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Chapter 1

Introduction

Active materials, sometimes also called “smart“ materials, play a crucial role
in today’s technology. Their properties can be altered dynamically, and often
reversibly, by applying an external stimulus. This makes it possible for them
to be used as active components in technical and biomedical systems. Some
examples are piezoelectric materials, which are used as pressure sensors and
as actuators for small length scales in scientific equipment as well as braille
displays. Switchable glass allows for windows, whose opacity can be controlled
according to weather conditions to reduce the energy consumption of a building.
Shape-memory alloys are materials, which can be deformed plastically and then,
triggered by heat, return to their original shape. They are used in micro-invasive
surgery, for examples, as stents.

Of particular interest for biomedical applications are soft matter systems.
The typical length scale for these systems ranges from nanometers to microme-
ters. Typical energy scales, for instance for the interaction between components
of the system, or for a deformation of the system, are comparable to the thermal
energy at room temperature. As a consequence, the behaviour of soft matter
is controlled not only by energy but also by entropy, and thus, the dynamics of
soft matter is influenced by Brownian motion or fluctuations. Some examples
for soft matter are colloids, polymer melts and gels, as well as many biological
objects, such as cells and DNA.

Designing active soft matter can be achieved by including components which
react to changes in the chemical environment or to external fields. This the-
sis is concerned with magnetic soft matter, so-called ferrofluids and ferrogels.
A ferrofluid is a colloid, i.e., a carrier fluid into which magnetic particles are
immersed. By applying an external magnetic field, the effective interaction be-
tween the magnetic particles is altered, which in turn changes the properties of
the fluid. In the case of magnetic gels, the magnetic particles are not embedded
into a simple fluid but rather into a matrix of cross-linked polymers. This re-
sults in a combination of magnetic and elastic properties, allowing the materials
to deform in external magnetic fields. Ferrofluids are currently used in many
engineering applications, such as seals and loudspeakers. They are also consid-
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6 CHAPTER 1. INTRODUCTION

ered for medical applications such as drug delivery systems and for overheating
cancer cells. Magnetic gels have also been considered as drug delivery systems,
and as actuators.

Ferrofluids have been well researched over the past decades, and many of
their properties are now understood. One of the current research interest is
therefore to further tailor their properties in order to have a large variety of
systems to chose from for potential applications. This can be achieved by mod-
ifying the magnetic particles suspended in the carrier liquid. For instance, mag-
netic ellipsoids and rods have been used. Within this thesis, a model system is
studied which helps to understand the behaviour of magnetic particles with an
additional anisotropy. The so-called shifted-dipole particles (SD-particles) are
spherical particles which carry a non-central magnetic moment. This anisotropy
strongly changes the ground states for interacting particles as well as their be-
haviour in suspensions. SD-particles are closely related to colloidal particles
with magnetic caps as well as to particles with embedded magnetic spots, both
of which have been synthesized recently.

Far less is known on the microscopical situation in magnetic gels. These ma-
terials can be synthesized and it has been observed that they deform in external
magnetic fields. However, the results are contradictory. While some systems
elongate in the direction parallel to the magnetic field and shrink in the per-
pendicular directions, in other experiments, the opposite is observed. Also, de-
pending on the details of the synthesis, the microscopical situation can be very
different. For example, the coupling between the magnetic particles and the
polymer matrix can range from a simple excluded volume interactions to being
chemically bound together. To get a better understanding for the deformation
mechanisms present in magnetic gels, in this thesis, simulation models are devel-
oped which can be used to illustrate and study these mechanisms individually.
It is shown that the different deformation mechanisms lead to qualitatively very
different properties in the deformation. Also, the mechanisms have different
pre-requisites. In some experimental systems, they may even co-exist.

Computer simulations are a helpful tool for these research areas, as they
allow studying systems with a high degree of complexity under precisely con-
trolled conditions. Also, it is possible to change many details of the simulation
model, e.g., the interaction between particles, in order to study their influence
on the resulting system properties. In this way, for instance, deformation mech-
anisms in magnetic gels can be studied individually, even though they co-exist
in an experimental system. In this thesis, molecular dynamics and Monte Carlo
simulations on the coarse-grained level will be used. The smallest length scale
covered by the simulations is on the order of nanometers. By neglecting chemical
details, it is possible to capture the properties of the systems on experimentally
relevant length scales within acceptable computation times.

The thesis is structured as follows: First, some background information
about the synthesis, application and properties of magnetic soft matter will be
provided in chapter 2. Then, in chapter 3, the simulation techniques used in
this thesis will be discussed and put into context. Chapter 4 deals with shifted
dipole particles. In a first step, the ground state of two and three interact-
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ing SD-particles will be examined in detail. Monte Carlo simulations are then
used to study the ground states of up to six particles, and an estimate for the
ground state energy of larger clusters will be provided. It will also be shown
that some of the ground states observed are similar to so-called “magic num-
ber cluster“ observed for colloidal particles with magnetic caps. It will be seen
that the properties of the ground states can also be observed in suspensions of
SD-particles at finite temperature. A cluster analysis is used to quantify the
aggregation behaviour of the particles. The second part of the chapter is ded-
icated to SD-particles in an external magnetic field. We will again begin by a
study of ground states, in which it will become apparent that the presence of a
magnetic field will force the dipole moments of the particles into a configuration
which is not favorable with respect to the dipole-dipole interaction. Only for
dipole moments located close to the surface of the particles, the ground state
changes to a configuration which is beneficial for the dipole-dipole interaction
but not for the dipole-field interaction. An optimization of those two contri-
butions to the energy is not possible at the same time. This means that an
external magnetic field inhibits the formation of clusters. This observation is
indeed made when studying suspensions of SD-particles at finite temperature in
an external magnetic field. While the presence of the field increases the cluster
size for particles with central dipoles, the opposite is found for SD-particles. The
magnetization curves of the suspension will show, how the magnetic field first
has to break up the clusters in the suspension, before the dipoles can be aligned
to the field. This results in an initial susceptibility that for some parameters
is lower than the one expected for non-interacting dipoles. This behaviour has
never been observed in ordinary ferrofluids. It will also be shown that this
reduction in susceptibility is caused by interactions within the clusters rather
than by the cluster-cluster interaction. A more detailed and technical summary
of the findings can be found on page 93.

In chapter 5, two simulation models for magnetic gels are developed and stud-
ied, which focus on different mechanisms for a gel’s deformation in an external
magnetic field. The first model, which is studied in two dimensions, consists
of cross-linked polymers represented by a bead-spring model. The network is
made magnetic by assigning a magnetic moment to a fraction of the beads. This
model is suitable for describing a situation with a high density of strongly in-
teracting magnetic particles which are loosely bound to the polymer chains. In
particular, it mimicks the case, in which there is no coupling between the poly-
mers and the orientation of the dipole moments. It will be shown that gels of
this kind deform by a change in the average interaction between the dipoles due
to their alignment induced by the application of an external magnetic field. The
accompanying change in microstructure will be observed from two-dimensional
plots of the pair-correlation function between the magnetic particles. It will
be observed that the total area of the gel decreases, when it is placed into a
magnetic field. The deformation is anisotropic: while the system elongates in
the direction parallel to the field, it shrinks in the perpendicular direction. Due
to the magnetic moments being located along the polymer chains, an enhanced
magnetic response of the system will be observed.
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The second half of the chapter is dedicated to another kind of magnetic gels,
in which there is a strong coupling between the polymers and the orientation
of the magnetic moments. This can be achieved, by chemically binding the
polymers to specific spots on the surface of magnetically hard particles. As
several chains are connected to each magnetic particle, the magnetic particles act
as cross-linkers of the network. A corresponding model will be studied, both in
two and three dimensions. When a gel of this kind is placed into a magnetic field,
the magnetic particles cross-linking the network turn to align their magnetic
moments to the field. This results in a strain on the polymer chains attached
to them. In order to release the strain, the network as a whole shrinks. It
will be shown from plots of the boundary of the model gel that this shrinking
is isotropic in two dimensions, while the system shrinks significantly more in
the direction parallel to the field, when it is considered in three dimensions.
The elastic properties of the three-dimensional model are measured by fitting a
linear elasticity model to a series of stress-strain measurements. It is found that
the gel becomes significantly more stiff, when a field is applied. The Poisson
ratio is strongly affected by a change in the network structure. The magnetic
response of this model is found to be hampered, as an alignment of the magnetic
particles implies the creation of a stress on the polymer chains. A detailed and
more technical summary of the findings can be found on page 136. The thesis
ends with a summary and outlook in chapter 6.

Prior Publications of the Author

Parts of this thesis have been previously published in peer reviewed journals.
The content from the following publications co-authored with J. Cerdà, S. Kan-
torovich, M. Klinkigt and C. Holm is included in the thesis.
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• M. Klinkigt, R. Weeber, S. Kantorovich, and C. Holm. System of particles
with shifted magnetic dipoles. Magnetohydrodynamics, 47:143, 2011.

• Rudolf Weeber, Sofia Kantorovich, and Christian Holm. Deformation
mechanisms in 2d magnetic gels studied by computer simulations. Soft
Matter, 8:9923, 2012.

• Marco Klinkigt, Rudolf Weeber, Sofia Kantorovich, and Christian Holm.
Cluster formation in systems of shifted-dipole particles. Soft Matter,
9:3535, 2013.

• Rudolf Weeber, Marco Klinkigt, Sofia Kantorovich, and Christian Holm.
Microstructure and magnetic properties of magnetic fluids consisting of



9

shifted dipole particles under the influence of an external magnetic field.
J. Chem. Phys., 139(21):214901, 2013.

The following publications co-authored by R. Weeber are not part of this
thesis. With the exception of the diploma thesis, they appeared in peer reviewed
journals.

• Rudolf Weeber. Dynamic simulations of colloids and their interactions.
Diplomarbeit, University of Stuttgart, 2008.
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Chapter 2

Magnetic soft matter -
background

2.1 Introduction

The field of magnetic soft matter comprises a wide range of materials, among
them ferrofluids, magnetorheological fluids and magnetic gels. All of these sys-
tems are composed of magnetic particles and a carrier. In the case of ferrofluids
and magnetorheological fluids, this carrier is a liquid like oil or water. In mag-
netic gels, on the other hand, the carrier is a polymer network, immersed often
in an other solvent.

Magnetic soft matter is of interest in research and engineering due to the
ability to control the properties of the material by an external magnetic field.
While the behaviour of ferrofluids and magnetorheological fluids is dominated
by the magnetic interaction between the nanoparticles, in ferrogels, the elastic
interaction of the polymer matrix is also relevant.

In this chapter, the basic microscopic and macroscopic properties of magnetic
soft matter systems will be discussed, along with their applications. Emphasis
will be put on systems based on magnetic nanoparticles, as they are the focus of
this thesis. In a first step, we will talk about ferrofluids and magnetorheological
fluids, and then continue with a discussion of magnetic gels.

2.2 Ferrofluids and magnetorheological fluids

2.2.1 Introduction

Both, ferrofluids and magnetorheological fluids consist of magnetic particles
immersed in a carrier fluid. The difference lies in the size of the particles, and
their magnetic properties. Ferrofluids contain magnetic nanoparticles with a size
on the order of ten nanometers. These particles consist of a single ferromagnetic
domain, and therefore show super-paramagnetic behavior: each particle has a
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12 CHAPTER 2. MAGNETIC SOFT MATTER - BACKGROUND

permanent magnetic moment, but the orientation of the moment is random,
as long as no external magnetic field is applied. Therefore, the ferrofluid as a
whole has no net magnetic moment. This changes, when an external field is
applied. Then, the magnetic moments tend to be aligned parallel to the field,
and the ferrofluid becomes magnetized. Details of the magnetic response will
be discussed in Sec. 2.2.7.

Magnetorheological fluids, on the other hand, consist of micron-sized parti-
cles. These particles consist of more than one ferromagnetic domain. As a field
is applied, the domain walls move and thereby, the total magnetic moment of
the particles changes. Hysteresis behaviour can also be observed in the magnetic
response. Due to the larger size of the particles, Brownian motion and diffusion
is less important in these systems compared to ferrofluids.

2.2.2 Applications

Magnetic fluids are interesting materials for applications in engineering, science
and medicine. Most applications are based on the fact that magnetic fluids can
be controlled by an external field, or that microscopic properties of the fluid
can be probed by measuring the magnetic response of the material. Magnetic
fluids are used, or evaluated for use, for instance, as seals around rotating shafts,
in loudspeakers, in shock dampers with controllable stiffness, as drug delivery
systems, for the overheating of cancer cells, and for detecting specific cells, like
bacteria.

To seal a rotating shaft, a ferrofluid is held in place around the axis by a
permanent magnet. The axis can then rotate with low friction, and the seal
remains intact for pressure differences up to one bar[73]. In loudspeakers, the
magnetic fluid is used to cool the voice coil. Again, it is used, because it can be
held in place with a permanent magnet[73].

The ability to direct the motion of magnetic fluids by external magnetic
fields is used in the context of drug delivery systems. A drug, for instance, a
chemotherapeutic agent, is attached to the surface of the magnetic particles,
and the magnetic fluid is then injected into the blood stream. Then, it can be
directed to specific parts of the body by applying external magnetic fields[74].
At the target location, the drug is released, e.g., by making the binding between
drug and magnetic particles specific to the chemical environment, or by heating
the magnetic particles by means of an externally applied AC-field.

As cancer cells are more sensitive to heat than healthy cells, the heating of
magnetic particles by means of an AC-field itself can also be used as a sup-
porting therapy[74]. This is called hyperthermia. Depending on the size of the
magnetic particles, different physical mechanisms are responsible for the heat-
ing. For particles with an internally fixed magnetic moment, which respond
to an external field by a rotation of the entire particle, friction is caused with
the surrounding fluid, when the particles rotate. For larger particles with sev-
eral ferromagnetic domains, the energy is dissipated as the domain walls move
within the particle as a response to the change in the external field.

Magnetic particles can also be used for separation purposes[74]. For these
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applications, the magnetic particles have to be coated with an agent capable of
binding to the objects which should be separated. This can be, e.g., bacteria
or viruses. After the target objects have bound to the magnetic particles, they
can be separated out from the remaining suspension by applying a strong field
gradient. Then, while the field gradient holds the magnetic particles in place,
the rest of the suspension can be flushed out.

By coating them with antibodies, magnetic particles with an internally fixed
magnetic moment, can also be used to monitor the kinetics of antibody re-
actions[18]: Those particles which have already bound to the antibody have a
longer rotational relaxation time than those particles which have not yet reacted,
due to an increased hydrodynamic radius. This, in turn leads to a shift towards
lower frequencies in the imaginary part of the frequency dependent magnetic
susceptibility.

2.2.3 Materials and synthesis

Generally, magnetic fluids consist of the magnetic particles and a carrier fluid.
Materials, often used for the cores of magnetic particles are magnetite (Fe3O4)[73]
and maghemite (G-Fe2O3)[31]. In many ferrofluids, these materials appear to-
gether[15]. Another possibility is using metals instead of metal oxides, for in-
stance iron and cobalt. This is advantageous, when particles with higher sat-
uration magnetization are required[15]. A common synthesis method is co-
precipitation of iron salts in an alkaline medium[59]. The multi-emulsion tech-
nique is based on two micro-emulsions in which aqueous droplets are stabilized
in an oil by means of a surfactant. In one of the emulsions, the droplets contain
an iron salt, while in the other emulsion they contain an alkali. The emulsions
are then mixed to form the particles[15]. After the particles have formed, they
need to be stabilized to prevent their agglomeration and sedimentation. This
can be achieved either by steric repulsion, i.e., by covering the particles with a
polymer coating, or by electrostatic stabilization[59, 73].

2.2.4 Basic model for magnetic nanoparticles

For the following overview on the structure and the magnetic properties of
ferrofluids, it is helpful to first introduce a basic model. For many scientific
questions, ferrofluids are best understood on the particle level. I.e., one considers
a system of interacting magnetic particles and represents the carrier liquid as
a thermal bath. In some cases, like for the study of field-dependent viscosity
(magnetoviscous effect, [66, 72]), it is also necessary to include hydrodynamic
interactions between the particles.

For a standard ferrofluid, the magnetic nanoparticles are modelled as soft or
hard spheres with point dipoles located at their centers. Hence, they interact
by the dipole-dipole interaction

Udd = −µ0

4π

[
3
〈mi, rij〉〈mj , rij〉

r5
ij

− 〈mi,mj〉
r3
ij

]
(2.1)
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where mi and mj are the dipole moments of the particles, and rij denotes the
distance between their centers. For two particles, the most favorable config-
uration is the head-to-tail configuration, in which the dipoles of the particles
are co-aligned, and the dipole vectors are parallel to the vector connecting the
particles’ centers. A secondary local minimum is observed, when the dipole mo-
ments are aligned anti-parallel and the vector connecting the particles’ center is
orthogonal to the dipole vectors. These configurations become local and global
maxima, when the sign of one of the dipoles is flipped.

Due to their size being in the nanometer range, the nanoparticles in ferroflu-
ids are strongly affected by thermal motion. The microstructure of ferrofluids is
therefore strongly determined by the relative importance of the dipolar interac-
tion and the thermal energy. This ratio is measured by the dipolar interaction
parameter

λ =
µ0m

2

4πσ3kBT
, (2.2)

where µ0 is the vacuum permittivity, m denotes the particles’ dipole moment, σ
their diameter, and kBT is the thermal energy. The parameter λ compares the
energy per particle due to the dipole-dipole interaction for two touching parti-
cles in the head to tail configuration to the thermal energy. For the magnetic
particles to show notable structure, λ needs to be higher than approximately
two. For lower interaction parameters, the formation of clusters is very rare,
but correlations between neighboring particles can still be observed. In common
ferrofluids, λ ranges from one to five. Typical volume fractions for the magnetic
nanoparticles in ferrofluids range from two to twenty percent.

2.2.5 Experimental methods

The structure of ferrofluids is difficult to probe experimentally, as the fluids
normally are opaque and the structures are smaller than optical wavelengths.
One approach for obtaining information about the microstructure of ferroflu-
ids is small angle neutron scattering[72]. Neutrons carry a magnetic moment
and therefore interact not only with the nuclei in the material being examined,
but also with the magnetic moments. From neutron scattering experiments,
the so-called structure factor can be obtained, which is the Fourier transform
of the pair correlation function. This function contains information about the
positional correlation of magnetic particles. It can also be obtained from the-
oretical studies and computer simulations[76]. Small-angle x-ray scattering can
also be used to measure correlations in ferrofluids. In contrast to neutrons, x-
rays interact with the electron density in the ferrofluid. The signal is caused by
the contrast between the carrier fluid and the magnetic particles. By means of
two-dimensional measurements, the anisotropy created by applying an external
field, can be observed. In suspensions of non-spherical particles, the anisotropy
created by an orientation of the particles and the anisotropy created due to the
formation of clusters, can be distinguished [57]. X-ray measurements are also
used to gain insight on the composition and crystal structure of the nanoparti-
cles themselves [52].



