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Abstract

This dissertation deals with the mathematical description and the simulation
of mechanical systems with frictional contact. First, a geometric theory for the
description of smooth mechanical systems is developed, which is then extended
to allow for nonsmooth motions, i.e., motions with discontinuous velocities. The
developed nonsmooth theory of mechanics is used to describe mechanical systems
with frictional contact. Finally, two numerical schemes for the simulation of such
systems are derived by using a time finite element method and the generalized-o
approach, respectively.

The presented geometric theory describes the dynamics of time-dependent
finite-dimensional mechanical systems and is based on Galilean manifolds, which
are used to model both the physical and the configuration space-time of the
system. The theory for smooth systems is based on three postulates, which
resemble Newton’s laws of motion. Starting from these postulates, the principles
of mechanics are derived. A particular effort is put into retrieving the principles
and formalisms known in engineering mechanics as local representations of the
fundamental principles of the geometric theory. In that spirit, it is shown that
the developed theory for smooth systems for instance comprises the principle of
virtual work, Lagrange’s equations of the first and second kind, and the principle
of virtual action. Moreover, the geometric treatment of bilateral constraints
is used to derive conditions, which allow to assert if a set of time-dependent
bilateral constraints is holonomic. These conditions are stated in vector-matrix
notation and are hence directly accessible to engineering mechanics.

The generalization to a nonsmooth mechanical theory is achieved by relaxing
the continuity assumptions of the motion and by generalizing the definition of
forces. It is shown that the equality of measures, which is typically used for the
description of nonsmooth mechanical systems, results as a local representation of
the geometric theory. Finally, the geometric treatment of unilateral constraints
as well as the introduction of set-valued Coulomb-type friction laws give access
to the description of mechanical systems with frictional contact, which is then
discretized.
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The first numerical scheme, derived using a time finite element method,
extends the existing symmetric Moreau-type integrator by including also bilateral
constraints. The second scheme represents an extension of the established
nonsmooth generalized-a method for the simulation of mechanical systems with
frictionless contacts. In contrast to the existing method, the unilateral constraints
are complemented with discrete set-valued Coulomb-type friction laws such that
the scheme can cope with mechanical systems with frictional contact.

This dissertation presents the theoretical foundations for the description of
mechanical systems with and without frictional contact and provides a solid basis
for the development of novel time integration schemes.



Zusammenfassung

Diese Dissertation befasst sich mit der mathematischen Beschreibung sowie der
Simulation von mechanischen Systemen mit Reibkontakt. Zuerst wird eine ge-
ometrische Theorie fiir glatte mechanische Systeme entwickelt, welche dann so er-
weitert wird, dass auch Bewegungen mit Unstetigkeiten in den Geschwindigkeiten
beschrieben werden konnen. Diese nichtglatte Theorie der Mechanik wird fiir die
Beschreibung von mechanischen Systemen mit Reibkontakt verwendet. Schliellich
werden zwei numerische Methoden fiir die Simulation von solchen Systemen
hergeleitet. Dazu wird jeweils die Methode der finiten Elemente in der Zeit und
der generalized-a Ansatz verwendet.

Die vorgestellte geometrische Theorie beschreibt die Dynamik von explizit
zeitabhéangigen endlich-dimensionalen mechanischen Systemen. Dabei wird
sowohl die physikalische Raumzeit als auch die Konfigurationsraumzeit als Galilei-
Mannigfaltigkeit modelliert. Die Theorie fiir glatte Systeme beruht auf drei
Postulaten, welche formal den drei Newtonschen Axiomen entsprechen und als
Startpunkt fiir die Entwicklung der Prinzipien der Mechanik dienen. Es ist ein
besonderes Anliegen dieser Arbeit zu zeigen, dass die Prinzipien und Formalismen
der technischen Mechanik als lokale Reprasentationen der fundamentalen Prinzip-
ien der geometrischen Theorie gewonnen werden konnen. In diesem Bestreben
wird gezeigt, dass die vorgestellte geometrische Theorie fiir glatte Systeme zum
Beispiel das Prinzip der virtuellen Arbeit, die Lagrangeschen Gleichungen erster
und zweiter Art, und das Prinzip der virtuellen Wirkung beinhaltet. Basierend
auf der geometrischen Behandlung von bilateralen Bindungen, werden Bedingun-
gen hergeleitet mit welchen man feststellen kann ob ein Bindungssatz holonom ist.
Diese Bedingungen sind im Vektor-Matrix Kalkiil formuliert, sodass sie direkt in
der technischen Mechanik angewendet werden kénnen.

Der Ubergang von der glatten zur nichtglatten Theorie wird sowohl durch
das Aufweichen der Kontinuitdtsanforderung der Bewegung als auch durch eine
Verallgemeinerung der Definition von Kréften erreicht. Es wird gezeigt, dass die
bekannte Mafigleichung, welche typischerweise zur Beschreibung der Dynamik
von nichtglatten mechanischen Systemen verwendet wird, als lokale Darstellung
der geometrischen Theorie folgt. Nach der geometrischen Behandlung von ein-



viii ZUSAMMENFASSUNG

seitigen Bindungen und nach dem Einfiihren von mengenwertigen Coulombschen
Reibgesetzen wird die Theorie fiir die Beschreibung von mechanischen Systemen
mit Reibkontakt verwendet. Schliellich erfolgt eine Zeitdiskretisierung auf zwei
Arten.

Das erste numerische Schema, hergeleitet mit der Methode der finiten Elemente
in der Zeit, erweitert den “symmetric Moreau-type integrator” um bilaterale
Bindungen. Das zweite Schema hingegen ist eine Erweiterung der bestehenden
nichtglatten generalized-a Methoden, welche fiir die Simulation von mechanis-
chen Systemen mit reibungsfreiem Kontakt entwickelt wurden. Damit die hier
vorgestellte Methode auch mechanische Systeme mit Reibkontakt abdeckt, werden
diskrete mengenwertige Coulombsche Reibgesetze eingefiihrt.



. 1 .
Introduction

It is wrong to think that the task
of physics is to find out how
nature is. Physics concerns what

we can say about nature.

—Niels Bohr

This dissertation is concerned with the dynamics of mechanical systems with
frictional contact. First, a geometric theory for smooth mechanical systems is
presented, which is then extended to include nonsmooth systems. Finally, the
nonsmooth theory is applied for the description of mechanical systems with
frictional contact. The derived equations describing the dynamics of a system
with frictional contact are discretized using the time finite element method and
the generalized-a approach, respectively, leading to two novel numerical schemes.
These can be for instance employed for the simulation of flexible multibody
systems with frictional contact.

1.1. MOTIVATION

In the life cycle of most technological systems involving hardware, mechanical
models play an important role. They are for example used during the engineering
design process or are employed by the control algorithm used for the operation of
the systems. For many applications, the modeling of frictional contact is crucial
for the understanding of the system’s dynamics. This is for example the case
for legged robots, where the contact of the foots with the ground is used for
locomotion. Another prominent example are industrial robots, which need to
grasp objects for the fulfillment of their task.

From the perspective of engineering, the modeling process of a mechanical
system starts with the choice of a mechanical theory, e.g., the theory of nonsmooth
mechanics to model systems with frictional contact. Within the chosen theory, it
is then the engineer’s task to specify the kinematics of the system as well as to
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appropriately select constitutive laws for the forces acting on the system. Finally,
numerical schemes may be employed to simulate the system.

Since engineers are interested in efficient ways to systematically derive mechan-
ical models for a broad range of technical applications, engineering mechanics
has evolved in a diametrically opposed direction than theoretical mechanics,
which aims at developing a mechanical theory to understand physical processes
in nature and may be attributed to physicists. It can generally be observed, that
the efficient calculus underlying engineering mechanics relies on the fact that
many physically different objects, such as positions, velocities, accelerations and
forces, are all regarded as elements of the same vector space. However, this comes
at the price that it is mathematically possible to add for example positions and
forces, which leads to physically meaningless vectors. In contrast to that, it is of
particular interest for theoretical mechanics to precisely distinguish physically
different objects also within the mathematical theory, which inevitably leads to
the need of the more complex mathematical structure provided by differential
geometry. The question that arises is, how the mathematically simpler formalism
of engineering mechanics can be retrieved from a mathematically richer geometric
theory of mechanics, which satisfies the requirements of theoretical mechanics.

1.2. OBJECTIVES AND LITERATURE REVIEW

The principal topic of this dissertation is the mathematical description and the
simulation of mechanical systems with frictional contact. The aim is to expound
the complete line of thought which underlies the mechanical modeling process.
This ranges from the development of a geometric mechanical theory, which can
be applied to the description of mechanical systems with frictional contacts, to
its discretization in order to simulate such systems. Moreover, it is a particular
aim to forge a bridge between the geometric theory and engineering mechanics
wherever possible. To that end, the following three objectives are identified.

O1 Development of a geometric theory for the dynamics of time-dependent
finite-dimensional mechanical systems.

02 Development of a theory for nonsmooth mechanics, which extends the
theory resulting from objective O1, and apply it for the description of
mechanical systems with frictional contact.

O3 Present different techniques for the discretization of the description of
mechanical systems with frictional contact resulting from O2 and thereby
derive novel numerical schemes.
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Clearly, the above objectives are rather general and need more specifications. In
the following subsections, the three objectives O1-0O3 are refined along with a
literature review given in the process.

O1 — GEOMETRIC THEORY FOR FINITE-DIMENSIONAL MECHANICAL SYSTEMS

The aim of a mechanical theory is to establish a mathematical framework for
the derivation of models for mechanical systems. Hence, it must contain the
physics that is common to all mechanical systems while leaving unspecified the
system-specific properties. In mechanics, all systems are regarded as a collection
of particles, which move through space and time. Hence, a mechanical theory
must introduce the concepts of space, time and motion of particles, while leaving
unspecified the kinematics of the system, that is, the restriction of the motions
of the particles due to the geometry of the specific system. To characterize the
interaction of particles, the concept of force is introduced. The influence of a
force on the motion of the particle is given by Newton’s second law. Therefore, a
mechanical theory must provide a definition of force as well as the concepts of
mass and acceleration of the particle. Since a mechanical theory is written in the
language of mathematics, it is necessary to translate all notions used to describe
mechanical systems, that is, to every concept, such as position, acceleration,
mass and force, mathematical objects have to be attributed. To account for the
different “nature” of these concepts, from a scientific viewpoint, it is important
that the different concepts are attributed to distinct mathematical objects, which
then allows to study the subtleties of their interrelations.

For a fixed time, there are many possibilities to describe the position of a
particle. For example, one can use Cartesian, spherical or cylindrical coordinates.
Similarly, there are many ways to parametrize the velocity and acceleration of
the particle as well as the forces acting on it. Hence, the mathematical objects
attributed to these mechanical concepts must allow for different parametrizations,
or in other words, they must be coordinate independent. The idea of coordinate
independence lies at the basis of differential geometry, which is therefore identified
as the mathematical discipline used to develop the mechanical theory presented
in this thesis and motivates the adjective “geometric” in O1.

The very first question to be answered is: What geometric structure gives
the best description of space and time? This question, which already tormented
the ancient Greek philosophers, must be answered by any mechanical theory,
because its answer sets the stage for the definitions of all other concepts, such as
motion, acceleration and forces. In engineering mechanics, it is most prevalent
to treat time and space separately. Typically, the notions of absolute space S
and absolute time R are introduced, see e.g. [53, 63, 99]. While, for the purpose
of engineering mechanics, this point of view is perfectly fine, the assumption of
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an absolute space has caused some controversy in theoretical mechanics, which
was finally resolved by general relativity.! Nowadays, due to the success of
general relativity, it is well accepted that, at least in relativistic mechanics,
space and time must be treated as an entity called space-time. Already shortly
after Einstein’s formulation of general relativity, i.e., the theory of relativistic
gravity, Cartan [36, 37] and Friedrichs [41] independently formulated a geometric
theory of Newtonian gravity, which is based on a four-dimensional nonrelativistic
space-time. Based on these ideas, a lot of effort was put into the study of the
differential geometric descriptions of nonrelativistic space-time and Newtonian
gravity, which gave rise to the field of research known by the name of Newton—
Cartan theory [31, 33, 61, 66, 108, 124, 125]. It was within this branch of research
that Dombrowski and Horneffer [31, 32] came up with the concept of Galilean
manifold. Ehlers [34] showed that of the space-time of general relativity is a
Galilean manifold in the Newtonian limit, i.e., the limit where the speed of light
tends to infinity. This result demands that, for the sake of consistency, a Galilean
manifold is used to model the space-time of classical mechanics.

If the physical space-time is modeled as a four-dimensional Galilean manifold &,
it is natural to also model the configuration space-time of the system as a Galilean
manifold M, because the particles of a mechanical system move in physical space-
time. In fact, not doing so would lead to a contradiction since the configuration
space-time of a system consisting of a single particle is the space-time £ itself.
Hence, the first aim related to O1 is identified as:

0O1.1 Use Galilean manifolds to model both the physical space-time and the
configuration space-time.

Already Dombrowski and Horneffer [31, 32] developed a mechanical theory,
which models the configuration space-time of a mechanical system as a Galilean
manifold. However, their theory only includes forces which can be written as
quadratic polynomials in the velocity coordinates. This comes from the fact
that, within their theory, the dynamics of the system is described by a linear
connection on the Galilean manifold. The generalization to arbitrary forces was
achieved by Loos [82, 83|, who employed nonlinear connections to introduce a
differential two-form defined on the state space of the mechanical system. This
two-form, called action form of the systems, is the cornerstone of the theory and
encodes the dynamics of the system. The approach of using the action form
to characterize the dynamics of a mechanical system was picked up by Eugster
et al. [40] and Winandy [127], who developed a theory for finite-dimensional
mechanical systems based on a single postulate, which states the relation of

1 A more detailed discussion of the controversial role of absolute space is given in Section 5.1.
2See Ehlers [35] for an English translation.
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the action form of the system to its inertia and to the forces acting on the
system. In his PhD thesis [127], Winandy showed that the postulate comprises
many classical equations, such as Lagrange’s equations, Hamilton’s equations
and Hamel’s equations. Moreover, Winandy provides the link between the action
form and the principle of virtual work as well as between the action form and
Hamilton’s principle. In Capobianco et al. [22], a closer look is taken on these
interconnections and it is shown that three equivalent versions of the principle of
virtual work and Hamilton’s principle can be formulated with the help of the
action form of the mechanical system. It is important to point out that the above
references all work on the configuration space-time and none of them presents
a link between the action form and the motions of the particle of the system
in physical space-time. In other words, the link between the description of the
motion in terms of generalized coordinates and in terms of particle coordinates
is missing, justifying the next aim related to O1:

01.2 Link the motions of the particles of the system to the motion of the system
in configuration space-time.

Before moving to the next refinement, a remark is due. The idea of using a
differential two-form to characterize the dynamics of mechanical systems was
known even before Loos’ works. Indeed, it can be traced back to Cartan’s lectures
on integral invariants [23], in which however only systems whose forces result
from a potential are considered. Cartan’s strategy was pursued by Gallissot [42],
who also linked the dynamics on configuration space-time to the dynamics of the
particles. However, Gallissot, and later Souriau [117],% did not explicitly work on
Galilean manifolds. Moreover, they based their theory on an action form, which,
if defined on a Galilean manifold, would not lead to a coordinate invariant theory,
see [40, 127].

As discussed above, it is shown by [22, 40, 127] that the most important
classical equations describing the motion of a mechanical system in generalized
coordinates are comprised in the mechanical theory on Galilean manifold. Sim-
ilarly, once the link to the motions of the system’s particles is established as
demanded by O1.2, the classical equations for the particles have to be derived.
Typically, e.g., in engineering mechanics, the dynamics of a particle is described in
a Euclidean vector space E3. Specifically, the position, the velocity, the accelera-
tion and the forces are all regarded as vectors in E3, which allows, for example, to
define the velocity as the time derivative of the position or to establish Newton’s
second law stating that the force equals mass times acceleration. Since this
formalism in E3 has proven to be very efficient for calculations and is the most

3See [118] for an English translation.
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used approach to particle mechanics, it must be shown that the formalism can
be established also in the context of Galilean manifolds.

01.3 Retrieve the particle mechanics formalism in a Euclidean vector space E3
together with the notions of position, velocity, acceleration and force as
vectors in E3.

Bilateral constraints form a fundamental concept for the formulation of me-
chanical models. In fact, using bilateral constraints, one can derive a mechanical
model by a posteriori constraining a “free” system, whose kinematics is often
simpler than the kinematics of the constrained system expressed in minimal
coordinates. It is well known that bilateral constraints can be formulated on
position, velocity and acceleration level. It can be shown, that if the set of
constraints on a mechanical system can all be formulated on position level, the
dynamics of the constrained system with configuration space-time M can be
reduced to the dynamics of a free system on a submanifold N° C M of the config-
uration space-time. Such a set of constraints is called holonomic. For a specific
mechanical model, it is often important to know if a constraint is holonomic or
not, because being holonomic has farreaching implications. For example, if it is
known that a set of constraints is holonomic, it is clear that the system’s states
are confined to a submanifold A/ C M and that it can hence be described by
a smaller set of generalized coordinates. In the context of Galilean manifolds,
Winandy [127] introduced the concepts of holonomic and nonholonomic bilateral
constraints and using Frobenius’ theorem identified a geometric condition to
assert if a given set of constraints is holonomic. For the purpose of engineering,
Frobenius’ theorem is cumbersome and it would be handier to have conditions
in vector-matrix notation, which can directly be evaluated to check if a set of
constraints is holonomic. For scleronomic constraints, that is, constraints that
do not explicitly depend on time, such conditions can be found in [93, 129]. To
cover for the more general case, the following aim is formulated.

01.4 State conditions in vector-matrix notation, which can be used to assert if
a set of time-dependent bilateral constraints is holonomic.

Note that O1.3 and O1.4 are very similar, as they both ask to derive an efficient
calculus, which can be used in engineering, while being coherent with the Galilean
space-time concept.

To complete the picture, it is at this point appropriate to give a rough
overview of the literature on geometric mechanics. It can generally be observed,
that most treatises formulate a geometric theory of mechanics by introducing a
time-independent configuration manifold Q, which correspond to the picture of
configuration space-time of the form R x Q. For time-independent mechanical
systems with forces that can be derived from a potential, the theory of symplectic
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mechanics has been developed. In that case, the state space and the phase
space of the system are defined to be the tangent bundle T'Q and the cotangent
bundle T*Q of the configuration manifold, respectively, see for example [1, 10,
14, 30, 81, 84, 85, 89, 98, 104, 110]. It might be due to the popularity of
symplectic mechanics that many theories for time-dependent mechanical systems
have evolved as generalizations of symplectic mechanics and incorporate explicit
time-dependence by considering the extended state space R x T'Q, or to extend
the phase space as R x T7Q, see [29, 89, 104] and [1, 10], respectively. However,
the physical interpretation of these spaces is problematic as there is no natural
way to relate them to the configuration space-time R x Q. Geometric theories
which include general forces are for example Godbillon [52] for time-independent
systems as well as Gallissot [42], Souriau [118], Loos [82] and Winandy [127] for
time-dependent systems.

02 — GENERALIZATION TO NONSMOOTH MECHANICS

In many technical applications, the modeling of the contact between parts of the
system with each other and with the environment is crucial for the understanding
of the system’s dynamics. It was mainly the description of contact phenomena
that led to the necessity of a nonsmooth theory of mechanics. To motivate this,
consider that a part of the mechanical system at study is moving towards the
ground at high speed. Then, as soon as the part touches the ground, it is braked
hard in a very short period of time. Since this deceleration process is often much
faster than the dynamics one aims to study with the mechanical model, it can
make sense to assume that the deceleration takes place instantaneously, that is,
to assume that the velocity of the system may jump when a collision occurs. The
situation is similar, when dry friction is at play. In that case, the transition from
slipping to sticking is also very fast with respect to the time scale of interest
and is mostly assumed to be instantaneous. Hence, because this dissertation is
concerned with the description of mechanical systems with frictional contact, the
theory developed within objective O1 needs to be extended such that it can also
cope with nonsmooth motions. This objective is summarized by O2.

In their seminal works [64, 90, 91], Moreau and Jean established a nonsmooth
theory of mechanics, which allows for velocity jumps and which is able to describe
frictional impacts as well as unilateral constraints. Starting from their works,
the branch of research known as nonsmooth mechanics has evolved. Within
nonsmooth mechanics the theory of Moreau and Jean has been extended in
many ways. For instance, Glocker [48] presents a nonsmooth theory for rigid
body systems which are subjected to general set-valued force laws. Also methods
for the study of nonsmooth mechanical systems have been developed, see for
example Leine and Nijmeijer [76] or Leine and van de Wouw [77], which study
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the stability, convergence and bifurcations of nonsmooth mechanical systems.
Moreover, the theory of nonsmooth mechanics has been used to derive models
for many technical applications, see [65, 80, 92, 95, 96, 105, 123] to name a few.
It would go beyond the scope of this section to review all extensions, refinements
and applications of the theory of nonsmooth mechanics. The interested reader is
referred to the exhaustive book by Brogliato [16].

Traditionally, nonsmooth mechanics states the dynamics of a mechanical
system as an equation of (R"-valued) measures, which paired with the set-
valued force laws, for example employed to model frictional contact, constitute a
measure differential inclusion. However, there exists also the variational approach
to nonsmooth mechanics, which characterizes the motions of the system by an
extended form of Hamilton’s principle or more generally the principle of virtual
action, see [20, 79]. It can be observed that within the field of nonsmooth
mechanics, the focus lies on the nonsmoothness of the motion as well as the
many conceptual and mathematical hurdles that come with it. As a result,
the core mechanical concepts such as space-time, position, velocity and force
often take a back seat in the expositions of nonsmooth mechanics. In fact,
seldom a word is spent about the (configuration) space-time and mostly positions,
velocities and forces are regarded as elements of R™ with suitable dimension.
Since the description of the dynamics within R"™ is exactly what must result as
the coordinate representation of a geometric theory of mechanics, the following
aim related to O2 can be stated.

02.1 Retrieve the principle of virtual action and the equality of measures in
the form known by the nonsmooth mechanics community.

A geometric theory that satisfies O2.1 and that is complemented by a geometric
description of impacts finally yields a coordinate invariant characterization of the
dynamics of mechanical systems with frictional contact. The missing bit, namely
the geometric description of impacts, is discussed in [5, 6, 49, 128].

Within multibody dynamics, two ingredients are widely used to model fric-
tional contact between parts of the system with each other and with the envi-
ronment. The first ingredient is the concept of unilateral constraints, which are
used to guarantee that the two parts which come into contact do not penetrate
each other. As the second ingredient, set-valued force laws are used, which can
often be formulated as normal cone inclusions, see Leine and Nijmeijer [76].

Since objective O2 implies that the developed theory of nonsmooth mechanics
is an extension of the smooth theory resulting from O1, the following aim is an
immediate consequence.

02.2 Introduce the unilateral constrains in the same fashion as the bilateral
constraints treated within the smooth theory of O1.
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Note, in nonsmooth mechanics ideal unilateral constraints are often introduced as
normal cone inclusions, and hence as set-valued force laws, see [48, 79]. However,
in classical mechanics, ideal bilateral constraints are generally not introduced as
normal cone inclusions. However, it will be seen that the path pursued here is
very natural from a geometric point of view and that it implies the normal cone
inclusions known from the nonsmooth mechanics literature.

03 — NUMERICAL SCHEMES FOR MECHANICAL SYSTEMS WITH FRICTIONAL
CONTACT

The dynamics of nonsmooth mechanical systems, and hence of mechanical systems
with frictional contact, can be characterized in two equivalent ways: Either using
the principle of virtual action or by means of an equality of measures, see the
discussion leading to O2.1. Both qualify as the starting point for the derivation of
numerical schemes, which can be used for the simulation of nonsmooth mechanical
systems. Clearly, there are many ways to discretize these descriptions and it would
go far beyond the scope of this thesis to present them all. However, for either of
the starting points, a respective main line of thought can be identified. Due to
the variational nature of the principle of virtual action, the main discretization
approach is the use of a finite element method in time. For instance, [111] uses
the discontinuous Galerkin method together with nonlinear polynomial ansatz
functions, whereas [20] employs the Bubnov-Galerkin as well as the weighted
residuals approach. When it comes to the discretization of the description of a
mechanical system in terms of an equality of measures, typically, the equality
of measures is integrated over the time interval constituting a time step of the
scheme. Then, quadrature rules are used to discretize the appearing integrals,
see [76, 87, 91, 120] for instance. These two lines of thought, i.e., the time finite
element method and the idea of using quadrature rules on the integrated equality
of measures, accommodate most derivations of numerical schemes for nonsmooth
mechanical systems. To live up to O3, one representative example for each of
the two lines of thought shall be given in this dissertation. Moreover, since some
novelty within the derived schemes is aspired, the following choice is made.

03.1 Use the time finite element method to extend the symmetric Moreau-type
integrator of [20] to include bilateral constraints.

03.2 Derive a nonsmooth generalized-a scheme, which extends the scheme
of [18] to account for set-valued Coulomb-type friction as well as a general
kinematic equation. Hereby, the friction laws should be included at
velocity and acceleration level.

4Sometimes, ideal constraints are also called perfect constraints.
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To better motivate the content of 03.1 and 03.2, an overview over the challenges
arising in the numerical treatment of nonsmooth mechanical systems is given in
what follows.

The mathematical description of mechanical systems with frictional contact
resulting from O2 captures the nonimpulsive as well as the impulsive dynamics
of the system, where the impulsive dynamics is typically caused by impacts
between parts of the system. For the simulation of such systems, two approaches
can be distinguished, the event-driven and the event-capturing schemes. The
event-driven schemes use standard ordinary differential equations (ODE) solvers,
or differential algebraic equations (DAE) solvers, to compute the nonimpulsive
motion. Every time an impulsive event, e.g., an impact, is detected, the algebraic
impact equations and impact laws (often in the form of inequalities) are solved
in order to find the post-impact velocities, which are then used to continue
the integration with the ODE/DAE solver. The main strength of event-driven
integration is that ODE/DAE solvers with high-order accuracy can be used.
However, since every impact is resolved, these schemes are not suitable to find
motions with accumulation points, i.e., motions with an infinite number of
impacts occurring in a finite interval of time.

In contrast to event-driven schemes, the event-capturing schemes, also called
time-stepping schemes, can overcome accumulation points, because they smear
the effects of impacts over a time step. However, the most widespread schemes,
such as Moreau’s time-stepping scheme [50, 91, 120] and variants thereof, are of
first-order accuracy, allow penetration of the contacting bodies and show a high
level of numerical dissipation. These properties are problematic, especially for the
simulation of mechanical systems containing elastic parts. Several publications
present improved event-capturing schemes by addressing at least one of these
drawbacks. To arrive at event-capturing schemes with higher accuracy order for
the impact-free motion, Acary [2] combines high-order Runge—Kutta methods
with Moreau’s time-stepping scheme, Studer et al. [120, 121] relies on extrapola-
tion methods and Schindler and Acary [111] use a discontinuous Galerkin method
to discretize the dynamics of the mechanical system. The numerical constraint
drift, which is also responsible for contact penetration, is generally solved by a
stabilization in the sense of Gear—Gupta—Leimkuhler (GGL) [44] and/or a projec-
tion approach, see for example Acary [3] or Schoeder et al. [112]. In Moller [87],
and Capobianco and Eugster [20], integrators similar to Moreau’s time-stepping
scheme with improved long-term energy behavior have been derived. Since the
symmetric Moreau-type integrator presented in [20] cannot be applied for the
simulation of mechanical systems which are subjected to bilateral constraints, its
extension is identified as aim O3.1.

In [17, 18, 25, 27], the nonsmooth generalized-a methods were introduced,
which alleviate many of the problems of the Moreau-type time-stepping schemes.
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In particular, the generalized-a schemes are second-order accurate for the impact-
free motion, use the GGL stabilization to avoid penetration of the contacting
bodies and it is known form structural mechanics applications, see [8, 26, 62],
that generalized-a schemes perform well for flexible multibody systems. However,
the nonsmooth generalized-a methods of [17, 18, 25, 27] are only applicable to
multibody systems with frictionless contact, i.e., unilateral constraints without
Coulomb friction. Furthermore, these nonsmooth generalized-a methods are
restricted to mechanical systems for which the kinematic equation states that
the velocity of the system corresponds to the time derivative of the position
coordinates. The schemes of [17, 18, 25, 27] have been extended to cope with
systems with frictional contact and a more general kinematic equation in [28, 43].
In [43], the augmented Lagrangian approach together with discrete set-valued
Coulomb friction laws on position and velocity level have been used to arrive at
a nonsmooth generalized-a scheme, which can describe systems with frictional
contact. The scheme of [43] has been extended in [28] to allow for different
rotation parametrizations for rigid bodies. This represents a particular case of a
general kinematic equation since the angular velocity is not the time derivative
of the rotation matrix describing the orientation of a rigid body. In nonsmooth
mechanics, the set-valued Coulomb friction law is naturally stated as a force
law on velocity level. Since in the case of sticking this friction law acts like a
bilateral constraint, it can in that case be brought to acceleration level through
differentiation. Similar to [28, 43], it is the aim O3.2 of this dissertation to
extend the nonsmooth generalized-« schemes [17, 18, 25, 27] to account for
friction as well as a general kinematic equation. However, the explained link
between the friction law on velocity and acceleration level shall be exploited
instead of formulating the discrete friction laws on position and velocity level as
done in [28, 43].

1.3. MAIN CONTRIBUTIONS AND OUTLINE

The outline of this thesis directly reflects the objectives O1-O3. After reviewing
selected topics from linear algebra in Chapter 2, a concise introduction to
differential geometry is given in Chapter 3. On that basis, Chapter 4 presents
the mathematical foundations for the achievement of objective O1. In particular,
a concise treatment of distributions, connections and covariant derivative is given.
Following Loos [82], these concepts are used to introduce action forms on Galilean
manifolds together with a collection of theorems, which play a central role for
the development of the mechanical theory in Chapter 5. For the definition of
the action form of a mechanical system, Loos employed a (nonlinear) connection.
Hence, the role of connections is as important for the mechanical theory on
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Galilean manifolds as the role of action forms. However, Loos barely writes about
connections and focuses only on the action forms.

Contribution 1. It is the contribution of Chapter 4 that the interconnection
between nonlinear connections, action forms and the coordinate independent
description of non-autonomous second-order ordinary differential equations on
Galilean manifolds is worked out in detail.

The geometric mechanical theory for the description of time-dependent finite-
dimensional systems required by O1 is developed in Chapter 5. The theory is
based on the physically motivated concept of Galilean manifold, as required by
aim O1.1.

Contribution 2. It is a particular contribution of Chapter 5 that the presented
theory links the dynamics of the system to the dynamics of the particles consti-
tuting the system. In doing so, Chapter 5 hits aim O1.2. Moreover, this Chapter
complements the works of Loos [82] and Winandy [127].

To meet the scientific needs of theoretical mechanics, the theory is completely
formulated in the language of differential geometry. However, for the purpose of
engineering, the abstract geometric approach is inconvenient and cumbersome.
Hence, Chapter 5 makes an effort to retrieve the formulae and principles in the
form known in engineering mechanics.

Contribution 3. In Section 5.2, the physical space-time of classical mechanics
is modeled as a Galilean manifold. By introducing the concepts of observer
and reference field, which identifies the particles assumed at rest, it is shown at
the end of Section 5.2 that the notions of position, velocity and acceleration as
vectors in a Euclidean vector space E? can be retrieved as local representations of
their geometric counterparts. Based on that, the aim O1.3 is met by deriving the
vector space formalism of engineering mechanics as a local representation of the
geometric theory of Chapter 5. In particular, the well known representations of
the kinetic energy, virtual displacements, the principle of virtual work, Lagrange’s
central equation and the principle of virtual action are derived. This can be
regarded as the main contribution of Chapter 5.

The geometric theory presented in Chapter 5 not only contains the results of
engineering mechanics, but also shows the interconnection between the principles
of mechanics. Moreover, being formulated in the language of differential geometry,
the full arsenal of this mathematical discipline can be used within the mechanical
theory. For instance, it is thanks to the geometric view on bilateral constraints
that the question whether a set of constraints is holonomic can be answered by
Frobenius’ theorem. It is the essence of aim O1.4 to make this result accessible
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to engineering mechanics by deriving conditions in vector-matrix notation, which
can be used to assert whether a set of constraints is holonomic.

Contribution 4. In Section 5.10, which studies bilateral constraints, aim O1.4
is met by stating even two equivalent conditions, formulated in vector-matrix
notation, which each can be used to assert if a set of time-dependent bilateral
constraints is holonomic.

Chapter 6 is concerned with the description of nonsmooth mechanical systems.
As required by O2, a nonsmooth theory of mechanics, which contains the theory
presented in Chapter 5 as a special case, is elaborated in Section 6.1.

Contribution 5. By relaxing the continuity assumptions of the motion in the
way proposed by Moreau [91] and by generalizing the definition of forces, a
theory for nonsmooth mechanics is developed in Section 6.1. It is shown, that the
principle of virtual action and the equality of measures in the form known by the
nonsmooth mechanics community, are local representations of the fundamental
principle of the presented theory — as required by O2.1.

In agreement with aim O2.2, the concept of conic distribution is used to define
unilateral constraints in Section 6.2.

Contribution 6. It is the merit of Section 6.2 to show that unilateral constraints
can conceptually be treated in the same way as the bilateral constraints in
the smooth theory of Chapter 5. In fact, the developed view on constraints
for nonsmooth mechanical systems is shown to comprise both unilateral and
bilateral constrains. This reveals that, within nonsmooth mechanics, not only the
constraint forces of unilateral constraints may be impulsive, but that this is even
the case for bilateral constraints — a fact that is often not explicitly addressed in
the literature.

Chapter 6 is concluded by addressing the second part of O2, namely, the
application of the developed theory for the description of mechanical systems
with frictional contact. This is done in Section 6.3, where a hard frictional
contact model is introduced and the relevant equations for the description of the
dynamics of mechanical systems with frictional contact are summarized. It is
the description presented in Section 6.3 that is discretized in time to address the
two parts of objective O3.

Contribution 7. In Chapter 7, the symmetric Moreau-type integrator [20] is
extended to include bilateral constraints, see O3.1. To achieve that, the time
finite element method used in [20] is adopted to discretize the system’s dynamics,
while the bilateral constraints are contemplated at velocity level.
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Contribution 8. In Chapter 8, a nonsmooth generalized-a method is derived,
which extends the existing methods [17, 18, 25, 27] to account for:

o frictional contact modeled as unilateral constraints complemented by set-
valued Coulomb-type friction laws formulated on velocity and acceleration
level.

e a wider class of mechanical systems, for which the generalized velocities
and the time derivative of the position coordinates are related by a general
kinematic equation, and are hence not necessarily identical.

Moreover, a set of benchmark systems is devised and finally used to validate the
performance of the presented scheme.

Concluding remarks as well as an outlook on further scientific questions are given
in Chapter 9.



— 9 —

Miscellaneous Topics from Linear Algebra

Mathematics is the key and door
to the sciences.

—Galileo Galilei

This chapter presents some concepts of linear algebra based on the basic
properties of finite dimensional vector spaces and linear maps. It is assumed
that the reader is familiar with the notions of vector spaces and linear maps.
The primary aim of the chapter is to give the reader a good working basis for
the understanding of the subsequent chapters and to introduce the required
notations. Hence, not all the definitions are given and sometimes, especially
when the definition is involved but straightforward, the concepts are introduced
by example.

After establishing some basic notations in Section 2.1, Euclidean point and
vector spaces are introduced in Section 2.2. Tensors and alternating forms, as
special type tensors, are treated in Sections 2.3 and 2.4, respectively. The chapter
is concluded with a section on convex cones. For the reader interested in more
details on these topics, Audin [11] is recommended for an in depth look on
Euclidean spaces. Moreover, Lee [74] or Winandy [127] can be consulted for
tensors and alternating forms. Finally, as an encyclopedic book on the variational
analysis of convex sets Rockafellar and Wets [106] is cited.

2.1. BASIC NOTATIONS

Summation convention. In this work, Einstein’s summation convention is
adopted. This implies a summation from 1 to n whenever an index i appears
once as an upper and once as a lower index, where n is clear form the context.
For instance,

n

aibi = Zaibi, Uiaii = Zviaii or 8(21. ®ni = Z 8?# ®77i.
i=1 i=1

i=1
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Vector-matriz notation. Any object z° with one index, where s = 1,...,n, is
gathered as an n-tuple x, e.g.,

x=(z',...,2") or f=(f1,....[n).
Moreover, the convention is made that lists of tuples are again regarded as
tuples, e.g.,
(X7y) = ($17"'7xn7y17"'7ym) *

To objects A;; with two indices the matrix A is associated, where the left index
is the row-index and the other is the column-index, e.g.,

A11 . Aln Bll . Bln
Aij — A= or BZ#—)BZ : ) :

Api ... Apn B ... B",
To gain access to vector-matrix notation, n-tuples are regarded as column vectors,
such that we can write z'y; = x"y = y™x or

y; = Azt & y=A'x=x"A,
where ()" denotes the transpose. Sometimes, it is convenient to not change
between normal and bold symbol. For example, the j-th component of A'x is
denoted by (A'x);, such that
Ajja' = (A'x); or BYa’ = (Bx)".

To compactly write a series of inequalities, x > y is understood in a component
wise manner, that is,

(@',....z)>W,...,.y") o >y Vi=1,...,n.

Span of a set. Consider a subset S C V of a real vector space. The span (linear
hull) of S is the vector subspace of V' defined by

k

span(S) = Z)\ivi

i=1

v ES, NER, 1<k<ooy. (2.1)

2.2. EUCLIDEAN VECTOR SPACE E"

A typical mathematical abstraction of space encountered in classical mechanics is
driven by the idea that we can draw an arrow between two points in space. The
length of this arrow is then the distance between the points. Moreover, we can
measure the angles of the triangle formed by the arrows connecting three points in
space. Mathematically, the space of the arrows can be seen as a three-dimensional
Euclidean vector space E3.
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Definition 2.1. A Fuclidean vector space E" is an n-dimensional real vector
space together with a map - : E" x E" — R, called inner product, that for all
vectors u,v,w € E™ and all scalars a,b € R satisfies the conditions

u-v=v-u, (au+bdv)-w=a(u-w)+bv-w) and u-u>0ifu#0.

The inner product induces the Euclidean norm ||u|| = v/u - u, which is interpreted
as the length of the vector u. The angle 6 = £(u, v) between two non-zero vectors
u and v is implicitly defined by u-v = ||u||||v]|| cos .

A vector u is a wunit vector if ||u|| = 1. Moreover, two vectors u,v are
orthogonal if u-v = 0. A basis of pairwise orthogonal unit vectors e, ..., e, is
said to be orthonormal. Consequently an orthonormal basis is characterized by

1 ifi=j
i€ = 0ij 1= o 2.2
e e] J { 0 lf i ;é J ( )
for all 4,5 = 1,...,n, where the Kronecker delta d;; has been introduced. The

Kronecker delta provides the components of the identity matrix I, i.e., (I);; = ds;.
Let €f,..., el be an orthonormal basis of E". Any vector v € E" can be
represented as v = rv'el. The components of the vector v with respect to the
basis I are denoted by rv¢, which are gathered as the n-tuple rv. It follows
immediately from (2.2) that
i =el-v. (2.3)
For a different orthonormal basis eZ, the vector can also be written as v = pv'e?
and it is a consequence of (2.3) that

Introducing the transformation matriz Agr from I to B as
(Apr), =ej -ei, (2.4)

the coordinate transformation between orthonormal bases I and B can compactly
be written as
BV = ABI IV. (2,5)

It follows from the definition (2.4) that the transformation matrix Apgs is an
orthogonal matrix, i.e., A;Apg; = I. Moreover, A;z = AGg;.

Consider a curve x : R — E™, then x denotes the derivative of the curve, which
is again a curve in E™. A moving frame is a set of curves e : R — E", ¢ — e (t)
which for every ¢ forms an orthonormal basis for E". Everything that has been
said about vectors and bases is still true pointwise, i.e., for a fixed ¢. Hence,
the transformation matrix between moving frames defined by (2.4) must be



18 2. MISCELLANEOUS TOPICS FROM LINEAR ALGEBRA

regarded as depending on ¢. Consequently, the bases I and B can be interpreted

as depending on ¢ with &/ = é® = 0 and are therefore called resting frames.
1

Q.

