Due 
to the associativity of the operands a + b + c is the same as 
a + (b + c) . However, this condition is crucial for the detec-
tion of duplicates in the following step.

In addition, it is often useful for users to constrain the 
models, for example, using domain knowledge, and thus 
reduce the search space. Therefore, the settings provide a 
limit to the number of each variable, the overall number of 
coefficients, and the total number of nodes of the model tree. 
Furthermore, the user is free to select the transcendental 
functions that are used to build the models. Advanced set-
tings also offer the user the option of limiting the nesting of 
transcendental functions. In this case, the algorithm counts 
the transcendental functions in the predecessor nodes in the 
model tree when applying modification G from Table 1. If 
the limit has already been reached, the variant is not created 
accordingly.

3.2.3 � Removing of duplicated models

Due to the structure of the search tree, identical models are 
created on different paths, which is a huge advantage, as the 
predecessor models are not the same. In particular, if the pre-
decessor nodes of a good model approximate poorly, leading 
to poor heuristic values, the path remains unconsidered for 
a long time. On the other hand, the model can maybe be 
found quickly via a different path, as the predecessor models 
already have good heuristic values. However, it is immensely 
important for the functioning of the algorithm to recognise 
models that occur multiple times, since identical models also 
generate identical new variants, which in turn do the same. 
The number of multiple models thus grows exponentially. At 
the beginning of the search, the effect may still be negligible; 
in an advanced stage, the search is increasingly concerned 
with evaluating the same models.

First, the question arises as to when the models are identi-
cal at all. Basically, two models are identical if their model 
trees are identical. However, based solely on this criterion, 
the two models x + c and c + x would not be identical. To 
solve the problem of commutativity, the trees are brought to 
a standard form. A recursive algorithm, which is based on 
one in [20, p. 84] to test two trees for isomorphism, lexically 
sort the child nodes of each node and returns a string consist-
ing of the contents of the sorted child nodes to the parent 
node. The parent node itself uses this string as its content, 
surrounds it with brackets, and concatenates it with its own 

Table 1   Overview of 
modifications used to create 
new model variants

1 For every transcendental func-
tion Tn

2 For every input variable xj

ID Before After

A xi xi + c

B xi c xi

C xi xi
c

D xi xi
−1

E xi xi
2

F xi xi
3

G
1 xi Tn(xi)

H
1 Tm(xi) Tm(xi)Tn(xi)

I
2 xi xi xj

J
2 xi xi + xj

K
2 xi xi

xj

L
2 Tm(xi) xj Tm(xi)

M
2 f (x) f (x) + xj

4  This includes the trigonometric functions, as well as their inverse 
functions and reciprocals and the exponential function and its inverse, 
the logarithm function.
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symbol in string representation. Figure 6 shows an example 
of this procedure for the model f (x) = sin (x) c

1
+ c

2
 . The 

strings returned to the parent node are coloured blue.
Since the algorithm is recursive, first the string x is 

backpropagated to the sine node. Next, in the multiplication 
node, the returned strings of the child nodes, sin(x) and 
c are sorted, resulting in the two nodes being swapped. The 
two strings are joined, bracketed, and propagated back to 
the parent node. The product node then concatenates its own 
string *. In the next step, the procedure is repeated for the 
addition node. As *(csin(x)) is lexically placed before 
c, the order remains the same at this point. It is crucial to 
recognise that the indices of the coefficients are not consid-
ered, whereas those of the variables must be incorporated 
into the string. The full string created in this example is 
+(*(csin(x))c). The resulting string is then compared 
to the string representation of the other models. If the string 
already exists, the new generated model is ignored.

It is important to note that not all child nodes are reor-
dered. In comparison to the algorithm in [20] the operands 
of non-commutative operators (power operator) obviously 
must not be swapped.

Furthermore, the models f
1
= x2 and f

2
= x x , for exam-

ple, are intentionally not recognised as duplicates, even 
though they are mathematically the same. This is because 
their model trees are not isomorphic to each other, result-
ing in different variants being created from them. Modifica-
tion x �����→ sin (x) , for example, turns model 1 into sin (x)2 and 
model 2 into sin (x) x.

3.2.4 � Optimizing of coefficients

The newly generated models contain free coefficients 
c =

[
c
1
, c

2
, …

]
 , which are fitted to the data in the current 

step. To do this, an objective function5 is first set up. It has 
proven useful to add up the squared deviation of the meas-
urement and the prediction of the model at all K measure-
ment points.