2.2. FERROFLUIDS AND MAGNETORHEOLOGICAL FLUIDS 15

For a quasi two-dimensional system, namely, a thin film of ferrofluid, the
micro-structure on the particle length scale can be observed directly[11, 52].
The cryogenic transmission electron microscopy method works by freezing a
thin film of fluid so quickly that the positions of the magnetic nanoparticles
are maintained. Then, an image is recorded by means of transmission electron
microscopy. The resulting images show that chains and branched structures ex-
ist in layers of ferrofluid, if the magnetic moment of the particles is sufficiently
large. The anisotropy in ferrofluids can also be detected optically. Light polar-
ized parallel and perpendicular to an applied magnetic field is absorbed by the
suspension to a different degree. The refractive index of the fluid also becomes
dependent on the plane of polarization. This effect is called birefringence[87].

In addition to the techniques mentioned so far, many properties of ferroflu-
ids can also be determined from the magnetic response, both, due to constant,
and time-dependent fields. For instance, the size distribution and the mag-
netic relaxation mechanism (Sec. 2.2.7) can be determined from the magnetic
AC-susceptibility of the system. The magnetic relaxation behaviour can also
be used to determine the local viscosity of the carrier. From static magnetiza-
tion measurements, the size distribution of the particles can be estimated by
comparing to theoretical results[42].

2.2.6 Microstructure of ferrofluids

The term microstructure in the context of ferrofluids refers to structures occur-
ring in the position and magnetic moment of the embedded nanoparticles, such
as the formation of clusters. It is important to look at these structures, because
they determine the macroscopic properties of the suspension and help to pre-
dict them through simulations and theoretical models. The microstructure of
ferrofluids is determined mainly by two factors, namely, the interaction energy
of the dipoles, and by entropy. As mentioned above, the dipolar interaction
energy is quantified by the dipolar interaction parameter λ (Eqn. 2.2). For a
typical particle size of 10nm, both, maghemite and magnetite particles are only
weakly interacting, magnetically. Hence, fluids of these particles behave similar
to non-magnetic colloidal suspensions, as long as no external field is applied[31].
Nevertheless, the behaviour of neighboring particles is correlated to some degree
due to the long-range nature of the dipolar interaction. Metal-based nanopar-
ticles, on the other hand have a higher saturation magnetization[15]. When
the dipolar interaction between particles becomes significantly larger than the
thermal interaction, the microstructure of the fluid changes. In this case, the
magnetic particles form dimers, chains and rings or more complex structures[31].

The following discussion will be limited to ranges of density and dipolar in-
teraction energy, which are accessible experimentally. Also, focus will be put on
cluster-formation which is relevant for the study of special magnetic nanoparti-
cles in Sec.4.

The cluster structure of ferrofluids can only be determined directly in thin
films by means of cryo-tem experiments [11, 52]. In three dimensions, only in-
direct measurements, e.g., of structure factors, are possible. Hence, most of the
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following discussion is based on computer simulations of dipolar hard and soft
spheres, and on analytical work.

From simulations it is known that the size of clusters of magnetic nanoparti-
cles increases both with an increasing density and the dipolar interaction param-
eters[12, 94]. The shape of the clusters is determined by the dipolar interaction
parameter and the density. In an infinite volume, the energetically most fa-
vorable configuration for a set of magnetic particles is a ring with tangentially
oriented dipole moments[75]. In addition, at temperatures above zero, rings are
the predominant structure for low densities[84]. Chain-like clusters, which have
a slightly less favorable energy, start to appear in suspensions at higher densi-
ties, This emergence of chain-like structures is accompanied by a decrease in the
occurrence of rings, since they have less entropy[12]. As the densities increases
further, the chains connect to a network-like structure, which can span the
cell[12, 11, 86, 37]. When the density is increased even further, the suspension
is best characterized by a dense interacting fluid, and the concept of clusters is
no longer adequate[12, 50].

In an external magnetic field, the microstructure of a ferrofluid changes dras-
tically. As the magnetic moments of the particles tend to all to be aligned in
the direction parallel to the field, chain formation is much more likely. Thus,
the clustering of magnetic nanoparticles is increased[94]. Also, the formation
of rings is suppressed, as in such a configuration, a large fraction of the dipole
moments would have an unfavorable alignment with respect to the field. The
formation of chains in the direction parallel to the field results in many prop-
erties of the fluid becoming anisotropic. Examples are the structure factor[67],
optical properties[87], and shear viscosity[66, 72]. The structure of a ferrofluid
can change completely, when the applied magnetic field is time dependent. For
instance, the formation of layered states has been observed[44].

Although density and dipolar interaction are the key factors determining the
microstructure of ferrofluids, it is also influenced by the dimensionality of the
system and by the shape of the nanoparticles. The latter will be discussed in
detail in chapter 4.

2.2.7 Magnetic response

External magnetic fields, both constant and time dependent, can be used to con-
trol magnetic fluids, but also to probe their properties. It is therefore important
to understand how the ferrofluids, and in particular, the magnetic nanoparti-
cles, respond to an external field. As a first step, the magnetic response of a
single nanoparticle will be discussed. Then, the additional collective effect due
to other nanoparticles in the suspension will be addressed.

There are two mechanisms, by which the dipole moment of a magnetic
nanoparticle aligns to an external field. The magnetic particle as a whole can
rotate and thereby align its moment to the field. This mechanism is called Brow-
nian relaxation. It is more dominant, the larger the particles and the higher the
magnetic anisotropy energy in the particle. Particles, for which this mechanism
dominates, are called “magnetically hard“. The second mechanism is called
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Néel relaxation. When the magnetic anisotropy energy of the particle is small
enough, the magnetic moment can re-orient within the particle. This mecha-
nism is important in small particles with small anisotropy constants. Which
mechanism is most relevant is determined by their associated relaxation times.
Due to the difference in relaxation times for the two relaxation mechanisms,
it can be determined from magnetic spectroscopy, which of them occurs in a
particular ferrofluid.

The magnetic response of a ferrofluid to an external field is measured in
terms of its magnetization. This quantity is defined as

M =
∑
i

〈mi, Ĥ〉, (2.3)

where mi denote the magnetic moments in the system and Ĥ is the unit
vector parallel to the external magnetic field. When considering only non-
interacting magnetic particles, the magnetic response of the suspension is given
by the Langevin curve. It is derived by writing the partition function for non-
interacting dipole in an external magnetic field,

Z =

2π∫
0

dφ

θ∫
0

sin θe
−µ0mH cos θ

kBT , (2.4)

where H is the magnetic field and m the particle’s dipole moment. Then,
the derivative of the free energy with respect to the external field, ∂F/∂H, is
evaluated to obtain the magnetization. The Langevin law for magnetization is
given by

ML(α) = Ms

[
coshα

sinhα
− 1

α

]
, (2.5)

where α = µ0mH
kBT

is called the Langevin parameter and compares the interaction
energy between the dipole and the field to the thermal energy. Thus, it is a
dimensionless measure for the strength of the external field. The parameter Ms

denotes the saturation magnetization
When the interaction between the magnetic moments in the system is taken

into account, the magnetic response of the system changes. At the most coarse-
grained level, a mean-field approach can be used to describe this change. In the
model, it is assumed, that each dipole feels not only the external magnetic field,
but additionally a field created by the average magnetization of the other dipoles
in the system. The resulting magnetization curve is obtained by replacing the
external field by the effective field:

M(α) = Ml(α+ cMl(α)), (2.6)

where Ml(α) denotes the Langevin magnetization (Eqn.2.5), and the constant
c describes the influence of the average magnetization. It can be derived ana-
lytically for a dilute suspension of weakly interacting particles[43]. For a three-
dimensional system, we have c = 4π/3. When the dipolar interaction of the
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nanoparticles, or their density increases, models to describe the magnetic re-
sponse of the ferrofluid need to take the formation of clusters of particles into
account. For example, an expression for the magnetization curve is available for
a ferrofluid with chain aggregates[32].

Qualitatively, in most cases, the magnetization is increased by the interaction
between dipoles. As the dipoles in the system align parallel to the external
field, the effective field felt by other dipoles is larger than the external field.
Suspensions of shifted-dipole particles, discussed in this thesis in chapter 4 are
a notable exception.

The mean field model described above can explain the magnetic response
of dilute ferrofluids with weak dipolar interactions. In systems with higher
density or a strong dipolar interaction between magnetic particles, the magnetic
response tends to be even stronger. In these systems, even in the field free
case, the particles form chain-like clusters. When a field is applied, neighboring
particles in the chain have a strong influence of each other. When the field is
applied, the chain as a whole aligns to the field.

2.3 Ferrogels and ferroelastomers

2.3.1 Introduction

To further enhance the properties of magnetic fluids, it is possible to replace
the carrier liquid by a polymer gel matrix. The resulting composite material,
magnetic particles embedded in a gel, is called a ferrogel or magnetic gel. The
interesting properties of these materials result from an interplay between the
elasticity of the gel matrix and the magnetic interaction between the magnetic
nanoparticles. The possibility to influence the gel matrix, through controlling
the nanoparticles by an external magnetic field, makes ferrogels a promising
class of materials for applications such as actuators, artificial muscles and drug
delivery systems. The applications will be discussed in more detail in Sec. 2.3.3.
Part of the following discussion was previously published together with S. Kan-
torovich and C. Holm in Ref. [97].

The properties of magnetic gels are determined by three factors, namely,
the magnetic nanoparticles, the polymer matrix, and the coupling between the
polymer matrix and the nanoparticles. Both, magnetic fluids and polymer gels
are today used on an industrial scale. They can be synthesized in many different
variants and many of their properties are understood. The key to understanding
and tailoring magnetic gels, on the other hand, lies especially in an understand-
ing of the coupling between the magnetic nanoparticles and the gel matrix.

Several kinds of coupling between magnetic particles and gel matrix are
possible. The least direct coupling is found in gels, in which small portions of
ferrofluid are enclosed in “pockets“ formed by the polymers. Such a system
can, for instance, be built by tri-block co-polymers. When such a gel is formed
in a pre-existing ferrofluid, it is assumed that the magnetic nanoparticles are
enclosed in pockets. Within these pockets, the magnetic particles are assumed
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to be relatively free in their motion. A more direct coupling is possible, when an
attraction exists between the polymer chains and the magnetic nanoparticles.
In this case, the polymer chains would tend to follow the motion of the magnetic
nanoparticles to some degree. Finally, a very strong coupling can be achieved by
chemically binding the polymer chains to the surface of the magnetic particles.
This can be achieved by functionalizing the magnetic nanoparticles such that
they bind to the polymers[68]. In this way, even the rotation of the magnetic
particles is coupled to the gel, as the torque is transmitted to the matrix through
the chemical bond. A review article on these systems can be found in Ref. [36].

While it is very likely that these kinds of couplings can be found in ferrogels,
it has to be emphasized that this is at present not experimentally verifiable.
Hence, the discussion is, to some degree, speculative. However, the fact that
the details of the polymer-nanoparticle coupling is experimentally not accessible,
makes it even more important to understand how different coupling mechanisms
influence the deformation in a magnetic gel.

2.3.2 Deformation of ferrogels in magnetic fields

The deformation of magnetic gels in an external magnetic field is very important,
both for the actuation and the drug release applications. Therefore, in this
section, three mechanisms for a gel’s magnification will be discussed along with
their specific requirements in terms of the material’s microstructure.

Firstly, one end of the gel can be fixed and a field gradient can be applied[24].
As the magnetic nanoparticles are driven to a region with a higher field strength,
the gel will deform. The shape change in an inhomogeneous field takes place in
less than a second and can reach a relative deformation of 40%. The amount of
deformation is not linear in the magnetic field strength. Instead, a jump occurs
once a certain field level is reached[24].

While the deformation of a gel in a field gradient is straightforward, it might
not be possible to fix one end of the gel in all situations, for instance, for a
gel capsule carrying a drug in a blood vessel. Hence, it is important to achieve
deformations of a ferrogel also in a homogeneous field. Such a deformation has
indeed been observed experimentally for a spherical magnetic gel sample[27].
Hence, the second and third deformation mechanism discussed here, deal with
a shape change in a uniform field.

The second mechanism relies on a change of the average interaction between
the magnetic particles in an external field, which does not need to have a gra-
dient. When no field is applied, the magnetic particles in the gel are randomly
oriented. Hence, on average, their net interaction is zero. This changes, when an
external field is applied. Then, the magnetic moments of the nanoparticles are
aligned to the field direction, resulting in a net interaction between them. What
deformations result from these interactions, depends on the detailed structure of
the gel and on the coupling between magnetic particles and polymers. When the
magnetic particles are locked in position in the matrix, and only affine deforma-
tions of the gel are possible, there will be an attraction between the particles in
the direction parallel to the field and a repulsion in the perpendicular direction.
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This case has been studied using a Monte Carlo method in Ref. [100]. In
the simulations, spheres carrying a dipole moment are first free to move and
rotate. This phase models the equilibration of a ferrofluid. A magnetic field
can be applied in order to structure the ferrofluid anisotropically, prior to cross-
linking. Then, mimicking the cross-linking of the polymer network within the
ferrofluid, the translational degrees of freedom of the particles are frozen. The
particles can, however, still rotate. The gel is able to deform in an affine manner,
i.e., for each Cartesian direction, all particle coordinates are multiplied by the
same scaling factor. In the measurement phase, the average deformation of the
system is observed, when an external field is applied. The field here can be either
parallel or perpendicular to the field which was applied before the cross-linking
took place. The system parameters are chosen to model a gel based on magnetite
particles. Due to the relatively weak magnetic interaction, a deformation on
the order of one percent is observed. The system’s elastic moduli, which are
measured from the fluctuations in the gel’s deformation, however, change on the
order of ten percent.

Affine deformations have also been studied analytically for gels in which
the ferroparticles within the gel are placed on a regular lattice[39]. Through
a variation of the lattice constants in the different Cartesian directions, the
particle configuration can be made “isotropic“, “chain like“‘, and “‘plane like“,
respectively. Here also, a contraction in the direction parallel to the field is
observed for all particle distributions.

When non-affine deformations are taken into account, on the other hand,
the magnetic particles have more freedom of motion. In an external magnetic
field, they will re-arrange their local configuration and, for instance, form chains.
This can lead to different deformation behaviour, as will be shown in Sec. 5.2.
One approach to studying the deformation of magnetic gels taking into account
non-affine deformation, is the finite element method. The corresponding equa-
tions have been obtained in Ref. [78]. Based on such a simulation, the influence
of the local magnetic particle structure in a gel has been studied in two dimen-
sions[90]. In the study, magnetizable particles are randomly placed in a plane,
and a linear magnetization response is assumed. The plane is filled by a linear
elastic medium. By means of a cluster analysis, the particles can be subdivided
into two categories: isolated particles and particles which are part of a cluster.
The deformation of the sample is then studied separately for the two subsets,
resulting in a contraction parallel to the field for the isolated particles and an
expansion for the clusters. The conclusion is that both the local particle struc-
ture as well as taking into account non-affine deformations are important for an
accurate description of ferrogel deformation.

A macroscopic description of the deformation of magnetic gels due to the
magnetic interaction has also been developed. Two contribution to a gel’s free
energy in a magnetic field are considered, namely an elastic and a magnetic
one[80, 105, 40]. Here, the elastic contribution is the amount of energy required
to deform the gel from its initial shape to a different one. The magnetic con-
tribution arises from a change in demagnetization energy, when the sample is
deformed: due to the anisotropic nature of the interaction between the micro-
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scopic dipoles in a magnetized material, different shapes of material are not
equally favorable, energetically. Just as the magnetization of the sample is
linked to the externally applied magnetic field, so too is the demagnetization
energy.

In the most basic case, a linear magnetization relation is used. The gel is also
assumed to be initially spherical, and to deform into an ellipsoid of revolution,
i.e., an ellipsoid with two equal semi-axes. Then, all energy contributions of the
free energy can be written in terms of the aspect ratio of the ellipsoid. The final
shape of a gel in a magnetic field is obtained by minimizing the free energy with
respect to this ratio, and an elongation of the sample in the direction parallel
to the field is observed.

Several enhancements to the basic macroscopic model are available. First,
the theory can be generalized by only requiring the initial shape of the sample
to be an ellipsoid of revolution[79]. Second, it has been shown that the final
shape for an initially ellipsoidal sample is not an ellipsoid, so that this assump-
tion should be dropped[80, 79]. Third, some information about the microscopic
structure of the sample can be added.

In one approach, this is achieved by considering the change of the magnetic
susceptibility due to the local particle configuration within the sample[105]. In
this way, it becomes possible to distinguish between gels with a random particle
configuration and a gel with chain-like aggregates, as it would be generated
when a magnetic field is applied during the cross-linking process.

In a second theory[39, 40], the magnetic particles within the sample are
assumed to be located on the sites of a cubic lattice. One can change the
lattice constant for each Cartesian direction independently, thereby making the
local particle configuration from isotropic to either chain-like or plane-like. For
these lattices the magnetic contribution to the free energy contribution can be
calculated and used in the model described above.

In summary, the deformation mechanism is based on the change of the in-
teraction of magnetic particles in an external field. It depends on a high density
of magnetic nanoparticles and a strong interaction between them. It does not
depend on a coupling of the nanoparticles’ rotational degrees of freedom to the
polymer matrix. Hence, this mechanism can be present for weaker couplings
between nanoparticles and polymers and for nanoparticles, the magnetic mo-
ment of which is re-aligned by the Néel mechanism. Based on the literature,
one needs to take into account the local configuration of magnetic particles, the
possibility for non-affine deformations, and the sample shape.

The third deformation mechanism relies on the transmission of the torques,
which a field exerts via the magnetic nanoparticles onto the polymer matrix.
For this mechanism to appear, the magnetic moments in the nanoparticles have
to react by means of the Brownian mechanism, i.e., through the rotation of the
particle as a whole. Additionally, for the transmission to occur, a strong coupling
of the rotational degree of freedom of the nanoparticles and the polymers has to
exist. This can be achieved, as mentioned above, by binding the polymer chains
to specific spots on the surface of the nanoparticles. When these conditions are
met, in an external field, the magnetic particles rotate as a whole to align with
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the field. As the polymer chains are anchored on the surface of the particles,
they wrap around the magnetic nanoparticles. This leads to a deformation of
the gel as a whole. This deformation scheme is explored further in the computer
models, described in Secs. 5.3 and 5.4.

A one-dimensional, analytically solvable model for a gel with such a coupling
between the polymer chains and the magnetic particles has been proposed in
Ref. [5]. In the model, the orientation of magnetic moments of the nanoparticles
is fixed during “cross-linking“ of the gel, by applying a strong external mag-
netic field. This results in an orientational memory. Any further rotation of
the magnetic moments results in an energy penalty. Once the cross-linking is
done, the external field is removed, and the dipole moments re-align to minimize
the energy. The paper focusses on the configuration of the magnetic moments
due to the orientational memory. Depending on the initial configuration, either
all magnetic moments are co-aligned, or a spiraling configuration is observed.
The elastic properties of a gel with an orientational coupling between the mag-
netic particles and the polymers have been studied using molecular dynamics
simulations in Ref. [20]. The gel is described as a two-dimensional network of
polymers, represented by a bead–spring model. Some of the beads are assumed
to be magnetic. This is incorporated by applying a magnetic torque to some of
the bonds in the network. The resulting system shows auxetic properties, i.e.,
it extends in the direction perpendicular to an applied stretching. In chapter
5, models based on molecular dynamics simulations are developed to study the
deformation of a magnetic gel in a homogeneous field based on the second and
third mechanism, described above.