Consider a resting frame I. From x = 1t e{7 it follows that x = ;i‘e
Gathering the ;&' as ;%, we have that

1(X) = 1%, (2.6)

which shows that the components of x with respect to a resting frame I correspond
to the derivative of the components ;x of x with respect to I. This changes
drastically if we consider a moving frame K. In fact, we can use that x and %
are vectors and hence transform by (2.5) to compute

k(X) = Axri(x) = Axr(Arx kX)) = kX + AxrArg kx, (2.7)

where gx is the derivative of xx and where (2.6) has been used for the second
equality. Taking the derivative of AxrArx = I immediately shows that the
matrix Ax IAI K is skew-symmetric.

The three-dimensional Euclidean vector space E® inherits the cross product
from R? by defining 5(uxv) = gpux pv for every orthonormal basis B. Moreover,
the skew-symmetric matrix & € R3*3 is uniquely associated to a vector a € R?
by the condition &y = a x y for all y € R3. For two frames I and K the angular
velocity wrkx of K with respect to I is defined by

K@rx = AxrAgk.
The angular velocity can now be used to restate (2.7) as
K(X) = kX + KWK X KX.

Coming back to the idea that we can draw an arrow between two points in
space. Interpreting the arrows as vectors in E” leads to the following mathematical
abstraction of space.

Definition 2.2. An n-dimensional Fuclidean point space consists of a set of
points P together with a map r: P x P — E" with the properties

(i) For any three points O, P,Q € P, we have r(O, P) +r(P,Q) = r(0, Q).

(ii) For every point P € P and every v € E" there is a unique @ € P such that
r(P,Q)=v.

We can interpret r(O, P) as the vector pointing from O to P. Then the first
property of r corresponds to the parallelogram rule. It is convenient to lighten
notation by introducing rop := r(O, P). By property (ii), the map r(O,-) is a
bijection between P and E" for a fixed O.
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2.3. TENSORS

Definition 2.3. Let V be a real vector space of dimension n. The set V™ of all
real-valued linear maps w : V — R is called dual space of V. The dual space,
equipped with pointwise addition and scalar multiplication is again a real vector
space of dimension n. An element w of V* is called linear form, one-form or
covector.

Consider a basis e1, ..., e, of V. The linear forms e!,...,e" € V* defined by
€'(e;) =05,

where 5; is the Kronecker delta, constitute a basis for V*, called the dual basis
to e1,...,en. A proof can be found in the Appendix A.1 of [38].

Definition 2.4. Let V be a real vector space of dimension n. A tensor of type
(r,s) on V, also called (r, s)-tensor on V, is a map

T:V'x -+ - xV'XVx---xV >R

7 copies s copies

which is multilinear, i.e., linear in each argument. The sum r + s is called the
rank of the tensor and the set of all tensors of type (r,s) on V is denoted as @5 V.

Example 2.1.

(i) Let e1,...,en be a basis of V' and el,...,e" the corresponding dual basis.
Hence, v = vie; € V and w = w;e’ € V*. Then the following are tensors of
rank one: ) ) ]

eV R vse'(v) =0

(2.8)

e V'o R, wei(w) =wle) =w;.
The linear form e; is an element of the dual space V** of V*. It is
straightforward to see, that the maps e; form a basis for the bidual space V**.
Hence, the map which associates to every e; € V' the bidual vector defined
by (2.8) is a vector space isomorphism V' = V**  which justifies the overload
of notation.

(ii) Let A € R™*"™ be a matrix. The map
A:R"xR" - R, (x,y) — A(x,y) =x"Ay
is a (0,2)-tensor on R™. Hence, A € ®JR™.

Even though, in Definition 2.4, the arguments of an (r, s)-tensor are ordered
such that the first » arguments take covectors and the remaining take vectors,
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also multilinear maps with other orderings of arguments are called tensors, e.g.,
the multilinear map T': V x V* x V — R is a tensor of rank three, also called
three-tensor for short. The space of tensors of this type, i.e., multilinear maps
from V x V* x V to R, is denoted as L(V,V*,V;R). Moreover, it is customary
to regard scalars as zero-tensors.

Definition 2.5. Let S and T be tensors on V with respective rank s and ¢. The
tensor product S ® T is the tensor of rank s 4 ¢ defined by

ST (U1, Us,V1y...,v) = S(ut,...,us)T(v1,...,v) (2.9)

for all u;, v;, where u; and v; are either vectors or covectors, depending on what
the tensors S and T require.

To clarify this definition, consider a two-tensor S € L(V,V*;R), that is,
S:V xV* >R, and a three-tensor T' € L(V,V*, V;R), then

S @ T(u,0,v,m,w) = S(u,0)T (v, 7, w)

for all u,v,w € V and for all o, € V*.

The tensor product allows to construct a higher-order tensor from two lower-
order tensors. Hence, it is not surprising that bases for the tensor spaces can
be constructed by taking multiple tensor products of the 1-tensors (2.8). The
following proposition is formulated and proved for the tensor space L(V,V*, V;R)
but extends analogously to general tensor spaces, see Proposition 12.4 in [74].

Proposition 2.1. Letes, ..., e, be a basis of V and €', ..., " the corresponding
dual basis. The set

B={c'®e;®e" |1<i,j,k<n}
is a basis of the space L(V,V*,V;R), which therefore has dimension n.
Any T € L(V,V*,V;R) can consequently be written as a linear combination
T=T),c®e® ek (2.10)
with Tfk =T(e;, e, er).
Proof. Let u,v € V and w € V*. It follows from the multilinearity of T that
T(u,w,v) = T(u'e;,wje’ , v¥er) = T(ei, e, ex) u'wjv® . (2.11)
Moreover, using the same u, v and w as before, the evaluation of (2.10) gives
T(u,w,v) =T e @e; ® e (u,w, v)
=T} ' (u)e;(w)e" (v) (2.12)

Co
=T u'wv”,
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where (2.9) and (2.8) have been used. Setting 7% = T'(e;,€’, ex), the comparison
of (2.11) and (2.12) proofs that the set B spans L(V, V*, V;R). Moreover, setting
the linear combination (2.10) to zero, by (2.12) immediately implies 77, = 0 for
all 4, j, k, since (2.12) must be zero for arbitrary u,v and w. Hence, the tensors
in B are linearly independent, which together with the property that B spans
the tensor space proves that B is a basis for L(V,V* V;R). O

2.4. ALTERNATING FORMS

In this section, the fact that tensors of type (0, k) on V', called covariant k-tensors,
assign a real number to k elements of a vector space V is exploited. Hence, for
such a tensor all arguments are equitable. This is similarly true for tensors of
type (1,0) on V, which are called contravariant l-tensors. For simplicity, the
notation ®*V* = @4V for the space of covariant tensors and @'V = @4V for
the space of contravariant tensors is introduced.

Since all arguments have equal rights, we can switch two arguments of a
covariant tensor, which may or may not change the value of the tensor. A
covariant k-tensor T on V is symmetric if its value remains unchanged by
interchanging any pair of arguments, that is,

T(V1y ey Vigee oy Ve Uk) = T(V1, 005, o Uiy e, Vk)

whenever 1 < i < j < k and for all vy,...,vx € V. Similarly, the tensor T is
alternating (antisymmetric or skew-symmetric) if it changes sign whenever two
arguments are interchanged, i.e.,

T(vl,...,vi,...,vj,...,vk):—T(v1,...,vj,...7vi,...,vk),

whenever 1 < i < j <k and for all vq,...,v, € V.

The set of all alternating covariant k-tensor is denoted by AN'V*. Since the
sum of two alternating tensors is again alternating and the same holds if a tensor
is pre-multiplied by a real number, AV* is a vector subspace of @*V*. An
alternating covariant k-tensors is said to be an alternating form of degree k
or k-form for short. To have a notion of form for arbitrary degrees, we set
/\DV* =R and /\IV* =V

Since the k-forms are characterized by their behavior under permutations of
arguments, the following concept is of value. Consider the set I, = {1,...,k}.
A permutation s is a bijective map s : Ix—Ir. The set of all permutations is
called the symmetric group and is denoted by Sj. Since a permutation s € S is
bijective, the k-tuple (s(1),s(2),...,s(k)) is a reordering of the tuple (1,2,...,k).
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Therefore, s can be represented in the form

1 2 k
s(1) s(2) ... s(k)

A transposition is a permutation which interchanges only two numbers. An
arbitrary permutation can be represented as a sequence of transpositions. While
the representation of a permutation in terms of transpositions is not unique, the
number p of invoked transpositions is.! Hence, we can define the sign of the
permutation s as sgn(s) = (—1)P, which is 1 or —1 depending on whether p is
even or odd, respectively.

Example 2.2. The three permutations in S3 with positive sign are

2 3] (1 2 3] and (1 2 3]
2 317 [2 3 1 3 1 2]’

The remaining three permutations in Ss3 have negative sign and are given by

2 3] (1 2
1 3] [1 3

and

1 3] 1 2 3]
2 2) 3 2 1"

The action of a permutation s € Sk on a covariant k-tensor is defined as the
map ps : @V* = @*V*, f > o, f that is given by

@Sf : (Ul,...,?}k) = f(vs(1)7'~'7vs(k))7

which formalizes the permutation of arguments for a covariant k-tensor.
Similar to the tensor product, it is possible to define a product between a
k-form and an I-form yielding a k + [-form.

Definition 2.6. The wedge product (or exterior product) of two alternating
forms n € /\kV* and w € /\ZV* is defined as

nhw= o S sen(s)esnow), (2.13)

with n Aw € /\kHV*.

The set of alternating forms of arbitrary degree, denoted by /N'V* endowed
with the wedge product is known as the exterior algebra or Grassmann algebra.

Proposition 2.2 (Lee [74], Proposition 14.11.). For all £,n,w € N'V* and all
real numbers a,b € R, the wedge product satisfies

1See Lang [71], Theorem 6.1.
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(i) EN(nAw) = (EAN) Aw,
(i) (a€+b) Aw=al Aw+bnAw,
(iii) n Aw = (—=1)"w An, when n € N'V* and w € NV*,

(i) w Aw = 0, whenever the degree of w is odd.

Example 2.3. Let o, € A'V* be one-forms. Moreover, let e1,...,e, be a
basis of V and €',..., " the corresponding dual basis. By (2.13), we have

aANB=a®B-LRa, (2.14)

which can be used to check that, in accordance with Proposition 2.2 (iii) and (iv),
it holds that « A § = =8 A @ and a A a = 0. Moreover, one can use (ii) and (iii)
of the same proposition to find

a A B=(aie") A(Bje’) = iy A&’
=B @ —& ®e') = (B —a;B) e’ ®e,

where (2.14) has been invoked to transition from the first to the second row.

2.5. CoNVEX CONES

A subset C C V of an n-dimensional real vector space V is conwvez, if for all
u,v € C' it holds that

I-XNu+rwelC Vrelo1].
A subset K CV is a cone, if for any v € K also
weK VA>0. (2.15)

Moreover, a cone is closed if condition (2.15) additionally holds for A = 0. The
unit ball B := {x € R" | ||x|| < 1}, for instance, is a convex set but not a cone. An
example for a closed convex cone is the positive orthant Rj" == {x € R™ | x > 0}.
The conical hull of a set S C V is the closed convex cone

k
cone(S) = { Z N,

i=1

vies,x'zo,lgk<oo}. (2.16)

A cone K C V is said to be finitely generated if there are vectors by,...,b, € K
(r < o0) such that
K = cone{bi,...,b,}.

Hence, for finitely generated cones, the conical hull plays the role of the span
for vector (sub-)spaces and the vectors b; can be used to generate the vectors
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in K. In fact, it is a consequence of (2.16) that any v € K can be represented as
v = v'b; with v* > 0. Moreover, comparing the definition (2.1) of the span to
that of the conical hull, we find that

span{b1,...,b,} = cone{b1,...,br, —b1,...,—br}, (2.17)

which shows that every vector subspace of V is a finitely generated cone.
A cone K is polyhedral, if there exist linear forms o!,...,a™ € V* such that

K={veV|a@®=>0i=1,...,m}.

Theorem 2.1 (Rockafellar and Wets [106], Theorem 5.52). A cone K CV is
polyhedral if and only if it is finitely generated. In particular, every polyhedral
cone is closed and convez.

For A € R, the scalar multiple of a set C' C V is introduced as
AC={ v |veC}. (2.18)
Moreover, C' 4+ D denotes the Minkowski sum of two sets C, D C V|, that is,
C+D={v4+w|vel, we D}. (2.19)
It follows immediately from the definitions (2.18) and (2.19) that
AMC+D)=XC+AD and (A+u)C=XC+uC (2.20)

where C;, D C V are two sets and A\, u € R.
Let C C R™ be a closed convex non-empty set. The normal cone of C at
x € C is defined as

Ne(x)={yeC |y (x" —x) <0,vx" € C}, (2.21)

whereas N¢(x) is empty if x ¢ C. One can show that the normal cone N¢(x) is
a closed convex cone, see [106]. It can easily be verified, that No(x) = {0} if x
is an interior point of the set C'. Indeed, for an interior point x there exists a
ball around x contained in C. This allows to choose x* from this ball such that
any direction x* — x can be produced in (2.21), which leaves only y = 0 to fulfill
the inequality.

The normal cone has a number of less known scaling properties, which are
stated as propositions in the following. These may conveniently be proved using
topics from Convex Analysis such as the subdifferential and the support function.
However, in order to introduce as little machinery as possible, these properties
are proved by using only definition (2.21).
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Proposition 2.3. Let a > 0 and C C R" be a closed conver non-empty set. It
then holds that
1
Yy ENac(x) <= yeNc <ax> .

Proof. Consider x € aC. Applying definition (2.21) to the inclusion y € Nac(x)
implies that y™(x* —x) < 0,Vx* € aC, which if divided by « > 0 corresponds to

y' <1X* — 1X) <0 le* €eC <+ yeNMNc <1x>.
a a a a

Furthermore, x ¢ aC implies Noc(x) = @), which in turn yields Nc(éx) = 0.
The other direction of the implication follows by taking the reciprocal value
of a. O

Proposition 2.4. Consider a closed convex non-empty set C C R™ and set
C(a) =aC. If

yGNc(ai)(Xi), 1=1,2,3...,
where a; > 0, then it holds that

vedosa(X)

k3

Proof. Retaining the case a; = 0 for the end of the proof, first consider a; > 0
for all . By using Proposition 2.3 together with C(a) = aC we infer from
Y € Ne(a,)(xi), that

1
ye/\/c(_xi), i=1,2,3...

Qg

Without loss of generality, consider 7 = 1,2 and use definition (2.21) for either,
that is,

Summation of the inequalities, while multiplying by a; and as respectively, yields
Yy (X]+x5—x1 —x2) <0 Vx"=x]+x5 € (a1 +a2)C,
where property (2.20) has been used. Repeated summation gives

yT<foin) <0 Vvx* =fo GZa,CzC(Zai),

i
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s V(g (T).

(3

which is equivalent to

If a; = 0 for some i, then it holds that C(a;) = C(0) = {0} and x; = 0
whereas N} (0) = R™. One easily verifies that the proposition still holds. [

Proposition 2.4 may also be written in integral form as

Y € Neaw) (x(t)) EEICR = y € Nc(f () </x(t) dt) . (2.22)

where a(t) > 0 and where y is a fixed value, i.e., does not depend on ¢.
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Introduction to Differential Geometry

This chapter gives a brief introduction to differential geometry. The concepts of
differential geometry are developed only to the extent needed to formulate the
mechanical theory in the subsequent chapters. This exposition is mainly based
on Jeffrey M. Lee [73], John M. Lee [74] and Abraham and Marsden [1], which
are recommended as general references for differential geometry.

3.1. PRELIMINARIES FROM MULTIVARIATE CALCULUS

For a function f: R" — R, x +— f(x), the i-th partial derivative at a point X is

defined as o7 d
- = — X+ te; 3.1

prel Ny t:Of(x +tei), (3.1)

where e; € R™ is the vector having all components equal to zero except the i-th,

which is one. Considering a second function g : R™ — R, the partial derivative
satisfies the product rule

da(fg)

oz’
A vector-valued function f : R™ — R™ can be seen as a collection of m functions
7 :R™ = R such that f(x) = (fl(x), ce fm(x)). The Jacobian matriz of f is

the matrix ] )
of Yy of’
—_— = - 3.2
<8X) i oz’ ( )
For the composition of f with a vector-valued function g : R™ — R, y 9(y),

@)

X=X E)xl

— g

x=X ox?

X=X

the chain rule for partial derivatives holds in the form

gk of) _ 0g" afi
Ozt x=x Tyj y:f(i)% x=%
which in vector-matrix notation can be written as
d(gof) _Og of
0% lx=x g y:f(i)aix x=%
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3.2. SMOOTH MANIFOLDS

In this section, the notion of a smooth manifold is introduced. These manifolds
can be thought of as sets which locally look like R™ and which are equipped
with a differentiable structure, such that concepts of multivariate calculus can be
transferred to manifolds.

Definition 3.1. Let M be a set. A map ¢ : M D U — R" is a local chart
of M if ¢ is a bijection from U to an open subset of R”. An atlas on M is a
family A = {(Ui, ¢:) | ¢ = 1,2,...} of charts which covers M in the sense that
M = Uz U;. Herein, the notation (U, ¢;) is used to emphasize the domain U; of
the local chart.

A chart (U, ¢) is defined around (or in the neighborhood of) p if p € U. Let
(U, ¢) be the chart
¢:U =R p—=(q¢,...,q").

The components ¢° of ¢(p) are called coordinates of the point p with respect to ¢.
The i-th coordinate map of ¢ is defined as ¢' : M — R, p — ¢*. Mostly, the i-th
coordinate map is also denoted as ¢, such that qi(p) =g

If the domains of two charts (U;, ¢;) and (Uj, ¢;) overlap, i.e., Uy NU; # 0, we
can introduce the change of coordinates ¢; o ¢;1|¢](UWUJ) and ¢; o ¢;1

$:(U;NU;)>»
where the restriction is necessary to guarantee that the image of the inverse of
one chart lies in the domain of the other. However, the restriction is mostly
dropped in the notation. It is easy to see, that (¢; o ¢;1)_1 = ¢ 00"

Definition 3.2. An atlas A on M is called smooth, if for any two charts in A,
the change of coordinates is smooth (infinitely differentiable). Moreover, such an
atlas A is called mazimal if there is no other smooth atlas containing A.

Definition 3.3. An n-dimensional smooth (differentiable) manifold is a set M
together with a smooth maximal atlas Amax containing charts mapping to R",
that is, ¢ : M D U — R" for all (U, $) € Amax. The maximal atlas Amax is said
to define a differentiable structure on M.

A maximal smooth atlas Amax is associated to a smooth atlas A by the
following rule. A chart (U, ¢) is defined to be in Anmax if the change of coordinates
between ¢ and any chart contained in A is smooth. Any two atlases on M are
equivalent if they induce the same maximal atlas on M. These considerations
allow to specify a smooth manifold by introducing a set M together with a
smooth atlas A on M, where the differentiable structure on M is defined by the
maximal atlas associated to A. For brevity, the differentiable structure is said to
be defined by A.
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Example 3.1. The following are examples of n-dimensional smooth manifolds.

(i) Any open subset U C R", where the differentiable structure is defined by
A ={(U,id)} with “id” being the identity map on U.

(ii) The n-sphere S™ = {x € R""* | x™x = 1} with an atlas containing two
different stereographic projections, see Example 1.39 in [73].

For convenience, the (maximal) smooth atlas defining the differentiable struc-
ture of a manifold M is often not mentioned explicitly and statements like “for
all charts of M” must be understood as “for all charts in the maximal atlas
defining the differentiable structure on M?”. The differentiable structure on a
smooth manifold allows to transport the concept of differentiability of maps
from R™ to manifolds.

Definition 3.4. Let M and A be smooth manifolds with respective dimensions
m and n. A map f: M — N is differentiable (of class C*), if for every p € M
there exist charts (U, ¢) around p and (V, ) around f(p) such that the chart
representation of f given by

Ypofog iR"DH(UNFTH(V)) = o(f(U)NV) CR" (3:3)
is differentiable (of class C*) at ¢(p).

This definition is well-defined thanks to the differentiable structures on the
manifolds M and N. Indeed, if (3.3) is differentiable, then the representation
Yo fog¢ ! using two different charts is still differentiable due to the smoothness
of the change of coordinates and the fact that

wofod !t =(Yoy )oypofog o(pog). (3.4)

The rank k of f at p is defined as the rank of the Jacobian matrix of any
chart representation of f, specifically
dyofop™")

9q #(p)

Computing the Jacobian matrix of (3.4) reveals that the rank defined by (3.5) is
independent of the charts involved. To see this, the chain rule is used. Moreover,

k = rank (3.5)

recall that the change of coordinates are bijections and their Jacobian matrices
consequently have full rank. A map f is said to have constant rank k if the rank
of f equals k for all points of its domain. A diffeomorphism is a bijective map
f: M — N for which both f and f~' are smooth.

The set of smooth maps f : M — N is denoted by C*°(M;N'). Moreover, the
abbreviation C*°(M) is adopted for the set of real-valued functions C*(M;R).
In this work, whenever the differentiability of a map is not explicitly mentioned,
the map is assumed to be smooth.
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Definition 3.5. Let M be a smooth manifold of dimension n. A subset N' C M
is an (n—k)-dimensional submanifold of M if any of the two equivalent conditions
is fulfilled.

(i) For every point p € N there is a chart (U, ¢) of M with p € U such that
HUNN)=¢U)N(R"* x {c}) for some c € R. (3.6)

(ii) For every point p € N there is smooth map g : U — R* of constant rank k
with p € U such that

UNN =g '(c) for some c e RF. (3.7)

Usually, c is chosen to be 0, which can always be accomplished by composition
with a translation in R™.

To show the equivalence of (i) and (ii), first assume that the submanifold
N is defined by (i). By condition (3.6), the coordinate maps ¢* of ¢ have the
property that ¢" *(p) = ¢* with i = 1,...,k for any point p € U NN/, where
¢' denote the components of ¢. Hence, it suffices to define g = (¢"~**',...,¢")
to satisfy condition (3.7). On the other hand, assume that the submanifold A/
is defined by (ii). Choose any chart (U, ¢) of M, then by (3.7) it holds that
goo Ng,...,7") —c =0 for all g € ¢(U NN). By the implicit function
theorem there exist local maps f* such that on a subset of V C QE(U NAN)
gt = fi(cjl, .. .,(j"_k) with ¢ = 1,..., k. Hence, we can construct a chart
(U, ¢) with ¢(U) C V and coordinate maps ¢ that satisfy (3.6) by setting

¢=q fori=1,...,n—k
R =g G fori=1,.. . k.

Example 3.2.

(i) The n-sphere S™ = {X € R ’ x'x = 1} is an n-dimensional submanifold
of R™ because S™ = g~ (1) for g : R\ {0} = R, x = g(x) = x"x.
(ii) The graph of any smooth map f : R™ — R" defined as
graph(f) = {(x,y) € R™"" | y = £(x) }

is a submanifold of R™*™ because ¢(x,y) = (x,y — f(x)) is a global chart
of R™*™ fulfilling (3.6) for ¢ = 0.
3.3. TANGENT AND COTANGENT SPACE

There are several approaches to defining tangent vectors and the tangent space
to a manifold, see for example Chapter 3 in John M. Lee [74]. In this work, the
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curve approach is used to define tangent vectors, as the author is convinced that
it is the most intuitive definition. However, its relation to the derivation approach
and the coordinate approach are discussed, since each of these approaches has its
merits. Interpreting a tangent vector as a derivation, for instance, provides the
most efficient approach for computations.

To arrive at the concept of tangent vector to a point on a general manifold, it
is instructive to first consider the case of submanifolds of R™. The simplest case
are one-dimensional submanifolds, that is, images of curves in R™. Consider a
map v: R D Z — R™ and define

(0) = % - %M . (3.8)

Imagining vectors as arrows, the vector Ay = v(h) — v(0) can be pictured as the
arrow pointing from the tip of «(0) to the tip of y(h), see Figure 3.1. With that

E8 5(0)

Figure 3.1: Pictorial interpretation of a tangent vector to a curve v in R™ and
to a manifold M.

picture in mind, it can be seen that Av/h in the limit h — 0 is tangent to the
curve at the point v(0). Hence, we can define %(0) to be the tangent vector at
the point ~(0).

Now, an n-dimensional smooth submanifold M C R™ is considered. A vector
X, € R™ is a tangent vector to M at a point p € M if we can find a curve
v:R DZ — M with v(0) = p such that 4(0) = X,. Clearly, there is more
than one curve defining a tangent vector X, because it suffices that two curves
~1 and 2 with 71(0) = ~2(0) = p coincide in the vicinity of p to define the
same tangent vector. Indeed, if there is an € > 0 such that 1 (¢) = v2(¢) for all
t € [—¢,¢€], then 41(0) = 42(0). Two curves are said to be equivalent, if they
define the same tangent vector. Hence, the equivalence class [v], i.e., the set
of curves which are equivalent to ~, is in one-to-one correspondence with the
tangent vector X, = 4(0) defined by ~.

The fact that the manifold M is a subset of R™ has been used to give meaning
to the difference v(h) — v(0) arising in the derivative 7, see (3.8). Since on a
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general manifold the difference of two points is not defined, the tangent vector
to a curve cannot be defined by a difference quotient. However, two curves can
still be defined to be equivalent if they coincide in the vicinity of a point, which
is the same as the following.

Let M be a smooth manifold. Two curves v; : R O Z; — M are equivalent in
p € M if 71(0) = v2(0) = p and

digom)| _ d(¢or2)
dt t=0 dt t=0

(3.9)

for some chart (U, ¢) defined in the neighborhood of p. To denote that the two
curves are equivalent in p, the notation y1 ~j 72 is used. It remains to check that
the equivalence relation established by (3.9) is chart independent. Therefore, a
different chart ¢ is used to compute

d(@or)| _ 9(¢o9™")
dt t=0 oq

d(¢ o)
¢(p) dt

t=0’

where the change of coordinates ¢ o ' as well as the chain rule have been used.
It follows immediately that if two curves satisfy (3.9) for a chart ¢, they do so
also for any other chart ¢. The equivalence class [v] denotes the set of curves
which are equivalent to a curve v in p. It follows directly, that [y;] = [v] for all
~i € [7]- Hence, the same equivalence class can be represented by any curve it
contains and an element of [y] is consequently called a representative of the class.

Definition 3.6. Let M be a manifold. A tangent vector to M at a point p € M
is an equivalence class with respect to ~, of curves in M through p. The set of
all tangent vectors at p is called the tangent space T, M of M at p.

In other words, the tangent vector at a point p is the set containing all curves
through p that have the same tangent vector in a chart, see (3.9).

The tangent space T, M is equipped with a vector space structure over R by
defining that the equivalence class [y] = a'[y1] + a*[2] contains the curves
satisfying

d@@om)| _ pdl@om)| . 2d(don)

Nl
dt t=0 dt t=0 dt t=0 (3.10)

for some chart (U, ¢) around p, where a',a? € R. Moreover, it can be shown that
the tangent space T, M at any point p of an n-dimensional smooth manifold has
dimension n.!

Let e, ..., e, denote the standard basis of R™. It is straightforward to see,
that the curves

BL(t) = ¢~ (6(p) + te) (3.11)

1See John M. Lee [74], Proposition 3.10 or Winandy [127], Theorem 3.31.
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induced by a chart ¢ around p € M are representatives of n linearly independent
tangent vectors [3?] € TpM, which consequently form a basis for T, M. This
basis is called the induced basis of ¢. Indeed, one can use (3.10) to see that for
any X, = [y] € T, M it holds that

d(¢o9)
dt
The derivative of a function f € C*(M) in the direction of the tangent

vector [v] € TpM is called the Lie derivative at p of f in the direction [y] and is
defined by

[
:Xid(¢oﬁi)

XP :X;[Bj)} e =0 p dt

=X,e;. (3.12)
t=0

d(f o
Liyf = (fdt ")

The Lie derivative, seen as a map L, : C*°(M) — R has the properties of a

(3.13)

t=0

derivation in p, which are that L[, is a linear operator which is local, i.e., only
depends on the value of f in the vicinity of p, and L, satisfies the product rule

Liy(f9) = g) Ly f + f(P)L1yg, (3.14)

where f,g € C°(M) and fg: M — R, p+— f(p)g(p).

It can be shown that [y] + L, is an isomorphism between the tangent
space T M and the vector space of all derivations in p € M. Hence, a tangent
vector [y] can be understood as a derivation that can act on a function f
by L, f. Due to the aforementioned isomorphism, one can equivalently pursue
the derivation approach to tangent vectors and define the tangent space as the
vector space of all derivations in a point of the manifold.

It is notationally efficient to overlap the two notions of tangent vector. Specif-
ically, for a tangent vector X, € T, M it makes sense to write v € X,, as it is an
equivalence class of curves. Then +y is a representative of X, and it holds that
X, = [7]. However, the tangent vector X, may also act as a derivation on a
function f € C*°(M), allowing to write X, (f), which must be understood as
Xp(f) = Ly f for any v € X;,. Moreover, the derivative-notation is resurrected
for a tangent vector by setting

4= 3 _=hl (3.15)
This means that taking the derivative of v is interpreted as the operation of
assigning the tangent vector [y] to the curve 7, which closes the circle to the picture
of a tangent vector created by looking at submanifolds of R™, see Figure 3.1.
By the isomorphism [y] — Li,), the basis [8?] induced by a chart ¢ around a
point p € M is uniquely associated to the basis derivation

0
aq |p

= Ligs|» (3.16)
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where ¢* denotes the i-th coordinate map of ¢. Again, rather than two different
objects, [37] and a%t »
gent vector. The notation in (3.16) is motivated applying (3.16) to a function
f € C>°(M), which yields

must be seen as two interpretations of the same tan-

0
aqt

= A

(3.17)

#(p) 7

where (3.11), (3.13) and the definition of the partial derivative (3.1) have been
used. To shorten notation, it is convenient to introduce

of
Iqt

0
p‘ aq’

(f)

P

By our notational overlap and in view of (3.12), a tangent vector X, € T, M
has the basis representation
i 0

X, =X —

"o ‘p with X, = X,(q"), (3.18)

where ¢ denotes the i-th coordinate map of ¢. Indeed, the component X{; can
be computed by

) J -1 o .
VAL | P SR CY

. ; O¢’
Xp(¢) = X,
? P g s

paqL

where (3.18) as well as (3.17) have been invoked. The rule for the coordinate
transformation of the components of a vector under the change of induced bases
follows immediately. In fact, consider a different chart ¢ around p with coordinate
maps ¢ and

then the components with respect to the induced basis of ¢ result from

. . e F) ) 77 -1
XJ — Xp((j]) — Xl 8q — X; 8((] O‘? )
P dq*

p P aqz

. (3.19)
(p)

Hence, the components of a tangent vector transform linearly under a change
of induced bases. It is the transformation rule (3.19) that gives access to the
coordinate approach to tangent vectors. Herein, a tangent vector is defined as an
equivalence class of chart dependent assignments of R™ tuples, where two tuples
(X;, ..., X,) and (X;, e ,X;) assigned to the charts ¢ and ¢, respectively,
are considered equivalent, and hence represent the same tangent vector, if they
fulfill (3.19).
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Example 3.3. An example and a counter example for the coordinate approach
to tangent vectors are given. For both examples consider a curve v : R — M
with v(0) =

(i) For any two charts ¢ and ¢, the R™ tuples with components (¢* o y)(0) and
(q* 0 ¥)(0) are equivalent and hence define the same tangent vector. In fact,

NP o)

q' 0 7)(0),
oy PR

(@ 07)(0) = (7 0¢™" 0 hon)(0) =
where the chain rule has been used. In view of (3.19) this example es-
tablishes the relationship to the curve approach to tangent vectors as
Li(g') = (¢' 2 7)(0) and Li;y(q') = (" ©7)(0).

(ii) Contrary to (i), for any two charts ¢ and ¢, the R™ tuples with components
(¢"0¥)"(0) and (g* 0)"(0) generally define different tangent vectors. Indeed,
by a similar reasoning as in (i) one arrives at

NG o~ )(

8(‘? o ¢71)( k
¢’

(@ ©7)7(0) = ¢ o) (0) + =5rga (@ 2O (¢' ©7)(0),

where the partial derivatives are evaluated in ¢(p). Hence, there is no
natural way to define the “acceleration vector” of a curve on a manifold.
This obstruction is resolved by introducing an additional structure on a
manifold called connection, see Section 4.2.

Definition 3.7. Let f: M — N be a differentiable map between two manifolds
M and N. The differential of f in p € M is the map

Dfp : TpM — TryN, Xp — Dfp X,
equivalently defined by either
DfpX,(g9) = Xp(go f)Vge CP(N) or DfpXp:=(fov)p, v€ Xp, (3.20)

depending on whether the tangent vector is interpreted as derivation in p or as
equivalence class of curves. Recall that by convention (f o), = [f o~].

Definition 3.8. Let M be a manifold. The cotangent space T, M of M at p is
the dual space of the tangent space, that is Ty M = (T, M)™.

The dual basis to the basis % Y ai ’p of the tangent space is denoted as
dqzl,, ...,dgy. It follows from Propomtlo 2.1 that the representation of a covector
wp € Ty M is

; 0
wp =widgy, with wi=wp| == . (3.21)
gt |p




36 3. INTRODUCTION TO DIFFERENTIAL GEOMETRY
3.4. VECTOR BUNDLES

The tangent space T, M to a point p of a manifold M is often thought to
be attached to the manifold at the point p. This picture is translated into
mathematical language by the following.

Definition 3.9. The tangent bundle TM of a smooth n-dimensional mani-
fold M is
™= ({p} x M),
peEM
together with the natural projection = : TM — M, (p, X,) — p. The tangent
bundle is a smooth manifold of dimension 2n in virtue of the smooth atlas
containing the natural charts defined by

®:x N(U) = R™, (p,Xp = uia%i}p) N R Ve Vi (3.22)
which are induced by the charts (U, ¢) of M, where ¢(p) = (¢*,...,q").

Instead of looking at a particular tangent space to a point of M, the tangent
bundle allows to treat all tangent spaces at once. For instance, the differential of
a map f at p can be extended to a differential “at every p”.

Definition 3.10. Let f : M — N be a differentiable map between two manifolds
M and N. The differential of f is the map

Df : TM — TN? (p7 XP) = (f(p)vaPXP)

Definition 3.11. Let B, F and M be smooth manifolds and let 7 : B — M
be a differentiable surjective map. The quadruple (B, M, w, F) is called a fiber
bundle if for each point p € M there is a neighborhood U C M of p and a
diffeomorphism 6 : 77! (U) — U x F such that the diagram

0
7 (U)—UxF

ﬂ(l] pry

commutes, that is, if pr; o § = 7, where pr; is the projection onto the first
factor. The map 6 is called local trivialization and 7 is the bundle projection. The
manifolds are referred to as total space B, typical fiber F and base manifold M.
The set By = 77 (p) is called the fiber over p.

Definition 3.12. A section of a fiber bundle (B, M,n,F) is a smooth map
s: M DU — B such that w(s(p)) = p for all p € U. The set of all sections of B
is denoted by I'(BB). Hence, a section selects an element s(p) = (p, sp) of the fiber
B, = 7 !(p) for every point p € U.
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Definition 3.13. A vector bundle of rank k over M is a fiber bundle (B, M, , R¥)
with typical fiber R* such that all fibers B, are k-dimensional vector spaces.
Moreover, the restrictions of any trivialization 6 to B) is an isomorphism from
B, to {p} x R* = R".

Let (U, ¢) be a chart of M and let B, ..., B € I'(B) be local sections defined
on U C M, which pointwise form a basis for the fibers of the vector bundle B.
The associated bundle chart of B is

R () R/, (p,Xp = ui(Bi)p) (g gt ,uf) (3.23)

where 7 is the bundle projection and ¢(p) = (¢',...,¢"). The collection of all
such charts equips B with a differentiable structure.

It can be shown,? that the tangent bundle TM of an n-dimensional mani-
fold M is a smooth vector bundle ("M, M, w,R™). Using the same idea as for
the construction of the tangent bundle, other vector spaces can be attached to
the points of a smooth n-dimensional manifold M to create other smooth vector
bundles over M. The most important bundles are the cotangent bundle

M= (I} x ;M)
PEM
the bundle of (r, s)-tensors
2L TM:= | ({p} x @IT; M)
peEM
and the bundle of alternating k-tensors
N M= | (1o} x NT;M).
peEM

Let B denote any of these bundles, then B comes together with the natural
projection 7 : B — M, (p, Xp) — p, where X, is an element of the vector space
attached to p € M.

3.5. VECTOR AND TENSOR FIELDS

For sections of vector bundles, the vector space structure of the fibers of B is
transported to the sections of B in a pointwise fashion, i.e., for any u,v € I'(B)
and any a € R, the vector space operations are defined by

(u+v)(p) = (p,up +vp) and (au)(p) = (p,up).

2See John M. Lee [74], Proposition 10.4.
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By introducing the multiplication between f € C*°(M) and v € T'(B) as

(fv)(p) = (p, f(P)vp) (3.24)

for all p € M, the section can be scaled differently in every point of the manifold.

Different names are used for sections of the bundles defined so far. A wvector
field is a section of T'M and the notation Vect(M) = I'(T'M) is introduced.
Covector fields are sections of T*M and (k,1)-tensor fields sections of @FT*M.
Finally, the sections of NT*M are called differential k-forms and Q%(M) is used
to denote the set of all differential k-forms. By construction, the set of covector
fields is Q'(M). Moreover, Q*(M) is used to indicate the set of differential forms
of arbitrary degree.

Since the notion of vectors and tensors have been extended to fields on a
manifold, the objects and operations related to vectors and tensors encountered
in Chapter 2 can be extended in a pointwise fashion.

The duality pairing of a vector field X € Vect(M) and covector field w € Q*(M)
is pointwise defined by

w(X)(p) = wp(Xp), (3.25)

which yields a real number for every p € M and therefore defines a scalar field
on M, ie., w(X) € C*(M). Since a tangent vector in p can act on f € C*(M)
as a derivation in p, we can pointwise define

X(Hp) = Xp(f) (3.26)

implying X (f) € C*(M). Hence, a vector field X, interpreted as a map
X : C®(M) — C*°(M), has the properties of a derivation, which by definition
satisfies the product rule

X(fg) =g X(f)+fX(g) (3.27)

for all f,g € C®°(M). To see this, recall that X,(f) = L, for v € X, and
use (3.14).
In view of (3.16), the (local) basis fields induced by a chart (U, ¢) of M are
defined to be the vector fields
)

Similarly, the (local) dual basis fields induced by the chart (U, ¢) are introduced
as the sections

0 0

d¢" : U = T"M, p— (p, dq;) ,
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where dqll,, ...,dgy is the dual basis of a%l{p, ey % ’p. Since sections can be
multiplied by functions on M, see (3.24), vector fields X € Vect(M) and covector
fields w € Q*(M) can locally (on the domain U of the chart ¢) be represented as

X = Xiaiqi and w=w,;dq", (3.28)

where the functions X* w; € C°°(M) are called the component functions of the
(co-)vector field. These can be computed by

X'=X(¢") and wizw( a.), (3.29)
oq*
where ¢' is the i-th coordinate map of the chart ¢. The evaluation of (3.28) and
(3.29) in a point p € U is in harmony with (3.18) and (3.21).
The tensor product can be pointwise extended to fields. For instance,

9 ,
® dqf,) ,
P

T(p) = <T} 5 © dg’ > (p) = <p,T}(p) aé;i

such that, in accordance with (3.25),

T(n, X) = fn( 0

aqi)dqj(X) € C® (M)

for X € Vect(M) and n € Q'(M). The same procedure is used to define the
wedge product of differential forms.

Consider the (1,1)-tensor field T' from above. It is possible to see T" as a
vector-valued one-form if its first argument is “ignored” and T is interpreted as

)

For vector fields X,Y € Vect(M) and f € C*°(M) it makes sense to write
Y (X(f)), since X(f) € C>°(M). This allows for the following definition.

the map

0

T:TM—=TM, (p,Xp) ~ <p, T} (p) dgp(X) 55

Definition 3.14. The map [-,-] : Vect(M) x Vect(M) — Vect(M) defined by
(X, Y](f) = X(Y () =Y (X(/) (3.30)

for all f € C°°(M) is called the Lie bracket on M.?