The input data vectors xk =
[
x
1,k, x2,k, … xn−1,k

]
 and the out-

put data vector y are known; therefore, the objective function 
ON is only dependent on the coefficients c . As these are gen-
erally incorporated into the objective function in a non-linear 
manner, non-linear optimisation methods are also required 
to find suitable values for the coefficients. Due to the con-
sideration of the quadratic deviation, the optimisation is also 
referred to as a nonlinear least squares method. A serious 
characteristic of non-linear optimisation problems is that in 
general and in finite computing time it cannot be guaranteed 
to find a global minimum, i.e. the best set of coefficients c 
[21]. Only local optima are found in the vicinity of an initial 
value estimate for the coefficients.

Currently, a so-called trust region method is used as an 
optimisation algorithm, in which a quadratic replacement 
problem is solved iteratively from the initial value estimate 
in a trust region [22].

For general models with numerous coefficients, such 
as artificial neural networks, there are usually many local 
optima that enable good model adjustments. For compact 
models with very few coefficients, there is often only one 
or a few reasonable solutions. It is, therefore, very impor-
tant to find one of these optima and, in the best case, the 
global optimum. This is only possible if the initial values 
are already close to one of these optima. However, if the ini-
tial value estimate is poor, it is possible that no optimum is 
found at all. The tree search has proven to be an advantage in 
this respect. Due to the incremental structure of the models, 
the already adjusted coefficients of the predecessor model in 
the parent node can be used as initial value estimates. New 
additional coefficients added to the model by the modifica-
tion are set to 1 by default. Unfortunately, this initial value 
estimation still does not guarantee finding a good optimum. 
To increase the chances of success, it has been found useful 
to perform the optimisation procedure for models of low 
complexity several times with different starting values. For 
this purpose, new starting values are specified in the range 
between − 10 and 10 for models with 3 or fewer coefficients. 

(6)ON =

K∑
k=1

(
f
(
c, xk

)
− yk

)2

Fig. 6   Recursive algorithm for 
sorting the model trees. On the 
far left is the model tree before, 
on the far right after sorting

5  In machine learning jargon, this would be referred to as a loss func-
tion.
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The user can define in the settings how often this process 
is executed (by default, it is executed twice). As the optimi-
sation of the coefficients currently consumes a significant 
amount of computing time, it is intended to further develop 
the initialisation of the initial values in the future.

3.2.5 � Evaluation of new models

In the last iteration step, the new models are evaluated using 
a validation data set. For the evaluation function, currently 
the relative deviation of model prediction and measuring 
values is used.

Relativization with the mean absolute value ȳ ensures a cer-
tain independence of the evaluation from the specific data 
set. Otherwise, the impact of the evaluation value in the 
heuristic would depend on the scale of the measuring values. 
It has been shown that using the absolute values of y results 
in an improvement of the reference value. This is because 
otherwise positive and negative values can cancel each other 
out, resulting in a very small reference value that, in turn, 
makes the relative error too high.

Since the evaluation value later is used in the search heu-
ristic, the deviation in one single measuring point is lim-
ited to 1. Without this limitation, some models never get 
expanded due to an exorbitant high heuristic value. However, 
since models, especially compact ones, often improve dras-
tically with simple modifications, this behaviour should be 
prevented.

The use of a validation data set in this step is crucial 
to prevent the symbolic regression algorithm from overfit-
ting, which in this case is driven by two phenomena. On 
the one hand, periodic functions, even simple ones, such 
as trigonometric functions or function blocks that tend to 
oscillate, such as higher order polynomials, can cause the 
model to deviate significantly from reality between training 
data points. In this case, the validation points between the 
training points then lead to large deviations in the evaluation 
function. On the other hand, models that become more com-
plex with search depth can increasingly adapt to the training 
data. If the evaluation is also carried out with this data, the 
evaluation will continue to improve along the path, while 
it will deteriorate when overfitting occurs using validation 
data, and the path is, therefore, aborted.

(7)LN =
100

K

K�
k=1

⎛
⎜⎜⎝
min

⎡
⎢⎢⎣
1,

���f
�
c, �

�

�
− yk

���
ȳ

⎤
⎥⎥⎦

⎞
⎟⎟⎠

(8)ȳ =
1

K

K∑
k=1

||yk||.