2.3.3 Applications of magnetic gels

Most applications for which ferrogels are considered, fall into two categories,
namely transport and actuation.

In transport applications, the hydrogel component is used to carry a payload,
such as a drug, whereas the magnetic nanoparticles can be used to control the
motion of the sample as well as the release of the payload in the target area.
Magnetic gels can, for instance, be used for water treatment. Ref. [92] discusses
gellan based gel beads loaded with iron oxide particles, which can take up heavy
metal ions through surface adsorption and ion exchange. After the beads have
absorbed the ions from the contaminated water, they can be held in a magnetic
field gradient, while the water is flushed out. By a similar principle, antibodies
can be concentrated from a solution[55]. Here, the gel spheres are covered with
the target of the antibody. Once the antibodies have attached to the gel, the
gel is removed from the solution by magnetic separation. Gel beads can also be
used to carry a substance to a desired place. It is possible to cover the surface
of gel beads with enzymes, such that they remain active[54]. A magnetic field
gradient can again be used to move these beads.

For drug delivery systems, the magnetic properties of ferrogels can not only
be used to accumulate the carrier in the target area, but also to control the
release of the drug. Scaffolding based on a magnetic gel, with large pores on the
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order of microns, has been created[104]. The gel contains iron oxide particles,
which in a field, deform the network. Through on-off cycles, a “pumping“ can
be achieved. This increases the release rate of the drug.

Many hydrogels are thermo-sensitive, i.e., properties like their stiffness strongly
depend on temperature. Tri-block-copolymers, which only form a gel above a
certain temperature, are considered as injectable delivery systems[77]. Above the
critical temperature, the polymers form micelles with hydrophobic cores, mak-
ing the material an interesting system for the delivery of hydrophobic drugs.
Due to the iron oxide particles included in the gel, a deformation occurs in a
magnetic field, which increases the release rate of a drug.

There also exist gels with an inverse thermal behaviour. A gel was cre-
ated[35] based on gelatin, which has a transition from a gel to a globular state
at approximately 40 degrees Celsius. The gel is loaded with a drug and with
magnetic nanoparticles. Then, an AC-field with a frequency on the order of
100 khz is used to significantly increase the rate with which the drug is released.
This release can take place either by a “shaking“‘ of the magnetic particles, or
because the magnetic particles are heated by the AC-field. This heat will push
the gel towards the transition point and increase the diffusivity of the enclosed
drug. It is not clear, which of the two mechanisms dominate.

The second main application for magnetic gels is actuation. The ability of
the materials to deform in an external magnetic field makes them interesting
for devices such as artificial muscles. As has been discussed in Sec. 2.3.2, the
deformation can either result from a field gradient, or in the case of a homo-
geneous field, from changes in the average interaction between the magnetic
particles and the coupling between the orientation of the magnetic particles and
the polymers. However, in many experimental systems, it is not completely
clear, which mechanism is at work, because not enough is known about the
material’s microstructure.

Various types of motion are possible. For instance, a finger-like bending
can be achieved by creating a magnetic gel with a concentration gradient for
the magnetic particles. When a field is then applied perpendicular to the con-
centration gradient, a stronger contraction occurs in the region with a higher
magnetic particle concentration. This leads to a bending of the material[81].
A torsion actuator can be constructed, by synthesizing a gel with magnetically
hard particles and a strong coupling between the magnetic particles and the
polymers in an external field. When the gel has formed, the orientation of the
magnetic particles’ anisotropy axis is locked, due to the interaction between
the magnetic particles and the polymers. An applied field perpendicular to the
anisotropy axis then results in a torsional deformation[71].





Chapter 3

Simulation techniques

In this chapter, the simulation techniques used within this thesis will be ex-
plained and put into context. In Sec. 3.1, an overview of simulation approaches
for different time and length scales is introduced. Sec. 3.2 is focussed on Monte
Carlo techniques, while molecular dynamics is discussed in Sec. 3.3. The chapter
is concluded with a discussion of simulated annealing in Sec. 3.5.

3.1 Techniques for different time and length scales

Depending on the dominant time and length scale of a system that is to be
studied by means of computer simulations, different simulation techniques have
to be used. These rely on different governing equations and principles. By
choosing a level of detail for the simulation, one typically has to make a trade-
off between accuracy and simulation time.

Full quantum mechanical simulations are only possible for a small number
of atoms, up to approximately 100. They use the Schrödinger equation as
basic principle. A prominent method is density functional theory, which relies
on two key components. Firstly, the Hohenberg-Kohn theorem[30] states that
there is a unique electron density for a quantum mechanical ground state and
that the ground state electron density minimizes the energy of the system.
The second component is the Kohn-Sham algorithm[53], which maps the many
particle Schröedinger equation into an equation for a single particle moving in an
effective potential created by the electron density and an additional potential
mimicking the exchange and correlation effects between the electrons. In an
iterative procedure, an improved electron density is generated from the solution
of the single particle equation. This new electron density is then used as input in
the potential of the next solution of the Schrödinger equation. In many cases, the
quantum mechanical calculation is only applied to the electrons. The position
of the nuclei is obtained by determining the forces on them from the electron
density. The molecule’s structure can than be optimized, by displacing the
nuclei in the direction of the force acting on them and repeating the quantum
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mechanical calculations for the electron density. This procedure is repeated,
until the force on the nuclei is smaller than a tolerance value.

When larger systems are to be studied and quantum mechanical details are
not that important, so-called atomistic simulations are employed. In these sim-
ulations, the atoms are represented as classical point particles interacting via
potentials. These potentials can either be obtained from results of quantum
mechanical calculations or they can be empirical. In the latter case, the param-
eters of simple potentials like the Lennard-Jones interaction (Eqn. 3.45) are fit
by matching the properties of the system to experimental results.

In the field of atomistic simulations, the most important methods are molec-
ular statics and molecular dynamics. Molecular statics is used to find minima
in the energy of the configuration of a system. It is used, for instance, to find
the precise arrangement of atoms in the ground state of a molecule, of which
only a rough structure is known. Molecular dynamics, on the other hand, aims
to simulate a system in a thermodynamic ensemble rather than in the ground
states. Typical ensembles are the micro-canonical ensemble (NV E), in which
the number of particles, the volume and the energy are conserved, and canoni-
cal ensembles with constant temperature and either constant volume (NV T ) or
constant pressure (NpT ). Basically, molecular dynamics simulations work by in-
tegrating Newton’s equations of motion. Then, additional procedures, so-called
thermostats and barostats, are used to maintain a thermodynamic ensemble.
MD simulations can consist of up to millions of particles. Typical length and
time scales reached in atomistic simulations are nanometers and nanoseconds.

When even longer time and length scales are of importance for understand-
ing a system, atomistic MD simulations are no longer practicable. On the
other hand, on longer length scales, certain chemical details can often be ne-
glected. This allows for a more coarse-grained view of the system which is the
basis for coarse-grained molecular dynamics and Monte Carlo simulations. Two
approaches are possible to obtain a coarse-grained model. In systematic coarse-
graining, small parts of molecules are aggregated into single particles. Then,
the effective potentials for these particles are obtained from correlation measure-
ments in the full atomistic simulation. The second approach is to empirically
create a simplified system, by, e.g., representing a polymer by a simple bead-
spring model. While systematic coarse-graining is necessary, if the influence of
chemical details needs to be preserved to some degree, empirical coarse-graining
is more appropriate for fundamental studies which often do not apply to a spe-
cific material.

In the process of coarse-graining, the solvent molecules are typically no longer
explicitly included in a simulation. This is possible, because in many systems
the solvent only plays the role of providing Brownian motion, friction, and in
some cases of adding hydrodynamic interactions. Hydrodynamic interactions
become relevant, e.g., in drag experiments with optical tweezers [29, 96, 82]
and electrophoresis [88]. To include them without explicitly simulating a large
number of water molecules, hydrodynamics solvers like Lattice Boltzmann, dis-
sipative particle dynamics, or stochastic rotation dynamics can be employed.
In a Lattice Boltzmann simulation [17], the Boltzmann transport equation is
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solved on a discrete grid for discretized populations of velocities. A collision
operator is used to guarantee that the velocity distribution converges to the
Maxwell distribution. In stochastic rotation dynamics [63, 64] (which is also
called multi particle collision dynamics) small packets of fluid are represented
as particles. In each time step, the system is split into cells. Then, in each
cell, momentum is exchanged between the fluid particles, while leaving the total
momentum in each cell constant to preserve the global flow profile. Dissipative
particle dynamics [33, 25] also is a particle based method. It works by adding
random forces as well as velocity-dependent friction forces on pairs of particles.
Due to the fact, that pairs of forces with opposite signs are always added to pairs
of particles, the total momentum is conserved. This is contrast to a Langevin
thermostat (Sec. 3.3.3), which does not conserve momentum, as it operates on
single particles.

These hydrodynamic schemes can be coupled to molecular dynamics sim-
ulations, by either simply exchanging momentum between fluid and immersed
particles depending on their relative velocities, or by enforcing a partial-slip or
no-slip boundary condition for the fluid at the particles’ surface.

Coarse-grained molecular dynamics simulations can reach time scales of sec-
onds and length scales of up to 100 µm. If still a larger system is to be considered,
it is often possible to view it as a continuum and describe it by elastic equations.
In this range of parameters, finite-element methods can be applied.

3.2 Monte Carlo methods

3.2.1 Introduction

Monte Carlo simulations are based on the principle of evaluating average quan-
tities by drawing a random sample from the configuration space. In the context
of statistical physics this means that ensemble averages can be obtained by
drawing a representative set of states from the given thermodynamic ensemble.
The desired observable is then calculated from the representative set. As Monte
Carlo methods do not rely on a physical equation of motion, they are primarily
suited for statical measurement. The advantage of not using a physical equation
of motion is that the configuration space can be sampled more quickly in some
cases. This way, unphysical changes can be applied to the system in order to
more quickly sample the phase space as long as the sampling process respects
the thermodynamic ensemble.

3.2.2 The Metropolis algorithm

The configuration space of many systems in statistical physics is very high di-
mensional. In consequence, an explicit numeric integration of the partition
function is typically not possible. However, in many cases, the knowledge of
the partition function is not necessary to study a physical problem. Often, it is
sufficient to determine the value of thermodynamic averages. For this purpose,
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random samples have to be drawn from the configuration space of a system
under consideration. These samples have to follow the desired distribution. In
the case of a thermodynamic system in the NV T -ensemble this is the canonical
distribution.

A common technique to achieve this, is the Metropolis algorithm [69], which
here is introduced based on the explanation given in Ref. [25].

The Metropolis algorithm employs an iterative procedure to traverse the
configuration space: starting from an initial state, the system is slightly altered.
Then, according to the probability distribution, the new state is either accepted
or rejected. When the move is accepted, the next iteration starts from the new
configuration, otherwise another modification of the previous configuration is
tried next. After a large number of iterations, the ensemble average is then
obtained by averaging over all the configurations obtained.

To find the rule for accepting or rejecting a move for a given probability
distribution, we consider an ensemble of M Monte Carlo simulations. When
these simulations are in equilibrium, the number of simulations in the states x
and y have to match the probabilities P (x) and P (y) given by the probability
distribution being sampled. During each iteration of the algorithm, a number
of simulations will leave the state x for an other state. At the same time, a
number of simulations will enter the state x coming from other states. For the
equilibrium to be maintained, the number of simulations leaving and entering
a state must be constant. One possibility for meeting this condition is detailed
balance. We have

P (x)p(x→ y) = P (y)p(y → x), (3.1)

where p(x → y) and p(y → x) denote the transition probabilities between the
states x and y.

By rearranging Eqn. 3.1, it can be seen that the ratio of the transition prob-

abilities p(x→y)
p(y→x) depends only on the ratio of the probabilities in P . This means

that the normalization factor of the probability distribution, in thermodynamic
ensembles, this is the partition function, does not have to be known.

Detailed balance can be fulfilled by choosing the transition probability as
unity if the target state is more probable than the current state and as p(x →
y) = p(y)/p(x), otherwise. In the canonical ensemble, the ratio of probabilities
is given by the Boltzmann factors

p(y)

p(x)
=
e−E(y)/(kBT )

e−E(x)/(kBT )
= e−δE/(kBT ). (3.2)

Here, E(x) and E(y) denote the energy of the states x and y and δE the energy
difference between the states. The fact that only an energy difference is required
in order to determine the transition probabilities is employed to accelerate the
simulation. In many cases, the trial configurations are calculated in such a way
that δE is obtainable without recalculating the energy of the entire system. For
instance, in an ensemble of particles interacting only by pair potentials, a single
particle can be moved. Then, only the interaction of this particular particle
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with the rest of the system has to be re-evaluated. The interactions between all
other pairs of particles is not affected by the move.

3.2.3 Move generation

The main advantage of Monte Carlo simulations, as mentioned above, is the
possibility to use “unphysical“ moves to efficiently sample the configuration
space. Hence, the method of move generation is very important for the efficiency
of the simulation.

The most basic moves are single particle moves, in which the position or ori-
entation of a single particle is altered. In the Monte Carlo simulations discussed
in this thesis, a new position of a particle is generated by adding Gaussian
distributed random numbers:

x† = x+W (0, δt), (3.3)

where W (0, δt) denotes Gaussian distributed random numbers with a mean of
zero and a variance of δt. In a dilute system, in which particle interactions have
a strength comparable to the thermal energy,

√
δt is chosen comparable to the

particle radius at the beginning of simulations. Gaussian random numbers are
used, because then, a larger change to the system is attempted, occasionally,
leading to a more efficient sampling.

For magnetic particles, due to the anisotropy of the dipole-dipole and dipole-
field interaction, moves have to be generated also for the orientation of the
particles. As the particles are axially symmetric around the dipole axis, only
two angles have to be considered. In order to generate equally distributed
orientations, without generating a higher density around the equatorial plane,
the “longitude“ and “latitude“ has to be treated separately. For the longitude,
we have

φ† = φ+ 2 ∗ δr1(R− 1

2
), (3.4)

where R denotes a uniform random number between zero and unity and δr1
denotes the rotational step width for the longitude. As φ is periodic, there is
no benefit in using Gaussian random numbers. For the latitude, the cosine of
the angle is considered. In a first step, a random number is added to the cosine
of the latitude:

c†ψ = cosψ + 2δr2(R− 1

2
). (3.5)

Then, it has to be checked whether the new value for the cosine of the latitude
is in the valid range −1 <= c†ψ <= 1. If this is the case, the new latitude is
given by

ψ† = arccos c†ψ, (3.6)

otherwise, the angle is folded back into the valid range by using

ψ† = arccos(−c†ψ − 2) for c†ψ < −1

ψ† = arccos(−c†ψ + 2) for c†ψ > 1.
(3.7)
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In addition to those single particle moves, the sampling can be enhanced
by adding moves which act on clusters of strongly interacting particles. This is
helpful, because a single particle move, which would split up the cluster, would
only rarely be accepted. Therefore, without cluster moves, clusters of particles
would almost never by moved or rotated. This would lead to a significant
slow down in the sampling. For specific systems like polymer melts, also more
specific moves have been developed[8]. One example is the slithering snake move,
in which it is attempted to detach one end of a polymer and re-attach it at the
other end. In this way, the “diffusion“ of the entire chain can be accelerated
and the phase space is sampled more quickly.

3.3 Molecular dynamics

3.3.1 Introduction

Molecular dynamics simulations are based on Newton’s equations of motion.
The system under study is mapped to a set of point particles interacting by po-
tentials. The trajectory of the particles over time is then obtained by integrating
Newton’s second law. The basic algorithm is as follows

1. At time t, for the given particle positions xi and velocities vi, calculate
the forces acting on particles.

2. Calculate the particle positions at time t + δt by numerically integrating
Newton’s second law under the assumption of constant particle mass.

mẍi = Fi, (3.8)

where Fi is the force acting on particle i. The quantity δt is called the
time step.

3. Repeat

Employing the basic principles of classical mechanics, molecular dynamics
can be applied to a wide range of systems, from the atomistic scale, where a
single atom is represented by a point particle to stellar mechanics. As this thesis
is concerned with simulating soft matter on the coarse-grained level, the further
explanations will also be focussed to these time and length scales.

3.3.2 Integrator

One of the main components of a molecular dynamics simulation is the integra-
tor, i.e., the algorithm used for integrating Newton’s equations numerically. To
be a good choice, the algorithm has to show a good long term energy conser-
vation behaviour and should allow for large time steps[25]. Allowing for large
time steps is achieved by including more derivatives of the trajectories into the
calculation. It strongly influences the efficiency of the simulation, as the number
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of force calculations per unit time is reduced. Typical choices are the Verlet and
Velocity Verlet algorithms which will now be derived following Ref. [25].

To obtain the Verlet algorithm, we begin with the Taylor expansion of the
particle positions in time:

r(t+ δt) = r(t) + δtv(t) +
F

2m
δt2 +

1

6

∂3r(t)

∂t3
δt3 +O((δt)4), (3.9)

where δt is called the time step of the integrator. Similarly, for t− δt, we have

r(t− δt) = r(t)− δtv(t) +
F

2m
δt2 − 1

6

∂3r(t)

∂t3
δt3 +O((δt)4). (3.10)

Now, the dependency on the third derivative of the particle position is eliminated
by adding these two expressions.

r(t+ δt) = 2r(t)− r(t− δt) +
F

m
δt2 +O(δt4). (3.11)

It can be seen that for the calculation of the new position, both the current
and the previous position of the particle have to be known, but not its velocity.
As the velocities are needed in molecular dynamics simulations of soft matter
both, for calculating the total energy and for thermostating the simulation (see
below), a variation of the Verlet algorithm is used. This so-called velocity Verlet
algorithm is given by

r(t+ δt) = r(t) + v(t)δt+
f(t)

2m
δt2, (3.12)

and

v(t+ δt) = v(t) +
f(t+ δt) + f(t)

2m
δt. (3.13)

Hence, the updated velocity can only be calculated, after the forces according
to the new particle positions are known. It can be shown the velocity Verlet
scheme gives the same trajectories as the original Verlet algorithm. To do this,
we write the velocity Verlet step from t+ δt to t+ 2δt

r(t+ 2δt) = r(t+ δt) + v(t+ δt)δt+
f(t+ δt)

2m
δt2, (3.14)

and write the velocity Verlet step from t to t+ δt in terms of r(t):

r(t) = r(t+ δt)− v(t)δt− f(t)

2m
δt2. (3.15)

By addition, we have

r(t+2δt)+r(t) = 2r(t+δt)+(v(t+ δt)− v(t)) δt+
f(t+ δt)− f(t)

2m
δt2. (3.16)

Now, we insert the update rule for the velocity, Eqn. 3.13, and recover the
original Verlet step

r(t+ 2δt) + r(t) = 2r(t+ δt) +
f(t+ δt)

m
δt2. (3.17)

this is equivalent to Eqn.3.11, with t shifted by one time step.
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3.3.3 Thermostat

In the field of soft matter, many simulation studies are carried out at constant
temperature, i.e., in the canonical ensemble. In this ensemble, the system is
understood to be connected to an infinite reservoir at a given temperature.
To maintain a constant temperature in a molecular dynamics simulation, a
thermostat has to be applied.