3To see that [X, Y] is well defined by (3.30), that is, that [X, Y] is indeed a vector field
on M, confer John M. Lee [74].
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It is immediately clear from (3.30) that the Lie bracket is bilinear. Moreover,
direct computations involving (3.30) reveal that the Lie bracket has the properties

[X,Y]=-[Y,X] and [X,[fY]=X(f)Y + f[X,Y], (3.31)

where f € C*°(M). Using the local representations X = Xia%, and Y = Yia%,
in (3.30) leads to the local description

(3.32)

Y ) J
XY = (XZaY i0X ) 0

aq’ gt | 8¢’

where the product rule and the symmetry of second derivatives has been used.
Consider a differentiable map f : M — N between two manifolds M and N.
The differential of f as the map Df : TM — TN can be used to map vector fields
X € Vect(M), which as sections in T'M are maps of the form X : M — T M.
The resulting map is DfX : M — TN, which can be seen as a “vector field” on N/
depending however on the point on M. In the case where f is a diffeomorphism,
the differential D fX can be used to construct a vector field on N by defining

fiX =DfXof ',

which is indeed a map from N to TN. The vector field f. X € Vect(N) is called
pushforward of X with f. Since as a diffeomorphism f is invertible, the pullback
of Y € Vect(N) with f can be defined as the vector field f*Y = (f~1).Y on M.
Similarly, for a covector field n € QYN the pullback of n with f is introduced as
the covector field f*n € Q'(M) which satisfies

F'n(X)=n(fsX)of (3.33)

for all X € Vect(M). The pushforward of w € QY (M) with f is the covector field
few = (f71)*w on N. With the notion of pushforward of (co-)vector fields at
hand, the pullback of a tensor field is defined by a condition similar to (3.33).
For any tensor field T on N, the pullback f*T of T with f is computed by
evaluating T at the pushforwards of the arguments of f*T'. For instance, consider
T € T(®3T*N), then

f*T(vav Y) = T(f*w7 f*X7 f*Y) © f
for all X,Y € Vect(M) and all w € Q'(M). The pushforward f.S of a tensor S

on M is given by f.S = (f1)*S. Finally, for tensor fields of rank zero, i.e.,
functions g € C*(N), the pullback is defined by f*g:=go f.
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3.6. VECTOR FIELDS AS DYNAMICAL SYSTEMS

A curve v : R D Z — TM is a vector field along v : Z — M, if mov =, where
m: TM — M is the natural projection of the tangent bundle T M. Hence, a
vector field along a curve 7 looks like a vector field on M evaluated along ~.
Indeed, for any X € Vect(M), the curve X o+ is a vector field along ~.

It is natural to agree that objects defined on M are evaluated along the
curve v on M whenever they interact with a vector field along ~. For instance,
let 6 € Q'(M) be a covector field on M, then 6(v) denotes the scalar function
defined on Z C R for which 0(v)(t) = 0+()(vy)). Similarly, the differential of a
map f: M — N acting on v yields a vector field along f o7, i.e.,

Dfv:Z — TN, t (fory(t),Dfyeyvs)) - (3.34)
For any curve v : R D Z — M the tangent field along ~y is defined as

where we recall that 4,(;) denotes the tangent vector at (t) defined by the
curve v, that is, ¥, is the equivalence class [7] € T%,(;y M. In accordance with
(3.15), also the notation % is used for 4. This very suggestive notation is further
justified by looking at the basis representation of 4 with respect to a chart ¢ of M.
As a first step in that direction, consider ¥ acting as derivation on f € C*(M),

then using (3.26) and (3.13)

d(fov)

F(f) =4 (f) = dt

— (fon). (3.35)
Let ¢*(t) :== ¢" oy(t) denote the components of the chart representation of v with
respect to ¢, then by (3.28) and (3.29) the basis representation of 4 with respect
to the basis induced by ¢ is

. i .0
¥=1(q 07)8(11-

: (3.36)

= qz -
¥ 9q" |y
where also (3.35) has been used.
Every vector field X € Vect(M) defines a dynamical system, that is, a first

order differential equation on M, which is given by
y=Xon~. (3.37)

A curve v : R D T — M is an integral curve of X if it satisfies (3.37). Let
X' € C°°(M) be the component functions of X with respect to the basis
fields induced by the chart ¢ on M, see (3.28). The components of (3.36)
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satisfying (3.37) must solve the differential equations (¢° o v) = X* o v, which
can be written as the system of first order ordinary differential equations

qG=Xo¢ '(a), (3.38)

where again ¢’(t) == ¢' o 4(t), which gathered as a tuple reads as q = ¢ o 7.
Hence, a curve « is an integral curve if and only if its chart representation solves
the first order ODE (3.38).

By the Cauchy-Lipschitz theorem,* for every qo € R™ there exists a unique
(local) solution q(t) of (3.38) with q(0) = qo. Consequently, for every p € M
there exists a unique locally defined integral curve v of X going through p. Since
by uniqueness there is exactly one integral curve of X going through p, the
integral curves of a vector field cannot intersect.

Let ¢ (,p) denote the unique (local) integral curve of X satisfying the initial
condition ¢~ (0,p) = p, then the map

P T MDU =M, prr ¥ (t,p)

is called the (local) flow of X. Since there is exactly one integral curve of X
going through a specific point of M, the flow of X is a (local) diffeomorphism
and has the property

X X X _ X X
Pt +t, = Pty © Pty = P, © Pty

see Winandy [127], Theorem 3.27.

3.7. LIE DERIVATIVE

The flow ¢7* of a vector field X € Vect(M) is a (local) diffeomorphism. Hence,
vector fields can be pulled back with the flow of X, which allows to inspect how
a vector field Y changes along the flow of a vector field X. The same idea can
be used for tensor fields.

Definition 3.15. Let X,Y € Vect(M). The Lie derivative of Y along X is
defined as the vector field LxY € Vect(M) pointwise given by

LxY(p) = %L:O((wf()*Y) (p),

where ¢ is the flow of X through the point p with g (p) = p. Likewise, for any
tensor field T" the Lie derivative of T along X is defined pointwise by

Lxt) = 5| () T) ). (3.39)

4A version of the Cauchy-Lipschitz theorem for smooth functions is given in John
M. Lee [74], Theorem D.1.
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For a function f € C°°(M), seen as a tensor of rank zero, it is a consequence
of (3.39) that

(Foukm) = <

Lxfo) = 5| =<

dt

(fom(®) =X(f)p), (3.40)

‘ t=0

since (03X )*f = f o i by definition of the pullback and where 7,(t) = @i (p)
has been used to denote the integral curve of X with ~,(0) = p. For a covariant
tensor field F' of rank k, the Lie derivative satisfies

k
LxF(Vi,. Vi) = Lx(F(Yi,..., Ya)) = D F(Yi,.., £xYi, ., Vi),
=1
where X, Y; are vector fields on M. This and other properties of the Lie derivative

can be found in Proposition 12.32 of John M. Lee [74].

Theorem 3.1 (John M. Lee [74], Theorem 9.38). Let X,Y € Vect(M) be two
vector fields on a smooth manifold M, then it holds that

LxY =[X,Y],

where [-,-] is the Lie bracket introduced in (3.30).

3.8. DIFFERENTIAL FORMS

The concept of the total differential df of a function f : R™ — R can be transferred
to functions f : M — R and is then called the ezterior derivative df of f. It is
defined as the covector field on M satisfying

df(X) = X(f) (3.41)

for all X € Vect(M). The representation of the exterior derivative of f with
respect to the dual basis induced by a chart ¢ of M by (3.29) is

_9f
= 57

df dq*, (3.42)
which looks like the total differential of a function on R™. From (3.42), it follows
that for the coordinate map ¢' : M D U — R of the chart ¢ it holds that
d(¢*) = dq’, which justifies the notation dg’ for the dual basis fields.

A differential form of degree zero is by definition a smooth function. Hence,
the exterior derivative is a map d : Q°(M) — Q'(M) by (3.41). The following
theorem extends the exterior derivative to differential forms of arbitrary degree.
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Theorem 3.2 (Abraham and Marsden [1], Theorem 2.4.5). Let M be a smooth
manifold. For any k € N, there exists a unique operator d : Qk(/\/l) — Qk“(/\/l),
called the exterior derivative, such that

(i) for k =0, the map d is defined by (3.41).
(ii) it holds that d> =dod = 0.
(iii) d is an antiderivation, that is, for o € Q" (M) and B € Q*(M)

dlaAB)=danp+(-1)"andB.
() d is local, that is, let « € Q*(M), then d(o|v) = da|y for allU C M.

Consider the local representation w = w;, s, dg™ A--- Adg™ of a k-form. Tt
follows by properties (ii) and (iii) of Theorem 3.2 that

dw = dw;, 4, Adg™ A---Adg™. (3.43)

Example 3.4. Let a = a; dg’ be a one-form, then by (3.43) and (3.42) it follows
that

i 8&1 j i 8&1 60éj j i
da = da; Adg g dq¢’ A dgq (8q3 ¢ )dq ® dg (3.44)

where the last equality involves (2.14).

A differential form w € QF(M) is said to be closed if dw = 0 and ezact if there
is an o € QF (M) such that w = do.. Because d od = 0 it follows immediately
that every exact form is closed. Indeed, dw = d?a = 0. The converse is not true
in general, however there exists the following local result.

Theorem 3.3 (Poincaré lemma®). If a differential k-form w on M is closed, then
for each p € M, there is a neighborhood U C M of p for which the restriction w|u
is exact.

Definition 3.16. Let M be a manifold, X € Vect(M) and w € Q" (M), then
the interior product of X and w is the k-form X _w € QF(M) defined by

X_:w(Yl,...,Yk) :w(X,Yl,...,Yk).

For a zero-form w € Q°(M) = C>(M), the interior product is X w = 0. In the
literature also the notation ixw = X _w is encountered.

Proposition 3.1. Let X,Y € Vect(M) be vector fields and let w € Q' (M) be a
one-form, then

dw(X,Y) = Lx(w(Y)) = Ly (w(X)) —w([X,Y]). (3.45)

5 Abraham and Marsden [1], Theorem 2.4.17
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Proof. The claim is proved by computing the terms in coordinates. Let ¢¢ be
the coordinate maps of a chart ¢ of M, then using w = w; dg’ it holds that

dw(X,Y) = dw; Adq'(X,Y) = (dw; ® dg' — dg' @ dw;)(X,Y),

where (3.43) as well as (2.14) has been used. By the definition of the tensor
product and equation (3.41) the above can be recast to

dw(X,Y) = dwi(X)dq" (V) — dg"(X)dw;(Y)

) X (3.46)
= X(wi)Y(q") — X(¢")Y (ws) -

Furthermore, by (3.40), the product rule (3.27) and (3.41), we have that

Lx(w(Y)) =X (widg'(Y)) = X(:)Y(¢") +wiX (Y(d))

) ) ) 3.47

£y (603) = ¥ 0’ () = V)X @) 4wV (@)
Finally, by the definition of the Lie bracket (3.30), it holds that

w([X,Y]) =widg' ([X,Y]) =w: X (Y(¢")) —w:iY (X(q)) . (3.48)

Using (3.46), (3.47) and (3.48) in (3.45) completes the proof. O






I 4 I
Geometric Foundations of Mechanics

...any physical theory would gain
reputation if it could be stated in
terms of notions used in geometry,

the queen of all sciences.!

—Manfred Trimper

This chapter is concerned with the differential geometric foundations for the
description of finite-dimensional mechanical systems. The concepts presented
here are mostly specialized topics, which go beyond the scope of introductory
differential geometry textbooks.

4.1. DISTRIBUTIONS

This section introduces a distribution on M, which results by restricting every
tangent space T M to a subspace A, C T, M. When studying such restrictions,
the question arises if there is a submanifold N' C M such that T,N = A,
that is, if there exists a submanifold of M which is everywhere tangent to
the subspaces A, of the distribution. This question is answered by Frobenius’
theorem, which is briefly discussed here. Finally, the more general concept of
conic distribution is introduced, which arises from the restriction of every tangent

space T, M to a finitely generated cone.

Definition 4.1. A distribution A of rank f on M is a smooth vector subbundle
of T M. This means that for each p € M, an f-dimensional subspace A, C T, M
is given such that
A= (x4
pEM
Moreover, for each point of M, there exists a neighborhood U C M on which
there are vector fields Bi,...,By : U — TM such that the tangent vectors

! This quote is an excerpt of the first paragraph of the introduction of Triimper [125].
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(Bi)p, ..., (By)p form a basis of A, for each p € U. The differentiable structure
on A is then given by all bundle charts, see (3.23). A vector field X € Vect(M)
is said to lie in the distribution A if X, € A, for each p in the domain of X, that
is, if X takes values in A.

There are different ways of generating a distribution of rank f on a manifold M.
For example, one can choose subsets Uy, that cover M, that is, M = U Uy, and for
every Uy, give vector fields By, ..., By € Vect(M) defined on Ug. The distribution
is then characterized by

A, :span{(Bl)m...,(Bf)p} (w.1)

:{XPGTPM }Xp:vi(Bi)p for some (Ul,...,vf)GRf} .
for all p € Uy. Alternatively, for every Uy, one-forms o', ..., a" f ¢ QY (M)
defined on Ui may be used to locally characterize the distribution by

Ap =kerapn---Nkerap ™/

={X e M| p(X,) =0, v=1,...,n— f} (42)

for all p € Ug. Clearly, the (locally) defining vector fields B; and the (locally)
defining one-forms o must be chosen such that they define the same subspace
in the overlap of two sets Uy, of the covering of M. To keep notation short, the
notation

A|Uk =span{Bi,...,B;} =kera' N---Nkera™ 7/ (4.3)

is used instead of the pointwise expressions (4.1) and (4.2).

A distribution A is said to be involutive, if for any two vector fields X, Y lying
in A, also their Lie bracket [X, Y] lies in A. Consider the local description (4.3)
of a distribution, then it suffices to check if [B;, B;] lies in A for all 4,5 = 1,..., f
to prove that the distribution is involutive. In fact, any X,Y lying in A is
spanned by the basis B; and by the properties (3.31) of the Lie bracket it holds
that

[X,Y]=[X'B;,Y'B;] = X'B;(Y’)B; — Y Bj(X")B; + X'Y7[B;, Bj]

lies in the distribution if and only if [B;, B;] lies in A. Using the locally defining
one-forms a”, see (4.3), it can hence be stated that the distribution A is involutive
if and only if

o’ ([Bi,Bj]) =0 Vi,j=1,...,fandVv=1,....,n— f. (4.4)
Let the representations o = a¥d¢" and B; = Bfa%k be given with respect to

a chart with coordinate maps ¢‘. Hence, the local formula (3.32) for the Lie
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bracket can be used to find that condition (4.4) locally reads as

dB* OB
v l ) i
o (Bi aqu ~ B} 3 ) =0, (4.5)

where the summation over k,[ ranges from 1 to n, which is the dimension of M.

To get a more lightweight notation, the component functions of " and B; are
gathered as n-tuples a” and B;, respectively. Then by the convention (3.2) for
the Jacobian matrix, condition (4.5) translates to

0By 0B;

[Bi,Bj}TaV =0 with [B;,B,]:= 9q B, — TJBJ' , (4.6)

where the bracket [B;, B;] is just a symbol to remind of the origin of the n-tuple.
A k-form w € QF(M) annihilates the distribution A if

w(Xl,...,Xk) =0

whenever X1,..., X € Vect(M) lie in the distribution. It follows immediately,
that defining one-forms for A annihilate the distribution, see (4.2).

Proposition 4.1 (Jeffrey M. Lee [73], Lemma 11.15). For a distribution A
on M, the following conditions are equivalent:

(i) The distribution is involutive.

(ii) For every (local) one-form w € QY(M) that annihilates A, also dw annihi-
lates the distribution.

Proof. Suppose that (i) holds and let w be a one-form that annihilates the
distribution, then by (3.45) it holds that dw(X,Y) = 0 for all vector fields
X,Y lying in A. Hence, dw annihilates A. Conversely, suppose that (ii) holds.
Choose defining one-forms o of A, which by definition annihilate the distribution.
Consequently, by (ii), also the two-forms da’ annihilate the distribution. Hence,
it follows from (3.45) that o’([X,Y]) = 0 for all vector fields X,Y lying in A,
which by (4.2) implies that [X,Y] lies in the distribution, proving that A is
involutive. O

This proposition gives an alternative condition to (4.4) to check if a distribution
is involutive. One has to verify if the exterior derivatives of all annihilating one-
forms themselves annihilate the distribution. Fortunately, it can be exploited
that any annihilating one-form must be a linear combination of the locally
defining one-forms o of the distribution A. Such that it suffices to check if da”
annihilates the distribution. Using the linearity of da” and the fact that any
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vector field lying in A is spanned by the basis B;, see (4.3), it holds that the
distribution A is involutive if and only if

da”(B;,B;) =0 Vi,j=1,...,fandVv=1,....,n— f. (4.7)

With the representations o = a%dq¢* and B; = Bf%, where ¢* are the coor-

dinate maps of a chart of M, it follows form (3.44) that condition (4.7) locally

reads as
day,  Oaf 1k
—= _ " |B;BY = 4.

<8ql 8q’“> B =0, (48)

where the summation over k, [ ranges from 1 to the dimension n of M. Gathering
the component functions of o and B; as n-tuples a” and B;, respectively,
condition (4.8) translates to

Blda'B, =0 with da’ = 2% _ (8a )T : (4.9)
dq dq
where the d is just a symbol to remember the origin of the matrix da”.

In addition to (4.3), there is yet another way to generate a distribution on M,
that is, by defining a foliation on M. A foliation F = {Fa}aca of dimension f
on an n-dimensional manifold M is a decomposition of M into disjoint connected
subsets Fo C M, called the leaves of the foliation, such that there is a chart (U, 1)
with coordinate maps ¢* around every p € M with the property

FaNU={peM|gp=c, i=1,...,n—f} (4.10)

for some ¢ = (c!',...,c"f) € R*f. Such a chart is called flat for F. It is
immediately clear from the definition (3.6) of a submanifold of M, that every
leaf F, is an f-dimensional submanifold of M. Since the leaves of a foliation are
disjoint, there is exactly one leaf going through every point p € M. Let N € F
be the leaf containing p, then it holds that T, is an f-dimensional subspace
of T, M for every p € M. Hence, a foliation F induces a distribution A on M
by setting
A, =T,N VYpeM,

where A/ € F is the leaf for which p € A/. Moreover, since curves in A/ going
through p are mapped to a constant by the coordinate maps g° of a flat chart (U, ¢)
around p, see (4.10), we have that X,(¢") = dg5(Xp) =0 fori=1,...,n— f
and for all X,, € T,N. Hence, for all p € U the distribution A defined by a
foliation F is given by

Ay =T,N ={X, € ,M | dgy(X,) =0, j=1,....,n— f} (4.11)

and the dg* with i = 1,...,n — f are local defining one-forms for A.
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Every foliation F on M defines a distribution A on M given by the tangent
spaces to the leaves of F, see (4.11). It follows, that every vector field lying in
the distribution A is a vector field on some leaf ' € F, which is a submanifold
of M. Since, the Lie bracket of two vector fields on N is again a vector field
on N, the distribution A defined by a foliation is involutive. It is the merit of
Frobenius’ theorem to show that the converse is also true.

Theorem 4.1 (Frobenius®). Let A be a distribution of rank f on M. The
following statements are equivalent:

(i) There exists a foliation F of dimension f on M such that
Ap=T,N VYpeM,
where N' € F is the leaf for which p € N.

(%) The distribution A is involutive.

By Frobenius’ theorem, it is appropriate to call an involutive distribution
integrable and the leaves of F integral manifolds of the distribution. From a
practical point of view, the integrability of a distribution can be checked either
by condition (4.4) or equivalently by (4.7).

Example 4.1. On a three-dimensional manifold M, let A be the distribution
of rank two locally defined by the one-form a = d¢* — a(g')dg?, where ¢* are the
coordinate maps of a chart of M and a : R — R is a given smooth function. It is
straightforward to check that A is spanned by the two vector fields

_ _9 N
= 9 and B = ¢ + a(q )6q3'

Hence, the n-tuples gathering the component functions of « as well as B; and Bo,
respectively, are a = (0, —a(q"),1), B1 = (1,0,0) and B2 = (0,1,a(q")). Using
the notation of (4.6), the component tuple of the Lie bracket is

B

0 0 0 1 0
Bi,B]=| 0o o ol fo]l=]| o |,
a(g") 0 0/ \0 a(q")
where @ denotes the derivative of a. Consequently, a"[B1,B2] = a(q') and

it follows from (4.6) that A is not involutive except a is constant. Hence, by
Frobenius’ theorem, A is not integrable. The same conclusion can be drawn
from (4.9). Indeed,

0 alg'
da = | —a(q¢") 0
0

)

o O O

2See Abraham and Marsden [1], Theorem 2.2.26.
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from which it can be concluded that BidaB; = —a(q").

Following Langerock [72], the notion of a distribution can be generalized by
restricting every tangent space 1, M of a manifold M to a cone instead of a
subspace. In this work, only a restriction to finitely generated cones is regarded.

Definition 4.2. A conic distribution ©® on M is a subset of T'’M of the form

2= ({p} x2,),

peEM

where ©, C T, M is a finitely generated cone, which by definition is closed and
convex, see Section 2.5. Moreover, © is smooth in the sense that for each point
p € M there exist (local) vector fields By, ..., By € Vect(M) such that

Dp :cone{(Bl)p,A.w(Bf)p} . (4.12)

A vector field X € Vect(M) is said to lie in the conic distribution © if X, € D,
for all p in the domain of X.

Since by Theorem 2.1, a finitely generated cone is polyhedral, it is a conse-
quence of (4.12) that for each point p € M there exist (local) one-forms o', ..., o
such that

D, ={X, € TLM| (X)) >0, i=1,...,1}. (4.13)

Let U C M be a neighborhood of p, then for some other point g € U there also
are one-forms that define D in the sense of (4.13). However, these one-forms are
generally different from o, ..., a'. Hence, a collection of one-forms {a?,...,a"*}
(k > 1), all defined on U, can be found such that for every point p € U a subset
of this collection defines @, in the sense of (4.13). Specifically, the fibers of the
conic distribution can locally be represented by

D, = {X, € T,M|ay(X,) >0, Vv e I(p)} (4.14)

for every p € U, where I is a map assigning a subset of {1,...,k} to every p.
Similar to the case of (vector) distributions, the one-forms «” are called (locally)
defining one-forms of ©.

Since every subspace of a finite-dimensional vector space is a finitely generated
cone, see (2.17), the (vector) distributions are special cases of conic distributions.
In fact, a (vector) distribution A generated by k one-forms a” can be seen as a
conic distribution generated by the 2k one-forms o” and —a", i.e.,

Ay ={X, eTLM| ap(X,) =0, v=1,....k}

(4.15)
={X, € LM | 0j(Xp) 20, —ap(X,) 20, v=1,...,k}.
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Moreover, since the intersection of finitely generated cones is again a finitely
generated cone, the intersection of two conic distributions is again a conic
distribution. Especially, the intersection of a (vector) distribution A and a conic
distribution € is a conic distribution ® = AN €.

Definition 4.3. Consider a finitely generated subset C C M locally defined by k
functions ¢ : M DU — R as

cnU={peUl|g"(p) >0, v=1,...,k}.
The tangent cone to C at p € C is the subset T¢(p) C Tp M defined by
Te(p) = {Xp € Ty,M |dgy(X,) >0, Vv € A(p)}, (4.16)

where A(p) == {v | g”(p) < 0} denotes the index set of active constraints at p.
For points p ¢ C the tangent cone is empty.

Note, that C' is not necessarily convex. However, the tangent cone (4.16)
is closed and convex, because it is pointwise defined as a polyhedral cone,
cf. Theorem 2.1. Moreover, the above definition of tangent cone relies on the fact,
that the set C is finitely generated, which implies that C is tangentially regular.
For more general sets, there are several notions of tangent cone, see Rockafellar
and Wets [106].

With the concept of tangent cone, one could study the integrability of conic
distributions. Similar to the case of vector distributions, a set C can be interpreted
as an “integral manifold” of ® if it holds that @, = T¢(p) for all p € C. More
details on integrability of conic distributions can be found in Langerock [72].

4.2. CONNECTIONS AND COVARIANT DERIVATIVES

The covariant derivative is a generalization of the directional derivative in R™
to vector bundles B and can only be defined if B is equipped with additional
structure. The needed structure is provided by a connection on B. To motivate
its definition, first the situation in R" is studied.

Consider the trivial vector bundle B = M x R*, where M C R" is an open
subset. The natural projection 7 : B — M is given by the projection onto
the first factor, that is @ = pr;. Let Y € I'(B) be a section of B and let
X € Vect(M). The directional derivative of Y with respect to X is defined as
the section VxY : R™ D M — B which is pointwise given by
Y.

Y.
— l ~v(h) ~(0) 4.1
g T m (4.17)

_ Y

(?XY)I) : a
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where v : R — M is any integral curve of X with v(0) = p € M. Since the
concatenation Y o+ is a curve in B, it holds that

(Vor)(0) = (1Y) (0 = (5. (1)) 0 = (X, (TxY), ), (@18)

where (4.17) and 4(0) = X, has been used. By the definition (3.20) of the
differential, it holds that (DY,)X, = (Y o+)(0). Consequently, it follows from
(4.18) that the directional derivative (4.17) can equivalently be defined as

(ﬁxy)p = n((DYp)Xp) ) (4.19)

where the notation n = pr, is introduced for the projection onto the second
factor. Either definition for VxY can equivalently be generalized to a directional
derivative for general vector bundles. However, for the purpose of this thesis, the
generalization of (4.19) is more suitable and is discussed in the following.

The definition (4.19) exploits that for the trivial bundle B = M x R*, besides
m = pry, there is an additional projection n onto the second factor. For general
vector bundles, there is no canonical way to define such a projection. Hence, if
one wants to give meaning to a directional derivative on a general vector bundle,
such a projection 1 must be chosen as an additional structure on the bundle. The
question that immediately arises is: On what space should such an n project?
Observe that for the trivial bundle B it holds that

Drry(p) (Y 09)(0) = (w0 Y 07)(0) = 7(0) = X5,

where m = pr;. Hence, a comparison with (4.18) and (4.19) reveals that n projects
on ker D7ryyp).

Definition 4.4. Consider a fiber bundle (B, M, w, F). The vertical bundle of B
is the distribution Ver(B) on B defined by the subspaces

Ver,(B) == {Va € T.B | DmVa = 0}
for all a € B. A section V € T'(Ver(B)) is called vertical vector field.

Definition 4.5. A connection on a fiber bundle (B, M, 7, F) is a vector-valued
one form 7 : TB — TB on B, such that the image of n is Ver(B) and non = n,
i.e., a connection is a projection on the vertical bundle of B. Hence, pointwise
the connection defines a projection 74 : To8 — T, B onto Verq(B).

3For the generalization of (4.17), a diffecomorphism Py ¢ : By (o) — By (), called parallel
transport, between the fibers of B is introduced such that the covariant derivative can be
defined by
1 _
d(PW (YW>)) P Yy = Yy

(VXY)p: dt |t:0:}jﬁ; - h

Every connection induces a parallel transport, see [86], Theorem 17.8, or [119], Addendum 3.
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The projection property of a connection assures that ker 7 is of constant rank
implying that kern is a distribution on B, that is, kern is a vector subbundle
of TB. Since this subbundle is complementary to the vertical bundle of B, every
connection on B induces a splitting of T'B as

TB = Hor(B) @ Ver(B),

where the horizontal bundle Hor(B) := ker n is introduced.

If a connection is defined on a vector bundle (B, M, w,R) of rank k, the vector
space structure of the fibers B, can be exploited. Let a = (p, ap) € B, then for
every Y = (p,Yp) € Br(q) it makes sense to define the curve a +tY = (p, ap +1Y3)
in B. Tt is clear by 7(a + tY) = p that the tangent vector (a + tY)(0) is vertical.
Hence, we may define the vertical lift as the vector space isomorphism

Va : Bra) = Vera(B), Y = Y’ = %

(a+tY). (4.20)
t=0
With that, the vertical lift of a section Y € I'(B) is the vertical vector field
Y7 € Vect(B) satisfying Y,” = v, (Y(W(a))) for all @ € B.

Definition 4.6. Let 1 be a connection on a vector bundle (B, M, , Rk). More-
over let X € Vect(M) be a vector field on M and Y € T'(B) be a section
of B. The covariant derivative of Y with respect to X is defined as the section
VxY € I'(B) given by

(VxY)p = (UY(p))71 (77Y(p) ((DYP)XP)) VpeM. (4.21)

Since all the maps involved in (4.21) are linear, it is readily checked that VY
is linear, i.e.,

VX1+X2Y2VX1Y+VX2Y and VfXY:fVXY

for all X1, X2 € Vect(M) and all f € C*(M).

Let @ be the bundle chart of B defined by the chart (U, ¢) and basis sections
Bi,...,By € T'(B) defined on U, see (3.23). Since the vertical lift is a vector
space isomorphism, it follows that the vertical bundle is locally spanned by the
vertical lifts % of the basis fields B;, that is,

0 0
Ver(B) o span{w, e, w} .

Introducing the one-forms ' = du’ + I',dg® € Q'B) with the component
functions T';, € C*(B), the connection is locally given by

9 . 9 ) )
=—@n =-— "4 T dg” 4.
1= 3700 = 55 ©(du' +Tadg”), (4.22)
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which follows from 1 o n = n and the fact that the image of n is Ver(B). For
the remainder of this section, that Roman indices range from 1 to k and Greek
indices from 1 to n. Since the horizontal bundle is defined as Hor(B) = kern, it
follows from (4.22) that the n; are defining one-forms for the horizontal bundle.
Moreover, due to the particular structure of 7;, locally the connection is completely
characterized by the connection forms w' =TI, dg¢® € QY(B).

To arrive at the chart representation of the covariant derivative, let X =
X % € Vect(M) be a vector field on M and Y = Y B; be a section of B. Using
(3.29) and the definitions of the involved objects to compute the components of
the vector field DY (X), one finds that

1o} i O

DY (X) = X5 2+ X(V) 500

Consequently, with (4.22) and (4.20), the covariant derivative (4.21) locally is

UxY = (X(Y') 4+ T4 (Y)X*)B;. (4.23)

Definition 4.7. Let 7 be a connection on a vector bundle (B, M, 7, R¥). The
connection is called linear, if for every bundle chart of the form (3.23), the
connection forms w; have the form

w' = ([h; o m)u’dg®

with I',; € C*(M). The functions I',; € C>°(M) are called the Christoffel
symbols of the connection.

In the literature, the terms “covariant derivative” and “connection” are some-
times treated as synonymous. In fact, a covariant derivative associated to a linear
connection is often called a “Koszul (or linear) connection”.

For a linear connection, due to I';, = (I',; o m)u’, the covariant derivative
(4.23) can be written as

VxY = (X(Y') + T4, Y’ X)B;. (4.24)
It readily follows that for a linear connection, Vx has the properties
Vx(Y1+Y2) = VxY1 + VxYe and Vx(fY)=X(f)Y + fVxY

for all Y1,Y2 € I'(B) and all f € C*(M).

Consider a vector field 8 on M and a section o of B, both defined along a
curve y: RDZ — M, ie, moo =+ and ma o f = -y, where maq is the natural
projection of TM. The covariant derivative Vzo is the section of B defined
along v given by

(vﬁa—)'y(t) = ('Ucr(t))_l (770(15) ((Daq(t))ﬂ-\,(t))) VteT.
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Hence, by (4.21), Vao(t) = VxY o «(t), where any vector field X and any
section Y satisfying X oy = 8 and Y o« = o can be taken. A section o is said
to be parallel along v if Vio = 0.

This section is concluded with the remark that there is no consensus on what
a connection is. However, all notions of connection in some way or another define
a projection onto the vertical bundle and are therefore equivalent to the definition
of connection employed here. That being said, de Leén and Rodrigues [30],
Jeffrey M. Lee [73] as well as Bullo and Lewis [19] provide further details on
connections.

4.3. STRUCTURES ON THE TANGENT BUNDLE

In this section, some aspects of connections on the tangent bundle to a manifold M
are discussed. Moreover, the notion of second-order fields is introduced and finally
some results of Riemannian geometry are reviewed.

The tangent bundle of an n-dimensional manifold M, is a vector bundle of
rank n over M and is itself a manifold of dimension 2n. Since a vector field
defines a system of first-order ordinary differential equations, and the dimension
of T'M is even, there are vector fields Z on T'M which characterize second-order
differential equations in first-order form. Such a vector field Z € Vect(T'M),
called second-order field, needs to obey the second-order condition

DrZ = idrpm, (4.25)

where Dr : T(T M) — TM denotes the differential of the natural projection
of TM. An integral curve 8 of Z, that is, a curve satisfying 3 = Z o 3, by (4.25)
has the property 8 = (7o 8) and is called second-order curve. Indeed,

B=idrmB=DrZopB =Dnf = (mof). (4.26)

Hence, a second-order curve 8 can be seen as tangent field along the curve
v =mof on M, ie., =-+. With this notation, it can be seen that the integral
curves of a second-order field Z indeed define a second-order differential equation,
as 8 = < must satisfy

Y=Zo".
With respect to a natural chart ® of T M, see (3.22), it is a consequence of (4.25),
that a second-order field Z has the local form

3} ; 0
- 7
dqt + out’

Z=u' (4.27)

where u’ denotes the (n+i)-th coordinate map of ® and Z* € C*°(TM). Using
q'(t) == q* 0 B(t) and u’ := u’ 0 B(t) to denote the components of a curve 8 in TM,
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the condition 8 = Z o 3 for 8 being an integral curve of the second-order field
(4.27) locally reads as

q(t) =u(t), u(t)=Zod '(q(t),u(t)), (4.28)

which is an autonomous second-order differential equation in first-order form.

It can be shown, that a connection can be associated to every second-order
field. To state this, the vertical endomorphism J = v o Dmw on T'M is introduced,
where v : TM — Ver(T M) is the vertical lift, see (4.20). It is straightforward to
see, that J is a vector-valued one form and is locally given by

0

7= 9w

® dqi .
Theorem 4.2 (Morandi et al. [89], Proposition 2.14).* Let Z be a second-order
field on TM and J the vertical endomorphism on T M, then n defined by

1

n(X) = 5 (X + L£2J(X))

1

=5 (X +[2,7(X)] - J([2, X))

for all X € Vect(TM) is a connection on T M. With respect to a natural chart,
the connection reads as

0 ; 107'
n=579 <du ~ 3 5.70 ) . (4.29)

The comparison of (4.29) with (4.22) reveals, that the connection forms of
Hor(T' M) = kern are

; 192
i 192 44
2 oul
Hence, e.g., the connection is linear if Z* = —(I'}, o m)u/u” with I'};, € C=(M).

It follows from straightforward computations in coordinates that for such a Z
it holds that

(Vi) =4 - Z o7,
for any curve v : R O Z — M, where v denotes the vertical lift and V is
the covariant derivative defined by the connection associated to Z. Hence, the
projection of the integral curves of Z to M are exactly the curves v which are
autoparallel, i.e., v satisfies Vi% = 0.

For a linear connection, Vx can be extended to a covariant derivative on
one-forms by defining

VUxf=X(f) and Vxw(Y)= Vx(())—w(VxY) VY € Vect(M), (4.30)

4See also de Leén and Rodrigues [30], Chapter 4.5.
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where f € C°(M) and w € Q'(M). Let F be a general tensor field, then Vx F
is defined as the tensor field of the same type as F' given by

k
VxF(Ay, ..., Ag) = Vx (F(Ay,..., Az)) — ZF(Ah. L Vx A, AR,
i=1
where the arguments A; are either vector or covector fields, depending on what
the tensor requires. For instance, consider a tensor field F € T(®{T*M), then

VxF(w,Y)=Vx(F(w,Y)) - F(Vxw,Y) — F(w,VxY),

where X,Y € Vect(M) and w € Q'(M).
The torsion of a linear connection is the rank-two tensor field 7' defined by

T(X,Y)=VxY - WX — [X,Y]

for all X, Y € Vect(M), where [, -] denotes the Lie-bracket on M. Computations
in coordinates show, that a linear connection is torsion-free, that is 7" = 0, if and

only if the Christoffel symbols satisfy I';; = I'j;.

Definition 4.8. A Riemannian manifold is a pair (M, g), where M is a smooth
manifold and g € T(®3T*M) is a covariant tensor field of rank 2 on M that
endows the tangent spaces T, M with an inner product for all p € M. The tensor
field g is called Riemannian metric.

Theorem 4.3 (Jeffrey M. Lee [73], Theorem 13.9.). For a given Riemannian
manifold (M, g), there is a unique connection which is torsion-free and metric,
i.e., satisfies T =0 and Vg = 0. This unique connection is called Levi-Civita
connection for (M, g). Its Christoffel symbols in some chart are given by

rk = %gkl (agﬂ 4 9o 89”) : (4.31)

aqt ol oq

where g = gi; d¢* ® d¢? and ¢ denote the components of the inverse matric
of gi;, that is, g*' g1 = 6F.

4.4. GALILEAN MANIFOLDS

In the previous section, it has been shown that second-order fields on the
tangent bundle of an n-dimensional manifold define a system of n autonomous
second-order differential equations. To describe n non-autonomous second-order
differential equations with independent variable t, called time, one can work
on an (n+1)-dimensional manifold and include the independent variable as a
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coordinate with dynamics ¢ = 1. This idea leads to the notion of second-order
fields on manifolds with time structure, which equipped with a (bundle) metric
give rise to the concept of Galilean manifolds.

A time structure® 9 on an (n+1)-dimensional manifold M is a non-vanishing
closed one-form on M. Hence, the Poincaré lemma’ guarantees the existence of
local time functions t : M 2 U — R with dt = 9|v.

A chart (U, ¢) of M given by

¢ MDU =R peso(p) = (t,q",...,q") (4.32)

is adapted to the time structure if its first coordinate map ¢ = ¢ is a time
function. The existence of adapted charts is guaranteed by the existence of time
functions and the fact that ¥ is nowhere zero. Therefore, the adapted charts
provide an atlas of M such that it suffices to look at adapted charts in what
follows. The change of coordinates

$od 1 pUNU) = ¢(UND), (tq',....q") = ({7 ..., 7")
between two adapted charts (U, ¢) and (U, ) of M with UNU # 0§ is given by

t =t + const.
qi:qio¢_1(t7ql,"'7qn)7i:]‘7"'7n,

where ¢’ : U — R denotes the i-th coordinate map of the chart ¢.

The time structure ¥ is used to introduce the spacelike bundle A°M of M as
the distribution of rank n on M resulting from the pointwise restriction of the
tangent spaces T, M to the spaces of spacelike vectors in p given by

ApM =ker 9, = {v, € TyM | 9,(vp) =0} (4.33)

for every p € M. As dv¥ = 0 annihilates the distribution trivially, it is integrable
and therefore defines a foliation F of M by the Frobenius theorem.” It is clear,
that a leaf of F is mapped to a constant value by any time function of M. Hence,
a leaf of F is called a submanifold of simultaneous events of M. It follows from
the definition (4.33) that the spacelike bundle is locally spanned by the induced
basis fields associated to the coordinates ¢* of an adapted chart (4.32), i.e.,

0 _ 9 i}
A'M o span{ Er & (4.34)

5See Dombrowski and Horneffer [31], and Loos [82].
8See Theorem 3.3.
7See Theorem 4.1.
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Similar to A°M, the time-normalized bundle A*M of M is defined as the
affine subbundle of T'M resulting from its pointwise restriction to the affine space
of time-normalized vectors in p given by

ApM = {v, € M | 9,(vp) = 1}

for every p € M. In contrast to A°M, the bundle AM is not a distribution
on M. However, it is a fiber bundle of rank n over M in virtue of the natural
projection

T AM = M, (pvp) = p (4.35)

being the restriction to AM of the natural projection of TM. The differentiable
structure is defined by the natural charts

®:A'M D (U) = R*™ (p,Xp) — (t,ql, e ,q",ul,,,.,u") (4.36)

induced by the adapted charts (4.32), where X, = % » T uia%i|p. The affine
bundle A'M is canonically endowed with the time structure

D =7"0, (4.37)

which is the pullback of the time structure of M by the natural projection (4.35).
The natural chart (4.36) is an adapted chart with respect to the time struc-
ture (4.37) of A'M because it holds that 9 = dt on 7~} (U).

A curve v : R D Z — M is time-parametrized if the tangent field along the
curve is time-normalized, that is, if 9(4) = 1. Since 9 is a time structure on A'M,
curves 3 in A*M are time-parametrized if ﬁ(ﬂ) =1.

A vector field Z € Vect(A*M) is a second-order field if it is time-normalized,
that is 9(Z) = 1 and obeys the second-order condition

DrZ = id i, (4.38)

where D : T(A'M) — TM denotes the differential of the natural projec-
tion (4.35). An integral curve § of a second-order field Z is called a second-order
curve. By 1§(Z) off = é(ﬁ) =1, a second-order curve is time-parametrized and
satisfies 8 = (m o ) because of (4.38), which can be seen by a computation
similar to (4.26).