3.2.6 � Expansion of search tree by new models

Finally, all new models are saved in the search tree as child 
nodes of the node selected in the first iteration step. The 
expanded node is marked as expanded and is no longer in the 
best node selection, even if its heuristic value remains best.

3.2.7 � Check of termination criteria

After each iteration, the algorithm checks if the termination 
criteria are met. The user can set three criteria: the maximum 
number of models to evaluate, the maximum search time, 
and a target accuracy. In the case of the target accuracy, the 
algorithm stops when a model with an accuracy equal to or 
less than the target accuracy is found. However, after one of 
the criteria is met, the termination criteria can be adjusted, 
and the search can be resumed.

3.3 � Post processing and Pareto analysis

When the search process is finished, a multitude of models is 
available. They can be ordered by the relative mean squared 
error L or the complexity C. If the trade-off between these 
criteria is known in advance, the final model selection can 
be carried out automatically. As this is often not the case, a 
Pareto analysis can be performed automatically. The user can 
then select the best-fitting model for the given task.

4 � Examples

In this section, the symbolic regression algorithm is tested 
using various data sets. First, the power of dimensional anal-
ysis in the context of symbolic regression is demonstrated 
using an example from aviation. Second, the often used 
Nguyen data sets are used to benchmark the algorithm. All 
tests in this paper were performed on a PC with Windows 
10, Intel® Xeon® W-11855 M CPU 3.20 GHz with 64 GB 
RAM. Moreover, parallel computing is not currently being 
used.

4.1 � Breguet formula for range estimation of aircraft

The Breguet formula is used in aeronautics to estimate the 
range of aircraft during cruise flights. It can be found, for 
example, in [23, p. 1164]. For turbojet aircraft, the formula 
reads as follows:

The range r is calculated based on the aerodynamic glide 
ratio E, the gravitational constant g, the velocity of aircraft 

(9)r = E
v

bf g
ln

(
m

0

m
1

)
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v, the specific fuel consumption bf  and the mass m
0
 at the 

beginning of the cruise flight as well as the mass m
1
 at the 

end of the cruise flight.
Equation (9) is then used to create a synthetic data set 

consisting of 500 randomised data points at predetermined 
intervals for each variable. With help of the dimensional 
analysis (see Sect. 3.1) the 7 dimensioned variables can be 
reduced to 4 dimensionless variables

The regression problem r = f
(
E, v, bf , g, m0

, m
1

)
 thus is 

simplified to

Using the dimensionless variables, Eq. (9) becomes:

4.1.1 � Noise‑free data

The algorithm is now trained using the previous described 
data set. Therefore, it is first divided into training and valida-
tion data in the ratio of 80:20. Then the symbolic regression 
algorithm tries to find the Breguet formula by only using 
these data sets. The model restrictions were set to three vari-
able nodes for each variable and seven coefficient nodes. 
Sine, cosine, tangent, exponential and logarithm functions 
were used as transcendental functions, where their nesting 
was not allowed. The algorithm is set to terminate after 
evaluating 100,000 models.

With these settings, the entire search process took around 
26 min. After 8 min and evaluating 29, 805 models, the SR 
algorithm finds the Breguet formula in the desired expres-
sion 11, a model with an error less than 10−5%,6 However, is 
already found after around 20 s, In addition, after the search 
is finished, the algorithm has found 3442 more models with 
an error less than 10−5% . To finally decide on a model, it is 
prudent to additionally consider the complexity of the model 
in question, which is also a widely accepted practice in the 
field of symbolic regression.

Graphically, this can be done by plotting the models in a 
so-called pareto analysis, where the complexity of the model 
is plotted against the accuracy. Typically, the best models, 
which are simple and accurate, are in the top right quadrant. 
The most accurate models of each accuracy build a so-called 
Pareto front. In Fig. 7 this is done for the Breguet example. 

R =
g r

v2
, M =

m
0

m
1

, V = v bf , E

(10)
g r

v2
= f

(
m

0

m
1

, v bf , E

)

(11)R =
E

V
ln (M).

The correct model (Eq. 11), marked in blue, is clearly dis-
tinguishable on the edge of the Pareto front. Models with 
less complexity exhibit an error of at least 10%. On the other 
hand, there are numerous models with a higher complex-
ity of 8–15, which were also perfect approximators with an 
error of 0%.