One common possibility is the Langevin thermostat. It is based on the
Langevin equation which describes a trajectory of a particle in a solvent includ-
ing friction and Brownian motion. For a single particle in one dimension it is
given by

mẍ = −γẋ+ Frandom + F, (3.18)

where γ is a friction coefficient, F are forces on the particle due to other parti-
cles and external forces, and Frandom is a random force. In this model, energy is
dissipated via the friction term, and energy is added via the random force. By
using the fluctuation-dissipation theorem, it can be shown [58] that a constant
temperature T is maintained if the random force follows a Gaussian distribu-
tion with a mean of zero and a variance of 2kBTγ, where kB is the Boltzmann
constant. The Langevin equation also captures the most basic effects of a sol-
vent, i.e., the velocity dependent friction force and Brownian motion. For a free
particle in an infinite system, the diffusion constant is given by

D =
kBT

γ
. (3.19)

As a consequence of Brownian motion, modelled by the Langevin equation, the
trajectory of a simulation is inherently random.

While well suited for the study of statical properties, the Langevin equation
often is not sufficient to model dynamic processes of particles immersed in a
fluid. Since the Langevin thermostat acts on each single particle individually,
hydrodynamic interactions between different particles are fully screened. If one
would like to add hydrodynamic effects, a hydrodynamics scheme like Lattice-
Boltzmann[17], or stochastic rotation dynamics [63, 64] has to be included.

3.3.4 Optimization

The calculation of the forces that act on the particles is a crucial part of a molec-
ular dynamics simulation. It is also the most computationally intensive part of
the simulation and thus needs to be implemented efficiently. For a simulation
consisting of two-body potentials only, in principle, every pair of particles has to
be considered. In a simulation of N particles, there are N(N −1)/2 pairs. Thus
the computation time would increase like the square of the number of particles.
This would make simulations with a large number of particles impractical. The
problem can be solved by noting that many interaction potentials have a short
effective range, and therefore particles far apart do not have to be considered.
This fact typically is exploited by two optimization schemes[25].
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In a first step, a list of interaction partners is maintained for each particle.
These lists are called Verlet lists. For a pair of particles to be included in the
list, their distance has to be smaller than rc+s, where the cutoff radius rc is the
distance at which the longest-ranging interaction is cut off and s is the so-called
skin. By choosing a skin larger than zero, pairs of particles are included that
do not interact at the time the list is constructed. This way, the lists do not
have to be rebuilt until one of the particles has moved at least by s, since the
list was created. The choice of s is a trade-off. When the parameter is smaller,
fewer pairs of particles have to be considered at each force calculation. When
it is larger, the Verlet lists have to be rebuilt less frequently.

The second optimization aims at making the construction of Verlet lists
more efficient. This is achieved by sorting the particles in the system into cells.
The size of these cells is larger or equal rc + s, i.e. the sum of the longest
interaction range and the skin parameter of the Verlet lists. This way, when
the Verlet lists are constructed, for each particle, only particles in the same cell
and in adjacent cells have to be considered as candidates for inclusion in the
lists. This removes the N2-dependence in the simulation time. In theory, it
is optimal to make these cells as small as possible, so the number of pairs of
particles being considered is minimal. In practice, however, a larger number of
cells results in more “book keeping“ when particles migrate from one cell to an
other. Therefore, in practice, sometimes larger cells are more efficient.

3.3.5 Virtual sites

In some situations, it is necessary to formulate interactions with a site in a
simulation that is not represented by a particle following Newton’s equations of
motions. In these cases, it is useful to introduce so-called virtual sites. These
are particles, whose position, velocity and orientation are derived from other
particles in the system rather than by solving Newton’s equations. Virtual sites
can interact with other virtual sites and standard particles by means of poten-
tials. However, before the next integration step occurs, the forces and torques
accumulated on each virtual site are transferred onto the standard particles from
which the virtual site was derived.

An MD simulation which includes virtual sites is performed as follows:

1. Place the virtual sites according to the position and orientation of the
particles in the simulation,

2. calculate the forces and torques on all particles and virtual sites,

3. transfer the forces and torques on the virtual sites onto the particles from
which the virtual sites were derived,

4. propagate the particles, but not the virtual sites, by integrating Newton’s
equation of motion.
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Applications Virtual sites can be used, for instance, in the TIP4P water
model [1], in which the charges are not located at the centers of the Lennard-
Jones potentials. More generally, on extended rigid bodies, forces can occur not
only at the center of mass but also on other parts of the body. An example for an
object that can be treated as rigid in MD simulations is, e.g., raspberry particles.
These raspberries are build up from many particles placed on the surface of a
sphere [62], and they are used to simulate the interaction of an extended colloidal
particle with a fluid field, obtained, for instance, from a Lattice-Boltzmann
simulation. Virtual sites are also employed in adaptive resolution scheme[45],
in which a part of the simulation box is simulated with full atomistic details,
while an other part is represented on a coarse-grained level. In the atomistic
region, molecules are made up of several particles, while in the coarse-grained
region, a single particle represents the molecule. This is achieved by placing a
virtual site in the center of mass of the molecule. On the coarse-grained level,
the interaction between molecules is represented by a potential between the
respective virtual sites. On the atomistic level, however, potentials are applied
to the individual atoms of the molecules.

Virtual sites were also recently employed to model the irreversible agglom-
eration of sud particles, in a project in which the author of this thesis was
involved[38]. In order to prevent particles from sliding with respect to each
other, after colliding, virtual sites are placed at the point on the particles’ sur-
face, where the collision took place. Bonded potentials are then used to prevent
sliding motions.

Within this thesis, virtual sites were applied to model the non-central dipole
moment in shifted-dipole particles (see chapter 4) and to bind a polymer chain
to the surface of a spherical particle in a magnetic gel (see Secs. 5.3 and 5.4).

While all the examples mentioned above are suitable for the use of virtual
sites, different rules have to be applied for their placement. While for adaptive
resolution scaling, a virtual site is required at the center of mass of a set of
particles, for the rigid-body-based application like TIP4P water and raspberry
particles, virtual sites need to be placed relative to a standard particle located
at the center of mass of the rigid body.

Within this thesis, an implementation for virtual sites placed relative to an
other particle has been developed for the ESPResSo software. The details of
the implementation will be described in the following paragraphs. A more brief
version has been published in Ref. [6].

Placement of virtual sites The motion of a rigid body can be described fully
by the motion (in terms of both, translation and rotation) of its center of mass.
Hence, a standard particle, which is propagated using Newton’s equations, is
placed at the center of mass of the rigid body. The positions of all the virtual
sites forming the body are derived from this particle. When the center of mass
executes a translational motion, so do the virtual sites, placed relative to it.
When it rotates, the virtual sites move on spherical surfaces around it. Hence,
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the position of a virtual site is given by

rv = rc + dOcOvzc, (3.20)

where the subscript c denotes a property of the center of mass, while the sub-
script v denotes a property of the virtual site, d denotes the distance between
the center of mass and the virtual site, Oc denotes the rotation operation, which
rotates the co-moving frame of reference of the rigid body onto the lab frame
and Ov denotes the rotation operation which rotates the z direction zc in the
co-rotating frame of the center of mass onto the vector connecting the center of
mass and the virtual site. The velocity of the virtual site is given by

vv = vc + ωc × rcv, (3.21)

where ωc denotes the angular velocity of the center of mass and rcv denotes the
vector from the center of mass to the virtual site. The properties of the center of
mass, in particular rc, Oc, vc, and ωc, are determined by integrating Newton’s
equations.

Determining the rotation operation Ov In order to construct a rigid body
with a particular shape, it is necessary to determine Ov for each virtual site, such
that it is fixed at a certain angles with respect to the rigid body’s co-rotating
frame of reference. We begin by determining a rotation R which rotates the
z-direction of the lab frame to the vector rcv connecting center of mass and
virtual site, also given in the lab frame. Thus, we solve

Rz =
rcv
d

(3.22)

for R. From Eqn. 3.20, we know that the consecutive execution of the rotation
relating the lab frame to the co-rotating frame (Oc), and the rotation relating
the co-rotating frame to the vector pointing from the center of mass to the
virtual site (Ov), will match the rotation R. Thus, we have

OcOv = R. (3.23)

This equation now has to be solved for Ov.
While it is possible to use rotation matrices to represent the rotation oper-

ations, the ESPResSo software uses quaternions. For quaternions, Eqn. 3.23 is
given by

R0 = O0
cO

0
v −O1

cO
1
v −O2

cO
2
v −O3

cO
3
v (3.24)

R1 = O0
cO

1
v +O1

cO
0
v +O2

cO
3
v −O3

cO
2
v (3.25)

R2 = O0
cO

2
v +O2

cO
0
v +O3

cO
1
v −O1

cO
3
v (3.26)

R3 = O0
cO

3
v +O3

cO
0
v +O1

cO
2
v −O2

cO
1
v, (3.27)

where the superscript numbers indicate the respective component of the quater-
nion. As R and Oc are known, we have a linear system of equations which can
be solved to determine Ov.
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Back-transfer of forces and torques to the virtual site As mentioned
above, virtual sites can interact with other particles in the system – virtual or
non-virtual – via potentials. Before the center of mass is propagated using New-
ton’s equations, the force and torque acting on the virtual site are transferred
back to the center of mass, so that they can be taken into account. The force
and torque on a virtual site placed relative to a rigid body’s center of mass is
transferred by the following rules:

Fc = Fv (3.28)

Tc = Tv + rcv × Fv. (3.29)

Hence, the center of mass receives the forces and torques acting on the virtual
sites related to it. In addition, it receives a torque from the component of the
forces which is orthogonal to the vector from the center of mass to the virtual
site.

3.3.6 Measuring the pressure and stress tensor

In particle-based simulations in the canonical ensemble, many observables can
be accessed in an intuitively understandable manner. Examples are the kinetic
energy which is derived from the particles momenta, the potential energy which
is derived from their position and the potentials acting on them, and the mag-
netization, which is derived from the orientation of magnetic dipoles. How to
measure the pressure, especially in a system with periodic boundaries, is how-
ever not obvious.

The pressure in a basic molecular dynamics simulation is a sum of two terms.
The first term, the ideal gas pressure which arises from the particles’ kinetic
energy, is given by

Pideal =
NkT

V
. (3.30)

The second term arises from interactions between the particles. In this section,
it will be explained based on Ref. [89], how the component of the pressure caused
by the particle-particle interactions can be derived from the particles’ positions
and from the forces acting between them. The pressure is defined as a derivative
of the free energy F with respect to the volume V .

P = −∂F
∂V

= kT
∂ lnZ

∂V
, (3.31)

To obtain the free energy, we begin with the partition function Z. We have

Z =
1

N !Λ3N

∫
dr3Ne−

U(r1...rn)

kT , (3.32)

where N represents the number of particles, Λ the thermal wave length and U(·)
represents the potential energy depending on the particle positions. In order to
obtain an explicit volume dependence, of the partition function, we rewrite the
particle coordinates r as

r = V
1
3 ρ, (3.33)
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resulting in

Z =
1

N !Λ3N

∫
dρ3N exp

(
−U(V

1
3 ρ1 . . . V

1
3 ρn)

kT

)
. (3.34)

Substituting this into Eqn. 3.31 yields

Ppotentials =
1

Z

∫
dρ3NU(V

1
3 ρ1 . . . V

1
3 ρn) exp

[
−U(V

1
3 ρ1 . . . V

1
3 ρn)

kT

]
=

=

〈
∂U

∂V

〉
. (3.35)

So far, the expression is valid for all kinds of potentials, which do not depend
on the particles’ momenta. For a pair potential,

U =
∑
i<j

φ(rij) =
∑
i<j

φ(V
1
3 ρij), (3.36)

which only depends on the distance between the particles, the pressure contri-
bution is given by

Ppair =
∂U

∂V
=

=
∑
i<j

∂φ

∂ρij

∂ρij
∂V

=

= −
∑
i<j

1

3
rijV

− 4
3
∂φ

∂rij

∂rij
∂ρij

=

= − rij
3V

∑
i<j

∂φ(rij)

∂rij
. (3.37)

Hence, the pressure contribution from the pair potential is a sum of the distance
between particles and the force acting on them.

Special care has to be taken, when long range interactions in a periodic ge-
ometry are present and they are treated by the electrostatic or magnetostatic
Ewald schemes. In this thesis, the pressure is not needed for these kind of sys-
tems. A derivation for the electrostatic Ewald scheme can be found in Ref. [89].
The pressure calculation in the presence of constraints, on the other hand, is
relevant for this thesis, as rigid bodies are present in the three-dimensional
gel model described in Sec. 5.4. As explained in Sec. 3.3.5, each rigid body is
constructed of a particle at the center of mass and virtual sites for all points
on which the rigid bodies interact with the remaining system. According to
Ref. [89], the pressure contribution for rigid bodies is obtained, by rewriting the
distance between two sites α and β belonging to the rigid bodies i and j as

rαβij = Rij + rαβ , (3.38)
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where Rij denotes the distance between the rigid bodies’ centers of mass,
whereas rαβ represents the distance between the virtual sites which would be
observed if the centers of mass of the rigid bodies would coincide. Now, as for
the case of pair potentials described above, a scaling by V

1
3 is introduced into

the distance vector, but in this case only to Rij . The distance between the sites
rαβ , on the other hand is not affected, due to the rigidity of the rigid bodies.
Hence, the distance vector is given by

Rαβ
ij = V 13ρij + rαβ . (3.39)

Writing the interaction energy of two sites in terms of this distance and inserting
it into Eqn. 3.35, yields the pressure. It can be shown[89] that for interacting
rigid bodies, two contributions exist. Firstly, a term considering sites on different
rigid bodies, namely

P1 =
1

V

∑
i

∑
j<i

∑
α

∑
β

Fαβij Rαβ
ij , (3.40)

where Fαβij denotes the force acting between site α on rigid body i with site β on
rigid body j. This term is identical to the expression for pair interactions, with
the exception that sites that are located on the same rigid body are excluded.

The second term takes into account the rigidity of the rigid bodies. It is
given by

P2 =
1

V

∑
i

∑
α

Fαi dαi , (3.41)

where Fαi is the total force on site α of rigid body i, and dαi denotes the vector
pointing from the virtual site to the center of mass of the corresponding rigid
body. Hence, a force on the virtual site pulling away from the center of mass
results in a pressure contribution which would let the system contract in a NPT
ensemble.

Knowing the pressure is often sufficient for isotropic systems, the stress ten-
sor, however, becomes relevant in the case of an anisotropic system such as
a magnetic gel in an external magnetic field. While the pressure is obtained
by taking the derivative of the free energy with respect to a relative isotropic
change in volume, the stress tensor is calculated by taking the derivative of the
free energy with respect to the relative strain. A derivation is given, e.g., in
Ref. [23]. The pressure P equals one third of the trace of the stress tensor σkl:

P =
1

3

∑
i

σii. (3.42)

Consequently, the equations given for the pressure above are closely related to
those for the stress tensor.

For pair forces, such as the Lennard-Jones interaction, we have[21]

σpair
kl =

∑
j>i F

(k)
ij r

(l)
ij

V
, (3.43)
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where Fij denotes the force between particles i and j, rij the distance between
them, and V the volume. The indices k and l denote Cartesian coordinates.

For rigid bodies based on virtual sites, the stress tensor contribution is given
by

σrigid
kl =

1

V

∑
i

∑
α

Fα,ki dα,li , (3.44)

where i goes over all rigid bodies, α over all virtual sites forming the rigid body
i, Fα,ki denotes the k’th coordinate of the force on the virtual site and dα,li
denotes the l’th component of the distance between the center of mass of the
rigid body and the virtual site. It is worth mentioning that a force parallel to
the vector from the body’s center of mass to the virtual site causes a linear
stress, while a force perpendicular to that direction causes a shear stress.

3.4 Interaction potentials

In this section, the interaction potentials used in this thesis are summarized.
A distinction is made between non-bonded interactions, acting between all par-
ticles of a certain type, and bonded interactions, acting only between specific
pairs of particles. The excluded volume interaction is an example for a non-
bonded interaction whereas the harmonic potential between neighboring beads
in a polymer chain is a bonded interaction.

3.4.1 Non-bonded interactions

In general, interactions are grouped into short and long ranged ones. Short range
interactions decay quickly with increasing distance, so they can be assumed to be
zero for particles further apart than a few particle diameters. Hence, to calculate
the energy of a particle due to short range interactions, it is only necessary to
consider very few other particles in its immediate vicinity. Most notably, this
is true for the excluded volume and van der Waals interactions. Long range
interactions, on the other hand, are still relevant for particles which are far apart
from each other. Thus, for their calculation, it is necessary to consider a large
number of particles simultaneously. Examples of long range interactions are the
electrostatic and magnetostatic interactions. Special techniques, required for
their efficient calculation, will be explained in Sec. 3.4.1.

Short range interactions

The most notable short range interaction is the Lennard-Jones one, which mim-
ics both, an excluded volume interaction due to overlap repulsion, and the at-
tractive contribution of van der Waals interactions. The van der Waals inter-
action, originating from the interaction of dipoles induced by quantum fluctua-
tions, decays like r−6, where r is the distance between the particles. The only
requirement for describing the overlap repulsion is that it is sufficiently strong,



40 CHAPTER 3. SIMULATION TECHNIQUES

even for small overlaps. Typically, an r−12 term is used for simplicity. The
Lennard-Jones potential is thus given by

U(r) = 4ε
[
(
σ

r
)12 − (

σ

r
)6
]
. (3.45)

Here, ε determines the strength of the potential, in particular, the depth of the
minimum; σ controls the range of the potential, and is often set to the particle
diameter. At σ = r, the potential is zero. The Lennard Jones interaction
decays quickly with increasing distance and is therefore, in practice, cut-off at a
specific cut-off distance rc. To avoid a discontinuity in the potential, it is shifted
upwards by the shift δ, such that it is continues at the cut-off. The potential is
then given by:

U(r) =

 4ε

[(σ
r

)12

−
(σ
r

)6
]

+ δ r < rc

0 r ≥ rc,
(3.46)

A special case of the Lennard-Jones potential is the Weeks-Chandler-Andersen
(WCA) potential[98]. It is cut-off in the minimum, i.e.,

rc = 2
1
6σ, (3.47)

and is purely repulsive. Throughout the thesis, this variant of the potential is
used to account for excluded volume interactions.

Long range interactions

Electrostatic and magnetostatic interactions decay slowly with increasing dis-
tance between particles. This makes them typical examples of long range in-
teractions. Due to the slow decay, all other particles in a system have to be
considered to calculate the force on a given particle. When the system under
consideration has periodic boundary conditions, additionally, the interaction
with the periodic images of the system have to be taken into account. That the
electrostatic interaction is a long-range interaction can be understood as follows.
The energy between two particles decreases as 1/r with the particle distance r.
However, when we count, how many interaction partners there are in a sphere
of radius r, this number increases as rd, where d is the dimensionality of the sys-
tem. So, while the strength of the interaction for each pair of particles decreases,
the number of pairs to consider increases. Additionally, both, for electrostatic
and dipolar interactions, positive and negative terms appear in the sum. How-
ever, when only considering a finite number of terms of an alternating sum,
any result can be obtained by changing the order of summation. This means
that, for a direct summation of the interaction, the precise three-dimensional
shape of the cut-off matters. If such a long range interaction was calculated by
iterating over all the pairs of particles, the effort would grow as N2, where N is
the number of particles. This is not feasible for a large system. Therefore, more
efficient techniques have been developed, to solve the long range interactions.
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As it is the most basic algorithm, we will first explain the Ewald algorithm
for Coulomb interactions. Then, the P3M algorithm will be explained briefly. It
is concerned with performing the calculation on a mesh in order to profit from
fast Fourier transforms.