With respect to a natural chart ® of A'M, it follows from (4.38), that a
second-order field Z has the local form

0 i 0

a—&—ui +Z

7 = — - -
ot gt out’

(4.39)

where u* denotes the (n+41-+i)-th coordinate map of ® and Z¢ € C®(AM).
Using ¢*(7) = ¢* o B(7) and u® := u’ 0 B(7) to denote the components of a curve 3
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in A'M, the condition for 8 to be an integral curve of the second-order field
(4.39) locally reads as

i(r)=1, a(r)=u(r), u(r)=2Zo@ ' (t(r),q(r),u(r)),

which is a non-autonomous second-order differential equation in first-order form.
For any p € M the choice of a time-normalized vector field R : M D U — A'M
induces a local spacelike projector

PRa ™ (U) = AM, (p, X,) = (p, Xp — 9p(Xp)Ryp) (4.40)

where 7 is the natural projection of T’M and R(p) = (p, Rp). Overloading
notation, the pointwise projection is denoted by P™(X,) = X, — 9p(Xp)Rp-

It can be exploited that the fibers of A'M are affine spaces, i.e., the sum of a
time-normalized vector and a spacelike vector is a time-normalized vector. Let
a = (p,ap) € AM, then for every Y = (p,Y,) € A°M it makes sense to define
the curve a + tY = (p, ap + tYp) in A'M. Tt is clear by w(a +tY) = p that the
tangent vector (a 4 tY')(0) is vertical. Hence, the vertical lift can be defined as
the linear map

Vg A?r(a)/\/l — Ver,(AM), Y —» Y" = 4

S| (atty). (4.41)

t=0

Since by definition Ver,(A'M) = ker Drr,, the vertical subspace is spanned by
induced basis vectors of a natural chart ® of AM, that is,

0

’..‘,7
o oun

3}
1
Verqa(AM) = span{ Bl

} . (4.42)

Moreover, it can be seen from (4.41) that for the basis vectors induced by ¢ it

holds that
w2 \_2
“\ a¢’ x(a) T out

Hence, a comparison of (4.34) with (4.42) shows that the vertical lift is a vector
space isomorphism. The vertical lift of a spacelike vector field Y € T'(A°M) is
the vertical vector field Y € Vect(A'M) satisfying Y = va (Y(w(a))) for all
a € B. Hence, the vertical lift of a spacelike vector field Y = Yia%l is given by

(4.43)

a

Y = (YiOW)aii.

The vertical homomorphism p : T(A'M) — Ver(A'M) is defined as the
vector-valued one-form on A'M which is pointwise given by i, = v, 0 P* 0 D7g

(4.44)

for all « € A'M. Its local expression with respect to the natural chart is

0

= 57 © (dg' —v'dt). (4.45)

L
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Theorem 4.4. Let Z be a second-order field on A*M and p the vertical homo-
morphism on A, then n defined by

1 R
(X) = 5 (X + Lzp(X) ~ D(X)Z)
: (4.46)

= §(X + (2, n(X)] = u([2, X]) = D(X)Z)
for all X € Vect(A'M) is a connection on A'M. With respect to a natural chart,
the connection reads as

1
n= aii ® <dui — Z'dt — %gfj (dg’ — ufdt)) )

The connection given in Theorem 4.4 was proposed in Loos [83] and a proof can
be found in Eugster et al. [40]. One can easily convince oneself, that ker uNker n
is a line bundle that is spanned by the second-order field Z.

Vertical vector fields can be used to define semi-basic forms on A'M as the
differential forms w on A'M for which V _w vanishes for any vertical vector field V.
An equivalent statement is that the local representation of w with respect to the
dual basis dt,dq',...,dg", du?, ..., du™ induced by the natural chart (4.36) does
not contain terms in dul, ..., du". A differential form w on A™M is basic, if there
is a differential form « on M such that w = 7", where 7" denotes the pullback
by the natural projection (4.36). Hence, basic forms are semi-basic. However, in
contrast to semi-basic forms, the chart representations of the coefficients of basic
forms do not depend on u', ..., u"™.

The vertical homomorphism g can be used to define an operator 9 on the
exterior algebra on A'M that increases the degree of a form by one. For a smooth
function f € Q°(A'M), the operator is defined by 8f = df o u and the definition
for differential forms of arbitrary degree is found in [40]. The operator 9 is an
antiderivation, that is, for a € Q"(M) and 5 € Q*(M), it satisfies

IaNB)=0aAB+(—-1)"andb.

Moreover, in local coordinates induced by a natural chart the rules

_of
ol

of (dg' —u'dt), 8(d¢")=08(dt) =0 and O(du’)=du’ Adt (4.47)

apply, where f denotes a smooth function on A*M.

Definition 4.9. A Galilean manifold is a triple (M, ¥, g), where M is a smooth
manifold, ¥ a time structure on M and g € T(®37*M) is a covariant tensor field
of rank 2 on M which endows the subspaces Ag/\/l with an inner product for all
p € M. The tensor field g is called Galilean metric.
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In local coordinates induced by an adapted chart (U, ¢) of M, the Galilean
metric reads as

g=gi; d¢’ ®dq’,

where the component functions g;; form a symmetric, positive definite matrix g(p)
for all p € U. It follows immediately that the Galilean metric g on M is not
Riemannian since g(%, %) = 0. The vertical lift is used to equip the vertical

bundle Ver(A'M) with a bundle metric §, which is defined by
XU Y =g(X,Y)omr VX,Y € (A°M). (4.48)

Using (4.44), it follows immediately from (4.48) that the bundle metric on
Ver(A'M) in coordinates is

§=(gij om) du’ @ du? |

where g;; are the component functions of g. To keep notation short, the component
functions (g;; o w) are often identified with g;;.

Let Z be a second-order field, 7 denote the associated connection defined by
(4.46) and p be the vertical homomorphism. The action form of Z is defined as
the two-form Q € Q*(A'M) given by

QX,Y) = §(n(X), u(Y)) = §(n(Y), n(X))

for all X,Y € Vect(A'M). As a consequence of the local representations (4.45)
and (4.22) of the vertical homomorphism and the connection, the action form
of Z locally reads as

Q=g (dui ~ 7t 102 (dg" - u’“dt)) A (dg’ = o’dt), (4.49)

1
2 Quk

where Z* are the component functions of the second-order field Z. The following
theorem gives necessary and sufficient conditions for a two-form to be the action
form of a second-order field.

Theorem 4.5 (Eugster et al. [40], Theorem 1). Let (M, 9) be a manifold with
time structure. A two-form Q on A'M is the action form of a second-order
field Z if and only if it satisfies the following conditions:

(i) Q vanishes on ker p, i.e.,
QX,Y) =0

for all X,Y € Vect(A'M) with u(X) = u(Y) = 0.
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(1) Q defines a bundle metric g on A°M, i.e., the matriz

o 0
9ii —Q(%ﬁ)

is symmetric and positive definite for all charts.
(iii) 09 = 0.
The second-order field Z is the only vector field on AM for which
Z.0=0, 9(Z)=1.

Since the second-order field Z is uniquely defined by its action form €2, Theo-
rem 4.5 allows to transfer the study of second-order fields, and by Theorem 4.4
ultimately the study of special classes of connections, to the study of action
forms.

On a Galilean manifold, the spacelike projector PF associated to a time-
normalized vector field R : M D U — A'M is used to introduce the scalar
function

Tr:7 "(U) = R,a— %g(PR(a), Pa)), (4.50)

where g is the Galilean metric. With the help of (4.50), a particular action form,
and hence second-order field, can be associated to any R.

Proposition 4.2 (Eugster et al. [40], Proposition 1). Let (M, 9, g) be a Galilean
manifold and let Tr be the function (4.50) associated to a time-normalized vector
field R. The differential two-form

Qr = d(Trd + Tr) (4.51)

is an action form that induces the bundle metric g on A°M. The difference between
an (arbitrary) action form Q and Qg is a semibasic two-form ®r = Q — Qr with
the property 0Pr = 0.

Without loss of generality, consider a chart (U, ¢) for which R = %. Since a
T+t

time-normalized vector a = (p, ap) has the representation a, = % ’p uia—ql

p?
we have L
TR = igijuluj 5 (452)
where u’ are the coordinate maps of (4.36) and g;; = gi; o 7 the component
functions of the Galilean metric. The rules (4.47) can be used to arrive at the
local expression
ITr

TRl + OTr = Tr dt + W(dqi — u'dt).
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which inserted in the definition (4.51) leads to

OTr 0Tr i
Q= 5 5dd' Adt+d<8u)/\(dq — u'dt)

TR 0T’ i i
= <d<au’j) 8lfdt> (dg' — u'dt).

Let Zgr denote the unique second-order field on A*M associated to Qg, then the
condition ZrQgr = 0 by (4.53) is equivalent to

(4.53)

T og otow "V ogou T “Rawow g

o = =0, (4.54)

<(9TR> OTr 82TR j GQTR j OQTR OTr
ZRr

where (2.14), (3.41) and (4.39) have been used. It follows from straightforward
computations using (4.52), that the components of Zr are

iy _ gis Qi b (4.55)

Zh=—TFomu's’ —g N ,

ij

where g are the components of the inverse matrix of g;;, i.e., g¥g; = 5.
Hereby, we have defined the functions

1 0gj1 . Ogii  0¢ij
Ffj — ggkl(aq]i+ g aqu . (4.56)

It is no coincidence, that the functions (4.56) look like the Christoffel symbols
(4.31) of the Levi-Civita connection on a Riemannian manifold. To see this,
consider a linear connection on 7'M, that is, on the tangent bundle of a Galilean
manifold (M, d, g). The connection is Galilean, if it is torsion free, compatible
with ¥ and metric, that is, if ', V¥ = 0 and Vg = 0, where I'§,, are
the Christoffel symbols of the connection and Greek indices range from 0 to n.
Let B, := 6%,, denote the basis fields induced by an adapted chart of M, where
q° =t is set. Using (4.24) and (4.30), V¥ = 0 is equivalent to

,u,)n

Ve, 9(Bx) = Vs, (9(Bx)) —9(Vs,Bx) = —Thx =0 Vu,A. (4.57)

Similarly, the representation g = gi; d¢* ® d¢’ may be used to find that Vg = 0
is equivalent to

0 o
agz] — g T — gikrgj =0 Vi,j (4.58)

VB,9(Bi, B;) =

and
9gjk
aqt

VBlg(Bj,Bk) = - glkF” - gle k= =0 VZ ],k . (459)
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By permutation of the indices, condition (4.59) can be rewritten as

0= VBlg(Bj7 Bk) + VB,g(Bk, Bi) - VBkg(Bia Bj)
_ 99ik | Ogri _ Ogij

, : —ork,
oqt O¢i  Ogk itk

from which it is deduced that the Christoffel symbols Ffj of a Galilean connection
are given by (4.56). However, since only the symmetric (with respect to g)
part of the Christoffel symbols ng are fixed by condition (4.58) and the T},
are unconstrained, there is no unique Galilean connection on T'’M. This is in
contrast to the Riemannian case, where the Levi-Civita connection is the only
linear connection which is torsion-free and metric, see Theorem 4.3.

Let Zv be the second-order field on T'M associated to a Galilean connection
by Theorem 4.4. Then by (4.57), the component function ZY of Z vanishes, such

that

o .
Zy =u’= +u' ==
v=u 8t+uaql

0 i , 0
— Ty o m)u'u D (4.60)

Since Z = 0, it follows from (4.28) that for integral curve ¥ : R D T — T'M
of Zy it holds that u® o4 = (%) is constant. Hence, by choice of an appropriate
initial condition, one can single out time-parametrized integral curves of Zv,
and it makes sense to speak of time-parametrized integral curves of Zy. By
definition, a time-parameterized integral curve of Zv is a second-order curve
on A'M. Moreover, such a second-order curve is an integral curve of the second-
order field on A*M gotten from setting u° = 1 in (4.60). Consequently, to every
Galilean connection, the second-order field Z on A'M defined by the coefficients
Z" = —(T},, o m)u*u” can be associated, where u’ = 1. Conversely, if the
coefficients of a second-order field on A'M have this form and the functions Ff“,
satisfy (4.58) and (4.56), the functions I'),, define a Galilean connection on T'M
if, in line with (4.57), 'Y, = 0 is set.

Proposition 4.3 (Loos [82], Lemma 3). Let R be a time-normalized vector
field on a Galilean manifold. The second-order field Zr on AM defined by Qr
is associated to a Galilean connection with V® on TM. Moreover, for any
time-parametrized curve on M, it holds that

(VE4)" =4 Zro#., (4.61)
where v is the vertical lift from A°M to Ver(A'M).

Hence, the projection of the integral curves of Zr to M are exactly the
curves v which are autoparallel, i.e., v satisfies Vﬂf"y =0.
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Proof. Without loss of generality, consider a chart (U, ¢) for which R = %.
By (4.55), the components of Zr then have the form

. . . 1 .. Oans
Zr = —(Th, om)uPu”  with Ty = ~g™* ki

59" =5, and i, =0, (4.62)

which satisfy (4.57) and (4.56). Hence, setting I'), = 0 defines a Galilean
connection on T M. Since the Galilean connection satisfies V% = 0 and for a
time-parametrized curve v we have (%) = 1, it follows from (4.30) that

0= Vi (9(9) = V() + 9(Vi4) = 9(V44)

implying that V?"y is spacelike and hence can be lifted by v. Moreover, from
(4.24) and (4.62), we respectively have that

Vi = (¢" + (T 07)d"d") 5
8; ” (4.63)
¥=Zrod= (' +Twod"d") 57|
Y

where the notational overlap ¢* = ¢ o~ implying ¢° = 1 is used. It immediately
follows from (4.43), that (4.61) is satisfied. O

The study of Galilean manifolds is a rather specialized topic, which has
emerged from the objective of treating Newtonian gravity in the same fashion as
relativistic gravity. In general relativity, the gravity of matter determines the
metric as well as a linear connection on a four-dimensional space-time. This is
why the literature on nonlinear connections on Galilean manifolds, and therefore
on general second-order fields, is scarce. A comprehensive treatise on general
second-order fields on Galilean manifolds is Loos [82], which is written in German.
A large part of the exposition of Loos can be found in Eugster et al. [40].
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Dynamics of Mechanical Systems on
Galilean Manifolds

And how the one of time, of space
the three, might in the chain of
symbols girdled be.

— William R. Hamilton

In this chapter, a geometric theory for the description of smooth motions
of mechanical systems is developed. The focus lies on the development of a
consistent theory as well as bridging the gap between theoretical mechanics
and engineering mechanics by showing that the equations known in engineering
mechanics result as local representations of the presented geometric theory. This
chapter pursues the way taken by Loos [82] and Winandy [127]. However, a
different golden thread is chosen, such that the link between the dynamics of
the system and the dynamics of the particles constituting the system can be
addressed, which represents an extension to [82, 127].

5.1. ON SPACE, TIME AND SPACE-TIME

In classical mechanics, and particularly in engineering mechanics, space and time
are mostly treated as independent concepts. Particles are regarded to be moving
in space, where the motion is a function of time. This section briefly motivates
that the separation of space and time is very effective but questionable from the
viewpoint of theoretical mechanics.

A typical mathematical abstraction of space is the three-dimensional Euclidean
point space P, see Definition 2.2.> Using the real numbers to model time, the

1See for example [24, 53, 59, 60, 63, 97, 99, 103, 107, 115]. Note, that even if the Euclidean
point space is not mentioned explicitly, the motion is illustrated by a point moving in a “space”
for which it is meaningful to draw arrows between points. The mathematical construction
shown in this section is nothing but an abstraction of this picture.
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motion of a particle P is regarded as a curve {p : R O 7 — P, which expresses
the idea that the point in space occupied by the particle P may change with time.
Since motion can only be perceived relatively, a reference particle? O is chosen
and the position vector rop(t) == r(€o(t),Ep(t)) € B3 of P at time ¢ is defined.
Thus, for a fixed time instant ¢, rop(t) represents the vector pointing from the
point £o(¢) in space P occupied by the reference particle O to the point £p () in
space occupied by the particle P. Often, the reference particle O is regarded as
a fixed origin, which might be expressed by o = const. The velocity and the
acceleration of the particle are defined by vp := rop and ap := fop, respectively.
With these definitions, Newton’s second law is formulated as F = map, where
the scalar m denotes the mass of the particle and F € E? is the force acting on
the particle P. Representing Newton’s law with respect to a basis of E? results
in second-order differential equations describing the motion of the particle, i.e.,
the equations of motion of the particle.

This approach to particle mechanics is very efficient as it involves only a
few mathematical concepts and it is therefore the theory of choice if one is
only interested in the equations of motion. This explains why the Euclidean
space approach is prevalent in engineering mechanics. From the perspective of
theoretical mechanics however, this approach is not satisfactory, since concepts
which are physically different are lumped together, making it impossible to
mathematically tell the difference between for example a force and an acceleration.
This has the consequence, that one could find mathematically allowed relations
between e.g. force, position and velocity, which have no physical meaning. To
prevent this, and hence capture the “nature” of the physical concepts, it is
one aim of theoretical mechanics, to associate a unique mathematical object to
every physical quantity, such that every mathematically allowed expression is
physically meaningful and can be validated experimentally. In turn, this also
means that no mathematical object or structure should be introduced, which has
no physical meaning or cannot be validated experimentally. In that spirit, the use
of an absolute space P has been a controversial issue in mechanics. Newton, for
instance, was an advocate for the existence of an absolute space, whereas Leibniz
was of the opinion that space made no sense except as the relative location
of particles. A preliminary solution to the controversy has been provided by
general relativity, which led to the widely accepted idea that space and time
cannot be distinguished and must be seen as two aspects of the same entity called

20ne may also choose a reference point which is not a particle, e.g. the midpoint of the
laboratory in which the described experiment is performed. However, such a point can only
be characterized in relation to material points in the first place. Hence, a reference particle
can be used without loss of generality.
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space-time>, modeled as a four-dimensional semi-Riemannian® manifold. For the
concern of classical mechanics, it has been shown by Ehlers [34]® that space-time
can be modeled as a four-dimensional Galilean manifold in the Newtonian limit
of general relativity, i.e., the limit where the speed of light tends to infinity.

5.2. CLASSICAL SPACE-TIME

In this section, the physical space-time of classical mechanics is modeled as a
four-dimensional Galilean manifold. It is shown that the Galilean structure
models the acts of measuring time as well as distances and angles. Moreover, the
concept of rest and observer are introduced, which are invoked to retrieve the
notions of position, velocity and acceleration as vectors in E3.

Let space-time be represented by a four-dimensional manifold £. A chronome-
ter can be used to measure the temporal distance between two events. This is
abstracted by introducing a time structure 6 on the space-time £. The time
showed by a chronometer is then represented as a time functiont: £ D U — R,
which by definition fulfills 9’U = dt. The temporal distance between two events
ei,ez € U is

[t(e2) — t(en)]. (5.1)

We say that e: happened before ez if t(e2) > t(e1) and that both events are
simultaneous if t(e2) = t(e1). Two different time functions ¢ and ¢ defined on the
subsets U and U of &, respectively, fulfill dt = df on U N U. Consequently, they
agree on the temporal distance between two events as they can only differ by a
constant ¢, that is,

t=t+ec. (5.2)

The spacelike bundle A% = ker@ C TE, see (4.33), is integrable and its integral
manifolds define a foliation F of the space-time £. The leaves of F are sub-
manifolds of simultaneous events, because by construction, any time function is
constant when restricted to a leaf S € F.

The idea that distances and angles can be instantly measured is represented in
the model by assuming that every leaf of F locally looks like a three-dimensional
Euclidean point space P. Specifically, for any event there exists a neighborhood U
such that every nonempty intersection of U with a leaf of F is diffeomorphic
to a subset of P. Hence, let t : £ D U — R be a time function and let S; € F

3For a discussion of different space-time models encountered in physics, see Toupin [122],
and Bekaert and Morand [12].

4 A semi-Riemannian manifold is a Riemannian manifold for which the positive-definiteness
of the metric is relaxed to a non-degeneracy condition.

SEhlers [34] has been republished in English, see [35].



72 5. DYNAMICS OF MECHANICAL SYSTEMS ON GALILEAN MANIFOLDS

denote the leaf on which t takes the value 7, i.e., t(S- NU) = 7, then there is a
diffeomorphism ¢, : S N U — V C P. Consequently, for any two simultaneous
events e, f € S N U there is a unique vector

rep =r(p-(e), 0-(f)) € E®

pointing from ¢-(e) to ¢-(f), see Definition 2.2. Loosely speaking, S denotes
the space at time ¢ = 7. For different time instants, the spaces are different, but
locally diffeomorphic. However, there is no canonical way to identify points on
spaces at different times, which is in contrast to the concept of absolute space.

Definition 5.1. For a particle P, also called material point P, the motion is
defined as a time-parametrized curve ép : R O Z — €. Hence, the (absolute)
velocity £€p of P has the property 0(&p) = 1.

For any time function ¢, a motion {p fulfills
dt(ép) = (toép)=1 = tokp(r)=7+T0 (5.3)

by Definition 5.1, where 79 € R is a constant. The motions of two particles P
and Q are said to be synchronized, if £p(7) and £g(7) are simultaneous for one
and hence for any 7. Loosely speaking, it is assumed that time passes equally for
every particle and that time can be used to parametrize the motion, because, up
to a constant, t equals 7 along the motion. For this reason, henceforth ¢ is used
instead of 7 to parametrize the motion as the constant 7o in (5.3) can always be
eliminated by changing the time function, see (5.2). For the same reason, two
motions can always be synchronized.

Typically, one observes an event e relative to the motion {o : Z — U C £ of
some chosen reference (material) point O. Using an appropriate time function
t:£ DU — R with t(U) CZ, an event e € U is simultaneous to {o(¢(e)), such
that e can uniquely be associated with the position vector x = r¢, (¢ (e))e € E?
from the event £o(t(e)) to e. We can say, that the event e happens at time
t = t(e) at the position x = r¢, ((e))e With respect to O. Hence, the choice of a
reference point O defines the map

0 : EDURXE’, e (t,%x) = (t(e), Teo(t(e))e) - (5.4)

Introducing a frame of reference consisting of three time-dependent vectors
el :R DT — E3 (i = 1,2,3), which form an orthonormal basis of E3, i.e.,

el (t)-el(t) = &;; for all t € Z, allows to define the chart

Kr:TxE* >R, (t,x = Imief(t)) — (t,Iml,sz, 1x3) = (¢, 1x) (5.5)

of R x E3. This chart reads out the components with respect to the basis I. The
concatenation

190 =Krogo:ED2U =R, e (t,1x) = (t(e), iTe, (1(e))e) (5.6)
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is an adapted chart of £ and is referred to as Cartesian chart of £. Obviously,
other charts of £ can be constructed, e.g., X = r¢,((c))e can be addressed by
its length and two appropriately chosen angles with respect to the frame of
reference I, which would lead to a chart of £ representing spherical coordinates.
Associating a space-time event e € £ with four real numbers, i.e. choosing a chart
of £, may be regarded as an observation of the event e. Since the construction
of a chart relies on a point of reference O as well as on a frame of reference
(el,el, el), their combination, that is, (O, el, e}, el), is called observer.

To derive the change of Cartesian coordinates, consider the motion of a
different reference point O and a time function ¢ : € D U — R. Following the
construction above, e € UNU is mapped to the position vector X = Te (#(e))e € E3.
Hence, e, £5(t(e)) and €o(t(e)) are simultaneous. Consequently, introducing
¢5(e) = (f,%) and using (5.2), the change of reference point ¢4 o ¢, is given by

t

t+c
X =T, ((e))e = Teo(t(e))e T Tep(t(e)+o)éo(t(e)) = X+ Too(t(€)),

where the notation rgo (t(e)) = e, (¢(e)+e)eo(t(e)) has been introduced. It then
follows from the representation of X with respect to a basis B, that the change
of Cartesian coordinates is given by

Bbo 0105 1d(UNTU) — pp(UNT),
AVNERN t+ec (5.7)
X BX - ABI(t)[X + BI‘@O(t) ’
where the transformation matrix is defined as
(Apr)’;(t) = ef (t+c)-ei(t) (5.8)

for all ¢, see (2.4). This change of Cartesian coordinates induces the change of
induced basis fields

0 0 . . _ . i 9

5 = a7 (AnOAL 0 (5% 5760 (0) + io0(0) 5 (5.9)

o S8 ‘
6[iEi - (ABI) Z(t)aBi’J ?

which follows from (5.7) by (3.19). Note, that Apr and BI5o denote the
derivative of Apr and prgsp, respectively. Moreover, the evaluation at ¢ must be
read as the concatenation with the coordinate map t of r¢o.

Consider the map ¢o : € D U — R x E3 stemming from the choice of a
reference point O and a time function ¢ : U — R, see (5.4). For e € U, the
differential (D¢o)e : Te€ — Ty, () (R x E?) 2 R x E® by (3.20) maps the basis
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vectors of T.E induced by the Cartesian chart r¢o to

(Ds0)e | = (L1 &l(t(e))) and (Dgo). 5=

— (0,el(t(e)), (5.10)

e e

where the chart (5.5) of R X E? has been used. Hence, Do can be used to map
vector fields on U yielding

D¢o (wofﬁt + v W) = (Ivo, el (t) + v ef(t)) ,

with ¢ and ;2 being the coordinate maps of the chart r¢o of £.
It is immediately clear from (5.10) that the restriction D¢o|ace is a vector
space isomorphism between A%E and {0} x E3 = E3.

Proposition 5.1. For two different reference points, let o and ¢5 be defined
on the subsets U and U of £, respectively. For any e € UNU, it holds that

(Dgg)eve = (Dgo)eve  Vve € ALE. (5.11)

Proof. Let r¢o(e) = (¢, 1x) and pos(e) = (¢, BX). A spacelike vector

I S I
T G e_ BT opz .
by (5.10) is mapped to
(Dgo)eve = (0,70 (t)) and (Dgg)eve = (0, pv'e; (). (5.12)

It follows from the change of basis fields (5.9) that pv = Ap;(t)rv and conse-
quently

pv’el (1) = (Apr),(E)rv'ef () = v'(ef () - ei (1))ef () = rv'ef (1),
because of (5.8) and (2.3). This implies (5.11) by (5.12). O

Proposition 5.1 assures that the space-time £ can naturally be equipped with
a Galilean metric defined by

ge t AJE X ALE 5 R, (ue,ve) > ge(te,ve) = (Ddo)etie - (Dpo)eve  (5.13)

for every event e € £ and arbitrary reference point O, where the “dot” denotes the
inner product of {0} x E* 22 E3. Hence, space-time is a Galilean manifold (£, 0, g).
It follows from (5.10), that the Galilean metric of space-time with respect to a
Cartesian chart ;o reads as

g:&-jd(zwi) ®d(1xj). (5.14)
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The fact that time passes for every particle means that every particle nec-
essarily moves through space-time. Moreover, one experiences that whenever
motion is perceived, this is done relative to some reference. For instance, the
motion of a car may be observed relative to the street or the motion of the sun
relative to the horizon. Especially when it comes to observing velocities, only
relative velocities can be observed and never the absolute velocity of a particle
in space-time, because the velocity at which time itself changes is not observable.
A reference field is a time-normalized vector field

r:€2U, — A€.

With that, the velocity of a particle P with respect to the reference field r, or
r-velocity for short, is defined as the spacelike vector field

vp =P (€p) =€p —T0&p (5.15)

along the motion £p : R O 7 — & of the particle, where P" denotes the spacelike
projector (4.40). Based on that, a particle P is regarded to be at rest with
respect to r if its r-velocity is zero. It follows directly from the definition (5.15)
that a particle is at rest w.r.t. r if and only if the motion {p is an integral
curve of the reference field, i.e., Sp = ro&p. An adapted chart ¢ of £ with
de) = (t, ", 22, 2%) is said to be a resting chart with respect to r if the reference
%. This definition implies that the spatial
coordinates ' o £p of a resting material point P are constant.

The second-order field Z, determined by the action form Q,, see (4.51), is
used to define the acceleration of P with respect to r, or r-acceleration, as the

field has the representation r =

vector field
ap=~Ep —Zroép (5.16)

along the velocity £p : R D Z — A€ of the particle.

The fact that the leaves of simultaneous events locally look like an Euclidean
point space can be exploited to retrieve the formalism on E® typically used in
textbooks about classical mechanics. As usual, the transition to E® is achieved
by choosing a reference point O, that is, by the map ¢o and its differential map
in our case.

The motion of a particle P relative to the motion of O is described by

do o &p(t) = (t,ropr(t)),

where the position vector of P with respect to O is defined as

rop(t) = Tey(t)en(t) -
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Since the restriction of (Déo). to A2E is a vector space isomorphism between
A% and {0} x E® > E3, the welocity vector vp of P can be defined by

(0, vp) := Doovp, (5.17)

where (3.34) has been used. By Proposition 5.1, the definition of the velocity
vector is independent of the choice of reference point O. A similar procedure can
be used for the acceleration. By Proposition 4.3, it holds for the r-acceleration ap,
defined in (5.16), that

ap = (vgp §P ) .
Since the vertical lift v establishes a vector space isomorphism between A?T(E)S
and Ver,(A'€) for all a € A'E, defining the acceleration vector by

(0, ar) == Déo(VE,Er)

uniquely associates ap to ap.
With respect to an arbitrary Cartesian chart 1¢o, see (5.6), the motion of the
particle P has the representation

190 0&p(t) = Krog¢o oép(t) = (t,1ropr(t)),

where rrop collects the components of the position vector rop with respect to
the frame of reference (e, e}, el). Hence, by (3.36), the (absolute) velocity £p
can be locally represented as

+1mop— (5.18)

I orx?t

: 0
&r =5 .

Suppose that ;¢o is a resting chart for r, i.e., r = %. It then follows from
(5.15) and (5.18) that the r-velocity of the particle P is

VP = [TOP = (5.19)

orx?

&p '
Moreover, by definition (5.15) of the velocity vector vp it can be seen that
VP = ITOP, (5.20)

where (5.10) and (5.19) are involved in the computations. Furthermore, since
the components of the Galilean metric (5.14) are constant with respect to the
resting chart @0, the Christoffel symbols of V" all vanish, see (4.62). Hence, it
follows from (4.63) and (5.10) that

1ap = jfop. (5.21)
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Finally, a comparison of (5.20) and (5.21) with (2.6) shows that it suffices to
identify the reference frames e! leading to resting Cartesian charts ;¢o with
respect to r with resting frames of E3 to retrieve the typical formulae

vp =Top and ap =r*top (5.22)

for the velocity and acceleration vectors of a particle P.

5.3. CONFIGURATION SPACE-TIME AND STATE SPACE

Definition 5.2. A mechanical system of dimension n is a measurable set S of par-
ticles together with an (n+1)-dimensional configuration space-time manifold M,
as well as a map

k: SXxM—=E, (z,p) — k(z,p)

defining the kinematics of the system. The map x is assumed to be such that for
a fixed p € M all events contained in the image (.S, p) are simultaneous, i.e.,
every time function of M is constant on (5, p). Moreover, with the notation
ke(.) = k(z, .), the map & is such, that through any p € M there is a curve for
which

0(Dkg?) #0. (5.23)

The event x(z,p) is occupied by the particle z € S in the configuration
p € M of the mechanical system. Using this terminology, the two conditions
on k can be restated in the following way. For a given configuration p € M, the
events occupied by the system S are simultaneous and there exist evolutions of
configurations v : R O Z — M such that time passes along the events k; oy
occupied by every particle z. The latter can be seen from

0(Dkoy) = dtg((m o 7)) =(tgoky0y)#0,

where te : £ D U — Ris a time function on £ and where (3.34) has been invoked.

For a time function t¢, the value of t¢ o k(x, . ) is independent of the choice
of the system’s particle z € S, since for a given configuration, events occupied by
the system S are simultaneous. This allows to associate to every time function
te on £ a time function

t: MDDk, "U) =R, p t(p) = te o k(x,p) (5.24)

on M, where z € S can be chosen arbitrarily. Since time functions on £ exist in
the neighborhood of every event in &, it follows by definition (5.24) that a time
function of the form (5.24) exists in some neighborhood of every configuration
in M. Therefore, a global one-form ¥ € Q'(M) on M can be defined by setting

9 = dt (5.25)
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on the domain of any time function ¢ of M. The global one-form ¢ is well-defined,
because for a different time function ¢, it follows from (5.2) and (5.24) that
dt = dt on the intersection of the domains of the two time functions. Hence,
t and ¢ define the same one-form ¥ for points on M lying in the domains of both
time functions. Consider a curve v : R O Z — M, then, independently of the
chosen particle x,

9(3) = dt(3) = (t07) = (te 0 s 0 7) = dte (ks 07)) = O(DRA) . (5.26)

where (5.25), (5.24) and the definition of the differential (3.34) for vector fields
along v have been used. Consequently, the one-form ¥ is non-vanishing by (5.23).
Moreover, ¥ is closed by definition (5.25). Hence, the one-form 1 defines a time
structure on M, implying the existence of adapted charts

¢: MDU =R po(p) = (t,q',...,q") = (t,q) (5.27)

of the configuration space-time M, where the first coordinate function is a time
function.

Equation (5.26) reveals that for any particle x, time-parametrized curves
in M are mapped to time-parametrized curves in £. Moreover, Dk, maps time-
normalized and spacelike vectors on M to time-normalized and spacelike vectors
on &, respectively. Hence, if 7y is a time-parametrized curve on M then the curve

€a(t) = ka0 y(t) = Kz, 7(1)) (5.28)

is a motion of a material point through space-time for every particle x, that is,
£; is a time-parametrized curve on £ for every x.

Definition 5.3. A motion of the mechanical system in the configuration space-
time M is a time-parametrized curve v : R O I — M, i.e., a curve with the

property 9(%) = 1.

Example 5.1. Consider a pendulum consisting of a thin bar attached to the
ceiling through a pivot such that it can only perform planar motions. Since
the bar is thin, the set S of all particles z can be modeled as an interval
of R. The position of the pendulum can be described using one coordinate only,
e.g., an angle ¢. Hence, the space-time manifold M is two-dimensional and
P : MDU = R? pr (t,¢) is a local chart of M. A motion y: R2Z = M
is time-parameterized and, therefore, ¥ o v(t) = (¢, »(¢)). The kinematic map x
associates to every particle x its motion & (t) = k(z,7(t)) = kz 0 y(t). Let S;
be the submanifold of simultaneous events of £ containing &, (t). As depicted in
Figure 5.1, a snapshot of the pendulum can be drawn for a fixed time ¢, because
the &;(t) are simultaneous for all z € S and hence all lie in S¢, which locally looks
like a Euclidean point space. Finally, Q: denotes the submanifold of simultaneous
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b
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m

Figure 5.1: Model of a pendulum.

events of M which contains v(t). The manifold Q; can be regarded as the
configuration manifold of the pendulum at time ¢. Since Q; is one-dimensional,
two cases can occur. Either Q; is homeomorphic to the real line R or to the
unit circle S*. In the first case the angle ¢ can attain arbitrary values and
one can count the revolutions of the pendulum. This is for example important
if a torsional spring is added to the pivot and deformations going beyond one
circumvolution are to be studied. This is not possible in the other case, because
the position described by ¢ is identified with ¢ 4+ 27n for all n € Z.

The tangent field to a motion 7 has the form 4 = (v, %), where the tangent
vector 4~ is called velocity of the mechanical system. At time ¢, 4(¢) therefore
represents the configuration as well as the velocity of the system, which is why
4(t) denotes the state of the system at time ¢. Since the state §(¢) at any time ¢
is time-normalized, the following is defined.

Definition 5.4. The state space of the mechanical system with configuration
space-time M and time structure 9 is the affine bundle of time-normalized
vectors A'M. The state space is endowed with the time structure 9 = 719,
where 7 denotes the natural projection of AM to M.

A motion v in M induces a second-order curve 4 in AM. Any second-order
curve 3 is called a motion in the state space A'M. By definition it then holds
that v = m o 8 is a motion in M and 8 = 4. As second-order curves, the motions
of the mechanical system are integral curves of a second-order field Z on A'M.

Definition 5.5. The second-order field Z of the mechanical system is the second-
order field having the motions of the system as integral curves, i.e., any motion
v fulfills 4 = Z o 4. The action form §2 of the mechanical system is the action
form which uniquely defines Z by 9(Z) = 1 and Z_Q = 0.
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The natural chart of the state space A'M induced by an adapted chart (5.27)
is introduced as

D TF_l(U) — R2"+1, (p, % +uiaiqL

) P (ta,u). (5.29)

Let r : £ D U, — A€ be a reference field on space-time &, then a time-
normalized vector field

[

R: MDUr — A'M
is a reference field on M if k;(Ur) C U, and

Dkz; R=10kKy (5.30)

for every particle x € S. The velocity of the mechanical system with respect to R,
or R-velocity for short, is defined as the vector field

Vi =P (§) =4 - Roxy

along the motion + of the system, where PF is the spacelike projector. Condition
(5.30) implies that

Vg =&z —70& = Dky(y — Rony) = Dk, Vg, (5.31)

where definition (5.15) of the r-velocity as well as (5.28) have been used. Conse-

quently, for a motion v with vanishing R-velocity, every particle is at rest with

respect to 7, as their r-velocities vanish. Based on that, a mechanical system

is at rest with respect to R if its R-velocity is zero. An adapted chart ¢ of M

with ¢(p) = (t,q",...,q") is said to be a resting chart with respect to R if the
)

reference field has the representation R = &;.

Definition 5.6. The mass is a positive measure m on S and its volume density o

is called (volumetric) mass density, that is, m and p are related by dm = pdxz,
where dx is the volume element of S.

The mass m and the Galilean metric g on £ are used to define a Galilean
metric on M as the bilinear, symmetric tensor field M, which is given by

My: AJMXAIM — R, (up, vp) H/gnm(p) ((Dfix)pup, (Df@x)pvp)dm, (5.32)
s

for every p € M, where the measure m is assumed to be such that M, is positive
definite. Thus, the configuration space-time (M,9, M) is a Galilean manifold.
Using the basis fields induced by the adapted chart (5.27), the Galilean metric M
can locally be written as
M = M;;d¢' @ dg’  with M, = M<a., a_) . (5.33)
0q"’ O¢l

The coefficient matrix M;; is called the mass matriz of the mechanical system.
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Definition 5.7. Let (M, 9, M) be the configuration space-time of a mechanical
system. The kinetic energy of the mechanical system with respect to a reference
field R : M D Ur — A'M is the scalar function

Ti: 7' (Un) = R, a s 5 M(PR(a), P"(a)) (5.34)

Using the definition of the R-velocity and (4.40), the kinetic energy along a
motion 7 is

. 1 1 . .
Trovy = §M(VR7 Vr) = iMw (’Yw — Ry, 4y — R’Y) . (5.35)

To derive the kinetic energy in terms of the particle’s motion, (5.31) and the
definition (5.17) of the velocity vector are used to state

D¢o(DkeVr) = Dpove = (0, va).
This, together with the respective definitions (5.13) and (5.32) of the Galilean

metrics g and M allows to rewrite (5.35) in terms of the particle’s velocities as

1
TRo"yzg/vz-vzdm. (5.36)
s

Let (U, ¢) be an adapted chart of M and let us assume for simplicity that

U C Ugr. Moreover, let R = % + R 32, be an arbitrary reference field. In the

natural chart (5.29) induced by ¢, the kinetic energy (5.34) locally reads as

Tr = 1]\4-7;3' (Ui - Rl)(uj - R]) = 1(u - R)TM(U - R)
2 2
h 1 (5.37)
= iuTMu —R"Mu + §RTMR,

where the local expression of the metric (5.33) as well as its symmetry have
been used. It can be recognized, that (5.37) has the form known from classical

mechanics literature, see [100]. In the special case where ¢ is a resting chart
)

57, the local expression of the kinetic energy (5.37)

with respect to R, i.e. R =
reduces to

Tr = %Mijuiuj = %uTMu.

5.4. VIRTUAL DISPLACEMENTS

The flow ! of a vector field Y € Vect(M) on the configuration space-time M
can be used to displace a configuration p € M to a one-parameter family of
configurations

pe) = @2 (p), (5.38)
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where by definition ¢ = ida. Such a displacement occurs at fixed time if the
displaced configuration p(e) is simultaneous to the undisplaced configuration
p = p(0). Using the definition of temporal distance (5.1), a displacement occurs
at fixed time if for any time function ¢ it holds that

t(p(e)) — t(p) = to X (p) — t(p) = (¢2 )"t(p) — t(p) =0,

where (5.38) has been used. Consequently, the vector field Y fulfills
. 1 Y\ *
t = lim — t—t] =
L"Y Eli;% c I:(SDE ) ] 0 )
implying that the vector field Y is spacelike by Lyt =Y (t) = dt(Y) = 0.