Further analysis of the models on the Pareto front (see 
Table 2) shows that the more complex models turn into the 
correct model by inserting the coefficients. For example, the 
coefficients c

1
 and c

2
 of the best model with complexity 10 

are determined by the optimiser to 1. Therefore, it can be 

Fig. 7   Pareto analysis of Breguet example with noise-free data

Table 2   Pareto table of Breguet example with noise-free data

1 Complexity: The number of nodes of the corresponding model tree

C1 Error [%] Model Model with fit-
ted coefficients

1 100.000 R = V R = V

2 99.956 R = eV R = eV

3 23.723 R = Vc1 R =
1

V15∕11

4 23.722 R = sin(V)c1 R =
1

sin(V)15∕11

5 15.163 R = Vc1 M R =
M

V59∕46

6 10.361 R = Vc1 M2
R =

M2

V43∕36

7 0.000 R =
E ln(M)

V
R =

E ln(M)

V

8 0.000 R =
c1 E ln(M)

V
R =

E ln(M)

V

9 0.000 R =
E ln(Mc1 )

V
R =

E ln(M)

V

10 0.000 R =
c1 E ln(M)

c2 V
R =

E ln(M)

V

11 0.000 R = Vc1 E cos(VE) ln(M) R =
E cos(VE ) ln(M)

V

12 0.000 R = c2 E ln(M) (c1 +
1

2V
) R =

E ln(M)

V

13 0.000 R = Vc1 E ln(M) (M cos(V))c2 R =
E ln(M)

V

14 0.000 R = Vc1 E ln(M) (eV cos(V))
c2

R =
E ln(M)

V

15 0.000 R = c2 E + Vc1 E cos(VE) ln(M) R =
E cos(VE ) ln(M)

V

6  Due to the optimisation of the coefficients, even exact models are 
left with a small numerical error.
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simplified to the Breguet formula in the form Eq. 11. The 
same applies for exponents, as in the model of complexity 
9, where the argument of the logarithm Mc

1 is simplified to 
M. If the coefficients are fitted to zero, entire subterms could 
be deleted, which happens in the model of complexity 14 to 
the term 

(
e
V
cos (V)

)c
2 or in the model of complexity 15 to 

the summand c
2
E . The models of complexity 11 and 15 are 

the only ones that cannot be simplified to the correct model, 
since both contain the term cos

(
VE

)
 . The fact that these 

models also have a 0% error is because the cosine in this 
case can be approximated as 1, since V is a positive value 
much smaller than 1 and E is between 14 and 20, so VE ≈ 0.

4.1.2 � Artificially noised data

In engineering, data is typically noised due to measure-
ment errors. Therefore, it is essential that the SR algo-
rithm performs even with noisy data. To test this, a series 
of runs with increasingly noisy data was conducted. To 
introduce artificial noise into the data, a random, uni-
formly distributed factor was applied to the output 
variable.

The noise factor k between 0 and 100% determines the ampli-
tude of the noise. The SR algorithm is run for a noise factor 

(12)R̄ = R ⋅ (1 + k U(−1, 1))

of 10–40% in increments of 10% . The settings are identical 
to those used for the noise-free data.

Figure 8 illustrates the pareto analysis of runs with var-
ying noise factors, from 10 to 40% . As expected, the Pareto 
front decreases as the noise factor increases. However, the 
optimal model, highlighted in blue, remains directly on 
the Pareto front. The SR algorithm appears to be highly 
robust against uniformly distributed noise. In comparison 
with the noise-free data, models with complexities higher 
than those of the correct one are now able to approximate 
the data more accurately. However, the impact is relatively 
minor, as evidenced by the low gradient of the Pareto front 
in this region.

Upon a more detailed analysis of the models on the 
Pareto front (see Table 3), as demonstrated by the noise 
factor of 20, it becomes evident that the correct model was 
once again reconstructed with a complexity of 7. In con-
trast with the noise-free data, models with a higher com-
plexity now demonstrate a distinct overfitting. This renders 
them incapable of being transferred to the correct model; 
instead, the additional terms and parameters are employed 
to enhance the model’s ability to adapt to the noise.

4.2 � Nguyen benchmark data set

To compare the performance of the proposed symbolic 
regression algorithm, the Nguyen benchmark data sets [24] 

Fig. 8   Pareto analysis for differ-
ent noise factors
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are used. To also test the integrated coefficient optimiser, 
extended Nguyen functions containing rational coefficients 
are used. These functions are found in [5] and [11]. For each 
of the functions in Table 4, a uniformly distributed data set is 

generated between the given boundaries and with the given 
number of data points.