The Ewald method for calculating electrostatic interactions was first de-
scribed in Ref. [22]. Its basic principles will be explained here, following Ref. [25].
It is based on solving Poisson’s equation

∇2φ(r) = −4πρ(r), (3.48)

where φ(r) is the electrostatic potential, and ρ(r) is the charge density. For
a set of point charges, ρ(r) is a sum of shifted delta functions. To avoid the
problem of slow convergence, when summing up the electrostatic potential, it
is split into a short-ranged part which is evaluated in real space and decays
quickly, and a long-range part which has a smooth shape in real space and
decays quickly, when transformed into Fourier space. This is achieved by adding
for a charge Qi, a screening cloud with charge −Qi, calculating the potential
due to these two components, and finally subtracting the error made by adding
the screening cloud. There is freedom in choosing the shape of the screening
cloud. A Gaussian is a convenient choice. When calculating the potential of a
charge and its surrounding screening cloud, three contributions have to be taken
into account: the potential of the screened charge; the potential of the screening
cloud; and the interaction between the charge and its screening cloud. The first
contribution, namely, the potential due to the screened charge, decays quickly
and is thus calculated in real space. Secondly, the potential due to the screening
cloud is evaluated in Fourier space, as the charge density of the screening cloud
is a smooth function which is periodic with a periodicity of the length of the
simulation box. In Fourier space, the Poisson equation has the simple form of

k2φ(k) = 4πρ(k), (3.49)

where φ(k) and ρ(k) are the Fourier transformed potential and charge density,
respectively. Finally, the interaction of each particle with the screening cloud
which surrounds it is constant. For a Gaussian screening cloud, it can be eval-
uated analytically and is calculated at the beginning of the simulation. It has
to be updated only in those cases when the number or magnitude of charges
in the system changes, and it does not contribute to forces on charges. The
Ewald summation is controlled by three parameters: the real space and Fourier
space cut-offs, which determine, when the summation of the respective terms is
terminated, and the splitting parameter, which controls the relative weighting
of the real space and reciprocal space contributions. These parameters can be
varied to optimize the performance of the algorithm. For an optimal choice of
parameters, the algorithm scales like N3/2. A derivation of the Ewald summa-
tion for the cases of both, charges and dipoles, can be found in Ref. [60]. Explicit
expressions for the forces and torques on dipolar particles are given in Ref. [95].

To improve further the performance of the calculation of electrostatic and
dipolar potentials, the P3M method [19, 14] employs a mesh-based approach.
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While the short-range part of the potential is calculated in the same way as for
the Ewald summation, the long-range part is calculated for a meshed charge
density. As a first step, the charge density is interpolated onto a cubic mesh.
Every charge is mapped onto several mesh points around it, the number of
which depends on a parameter called charge assignment order. Then, the
meshed charge-density is Fourier transformed, and Poisson’s equation in Fourier
space (Eqn, 3.49) is solved on the mesh. The resulting potential is then back-
transformed to real space. Finally, the forces on the particles, and their inter-
action energies, are calculated from the real space potential and its gradient
at the position of the particles. The P3M algorithm is controlled by several
parameters: the real space cut-off determines the maximal distance between
particles for which the real space contribution is taken into account; the charge
assignment order determines over how many mesh points the charge is inter-
polated; the number of mesh points determines the spacing of the mesh and
limits the highest k-vector which is taken into account in Fourier space; and the
splitting parameter, which determines the weights of the real space and Fourier
space contributions. Again, these parameters can be tuned to achieve the best
performance at a given accuracy.

3.4.2 Bonded interactions

Bonded interactions act only between specific sets of particles, in the most
simple case between a pair of particles. Thus, they are typically used to mimic
a chemical bond between components of a system. For instance, the neighboring
beads of the polymer chains, modelled in this thesis, are connected by bonded
interactions. Bonded interactions between two particles are used to confine the
distance between two particles. Interactions between three and four particles
can be used to set bond angles, e.g., in CO2 and water.

The most basic two-particle bonded interaction is the harmonic potential,
which has the form

V (r) =
1

2
k(r − r0)2, (3.50)

where k is the spring constant and r0 the equilibrium bond length.

A more sophisticated choice, which takes into account that chemical bonds
cannot be stretched indefinitely, is the FENE potential (finite extensible non-
linear elastic). It is given by [21]

V (r) = −1

2
Kr2

max ln

[
1−

(
r − r0

rmax

)2
]
. (3.51)

Here, r0 again is the equilibrium bond length, K determines the strength of
the potential, and rmax, denotes the maximum extension. At this maximum
extension, the potential shows a divergence.

For bond angles, also, several functional relationships are possible. In this
thesis, the harmonic angular potential is used. Let r1, r2, and r3 be the positions



3.5. ENERGY MINIMIZATION: SIMULATED ANNEALING 43

of three particles, and let φ be the angle between the distance vectors r1 − r2

and r3 − r2. The harmonic angular potential is then given by

V (θ) =
1

2
K (φ− φ0)

2
, (3.52)

where φ0 denotes the equilibrium bond angle.

3.5 Energy minimization: Simulated annealing

As part of this thesis, the ground states of systems of shifted dipole particles
are determined (see Sec. 4.3.1). Hence, a technique is required to find the con-
figuration with the minimum energy for a given system. One possibility to
achieve this is simulated annealing, which will now be described. The algorithm
is based on molecular dynamics or Monte Carlo simulations in the canonical
(NV T ) ensemble. However, the temperature is continuously lowered during the
simulation. At the beginning of the annealing process, when the temperature is
still high, a large part of the configuration space is sampled. When the temper-
ature decreases, the sampling is more and more concentrated towards regions in
the phase space with a low energy. When the temperature finally reaches zero,
the system only moves along the potential gradient, thus reaching the closest
local energy minimum.

As simulated annealing is a heuristic approach, it is not guaranteed that the
method will terminate in the global energy minimum. To obtain a ground state
configuration with reasonable certainty, it is therefore necessary to run a large
number of annealing simulations for the same set of parameters and select the
configuration with the lowest final energy. How many simulations are required,
depends on the dimensionality of the phase space and the complexity of the
energy landscape.

There is considerable freedom regarding the details of a simulated annealing
scheme. Details like the initial temperature and the path on which temperature
is lowered can be chosen to optimize the performance of the process. As it
is important that a large part of the phase space volume is sampled at the
beginning of the simulation, the initial temperature should be chosen such that
the thermal energy is comparable to the energy scale of the potentials in the
system. The most simple protocol for lowering the temperature is a linear
decrease over time, but it is also possible to slightly reheat the system during
the process, to optimize the minimization. In molecular dynamics simulations,
an alternative protocol is, to first thermalize the system using the Langevin
thermostat and then switching off the random noise. As a result the velocity
dependent friction force added by the thermostat continuously removes energy
from the system. The procedure is stopped, when the kinetic energy and the
remaining forces on the particles are below a desired threshold.





Chapter 4

Ferrofluids with
shifted-dipole particles

4.1 Introduction

As has been outlined in Sec. 2.2, magnetic fluids can be synthesized today in
order to suite many different applications. Also, many of their properties are
well understood. Among these are the magnetization behaviour, their cluster
structure as well as their rheology in many situations. In order to further
enhance the possibility for tailoring magnetic fluids, two strategies are followed:
Firstly, it is possible to replace the carrier liquid, typically oil or water, by a
more complex matrix like a gel or an elastomer. This strategy is discussed
further in Sec.,5. The second strategy is to modify the magnetic nanoparticles
immersed in the carrier liquid. Following this option, many magnetic particles
have been developed in recent years, which deviate from a spherical shape with
a central dipole moment. The most obvious way to achieve this is to alter the
shape of the particles. Two cases have to be distinguished. In the first case, the
shape of the magnetic core of the particle itself is altered, leading to different
magnetic properties of the particle itself. As explained in Ref. [91], an elongated
magnetic particle can still consist of a single domain at larger sizes than a
spherical particle and it also shows a higher resistance to a spontaneous thermal
reversion of the magnetic moment. In elongated particles, the magnetic moment
often aligns parallel to the particles’ long axis, as this configuration minimizes
the demagnetization energy. A notable exception are hematite particles, whose
magnetic moment is aligned along the short axis[83]. Apart from elongated
particles, it is also possible to synthesize magnetic cubes[16] which self-assemble
into a lattice structure.

In the second case, the magnetic core of the particle is not altered, an can be
treated as point dipole, but the shape of the particle is altered through a non-
magnetic “shell“. In other words, a magnetic core is embedded in a non-spherical
particle. In this case, a change in the interaction between two particles at close

45



46 CHAPTER 4. FERROFLUIDS WITH SHIFTED-DIPOLE PARTICLES

contact arises from the fact that the distance between the magnetic dipoles
depends on the orientation of the particles. When, for instance, ellipsoids with
a very high aspect ratio and central dipole moments are at close contact along
the long axis, the dipoles are much further apart, as when the same particles
are in contact along the short axis.

Non-spherical magnetic objects have also been assembled from spherical
magnetic particles. In Ref. [4], a simulation study of magnetic rods consist-
ing of rigidly connected spherical magnetic particles is reported. A shift of
the nematic transition depending on an external field is reported as well as a
lower percolation density. In Ref. [9], the synthesis by self assembly of such a
kind of rod is discussed, and it is shown that the rods significantly enhance the
magnetoviscous effect, especially in small fields.

An other way to alter the interaction of particles is to replace the point
dipole at the center of a sphere by two opposite charges at the centers of two
overlapping spheres. These particles are called dumbbells and have been studied,
e.g., in Ref. [26] in the context of vapor-liquid coexistence. Effects of anisotropic
particles can also be handled in simulations and theoretical studies by including
higher moments, as for example, quadrupoles. In Ref. [70], for instance, particles
interacting with both, dipoles and quadrupoles have been studied on a two-
dimensional hexagonal lattice.

Apart from changing the shape of the magnetic core or the shape of the par-
ticle as a whole, it is also possible to shift the magnetic core out of the center of
the particle. The formation of 2D “magic number clusters“ has been studied for
particles with magnetic caps[7], ribbon and ring formation was found in a system
of colloidal rods with a magnetic surface on one hemicylinder[101], switchable
agglomeration has been observed in particles with embedded magnetic cubes[85],
and colloids with magnetic caps have been used for self-assembly induced by a
precessing magnetic field [102]. The system studied within this thesis, namely
shifted-dipole particles (sd-particles), also falls into this category. Sd-particles
are spherical and carry a single dipole moment. However, this dipole moment is
not located at the particles’ center. Rather, it is shifted outwards towards the
particles’ surface. This introduces an additional anisotropy, which strongly af-
fects both, ground states, and suspension properties at finite temperature. This
will be examined in detail in the following sections. Material from this chapter
has been published in Refs. [48, 46, 49, 50] together with S. Kantorovich, J. J.
Cerda, M. Klinkigt, and C. Holm. The model was inspired by an experimental
system described by Baraban et. al. in Ref. [7]. The author of this thesis was a
co-advisor of the diploma thesis of M. Klinkigt. The analytical work on clusters
of two and three sd-particles, as well as the corresponding visualizations, were
done by S. Kantorovich. The simulations and visualizations on “magic number
clusters“ were performed by M. Klinkigt.
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4.2 Model

Shifted dipole particles (sd-particles) are spherical and carry a dipole moment
which is shifted outwards towards the particles’ surface. The dipole moment
is aligned radially, i.e., the dipole vector is parallel to the vector connecting
the particles’ center and the dipole. A sketch of the sd-particle system in two
dimensions is shown in Fig. 4.1. The amount, by which the dipole moment is
shifted is measured by the dimensionless parameter

s =
d

R
. (4.1)

Thus, s = 0 describes a particle with a central dipole and s = 1 indicates
that the dipole is located on the particle’s surface. As can be seen from the
sketch, for all s > 0, the distance between the dipoles depends on the particles’
orientations. As the distance enters the dipole-dipole interaction in the third
power in Eqn. 2.1, this additional anisotropy is very important in determining
the ground states and the finite temperature properties of a suspension.

4.3 The field-free case

4.3.1 Ground states of two sd-particles

In this section, the ground states for two sd-particles at close contact is obtained.
This is done by using approximate results from a simulated annealing simulation
to identify candidates for ground states and the symmetries they obey. Based
on these results, a simplified analytical minimization problem is formulated by
exploiting these symmetries. The material was first published in Refs. [48, 46]

The analytical derivation is done under the assumption that for the ground
states, the dipole vectors as well as the vector connecting the particles’ centers
all lie in a plane. In Ref. [75], it has been shown that this is true for the ground
states of particles with central dipoles in a monolayer. Furthermore, as will
be seen later, the ground states of sd-particles obtained analytically under this
assumption match those obtained by computer simulations which do not make
this assumption.

The energy of two sd-particles is given by

Udd(ϕ,ψ, s) =
s2 cos2(ψ − ϕ)− 2 cos(ψ − ϕ)

[
2s2 − s (cosψ − cosϕ)− 2

]
(2s2 (1− cos(ψ − ϕ)) + 4 + 4s (cosϕ− cosψ))

5/2
+

(4.2)

+
−6 [s(cosψ − cosϕ) + 2 cosϕ cosψ] + 3s2

(2s2 (1− cos(ψ − ϕ)) + 4 + 4s (cosϕ− cosψ))
5/2

.

Here, s is the shift of the dipole moment normalized by the particle radius.
The angles ϕ, and ψ are defined as in Fig. 4.1. This equation is obtained by
inserting the distance between the dipoles at given angles and shift into the
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Figure 4.1: Sketch of two interacting sd-particles of radius R in two dimensions.
Both dipole moments are placed at a distance d from the respective particle’s
centre. Both particles can rotate, and the dipole vector always points outwards
radially. Hence, a rotation of the particle implies a rotation of the dipole mo-
ment, and vice versa. The distance between the dipole moments is denoted by
r12 and in contrast to particles with central dipoles, it depends on the particles’
orientation. ϕ is the angle between the z axis and the second magnetic moment,
m2, and ψ is the angle between the z axis and the first magnetic moment, m1.
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Figure 4.2: Dependence of the particles’ orientations ϕ (solid line) and ψ
(dashed line) on the shift in the ground state. There are three different regions:
for a shift below 0.408, the angles are constant (ϕ = 2π; ψ = 0). This repre-
sents the head-to-tail orientation of the magnetic moments as it is also found
in the non-shifted system. For a shift in the interval from 0.408 to 0.597, the
angles change differently until the anti-parallel configuration is reached. At this
position magnetic moments are symmetric with respect to the line connecting
the particle centers. For even larger shifts, the moments keep rotating symmet-
rically, keeping a constant difference of π (ϕ reaches π from above, whereas ψ
approaches zero from below). With the shift approaching unity, we observe an
anti-parallel orientation of the magnetic moments, totally unfavorable for zero
shift. To illustrate the configurations we provide particle sketches in the legend.



50 CHAPTER 4. FERROFLUIDS WITH SHIFTED-DIPOLE PARTICLES

-6

-5

-4

-3

-2

-1

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8

en
er

gy
, 
d
im

en
si

on
le

ss

s

head-to-tail configuration
analytical results
global minimum

Figure 4.3: Ground state energy for two sd-particles versus the shift. At higher
shifts, the magnetic moments of the particles become more aligned anti-parallel,
and they approach each other. Since the distance between the dipoles enters
with a power of three, this leads to a strong decrease in ground state energy
with increasing shift.
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equation for the dipole-dipole interaction, Eqn. 2.1. All energies in this section
are normalized by µ0m

2/4πR3.
To obtain the ground state configurations for a given shift, it is necessary to

minimize Eqn. 4.2 with respect to the angles ϕ and ψ.
The details of the analytical calculations can be found in Ref. [48]. Four

qualitatively different regimes can be identified depending on the shift. For no
shift (s = 0), the global minimum and maximum correspond to the head-to-
tail orientation and head-to-head configuration of moments, respectively. This
minimum, albeit continuously flattening with increasing shift, remains the global
one up to the value s = 0.408. This can be seen in figure 4.2, where the angles ϕ
and ψ in the ground state are plotted as a function of the relative shift s. After
the shift reaches s = 0.408 the configuration of dipoles changes drastically. This
is because the energy of the previous local minimum has decreased and became
equal to the energy of the global minimum. Thus, one can see in Fig. 4.2 that,
without loss of generality, the moment of the upper particle in its ground state
configuration starts rotating clockwise with increasing s. Hence, ϕ decreases fast
from 2π until it reaches the value ϕ(0.597) ' 1.2π. By that time the moment
of the lower particle moves only slightly and reaches the value ψ(0.597) ' 0.2π.
Hence, at s = 0.597 the moments reach an antiparallel orientation (ϕ−ψ = π).
The description of this second regime can be found only in an implicit form,
being too long to be provided here. From s = 0.597 on, up to the maximum
shift s = 1, both moments start rotating symmetrically: the upper one rotates
counterclockwise, and the lower one rotates clockwise.

This change in ground state configuration is driven by the decrease of the
distance between two dipole moments r, which appears in the expression for
the energy in the power r−3. In consequence, the energy of the ground state at
higher shifts s is much lower than that of the original head-to-tail configuration
found at s = 0. At very high shifts, the dipole moments have an anti-parallel
orientation and the vector connecting their positions tends to be perpendicular
to the moments’ orientation. Thus, the local minimum for s = 0, mentioned in
the previous section, becomes the global minimum for two sd-particles in the
limit of shift s→ 1. The strong decrease in energy of the optimal configuration
with increasing shift is plotted in Fig. 4.3. The solid curve represents exact
analytical calculations, while the dots represent simulation results (see below).
The energy of the head-to-tail configuration – which is independent of the shift s
– is shown as a dashed line. As will be seen in the following sections, this change
in the energy landscape will make the structure of larger clusters qualitatively
different from what is found in the non-shifted system.