Definition 5.8. A wirtual displacement field on M is a vector field Y € Vect(M)
which is spacelike, i.e., a virtual displacement field satisfies the condition

9(Y) =0 (5.39)

and is therefore a section of the spacelike bundle A°M of M. The set of virtual
displacement fields on M is denoted as Virt(M) = I'(A°M).

The tangent vector dp to p at € = 0 satisfies

op = %ﬁ =V, (5.40)
because by definition p is an integral curve of Y. Since ép corresponds to
the vector Y, of the virtual displacement field Y at p, dp denotes the virtual
displacement of (or at) p.

This definition of virtual displacement is coherent with classical mechanical
texts such as Hamel [57, p. 75] or Pars [101, p. 15], where a virtual displacement is
an imagined infinitesimal displacement occurring at fixed time. In fact, dp is the
infinitesimal version of the displacement p, which as a sequence of simultaneous
configurations cannot be a real motion of the system, because 9(p) = 0 # 1,
cf. Definition 5.3.

For a motion v : R D Z — M, a virtual displacement field Y € Virt(M) by
(5.38) induces a one-parameter family of motions

F(e,t) = Fe(t) = @2 0y(t), (5.41)

where 7. = ¢! o is defined implicitly. Using the definition of the virtual
displacement of a configuration (5.40) for every time instant ¢ allows to compute
the virtual displacement of v as the vector field along the motion given by

]

oy =
K 85 e=0

=Yox, (5.42)
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where the partial derivative with respect to € corresponds to the tangent vector
to the curve ¥(-,t) at ¥(0,t). The set of all virtual displacements of the motion
v:R D Z — M is denoted as Virt(y(Z)).
By (5.39), a virtual displacement field is locally represented as
0
oqt

To agree with the notation used before and the notation used in the literature

Y = 4¢°

(5.43)

about classical mechanics, the coefficients of the virtual displacement fields are
decorated with deltas. This is motivated by the following. Assume that the
one-parameter family 4 has the chart representation ¢ o y(g,t) = (t, a(e, t)) and

define d¢*(t) = %(O,t), then

_9
T 9

_9q
o1 O

0
(0,t) oq

i 2

5(t =6 :
y(t) o q()aqz

(5.44)

4

It is a consequence of (5.42) that

8q'(t) = 6q" o y(t),

where the §¢" on the right hand side is the coefficient of Y introduced in (5.43).
The variation of the function f: M — R induced by a virtual displacement
field Y is defined to be the function Y(f), which, when evaluated along a motion ~,

defines B
9(f o7
Oe e=0 ’

6f =Y(f)oy=0(f) =

where (5.42) and (3.13) have been used.
By (5.28), the one-parameter family of motions 7 induces the one-parameter

(5.45)

family of motions &, = k. o7 of the particle = of the mechanical system. The
virtual displacement of the particle x is then
2l

0, = Dky— = Dky 0y = DkgY o7, (5.46)

651 - 85 e=0 85 e=0

which is a spacelike vector field along &, (t) = £,(0,t). Hence, with respect to a
Cartesian chart ;¢o, the virtual displacement of the particle has the represen-
tation 6&, = 65;% where v ranges from 1 to 3. Using the definition of the
differential (3.34) and (5.46), the components of the virtual displacement satisfy

56 = 664(12") = Drs 57(12%) = 57(12” 0 k).
Introducing the map rrd, = rz” o kg, implying the usual notational overlap
165 (t) = 116 0 (t), it follows that

Orrdy

867 = 0(irde) = 8" =52 (547)
vy
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where (5.45) and the local representation (5.44) of 6 has been used. Since §¢,
is spacelike, the choice of a reference point O allows to locally define the virtual
displacement vector of the particle x as

(0, ory) = Dopod&, . (5.48)
Using (5.10) and (5.47), the virtual displacement vector has the representation

e, = o(rrt, el = o 20| of 5 OO
ql

vy aq*

, (5.49)

where for the last equality it has been exploited that the basis el only depends
on time. Moreover, the notation

81‘01 L a(roz o ¢71)

aqt |y aq*

(p)

has been introduced, where ¢ is the adapted chart of M having the ¢° as
coordinate maps.

The same reasoning that leads to the definition of virtual displacement fields
on M is used to define a virtual displacement field on the state space A'M as a
vector field ¥V € Vect(A'M) which is space-like, i.e., a virtual displacement field
on A'M satisfies

I(Y)=0. (5.50)
The set of virtual displacement fields on A*M is denoted by
Virt(A'M) =T (A%(A'M)) .
By (5.50), a virtual displacement field is locally given by

0 Muia

Y =6¢' — ,
%4 oqt out’

where the basis vector fields are induced by the natural chart (5.29).
The flow @) of a virtual displacement field Y € Virt(A*M) induces a one-
parameter family of time-parametrized curves

Ble,t) = B:(t) = ¢Y 0 (1),

by displacing the points along a time-parametrized curve 8 : R 2 I — A'M in the
state space. Again, B = ¢! of has been implicitly defined, which corresponds to
the curve of the family obtained for a fixed value of €. The virtual displacement
of B is then the vector field

_ 98

= 5|l =Vor (5.51)

op



5.4. VIRTUAL DISPLACEMENTS 85

defined along the curve (.

In contrast to (5.41), not every one-parameter family of time-parametrized
curves f8 is a family of motions, because the motions, as second-order curves in
the state space, are only a subset of the time-parametrized curves. Hence, not
every virtual displacement field induces a family of motions.

Since a motion 3 through A'M is the tangent field 8 = # to the motion
v = mo 8 through M, there is a natural way to associate a virtual displacement
field Y € Virt(A'M) to every virtual displacement field Y € Virt(M). The
virtual displacement field ¥ on M induces the one-parameter family 7. = @) o~y
of time-parametrized curves on M. By construction, 7. = (¢ o) is a one-
parameter family of second-order curves on A'M. The virtual displacement
field Y on A'M is defined to be such that it induces the family of motions 7.,
that is,

pr oF = (¢ o) ="7e.

This vector field Y° is called the complete lift of Y and it is a consequence of
(5.51) that
97e
Oe e=0

oy = =Yo7,

from which immediately follows that 4 = (d) because of the symmetry of second
derivatives. As has been done in (5.45), the variation of a function f : A"M — R
induced by a virtual displacement field Y¢ is defined to be the function Y°(f),
which, when evaluated along a motion 7, gives

. . . A(f o7e
sf =Yooy =04 = 2| (552)
(9 e=0

With respect to a natural chart, the virtual displacement field Y on A'M
has the local form
Y°© = (6¢" o7r)i + Lz(6¢" o) o

3 5 (5.53)

where d¢" are the component functions of (5.43), 7 denotes the natural projection
of A'M and Z is any second-order field, see [22]. Moreover, it holds that the
Lie-bracket [Z,Y°] is vertical. In fact, using the coordinate maps ¢, ¢’ and u® of
a natural chart of the state space, one computes

(Z,Y°)(t) = Z(Y°(t)) = Y°(Z(t)) = Z(0) = Y°(1) = 0

. . ) . _ (5.54)

(2,Y°Ud") = Z(Y(a") = Y*(2(d") = Z(8¢" o) = Y*(u') = 0,
where (5.53) and the definition of the Lie-bracket (3.30) has been used. Conse-
quently, [Z,Y ] is vertical, because its components with respect to % and 8%1
are zero.
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A virtual displacement Y € Virt(M) is spacelike by definition and can hence
be also lifted vertically. The vertical lift Y¥ of Y is a virtual displacement field
on A'M since vertical vectors are spacelike. By (4.41), the virtual displacement
field Y” is associated to the one-parameter family of curves

BE:SD?UO;Y:W_"E(YOV):W"""?&Y: (V9 +€074),

which only virtually displaces the velocity 4, of the system while leaving the
position v unchanged. Using this in (5.51), the virtual displacement of 4 induced
by Y is defined as

0

P (‘y—i—a&y):é’yU:Y”o'y.

e=0

9y =

Similar to (5.52), the variation of a function f : A'M — R induced by a
virtual displacement field Y is defined to be the function Y”(f), which, when
evaluated along a motion %, gives

v o e v 9 :
=Y (Nev=08) =0"(f) = 57| _ fG+e0). (5.55)
It follows from (4.44), that with respect to a natural chart, the virtual
displacement field Y on A'M has the local form

; 0
Y = (§¢" — 5.56
(5g" o m) o (5.56)
where §q° are the component functions of (5.43), and 7 denotes the natural
projection of A'’M. Comparing (5.56) with the local form (5.53) of the complete
lift of Y shows, that the vertical lift of Y is related to the complete lift by

YV = u(Y°), (5.57)

where p denotes the vertical homomorphism on A*M, see (4.45).

Since the space-time £ is a Galilean manifold, it is clear that everything valid
for virtual displacement fields Y € Virt(M) and virtual displacement of motions
in M also holds for virtual displacement fields y € Virt(€) = I'(A%) and virtual
displacements of motions of particles £, in £. The virtual displacement of the
particle x associated to a virtual displacement field y is therefore given by

6ls = yo&s = Yyokso7. (5.58)

The so defined virtual displacement 6, is more general then the virtual displace-
ment of the particle z induced by a virtual displacement field Y € Virt(M),
cf. (5.46). Think of a planar rigid pendulum, whose configuration can be described
by time and an angle for example, then the one-parameter family of motions
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£ = ke o@) o induced by Y displaces all particles by instantaneously displacing
the configuration, i.e., varying the angle. Hence, the displaced particles &, respect
the geometry and kinematics of the pendulum. In contrast, the one-parameter
family of motions &, = ¢¥ o k. o v individually displaces the particle’s motion
& = kg oy for every x € S. Consequently, the displaced particles must not
necessarily respect the geometry and kinematics of the pendulum. With such
a virtual displacement y, the pendulum can also be deformed or displaced by
a translation which would not respect the pivot of the pendulum. However,
in certain cases the virtual displacement (5.58) can be induced by a virtual
displacement Y, namely if
DkzY = yokg

for every € S. This becomes evident from the comparison of (5.58) with (5.46).

5.5. INERTIAL MOTION

Any motion 4 : R D Z — A'M of a mechanical system is a second-order curve
and as such an integral curve of the second-order field Z of the mechanical system.
The following definition introduces a particular second-order field Zgr, which
defines a special kind of motion of the system.

Definition 5.9. With respect to a reference field R : M D Ur — A'M, the
inertial motions of the mechanical system are integral curves of the second-order
field Zr, which is uniquely defined by the action form

Qr = d(Trd + Tr) (5.59)
induced by the kinetic energy Tr of the mechanical system.

Proposition 4.2 assures that 2r is indeed an action form. With respect to a
natural chart of the state space, it is seen from (4.53) that

= (450 - = dt) A (dg' — u'de). (5.60)

Moreover, it is a direct consequence of Proposition 4.3 that the inertial motions
v :R D Z — M correspond to the autoparallel curves of the Galilean connection
with covariant derivative V¥, i.e., the inertial motions are characterized by

Viy=0. (5.61)

Interpreting the left-hand side of (5.61) as the acceleration of the mechanical
system, it becomes evident that the inertial motions are defined as the motions
of the system which are unaccelerated. Hence, Definition 5.9 is in line with the
notion of inertial motion usually encountered in classical mechanics.
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Definition 5.10. For a virtual displacement Y € Virt(M), the virtual work of
the inertia of the mechanical system with respect to the reference field R is the
scalar function

Wr =Qr(Z,Y°), (5.62)

where Z is the second-order field having motions 4 of the system as integral
curves.

With respect to a natural chart of the state space, the virtual work of the
inertia locally reads as

Wi = (Z(aTR) _ OTr

D aq > (6g" om), (5.63)

which follows from (5.60) and the representation (5.53) of Y°. Moreover, evalu-
ating (5.63) along a motion yields

(A (0T OTm\. .
OWrod = (dt(@u") gt )&1 ’

where the fact that 4 is an integral curve of Z has been exploited. Moreover, the

(5.64)

evaluations of the partial derivatives and of d¢° o w along 4 have been omitted.

To derive the virtual work of the inertia of the system in terms of the particle’s
motion £, = kg 0y, the definition (5.59) of the action form Qg is used to evaluate
the virtual work to

SWr = (dTr AD 4 dOTR)(Z,Y°) o
= dTr(Z)0(Y®) — dTr(Y)D(Z) + dOTR(Z,Y°). (5.65)

Using (3.45), the last term in (5.65) can be expanded to
dOTr(Z,Y¢) = Lz(0Tr(Y)) — Ly (0Tr(Z)) — 0Tr([Z,Y"])
= Lz(dTr o u(Y)) = Ly (dTr o u(Z)) — dTr o u([Z,Y*]),

where 0Tr = dTr o p has been used. Since p vanishes on both the second-order
field Z and the vertical vector field [Z, Y], see (5.54), this simplifies to

dOTr(Z,Y°) = Lz(dTrop(Y)) = Lz(dTr(Y")) =Lz (Y"(Tr)), (5.66)

where (5.57) has been used. Since the virtual displacement field Y is spacelike,
the first term in the second equation of (5.65) vanishes. Moreover, the second
term reduces to —dTr(Y¢), because Z is time-normalized. Hence, by (5.66), the
virtual work (5.65) reads as

SWr = —Y*(Tr) + L2(Y"(Tr)) ,



5.6. FORCES 89

which evaluated along a motion ¥ gives
OWgo ¥ = —0TRr + (QTR) (567)

Hereby, (5.52) and (5.55) as well as the fact that 7 is an integral curve of Z have
been used.

Equation (5.36) is used to express the virtual work of the inertia in terms
of the particle motions. To do so, 0Tr and §Tr are first computed separately.
Using (5.36) in (5.52) yields

Vg Vedm = OVy - vy dm,
e=0Jg s

where ¥, denotes the family of r-velocity vectors induced by 7. and the varia-

10

tion dv, of the r-velocity vector is
OV
Oe
Similarly, using (5.36) in (5.55) leads to

Ve =

. (5.68)

e=0

10

QTR = 5&

/(vz—i—s org) - (Va+edry)dm = / ory - vy dm,
e=0Jg S

where also (5.48) has been used. Hence, the virtual work of the inertia forces
(5.67) can locally be written as

Wgrord = /(5rz -vg)ydm — / 0vg - vpdm. (5.69)
s s

Identifying the reference frames e! leading to resting Cartesian charts ;¢o with
respect to r with resting frames of E* allows to use (5.22), which translates
to vp = o, and a, = ¥o,. Moreover, it holds that v, = %f‘Oas from which
by (5.68) follows that dv, = d(fo.) = (dro.) due to the symmetry of second
derivatives. Consequently, the virtual work (5.69) can be written equivalently as

5WR o ’y = /((Srz . I"Oz)'dm — / (51"9; . I"oz dm
S S

:/5rx~i‘ogcdm: /5rx-axdm.
s s

5.6. FORCES

(5.70)

A fundamental concept in mechanics is the concept of forces acting on a mechanical
system. Forces model the interaction of the particles of the system with each
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other or with the system’s environment. The concept of force adopted in this
thesis is based on three postulates which in substance correspond to the laws of
motion given by Newton and can be seen as generalizations thereof.

Postulate 1. In the absence of forces with respect to a reference field R : M D
Ur — A'M, the motions of the mechanical system are inertial motions.

This postulate, which corresponds to Newton’s first law, by Definition 5.9
implies that the second-order field Z having motions as integral curves corresponds
to Zr in the absence of forces. Or in other words, it implies that the acceleration
w.r.t. R of the system

AR =7 — ZR (5.71)

is caused by a force. The acceleration Arg, as the difference of second-order fields,
is a vertical vector field. Similar to Newton’s second law, the relation between the
acceleration Agr and the force causing it is established by the following postulate.

Postulate 2. The force causing the relative acceleration Ar = Z — Zr is given by
fr= M- Ag, (5.72)

where M- Ag is the one-form M (-, Ar) and M is the bundle metric on Ver(AM)
induced by the Galilean metric M, which models the mass of the mechanical
system.

Let 4 be a motion of the system, and as such an integral curve of Z. Evaluating
(5.72) along a motion then reads as

frody=M-(§=Zroq), (5.73)
where M = M o has been used. By (4.61), equation (5.73) takes the form
froy=M-(Vi4)",

where (fo*y)v = Apg o % is the acceleration of the system along a motion.

Since the bundle metric M induces the bijection
M- : T(Ver(A'M)) — T'(Ver'(A'M)), Vs f=M -V

between sections of the vertical bundle Ver(A*M) and sections of the dual of the
vertical bundle Ver*(A'M), Postulate 2 motivates the following.

Definition 5.11. A force acting on a mechanical system is a smooth section of
the dual of the vertical bundle Ver*(A*M), i.e., a force is a C>°(A'M)-linear map

f:T(Ver(A'M)) — C=(A'M)

on the space of vertical vector fields.



5.6. FORCES 91

It is crucial to see that the definition of forces is independent of the Galilean
metric M, that is, it depends only on the configuration space-time M and its
time structure 9. Hence, a force acting on a system is left unchanged if the
system’s mass distribution and therefore its Galilean metric are changed. By
Postulate 2, however, the relative acceleration Ar caused by the same force is
clearly affected by a change in mass distribution. More about this nuance in
the definition of force and an epistemological discussion of it can be found in
Hamel [56].

Let © be the action form of the mechanical system and Z be its second-order
field. The differential two-form

dp=0— Qg (5.74)

describes how the action form € differs from the action form Qg related to Zg.
The property 0®r = 0 is easily asserted, because 92 = 9Qr = 0 by Theorem 4.5.
It is possible to associate the two-form ® g from (5.74) to the force fr which
by (5.72) is related to the vertical vector field Agr of (5.71). Indeed, in terms of
the coordinate fields induced by a natural chart, the coefficients of the fields

0
out

fr=fidu' and Ap= Z-—Zp= (Z'—Z%)
by (5.72) fulfill the relation
fi=Mij(Z = Z}) (5.75)

where Z7 and Z}j?/ are the coefficients of Z and Zg, respectively. Using the
representation (4.49) of the action form, the two-form ®r = Q — Qg is given as

0Z' 0Zp
ouk  Ouk

(dg’ —u’dt) A(dg" —u"dt), (5.76)

Lof;
2 Quk
where the last equality uses (5.75) and that the coefficients M;; = M;; o 7 are

) (dg’ —u? dt)A(dg” —u"dt)

= fydg’ Adt +

independent of u',...,u™ and form a symmetric matrix. The local expression
(5.76) shows that the two-form ®r is semi-basic. Moreover, since ®r is associated
to the force fr and additionally 9®r = 0 holds, the following definition is
appropriate.

Definition 5.12. A force two-form is a differential two-form ® € Q*(A'M) that
is semi-basic and satisfies 0® = 0.

Equation (5.76) is the local representation of a map fr — ®r relating forces
to force two-forms. The following theorem gives a coordinate-free definition of
this map and shows that it is a bijection.
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Theorem 5.1 (Eugster et al. [40], Theorem 2). The formulae
p=fou o=-2.0, O=-1(dp+DNAp)
define bijections between
(i) the forces, i.e., smooth sections f € T'(Ver*(A'M)),

(ii) the semi-basic one-forms ¢ with Z_p =0,

(iii) the force two-forms, i.e., the semi-basic two-forms ® with 0P = 0,
where Z is an arbitrary second-order field and p is the vertical homomorphism
on A'M. In local coordinates, it holds that

f= i, .17
o= fi(dg' —u'dt),
10f;

¢ = fidg Adt+ §8uj

Definition 5.13. For a virtual displacement Y € Virt(M), the virtual work of
the force f is the scalar function

(dg" — u'dt) A (dg — w?dt).

Wy =®(Z,Y°), (5.78)

where @ is the unique force two-form related to f by Theorem 5.1 and Z is the
second-order field having motions 4 of the system as integral curves.

By Theorem 5.1, it holds that Z_® = —f o u, such that the virtual work
(5.78) of f can be written as

W= ®(Z,Y) = Z_0(Y) = —fou(Y)=—f(Y"), (5.79)

where (5.57) has been used for the last equality. Evaluated along a motion of
the system, it follows that

SWyog=—f(Y")oq=—f(0y)=—f(57"). (5.80)

Using the local representations (5.56) and (5.77) of Y* and f, respectively, the
virtual work (5.79) and (5.80) locally read as

W= —(0¢'on) fi and Wjo4= —dq" fi = —0q"f, (5.81)

where the usual overload of notation is introduced by defining f;(t) = fi o ¥(¢).
It is assumed that a force acting on a mechanical system stems from a force
distribution F : S — Ver*(A'€) such that

f(6v°) = / Fy(6¢)dz (5.82)
S
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where F, = F(z) denotes the force acting on the particle  and dz is the volume
element of the system S.

The Galilean metric g of the space-time £ induces the bundle metric §
on the bundle of vertical vectors Ver(A'€). As such, § establishes a point-
wise isomorphism between Ver(A'€) and its dual bundle. Hence, to any force
F, € Ver(A'€) acting on the particle z, the vertical vector field F implicitly
defined by Fi(-) = §(F?%,-) is bijectively associated. For every a € A€, the
vertical lift vq : A?r(a)é' — Verg(A'€) is a vector space isomorphism and hence
allows to introduce the “vector field” Ff : A'€ — A% by

(ﬁ‘ﬂ‘g)ﬁ(a) =, ((Fﬂg)“) € A7)

for all @ € A'€. Finally, the choice of a reference point O allows to uniquely
relate ¥ to the force vector F, defined by

(07 Fz) = ]D(ﬁo-ﬁ;’vj )

because E} is spacelike, see (5.4). Consequently, the integrand of (5.82) can be
written as

Fo(082) = §(FE,06)) = g(Ff,06.) = Fy - 0ra

where we have used the definitions (5.13) and (4.48) of g and g, respectively, and
the fact that F¥ is the pointwise vertical lift of F!. With that, the virtual work
of the force takes the form

5Wf0"y=—/Fw-6rxdx:—/F¢-aro.gc
aq*
S S v

where (5.49) has been used. Finally, a comparison of (5.83) with (5.81) reveals

8¢ dz, (5.83)

that the components f; of the force f are given by

f:/Fz  Oroe
s dq

where as usual f = (f1,..., fn).

dz, (5.84)

Y

Example 5.2 (Two-point interaction). Often, a force interaction takes place only
between two particles P and ) of a mechanical system S. The associated force
distribution F, vanishes everywhere except for the particles P and Q. Assume
that Fg = —Fp = Ad, where the unit vector d is the force direction and A the
magnitude of the force interaction. The components of the force f acting on the
system follow from (5.84) as

8I‘OQ
dq

_ Orop
v dq

f:Ad-(

):)\d'arPQ :)\Wa
v 0q |y
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where we have implicitly defined the n-tuple w, which is called generalized force
direction. It is useful to relate the generalized force direction to a scalar kinematic
quantity. Consider for example the one-form a on M, which evaluated along a
motion yields a(¥) =d - (vg —vp) = d - fpg, where (5.22) has been used. Then
by the chain rule it is found that

8I‘pQ
dq

drpq ‘ )

N —d. ( ‘ .
() Jat =,
and one concludes that the one-form seen as a function on the state space is
locally represented as a = w™u + x with respect to a natural chart of A'M.

Consequently,
o'

In the special case, where d = rpq/||rpg||, one similarly finds that the generalized
force direction can be computed by

_ 9%

W= 5 (5.85)

where g is the smooth function on M, which evaluated along 7 yields goy = d-rpg.
In fact, it holds that (go~y)=dg(¥) =d - fpg.

The force distribution F' models the interactions of the particles of the system
with each other and with the environment, i.e., particles which are not part of
the system. The following distinction is made.

Definition 5.14. Let K C S denote a subsystem of the mechanical system S.
Forces are called internal forces, if they model the interaction between par-
ticles z € K. Otherwise, if the forces model interactions between particles
x € K and the environment, i.e., particles z ¢ K, they are called external
forces. Denoting with F+ the distribution of internal forces and with F%¢ the
distribution of external forces, the forces acting on the subsystem K decompose
as FX = K1 4 pKe which naturally induces the splittings

Ff = FS'+FS° and FY = FOU+FX°
for the force acting on a particle z € K.

This brings us to the variational law of interaction, which is postulated as a
generalization of Newton’s third law.

Postulate 3. Let F¥' denote the distribution of internal forces of an arbitrary
subsystem K C S of a mechanical system, then

| P rran=o v, (5.56)
K



5.6. FORCES 95

where the rigid virtual displacement field y™ are defined as the virtual displace-
ment fields y™ € Virt(£) locally given by

Dooy™ = (0,8¢c(t) + 6p(t) X roz)
for an arbitrary reference point O and ¢o(e) = (t,x = roz). Condition (5.86)
can equivalently be written as

/ FX7. (5c 4 6p xrogs)dz = 0 Ve, Vip. (5.87)
K

Example 5.3 (Newton’s third law). In the case where K = {P,Q} consists of
two particles only, the integral in (5.87) is just a sum and the variational law of
interaction reads as

Fp-(0c+dp xrop)+Fqg- (dc+dp xrog)= 0 Vic, Vip. (5.88)
Setting d¢p = 0 shows that the forces necessarily satisfy
Fp= _FQ B

which can be recognized as Newton’s third law. Let Fg = —Fp = Ad, where the
unit vector d is the force direction and A the magnitude of the force interaction.
Using this when setting dc = 0 in (5.88), one obtains that the force has to satisfy

)\(I‘pQ X d) =0.

Hence, the magnitude of the force can only be nonzero if the force direction d is
parallel to rpg whenever P and @ are separated, i.e., if rpg # 0. Conversely,
any other d is only possible if rpg = 0.

A force fP is a potential force if the related potential force two-form ®P is
closed, i.e., if
d®P = 0. (5.89)

With this definition every force f and every related force two-form ® can be split
into respective sums

F=f+f and &=+ ", (5.90)

where fP is a potential force and its related force two-form ®P is a potential force
two-form. The remaining parts f*P and ®"P are referred to as nonpotential force
and nonpotential force two-form, respectively.

Evaluating condition (5.89) in local coordinates shows that fP = fipdui isa
potential force if and only if its coefficients f can be written as

fP = Ei+ B, (5.91)
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with functions F; and B;; which do not depend on ul

,...,u". Moreover, these
functions have to fulfill

Bij = =By
together with
0B;; = OBri . OBjk
. — =0 d
dqk + oqi * oq’ an

which thanks to the suggestive use of the letters B and F can be identified as

OBi; _ OE; OE;
ot Og oqt’

a generalized version of Maxwell’s equations. Consequently, the potential force
two-form related to (5.91) has the local form

. 1 . .
®° = E;dg" Adt + §Bij dq* Ad¢’,

implying that a potential force two-form is basic.

According to the Poincaré lemma,® a closed differential form is locally exact,
that is, there exists a neighborhood W C A'M and a one-form ¢ defined on W
such that

| _
or| = dd. (5.92)

As a one-form ¢ satisfying (5.92), consider the locally defined basic one-form
¢ =—(Vom)dt+ (A;om)dg’, (5.93)

with functions V and A; defined on M and 7 : AM — M denoting the natural
projection of the state space. For reasons of brevity, 7 is often dropped in the
notation, e.g., V.=V oxw. With the one-form ¢ from (5.93), it holds that

v oA, 04,
b= (8qi+ ot g

) and Bij =2 (5.94)

The potential force in the decomposition (5.90) of an arbitrary force can be
chosen freely. In classical mechanics one often chooses potential forces which are
locally described by a scalar potential V only, i.e. A; = 0. In this case it follows
from (5.94), (5.91) that

oV
P_ _
=5
and therefore
ff= —8V, du’ and ®F = —8—‘/.dqi Adt.
oqt 0qt
With (5.81), the virtual work of the force fP is
SWie = g—};(éqi om) and Wy og = g—;éqi =40V, (5.95)

6See Theorem 3.3.



5.7. PRINCIPLE OF VIRTUAL WORK 97

where the variation 0V can either be computed by (5.45) or (5.52), depending on
whether V' is considered as a function on M or as V = V o, which is a function
on A'M.

5.7. PRINCIPLE OF VIRTUAL WORK

The Postulates 1 and 2 establish that with respect to a reference field R, the
action form of a mechanical system can be decomposed as

Q:QR—I—CI)R, (596)
where Qg is the action form defining inertial motions and ®r is a force two-form.

Definition 5.15. For a virtual displacement Y € Virt(M), the virtual work of
the mechanical system is the scalar function

W =Q(Z,Y°),
where Z is the second-order field of the mechanical system.

It follows from (5.96) that the virtual work of a system with respect to a
reference field can be written as the sum of the virtual work of the inertia of the
system and the forces acting on the system, that is,

SW = Qr(Z,Y®) + ®r(Z,Y°) = 6Wg + 6Wy, , (5.97)

where (5.62) and (5.78) have been used.
The second-order field Z of the system, by Definition 5.5, is the vector field
fulfilling the conditions

9Z)=1 and Z_QY)=QZY)=0 VY € Vect(A'M). (5.98)

However, since it is a priori known that Z is a second-order field, 9(Z) = 1
is trivially satisfied. Moreover, by Theorem 4.5 (i), all vector fields which are
either second-order or vertical lie in the kernel of Z_2. Consequently, the
conditions (5.98) can be simplified to

ZQY)=Q(Z,Y)=0 VY € Virt(M),

because it is clear from (5.53) that the complete lift Y° of Y is neither second-order
nor vertical. Thus, the second-order field Z is characterized by the vanishing
of the virtual work of the system for all virtual displacements on M. This
characterization together with the decomposition (5.97) is the culmination of
this theory, as it incorporates Postulates 1 and 2 by means of the definitions
of force and force two-form. This is why the principle of virtual work can be
formulated as the fundamental principle for the description of the dynamics of
time-dependent finite-dimensional mechanical systems.
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Principle of Virtual Work. With respect to a reference field R, let SWg be
the virtual work of the inertia related to the kinetic energy Tr and let Wy, be
the virtual work of the forces fr acting on the system.

The second-order field Z of the system is characterized by the condition

W = Wr+ Wy, =0 VY € Virt(M). (5.99)
Consequently, a motion v is a solution of the equations of motion
¥y=ZoA. (5.100)

Combining (5.99) and (5.100), a motion v : R O T — M of the system is
characterized by

SWoy= (8Tr)— 0Tk — fr(67") =0 Vdévy € Virt(y(Z)), (5.101)
see (5.67) and (5.80).

The principle of virtual work (5.101) is readily recognized to have the form
of Lagrange’s central equation.” In fact, since §Tr = Y"(TRr) o %, the chart
representations (5.56) and (5.81) can be used to rewrite the principle of virtual
work locally as

d (0Tr
oWos = 5 (56a) — Tk —da"f = 0 Véa, 5.102
o7 =3 5g %4 r —dq q (5.102)
where dq = (6q", ..., 8¢™) collects the coefficients of the virtual displacements &+.
By (5.69) and (5.83) the central equation of Lagrange can be expressed in terms
of the particle’s motions as

oWoy = %/Mx'vxdm—/dvx-vxdm—/érx-Fmdwz 0 VYoq. (5.103)
5 5 5

However, this is not the only representation of (5.101) in terms of the motions of
the particles, as with the expressions (5.70) and (5.83) for the virtual work of
the inertia and the forces it holds that

oW o4 = /51‘1 -(azdm —Fydz) = 0 Viq. (5.104)
s

In classical mechanics literature this representation is often referred to as the
principle of virtual work.® In our context however, (5.104) as well as Lagrange’s
central equation in the form (5.102) and (5.103) are mere representation of the

“See Hamel [55] and Section 2.4 in Bremer [15].
8See Glocker [48] and Bremer [15].
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principle of virtual work (5.101). The same holds for the local representations of
the principle of virtual work
. of d (0Tr OTr
SW ok =6 1(—(—)f—ff):0 W6 5.105

oy =da'| {5, B q ( )
called fourth form of the fundamental equation in [101, p.74] and gained from
using the representations (5.64) and (5.81) of the virtual work contributions with
respect to the natural chart of the state space. After carrying out the total time
derivative in (5.105), the local representation (5.37) of the kinetic energy can be
used to find that the principle of virtual work (5.105) has the form

§W o4 =0dq"(Mg—h)= 0 Viq, (5.106)

where clearly all quantities are evaluated along the motion and where the local
functions h; on the state space A'M have been introduced as

PTr  ; 0®°Tr |, OTr

T T otoui " agiou T ag

+ fi. (5.107)

The terms involving partial derivatives of the kinetic energy are sometimes
referred to as gyroscopic terms or gyroscopic forces. It can be verified that these
terms correspond to (M;; o w)Z%, where Z% are the component functions of the
second-order field associated to the kinetic energy by Qr, see (4.54). Equation
(4.62) is used to restate (5.107) as

hi; = —((Mijl“fw) o TI')’U,MUV + fi,

where F{“, are the Christoffel symbols defined by the kinetic energy, the Greek
indices range form 0 to n and u® = 1 is assumed.

It can be shown, that also the Hamel-Boltzmann equation® is a representation
of the principle of virtual work (5.101) and is obtained by the choice of a
particular chart of the state space. The details can be found in Section 4.10.2. of
Winandy [127].

Every representation of the principle of virtual work can be used to derive
the equations of motion characterizing the motions of the system. The modeling
process always starts by determining the mass distribution m of the system and
making kinematic assumptions about the system. The latter means that one has
to model the kinematic map x and that a reference field r on space-time £ as
well as a compatible reference field R on the configuration space-time M have to
be chosen. These kinematic assumptions suffice to determine the virtual work of
the inertia of the system. After that, the interaction of the system’s particles

9See Hamel [57], p. 480f.
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with each other and with the environment of the system has to be modeled by
appropriately introducing a force distribution F' leading to the virtual work of
the forces acting on the system.

In the modeling process, the choice of a reference field corresponds to the
agreement about which particles are regarded to be at rest. This choice is
completely arbitrary. However, it affects the modeling process of the forces. To
see that, let R and R be two reference fields on M. By (5.96), the action form
of the mechanical system can then be decomposed in two manners as

Q=0Qr+Pr= Q3+ P3. (5.108)

Obviously, the two different choices of the reference field might result in different
inertial motions of the system if Qr # Qp. In that case different forces need to
be considered when modeling the action form of the system and therefore the
motions of the system. The force needed to compensate the difference in the
inertial motions resulting from the choice of R rather then R is the force two
form

Var= Qr—Qz,

which is called inertia force two-form. This is readily seen by comparing the
telescopic expansion

Qr+Pr=Qz+ (Qr — Q) + Pr
with (5.108). In fact, it can be concluded that
(I)R = \IJR,R + (I)R .

Two examples of inertia forces are the Coriolis forces and the centrifugal forces,
see Sect.39 in Landau and Lifshitz [70] or Sects.IV.4-5 in Lanczos [69]. It
is shown by Eugster et al. [40] that inertia forces are potential forces. Thus,
the statement that a mechanical system is only subjected to potential forces is
independent of the reference field.

5.8. LAGRANGE’S EQUATIONS OF THE SECOND KIND

Any motion ¥ : R O T — A'M of a mechanical system fulfills the principle of
virtual work. With respect to a natural chart of the state space, a motion is
represented as ® o y(t) = (t,q(¢),q(t)) and is characterized by the equations of
motion

d

dt<%>_@_fzmq_h:0, (5.109)

ou Jq
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which can be seen from the local representation (5.105) and (5.106) of the principle
of virtual work. This form of the equations of motion is known as Lagrange’s
equations of the second kind, see Lagrange [67].

A splitting of the forces acting on the system into a sum of potential and
nonpotential forces, see (5.90), can be used to reformulate Lagrange’s equations
of the second kind. In fact, using the splitting in (5.96), the action form of the
system takes the form

Q=Qp+h + 0. (5.110)

At least locally, the potential force two-form ®% is the exterior derivative of the
one-form ¢r given in (5.93). Using the rules (4.47), it can be seen that the chart
representation (5.93) of ¢ is equivalent to

dr = (—Va + Afu')dt + 9(—Vr + Affu’), (5.111)

because Vr and AF only depend on ¢,z!,...,2". By comparing (5.111) to the
definition (5.59) of the action form g induced by the kinetic energy Tr of the
mechanical system, it is clear that the sum Qg + ®% can be locally written as

Qr+ % = Qr+ddr = d[(Tr — Va + Afu’)dt + (Tr — Ve + Afu')], (5.112)
which longs for the following definition.

Definition 5.16. Let Tr be the kinetic energy of the mechanical system with
respect to a reference field R. Let ®% be the (locally) exact potential force
two-form given in the natural chart (5.29) by

OP =dor with ¢r = —Vgrdt+ Alfdz’,

where the component functions Vg and A% of ¢r only depend on t,z', ... z".
The Lagrangian of the mechanical system with respect to the reference field R is
the function

Lp:=Tr— Vg + Al (5.113)

on the state space and it defines the Cartan one-form
wr = Lpd +dLg.
With this definition, (5.112) can be rewritten as
Qr + ®° = d(Lgd + OLg) = dwr . (5.114)
Consequently, the action form of the mechanical system by (5.110) takes the form

Q=0Qr+dr = dwR—f—(I)l;%p, (5.115)
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where ®r = @}, + @7, Using (5.114) together with the definition (5.59) of the
action form Qg in (5.115) leads to

Q= d(TrD + 8Tr) + ®r = d(Lr?d + ILg) + O (5.116)

revealing that in the local representation (5.105), and consequently in (5.109),
the potential forces can be accounted for by replacing the kinetic energy Tr
with the Lagrangian Lr. Hence, Lagrange’s equations of the second kind can be
expressed as
i(%) _OLr o _ .
dt \ Ou dq
Similar to Lagrange’s equations, also Hamilton’s equations can be derived from
(5.116) as a particular chart representation of the equations of motion. Confer

Capobianco et al. [22] for the details.

5.9. PRINCIPLE OF VIRTUAL ACTION AND HAMILTON’S PRINCIPLE

All objects introduced so far have been defined as fields on the space-time or the
state space of the system, e.g., the kinetic energy, the virtual displacements, forces
or the virtual work. This allowed to formulate the principle of virtual work (5.99),
which as a field equation defines a second-order field Z. The single geometric
object Z then by (5.100) defines all motions of the system as its integral curves.
Combining (5.99) and (5.100), i.e., evaluating the principle of virtual work (5.99)
along a motion of the system has led to (5.101), which directly characterizes the
motion of the system and bypasses the second-order field Z. These two views
on the principle of virtual work actually represent two schools of thought within
mechanics.

While the approach using Z is purely (differential) geometric, the approach
characterizing the curves directly can be used to establish a link to the calculus of
variations and functional analysis. This link amplifies the range of mathematical
tools that can be used to study the motions of a mechanical system. As a first
step in that direction, the following is defined.

Definition 5.17. With respect to a reference field R, let Tr be the kinetic
energy of the mechanical system and fr denote the forces acting on the system.
For a motion v : R O 7 — M, the virtual action of the mechanical system is
defined as

0A:=06Ar +0A;, = / (6Tr + fr(57"))dt, (5.117)
z
where the virtual action of the inertia and the virtual action of fr are respectively
given by
0AR = / 0Trdt and J0Ay, = / fr(6y")dt. (5.118)
T T
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Suppose, the interval Z is given as Z = (to,t1), then it follows from the
fundamental theorem of calculus, that the virtual action (5.117) of the system is
linked to its virtual work (5.101) by

§A = —/5Woj/dt—§TR(t1)+§TR(t0). (5.119)
T

The boundary terms in (5.119) vanish, if virtual displacements 6 € Virt(v(Z))

= 0.
Hence, denoting the set of virtual displacements with compact support on Z as
Virto((Z)), it holds that

with compact support in Z are chosen, because then dv(to) = dv(t1)

A= — / W oydt Yoy € Virte(y(2)) - (5.120)
T

It is immediately clear, that if v is a motion of the mechanical system, that is, if ~
fulfills the principle of virtual work (5.101), then the virtual action of the system
vanishes for all virtual displacements with compact support in Z. Using the chart
representation (5.105) of the virtual work in (5.120), it is a consequence of the
fundamental lemma of the calculus of variations, that the vanishing of A for
all virtual displacements with compact support in Z implies that ~ is a motion
of the mechanical system. Thus, the following characterization of the motion is
equivalent to the principle of virtual work.

Principle of Virtual Action. With respect to a reference field R, let Tr be
the kinetic energy of a mechanical system and let fr be the forces acting on it. A
time-parametrized curve v : R D T — M is a motion of the system if and only
if its virtual action vanishes for all virtual displacements with compact support
nZ, ie.,

0A =0 Vévy e Virte(v(Z)) . (5.121)

Since the virtual action is linear in its dependency on 4+, the virtual action can
be interpreted as a linear functional on the space Virto(y(Z)). With this view, the
toolbox of functional analysis can be used to study the motion. Moreover, this
is the right framework, if one wants to loosen the differentiability assumptions
on the motion.'® This will be important for the development of nonsmooth
mechanics in Section 6.1.