For each data set, the symbolic regression algorithm 
should then search until a model with error less than 

Table 3   Pareto table of Breguet 
example with noise factor 20

1 Complexity: The number of nodes of the corresponding model tree

C1 Error [%] Model Model with fitted coefficients

1 100.000 R = V R = V

2 99.954 R = eV R = eV

3 29.704 R = Vc1 R = V−1.37

4 29.704 R = sin(V)c1 R = sin(V)−1.37

5 21.182 R = ec1+V+M R = eV+M+6.14

6 15.927 R = Vc1 M2
R =

M2

V6∕5

7 10.859 R = Vc1 E ln(M) R =
E ln(M)

V

8 10.487 R = Vc1 E (c2 +M)
R =

E (M−
8

9
)

V0.93

9 10.354 R = Vc1 E (c2 + 2M)
R =

E (2M−
9

5
)

V0.81

10 10.309 R = Vc1 E (c2 +M + ln(M)) R =
E (M+ln(M)−0.93)

V0.84

11 10.292 R = Vc1 E (c2 + 2M + sin(M)) R =
E (2M+sin(M)−2.84)

V0.81

12 10.290 R = Vc1 ln(M3) (c2 + E +M) R =
ln(M3) (E+M−2.25)

V0.82

13 10.262 R = Vc1 ln(c2 +M) (2E + cos(E)) R =
ln(M−0.03) (2E+cos(E))

V8∕9

14 10.249 R = Vc1 ln(c2 +M) (3E + ln(V)) R =
ln(M−0.03) (3E+ln(V))

V5∕6

15 10.292 R = E (cos(V) sin(V))c1 (c2 + 2M + sin(M)) R =
E (2M+sin(M)−2.84)

(cos(V) sin(V))0.81

16 10.289 R = c3 V + Vc1 ln(M3) (c2 + E +M) R =
ln(M3) (E+M−2.25)

V0.82
− 9V

Table 4   Nguyen benchmark 
data sets

Data set f(x) Boundaries Number of 
data points

Nguyen 1 x3 + x2 + x [−1, 1] 20
Nguyen 2 x4 + x3 + x2 + x [−1, 1] 20
Nguyen 3 x5 + x4 + x3 + x2 + x [−1, 1] 20
Nguyen 4 x6 + x5 + x4 + x3 + x2 + x [−1, 1] 20
Nguyen 5 sin(x2) cos(x) − 1 [−1, 1] 20
Nguyen 6 sin(x2) + sin(x + x2) [−1, 1] 20
Nguyen 7 ln(x + 1) + ln(x2 + 1) [0, 2] 20
Nguyen 8

√
x [0, 2] 20

Nguyen 9 sin(x) + sin(y2) [−1, 1] × [−1, 1] 10 × 10

Nguyen 10 2 sin(x) cos(y) [−1, 1] × [−1, 1] 10 × 10

Nguyen 11 xy [0, 1] × [0, 1] 10 × 10

Nguyen 12 x4 − x3 +
1

2
y2 − y [0, 1] × [0, 1] 10 × 10

Nguyen 1c 3.39 x3 + 2.12 x2 + 1.78 x [−1, 1] 20
Nguyen 2c 0.48 x4 + 3.39 x3 + 2.12 x2 + 1.78 x [−1, 1] 20
Nguyen 5c sin(x2) cos(x) − 0.75 [−1, 1] 20
Nguyen 7c ln(x + 1.4) + ln(x2 + 1.3) [0, 2] 20
Nguyen 8c

√
1.23 x [0, 2] 20

Nguyen 9c sin(1.5 x) + sin(0.5 y2) [−1, 1] × [−1, 1] 10 × 10

Nguyen 10c 2 sin(1.5 x) cos(0.5 y) [−1, 1] × [−1, 1] 10 × 10
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5 × 10
−5% is found. Like already mentioned above, the 

small tolerance is needed because of the numerical errors 
due to the optimisation of the coefficients. The duration is 
determined by measuring the delta between two system time 
stamps, the first at the start of the algorithm, and the sec-
ond directly after the termination criterion is fulfilled. The 
models are restricted to six variable nodes for each vari-
able and five coefficient nodes. Sine, cosine, the exponen-
tial, and the logarithm functions are used as transcendental 
functions; the nesting of these functions is not permitted. 
For the fitting of the coefficients, only the first optimisation 
run using the fitted coefficients of the parent model as initial 
values is executed. As strategy for penalty switching, the 
default strategy described in Sect. 3.2.1 is used. Further-
more, dimensional analysis was not used, since the data is 
already dimensionless.