4.3.2 Ground states of three sd-particles

The ground states for three particles are again obtained by first identifying
candidates using Monte Carlo simulated annealing (see Sec. .3.2 and 3.5). The
simulation parameters are chosen as explained in the next section. The symme-
tries observed in the candidates obtained from simulated annealing are used to
minimize a simplified analytical expression.
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Figure 4.4: Snapshots of ground states of three sd-particles (top) and plot of
the analytical dependence of the angles ϕ/π (red, middle dashed curve), ψ/π
(black, upper solid curve) and ξ/π (blue, lower dash-dotted curve) on the value
of the shift s (bottom). There are four qualitatively different regimes: a chain
with constant energy provides the ground state for s ∈ (0, 0.258); the next
ground state is given by the triangular configuration for s ∈ (0.258, 0.799); the
third interval of shifts is s ∈ (0.799, 0.848), where the magnetic moment of the
3rd sd-particle is immobile (ξ/π = 1/2), and the 1st and the 2nd moments
rotate symmetrically inwards towards ψ/π → 5/3 and ϕ/π → 2/3; the ground
state becomes totally asymmetrical at s = 0.848 when the moment of the 3rd
particle starts rotating towards the moment of the 1st particle ξ/π → 2/3, the
moment of the 1st particle keeps rotating counter clockwise ψ/π → 5/3 until the
symmetry is partially restored at the value of s = 0.963, when ψ/π − ξ/π = 1
and the angles keep changing linearly (ξ/π = 0.644s + 0.023, ψ/π = ξ/π + 1)
decreasing the distance between the moments to zero and driving to an energy
divergence similar to the one observed for two sd-particles In the last regime,
the moment of the second sd-particle slowly rotates clockwise till ϕ/π = 1.264,
after that the rotation stops.
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The resulting ground states are summarized in Fig. 4.4. In the upper part,
snapshots of ground states configurations are shown, and in the lower part, the
dependence of the angles of the dipole moments is plotted versus the shift s. It
can be seen that there are four distinct regimes. In the first regime, for shifts
up to s = 0.258, the ground state is given by a linear chain. In this regime,
the dipole vectors are co-aligned with the director of the chain. In the second
regime, found from s = 0.258 to s = 0.799, the particles form an equilateral
triangle. The dipole moments also assume a ring-like configuration, in which
the angles between all pairs of dipoles are equal. For increasing shifts, the dipole
moments rotate inwards towards the vectors connecting the particles centers.
The particles stay in a triangular configuration in the third regime, but the
dipoles take a symmetrical up-down-up arrangement. For increasing shifts, the
middle dipole stays fixed while the outer dipoles rotate inwards. In the final
regime, for shift greater or equal to s = 0.848, the mirror symmetry is broken,
and the central dipole rotates towards one of the outer ones. In this way, a pair
of dipoles with anti-parallel alignments is formed. More details, particularly on
the analytical derivations, can be found in Ref. [48].

4.3.3 Ground states of Small clusters in two dimensions
studied by computer simulations

The ground states of clusters of four to six shifted-dipole particles were studied
in the quasi two-dimensional (Q2D) geometry. This means that the center of the
particles is confined to a plane, but the particles are allowed to rotate around all
three axes. For sd-particles, this implies that the dipole moment is not always
located in the plane. The ground states were obtained by Monte Carlo simulated
annealing, as explained in detail in Secs. 3.2 and 3.5.

The parameters of the simulations were as follows: For each specified shift
and number of particles, 16 independent simulations were run. At the end,
the configuration with the lowest energy was selected. At the beginning of
the simulation, the ratio between the maximum dipole-dipole energy, i.e., two
particles at close contact with the dipoles in head-to-tail configuration, to the
thermal energy, was set to unity. The temperature was then reduced from one
to zero in 200 equally sized steps. At each temperature, 8 · 106 Monte Carlo
moves were attempted. At T = 0, additional 16 · 106 moves were applied in
order to further optimize the configuration. The Monte Carlo moves consisted
of a small change in orientation and position. The width of the distribution for
orientations was kept constant at ≈ 11.5◦. The width of the distribution for
positions was adapted during the simulation. When more than 60% out of the
last thousand moves were accepted, the step width was multiplied by 1.01, if less
than 40% were accepted, it was divided by 1.01. In this way, a high step width
can be used for efficient sampling at higher temperatures, but the sampling is
not slowed down at low temperatures.

In Fig. 4.5, the lowest energy states obtained from the simulations are sum-
marized. For particles with central dipoles, and also for sd-particles with a small
shift, the ground states are rings, when the number of particles is larger than
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Figure 4.5: Lowest energy states of small clusters obtained using simulated
annealing. The number next to every configuration denotes the shift value s at
which the structure was observed. At low shifts, rings and chains are formed.
At higher shifts, the structures become more closely packed where the dipoles
take on a triangular or an anti-parallel configuration. The right most number
N stands for the number of particles.

four. When the shift increases, more close-packed structures are formed. The
particle configuration in these clusters matches that of a hexagonal crystal, i.e.,
consecutive rows of particles are shifted by one half diameter in the direction
parallel to the row and by d sinπ/3 = d/2

√
3 in the perpendicular direction.

In the medium range of shifts, the dipoles take a ring-like alignment. In
the case of five particles, one of the dipoles is shared by two rings resulting in
a mirror-symmetric configuration. At high shifts, the dipoles of two adjacent
particles form anti-parallel pairs.

It is important to note that the total dipole moment of both, a triangu-
lar dipole configuration and the anti-parallel pair configuration is close to zero.
While there is a very weak interaction between to triangles or two pairs, which
leads to the formation of large ground state clusters, this interaction is not
sufficient to cause a formation of large sd-particle clusters at temperatures sig-
nificantly above zero.

4.3.4 Estimating the ground state energy of larger clusters

The ground states of sd-particle clusters with much more than six particles
can no longer be determined by simulated annealing in reasonable computer
time. This is, because the phase space grows exponentially with the number
of particles, so a good sampling becomes impracticable for larger numbers of
particles. However, the observations on the ground states of small clusters, made
in the previous section, can be used to estimate the ground state structure and
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energy of larger clusters. One observes that the preferred configuration for
intermediate shifts are triangle-like dipole structures, while anti-parallel pairs
are the most favorable configuration at high shifts. Additionally, it is important
to note that the total dipole moment of both, a triangle and an anti-parallel
pair, are close to zero. Therefore, there is very little interaction between two
pairs or two triangles or a pair and a triangle. In consequence, the energy per
particle of a cluster at a given shift can be estimated as

e(s) = n2e2(s) + n3e3(s), (4.3)

where n2 and n3 are the number of pair and triangle configurations in the cluster
and e2(s) and e3(s) denote the energy per particle in a pair or triangle at the
given shift s.

To determine the number of pairs and triangles in the cluster, one compares
the ground state energy per particle in those configurations at the given shift.
This comparison is made in Fig. 4.6a, and it can be observed that up to a shift
of s ≈ 0.8, the triangle configuration is preferred, while the pair is preferred
for higher shifts. To illustrate that this assumption is reasonable, the energy
obtained by simulated annealing of a six particle cluster is compared to that of
two triangles and to that of three pairs in Fig. 4.6b.

Thus, for shifts smaller than 0.8, the number of triangles in the cluster is
maximized. When the number of particles N , is dividable by three, the energy
of the cluster is given by

E = Ne3. (4.4)

When Nmod3 = 1, the cluster will consist of (N − 4)/3 triangles and two pairs.
Then, the energy is given by

E = (N − 4)e3 + 4e2. (4.5)

When Nmod3 = 2, there are (N − 2)/3 triangles and one pair. The resulting
cluster has an energy of

E = (N − 2)e3 + 2e2. (4.6)

When s >= 0.8, on the other hand, the number of pairs is maximized.
When the number of particles in the cluster is even, it only consists of pairs.
The energy is then given by

E = Ne2. (4.7)

If N is odd, the cluster consists of (N − 3)/2 pairs and one triangle, resulting
in an energy of

E = (N − 3)e2 + e3. (4.8)

The approximate energy per particle, i.e., Eqns. 4.4-4.8 normalized by N , is
plotted for a shift of s = 0.55 and s = 0.85, in Fig. 4.7. It can be seen that for
intermediate shifts, clusters with Nmod3 = 0 have the lowest energy per particle
and those with Nmod3 = 1 the highest. For high shifts, clusters with an even
number of particles are more favorable. However, the difference in energy per
particle for the more and less favorable configurations decreases with increasing
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Figure 4.6: Energy per particle in clusters of two and three sd-particles obtained
by simulated annealing (top) and comparison of the energy of a six particle
cluster to that of two triangles and three pairs (bottom). It can be seen that
the energy per particle is more favorable in the three-particle configuration up
to s ≈ 0.8, while the two-particle configuration is more favorable for higher
shifts. For intermediate shifts, the six-particle energy can be approximated by
the energy of two non-interacting three particle clusters. For high shifts, the
energy can be approximated by that of three non-interacting pairs.
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N . This is, because for large N , a large part of the cluster can be build up
by favorable configurations, while only a small residual has to be built up from
unfavorable ones.

4.3.5 The influence of dimensionality on ground states

For clusters of more than three particles, the ground states can be different
depending on the dimensionality. While it has been shown in Ref. [75] that
the ground states for particles with central dipoles (s = 0) are always planar,
this is no longer true for sd-particles. This is illustrated by the results for four
sd-particles in Q2D and 3D. The simulations have been done with simulated
annealing based on a molecular dynamics simulation. Details can be found in
Ref. [50].
In q2D, four regimes are observed, see Fig. 4.8. In the range of 0 < s < 0.67
rings are formed (C4-I-q2D). When 0.67 < s < 0.75 (C4-II-q2D) the cluster
contains one C3-II configuration, and the magnetic moment of the fourth sd-
particle points in the direction opposite to its neighboring dipoles. For shifts
0.75 < s < 0.83 the cluster contains a C3-IV configuration, whereas the moment
of the fourth particle keeps its orientation. When s is larger than 0.83 the
cluster is composed by two antiparallel pairs were all neighboring moments have
antiparallel orientation. Extending the dimensionality of the system to 3D, one
observes that the ground state configurations turn out to differ significantly from
the ones in the q2D system in the relatively narrow range of shifts (0.55 < s <
0.78) (see, Fig. 4.10). Thus, in a wide range of s the ground state configurations
in q2D and 3D are exactly the same independently from the dimension of the
system. For example, the C4-I-q2D regime, C4-I-3D regime up to the value
of s = 0.55 and the C4-III-q2D regime together with the C4-III-3D regime in
the interval 0.78 < s < 0.83 have exactly the same structure and ground state
energy. In the range of 0.55 < s < 0.78 (C4-II-3D) one finds 3D ground state
configurations different from the q2D case. The ring starts folding and opposite
particles become closer and closer until the four particles form a triangular
pyramid. In the high shift regime, for s > 0.82, the 3D ground states might be
obtained from the corresponding q2D ground state cluster by twisting the two
antiparallel pairs against each other.

4.3.6 Comparison with a capped colloids – magic number
clusters

Recently, a system of colloidal particles carrying a Co/Pt multilayer cap was
investigated experimentally [7]. The metallic cap was magnetically saturated in
order to induce a magnetic moment along the radial axis of the particles. Due
to the cap, the particles had an optical inhomogeneity which allowed to easily
observe the direction of the magnetic moment, using video microscopy. The par-
ticles were put on the substrate so, that they form a closely packed hexagonal
2D lattice, the particles could rotate to relax their magnetic interaction, but,
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Figure 4.7: Estimate for the energy of larger clusters of sd-particles for a shift
of 0.55 (plot (a), where the lowest curve corresponds to Eqn. 4.4, the middle one
represents Eqn. 4.6, and the highest energy curve is obtained for clusters, where
the number of particles (N) is such, that Nmod3 = 1, Eqn. 4.5 and 0.85 (plot
(b), where the upper curve depicts Eqn. 4.8 and the lowest energy is reached
for the clusters made of even number of sd-particles Eqn. 4.7), respectively. At
intermediate and high shifts, clusters consist of tightly bound pair- and triangle
configurations only. The interaction among different pairs and triangles is very
small. Therefore, the energy of the cluster can be estimated from the energies
per particle in the pair and triangle configuration for the given shift. Depending
on the energy per particle for a given shift being more favorable in a triangle-
(a) or pair configuration (b), different “magic numbers“ arise.
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C4-I-q2D C4-II-q2D C4-III-q2D C4-IV-q2D

s = 0 s = 0.68 s = 0.81 s = 0.85
0 < s 0.67 < s 0.78 < s s < 0.83
< 0.67 < 0.78 < 0.83

Figure 4.8: Ground states of four particles in a quasi two dimensional system.
There are four regimes, depending on the shift parameter s. The C4-II-q2D
cluster contains a C3-II configuration and the C4-III-q2D structure a C3-IV
configuration.

C4-I-3D C4-II-3D C4-III-3D C4-IV-3D

s = 0 s = 0.76 s = 0.81 s = 0.85
0 < s 0.55 < s 0.78 < s s < 0.83
< 0.55 < 0.78 < 0.83

Figure 4.9: Ground states of four particles in a three dimensional system. In
the C4-I-3D and the C4-III-3D cluster structure formation, all particles are in
a plane, here a two dimensional structure is formed.

unlike nanoparticles, were not involved into any Brownian motion. The authors
examined the so-called magic number clusters, consisting of three, 12 and 27
particles. The clusters are stable 2D structures with a three-fold symmetry due
to specificity of the inter-cap interactions.
The sd-particle model is the simplest approach to mimic capped colloidal par-
ticles, where the special distribution of the magnetic moments on the Co/Pt
multilayer cap is represented as a single magnetic point dipole shifted out from
the centre of a soft sphere as shown in Fig. 4.12. In this section, we investi-
gate if this model can reproduce the ground states of capped colloids by fixing
particle centres on the lattice to block possible translational relaxations. The
simulations are performed by means of simulated annealing based on a MD sim-
ulation. For details, see Ref. [50]. We found that the sd-particle model is able
to reproduce the magic number clusters containing three, 12 and 27 particles
under certain conditions, but not all of them were found to be ground states
for the model sd-particle system. As a full minimization of the energy, deter-
mining positions and orientations of the particles, is not possible for clusters
with more than 10 particles in reasonable computer time, the particles’ posi-
tions were initialized in the arrangement observed in the experiments. Then,
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Figure 4.10: Energy per particle in a ground state of a four particle cluster
as a function of the the shift parameter s. The red solid line is the result from
the 3D system. The black line describes the q2D system. Only in the range
of 0.55 < s < 0.78 a noticeable difference in the ground state energies can be
observed.

the energy was minimized by relaxing the particles’ orientation using the sim-
ulated annealing scheme. After the annealing, one can observe, whether the
configuration of dipole moment matches the one observed in experiments. As
a final step, we check, whether there are configurations with lower energy than
the one with position of particles fixed in a magic-number cluster configuration.
To this end, the positions of the particles are released, some kinetic energy is
returned to the system and a second annealing phase, in which the energy is
minimized with respect to positions and orientations, is performed. If the state
with lower energy is found, one can be certain that the experimentally observed
configuration is not a ground state for sd-particles at the particular shift. If, on
the other hand, no state with lower energy is found, we can say that the magic
number cluster seen in the experiment is at least a stable local energy minimum
for the sd-particle system.

Fig. 4.12 shows a magic number cluster made of three particles. On the
left hand side one finds a photograph of the real colloidal system adapted from
the aforementioned experimental study. One the right hand side we present a
snapshot from the simulations. As we showed in the previous section, this kind
of three particle magic number cluster configuration is the ground state of the
sd-particle system in the shift range (0.258 < s < 0.799). Fig. 4.13 and 4.14
show the experimental results and the corresponding results from simulations
for 12 particles. In this case, the sd-model reproduces the experiment if the
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Pt
[Co/Pt]

8

Figure 4.11: The colloid particle carrying a magnetic cap is mimicked by a soft
sphere with a magnetic point dipole shifted out from the centre.

Figure 4.12: (left) Stable clusters of three particles carrying a magnetic cap
observed in the experiment done by Baraban et. al. [7]. The metallic cap on the
particles lead to a optical inhomogeneity (dark shadow) which allows to observe
the direction of magnetic moment (in the middle). The cluster structure is
identical with the C3-II one (right).

shift parameter is in the range of 0.47 < s < 0.61. In this range we get stable
cluster with the same arrangement of particles and orientation of the magnetic
moments. Fig. 4.14 shows the corresponding snapshot. For s < 0.47 the clusters
are not closely packed but the orientation of magnetic moments has the symme-
try of magic number clusters. This symmetry breaks when the shift parameter
is getting larger than 0.62. The best agreement with the three-fold symmetry of
positions of particles and the orientation of magnetic moments is obtained for
s = 0.47. Increasing the shift of the magnetic moments, with exception of the
inner three particle nucleus, the direction of the dipoles starts to change. The
deviation from the three-fold symmetry in this situation is getting larger. For
shift parameter s > 0.62 the entire cluster looses the three-fold symmetry. In
the shift interval 0.53 < s < 0.59 no cluster structures with lower energy than
the 12 particle magic number cluster could be observed in simulations. In Fig.
4.15 is plotted the energy of various clusters obtained in the simulations (red
dots) and the energy of the magic number cluster (black dots) versus the shift of
the dipole moment. The investigation of the 27 particle magic number cluster
shows that our model reproduces in the small shift interval 0.47 < s < 0.54 the
magic number cluster structure. Fig. 4.16 shows the corresponding snapshots
from the simulation. The three-fold symmetry of the cluster breaks very fast
with increasing shift of the moment. Already for s > 0.50 only the inner twelve
particle nucleus show the three-fold symmetry. The moments of the surrounding
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Figure 4.13: A stable cluster containing twelve colloidal particles observed in
experiment and adapted from the paper of Baraban et al.[7]. (Right: photogra-
phy of the observed cluster, left: illustration of the arrangement of the magnetic
moment in the cluster).

s = 0.2 s = 0.4 s = 0.47

s = 0.5 s = 0.62 s = 0.63

Figure 4.14: Magic number cluster structure of twelve particles obtained from
the simulations with the sd-particle model.
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Figure 4.15: Energies of different local minima vs. shift parameter s of clusters
containing 12 particles obtained from different simulations. The black solid line
is the energy of the magic number cluster. In the interval 0.53 < s < 0.59 no
clusters with lower energy than the magic number clusters could be observed.

particles start to rotate outwards from the three-fold symmetry with increasing
shift parameter. Finally, when s is getting larger than 0.53 the symmetry breaks
down for the entire cluster. However, in the 27 particles case, the magic number
cluster structure is not a ground state of the sd-particle system. In the range
where the magic number clusters occur in the simulation, cluster structures with
lower energy could be observed, having no regular structure or symmetry. It
is not clear what the corresponding ground state structure in this shift interval
is. In Fig. 4.17 we compared the energy of the magic number cluster contain-
ing 27 particles (black dots) with the energy of other clusters observed in the
simulations. Over the entire range where the magic number cluster occur in
the system, also clusters with lower energy could be found. So we can state,
for magic number clusters with more than 12 particles, the simple sd-particle
model does not yield magic number clusters as ground states, and possibly mo-
ments of higher order than the dipole term have to be taken into account in
order to get the same ground state cluster formation like in the colloidal system
with the Co/Pt multilayer capped particles. For smaller systems, like the three
and twelve particle system, the influence of the higher order moments can be
neglected.

4.3.7 Cluster structure at T > 0

In this section, the cluster structure in a suspension of sd-particles at a tem-
peratures above zero will be studied by molecular dynamics simulations. It will
be seen that the cluster structure of the sd-particle system strongly deviates
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s = 0.68 s = 0.53

Figure 4.16: Magic number cluster formation of 27 particles obtained from
simulation with the sd-model.

Figure 4.17: Energy of different local minima vs. shift parameter s of clusters
containing 27 particles from different simulations. The black solid line is the
energy of the magic number cluster. In the entire range of shift where the
magic number clusters occur formations with lower energy can be found. The
magic number cluster containing 27 particle is for sure not the configuration
with lowest energy.
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from that of a system with particles with central dipoles. Also, the basic trends
observed for the ground states are still visible in the suspension at T > 0. This
material has been published in Ref. [50].