If one considers mechanical systems which are only subjected to potential
forces, the link to the calculus of variations can be established. In that case, the

OThe theory of Schwartz’ distributions, which are continuous linear functionals on the
space of smooth functions with compact support, is for example used to define generalized
solutions of differential equations. These generalized solutions do not satisfy the differentia-
bility requirements of the differential equation but still solve it in a precisely defined sense,
see Schwartz [113] and [114].
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action form and therefore the motions of a mechanical system can be characterized
by a Lagrangian Lr with respect to a reference field, see (5.116).

Definition 5.18. Let Lr be a Lagrangian of a mechanical system with re-
spect to a reference field R. Introducing the set of time-parametrized curves
~: Z = [to, t1] — M with fixed endpoints v9,v1 € M as

C(yo,m) = {’y time-param. |'y(t0) =70, Y(t1) = 71} ,

the action of the mechanical system is the functional

A:C(yo,m) = R, ’y|—>A('y):/LRo"ydt. (5.122)
z
A motion  is said to stationarize the action if for every one-parameter family
of motions 7. lying in C(y0,71), the derivative of A(¥.) with respect to £ vanishes
for e = 0. One easily convinces oneself that such families of motion imply
07(to) = dy(t1) = 0, such that the action is stationary in -y if

4
de

A(F.) = / SLrdt =0 Y&y € Virto(v(Z)), (5.123)
e=0 T

where 0L is the variation (5.52) of the Lagrangian Lg. Since the potential forces
can be derived from a scalar potential Vg : M — R, we have fr(d7") = —dVgr by
(5.95) and Lr = Tr — Vg by (5.113). Using this when comparing the principle
of virtual action (5.121) with the stationarity condition (5.123), shows that both
are identical, which proves the following.

Principle of Hamilton. Consider a mechanical system which is only subjected
to potential forces and let Lr be a Lagrangian of the system with respect to a
reference field R. A time-parametrized curve v : T = [to,t1] — M with fized
endpoints vo, 71 € M is a motion of the system if and only if v stationarizes the
action (5.122) of the system.

In the principle of Hamilton, the restriction to Lagrangians of the form
Lr =Tr — Vr has not been mentioned, because the principle still holds in
general. A proof can be found in Capobianco et al. [22]. It is also shown in [22]
that two more equivalent versions of the Hamilton’s Principle can be stated.
These principles use action functionals which are similar to (5.122) but are defined
on two different sets of curves 3: R D 7 — AM.

5.10. BILATERAL CONSTRAINTS

In the modeling process it is sometimes advantageous to not ab initio contemplate
kinematic restrictions on the particles of the system, that is, in x, but to impose
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bilateral constraints at a later stage. For instance, a rigid body pendulum can
be modeled by starting with a rigid body that can freely move in space. In a
second step, the pivot can be added by constraining the possible configurations
the rigid body can attain.

In general, the mechanical system before the constraints are applied is said to
be free and, as opposed to this, the system is referred as being constrained if the
constraints are applied. Clearly, the notions of free and constrained are relative
to the constraints in consideration.

Let (M, d, M) denote the Galilean configuration space-time of the free system.
Then, there are two possibilities to formulate a condition characterizing the
constrained system. For example, a constraint function g : M O U — R can be
used to demand that space-time configurations p € M of the constrained system
have to fulfill

gp) =0.

Such a constraint is said to be formulated at position level. A second way to
formulate a constraint is to use a one-form « € Q'(M) restricting the states
v € A'M of the constrained system such that

a(v)=0.

Such a constraint is called a wvelocity level constraint. Every position level
constraint can be formulated at velocity level as dg(v) = 0, since for a mo-
tion 7 of the constrained system it holds that g o v = 0, which is equivalent to
(g ov) =dg(¥) = 0 for appropriate initial conditions. Clearly, a motion of the
free system will not voluntarily fulfill an imposed constraint, but must be forced
to do so. The force needed is called constraint force. In classical mechanics, it
is assumed that every constraint can be formulated at velocity level. Hence, a
set of constraints defines a distribution A on M. A distribution A C T M is
compatible with the time structure ¥ on M if in the neighborhood of each point
of M there exists a time-normalized vector field lying in A.

Definition 5.19. Let (M, ¥, M) denote the Galilean configuration space-time
of the free system. A set of bilateral constraints is a distribution A of rank
f+ 1 on M that is compatible with the time structure ¢ on M together with
a constraint force f§, which is such that the motions v : R D Z — M of the
constrained system satisfy the constraints in the sense that

;Y'y(t) S A'y(t) VteT. (5124)

By (5.124), the constraint distribution describes the portion of the tangent
bundle to the configuration space-time M in which the constrained system
is allowed to move. Hence, the bundle A*M N A is interpreted as the set of
admissible states for the constrained system.
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Locally, n — f linearly independent one-forms o € Q'(M) defined on U C M
can be found, such that the fibers of the distribution A are characterized as

Ay = {X, €M | 0j(Xp) =0, v=1,....,n—f} (5.125)
for all p € U. Let the defining one-forms be locally represented as
o’ = W;"dq" + x"dt (5.126)

with respect to the dual basis field induced by an adapted chart of M. Hence, a
motion with ¢ o y(t) = (¢,q(t)) satisfies the constraints, i.e., fulfills (5.124), if
a”(¥) = 0 for all v, which in coordinates reads as

W(y)q+ x(y) =0.

Since the constraint distribution A is compatible with the time structure 99,
there is a local vector field By with a”(By) = 0 and ¥(Bo) = 1 implying that
the differential one-forms o', ...,a" 7 and ¥ are linearly independent. Since
the one-forms (5.126) and ¢ = dt are linearly independent, it follows that the
one-forms W;"”dq" need to be mutually linearly independent. This is the case
if the coefficient matrix W;”(p) has full column rank n — f for every p € U.
Consequently, because the kernel of the coefficient matrix is of dimension f, one
can locally find f linearly independent vector fields

B, =B’ with  W,"d¢’(B,) = W,"B", =0 (5.127)

0
13 8q7,
forv=1,...,n— fand p=1,..., f. In matrix notation, the coefficients of the
vector fields By, satisfy W™B = 0. By (5.126), it holds that o (B,) = 0, which
shows that the vector fields B, lie in the constraint distribution. Moreover, since
By is time-normalized, it can be locally written as

0
aq
showing that the vector fields By, Bi, ..., By are linearly independent. Therefore,

g i
By = a-’-ﬁ

they can be used to span the constraint distribution, that is, for all p € U

A, = span{(Bo)p, ey (Bf)p} .

Definition 5.20. For a given set of bilateral constraints characterized by the
constraint distribution A, a virtual displacement Y, € Ag/\/l is compatible with
the constraints if it satisfies

Y, €A, (5.128)

Therefore, the distribution A°M N A denotes the set of compatible virtual
displacements. The set of compatible virtual displacement fields is defined as
the set Virt“(M) C Virt(M) of virtual displacement fields on M lying in the
distribution AM N A.
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It follows from (5.128) that a virtual displacement which is compatible with
the constraints fulfills o, (Y,) = 0 by (5.125). Moreover, as a virtual displace-
ment, it is spacelike, i.e., dt,(Y,) = 0. Therefore, it can be retrieved from
the local description (5.126) that the mutually linearly independent one-forms
W, “dq* together with dt are defining one-forms for the set of compatible virtual

displacements. Hence, A°M N A is a distribution of rank f and locally
ApMNA, = {Y, € AAM | W, (p)dgy(Y,) =0, v=1,...,n— [} (5.129)
= span{ (B1)ps- -+, (Bf)p} ,

where the second expression immediately follows from the definition (5.127) of the
vectors B,. Consequently, a virtual displacement field Y = 5qi3i¢ is compatible
with the constraints if its coefficients satisfy

W7'q =0. (5.130)

In classical mechanics, the principle of d’Alembert—Lagrange plays a central
role for the treatment of constrained mechanical systems and is formulated as
follows.

Definition 5.21. A set of bilateral constraints with constraint force f§ is ideal
if the virtual work of the constraint force vanishes for all virtual displacement
fields which are compatible with the constraint, that is,

SWye =05 (2°,Y) = —fE(Y") =0 VY € Virt(M).
In that case the constraint force is called ideal as well.

Proposition 5.2. A set of bilateral constraints is ideal if and only if the constraint
forces can locally be written as

F9 = (W," om), du’ (5.131)

where W;¥ are the component functions of the defining one-forms of the set of
compatible virtual displacements (5.129) and A, are real functions on A'M.

Proof. Using that a general constraint force has the form fS = f£ du’ and a
virtual displacement field locally reads as Y = 6qi6%,, Proposition 5.2 asserts
that

6q"f% = 0 Voq with W'6q =0 <« 3 such that £ = WA

where we have used (5.130), Definition 5.21 and have dropped the 7 in the last
equation. The existence of A such that the equivalence holds is guaranteed by
the Fredholm alternative, see [116, p. 337]. O
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Denoting the virtual work of the free system with dW, it is a consequence
of Definition 5.19 that the principle of virtual work describing the constrained
motions reads as

W04 = dWoq+dWsecoqy=0 Véye Virt(y(Z)). (5.132)

By (5.131) and (5.105) the principle of virtual work of the constrained system
locally reads as

5W%¢:5¢(%(%) ,aa%,f,w)\) =0 Viq, (5.133)
where A\, = A\, 0% is such that ¥, € Ay for every t € Z. Let us assume,
as discussed in the beginning of this chapter, that the constraint distribution
is locally characterized by position and velocity level constraints respectively
defined by functions g° on M and one-forms o € Q'(M). Consequently, it
follows from (5.133) that the motion v of the constrained system satisfies the
equations of motion

g ( 0Tr ) O0Tr
Ju

- — —f- =Mg—h-— =

T aq WA q WA=0

g oy=10, o=1,...,n4 (5.134)
)= 0,

o (¥ k=ng+1,...,n—f,

where ngy < n — f denotes the number of position level constraints. This form of
the equations of motion of an ideally constrained system are called Lagrange’s
equations of the first kind.'*

Since to every position level constraint g in (5.134) the defining one-form
a’ = dg? of the constraint distribution is associated, it follows from the compar-
ison of

fed o aga 7 890
@ == T
with (5.126) that
s _ 097
T = . Nl
we = % (5.135)

The defining one-forms o of the constraint distribution can be interpreted as
real-valued functions on the state space A'M. With that interpretation, which
is fairly common in classical mechanics textbooks, the defining one-forms (5.126)
read as o = W, u! + x*, implying

oa”

W," = — .
¢ out

(5.136)

11 Actually, Lagrange [68] only treated the case where all constraints are on position level.
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Moreover, every constraint can be formulated as an acceleration level constraint
(a” o)y =da”(¥) = 0, (5.137)

which for suitable initial conditions is obviously equivalent to the velocity level
constraint a” oy = a” (%) = 0. This shows, that ¥ of the constrained system has to
lie in the distribution A C T(A'M) defined by the one-forms da”. It is clear from
(5.137) that A= T(A N A'M), which implies that Ais integrable. This is not
surprising, because it has been assumed that every constraint can be formulated
on velocity level, which is respected in Definition 5.19. It would be an interesting
task to incorporate “nonclassical” constraints, that is, constraints which can only
be formulated on acceleration level, into the presented theory. This would be
done by replacing the distribution A C T'’M with a distribution AC T(A'M)
in the definition of a set of bilateral constraints. However, elaborating this goes
beyond the scope of the present thesis. More details on this subject can be found
in Weber [126].2

Definition 5.22. A set of constraints is holonomic, if the constraint distribu-
tion A is integrable. Otherwise, the set of constraints is said to be nonholonomic.

Frobenius’ theorem, that is, Theorem 4.1, gives necessary and sufficient
conditions for the integrability of a distribution and can therefore be used to
check whether a set of constraints is holonomic or not.

Example 5.4. Continuously variable transmission (CVT)
A CVT is an automatic transmission that
can change seamlessly through a continu-
ous range of gear ratios. A common real-
ization of a CVT consists of two pulleys,
which both have two cone-shaped opposed
parts. A belt mounted between the two
pulleys is responsible for the power trans-
mission between the two shafts. The ro-
tation angle and the angular velocity of
the i-th shaft are denoted as ¢’ and w?,
respectively. The system’s configuration

space-time M is three-dimensional and a
natural chart of the state space A'M is
given by a time function ¢ as well as q = (¢',¢?) and u = (w',w?). The
distances d; and d2 between the conic parts of the pulleys can be adjusted, such

121n [126], the notion of holonomic refers to the integrability of A. Therefore, classical
mechanics constraints are always holonomic in their terminology.
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that the effective radius of the belt around the shaft is changed, which allows to
set the variable gear ratio a between the shaft’s angular velocities, i.e., establish

a relation w? = a(t) w'.

This relation constitutes a velocity level constraint
a = w® — a(t)w' = 0, where « is interpreted as a real function of the state
space. Being linear in the velocities, « can also be interpreted as the one-form
a = dp? — a(t) de' on M, which is locally defining the constraint distribution A.
It is readily seen, that A is precisely the distribution studied in Example 4.1.13
Hence, the constraint distribution is not integrable, implying that the constraint

is nonholonomic.

Definition 5.22 gives an important classification of a set of constraints. To see
this, recall that by (5.124) the velocity 4 (¢) of the constrained system lies in the
constraint distribution A for any time. Now, if the set of constraints is holonomic,
it follows from Frobenius’ theorem that the space-time manifold M is foliated
by the integral manifolds of A. Hence, any motion « of the constrained system
lies in one and only one integral manifold A C M. Moreover, in the holonomic
case, the space-time configurations that can be attained along a motion of the
constrained system are constrained to a leaf A of the foliation induced by A. The
leaf is obviously determined by the initial conditions of the motion. Otherwise, if
the set of constraints is nonholonomic, the space-time configurations that can be
attained are unconstrained.

For a set of holonomic constraints, the integral manifold A/ of the foliation
on M induced by A satisfies

NﬂU:{peU|g”(p):cu, u:l,...,n—f}

for some ¢ = (c',...,c" /) € R/ see (4.10). This implies that if a set of
constraints is holonomic, it can be represented by a set of position constraints,
because the functions g” can always be redefined such that N is characterized
by ¢ = 0. Hence, a set of position level constraints, or more generally a set of
holonomic constraints, aims at restricting the motion of the free system to a
submanifold N'C M. Since for a point p € N it holds that T,N = A, by the
definition of an integral manifold, the tangent bundle TN is the restriction of
the constraint distribution to the submanifold, i.e.,

TN = Aln . (5.138)
Consequently, condition (5.124) takes the form

Aoy € TyyN = Ay VEET. (5.139)

131t suffices to identify (¢, 2, ¢%) = (¢, ¢!, ©?) in Example 4.1.
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The characterization of the motion by the principle of virtual work (5.132)
together with (5.124) can consequently be restated as

W0y = 6Woq+dWscoqy=0 Véye Virt(y(Z))

5.140
Y(t)eN Vtel, ( )

where obviously the second equation implies (5.139). Since the constraint distri-
bution is compatible with the time structure ¥ on M, the time structure 9 is
nonvanishing on A. Hence, 9 = 9| defines a time structure on A’. Moreover,
M = M|y is a Galilean metric on N.

Proposition 5.3 (Winandy [127], p. 196f). Let Z€ denote the second-order field
of the constrained system on A. If the set of constraints is holonomic and
ideal, then Z = Z| s is the second-order field which by Theorem 4.5 uniquely
defines the action form Q = Q|aw on AN, where N is an integral manifold of
the constraint distribution.

Consequently, A is the configuration space-time and AN the state space
of the constrained system. It is crucial to see that Q is the restriction of the
action form Q of the free system, implying that in the transition from M to N
no constraint forces have to be considered.






. 6‘ .
Generalization to Nonsmooth Mechanics

Natura non facit saltus.

—Gottfried W. Leibniz

In this chapter, the theory developed in Chapter 5 is generalized to include
nonsmooth mechanical systems. In Section 6.1, the continuity assumption of the
motion, which so far has been assumed to be smooth, is relaxed to a class of
functions allowing velocity jumps. Moreover, the principle of virtual action is
generalized such that it also characterizes nonsmooth motions of the mechanical
system. The concept of conic distribution is used to define unilateral constraints
in Section 6.2. Finally, the description of mechanical systems with frictional
contact is addressed in Section 6.3.

6.1. NONSMOOTH MOTIONS AND THE PRINCIPLE OF VIRTUAL ACTION

In this section, the continuity assumption on the motions of a mechanical system
is relaxed to a class of functions allowing velocity jumps. Following Moreau [91],
it is assumed that the velocities of a mechanical system are functions of bounded
variation. This implies that the motion v : R O Z — M is absolutely continuous.
Moreover, it implies that for any time ¢, the left limit 47 (¢) and the right
limit 47 (¢) exist and are finite. Furthermore, v and + are differentiable almost
everywhere, except for a countable set of time instants {71, 72, ...}, where the
velocity is regarded as right-continuous, that is, ¥(7;) = 4¥(7;). Last but not
least, for any time function ¢t on M, (¢t o) is assumed to be continuous, such
that a motion can still be defined as a time-parametrized curve, implying that
time passes uniformly along motions of the mechanical system.

It is evident, that a motion admitting velocity jumps cannot be a solution
of the equations of motion, that is, the solution of a second-order differential
equation, because the second derivative of the motion with respect to time, does
not exist for all time instants. Hence, the principles of mechanics need to be
adapted in order to cope with nonsmooth motions. The principle of virtual action
is used as the entry point to generalize the principles of mechanics.
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Since the inertial motion of a mechanical system is smooth, by Postulate 1,
the velocity jumps must be caused by a force, which as a function of time has
the same continuity properties as the motion. Clearly, a force in the sense of
Definition 5.11 cannot cause a velocity jump. Thus, the concept of force must be
generalized.

Definition 6.1. A force is a covector field
[T = Ver(AM), t = (¥(t), ) »
along the motion 4 : R D T — A*M of the mechanical system.

It is clear, that a force in the sense of Definition 5.11 always induces a force
along a motion of the system when evaluated along <. Since the velocity jumps
of the motion occur only at a countable set {71, 72,...} of time instants, the
force which is causing the jumps is zero except for these time instants. Such
a force is called an impulsive force. While the virtual action contribution of a
nonimpulsive force is still given by (5.118), the virtual action of an impulsive
force F is defined as

0Ap =Y F(57")(m),

where 71, 72,... are the time instants for which the impulsive force is nonzero.
With this definition in mind, the following postulate can be stated, which
characterizes the nonsmooth motions of a mechanical system.

Postulate 4. With respect to a reference field R, let Tr be the kinetic energy
of a mechanical system and let fr and Fr be the nonimpulsive and impulsive
forces acting on it, respectively. The motions of the mechanical system are the
time-parametrized curves v : R D T — M for which the virtual action

SA = / (0Tw + fr(07"))dt + > Fr(67")(r:) (6.1)
z i
vanishes for all virtual displacements with compact support in Z, i.e.,
0A =0 Vdvy € Virte(y(2)), (6.2)
where T1, T2, ... are the time instants for which the impulsive force is nonzero.

The above postulate generalizes the principle of virtual action to nonsmooth
mechanics, but it is nevertheless referred to as principle of virtual action. In order
to derive the equations of motion of a nonsmooth mechanical system, assume
that Z = [to, t1), such that the virtual action in (6.2) can be rewritten as

N
6A:Z/
i=0 [

TiyTit1

N

(6Tr + fr(67"))dt + > Fr(57")(7:) (6.3)
)

1=1



6.1. NONSMOOTH MOTIONS AND THE PRINCIPLE OF VIRTUAL ACTION 115

where 79 = to and T7n+1 = t1 have been used. Moreover, N denotes the possibly
infinite number of velocity jumps, which occur at the time instants 71,72, ... and
are caused by the impulsive force.

Since + is differentiable on every interval (7;,75+1), it follows from the funda-
mental theorem of calculus that

0=~ Z/[ (0TR) dt + Z (8T (1) — 8T (7)) - (6.4)

TiyTiv1) i=0
Adding (6.4) to (6.3) gives

N

0A = —/(5WO'.7dt+Z (éTg(TZ) _éTlJ%r(Ti)+FR(6’yv)(Ti)) (65)
z

i=1

for all 0y € Virto(y(Z)), where we have used the virtual work in (5.101) and that
necessarily 6v(to) = dv(¢1) = 0 for virtual displacements with compact support
in 7.

It is immediately apparent from Postulate 4, that a time-parametrized curve -y
is a motion of the mechanical system if (and only if)! for any &y € Virto(y(Z)),
the curve ~y satisfies

Wos4= 0 ae and 6Th — Ty — Fr(67") =0 (6.6)

for t € {71, 72,...}. The abbreviation a.e. in (6.6) stands for almost everywhere
and expresses that the equation is fulfilled everywhere except on a set of Lebesgue
measure zero. In this special case, this means that éW o 4(t) = 0 for all
t € I\{r1,72,...}. Sometimes a more descriptive terminology is used and it is
said that 6W o %(t) = 0 holds for almost all t. Hence, the principle of virtual
work (5.101) holds for almost all time instants ¢t. The characterization of the
motion using (6.6) can be seen as a generalization of the principle of virtual
work to nonsmooth mechanics, which is why it will be referred to as principle of
virtual work as well.

By Section 5.8, the first equation in (6.6) implies, that a motion of the system
fulfills Lagrange’s equations of the second kind almost everywhere, i.e.,

g ( 0Tr ) 0Tr
ou

2R _f_Mg-h=0 ae.,
at 9q d a-e
where the representation of the motion with respect to a natural chart of the
state space is ® o §(t) = (¢,q(¢),q(t)). The second equation in (6.6) describes

! The “only if” direction is a consequence of the fundamental lemma of the calculus of
variations, see Lemma 1 in Gelfand and Fomin [45].
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the motion at the time instants at which an impulsive force acts. To derive the
equations of motion for these times, remember that §Tr = Y"(Tr) o ¥ and use
the chart representations (5.56) and Fr = F;du’ in (6.6), which leads to

oTy  oTy, b
— - —==M(gq"—-q )= F
a (@ —a)

for t € {71, 72,...} and is referred to as impact equation.

It is customary to introduce the atomic measure 7, defined such that for a
function of bounded variation h : Z — R we have

/ h(t)ydn =Y h(r), (6.7)
I i=1
where 71, T2, ... are the discontinuity points of h. Hence, the atomic measure 7

can be regarded as a sum of Dirac point measures d-,, because (6.7) can be stated
as

/Z h(t) dn—zN: /Z h(t) s, . (6.8)

Using (6.7), the virtual action (6.1) and (6.5) can be rewritten as

§A = /(5TR+fR(5v”))dt+/FR(5v”)dn
z z (6.9)

- —/6W0f'ydt+/(QT,;—QT;—FFR(&YU))dW
T

A

for all év € Virto(y(Z)). With respect to a natural chart of the state space, the
motion locally reads as ® o ¥(t) = (¢,q(t),q(t)) such that the virtual action in
(6.9) is

SA = —/6qT(Mq —h)dt + / 5q" (M (g™ —q") +F)dn, (6.10)
z z
for all dq with compact support in Z, where (5.106), (5.56) and (5.37) have
been used. To stress that the time derivatives in (6.10) do not exist for all
time instants, often new variables u and a are introduced such that ¢ = u and

g = u = a whenever the derivatives exist. This can be expressed by defining the
corresponding differential measures by

dg=udt and du=adt+ (u" —u”)dy. (6.11)
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Using this newly introduced variables in (6.10), the principle of virtual action
(6.2) characterizing nonsmooth motions locally reads as

FA= — / §q" (Ma — h)dt + / 5q" (M (u™ —u™) + F)dp
z t (6.12)
= —/6qT(Mdu— hdt — Fdp) =0
z

for all q with compact support in Z. Equivalently, but more compactly, the
principle of virtual action can locally be stated in the form of the equality of
measures

Mdu—hdt —Fdn=Mdu—-dF =0, (6.13)

where all impulsive and nonimpulsive forces as well as the gyroscopic terms
present in h, see (5.107), are gathered in one measure dF = hdt + Fdn.

6.2. UNILATERAL CONSTRAINTS

The example par excellence, where unilateral constraints are used, is to model
contact between parts of a mechanical system with each other or with the system’s
environment. The fact that one part of the system cannot penetrate another
part of the system can be expressed as a one-sided restriction of the space-time
configurations p € M of the system. Using a local function g : M 2D U — R,
which is called gap function and might be the distance between the two parts in
consideration, such a restriction is of the form

g(p) >0 (6.14)

and constitutes a unilateral constraint at position level. A motion v of the system
then has to satisfy go~y > 0.

Since the description of contact phenomena has also been the motivating
example for the development of a nonsmooth theory of mechanics, it is standing
to reason that unilateral constraints are treated within nonsmooth mechanics,
see Section 6.1.

Suppose, for some time tg, the motion of the unilaterally constrained system
satisfies g o y(to) > 0, then the motion is locally unconstrained, because for a
short amount of time the motion can evolve in any direction without violating
the constraint (6.14). At some later time ¢ > to, the motion might activate the
constraint in the sense that g o y(¢) = 0. At this point it is necessary that

lim(g o 7)(D) =dg(y” (1)) <O and lim(go)(®) = dg(y" (1)) 20  (6.15)

Tt
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hold, where the first condition expresses that the motion has not violated the con-
straint just before activating the constraint and the second condition guarantees
that the motion does not violate the constraint in the near future of ¢. This shows,
that if the left inequality is strict, i.e., the motion approaches the unilateral
constraint with non-zero velocity, then a velocity jump must occur because of the
second inequality. Hence, a velocity jump must be allowed whenever the motion
activates the constraint.

Multiplying the first condition in (6.15) by minus one, suggests that one can
formulate (6.14) at velocity level as a restriction of the states (p,v,) € A'M
given by

dgp(vp) 20 if g(p) <O. (6.16)

A unilateral position level constraint is said to be active at p if it holds that
g(p) < 0. Admittedly, the inequality g(p) < 0 in (6.16) is not obvious from the
considerations leading to (6.15). In fact one might be tempted to use g(p) =0
instead. However, the inequality is needed in the proof of Moreau’s viability
lemma,? which guarantees that the constraint (6.16) is equivalent to (6.14).

On velocity level, the constraint (6.16) represents a restriction of the veloc-
ities vp to a cone in T, M for all p € M for which the constraint is active. A
velocity level constraint must not necessarily stem from a position level constraint,
but can be formulated using a local one-form o € Q*(M) to impose a restriction

ap(vp) 20,

on states (p,vp) € A'M C TM, where, similar to (6.16), it must be specified
for which points p € M the restriction holds. As an example of a pure velocity
level constraint, think of a freewheel, which admits only relative velocities in one
direction.

In classical mechanics, it is assumed that every constraint can be formulated at
velocity level. Hence, a set of unilateral constraints defines a conic distribution ©
on M. A conic distribution ® C T'M is compatible with the time structure ¢
on M if in the neighborhood of each point of M there exists a time-normalized
vector field lying in ©.

Definition 6.2. Let (M, 9, M) denote the Galilean configuration space-time of
the free system. A set of unilateral constraints is a conic distribution ® on M
that is compatible with the time structure ¢ on M together with nonimpulsive
and impulsive constraint forces f5 and FS. The constraint forces are such that
the motions v : R D Z — M of the constrained system satisfy the constraints in
the sense that

~ A €Dy and Al €Dy VEET. (6.17)

2See Proposition 6.2, on page 121.
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The constraint distribution describes the portion of the tangent bundle to the
configuration space-time M in which the constrained system is allowed to move,
see (6.17). Hence, the bundle A*M N D can be seen as the set of admissible
right limits of states for the constrained system. Often, the conditions (6.17) are
referred to as kinematic consistency of the motion on velocity level in backward
and forward time, respectively. It will be shown later, that if the system is
subjected to position level constraints only, the constraint distribution is induced
by these constraints and the conditions (6.17) correspond to the formulation of
the constraints on velocity level.

Let the virtual action of the free system be denoted as dA, then it follows
from Definition 6.2, that the principle of virtual action describing the motions of
the constrained system is

6A° = sA+ / (FR(0y")dt + FR (87°)dn) =0 ¥y € Virto(v(Z)), (6.18)
T
where the constraint forces are such that the motions satisfy the unilateral
constraints, i.e., such that the motions fulfill (6.17).

Definition 6.3. For a given set of unilateral constraints characterized by the
conic constraint distribution ©, a virtual displacement Y, € AgM is compatible
with the constraints if it satisfies

Y, €D,.

Therefore, the distribution A°M N D denotes the set of compatible virtual
displacements. The set of compatible virtual displacement fields is defined as
the set Virt“(M) C Virt(M) of virtual displacement fields on M lying in the
distribution A°M ND.

Using k linearly independent one-forms o € (M) defined on U C M the
conic distribution is locally characterized by

9, ={X, e L,M | aj(X,) >0, e I(p)} (6.19)

for every p € U, see (4.14). Herein, I is a map assigning a subset of {1,...,k}
to every p, i.e., I(p) is an index set for every p € M. As will be discussed later,
in the case of position level constraints, it is the index set of active position level
constraints at p that plays the role of I(p). Let the defining one-forms o” in
(6.19) be locally represented as

o’ = W,"dq" + xdt (6.20)

with respect to the dual basis fields induced by an adapted chart of M. Since
the defining one-form of the spacelike distribution A°M is ¥ = dt, the set of
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compatible virtual displacements is locally characterized by
AMND, = {X, € ApM| W;"(p)dgy(X,) >0, Ww e I(p)},  (6.21)

for all p in the domain of &”. As in the case of bilateral constraints, the one-forms
W,“dq* are locally defining one-forms for the distribution of compatible virtual
displacements A°M ND. By (6.21), a virtual displacement field Y = §¢*
compatible with the unilateral constraints if its coefficients satisfy

o .
557 18

Wisq >0, (6.22)

where Wi (p) is the matrix resulting from W(p) by discarding all columns whose
index is not contained in I(p).

Similar to the case of bilateral constraints, the principle of d’Alembert—
Lagrange® is formulated as follows.

Definition 6.4. Consider a set of unilateral constraints with constraint forces
fS and F§, which are nonimpulsive and impulsive, respectively. The set of
constraints is ideal, if

fR7°) >0 and Ff(6+°) >0 VéyeVirt§(v(T)). (6.23)
The constraint forces of a set of ideal constraints are called ideal constraint forces.

Proposition 6.1. A set of unilateral constraints is ideal if and only if there
exist real-valued functions of time A\,, A, > 0 such that the constraint forces can
locally be written as

S = W," ndu' and FS = W;"A, du’

. (6.24)
with A\, (t) = Ay () =0 for all v ¢ I(y(t)),

where W;¥ = W," o are the component functions of the defining one-forms of
the set of compatible virtual displacements (6.21) evaluated along the motion
of the system.

Proof. With respect to the basis induced by a natural chart, a general constraint

force and a virtual displacement field have the form fg = fZC du and Y = 64" 8?1’ ,
respectively. Hence, Proposition 6.1 asserts that
6q"f° > 0 Voq with Wiéqg >0 < 3IA >0: £ = WiA;, (6.25)

where (6.22) as well as (6.23) have been used. Hereby, the tuple A;(t) is intro-
duced, which collects the A, (t) with v € I(v(t)) such that Wy A; = WX because
A (t) =0if v ¢ I(y(t)). The equivalence (6.25) is guaranteed by Farka’s Lemma,
see [13, p. 165]. The proof for the impulsive force F§ is identical. O

3See Hamel [57], p. 91 or Leine et al. [79].
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As a consequence of (6.24), the virtual action of the ideal constraint forces
locally reads as

/ (FS(5v")dt + FS (57°)ddy) = /
A

5q"W (Adt + Adn) = / 5q"WdP, (6.26)
z

T

where the differential measure of the percussion P is introduced as
dP := Adt + Adn.

Using (6.26) and that the virtual action § A of the free system is given by (6.12),
the virtual action (6.18) of an ideally constrained system can locally be written as

§AC = — / 5q* (Mdu — hdt — Fdnp — WdP). (6.27)
z

In the case where all constraints are formulated at position level, that is, if
the set of constraints is defined by k gap functions ¢ : M D U — R, the conic
constraint distribution ® is locally given by

9, = {X, € ,M | dgy(X,) >0, Vv € A(p)}, (6.28)

for all p € U, where A(p) = {v|g”(p) < 0} is the set of active constraints on
position level, see (6.16). Since to every position level constraint g” the defining
one-form o = dg” of the conic constraint distribution is associated, it follows
from the comparison of

ag” ag”

Y =dg¥ = _dg' + =Z-dt
@ =dg = a0ty
with (6.20) that
v 0g”
V= 22 2
w; ¢ (6.29)

Moreover, the position level constraints define the subset C C M which is locally
given by

cnU={peUl|g"(p)>0, v=1,...,k}. (6.30)
This set can be interpreted as the admissible set of space-time configurations
of the constrained system. The question that immediately arises is, whether
the constrained motion, which by Definition 6.2 fulfills (6.17), lies within the
admissible set C. This question is answered by the following proposition, which
sometimes is called the viability lemma of Moreau.

Proposition 6.2 (Moreau [91], Propositions 2.2 and 2.4). Lety:R2Z — M
be a motion of a mechanical system. The motion ~y fulfills

yt)elC VteZ, (6.31)
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if and only if there is a to € Z for which v(to) € C and the motion satisfies the
unilateral constraints, that is, for all t € T it holds that

. — . +
— Yy €Dy and i) € Dy -

It is a consequence of Proposition 6.2 that for a set of constraints which is
formulated at position level, condition (6.17) can be replaced by (6.31), such that
by (6.18) the motion is described by

6AY =0 Véy e Virto(y(Z)) such that ~(t)eC VteT. (6.32)

This is very similar to what has been done in the case of bilateral constraints,
see (5.140). Another similarity can be revealed by comparing (6.28) with the
definition (4.16) of the tangent cone T¢(p) to the set C at p. One finds, that
Te = D|c, which reminds of (5.138).

Finally, since the constraint distribution (6.28) defined by position level
constraints comes with the particular index set A(p) = {v | g”(p) < 0}, Proposi-
tion 6.1 characterizing ideal constraint forces can be reformulated.

Corollary 6.1. A set of unilateral constraints, all formulated on position level,
is ideal if the constraint forces can locally be written as

9= WA du' and FSE = W,YA,du’,

where A\, and A, are real-valued functions of time which satisfy the Signorini
conditions (Signorini’s law)

g” € NRO— (=\) and g" € NRO— (—A). (6.33)
Herein, the abbreviation g = g” o~y has been used.

Proof. The Signorini condition for A, is equivalent to
9" >0, A\, >0, g\, =0 (no summation) .

Indeed, if A, > 0, the argument of the normal cone is an interior point of the
set Ry and the normal cone is zero, implying g = 0. On the other hand, if
Av =0, it follows from the definition of the normal cone (2.21) that Np-(0) is
the set of positive numbers including zero and therefore g” > 0. Especially, if
v ¢ A(y(t)), ie., g"(t) > 0, we have that A, (¢t) = 0. Moreover, A\, > 0 is such
that the motion satisfies the constraints (6.30), i.e., g” > 0. The same reasoning
hold for A,, such that the restrictions on A, and A, found in Proposition 6.1 are
retrieved. O
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As a consequence, (6.27) can be used in the principle of virtual action (6.32)
to see that the motions of an ideally constrained system satisfy

Mdu—hdt — Fdnp — WdP =0,

where the components of the percussion measure dP = Adt + Adn are such that
the Signorini conditions (6.33) are fulfilled.

This section is closed with a remark which is overdue. Recall that the (vector)
distributions are special cases of conic distributions, see (4.15), and that the
intersection of conic distributions is again a conic distribution. Hence, the
unilateral constraints treated in this section comprise also bilateral constraints.
An important implication is that in the context of nonsmooth mechanics, bilateral
constraints come with nonimpulsive and impulsive constraint forces, which is
in contrast to smooth mechanics, cf. Definition 5.19. Furthermore, this opens
the possibility to define the conic constraint distribution by a combination of
unilateral and bilateral constraints. This circumstance is for example extensively
used in contact mechanics.

6.3. MECHANICAL SYSTEMS WITH FRICTIONAL CONTACT

This section bridges the gap between the geometry of a finite-dimensional me-
chanical system and the actual modeling of such a system, which takes place
in a chart. As an archetype of mechanical system one may think of a flexible
multibody system. To make the flexible parts fit in this framework, it must be
assumed that also the flexible parts can be described by finitely many coordinates.
This is typically achieved by modeling the flexible parts as continua, which are
then spatially discretized by an appropriate method, e.g., the finite element
method. Moreover, a hard frictional contact model is introduced to describe the
interaction of contacting bodies.

Since the mechanical model aims at quantitatively describing the motion of a
specific system, e.g., a robot, a set of generalized position coordinates q*, such as
angles and displacements, have to be chosen. This corresponds to the choice of
an adapted chart ¢ with coordinates (t,q) = (t,q',...,q™) of the configuration
space-time M of the system. The coordinates of the induced natural chart ®
of the state space AM are (t,q,u) = (t,¢*,...,q¢",u",...,u"™), where u are
called generalized velocities of the system. Since for the remainder of this thesis
only these two charts are used, the notation can be lightened. For quantities f
depending on the point of M, the notation f(t,q) = f o ¢~ '(t,q) is introduced,
and similarly g(t,q,u) = go ®*(t,q,u) for quantities g defined on A'M.

With respect to the natural chart ®, a motion of the mechanical system has
the chart representation ® o 4(t) = (¢,q(t),u(t)), where ¢ = u for almost all



124 6. GENERALIZATION TO NONSMOOTH MECHANICS

times t, which is expressed as
dq = udt, (6.34)

see (6.11). Moreover, recall that the velocity measure in (6.11) is defined as
du=adt+ (u” —u")dy, (6.35)

where a is called the generalized acceleration of the mechanical system. By (6.35)
it holds that a = 0 for almost all . Considering that all forces acting on the
mechanical system are represented by dF, the motions of the mechanical system
must satisfy the equality of measures

M(t,q) du = dF, (6.36)

where M = M" denotes the mass matrix of the system, see (6.13). Note that in
(6.36) the mass matrix is evaluated along the motion.

The mechanical system is assumed to be subjected to ngy + n. ideal bilateral
constraints formulated at position and velocity level, respectively, as

g(t,q)=0€R™ and aft,q,u)=0€R". (6.37)

These constraints are for example used to model joints, guidances or other
kinematic restrictions present in the mechanical system. It is a consequence
of the principle of d’Alembert-Lagrange that the constraint forces of an ideal
constraint have the particular form

dFy, = W,dP, + W,dP,,

see (6.26), where by (5.135) and (5.136), the generalized force directions are

W, — (g%)T and W, — (g%)T,

respectively.

Consider that parts of the mechanical system can come into contact with each
other and with the environment. It is assumed that the contact in the system
can be described by ny < oo pairs of contact points, i.e., pairs of particles which
eventually come into contact. Let P and @ be the contact points of the k-th
contact pair and assume without loss of generality that P lies on part I and @
on part II, see Figure 6.1. Assuming that the contours of the contacting bodies
are smooth, the contact points are defined as the surface points that lie on a
connecting line orthogonal to both of the bodies contours. Defining n to be the
outward normal of part I at P, the gap function of the k-th contact pair is

k .
gN =N rpQ,
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=

Figure 6.1: Contact kinematics of k-th contact pair.

where rpg is the vector pointing from P to Q. Strictly speaking, rpqg is the
vector pointing from £p to o and n is the outward normal of the image x(I,~)
of part I at £p. However, to avoid a cumbersome language, it is convenient to
identify the particle with the event in space-time it occupies at a certain time
instant. As is custom in the field of multibody dynamics, a contact pair k is
simply referred to as contact k. The k-th contact is called

o open if g% > 0, i.e., the contacting bodies are separated
o closed if g¥ =0, i.e., the contacting bodies are in contact

o penetrating if g% < 0, i.e., the contacting bodies penetrate each other.

To hinder the contacts from penetrating, the ideal unilateral constraints at
position level

gn(t,q) 20,
are imposed. The corresponding ideal constraint forces by (6.26) and (6.29) have
the form
. dgn Y
dFny = WydPy with Wy = W .

The normal contact percussion measure dPy = Andt + Andn is composed of the
nonimpulsive forces Ay and the impulsive forces A n, which are assumed to satisfy
the Signorini condition guaranteeing the ideality of the unilateral constraints, see
Corollary 6.1.