Table 5 shows for each Nguyen data set the best model 
found and both the time and the number of models required 
until the desired accuracy is reached. For each of the 19 
Nguyen data sets, a model with zero error can be found. 
With the exception of the model for Nguyen 12, the mod-
els are symbolic equivalent to their respective Nguyen 
function shown in Table 4. Even the model for Nguyen 6 
can be transformed into the original Nguyen function by 
applying trigonometric relationships. The model found for 
Nguyen 12 is symbolically not exactly the same due to its 
cosine part. However, fitting the coefficients results in the 
cosine part always being cos(1) = 0.54 . Multiplicated with 

the coefficient c
1
= −1.85 this leads to the desired −1 as 

coefficient.7 If the search is continued, as was done in an 
additional test run for Nguyen 12, the symbolically correct 
model will be found. In this run, which was limited to the 
evaluation of 2 million models, the model searched for is 
generated at position 983257. Although alternative models 
with 0 errors are faster to find, when using Pareto analysis as 
in Sect. 4.1, the original Nguyen function would be preferred 
due to its lower complexity.

Looking at the running time, it is noticeable that 14 of 
the 19 models can be found in less than 3 min. The least 
complex functions (Nguyen 8, 10, 8c ) are even discovered 
in less than a second. This is also to be expected, as these 
functions are already formed in the second or third depth 
level of the search tree.

The longest time is required for the polynomials Nguyen 
3 and 12 at around 2–3 h. What may seem like a disadvan-
tage at first glance turns out to be a major advantage of the 
tree search. The fact that models can still be discovered after 
a long runtime indicates that the search is scalable with more 
computational effort.

Comparison to other SR algorithms Comparison of dif-
ferent SR algorithms is a challenging task. The most com-
mon way is, as done in this section, to use benchmark data 
sets and study if the SR algorithms are capable of discover-
ing the underlying function.

Table 5   Symbolic regression 
results of the Nguyen data sets

Data set Found model Duration in 
h:mm:ss.s

Number of models

Nguyen 1 c2 x (x
2 + x + c1) 24.2 4749

Nguyen 2 (c1 + x) (x3 + x) 47.4 8785
Nguyen 3 (x3 + x) (x2 + x + c1) + c2 x 2:45:01.3 968,337
Nguyen 4 x (x3 + c2) (x

2 + x + c1) 30:29.8 162,782
Nguyen 5 c1 + sin(x2) cos(x) 20.2 262
Nguyen 6 c1 sin(x (c2 + x)) cos(c3 x) 17:20.2 94,325
Nguyen 7 ln(c1 + x3 + (c3 + x)c2 ) 1:41.8 10,532
Nguyen 8 xc1 0.1 14
Nguyen 9 sin(x) + c1 sin(c3 y

2 + c2) 1:05.2 8754
Nguyen 10 c1 cos(y) sin(x) 2.3 466
Nguyen 11 xy 0.1 17
Nguyen 12 xc3 + c2 x

3 + c5 y
2 + c1 y cos((x + y)c4 ) 2:19:37.1 503,505

Nguyen 1c c3 x + c1 x
2 (c2 + x) 13.9 1434

Nguyen 2c c3 x (c1 + x) (c2 + (c4 + x)2) 10:27.7 43,806
Nguyen 5c c1 + sin(x2) cos(x) 27.0 2875
Nguyen 7c ln(c1 + c4 x

2 + (c3 + x)c2 ) 2:20.1 11,607
Nguyen 8c (c2 x)

c1 0.6 77
Nguyen 9c c2 sin(c4 x) + c1 sin(c3 y

2) 2:06.3 13,181
Nguyen 10c c1 cos(c2 y) sin(c3 x) 49.2 5510

7  Special case: If y = 0 , the cosine part gets 1, but then the whole 
summand gets 0.
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When comparing algorithms, the recovery rate is a com-
monly used metric. It indicates how often a target function is 
successfully identified over multiple independent runs. Since 
many algorithms rely on stochastic components, their per-
formance may vary from one run to another. However, the 
methodology proposed in this paper is deterministic, mean-
ing that repeated executions under identical hyperparameter 
settings will always yield the same result. As a consequence, 
the conventional definition of the recovery rate is not suit-
able in this context. Instead, a single successful identification 
of a benchmark function, such as one in the Nguyen data set, 
is considered equivalent to achieving a 100% recovery rate 
for that particular instance.