Simulation parameters

The suspensions were simulated using molecular dynamics in the quasi two-
dimensional (Q2D) and three dimensional (3D) geometries. In Q2D, the parti-
cles’ center of mass is confined to a plane, but they can rotate around all three
axis. For sd-particles, this implies that the dipole moment can be located out-
side of the plane. The simulations always consist of 1000 particles. The density
is adjusted by scaling the box size. In 2D, we use the area fraction

φQ2D =
nπr2

l2
, (4.9)

and in 3D, the volume fraction

φ3D =
4πr3

3l3
, (4.10)

where l is the box length. The system is thermalized using the Langevin ther-
mostat, (Sec. 3.3.3), with a thermal energy of kT = 1 and a friction coefficient of
γ = 1. After a warm up period of 500 000 time steps (dt = 0.001), 400 samples
were captured for analysis at intervals of 10 000 time steps. The dipole-dipole
interaction in the 3D case is calculated using the dipolar P3M algorithm[13]. In
Q2D, the dipolar layer correction[10] was used additionally. The algorithms are
tuned to an accuracy of 10−4 in the absolute force error.

It was shown in Sec. 4.3.1 that the absolute value of the ground state energy
increases strongly with increasing shift. To keep results for different shifts s
comparable, a scaling relation is introduced as follows. Let Ugs(s) be the ground
state energy for two sd-particles with a shift of s. The dipole moments are then
scaled such that the ground state energy for two sd-particles is independent of
the shift, i.e.

m(s) =
m(0)√

Ugs(s)/Ugs(0)
. (4.11)

At a temperature larger than zero, we define the effective interaction parameter

λ∗ =
λUgs(s)

Ugs(0)
. (4.12)

The parameter λ∗ compares the lowest energy for two sd-particles at close con-
tact for a given shift to the thermal energy.

Cluster definition and method of cluster analysis

The cluster analysis relies on an energy and distance based cluster definition.
Two particles are considered to belong to the same cluster, if their centers are
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Figure 4.18: Examples of clusters found in a suspension at λ∗ = 4 in the
Q2D (left, φ = 0.09), and 3D (right, φ3D = 0.06) geometries. As the shift is
increased from s = 0 to s = 0.5 to s = 0.8, we observe the same trend as for the
ground states, namely the transition from chains and rings to more close-packed
structure to very small clusters with anti-parallel dipole alignment.

closer than 1.3 diameters and their energy is smaller or equal than zero. The
entropy criterion[32] cannot be applied to sd-particles, because it requires that
the dot product of the dipole moments of adjacent particles is larger than zero.
This condition is not satisfied for the sd-particle ground states at intermediate
and high shifts. Deviating from Ref. [50], here, we count single particles as
clusters of size one in the averages used below.

Technically, the cluster analysis is loosely based on the Hoshen-Kopelmann
algorithm[34]. First, the neighborship of particles is determined using the cluster
criterion. Then, a cluster identifier is assigned to the particles. If neither of a
pair of particles belongs to a cluster, a new identifier is created and assigned to
both particles. If one of the particles belongs to a cluster and the other does
not, both get the same cluster identifier. If two neighboring particles belong
to different clusters, it is noted in a separate table that both clusters are one
and the same. In a final phase, the clusters that have been marked as one are
merged.

Results

In Fig. 4.18, some examples are shown for the kinds of clusters observed in the
system. On the left hand side, results are shown for a Q2D system at an area
fraction of φQ2D = 0.09, while the clusters on the right hand side originate
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from a 3D system at a volume fraction of φ3D = 0.06. The dipolar interaction
parameter is λ∗ = 4 in both cases. Hence, the system shows a quite strong
dipole-dipole interaction and has a moderate density. For s = 0, i.e., central
dipoles, we observe mainly chain and ring configurations. For s = 0.5, more
close-packed structures appear, while anti-parallel pairs and triangles dominate
for the highest shift shown, s = 0.8. These basic trends are observable both,
for Q2D and for 3D, and they follow the observations made in the discussion of
ground states in the previous sections.

In the following, a quantitative analysis of the cluster structure will be made.
Results will be shown for both geometries. A quantitative comparison between
Q2D and 3D will be made at the end of this section.

The average cluster size versus the shift parameter is shown in Fig.4.19.
For the Q2D geometry, area fractions between φQ2D = 0.0 and φ = 0.21 are
considered, for 3D, the volume fractions range from φ3D = 0.03 to φ3D = 0.09.
Dipolar interaction parameters between λ∗ = 1 and λ∗ = 4 are applied. It
can be seen that the average cluster size first shows some increase for shifts
up to s ≈ 0.5, and then sharply drops for higher shifts down to close to unity.
The initial increase is more pronounced in the three dimensional geometry. In
general, the relative change in cluster size is much higher for strong dipolar
interactions and higher densities. The initial increase in cluster size, when
going from low to medium shifts, can be explained by noting that the cluster
structures for small shifts are mostly chains and rings. The formation of rings
is limited, however, because they occupy a large amount of space, while the
chain formation is limited, because the region around the sides of the chain is
energetically very unfavorable for other chains. In the medium range of shifts,
the clusters become more close packed. Also, chain-like and ring-like dipole
arrangements are competitive energetically in this range of shifts, increasing the
number of possibilities for cluster formation. As clusters with ring-like dipole
alignment have a low total dipole moment, the surrounding space is not excluded
for other clusters. At very high shifts, the co-aligned dipole configuration is no
longer favorable and only pairs with anti-parallel dipole orientation and three-
particle clusters with ring-like and up-down-up configurations exist. This leads
to a strong decrease in the cluster size. Additionally, the density of states
(Sec. 4.3.8) for the attractive configuration in the anti-parallel pair is very low.
The strong attraction only exists in a very small range of angles. Rotating one
of the dipoles by a small amount leads to the strongly repulsive head-to-head
configuration.

In addition to the average cluster size, it is also interesting to observe the
composition of the system, quantitatively. Hence, in Fig. 4.20, the width of
the stripes denote the fraction of clusters of a certain type (dimer, trimer, etc.)
found in the system. For both geometries, we plot the data for systems with
relatively strong interaction (λ∗ = 4), and for high densities (φQ2D = 15% in
Q2D and φ3D = 9% in 3D). It can be observed that large clusters, containing
more than five particles, dominate at small and intermediate shifts. Here, as
in Fig. 4.19, we observe again the non-monotonous behaviour of the cluster
distributions: at intermediate shifts, the average cluster size increases, as a
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Figure 4.19: Average cluster size Sav versus the shift parameter s for the Q2D
and 3D geometry for various area fractions φQ2D, volume fractions φ3D, and
dipolar interaction parameters λ∗. It can be seen, especially for strongly inter-
acting dipoles and high densities, that the average cluster size drops strongly
at high shifts. We also observe an increase in the cluster size for intermediate
shifts, which is small in Q2D but quite significant in 3D.
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Figure 4.20: Cluster size distribution versus shift parameter s at λ∗ = 4 for the
Q2D (φQ2D = 0.15) and 3D (φ3D = 0.09) geometries. The width of the stripes
corresponds to the fraction of particles connected in clusters of the respective
size. It can be seen that most particles are participating in large clusters for low
and intermediate shifts. At high shifts, much less particles are bound in large
clusters and the number of single particles increases sharply for both geometries.
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larger fraction of the particles is in clusters with more than five particles. At
very high shifts, as mentioned above, the cluster size sharply drops. In the
Q2D geometry, only very few tetramers are found at the largest shift value
(s = 0.85), in 3D a small fraction of the particles is still forming larger clusters.
This conclusion agrees well with findings [47], [13], where monolayers of non-
shifted dipolar particles were investigated at room temperatures: the average
cluster size in Q2D case is always smaller than the one in 3D, and in Q2D the
aggregation is mainly determined by entropic factors, whereas in 3D the effective
energy plays a crucial part. It is also noteworthy, that there are single particles
both in Q2D and 3D systems, and their number increases strongly at high shifts.
This is, because, in contrast to the head-to-tail configuration found at s = 0,
the energy of the anti-parallel pair varies strongly if one of the particles moves
slightly. The increase in the presence of single particles is more pronounced in
the Q2D geometry than in the 3D case.

In Fig. 4.21, we plot the average cluster size versus the area- and volume
fraction in the Q2D and 3D geometries, respectively. In the examined range,
0.03 ≤ φQ2D ≤ 0.24 in Q2D and 0.03 ≤ φ3D ≤ 0.105 in 3D, the average cluster
size increases with density for all shift parameters s. For low and intermediate
shifts, when the clusters tend to be rings and close-packed structures, the clus-
ter size grows rapidly with the density. When s is high, on the other hand, the
increase in cluster size is small, because, as mentioned above, the total dipole
moment of anti-parallel pairs is close to zero, so no further particles are at-
tracted, even if the density is high. The increase in cluster size is also more
pronounced, when the dipole-dipole interaction is strong, i.e., when λ∗ is large.

To conclude this section, we now make a direct comparison between the
Q2D and 3D geometries. As can be observed in the previous plots, the highest
density considered in 3D was φ3D = 10.5%, whereas area fractions of up to
φQ2d = 24% have been examined in Q2D. Carrying out the cluster analysis for
higher densities is not helpful, as the system in simulations begins to percolate at
this densities and a single cluster may span through large parts of the simulation
box and over more than one periodic boundary. At this point, it is a better
approach to understand the suspension as a strongly interacting fluid. The
difference in cluster size at a certain density in Q2D and 3D can be explained
by two factors, the first being the difference between area fraction and volume
fraction, and the second being greater configurational freedom for the formation
of clusters in 3D. To understand the first point, note that the average distance

between neighbors scales with φ
1/2
Q2D in Q2D while it scales like φ

1/3
3D in 3D. Hence,

instead of comparing systems at φQ2D = φ3D, one needs to calculate the area
fraction φQ2D of a system that matches the conditions of a system at a volume
fraction of φ3D. This can be approximated by taking a slab with a thickness
of one particle diameter d out of the 3D system and counting the particles, the
center of mass of which are located within this slab. For a cubic system with
the volume l3 and N particles, this slice contains NQ2D = Nd/l particles. The
slice has an area of l2, resulting in an area fraction of φQ2D = NQ2Dπd

2/4l2.
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Figure 4.21: Cluster size versus the density (area fraction φQ2D in Q2D and
volume fraction φ3D in 3D). In both cases we observe an increase in the cluster
size with the density for all shifts and for all values of the dipolar interaction
strength. However, the increase is very low at high values of the shift, because
then the anti-parallel pair is the dominant cluster type and no further particles
can attach to the clusters. Low and intermediate shifts are rather difficult to
simulate, as the system begins to percolate at high densities and additional
analysis is needed. At this point, the single largest cluster consists of more than
10% of the particles in the system, rendering the description by cluster analysis
no longer applicable. Rather, the suspension should be understood as a strongly
interacting fluid of magnetic particles.
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Figure 4.22: Comparison of cluster size (a) and coordination number (b) be-
tween a 3d system at density φ3D and a Q2D system at matching effective
volume fraction φ∗Q2D (see text). It can be seen that in the 3D case, the aggre-
gation is more pronounced, which is reflected by larger cluster size and higher
coordination number. The difference between Q2D and 3D increases with den-
sity. This happens because the energetically favorable part of the phase space
(coordinate - dipolar orientation) in 3D is larger than in Q2D.



4.3. THE FIELD-FREE CASE 73

Expressing this in terms of the volume fraction in 3D, we get

φQ2D

φ3D
=
N · dl π

d2

4l2

N 4
3π

d3

8l3

=
3

2
. (4.13)

Hence, we compare a 3D system at a volume fraction of φ3D with a Q2D system
with an effective area fraction of φ∗Q2D = φ3D = 2φQ2D/3 in Fig. 4.22. In
order to characterise not only the cluster size, but also to describe its topology
we plot the coordination number, which shows the average number of nearest
neighbours in the cluster. For example, for a chain of three particles, this would
be (1 + 2 + 1)/3 ≈ 1.33 and (2 + 2 + 2)/3 = 2 for a ring of three particles.

Both, for the average cluster size and the coordination number versus the
density, we find that the results for 3D are larger than those for the Q2D ge-
ometry. The increase in cluster size and coordination number can be explained
by the greater configurational freedom, encountered in 3D: the third dimension
results in additional space in which a particle can agglomerate around an other
one. This makes more close-packed structures possible at a comparable takeup
of volume.

In summary, a thorough analysis of the cluster structure in a suspension of
sd-particles at temperatures above zero was presented. The cluster structures
were found to be strongly sift dependent. They follow the basic trends observed
for ground states, namely, chain and ring-like clusters for low shifts, close-packed
structures for intermediate sifts, and smaller clusters with anti-parallel dipole
configurations at high sifts. In addition to shift, density and dipolar interaction,
the cluster structure is also influenced by the dimensionality of the system. A
comparison between Q2D and 3D showed higher coordination numbers and
larger clusters in the three dimensional case.

4.3.8 Density of states for two sd-particles at T > 0

In the previous section, it was shown that the average cluster size decreases
strongly for high shifts. To better understand this finding, let us now con-
sider the energy density of states for two sd-particles at close contact. Note
that this discussion pertains both, to the quasi two-dimensional and the three-
dimensional case, because in the case of just two particles, it is not possible to
distinguish between them.

In the canonical ensemble, the frequency with which a certain energy is ob-
served, depends not only on the temperature and the energy itself, but also,
on the number of micro-states with this energy. In consequence, even though
the ground state energy is the same at all shift values s due to the scaling
in Eqn. 4.11, the probability density to find two sd-particles close to this con-
figuration is still shift dependent. This can be seen in the energy density of
states for two sd-particles at close contact shown in Fig. 4.23. The curves have
been obtained by sampling the probability of finding a certain energy P (E) in
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a histogram. This probability density is given by

P (E) = D(E) exp

(
−E
kBT

)
, (4.14)

where D(E) is the energy density of states. Hence, the density of states can be
obtained from the probability distribution by dividing by the Boltzmann factor.
The simulations are carried out using a Metropolis Monte Carlo method, as
explained in Sec. 3.2. Due to the low number of degrees of freedom, it is not
necessary to use an advanced technique such as Wang-Landau sampling in this
case. For each shift, 109 energy measurements are taken at an interval of 10 MC
moves. The particles are initially placed at close contact, and only orientational
moves are applied. In order to have enough samples also at energetically un-
favorable configurations, λ∗ = 1 is used as dipolar interaction parameter. The
histogram of P (E) is sampled for a range of normalized energy of −2 to 8 and
consists of 100 bins. Note that at λ∗ = 1, the lowest possible energy is −2 for all
shifts. The highest possible energy is shift dependent. At s = 0, the maximum
is at 2, for higher shifts, the energy maximum increases as

Emax =
2

(1− s)3
Ugs(0)/Ugs(s), (4.15)

where Ugs(s denotes the two-particle ground state energy at a shift of s. The
first term is due to the decreasing distance between the dipoles in the “head-
to-head configuration“. The second term reflects the scaling which keeps the
ground state energy at −2 for all shifts.

In Fig. 4.23, the density of states is plotted versus the energy for shifts rang-
ing from s = 0 to s = 0.9. Energies up to a value of 4 are shown, but the full
histogram (up to E = 8) was used to normalize the underlying probability distri-
bution. For particles with central dipoles (s = 0), the density of states is mirror
symmetric around E = 0: for these particles, the energy landscape around
the most favorable configuration (head-to-tail alignment, E = −2) differs only
in sign from that around the most unfavorable configuration (head-to-head,
E = +2). This is no longer the case for s > 0 for two reasons. Firstly, due to
the shift, the distance between the dipoles in the head-to-head and the head-to-
tail configuration are different. Secondly, as shown in Sec. 4.3.1, the head-to-tail
configuration is no longer the ground state for shifts larger than ≈ 0.4. It can
be observed for all values of the shift that the density of states is much lower at
very favorable and very unfavorable energies than for energies around zero. For
s = 0, there is exactly one configuration with the most favorable energy E = −2
and exactly one configuration with the most unfavorable energy, E = +2. On
the other hand, there is an infinite number of configurations with E = 0, in
which one dipole moment is aligned to the vector connecting the particle cen-
ters and the other dipole is aligned perpendicular to this direction. For very high
shifts, the density of states for very low and very high energies is even smaller.
As for high shifts, the distance between the dipoles is highly dependent on the
orientation of the particles, there is only a small range of angles for which there
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Figure 4.23: Energy density of states for two sd-particles at close contact for
various shifts s. The energy is scaled such, that the ground state energy is −2
for all shifts. It can be seen that the density of states, both for very favorable
and very unfavorable energies is always lower than the density of states around
E = 0. However, this difference is significantly stronger for very large shifts. It
will be shown later that the very low density of states at low energies for high
shifts will hinder the formation of clusters at these parameters.
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is a strong interaction between them, be it attractive or repulsive. In a large
part of the configuration space, the dipoles are far apart and the interaction
energy is close to zero. Compared with small and large shifts, in the range of
intermediate shifts, the density of states is slightly higher for favorable energies.
As explained in Sec. 4.3.1, at s ≈ 0.4, the energy of the head-to-tail configura-
tion and a configuration with the dipoles rotated are energetically comparable.
Hence, more energetically favorable configurations are available to the system.

As was shown in the previous section, the trends observed for the density
of states at favorable energy values are also reflected in the amount of cluster
formation in suspensions of sd-particles. One finds an increase in average cluster
size when going from s = 0 to intermediate shifts, and then a sharp decrease
for even higher shifts.

4.4 Sd-particles in an external magnetic field

4.4.1 Ground states of two particles

The ground states of the field-free case are discussed in Sec. 4.3.1. In this section,
we investigate the ground states of two sd-particles in a field. This will help
us to understand the results for magnetization and cluster structure at room
temperature presented in the next sections, since the ground states structures
are often still present as intermediate states in suspensions at finite temperature.