For the nonimpulsive contact force Anj of the k-th contact, the Signorini
condition (6.33) reads as

9N € Ne- (k) - (6.38)

The physical interpretation of the Signorini condition is easiest understood by
looking at (6.38) as an inequality complementarity condition

Ave >0, g >0, Ankgh =0 (nosummation). (6.39)
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Indeed, if Ayr > 0, the argument of the normal cone is an interior point of the
set Ry and the normal cone is zero, implying g% = 0. On the other hand, if
Ank = 0, it follows from the definition of the normal cone (2.21) that /\/'R[7 (0) is
the set of positive numbers including zero and therefore g% > 0. It is easy to see
from Signorini’s condition in the form (6.39) that for open contacts, the normal
contact force is zero and if the contact is closed, only forces are allowed which push
the contact surfaces apart. In fact, by Example 5.2, or more precisely equation
(5.85), the contact force Ani (Ank) can be interpreted as the magnitude of the
two-point force interaction between the contacting particles P and Q). Moreover,
the contact surfaces are subjected to compressive forces if Axx > 0 (Anr > 0).
The set of active contacts is defined as the index set

At,q) ={k=1,...,nx | g (t, @) <0},

which is the set of active constraints involved in the local representation of the
conic distribution, see (6.28). It is clear from this definition, that the set of
inactive contacts, that is, the complement A = {1,...,nx} \ A of the set A4, is
the set of open contacts.

Due to the ideality of the unilateral constraint, also the impulsive contact
force Ak must satisfy the Signorini condition gjkv S NRJ (=Ank), which however
does not fully determine the impulsive force. Hence, one is free to choose a
suitable impact law. The gap velocity defined by

. - 0
gn(t.a,w) = Wi (L @) u+ X (1,q) (6.40)

is used to formulate the Newton-type impact law as

ke A: 51’% € NR;(_AN]C)

- 6.41
ke A: ANy =0. ( )

Herein, the kinematic quantity
En(t,q,u,u’) = gx(t,q,u”) + ek g (fq,u”) (6.42)

is introduced for the k-th contact with restitution coefficient e, > 0. The impact
law (6.41) implies that whenever a contact k participates actively in the impact
process with A% > 0, the post-impact velocity gj“v = g% (t,q,um) is related to
the similarly defined pre-impact velocity by Newton’s impact law

.k k. k—

QNJr = —€éNngn -
More details on the intricacies of the generalized Newton’s impact law (6.41) can
be found in Glocker [51] and Winandy et al. [128]. It is readily checked that Ay
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given by Newton’s impact law (6.41) satisfies the Signorini condition. Indeed,
for g% > 0 it holds that k € A and consequently Axy = 0. If g¥ = 0, the normal
cone inclusion in (6.41) assures that Axg > 0.

Dry friction between the surfaces of the k-th contact can be described
by a Coulomb-type set-valued force law. Therefore, n% velocity parameters
a]f:(t, q,u) € R™F describing the relative motion of the surfaces are typically
introduced, where n% = 1 for planar friction, n% = 2 for spatial friction and
nk > 3 for combined friction laws such as Coulomb-Contensou friction [75]. The
friction forces have the form

ny k T
dFp = WpdPp = > WidPpe  with Wf = (ag‘uF) : (6.43)
k=1

where W = (W ... Wp") and dPr = (dP},...,dP%). With Cr denoting
the set of admissible (negative) friction forces, the constitutive laws for the
nonimpulsive and impulsive friction forces of the k-th contact are

alz‘ENCF(ANk)(—)\Fk) and slfi'ENCF(ANk)(—AFk) (6.44)

whenever the contact k is active, i.e., k € A. Moreover, the set C'r depends on
the normal contact forces and

¢r(t,q,u”,ut) = ak(t,q,ut) + e ak(t,qu”) (6.45)

with restitution coefficient ef.. Otherwise, if the contact k is open, the friction
forces are zero.

For the sake of simplicity, in this thesis we restrict ourselves to sets of admissible
(negative) friction forces having the form

Cr(Ank) = {)\Fk € R

[[Ark|| < Mk)\Nk} (6.46)

with friction coefficient pr and mention how the general case can be treated
wherever it seems appropriate.

Example 6.1 (Isotropic spatial Coulomb friction). The most prominent example
of a friction law having a set of admissible friction forces of the form (6.46) is
isotropic spatial Coulomb friction. As described in Leine and van de Wouw [77],
in that case n¥ = 2 since the velocity parameters correspond to two orthogonal
relative velocities which are tangent to the contact surfaces. Specifically, using
two mutually orthogonal vectors t1 and t2 spanning the tangent planes at the
contact points, see Figure 6.1, the velocity parameters describing spatial Coulomb

Kk _ (t1 (v —vp)
ap = (tQ‘(VQVP)) .

friction are
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In view of Example 5.2, the two components of Arpx = (Apgk,1, Ark,2) are the
magnitude of the friction force in the directions t; and to, respectively. This
confirms that the friction force has indeed the form (6.43).

Under the premise that all forces which are not constraint or contact forces,
such as spring forces, gyroscopic terms and dashpot forces, are nonimpulsive
and can therefore be represented by a Lebesgue-density h(¢, q, u), the totality of
forces acting on the mechanical system is represented by

dF = hdt + dF 4o + dFny + dFF
= hdt + W,dP, + W,dP, + WydPy + WpdPp.

Consequently, the equality of measures (6.36) takes the form
Mdu = hdt + W,dPy + W,dP, + WydPy + WrdPpr. (6.47)

We recall that the percussion measures dP x are composed by a nonimpulsive
force Ax and an impulsive force A x, that is,

dPx = Axdt + Axdn s (648)

where X is used as a placeholder for any subscript. Using (6.35), one concludes
from (6.47) that the acceleration of the system is characterized by the equations
of motion

Ma:h—l—Wg)\g—i—WM\a + Wy Ay + WE Ar (6.49)

holding almost everywhere in time and the velocity jumps are given by the impact
equations

M@u" —u’)=W,A; + WoA, + Wy Ay + Wr Ap, (6.50)

where the forces are given by the corresponding constitutive laws, e.g., the contact
laws, the impact laws and the law of gravity.
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Time Finite Element based Moreau-type

Integrators

In this chapter, the model for the description of mechanical systems with frictional
contacts presented in Section 6.3 is discretized using a finite element method
in time. Similar to Capobianco and Eugster [20], a continuous piecewise linear
ansatz function for the generalized position coordinates q is used to arrive at two
time-stepping schemes, namely Moreau’s time-stepping scheme [20, 50, 91, 120]
and the symmetric Moreau-type integrator [20], which are both extended in order
to include bilateral constraints.

7.1. TIME FINITE ELEMENT DISCRETIZATION

The finite element method aims at discretizing a variational equation by choosing
ansatz functions for the involved quantities. In the case of mechanical systems
with frictional contact, the variational equation at stake is the equality of measures
(6.47), which is just a short form of the principle of virtual action stating that

6A:/5qT(Mdu—hdt—WdP) =0 (7.1)
z

for all §q with compact support in Z. Hereby, the percussion measures have been
gathered as dP = (dPg,dPq,dPy,dPr) and W = (W, W, Wy Wp) has been
defined to keep notation short. The principle of virtual action (7.1) describes the
motion of the system during the time interval Z.

Let the time interval be Z = (to, tn]. Since the domain Z of the motion is one-
dimensional, choosing a finite element mesh corresponds to a partition of Z into
N temporal elements (intervals) Z; = (t;—1, ;] with ¢ =1,..., N. It is assumed
that all elements have the same temporal length At, that is, t;11 = t; + At for
alli=0,..., N — 1. Introducing q; to approximate the position coordinates of
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the system at ¢;, the piecewise linear ansatz
t—t; tiv1 —t .
a(t) = —x; G+t + L gy VtE€Tiy, i=0,...,N—1 (7.2)

At
is used to approximate the motion of the mechanical system. Herein, the q;

constitute the nodes of the finite element mesh. It follows from the fact that
u = q for almost all ¢ and the right-continuity of the velocity u that

1 .
u(t):E(qH.l—qi) VteZiv1, i=0,...,N —1. (73)

Hence, the motion described by (7.2) has a piecewise constant velocity. It is
convenient to define 1
i = - i —q; 74
W= (@ - a) (7.4
for i =0,...,N — 1, such that u(t) = u; for all t € Z; 1, see (7.3). It readily
follows that the discrete velocity u; satisfies

u; = ll+(ti) = ll_(ti.H) . (75)

Since the acceleration a is the time derivative of the velocity u for almost all ¢
and the velocity is piecewise constant, it holds that

a=0 ae.. (7.6)

It is apparent from (7.3) that the velocity’s discontinuity points are exactly the
time instants 1, ...,tn—1. Considering that the atomic measure 77 can be written
as a sum of Dirac point measures, see (6.8), the velocity measure (6.35) is

N-2
du= > (w1 —w)dd,,, , (7.7)
i=0
which follows from (7.5) and (7.6). In the fashion of the Bubnov-Galerkin method,
the ansatz for the virtual displacements is chosen of the same type as the ansatz
for q, that is, the virtual displacements are approximated by
t—1t;

éq(t) = Ttéqiﬂ +

tigr —t
At

with nodal values dq;. To assure that dq has compact support on Z, it must be

oqi Vt€Ziy1,i=0,...,N—1 (78)

imposed that dqo = dqn = 0.
Using (7.7) as well as (7.2) and (7.8), the finite element discretization of the
first part of the virtual action in (7.1) is

N-2

/ dq"Mdu = Z 5ql'T+1Mi+1(ui+1 -u;), (7.9)
z

=0
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where M1 := M(tiy1,Qit1).

In contrast to (7.9), it is not sufficient to just use the ansatz functions to
discretize the remaining parts of the virtual action in (7.1), but also a quadrature
rule must be chosen. In order to do so, it is exploited that the temporal elements Z;
form a partition of Z, such that

N-1
/5qT(hdt+WdP) = Z/ dq* (hdt + WdP) . (7.10)
z i=0 Y Zit1

The integral over the element Z;11 = (¢, ti+1] can for example be approximated
by the product of the evaluation of the integrand at the upper bound of the time
interval with the length of the temporal element At. Specifically,

/ 5q* (hdt + WdP) ~ 6q;y, (Ath;,, + Wi Piyy) (7.11)
Zitr

where h; , = h(tiv1,di+1, w;) and W11 = W(tiq1,qi+1). Moreover, the
decomposition dP = Adt + Adn of the percussion measure has been used to
introduce the discrete percussion

Pi+1 = At A(tH—l) —+ A(ti+1) . (712)

Using the quadrature rule (7.11) together with (7.9), the discretized version of
the principle of virtual action (7.1) results as

N-2
0A = Z 5qi1 (Miy1 (Wi —u;) = Athy, — Wiy Py ) =0
1=0
for all qi;, ¢« = 1,..., N — 1. Hence, it is necessary and sufficient that the
discretized motion of the system satisfies
M1 (uipr — ) — Athy, — W Py =0, (7.13)
which constitutes the velocity update of Moreau’s time-stepping scheme.®
To obtain a different scheme, the integral over the element Z; 11 = (¢;, tiv1] in
(7.10) is approximated using the trapezoidal rule, which yields
T 1 T + T _
54" (hdt+WAP) ~ o (3a (AthF+WP,)+dql, 1 (Ath I, + Wi i) )
Tis
(7.14)

! Typically, Moreau’s time-stepping scheme is assumed to have a possible impact, and
therefore a velocity jump at the midpoint of the considered integration step, see for example
[50, 91, 120]. The time instants ¢; in the present formulation (7.13) are the possible impact
times and correspond to the midpoints of the aforementioned common formulations.
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where the notation hj‘ = h(t;, qs;, u;) has been introduced. Using the quadrature
rule (7.14) together with (7.9), the time finite element discretization of the
principle of virtual action (7.1) is

N-—-2

j: B At _
5A = 5qi+1 (Mi+l(ui+1 — u,L) —_ 7 (hj+1 =4 hi+1) — Wi+lPi+1) = 0
=0

for all dq;, ¢ = 1,..., N — 1. This is satisfied if and only if the discretized motion

fulfills
At

2
which is the velocity update formula of the symmetric Moreau-type integrator.

Mi+1(ui+1 - ui) (h;:»l + hi_+1) - VVi+1Pi+1 =0, (7-15)

The position update is given by (7.4), that is, the position at the end of the
time step
qQit1 = qi + Aty (7.16)
can be directly computed from the known state (¢;,q;, u;) at the beginning of
the time step. Hence, the position q;11 is not influenced by any forces, which is
why no constraints can be imposed on position level and the constraints (6.37)
as well as the Signorini conditions (6.38) must be transferred to the velocity level
before they can be imposed in the numerical schemes.

7.2. VELOCITY LEVEL CONSTRAINTS

In order to formulate the bilateral constraints (6.37) on velocity level, the con-
straint velocity
A 0]
g(t7 q, u) = W;(t7 q)u + %(m q)

is introduced. With that, the bilateral constraints (6.37) are equivalently formu-
lated by demanding

g(t,q,u) =0 and «a(t,q,u)=0. (7.17)

Clearly, these conditions are equivalent to the original constraints if and only if
the initial conditions are chosen appropriately, that is, the initial conditions must
fulfill the original constraints (6.37). Hence, for the stepping schemes of this
chapter, the bilateral constraints can be imposed at velocity level by demanding

g(tit1,qi+1,0i41) =0 and  a(liv1, Qit1, Wiv1) = 0. (7.18)

As described in Glocker [48, p.138], the gap velocity (6.40) can be used to
formulate the Signorini condition (6.38) at velocity level as

keA: gke NIR(; (=Ank)

1 7.19
keAd: Anp=0 e (7.19)
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Similar to the case of bilateral constraints, the Signorini condition (7.19) is
equivalent to (6.38) if the initial conditions of the motion satisfy g& > 0.

7.3. DISCRETE CONTACT LAWS

To arrive at discrete contact laws suitable for the stepping schemes presented in
this chapter, i.e. for (7.13) and (7.15), the Signorini condition at velocity level
(7.19) must be combined with the Newton-type impact law (6.41). Similarly, it
is necessary to merge the friction laws described in (6.44).

Since the velocity of the system is continuous between velocity jumps, implying
g]k\,+ = gi,_ = g% for almost all ¢, it holds that

(1+ek)gh = ght +elgh =€k ae., (7.20)

where the definition (6.42) of £% has been used. Consequently, and in view of
ek, >0, the Signorini conditions at velocity level (7.19) can be stated using .fjk\,
instead of g% . Hence, for k € A

€N € Nio (—AtAnk) (7.21)

where Proposition 2.3 has been invoked to scale the contact force by At, which
denotes the temporal length of the element Z;11 = [ti, t;+1). Recalling that the
Newton-type impact law (6.41) is given by

I3S Np-(—Anr) (7.22)

in the case k € A, it finally follows by Proposition 2.4 that (7.21) and (7.22) can
be combined to
€N € Nipo (At Ank — Aw) - (7.23)

Evaluating (7.23) at the end of the time step yields the discrete normal contact
law

ke Aig1: &R € N}R{g (=Pnk,it1)

ke Ai+1 : PNk,i+1 = 0,
where it has been used that Pygi+1 = At Ank(ti+1) + Ank(tit1) by (7.12).
Moreover, the notations

k k
Enit1 = En(tiv1, Qir1,us, wi41)  and  Aipr = A(tirr, Qit1)

have been introduced.

A similar reasoning leads to the discrete friction law. In fact, for the case
where the contact is active, i.e., k € A, the cone property of the normal cone
allows to write (1 + e%) in front of a in (6.44). Furthermore, for almost all ¢ it
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holds that u™ () = u™(t) = u(t). Hence, it follows from (6.45) that the friction
laws (6.44) can equivalently be written as

I3 € Nep(at aw) (—At AFk)  and ¢r € Nop(ayn) (—AFk),

where the scaling of the friction force in the first normal cone inclusion immediately
follows from the definition of the normal cone (2.21). Invoking Proposition 2.4
yields

€5 € Now(a AM+AM>( — At Ap — AFk:) . (7.24)

Finally, evaluating (7.24) at the end of the time step leads to the discrete friction
law

k€ Aiv1: &Fiy1 € Nop(Poriin) (—Prrit1)

k€ Aiz1: Prriy1=0,

where it has been used that Ppi 11 = At Apk(tit1) + Ank(ti+1) by (7.12) and
the discrete kinematic quantity

k k
€rit1 = Ep(tiv1, Qit1, s, Wir1)

has been introduced.

7.4. NUMERICAL IMPLEMENTATION

This section sums up the two time-stepping schemes derived in the previous
sections and describes how every time step of the scheme can be solved numerically.
Since the two schemes, namely Moreau’s time stepping scheme and the symmetric
Moreau-type stepping scheme merely differ by the velocity update formula, they
are treated simultaneously in what follows.

As initial conditions of the stepping scheme, the values qo = q(to) and
ug = u(to) can be used.” Hence, at the beginning of a time step, the quanti-
ties t;,qq, u; are either known from the previous time step or from the initial
conditions.

The step is initiated by computing t;+1 = t; + At and by performing the
position update (7.16), i.e.,

Qi+1 = q; + Atu;.

With that, the index set of active constraints A;,+1 = A(ti+1,Qi+1) is computed.

2For the symmetric Moreau-type stepping scheme a more accurate initialization can be
found in [20].
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Next, the velocity update is due. Even though the velocity updates of the two
schemes are different, they both have the same structure and can be formulated
in the form

Rs(wit1,Pgit1,Payit1, PNyit1, Prit1) =0
ke€Aia: X € Ne; (=Pnk,it1) (7.25)
€§,i+1 € Nop(Prpipr) (P Fri+1)
k€ Aiy1: Pngit1 =0, Ppriy1=0.
Since the index set A;y; is fixed during the velocity update, (7.25) is readily
recognized to be a normal cone inclusion problem, which can be numerically
solved by any of the methods presented in Appendix A.

It remains to state the residuals Rs for the two schemes. In the case of
Moreau’s time stepping scheme, it follows from (7.13) and (7.18) that the velocity
update is described by

Mi+1(ui+1 - ui) — At h;+1 - VVi+IPi+1
Rs = | g(tit1, dit1, Uit1) ,

a(tiv1, Qit1, Wit1)
where Pi+1 = (Pg,i+1, Pa,i+17 PN71'+1, PF,i+1)~ Similarly, it is a consequence of
(7.15) that the velocity update of the symmetric Moreau-type integrator involves
Mg (g —u) = 5H (b, +hi,) = Wi Pigy

Rs = | g(tit1, div1, Wit1)
a(tivt, Qit1, Witr)
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Nonsmooth Generalized-oo Scheme

In this chapter, a nonsmooth generalized-a method is derived, which extends
the existing methods [17, 18, 25, 27] to account for frictional contact on velocity
and acceleration level as well as a general kinematic equation. Moreover, a set of
benchmark systems is devised and finally used to validate the performance of
the presented scheme.!

8.1. ACCELERATION LEVEL CONSTRAINTS AND STABILIZATION

In this section, the bilateral constraints as well as the Signorini condition are
transferred to the acceleration level. Moreover, a stabilization on velocity and
position level in the sense of Gear-Gupta-Leimkuhler is introduced to avoid
constraint drift in the numerical scheme.

In order to formulate the bilateral constraints (6.37) on acceleration level, the
constraint accelerations

. J— 99 99
g(t,q7 u, a) - Wg (tvq)a+ %(tqa u)u+ E(m q, u)
o o

are introduced. With those, the bilateral constraints (6.37) are equivalently
formulated by demanding

g(t,q,u,a) =0 and a&(t,q,u,a)=0 (8.1)
for almost all t as well as
g(t,q,u) =0 and aft,q,u’)=0 (82)

whenever a velocity jump occurs. Clearly, these conditions are equivalent to
the original constraints if the initial conditions are chosen appropriately, that

!The results of this chapter have been published in a similar form, see [21].
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is, the initial conditions must fulfill the original constraints (6.37) as well as the
respective constraints on velocity level (7.17).
As described in Glocker [48, p. 138], the gap acceleration

. r 09 0g
g (t,a,u,2) = Wit a)a+ S (g, w)u+ S5E (1 q,w)

allows to formulate the Signorini condition (6.38) at acceleration level as

keB: g% e Ne- (—=Ank)

_ a.e., (8.3)
keB: Ankg=0

where the set
B(t,q,u) = {k € A| gx(t,q,u) <0} (8.4)

characterizes the contacts that are active on position as well as on velocity level.
The complement of B is again denoted as B = {1,...,nx} \ B and by definition
includes A as a subset, i.e., A C B. It is important to point out that if the
motion fulfills the Signorini condition on one kinematic level, it does so also on
all other kinematic levels provided that the initial conditions are compatible with
the other kinematic levels.

It is well known that the constraints of a mechanical system can be formulated
on acceleration level without changing its motions. Moreover, the acceleration
level constraints come with favorable mathematical properties. During impact
free time intervals for example, the presence of position level constraints leads
to a DAE of index three. A formulation of the system with constraints on
acceleration level reduces to a DAE of index one, which are often easier to solve
numerically than higher index DAEs. However, the described index reduction by
differentiation is prone to numerical drift, meaning that although the constraint
is satisfied on acceleration level, the corresponding position and velocity level
constraints are violated due to numerical integration errors. As a remedy, the
position and velocity level constraints can be stabilized by introducing additional
Lagrange multipliers. This stabilization, initially proposed by Gear et al. [44]
and hence known by the name Gear-Gupta-Leimkuhler (GGL) method, can
analogously be extended to unilateral constraints, see Briils et al. [18].

To stabilize the constraints, the system’s kinematics is formally extended to

dg = (u+ ug)dt

du=(a+as)dt+ (ut —u)dy, (8:5)

where the added velocity us and the acceleration ag are caused by the stabilization
to (6.34) and (6.35), respectively. The multipliers vy, v, and vy then take care
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of the stabilization of (8.1) and (8.3) on velocity level by demanding

Mags = Wyvy + Warve + Wrun
g(t,q,u) =0 a.e.
a(t,q,u) =0 a.e. (8.6)

keA: g% GNRU—(—VN]C) e
ke A: vneg=0.
Note, that the stabilization (8.6) demands g = 0 for almost all time instants,
which combined with (8.2) yields the condition g = 0 for all time instants. The
same reasoning holds for a = 0.
The multipliers g and gy are used to stabilize the constraints (8.1) and (8.3)
on position level by

Mus = Wypg + Whpn
g(t,q)=0 (8.7)
9N € Ne- (—pn)

for all contacts k.

It can be shown that, in absence of numerical errors, the solution of the
equations of motion formulated with stabilized acceleration level constraints have
vanishing Lagrange multipliers v and p and therefore ag = us = 0. Moreover, it
can be shown that the remaining quantities solve the equations of motion with
constraints formulated on position and velocity level described in Section 6.3.
This fact establishes the mechanical equivalence of the original equations of
motion of Section 6.3 and the equations of motion with stabilized acceleration
level constraints presented in this section.

8.2. NONSMOOTH GENERALIZED-&¢ DISCRETIZATION

To compute the motion of the mechanical system numerically, in this section
a time-stepping scheme from the family of generalized-a methods is presented.
The scheme is derived by integrating the equations of motion with stabilized
acceleration level constraints over a time interval Z = (t;,¢;+1] and introducing
appropriate discrete variables.

Considering the velocity u(t) as a right-continuous function, the velocity of
the system at a time ¢ can be written as

u(t) —u(ti)—i—/( ]du—u(ti)—i—/ adz‘/—i—/< ](asdt—l—(qu—u*)dn), (8.8)
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where (8.5) has been used. Similarly, the position of the system at time ¢;41 is

Q(tz‘+1):OI(tz‘)‘F/dq:(JI(ti)+/Udt+/usdt7
T T T

which with the help of (8.8) can be reformulated to

altic1) :q(ti)+/Iu(ti)dt+/z[ad7dt+/ZU(t,ti)dH/Iusdt, (8.9)

where the last integral in (8.8) is denoted by
Ut t;) = / (asdt+ (ut —u)dy).
(ti,t]

To derive the position and velocity updates of the scheme, numerical ap-
proximations of the integrals in (8.8) and (8.9) using quadratures have to be
introduced. As approximants for the position, velocity and acceleration at some
time instant ¢; the quantities q;, u; and a; are introduced, respectively. Moreover,
the discrete variables

Ui = U(tprl,ti) and Qi+l Z:/U(t,ti)dt—f—/uSdt (8.10)
T T

are introduced. The integrals of the acceleration a in (8.8) and (8.9) are discretized
in the fashion of a generalized-a method [18] using the quadratures

/ adt ~ At((l —y)a; + ’yéi+1)

T o (8.11)

/ / adrdi ~ T((l —2B)a; + 2Bai11)
zJe

where the auxiliary acceleration variables a are linked to the approximants of
the acceleration by

Oszli =+ (1 — ozm)éi_H = leai + (1 — af)ai_H (812)

and the time step of the scheme is introduced as At = t;+1 — t;. The coefficients
ayf, am, § and v can be chosen according to Newmark [94], Hilber-Hughes-
Taylor [62], or Chung and Hulbert [26]. Here, the last option is chosen, which
results in a second-order scheme with an adjustable level of numerical dissipation
in the high-frequency range. The coefficients of the scheme are then given by
2000 — 1 Poo

O e 17 M T

—1—|—a -« andﬂ—l<l+ )2
poo+17fy_2 f m =1\3 Y s
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where the spectral radius at infinite frequencies poo € [0, 1] controls the dissipation

in the high-frequency range. For pos = 1 the scheme shows the minimal and for

Poo = 0 the maximal amount of dissipation in the high-frequency regime.
Finally, the position and velocity updates

Uiyl = u; + At((l —y)a; + 75i+1) +Uin
(8.13)

At? _ -
Qi+1 = q; + Atu; + - ((1 —2B)a; + 2Bai+1) +Qit1

are obtained by using (8.11) and (8.10) in (8.8) and (8.9), respectively.
The equations of motion (6.49) are discretized as

M;1ai41 = hiy1 + E Wx i1 Ax,it1,
Xe{g,o,N,F}

where the subscript ¢ 4+ 1 indicates that the quantity is evaluated at ¢;4+1, qi+1,
for instance M;11 = M(ti4+1,Qi+1), and when applicable at u;41, for example
hit+1 = h(ti+1,Qi+1, Wit1). Moreover, Ax,i+1 approximates the forces Ax.

To find the discrete equations for U;41, consider the approximation

/M(as dt + (ll+ — u_) d’q) ~ Mi+1Ui+1 , (814)
z
which is exact for a constant mass matrix. Furthermore, the approximation

/WK(uKdt + Ardn) = Wk it1A K it1
z (8.15)

/WFAFdn ~ Writ1Arit1,
I

is made, which are exact if Wk, is constant and where the discrete variables
AKJ‘+1 = / vidt + AKdT] and AF71'+1 = / AFdT] (816)
T T

with K € {g,a, N} have been introduced. In view of (6.50) and (8.6), the above
discretizations (8.14) and (8.15) yield the discrete impact equations

Mit1Ujp1 = E Wk it1 Ak it1 + Writ1AF it .
Ke{g,a,N}

From the definition of the atomic measure (6.7), it can be seen that the
discrete variables Ak ,+1 and Ap ;41 consist of the sum of impulsive forces
Zk Ak (tr), respectively Zk Ar(t), corresponding to collisions in the time
interval Z. In addition, Ak ;41 contains a contribution due to the stabilization
of the constraints.
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The discrete equation for Q;4+1 is found from the approximation
/ M(agsdr + (uJr —u )dn)dt+ / Mugsdt = M;+1Qi+1 -
(ti,t] z

Finally, it is by combining the impact equation (6.50) with the stabilizing condi-
tions (8.6) and (8.7) that the discrete equation

M;i11Qir1 = Z Wk iv1KK,it1 + Z WR i+1AR i1
Ke{g,N} Re{a, F}

is motivated. Hereby, similar to (8.15) the approximation
/ Wkgk (lIKdt + AKdT])dt + / WKuKdt = WK7i+1K,K7¢+1
(t:,1] s

is used, where the discrete variables Kk ;+1 with K € {g, N} have been introduced
as

KK i+1 ZI// (VKdT+AKd7])dt+//,LKdt. (8.17)
(t;,t] T

Moreover, the remaining double integrals are approximated by

// (vadt+ Aq dn) dt =~ AA(HH and // Apdndt”véAFH_l
(t,1] (t5t]

Similar to standard DAE solvers presented in Hairer and Wanner [54], the
bilateral constraints on all kinematic levels are discretized by just evaluating
them at the end of the time step. For the constraints originating from a position
level constraint that is

g(tit1,di+1) =0, g(tit1,Qi+1,Wir1) =0 and  G(tiv1, Qit1, Wit1,ai41) =0,
whereas for constraints originating from a velocity level constraint, the conditions
a(tit1, dit1, Wir1) =0 and  &(tig1, Qiv1, Wit1,841) =0

are imposed by the scheme.

8.3. DISCRETE NORMAL CONTACT LAWS

In order to derive an event-capturing time-stepping scheme, the contact dynamics
during a time step Z = (t;,t;+1] is not resolved in all detail and discrete contact
laws are derived, which capture the contact dynamics occurring during the time
step. More precisely, discrete normal contact laws are derived such that at the
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end of the time step impenetrability is satisfied on all kinematic levels while
capturing the effects of Newton’s impact law.

The discretization of the normal contact laws is started from the acceleration
level Signorini conditions (8.3). In view of e% > 0 and (7.20), the condition
g% < 0 can be replaced with £€5 < 0 in (8.4). The discrete Signorini conditions
then result by evaluating all quantities in (8.3) at the end of the time step. Thus,
we have

k€ B g?v,m S NRJ(_)\Nk,i+1)

5 , 8.18
k€ Biy1: Ankit1 =0 ( )

where the involved discrete variables are defined as
k k
gn,it1 = gn (Big1, Qit1)
k k
ENit1 = En(tit1, Qig1, Wi, Wig1)
GN,it1 = G (it1, Qit1, Wign, A541)
and the discrete version of (8.4) is introduced as

B¢+1 = {k € Ai+1 | f;ﬂvyprl < 0}, where A7;+1 = A(ti+1,qi+1) . (819)

To formulate the normal contact law on velocity level, Signorini’s law on
velocity level, the impact law and the stabilization condition are combined. For
that, consider the case of active normal contact, i.e., k € A. Then, Signorini’s
law and the stabilization condition

gjkv € NR;(_)\NIC) and g;gv € NR;(—I/Nk) (8.20)

hold almost everywhere, respectively. Using the cone property of the normal
cone, (14 €%) may be written in front of g% in (8.20), which in view of (7.20)
takes the form

N € NRS(—)\Nk) and ¢& e NRE(—VN]C). (8.21)

The proposed reformulation of the combined Signorini and stabilization condition
has the same form as the impact law (6.41), which reads as

N € N (—Ani). (8.22)

With this preparatory work, we can finally proceed toward a discrete law.
Since we are interested in the end of the time step, the set A;4+1 introduced in
(8.19) is used to determine whether the contact k is active on position level at
the end of the time step. If this contact is active, that is k € A; 1, the contact is
assumed to be active during the whole time step. Furthermore, the kinematic
quantity % is assumed to be constant within a time step Z = (t;,t;11] and to
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correspond to §Jk\,’i+17 which allows to combine (8.21) and (8.22) in integral form
as

k€A1t &N € Ngo (— / ((Avk + vag)dt + Aden)) ; (8.23)
e

where Proposition 2.4 has been used. If k € /L-H, the integral in (8.23) is zero.

At this point it is appropriate to qualitatively discuss the assumptions leading
to (8.23). For that, consider two cases. Either there is no collision in the time
interval Z and only nonimpulsive motion takes place on Z (case i) or there is
impulsive motion during the time interval Z (case ii).

(i) Purely nonimpulsive motion on Z: Since the contact is closed at the
end of the time step and there is no collision, the contact must either
have been closed during the whole time step, or it must have closed at
some t. € T = (t;,ti+1] with g,’i,(tc) = 0. In the first case, the contact
velocity ¢% vanishes on Z and by (7.20) we have &% = 0 on T justifying
the approximation. In the second case, for which the contact closes during
the time step we have ¢%(t;) < 0 and ¢%(tir1) > 0, which is at best
approximated by flk\;’i 41 = 0. This allows the integral over the contact
forces in (8.23) to be non-zero, which can capture the exact dynamics.

(ii) Impulsive motion on Z: There are one or more collisions or other events
causing impulsive motion (a dynamic catastrophe). Then we have to admit
that the impulsive part of the motion is dominating the dynamics on Z and
the nonimpulsive motion may be neglected. The error which is then made
in the nonimpulsive description by falsely considering £% to be constant is
then small and of the order of the time step. If the collision takes place
at te € Z = (ti, tir1], then €% (t, q(te), u™ (t.), u™ (t.)) is approximated by
&R (tiv1,q(tir1),u(t:), u(tiz1)). This approximation becomes exact in the
limit of At | 0.

Finally, equation (8.23) suggests a discrete normal contact law on velocity

level given by
ke€Aig1: &R € Ne- (—Pyk,iv1)

- 8.24
ke Aix1: Pnkit1=0, (8:24)

where the discrete percussion is defined by
Prniv1 = AN+ At((l —¥) AN + 'YS\N,iH) . (8.25)

Hereby, the newly introduced auxiliary force variables Ay are linked to the
approximants of the contact forces by

ame,i +(1- Oém)XN,i-H =asAn, + (1 — ap)Anitr - (8.26)
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To motivate (8.24) as an approximation of (8.23), one recognizes that the second
part of the discrete percussion (8.25) is a generalized-a discretization of the
integral of Ax over Z, see (8.11) and (8.12). This, in combination with (8.16),
indeed shows that the discrete percussion approximates the integral appearing in
(8.23), that is,

Puis ~ / ((An + vw)dt + Aydn) 27 / (AP + vydt) . (8.27)
T T

In order to state the contact law on position level, it can be observed that
(8.23) also holds if the integral is only taken over a time span (¢;,t] C Z. Moreover,
the inclusion (8.23) implies that the integral is non-negative if the contact & is
closed at the end of the time step. Since, in addition, the integral is zero if the
contact k is open at the end of the time step, it follows that

gNit1 € Nr- < - / ((Ank + vnk)dr + AdeTI)> (8.28)
(ti,t]

for all ¢ € Z. Moreover, the stabilization on position level (8.7) is approximated
by
Nt € Ne- (—pni(t)) (8.29)

for all times ¢ in Z. Finally, Proposition 2.4 is used to combine (8.28) and
(8.29) to

g}li],i+1 GNIR; ( <// ((ANk+VNk)dT+Ade77)dt+/ ,LLdet)> . (830)
7J 8] z

This inclusion suggests a discrete normal contact law on position level given by

gnis1 € No (—Rnkir1) with k=1, nx, (8.31)
together with
N At? < <
RN,i+1 = EN,i+1 + 5 ((1 —2B8)AnN,;: + 2/3)\N,i+1) . (8.32)

Hereby, the second part in (8.32) approximates the double integral of Ay using
the generalized-a method, see (8.11) and (8.12), and it therefore follows from
(8.17) that

A

RN,i+1 z// (()\N+1/N)dr+ANdn)dt+/uth,
T J(t;,t)

which confirms that (8.31) is indeed an approximation of (8.30).
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8.4. DISCRETE FRICTION LAWS
In (6.44), the friction law of the k-th contact is stated as

allcr GNCF(ANk)(_AFk) (833)

for the case where the contact is active, i.e., k € A. Using the cone property of
the normal cone, one may write (1 + e%) in front of a% in (8.33). Furthermore,
for almost all ¢ it holds that u™ (¢) = u™(t) = u(t). Hence, it follows from (6.45)
that the friction law can be equivalently written as

£F € Nowawn) (“AFk).

This reformulation of the friction law brings it in a similar form as the frictional
impact law (6.44)
Eé‘ € NCF(ANk)(_AFk) .

The following discretization process exploits that the set of admissible (nega-
tive) friction forces has the homogeneity property Cr(a) = aCr(1). Moreover,
similar as for the laws in normal direction, &% is considered to be constant on
the short time-interval Z and it is assumed to take the value

Ehivr = ER(tip1, Qi1, Wi, Wi .
Specifically, this translates to the friction law as
€§‘,i+1 S NCF(ANk(t))( - AFk(t))7 vtel.

Because E?i 41 Is constant on Z, relation (2.22), that is, Proposition 2.4 in integral
form, can be invoked, which directly gives

Eris € NCF ( I Awidt) ( - /IAFk dt> . (8.34)

For the impulsive part of the motion on Z, we similarly have the approximation
Eriv1 € Nowiaww) (— Ark(t)), VEET

and using (2.22), the impact law is casted in integral form as

E?’,i-kl € NCF(fZ At dn) ( /IAden> . (8.35)

Finally, (8.34) and (8.35) are combined by using Proposition 2.4 to

k k k
Eriv1 € NCF(L A?"th+A§'vdn) (— /I(Ath + AFdU)) )
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which motivates as approximation the discrete friction law

k€ Aip1: &hivt € Nop(Puy o) (Prr,it1)

z 8.36
ke Aivi: Prriy1 =0, ( )

where
Prit1 = Arit1 + At((l — ) Ari + ’YS\F,H-I) . (8.37)

Hereby, the introduced auxiliary discrete friction forces are linked to the actual
forces by

amAFRi + (1 — am)Arit1 = apdr + (1 — ap)Apit1 - (8.38)

Clearly, because of (8.16) and interpreting the second part of (8.37) as the
generalized-« approximation of the integral of the nonimpulsive friction forces, it
holds that

PF,iJrl ~ /(AFdT] + Ath) (GéS) /dPF .
T v

Using the discrete percussion Py +1 in (8.36) is finally justified by (8.27) since
the stabilizing Lagrange multipliers are zero for the exact solution.

Since the discrete friction law (8.36) combines the effects of nonimpulsive and
impulsive friction forces, an additional friction law is needed to distinguish these
effects and compute values for both Apg,i+1 and Apg,i+1. The friction law (8.36)
basically consists of three cases. Either the k-th contact is open (k € A;+1) and
Pri,ir1 = 0 or the contact is active (k € A;11) and one of the following two
cases holds. In the first case, the negative discrete percussion lies in the interior
of the set of admissible negative friction forces Cr(Pnk,i+1), which by the normal
cone inclusion in (8.36) implies E’f:’“rl = 0. Hence, this can be seen as the case of
sticking contact, which motivates the definition of the set of sticking contacts as

D’?il = {k € Aipr ’ £§,i+1 = 0} .

The second case is the case of slipping contact, where £§,i+l is nonzero and the
negative discrete percussion must lie on the boundary of the set Cr(Pnk,i+1)
by (8.36). Obviously the set of slipping contacts is just the complement of the
set of sticking contacts, that is, Dfﬂrl = Ai+1 \ DY,. Hence, in case of slipping
ke Dy,

We are now ready to state the remaining discrete friction law as

-k
ke Dfﬁrl DGRy € NCF()\AMYHI)(*)\Fk,i-&-l)

ke Dy Apkipr = )‘j’;k,i+l (8.39)
ke 1‘_17;+1 : >\Fk,i+1 = 07
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where A%MH denotes the element on the boundary of Cr(Ank,i+1) satisfying
k 1
apit1 € Nopo ) (AFri41) -

Moreover, 'yf” 11 denotes the evaluation at the end of the time step of the
acceleration

day e

-k _ kyT
aF(t7q7uaa)_(WF) (taq)a+ 8q (t7q7u)u+ ot (t,q,u)

In our case, the set of admissible friction forces is given by (6.46) and one can
easily verify that
ak. .
AFsid1 = — ANk i1
||aF,i+1||

In essence, the discrete friction law (8.39) corresponds to the evaluation of
(8.33) at the end of the time step, with the difference that in the sticking case,
the friction law is formulated on acceleration level. More details on this matter
can be found in Section 10.4 of Glocker [48]. This section is concluded with
the remark, that the formulation of the sticking case on acceleration level is
strictly necessary, because otherwise the two discrete friction laws would lead to
an ambiguity. Specifically, in the sticking case, (8.36) would imply &§;,, =0
and the evaluation of (8.33) at the end of the time step would imply a’}’iﬂ =0,
which are the same condition in the case of e% = 0. Hence, in that case the two
conditions collapse and create an ambiguity which does not allow to compute
AFk,i+1 and Apg i1 independently.

8.5. EXTENSION TO GENERAL VELOCITIES
The kinematic equation (6.34) is generalized to
dqg =4q(t,q,u)dt, where q(¢ q,u)=B(tq)u+B(tq) (8.40)

with u(t) € R™ and B(t,q(t)) € R™*™. Such a generalization is for example
needed in rigid body dynamics, when the orientations of the bodies are described
by unit quaternions and the components of the angular velocities with respect
to a body fixed frame are chosen as velocity parameters of the system. Another
prominent example is the use of minimal coordinates and minimal velocities for
a nonholonomic system, where typically m < n.