In addition to identifying the ground truth function, other 
aspects such as computational runtime and the approxima-
tion error of the best discovered model are also relevant per-
formance indicators. These factors are not included in the 
present comparison.

However, Table 6 presents an attempt to benchmark 
our method against previously published symbolic regres-
sion algorithms. It summarises reported recovery rates on 
the Nguyen benchmark functions as achieved by various 
research efforts.

Although this comparison does not reflect a standardised 
benchmark under identical experimental conditions, it none-
theless highlights the strong performance of the systematic 
tree search. In this setting, the method successfully recovers 
all functions in the Nguyen suite, outperforming most of the 
other approaches.

This result underscores a key advantage of the systematic 
approach: in theory, it is guaranteed to recover any target 
model, provided certain conditions are met. Specifically, the 
design of the systematic tree search ensures that a model will 
be discovered unless one of the following three limitations 
applies: 

(1)	 the target function violates user-defined constraints 
(e.g., restrictions on maximum expression complexity, 
permitted operators, or nesting depth);

(2)	 the function has not been generated due to computa-
tional constraints, such as limited runtime or memory 
capacity; or

(3)	 the correct symbolic structure has been found, but the 
subsequent numerical optimisation step fails to con-
verge to the correct parameter values.

5 � Impact of heuristic

In Sect. 3.2.1 a heuristic was introduced that controls the 
search process and, more precisely, the next node to be 
expanded in every iteration. Of particular importance is the 
penalty parameter p, which weights the model complexity. 
In this section, the impact of this parameter towards the suc-
cess of the search is investigated. This is done by compar-
ing the duration needed to discover the Nguyen functions 
while using different strategies of changing p throughout 
the search process.

In total, 6 strategies are compared. The first 3 uses a fixed 
parameter throughout the entire search process, while the 
last 3 use dynamic values for p. Table 7 shows the values 
used for every strategy in detail. The switching points indi-
cate the iterations after which the penalty is changed. Once 
a full episode has elapsed, the penalty schedule cycles back 
to its initial value, and the sequence is repeated.

For this study, the symbolic regression is executed for 
each strategy and Nguyen data set, as in Sect. 4.2 before, 
until a model with an error of less than 5 × 10

−5% is found. 
However, the maximum runtime of the search is limited to 
3000 s. Except for the penalty strategy, each search is exe-
cuted with the identical settings. The limits for variables and 
coefficients are set to 6 and 3, respectively. As transcendental 
functions, sine, cosine, logarithm, and exponential functions 
are used, but nesting them is prohibited. In addition, the 
overall complexity was limited to 15. The optimisation pro-
cess is only executed once for each model, with the starting 
values derived from the predecessor model.

Table 6   Recovery rates of different SR algorithms for the Nguyen 
datasets

1 Only first 11 Nguyen data sets were used

SR algorithm Average recovery rate over the 12 
Nguyen data sets (%)

Source

STS (Systematic tree 
search)

100.0

GSR [25] 100.01 [25]
SPL [11] 94.5 [11]
NGGP [26] 91.4 [26]
DSR [5] 83.6 [5]
PQT [27] 75.2 [5]
Eureqa 73.9 [5]
GP [28] 60.1 [5]

Table 7   Strategies for penalty switching

ID Strategy Penalty values Switching points

1 Static Intermediate 1 –
2 Static Exploitation 0 –
3 Static Exploration 1000 –
4 Dynamic Intermediate 100, 10, 1, 0.1, 0.01 10, 20, 30, 40, 50
5 Dynamic Exploitation 50, 5, 1, 0.1, 0.01 6, 14, 24, 36, 50
6 Dynamic Exploration 200, 20, 1, 0.1, 0.01 14, 26, 36, 44, 50
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The Graph 9 shows the duration needed until the Nguyen 
data set is discovered for each strategy. The bar reaching the 
top of the graphic at 3000 s indicates that the Nguyen func-
tion was not found yet.

It can clearly be seen that the orange-red-coloured 
dynamic strategies outperform the blue-green-coloured 
static strategies in general and especially in the long run.