It follows immediately from (8.40) that

dq(t,q,u) dq + 4(t,q,u)

5a St

dgq = B(t,q)du +
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Gathering the densities with respect to d¢ after using (6.35) and (8.40) allows to
rewrite the differential measure of q as

dgq = §(t,q,u,a)dt + B(t,q)(u" —u”)dn,

where we have introduced the function

dq(t,q,u) ,

aq(t,q,u)
9q qt,q,u) + ——"—=

4(t,q,u,a) =B(t,q)a + 5

It is straightforward to see, that after introducing the stabilization as in (8.5),
the position and velocity measures result as

dg=4q(t,q,u+us)dt
dgq = §(t,q,u,a +ag)dt + B(t,q)(u" —u")dn.

By a similar reasoning as in Section 8.2, the corresponding position update
formula is retrieved as

. At? _ _
Qi+1 = Qi +Atq(ti, qi, ui)+TQ(ti»qi: u;, (1-2p)a;+28a:+1) +B(t:, q:) Qi1

and generalizes the update formula (8.13).

8.6. NUMERICAL IMPLEMENTATION

This section sums up the nonsmooth generalized-a method derived in the previous
sections and describes how every time step of the scheme can be solved numerically.
To do so, it is used that the scheme in every time step constitutes a normal cone
inclusion problem, which can be solved using the ideas presented in Appendix A.

As initial conditions of the stepping scheme, the values of the kinematic
quantities qo, uo, ag, Up and Qo as well as all discrete forces at the initial time ¢o
are assumed to be known. The initial conditions must be compatible in the sense
that they solve the discrete equations of motion as well as satisfy all constraints
at the initial time to. As initial value for the auxiliary variables the first order
approximation2 ag = ap and 5\5,0 = An,o is chosen.

Assuming that all quantities are known at the beginning of the time step, the
presented scheme is formulated as a system of nonlinear equations R(x) = 0,
where

x = (ai+1, Uit1, Qit1, Kgit1, Mgit1, Agit1; Aayitt, Aaitl, (8.41)
KN,i+1, AN,i+1, ANi+1, AFit1, )\F,H—l) .

2A more accurate initialization can be found on page 351 in [18].
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The nonlinear equations are then solved by a semi-smooth Newton method. The
computed x can subsequently be used to find the remaining quantities at the
end of the time step. Hence, the positions, velocities and percussions at ¢;4+1 are
regarded as dependent on x. In fact, one can solve (8.12) for a;+1 and use it to
compute q;+1 and u;y1 from (8.13) or its generalized counterparts of Section 8.5.
Similarly, the auxiliary contact forces can be computed from (8.26) and (8.38),
respectively. In turn, these can be directly inserted into (8.32), (8.25) and (8.37)
to retrieve the respective values of An i+1, Pn,i+1 and Prit1.

Having in mind that the just mentioned quantities depend on x, the first part
of the residual R is stated as

Mit1a41 —hip1 — EXe{g,a,N,F} Wx it1 Ax,it1

M 41Uy — er{g,a,N,F} Wx ,it1 Ax,it1

Mi+1Qi+1 — ZKE{%N}WK@HHKJH - ZRE{%F}%WR@HAR@H
R, = | 9(ti+1, it1)

g(tit1, Qit1, Witr)

G(tit1, dit1, Wit1,8i41)

a(tit1, Qit1, Wit1)

G(tit1, Qit1, Wit1, Ait1)

where the residual R = (Rs, Rec) is split into a part Rs containing all equations
except the discrete contact laws, which are contemplated in R.. Hereby, the
subscript “s” is chosen for Rs to indicate the smooth part of the residual. In
order to state the remaining part of the residual, the normal cone inclusions
arising in the discrete contact laws have to be formulated as equations. This is
done using the results from Appendix A and gives a piecewise smooth residual
Rc = (Rky, Ray, Ray, Ra,, Ry, ), which is subsequently set up part by part.

Starting with the normal contact law on position level (8.31), relation (A.5)
is used to restate the law as

RiNkit1 = —Prox,_ (rgN,isr — Bnkis1) k=1,...,nn. (8.42)

Equivalently, by (A.8) the discrete contact law (8.31) can be restated as the

residual . .
ke Aix1: R, :==gnit1=0
- - ot (8.43)
ke Aiqr: Rm\, ‘= ANk,i+1 =0,

where the k-th component Rﬁ)\, of R, is implicitly defined and where the set

KN
k A
Aiy1 = {k =1,...,nNn ‘ TgN,i+1 — ANkit1 < 0}

together with its complement A; 11 = {1,...,nny} \ Ait1 are introduced. Since
for contacts in A;+1 the gap must be closed at the end of the time step, see
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(8.43), A;4+1 contains the same contacts as A;4+1 because due to the stabilization
no contact is penetrated at the end of the time step. We can use this fact to
state the residual for the contact law on velocity level.

Again, (A.8) is used to formulate the normal contact law (8.24) as

k
ke Aiv1: Pnkjiv1 = —Pproxg- (TfN,i-H - PNk,H—l)

ke ./‘L‘.t,.l : PNk,z‘+1 =0.
Similar as before, the k-th component RXN of Ra, follows from (A.8) as

k€ Bit1: Rf\N = f?v,iﬂ =0

i ! (8.44)
ke B,‘.»,_l : RAN = PNk,iJrl = 0,
where we have introduced the set
k
Biy1 = {k € Ay | TEN,i+1 — PNiit1 < 0}
as well as its complement By = {1,...,nn}\ Bit1. Since, B;1 is the subset

of closed contacts A;+1 for which by (8.44) 51'2,7#1 = 0, the set Bi+1 and B;41
contain the same contacts. The reasoning here is similar as on position level.

Finally, it can proceeded in the same manner with the acceleration level
constraint (8.18) and state it as

ke BiJrl : )\Nk,iJrl = —pI"OXRO— (rg'lk\f,iﬂ — )\Nk:,i+l)
ke B_¢+1 t ANki+1 =0.

With this intermediate step, the k-th component RI)“\N of Ry, is then implicitly
defined by
k€ Ci+1 : RI)C\N = gﬂiH =0

, . (8.45)
ke Ci+1 : R)\N = >\Nk,i+1 = 0,
where we have introduced the set
Civ1 = {k? € Bit1 ‘ Tﬁf\r,iﬂ — ANkit1 < 0}
as well as its complement Ci11 = {1,...,nnx}\ Cit1. Again, due to the stabi-

lization and (8.45), the sets Ci+1 and C;41 contain the same contacts along the
discrete motion.

For the discrete friction laws, the procedure is the same. The inclusion (8.36)
is reformulated as

k
ke€Aiv1: Prrit1 = TPrOXc . (Pyyisn) (TEF,H-l - PFk,H—l)

- (8.46)
keAiy1: Prriy1 =0,
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where (A.5) has been used. Using (A.10) allows to implicitly define the k-th
contribution of the residual Rj, = (R,l\F7 cee RX:) as

keDily: RE, =& =0
k

Iy
keDiyi: RE, ==Prriy1+ MkPNk,iJrl# =0 (8.47)
€5, il

ke AiJrl : R/k\F = PFk,z‘+1 = 07
where we have introduced the sets
st k
Diy1 = {k € At | €Fpit1 — Prrit1 € CF(PNk,i+1)}

and DfYy = Aip1 \ DYy, Again it is clear from (8.47) that the set Dff,
corresponds the set of sticking contacts ij_l and consequently th_l to the set
of slipping contacts Df’lﬂ. This, together with (A.5), allows to rewrite (8.39) as

st -k
keDit1: Apkiyr = TPIOX oy (Angis1) (TaF,i+1 - )\F‘k,i+1)
k
1 Apit1
ke Dfﬂ Y ARk i1 = _,U/k)\Nk,z%Hki (8.48)
HaF,i+1H

ke “ii-‘rl : )\Fk,i+1 =0.

The sticking contacts which are also sticking on acceleration level are gathered
by

S.L-SJtrl = {k S 'DitH | Td{’;“,lgi,l — AFk,it+1 € CF()‘Nk,i-‘rl)}-
Moreover, let nglrl = D%\ &Y. Consequently, (A.10) allows to implicitly define
the k-th contribution of the residual Ry, = (Rip, ey R;LF\) by reformulating
(8.48) as

st k -k
ke 5’L+1 : R)\F = QR i1 = 0
&k
1 k Fli+1
ke &fi: RX, = Argit1 + ANk it 75— =0
HaF,z'+1H
ok
51 k Flit1
ke D1 RX, = AFkit1 + UEANK,i+1 7 =0
HO‘F,2'+1H

ke fii+1 : RI;F ‘= Ark,it+1 = 0.

Now that the residual R has been defined, it is evident that it is piecewise
smooth, i.e., it is smooth (differentiable) in x if the index sets Ait+1, Bit1,... do
not change in the vicinity of x. This enables us to use a semi-smooth Newton
method to solve R(x) = 0. Hence, a time step of the scheme can be summarized
as follows:
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Time step with semi-smooth Newton method:

(i) As starting value (v = 0) use the vector x° constructed like (8.41) but by
choosing the known values at the beginning of the time step.

(ii) While ||R(x")||oc < TOL, and v < MAXITER,, do the Newton update
x'T =x" — Jr(x") 'R(xY) (8.49)

and increase v by one. Hereby, Jr(x") denotes the Jacobian matrix of R
evaluated at x”, where the index sets Aiy1,Bit1,... are held constant
(equal to the sets arising in the computation of R(x")) while taking the
partial derivatives.

(iii) Solve (8.12) for a;4+1 and use it to compute q;+1 and u;4+1 from (8.13) or
its generalized counterparts of Section 8.5. Similarly, compute the auxiliary
contact forces from (8.26) and (8.38), respectively and insert these into
(8.32), (8.25) and (8.37) leading to An,it+1, Pn,i+1 and Prit1.

For the sake of completeness, remark that step 3) is only needed for output
purposes and is basically the first part of the computation of R in the subsequent
time step. Moreover, it is clear from (8.49) that the Jacobian matrix Jr must
have full rank.

For mechanical systems without friction, the here presented scheme is very
similar to the generalized-a method presented in Briils et al. [18]. The only
difference lies in the residuals describing the normal contact law on position
and velocity level. Specifically, in [18] the authors use kKnk,+1 = O instead of
:‘%Nk,iJrl =0in (8.43) as well as ANk7¢+1 = 0 instead of PNk7¢+1 =0 in (8.44).
Even though by our experience, this small difference produces if at all minimal
differences in the motion and the forces of the simulated system, it is more
than just a subtlety. In fact, replacing the contact force quantities in (8.43) and
(8.44) destroys the equivalence of the contact law formulated using the sets A;41
and B;4+1 with the corresponding discrete contact laws formulated as normal cone
inclusions.

In cases where multiple contacts with linearly dependent generalized force
directions are present in the system, the Jacobian matrix Jgr is singular. Hence,
for this kind of system the equation R(x) = 0 must be solved by a method
that does not invert this Jacobian matrix. A popular choice is to reformulate
the system R(x) = 0 such that it can be solved by fixed point iterations, see
Appendix A. For the aforementioned reformulation, the vector of unknowns is
split as x = (y, z), where

Y = (ait+1, Uit1, Qit1, Rg,i+1, Mg it1, Agit1, Na,it1, Aajitl) (8.50)

z = (knit1, ANit1, ANty ARits, Arit).
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Since y does not contain any contact forces, %—r;f can be regular despite the

presence of linearly dependent contact force directions. Assuming that this is the
case, the implicit function theorem applied to Rs(y,z) = 0 assures the existence
of a function F such that y = F(z), i.e., the tuple y can be regarded as depending
on the contact forces at the end of the time step. Moreover, it can be seen from
the derivation of the residual R. above, that it can be equivalently formulated as
z = p(y, z), where p makes use of the proximal point function. Indeed, recognize
for example that (8.43) is equivalent to (8.42) or that (8.47) is equivalent to
(8.46). This leaves us with an equation z = p(F(z), z), which can be solved using
fixed point iterations.

Numerically, the value y = F(z) can be found by solving Rs(y,z) =0 for a
fixed value of z using Newton’s method. The computed value y in turn is then
used in the fixed point iteration. Therefore, a time step of the scheme can be
implemented as follows:

Time step with fized point iterations:

(i) As starting value (v = pu = 0) use the vectors y° and z° constructed like
(8.50) but by choosing the known values at the beginning of the time step.

(ii) While ||z* — p(y°,2")||cc < TOLgp, and p < MAXITERg, do the fixed
point update:

(i) While ||Rs(y",2")||c < TOL, and v < MAXITER,, perform a
Newton step

Yy =y —Ir.(y",2") 'Ri(y", 2")

and increase v by one. Hereby, Jr,(y",z") denotes the Jacobian
matrix of Rs with respect to its y dependence.

(ii) Use the converged solution y* of step (i) to perform the fixed point
update

mt

2"t =p(y”,z").

Subsequently increase p by one and set v = 0 as well as y° = y".

(iii) Solve (8.12) for a;+1 and use it to compute q;+1 and u;4+1 from (8.13) or
its generalized counterparts of Section 8.5. Similarly, compute the auxiliary
contact forces from (8.26) and (8.38), respectively and insert these into
(8.32), (8.25) and (8.37) leading to An,i+1, Pn,it1 and Ppt1.

Last but not least, it has to be mentioned that the parameter r used in
the prox-equations as well as in the index sets A;+1,Bit1,... could be chosen
differently for every contact and even differently for the normal contact law and
the friction law of the same contact.
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8.7. EXAMPLES

In this section, the presented nonsmooth generalized-a scheme is used to obtain
the time evolution of some benchmark systems, which are all chosen such that
particular features of the scheme can be validated separately.

ROTATING BOUNCING BALL

Following [47, 102], consider a homogeneous rigid sphere of radius R = 0.1 and
mass m = 1 which is constrained to move in the (el-e/)-plane and which under the
influence of gravity with gravitational acceleration g = 9.81 falls on a horizontal
plane, see Figure 8.1. To parametrize the motion of the ball, the minimal
coordinates q = (z, y, ) are chosen, where the center of mass S of the sphere
is addressed by the representation ;ros = (, y, 0) of the position vector ros
with respect to the basis I. Moreover, the angle ¢ describes the orientation of
the sphere. The velocity parameters u = (uz, uy, u,) are chosen to correspond
to q whenever the time derivative of the coordinates exist. Consequently, the
mass matrix and the force vector are

m 0 0 0
M=[0 m 0| and h=|-mg (8.51)
0 0 6s 0

with the rotational inertia s = %mR2 of the sphere. Finally, the contact with
the plane is described by the gap function

gy =y— R and ar =us+ Ru,,

which is the relative horizontal velocity of the contact point with respect to the
plane and with (6.46) describes planar Coulomb friction. The friction coefficient
is g = 0.2 and the restitution coefficient er = 0.

To validate the presented scheme, three simulations® are instructive. For all
of them q(0) = (0, 1, 0) is set as initial configuration and u(0) = (0, 0, w) is
used, such that the ball has an initial rotational velocity w.

The first case starts from rest, that is w = 0, and ey = 0.5 is chosen. This
results in the typical bouncing motion, which exhibits the Zeno phenomenon.
The simulation result is shown in Figure 8.1 and asserts that the proposed scheme
can overcome accumulation points.

The subsequent two cases are used to test the behavior of the scheme with
respect to friction forces. For both cases, ey = 0 implying that once the contact
closes it remains closed, i.e., the post-impact velocity is u;r = 0, which allows

3Simulation parameters: © = 0.3; At = 2-1072; poo = 0.5; TOL, = 107,



156 8. NONSMOOTH GENERALIZED-o¢ SCHEME

g =
S 05) .
o
Tros ap go
ey gN
) 0 | |
ol 0 0.5 1 15

time t

Figure 8.1: Sketch of the bouncing ball system (left) and simulated time evolution
for the case where w = 0 and ey = 0.5 (right).

us to validate friction. At the closing time instant a frictional impact occurs.
Moreover, because the ball is constantly accelerated by gravitation, the pre-impact

velocity is u, = —4/2¢(y(0) — R). It then follows from the impact equations
(6.50), that the impulsive normal contact force is Ay = m+/2¢(y(0) — R) ~ 4.2.
Furthermore, after the impact the nonimpulsive normal contact force compensates
the gravitational force and therefore takes the value Ay = mg = 9.81. Depending
on the value of w, two cases arise.

In the first case, the rotational velocity is high (w = 50) and the contact
slides after the impact, implying that the friction forces attain the maximally
allowed values Ap = uAn =~ 0.84 and Arp = uAn =~ 1.96. After a period of sliding
contact, finally, the ball has slowed down enough such that a slip-stick transition
takes place and the ball begins a pure rolling motion described by the kinematic
condition vr = 0. Since the rolling motion is described by constant velocities,
no net forces occur, implying Ar = 0. Hence, at the slip-stick transition the
nonimpulsive friction force instantly jumps to zero. Figure 8.2 shows that the
described behavior of the friction forces is perfectly reproduced by the presented
generalized-a scheme.

In the second case, when the rotational velocity is small enough, the contact
sticks at impact and the ball exhibits a rolling motion directly after. As no
friction force is needed for rolling, Ar = 0 for all times. The pre-impact velocities
are u; = 0 as well as u, = w. Since the contact sticks directly after the impact,
i.e., fy}' = 0, from the impact equations (6.50) it follows that the impulsive
friction force takes the value Ap = —%me ~ —0.29. Again, this behavior is in
perfect accordance with the simulation, see Figure 8.2.
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Figure 8.2: Simulated friction forces Ar (dashed) and Ar (solid) for the cases
w = 50 (left) and w = 10 (right).

BALL IN CORNER

A ball making frictional contact with a corner is a simple case where the Newton
step (8.49) fails due to the singularity of the Jacobian matrix Jr. Consider the
ball described in Section 8.7 and assume it can get in contact with two inclined
planes with inclination angles a = 45° and 8 = 45°, respectively, see Figure 8.3.
The gap functions and the friction velocities are

_ [(—zsina+ycosa— R and  am — Uz COS O 4 Uy Sin o 4 TUy
9N = zsinf+ycosfS — R = Uy €OS B — Uy sin B+ ruy, )

For the simulation* shown in Figure 8.3, the restitution coefficients were chosen

1 ]
—
—g%
&
a 051 \ :
= \
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0 \ e
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time ¢

Figure 8.3: Sketch of the ball in corner system (left) and simulated time evolution
of the gaps (right).
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to be el = 0.5, €% = 0 and el = e% = 0 and the friction coefficients were set
w1 = p2 = 0.3. Starting at rest with q(0) = (—0.5, 1, 0), the ball will eventually
come to rest with both contacts closed. It is exactly in that situation that the
Jacobian matrix Jr becomes singular and the simulation can only be continued
with fixed point iterations as solution strategy. In Figure 8.3, this is the case for
t ~1.36.

BALL IN CYLINDER

The importance of the stabilization of the unilateral constraint at position level
can impressively be shown by simulating the ball of Section 8.7 rolling inside
a cylinder of radius R. = 1. The centerline of the cylinder is assumed to be
orthogonal to the ei-eé-plane, such that it can be identified with the point P,
see Figure 8.4. The normal contact with the cylinder is described by the gap

Figure 8.4: Sketch of the ball in cylinder system (left) and simulated time evolution
of S (right). black: generalized-« scheme, gray: Moreau’s time-stepping scheme.

function
gy = Rc — R —|[rspl|

with ey = 0. Using rn = (ns, ny, 0) to denote the components of the inward
normal n = rgp/||rsp|| of the cylinder, the tangent unit vector ;t = (n,, —n., 0)
is introduced. With that, the tangent velocity

T
ap = vgrt + Ru,

is defined, where the velocity of S is rvs = (uz, uy, 0). The friction coefficient
© = 0.1 and the restitution coefficient er = 0 are chosen. Looking at the

4Simulation parameters: r = 0.2; At = 10~%; poo = 0.5; TOL, = TOLg, = 1076,
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trajectory of S simulated® with the generalized-a scheme shows that the contact
does not penetrate. To show that contact penetration is a big issue for this
system, the trajectory of S resulting from the generalized-a scheme is compared
to the trajectory gotten from a simulation® with Moreau’s time-stepping scheme,
which does not stabilize the unilateral constraint on position level, Chapter 7.7
The comparison is shown in Figure 8.4. For the simulation the ball was assumed
to start from rest with q(0) = (—0.9, 1, 0).

PAINLEVE ROD

It is well known that during the sliding motion of rigid bodies over a rough
surface, a “frictional dynamic catastrophe” can occur, that is, impulsive motion
which is not the result of a collision. This phenomenon, called Painlevé paradox,
is for example studied in [46, 47, 78], where the following benchmark system
is used. Consider a rigid homogeneous slender rod of mass m = 1, length 2l

ot
T

velocity u,

time ¢

Figure 8.5: Sketch of the Painlevé rod (left) and simulated time evolution of the
angular velocity of the rod (right).

and rotational inertia 05 = %le, where [ = 1. As shown in Figure 8.5, the rod
moves in the ei—eé—plane and is under the influence of gravity with gravitational
acceleration g = 10. Describing the orientation of the rod by the angle ¢, the
minimal coordinates q = (z, y, ¢) are chosen, where the center of mass S of the
sphere is addressed by rros = (z, y, 0). Using the natural velocity coordinates u
corresponding to g almost everywhere, the mass matrix and the force vector of
the system have the form (8.51). The contact of the rod’s tip with the ground is

5Simulation parameters: r = 0.3; At = 107%; poo = 0.5; TOL, = 1076,

SParameters for Moreau’s time-stepping scheme: r = 0.3; At = 10~ 2; TOLg, = 1079,

"Because the vector h is constant, Moreau’s time-stepping scheme and the symmetric
Moreau-type scheme of Chapter 7 coincide.
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described by
gy =y —lsing and ar =u; —luysing.

The friction coefficient is set to u = 5/3 and exy = ep = 0 is used to model
inelastic impact behavior. With the initial conditions q(0) = (0, Isin(¢o), ©o)
and u(0) = (v, 0, 0), the rod’s tip is initially in contact and the rod slides with
an initial inclination of ¢o = 31° and an initial horizontal velocity v = 30. As
analyzed in [47], this sliding motion eventually results in detaching of the contact.
This detaching comes with a blowup of the accelerations and nonimpulsive contact
forces, which is seen as an impact. The blowup of the accelerations leads to
vertical asymptotes in the velocities, which constitute problems for integration
schemes. However, since the asymptote is just an isolated singularity, event-
capturing schemes with constant time step might overcome these blowups, as
they do not try to fully resolve it. The simulation® result in Figure 8.5 shows that
the presented generalize-a scheme can indeed deal with the Painlevé paradox.

GUIDED HOPPER

The suitability of the presented nonsmooth generalized-a scheme for the simula-
tion of flexible multibody systems is demonstrated by simulating a guided hopper.
It consists of a vertically guided main body of mass M = 3, which is addressed
by the coordinate y. At the hip H with ;ron = (zo, y, 0) a rigid homogeneous
rod of mass m = 1.56, length L = 0.2 and rotational inertia #s = 8.5 - 1073
around the rod’s center of mass is attached to the main body. Herein, xo is
the arbitrary horizontal position of the guidance. The orientation of the rod is
prescribed by the angle «(t) which is a given function of time. A straight planar
Euler—Bernoulli beam [39] with undeformed length L is connected to the knee K
of the rod by an actuated rotational joint with prescribed actuation angle 3(t).
For the linear elastic beam the axial stiffness EA = 1.89 - 107, the bending
stiffness EI = 14.2 and the mass line density ¢ = 0.71 are chosen. Moreover,
following [58], the centerline of the beam is discretized with B-Spline shape
functions. Using the parameter £ € [0, 1] to parametrize the beam and denoting
the generalized coordinates of the beam by qp, a point C' on the centerline of
the beam is addressed by roc (€, qp). The generalized coordinates q = (y, qb)
of the hopper as well as the auxiliary quantities d = rox — roc(0,qp) and
¢ = L(rxm,Toc(0,qp)) are introduced, where (-)’ denotes the derivative with
respect to €. With these quantities, the bilateral constraints composing the knee
joint are

el -

d
g=|ey-
=5
8Simulation parameters: = 0.1; At = 8 - 10~%; poo = 0.9; TOL, = 1075,
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Finally, the contact of the endpoint P of the beam with the horizontal plane is
described by

gy =e) -roc(l,qy) and ap =ek-ve(l,qn, ab),

where v is the velocity of the centerline and corresponds to the time derivative
of roc almost everywhere. The contact parameters are set to ey = er = 0 and
w=0.2.

!

1072

percussion P
o
T
|

0.5 0.52 0.54 0.56 0.58
® time ¢

Figure 8.6: Sketch of the guided hopper (left) and simulated time evolution of
the percussions (right). black: P, gray: +uPn.

For the simulation,” the system is initially assumed to be at rest with
y(0) = 0.31. Moreover, the beam is undeformed initially. For the actuation
angles

at) = g - %(1 —cos(4rt)) and B(t) =7 — 2a(t)
have been chosen and gravity is contemplated by the gravitational acceleration
g = 9.81. The percussions, plotted in Figure 8.6, show that the generalized-«
scheme can cope with the complex contact dynamics arising in multibody systems
containing flexible parts and time dependent bilateral constraints. This makes

the presented scheme well suited for engineering applications.

TIPPETOP

The tippetop consists of a spherical main body at which a stick is attached.
Starting form the standing position with the stick pointing upwards and with

9The generalized-a scheme with the following parameters was used: r = 0.15; At = 5-107°;
poo = 0; TOL, = 1075, The beam was discretized by two elements of polynomial degree 2
and 5 Gauss quadrature points were used.
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high spinning velocity around its symmetry axis, the top inverts and spins on the
stick. Since the spinning velocity decreases due to dissipation, the top tumbles
back to the standing position after a while.

Let Ry = 1.5-1072 be the radius of the sphere with center C characterizing
the main body of the top. The rounded end of the stick is described by a sphere
of radius Rz = 5- 1072 and midpoint Cs. The two midpoints as well as the top’s
center of mass S lie on the axis of symmetry of the top and the distances between S
and the points C7 and C2 are a; = 3 - 1072 and as = 1.6 - 10727 respectively,
see Figure 8.7. The position of the top is described by the components ;ros of
the position vector of S with respect to the resting basis I. To characterize the
orientation of the top, we introduce the body fixed K-frame such that eX lies on
the symmetry axis of the top and points towards the stick. The transformation
matrix Ajg = (Ief Ief Ief) is then parametrized using a unit quaternion p.
Hence, the configuration of the top is described by q = (;ros, p). The generalized
velocity u = (;vg, k) is composed by the representations of the velocity vg
of S and the angular velocity of the top €2 with respect to the bases I and K,
respectively. As mentioned in Section 8.5, this choice leads to a model with the
generalized kinematic equation (8.40). The relevant quantities B, 8, M and h
describing a so parameterized rigid body under the influence of gravity is found
in [109].

The mass of the top is m = 61072 and the representation of the inertia tensor
is the diagonal matrix x®g = diag(l1, I1, I3) with 1 =8-107" and I3 = 7-107".

angle 6

time ¢

Figure 8.7: Sketch of the tippetop (left) and simulated time evolution of the
angle 0 (right). Black: presented model, gray: Moller et al. [88].
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To describe the contact between the ground and either the main body (i = 1)
or the stick (i = 2), the gap

i I
gv = e, -roc, — I;

is used. The friction between the top and the ground is modeled as Coulomb—
Contensou friction [75], which uses the friction velocity

e, VP,
"Y;;' = eZ’I/ ' VP@ I (852)
3tR I
“ee.
where vp, = vo, — RiQ x el denotes the velocity of the respective contact

point and R =5-10"* denotes the assumed contact radius. For both contacts,
ev =er =0 and u = 0.3 are used. It is shown by Moller et al. [88] that using the
friction velocity (8.52) together with the set of admissible friction forces (6.46)
results in a good approximation for the Coulomb—Contensou friction law used
for the tippetop simulation in Leine and Glocker [75].

For the simulation,'® the top is initially at the position ;ros(0) = (0, 0, 20)
with zo = 1.2015-1072 and is inclined by the angle 8(0) = 0.1, where 6 denotes the
angle between el and eX that is, el -eX = cos 6. The center of mass S is assumed
to be at rest while the top spins with initial angular velocity € = (0, 0, 180).
To assure that the quaternion p remains a unit-quaternion, p is normalized after
every step.

It is apparent from Figure 8.7 that the simulation results using the presented
scheme are in line with the results of Moller et al. [88]'!. This shows that the
presented scheme is well suited for mechanical systems with spatial friction as
well as models with a general kinematic equation (8.40).

19Simulation parameters: r = 0.001; At = 1-10"3; poo = 0.5; TOL,, = 10-96.
1 Parameters for Moreau’s time-stepping scheme: r = 0.001; At = 10~ %; TOLg, = 1076,
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Conclusions and Outlook

In this monograph, the mathematical description and the simulation of mechanical
systems with frictional contact have been discussed. Thereby, the complete line
of thought which underlies the mechanical modeling process has been addressed,
i.e., the development of a geometric mechanical theory, its application for the
description of a specific system and the temporal discretization of the dynamical
equations needed for the simulation of the system. Furthermore, bridging the
gap between theoretical and engineering mechanics has been a particular aim of
this thesis. To that end, the vector space formalism of engineering mechanics
has been retrieved as a local representation of the geometric theory. Changing
the perspective, it can be stated that the presented mechanical theory provides a
mathematical-theoretical superstructure to engineering mechanics.

The presented mechanical theory is founded on the concept of the Galilean
manifold, which is used as a model for both the physical and the configuration
space-time. Based on the ideas of Loos [82], the mathematical foundations of
the theory have been elaborated in Chapter 4. In particular, the interrelation
between nonlinear connections, action forms and the coordinate independent
description of non-autonomous second-order ordinary differential equations on
Galilean manifolds has been worked out in detail. Moreover, the similarities
and differences between the geometry of Galilean and Riemannian manifolds,
employed for the coordinate independent description of autonomous second-order
ordinary differential equations, has been discussed.

With the aim of bringing the presented theory closer to the classical mechanics
literature, the geometric theory is based on three postulates, which in essence
correspond to the laws of motion given by Newton. This is in contrast to
the approaches of Loos [82] and Winandy [127], who base their theory on the
postulation of the action form of the mechanical system. Furthermore, the
presented theory extends the work of Winandy [127] as it not only treats the
dynamics of the system on the configuration space-time, but also links the
system’s dynamics to the motions of the particles constituting the system.
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It has been a main goal of this thesis to bring engineering and theoretical
mechanics closer together by embedding the framework of engineering mechanics
in a geometric theory for finite-dimensional mechanical systems. The main benefit
of having such a theoretical superstructure is that the geometric theory rigorously
distinguishes between physical quantities by assigning distinct mathematical
objects to them. In doing so, the physical properties of the quantities are encoded
into the mathematics, which allows to precisely ascertain the role of different
physical concepts in mechanics. In certain cases, this can help to relieve some
obscurity which traditionally adheres to physical concepts such as for example
inertia forces. In that spirit, some aspects of the presented theory have to be
discussed in more detail, e.g.,

e The presented theory makes no use of the concept of inertial frame.
A proper definition of inertial frame has to be given. Moreover, the
interrelation between the inertial frames and the resting field have to be
studied.

« In continuum mechanics, see for example [63], the velocity and acceleration
are often defined with respect to an observer, such that with the change
of observer also the notions of velocity and acceleration change. This has
farreaching implications, particularly when it comes to the definition of
objective (observer independent) rates of deformation. In this dissertation,
the velocity and acceleration are linked to a reference field and are thus
independent of the observer. It has to be inspected if the presented
distinction between reference field and observer can be of benefit and how
it relates to the other notions of observer found in mechanics.

Another benefit of the geometric theory is that it allows to study the mechanical
concepts with the tools of differential geometry. In Section 5.10 for example,
the condition for bilateral constraints to be holonomic is given by Frobenius’
theorem, which is a purely mathematical result. However, since the geometric
theory comprises the formalism of engineering mechanics, the conditions given
by Frobenius’ theorem could be translated for the use in engineering mechanics.
Specifically, the two equivalent conditions (4.6) and (4.9), which are formulated in
vector-matrix notation, have been derived as local representations of the geometric
conditions provided by Frobenius’ theorem. In that spirit, it is important to
pursue the work of retrieving classical results within the geometric framework
such that they can be studied with the machinery of differential geometry and the
results can be transferred to the engineering world. In particular, the following
research tasks are identified:

e In classical mechanics, results such as the Noether’s theorem, Liouville’s
theorem or the Hamilton—Jacobi equation play an important role for the
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study of mechanical systems which are only subjected to potential forces.
Hence, within the presented geometric mechanical theory on Galilean
manifolds, coordinate-free versions of these results have to be found.

e It is known in classical mechanics, that for a mechanical system which is
subjected to ideal holonomic bilateral constraints, one can find minimal
coordinates such that the system’s dynamics has the form of a free system,
i.e., the constraint forces do not appear in the minimal description. The
coordinate-free statement of this circumstance is given by Proposition 5.3.
Similarly, if the constraints are ideal but nonholonomic, it is known that
one can find minimal velocity coordinates, and hence a reduced state-space,
such that the constraint forces do not appear in the minimal description.
The coordinate-free version of this statement has to be established and
studied in detail.

e Several technically important mechanical systems have a configuration
manifold, that is, submanifolds of simultaneous events of the configuration
space-time, which may be identified with a Lie group. In that case, it has
to be studied how the Lie group structure can be exploited to reformulate
the principles of mechanics. For example, it has to be investigated if the
results of Chapter 13 in Marsden and Ratiu [84] can be retrieved in the
context of Galilean manifolds.

The numerical schemes derived in Chapters 7 and 8 are event-capturing
schemes, which have been developed to alleviate some of the deficits of the most
widespread schemes such as Moreau’s time-stepping scheme. Specifically, these
weaknesses are the first-order accuracy, the numerical contact penetration and
the high level of numerical dissipation. In general, a better performance comes
along with more computational costs. For instance, the presented generalized-«
scheme is of second-order accuracy during impact free time intervals and exhibits
no numerical contact penetration. However, the dimension of the normal cone
inclusion problem that has to be solved at every time step is three times larger
than the one of Moreau’s time-stepping scheme. These considerations lead to
the following research tasks:

e In Chapter 7, piecewise linear ansatz functions have been used to derive
numerical schemes for mechanical systems with frictional contact. To
arrive at higher-order schemes, ansatz functions which are piecewise
polynomials of higher-order can be used. However, in that case, it is not
immediately clear how to discretize the contact laws accordingly, which
has to be investigated.

e To make the presented nonsmooth generalized-a scheme computationally
more efficient, different strategies for the solution of the normal cone
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inclusion problem, which constitutes a time step of the scheme, have to
be evaluated.

e A thorough comparison between the presented generalized-a scheme and
the schemes of [28, 43] has to be done. Special attention should be given
to the effects resulting from the different formulations of the friction law,
which here is included on velocity and acceleration level whereas [28, 43]
rely on a formulation on position and velocity level.

e Since flexible multibody systems with large rotations are often studied
in the Lie group setting, see [9], the presented nonsmooth generalized-a
scheme has to be adapted for the time-integration of the dynamics of
systems with frictional contact described on a Lie group.

The development of mechanics always profited from a symbiotic relation
between engineering and science. Engineering often provides the fundamental
equations and the working principles of the different branches of mechanics, which
are then precisely stated within a mathematically rigorous framework. This
process is particularly fruitful if it is iterative and if the insights of mathematics
find their way back to engineering. It has been the aim of this dissertation to
contribute in both directions. On the one hand, a geometric mechanical theory
has been developed, which allowed to retrieve new insights for engineering, e.g.,
the conditions in vector-matrix notation that can be used to assert whether a
set of bilateral constraints is holonomic. On the other hand, a novel nonsmooth
generalized-a scheme for mechanical systems with frictional contact has been
proposed and numerically evaluated. However, a rigorous convergence proof for
the scheme is missing, which is a typical task of numerical mathematics rather
than engineering.
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Normal Cone Inclusion Problems

The presented schemes for mechanical systems with frictional contacts in every
time step results in a normal cone inclusion problem, that is, a set of nonlinear
equations stemming from the discretization of the dynamics together with normal
cone inclusions, which are invoked by the discrete contact laws. Hence, finding a
numerical solution to a time step of the presented scheme in essence corresponds
to finding a numerical solution to

y € Ne(—z) with Rs(y,z) =0, (A.1)

where Rs : R® x R™” — R"™ is an implicit relationship between y and z. An
extensive collection of solutions strategies for (A.1) can be found in Acary et al. [4].
In what follows, we limit ourselves to two strategies based on the reformulation of
the normal cone inclusion as an equation including the proximal point function.

For a closed convex non-empty set C' C R"™, the proximal point function is
defined by

1 *
prox. : R" - R", p+ q = arg min (||p—p ||2) , (A.2)
p*eC 2

which maps a point p to the closest point q € C, where the distance between
the points is measured by the Euclidean norm ||.||. It is immediately clear from
(A.2) that prox.(p) = p if and only if p € C. Using the just defined proximal
point function, it can be shown that two points x and y fulfill the normal cone
inclusion

y € Ne(x), (A.3)

if and only if they satisfy the equation
X = proxg(x + ry) (A4)

for any r > 0, see [76].
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Using the equivalence of (A.3) and (A.4) allows to reformulate (A.1) as
z = —proxg(ry —z) with Rs(y,z) =0, (A.5)

which reduces the problem of finding the solution of (A.1) to numerically finding
the solution of a nonlinear equation.

The equation (A.5) can for example be used to define a residual R=(Rs, Rc),
where

Re(x) :=z+ prox(ry —z) =0 (A.6)

with x = (y, z). Due to the presence of prox., the residual R is continuous
but nonsmooth, hence (A.6) can be solved using the semi-smooth (nonsmooth)
Newton method as presented by [4] and [7], where in the Newton update

XV+1 _ XU _ JR(XU)—IR(XU)

any regular element Jr(x”) of the generalized Jacobian 0R(x"”) can be used.
The semi-smooth Newton method reduces to the Newton method whenever R is
differentiable. In that case, Jr(x"”) is the Jacobian matrix of R at x”.

Solving (A.6) with the semi-smooth Newton method has two drawbacks if
Jr(x") is computed by finite differences. Firstly, the accuracy of the Jacobian
strongly depends on the parameter r. Moreover, using finite differences to
compute Jr(x") at a point where R is not differentiable generally leads to an
arbitrary element in OR.(x"”). Hence, we have no control over which element of
OR(x") is ultimately used for the Newton update.

As a remedy, we can use an active set formulation to treat (A.6), which relies
on the specific knowledge of the set C'. In our case, the two sets of interest are
R, and Cr(R).

For R, , the proximal point function is piecewise given as

peRy : PIroXg - (p)=p
=0.

p¢ Ry : proxg (p) (A7)

It follows immediately from using (A.7) in (A.6) that the residual in (A.6) is
equivalent to
ry—z€Ry: Rc:=y=0

A8
ry—z¢Ry: Re:=2=0, (A-8)

where we abstain from the bold notation as all variables are scalar. Proceeding
all the same for the set C'r(R), the proximal point function is piecewise given by

p € Cr(R): proxc, g)(P)

=P
p ¢ Cr(R): proxg, g (p) = Rﬁ. (A.9)
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Moreover, using (A.9) in (A.6) allows to reformulate the residual equivalently to

ry—z€Cpr(R): Rci=y=0
ry—z¢Cr(R): Rc:=z+R% =0, (A.10)

where the fact that z + Rﬁ = 0 is solved by z = —ng—l‘ has been used.
Furthermore, ry — z ¢ Cr(R) implies with z € Cr(R) that ||y|| > 0. In these
active set formulations of (A.6) the parameter r is only present in the activation
condition of the residuals and does not affect the accuracy of the computation of
the Jacobian by finite differences. Moreover, since the active set formulation gives
direct access to the non-differentiable points of the residual, we can choose to not
switch between the two pieces of the residual during the numerical differentiation
process, which leads to a well-behaved Jacobian and a more robust scheme.

Another popular strategy to solve (A.5) is the use of fixed point iterations,
see [7] or [120]. For that, the implicit function theorem on Rs(y,z) = 0 is used,
which guarantees the existence of a function F such that y = F(z). Hence, the
fixed point iterations follow as

2" = —prox, (rF(z") — z"),

where generally F is not known analytically and y” = F(z”) must be found
numerically by solving Rs(y”,z") = 0 for y” while treating z” as a constant.
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