There is no case after a runtime of 100 s that a model is 
found faster with a static strategy than with a dynamic. In 
fact, Nguyen models 3, 4, 6 and 7 are not even found with 
the static strategies within the specified maximum runtime, 
whereas the dynamic strategies find every model except for 
one case (Nguyen model 7 with strategy 6).

For models which in general are found faster (in less than 
100 s), it depends on the specific case. Nevertheless, in many 
cases the static strategies need significantly more time or are 
not able to discover the model (for example, Nguyen 2 and 
5
c ). On the other hand, except for the very fast found model 

8 there is no case in which the dynamic strategy needs sig-
nificantly more time.

The difference between the dynamic strategies is mar-
ginal. The optimal strategy depends on the specific data set. 
Strategy 5 could be argued to be the best in the long run, as it 
performs best with Nguyen data sets 3, 4, 6 and 7. However, 
this thesis would require further testing with additional data 
sets to confirm it.

In conclusion, it can be stated that the variation of the 
penalty parameter at runtime, especially for longer searches, 
leads to the discovery of the correct model significantly 
faster than the use of a static value. This makes the vari-
ation of the penalty an essential aspect of the tree search 
algorithm. The exact variation strategy seems to be of sec-
ondary importance. In the future, it is also possible to use an 
adaptive penalty parameter that changes depending on the 
success of the search.

6 � Summary and prospects

The discussed approach has been successfully applied to dif-
ferent examples; nevertheless, different enhancements could 
be implemented in the future.

6.1 � Summary

This paper presents a deterministic algorithm for sym-
bolic regression based on a tree search that systematically 
scans the entire search space of eligible symbolic models. 
Therefore, new model variants are iteratively developed, 
optimised, and evaluated from models that have already 
been examined. A dynamic heuristic was implemented that 
switches between exploration and exploitation during the 
tree search, and at the same time counteracts model over-
fitting. In addition, a method was presented to recognise 
the models that are created multiple times during the tree 
search and are, therefore, redundant to each other. This step 
is crucial when implementing symbolic regression with a 
tree search, especially to perform longer searches. Further-
more, dimension analysis was used to simplify the data set 
and ensure that each model satisfies the necessary condition 
of dimensional homogeneity. The result is a Pareto diagram 
densely packed with dimensionally homogeneous models, 
which allows a well-informed decision and trade-off between 
model accuracy and simplicity.

This is demonstrated by successfully reconstructing the 
physical formula from a synthetic data set created from 
Breguet’s range formula. The algorithm is also able to find the 
correct correlation even with data with different noise levels, 
showing the robustness of the approach. In addition, the com-
petitiveness of the tree search with other SR algorithms was 
demonstrated by successfully finding each of the 19 Nguyen 
Banchmark data sets used.

Fig. 9   Computing time required 
per strategy
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6.2 � Prospects

With both the increasing dimension of the measurement data 
and the additional provision of transcendental functions, the 
number of possibilities increases immensely. To continue to 
find good models in acceptable computing time, it will be nec-
essary to select nodes to be expanded and modifications to be 
selected even more intelligently. For example, in this study, 
all modifications are applied to the model to be expanded. In 
the future, reinforcement learning will be utilised to determine 
at runtime which modifications are most effective for each 
model. A Q-learning agent could offer a probability distribu-
tion for the optimal modifications based on the chosen model. 
As runtime increases, the algorithm should be able to make 
increasingly better decisions in this way.

As stated in Sect. 3.2.4, it is crucial to find the global opti-
mal values for the model coefficients, especially for simple 
models. In the future, a better guess for the initial values 
should be implemented, or a global optimisation algorithm 
should be used. Since optimisation is the most time-consuming 
part, an algorithm with both a high probability of finding the 
global optimum and good performance is necessary.

In addition, parallelisation could significantly improve per-
formance, since the tree search is currently running on a single 
core. However, many parts could be highly parallelised, such 
as the optimisation of all new models. Another idea would 
be to run the search in parallel on different paths, although it 
must be ensured that duplicates are recognised. It is also pos-
sible to perform exploration and exploitation simultaneously. 
Duplicates should not occur, because the exploration path of 
the models contains simpler models, while the exploitation 
path contains more complex ones.

After implementing the mentioned extensions the capa-
bilities could be tested on more complex examples, like other 
benchmark data sets or by modelling physical relationships in 
higher dimensions.
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