To make results at different shift and magnetic field field values comparable,
the following scaling is applied: Let Ugs(s) be the ground state energy for two
sd-particles with a shift of s. Then, the dipole moments are scaled such that
the ground state energy for two sd-particles is independent of the shift, i.e.

m(s) =
m(0)√

Ugs(s)/Ugs(0)
. (4.16)

The dimensionless magnetic field is written in terms of the scaled dipole moment
for the given shift relative to the ground state energy for two particles for the
given shift:

H∗ =
µ0m(s)H

Ugs(s)
. (4.17)

Snapshots of the two particle ground states are shown in Fig. 4.24. When a
field is applied, the head-to-tail configuration is the ground state for low shifts.
When the shift is increased, the clusters rotate such that the axis connecting
the particles’ centers is aligned more and more perpendicular to the external
field. At the same time, the dipole moments rotate towards each other but
keep a component parallel to the external field in order to minimize the Zeeman
energy. At very high shifts, the dipoles assume an anti-parallel alignment. This
is the case, because at very high shifts, the advantage of the anti-parallel dipole
orientation due to the dipolar interaction energy exceeds the energetic disadvan-
tage of an unfavorable alignment with respect to the external field. To achieve a
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Figure 4.24: Ground states of two SD-particles for fields of H∗ = 0 to 0.75.
Only at high shifts the dipoles assume the anti-parallel alignment and the clus-
ters rotate such that the axis connecting the particles’ centers is oriented per-
pendicular to the external field. This transition occurs at higher shifts, when
the external field is stronger. (Compare the first and last row).
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Figure 4.25: Top: Dot product between the magnetic moments of two particles
in the ground state versus the shift for values of H∗ = 0 . . . 1. Bottom: Dot
product between the vector connecting the particles’ centers and the external
magnetic field for H∗ = 0.25 . . . 1. When the external field is increased, the tran-
sition from the head-to-tail dipole alignment to the anti-parallel one is moved
towards higher shifts. At the same time, the cluster rotates such that the axis
connecting the particles’ centers is aligned perpendicular to the field. Once the
dipole moments have reached the anti-parallel configuration, the ground states
becomes degenerate, with respect to 〈R12, H〉. Therefore, jumps in the curves
appear. For H∗ ≥ 1, no transition occurs and the dipoles stay in the head-to-tail
configuration at all shifts.
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Figure 4.26: Top: Dot product between the external field and the first and sec-
ond magnetic moments, respectively. The closed symbols indicate the moment
of the first, the open symbols those of the second particle. Bottom: Summary
of all dot products for an external field of H∗ = 0.25. In the transition region,
where the dipole moments change from the head-to-tail to the anti-parallel con-
figuration, the dipole moments rotate towards each other and thereby keep a
component parallel to the external field to minimize the Zeeman energy. Only
at very high shifts, one of the dipoles takes up a component anti-parallel to
the field. This allows for an anti-parallel dipole alignment which is the most
favorable at very high shifts.



80 CHAPTER 4. FERROFLUIDS WITH SHIFTED-DIPOLE PARTICLES

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1

 1.2

 1.3

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

en
er

gy

shift

Udd / Udd
min, H* = 0

Udd / Udd
min, H* = 0.25

Udd / Udd
min, H* = 0.5

Udd / Udd
min, H* = 0.75

Udd / Udd
min, H* = 1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

en
er

gy

shift

Umf / Umf
min, H* = 0.25

Umf / Umf
min, H* = 0.5

Umf / Umf
min, H* = 0.75

Umf / Umf
min, H* = 1

Figure 4.27: Ratio of the energy of the dipole-dipole interaction (top) and
the dipole-field interaction (bottom) to their respective minimal values, in the
ground states of clusters of two SD-particles. As the energy values are normal-
ized by their values at the global minima, which are negative, higher values of
the ratio signify a more favorable configuration. When, at low shifts, the dipoles
are oriented head-to-tail, both the dipole-dipole energy and the dipole-field en-
ergy reach their optimal (minimal) values. At higher shifts, the dipole-dipole
energy shows a drop, as the external field prevents the dipoles from assuming
the anti-parallel configuration which would be energetically most favorable. At
very high shift, the advantage of arranging in an anti-parallel configuration is so
large that the dipole-dipole energy increases again, but the dipole-field energy
drops sharply.
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more detailed understanding of the ground state configurations, the dot product
between the two magnetic moments versus the shift is shown in Fig. 4.25, as well
as the dot product of the vector connecting the particles’ centers and the exter-
nal field. In the upper part of Fig. 4.26, the dot products between the external
field and the individual magnetic moments is plotted. In the bottom part, all
dot products are summarized for an external field of H∗ = 0.25. It can be seen
that the transition, described above, occurs for higher shifts, when the external
field is stronger. This is the case, because a strong external field reinforces the
head-to-tail configuration. We also find that both magnetic moments assume a
roughly equal component parallel to the external field in the transition region.
Only at very high shifts, the dipoles align anti-parallel in order to minimize the
dipole-dipole interaction. At this point, one dipole moment has a component
anti-parallel to the external field. Finally, we observe that, at H∗ = 1, no tran-
sition occurs and the dipoles stay in the head-to-tail configuration at all shifts.
In Fig. 4.27, the dimensionless energy for the dipole-dipole interaction (top) and
dipole-field interaction (bottom) are compared. Both energies are normalized to
their respective minimum values, Umindd < 0 and Uminmf < 0 (Both of these mini-
mum values are independent of the shift due to the scaling relations explained
at the end of the previous section). Due to the normalization by the minimum,
which is smaller than zero, a larger ratio denotes a more favorable contribu-
tion to the energy. The plots of the normalized energy help to understand the
competition between favoring the dipole-dipole interaction, and thus choosing
an anti-parallel dipole alignment, or favoring the Zeeman energy, keeping the
dipole moments parallel to the external field. For low shifts, the dipoles assume
the head-to-tail configuration. Hence, the dipole-dipole energy can be optimized
at the same time as the Zeeman energy. When the shift increases, the normal-
ized dipole-dipole energy becomes more unfavorable, because the external field
prevents the formation of an anti-parallel dipole alignment. The normalized
Zeeman energy also decreases, as a compromise is found between a favorable
dipole alignment and an alignment of the dipoles with respect to the field. At
very high shifts, the dipoles orient anti-parallel and optimize the dipole-dipole
energy. At this point, the Zeeman energy approaches zero, as the contributions
from the two dipoles compensate each other.

In summary, particles with central dipoles can orient their dipoles favorably
towards each other and towards an external field at the same time. For sd-
particles with a high shift, on the other hand, a favorable alignment for the
dipole-dipole interaction contradicts a favorable alignment to the field. It will
be seen in the next section that this leads to a reduced clustering of sd-particles
in an external field.

4.4.2 Suspensions at T > 0

In this section, the cluster structure and magnetization properties of a suspen-
sion of sd-particles at kBT > 0 in an external field are discussed. Snapshots for
a shift of s = 0 and 0.725 are shown in Fig. 4.28, for both, the field free case
and a strong applied field (α = 12).
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Figure 4.28: Snapshots of suspensions of sd-particles at shift s = 0 (top) and
s = 0.725 (bottom) for no external magnetic field (left) and a field of α = 12
(right).
It can be seen that, in the case of central dipoles, the application of an external
field leads to strong chain formation in the suspension. When the dipole mo-
ments are shifted towards the particles’ surface, the dipoles are still aligned to
the field but no chains form. At the same time, small clusters with anti-parallel
dipole alignment are broken apart by the external field.
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Simulation technique

The suspensions at finite temperature were obtained by means of molecular
dynamics simulations (Sec. 3.3) using the ESPResSo software package [61, 6].
The simulations consist of N = 1000 particles. The volume fraction

φ = N
πd3

6l3
(4.18)

is set by changing the box size l. Periodic boundary conditions are employed
to mimic bulk behavior. The dipole-dipole interaction was calculated using the
dipolar P3M algorithm [14].

The temperature was kept constant by a Langevin thermostat[28], explained
in Sec. 3.3.3.

The shifted dipoles are implemented using the concept of virtual sites. These
are particles, the position and orientation of which is not obtained by integrating
Newton’s equation of motion. Instead, these properties are derived from the
position and orientation of other particles. In this way, a virtual site carrying a
dipole moment is placed relative to the centre of mass of each SD-particle. After
the forces and torques on the virtual site are calculated from the dipole-dipole
interaction, they are transferred back to the centre of mass of the SD-particle.
Then, the SD-particle’s centre of mass is propagated using Newton’s equations.
Details can be found in Sec. 3.3.5 and Refs. [94, 6].

Before sampling, the system is warmed up for 500 000 time steps of size
dt = 0.001. Then, snapshots for cluster analysis are recorded 200 times with a
spacing of 10 000 time steps, whereas the magnetization is measured every 100
time steps.

To compare results at different shifts, the same scaling relation as in Sec. 4.3.7
is applied: Let Ugs(s) be the ground state energy for two sd-particles with a
shift of s. The dipole moments are scaled such that the ground state energy for
two sd-particles is independent of the shift, i.e.

m(s) =
m(0)√

Ugs(s)/Ugs(0)
. (4.19)

At a temperature larger than zero, we define the effective interaction parameter

λ∗ =
λUgs(s)

Ugs(0)
. (4.20)

The parameter λ∗ compares the lowest energy for two sd-particles at close con-
tact for a given shift to the thermal energy. The Langevin parameter is defined
as the field interaction with the actual magnetic moment m(s) with respect to
the thermal energy, and is therefore defined as

α =
µ0m(s)H

kbT
(4.21)
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Structure of the suspension

In order to quantify the properties of the microstructure of a suspension of
sd-particles in an external magnetic field, we perform a cluster analysis. It is
based on the distance and energy criterion also used in Sec. 4.3.7: neighboring
particles are considered to be in the same cluster if their centers are closer than
1.3 diameters, and the dipolar interaction energy is negative. In this thesis, we
include single particles in the cluster definition. This makes the average cluster
size

S =
1

Nclusters

∞∑
i=1

i · ni (4.22)

more meaningful at high shifts, when the system contains mostly pairs and
single particles, but the ratio of these two still changes with the shift. In the
equation, ni refers to the number of clusters of size i.

It will be shown in the next section that the magnetic response of the system
is mainly governed by the dipole moment per cluster and by the cluster size
distribution. Hence, results for these will be presented below.

In Fig. 4.29 we show the normalized distribution of the dipole moment Mc

per cluster, i.e., P (Mc). Here, Mc is normalized to the dipole moment of a single
particle at the specified λ∗ and s. Thus a value of Mc = 1 indicates that the
cluster has a magnetic moment with a magnitude of a single magnetic particle.

In the plot distributions for several shifts are compared. Let us first look at
the interval 0 ≤Mc < 1. All clusters of more than one particle can contribute to
this region. When the shift is small, however, clusters tend to have a chain-like
structure with head-to-tail dipole orientation. It is therefore very unlikely that
such a cluster has a small total dipole moment. This can also be seen from
the sharp drop by more than two orders of magnitude in the dipole moment
distribution for Mc < 1. When the shift is high the dominant cluster structures
are pairs and triangles with anti-parallel and ring-like dipole alignment. In
these clusters, the dipole moments partially cancel out, so that the total dipole
moment of the cluster typically is below Mc = 1. Hence, we observe a more flat
distribution in the range Mc < 1.

At Mc = 1, we observe a strong peak originating from the single particles.
For Mc > n, where n is the number of particles in the cluster, clusters of n
particles can no longer contribute to the distribution. This is simply, because
they cannot reach this value of Mc, even if all dipole moments in the cluster are
co-aligned. This is the reason for the steps in the distribution at integer values
of Mc, especially at Mc = 2. For higher values of Mc, we observe a long and
smooth decay of the distribution for low shifts and a rather steep descend for
high ones, as the long chains become very flexible and the total dipole moment
is very broadly distributed. At high shifts, on the other hand, not many large
clusters exist in the first place, and if they do exist, the dipoles in them tend
to assume anti-parallel or ring-like dipole alignments, so that the cluster dipole
moment is rather small.

In Fig. 4.30, the distribution of dipole moments per cluster is shown for
a fixed shift of s = 0.65 for various applied magnetic fields. This helps to
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Figure 4.29: Normalized distribution of dipole moments per cluster at zero
external field for λ∗ = 4, φ = 0.09 and various shifts. For zero shift, only very
few clusters have a dipole moment below that of a single particle. For a higher
shift, the probability for clusters showing a dipole moment below that of a single
particle increases by up to two orders of magnitude, as a significant number of
clusters have anti-parallel or triangular dipole arrangements. At high shifts, this
dipole moment distribution almost entirely controls the initial susceptibility, as
will be shown in the next section.
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Figure 4.30: Distribution of dipole moment per cluster at a shift of s = 0.65
and λ∗ = 4 for various fields (φ = 0.09). It can be seen that the number of
clusters with dipole moments less than that of a single particle drops sharply,
when an external field is applied.
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Figure 4.31: Relative change in cluster size versus the applied field ( φ =
0.06). For zero shift, the average cluster size grows in an applied field, as the
field enhances the formation of chains. This effect is dampened with increasing
shift, as chains are no longer the preferred configuration of the sd-particles.
At very high shifts, the cluster size even decreases when the field is applied,
presumably due to the destruction of clusters with anti-parallel or ring-like
dipole arrangements.

understand the change in cluster structure, as an external field is applied. For
zero field, one again observes a significant number of clusters with normalized
dipole moments smaller than Mc = 1. When an external field is applied this
changes drastically. A field of α = 2, causes the distribution to drop by roughly
an order of magnitude at Mc = 0. This indicates a strong change in cluster
structure: in an external field the ring-like and antiparallel dipole arrangements
resulting in clusters with low dipole moments, become unfavorable. Due to the
field, chain-like cluster structures with higher total dipole moments are more
favorable. For high shifts, the distance between the dipoles is much larger in the
co-aligned configuration than in ring-like and anti-parallel states. This leads to
a weakening of the interactions between particles, when an external field forces
them into chain-like configurations. For some cases, this leads to a reduction in
cluster size, when an external field is applied. This will be examined in more
detail in the following paragraph.

A plot of the cluster size at zero external field can be found in Fig. 4.19.
The cluster size versus the shift first shows a small increase for shifts up to
approximately 0.5. For even higher shifts it drops sharply until, at shifts around
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Figure 4.32: Distribution of cluster sizes versus applied fields of strength α
for shifts s = 0, s = 0.65, and s = 0.8. The width of the stripe indicates the
fraction of the system consisting of the respective cluster type. For zero shifts,
the number of small clusters falls sharply when a field is applied. When the shift
is increased, the number of large clusters decreases. When the shift is high, we
observe an increase of single particles and smaller clusters in an external field.

0.8, mostly single particles and anti-parallel pairs are found.

In Fig. 4.31, the relative change in cluster size is shown versus the field
strength given for several shifts for the interaction parameter λ∗ = 4. The
relative change was chosen, because the absolute change in cluster size varies
strongly for different shifts. For small s, the clusters grow strongly when an
external field is applied. This is, because the formation of long chains of particles
is even more probable, if all dipoles are aligned to roughly the same direction
by the external field. However, the cluster growth is reduced significantly for
increasing shifts, and the clusters shrink by approximately 5% for s = 0.8 and
approximately 15% for s = 0.65.

In Fig. 4.32, we take a closer look at the change in composition of the sus-
pension, when a magnetic field is applied. To this end, the fraction of the
system consisting of clusters of different sizes is indicated by the width of the
stripes. Results are shown for shifts of s = 0, s = 0.65 and s = 0.8, and the
value of λ∗ = 4. The basic trends are comparable to those observed for the
relative change in cluster size in Fig, 4.31: For zero shift, the number of par-
ticles in small clusters and, in particular, the number of single particles drops
significantly, when even a small field is applied. This changes, when the shift
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is higher, and clusters with anti-parallel and ring-like dipole alignment become
more dominant. The number of larger clusters decreases when a field is applied.
The reduction of cluster size and a change in composition towards smaller clus-
ters in an applied magnetic field is unusual and opposite to what is observed for
particles with central dipoles.

Magnetic properties

The magnetization curve describes the total dipole moment of a ferrofluid versus
the applied external field. Thus, the magnetization is the sum of all dipoles in
the system:

M =
∑
i

mi. (4.23)

For non-interacting dipoles, the magnetization curve follows a Langevin law
given by

M

Msat
= cothα− 1

α
, (4.24)

where the so-called Langevin parameter is given by Eq. (4.21 ). It has been
shown [43] that, for spherical particles with central dipoles, the magnetization
is always greater or equal to the one given by the Langevin law. This can be
rationalized by the fact that each particle aligns its moment along the exter-
nal field, but this process is enhanced due the local field emanating from the
neighboring aligned particles.

In the upper part of Fig. 4.33, the magnetization curves are shown for various
shifts for a suspension with volume fraction φ = 0.03. The dipolar interaction
parameter is λ∗ = 4. The plot in the bottom row shows the difference be-
tween the magnetization and the Langevin law (Eqn. 2.5). At zero field, all
systems show no net magnetic moment. At very strong fields, all dipoles are
aligned and the magnetization approaches its saturation value. However, in the
medium range of fields, the magnetization strongly depends on the shift: for low
shifts, the magnetization is significantly higher than the value expected for non-
interacting dipoles. This is in accordance with the mean field [43] and density
functional theory [41, 32, 51] results for particles with central dipoles. When
the shift is increased, the magnetization of the suspension decreases. This is
driven by two effects: firstly, as shown in Sec. 4.3.7, the cluster size decreases
for higher shift. As particles are further apart, they do not support each other’s
magnetization to a similar degree. Secondly, at high shift, the dipoles of neigh-
boring particles assume ring-like or even anti-parallel alignments, which means
that some of the dipoles in a cluster assume a non-favorable alignment with
respect to the magnetic field. When an external field is applied, the binding
energy of the ring-like or anti-parallel dipole structure competes with the loss of
Zeeman energy. This leads to a magnetization which is even below the Langevin
value for suspensions with strong dipolar interaction and medium to high shift.
Only when the field is stronger, the clusters get broken apart, as the magnetic
particles get aligned by the field. In some cases, this leads to a decrease of
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Figure 4.33: Magnetization curves (upper part) and difference between ob-
served magnetization curve and that for non-interacting dipoles (lower part)
for a suspension at a volume fraction of φ = 0.03. The dipolar interaction pa-
rameter is λ∗ = 4. It can be seen that the magnetization curve is significantly
above the Langevin curve for zero shift. It falls back toward the Langevin curve
for higher shifts, as the cluster size decreases and neighboring particles tend to
have more anti-parallel orientations. For some configurations, the magnetiza-
tion curve falls even below the Langevin law. Note that in the upper part, the
curves for s = 0.65 and s = 0.8 coincide. Small differences can be observed in
the bottom part.
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Figure 4.34: Initial susceptibility versus the shift s at φ = 0.03 to φ = 0.09.
The dipolar interaction parameters are λ∗ = 3 and 4. The results are normalized
to the susceptibility of non-interacting dipoles with the same dipole moment.
The reduction of susceptibility solely due to the scaling of λ∗ is not shown. It
can be seen that, for small shifts, the susceptibility is significantly larger than
the value for non-interacting dipoles. For shifts around s = 0.65, on the other
hand, the susceptibility is below the Langevin susceptibility, as clusters with
anti-parallel or triangular dipole configuration hinder the magnetization.

cluster size versus the applied field as shown in Fig. 4.31. This is quite opposite
to what is observed in suspensions with central dipoles [41, 51].

In addition to the complete magnetization curves, it is helpful to study the
initial susceptibility, i.e. the slope of the magnetization curve in the limit of zero
external field. This will allow for a quantitative comparison of the dependency of
the low-field magnetization behavior on parameters like the shift. In computer
simulations, the initial susceptibility can be obtained either from a linear fit to
the magnetization curve, or, typically more accurately, from the fluctuation of
the system’s total magnetic moment at zero external field[93]. Here we employ
the latter approach. The fluctuation formula for the susceptibility for metallic
Ewald boundary conditions at infinity is given by:

χ =
φ〈M2〉
4πr3N

, (4.25)

where M is the total dipole moment of the system. In contrast to Ref. [93], this
is written in terms of the volume fraction φ rather than the number density. In
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Figure 4.35: Full susceptibility compared to the susceptibility obtained under
the assumption of non-interacting clusters. It can be seen that the susceptibility
at low shift is strongly influenced by correlations between clusters. Hence, the
full susceptibility is higher than that for the approximation of non-interacting,
rigid clusters. On the other hand, the susceptibility is almost entirely domi-
nated by individual clusters at high shifts, in particular in the region where the
susceptibility is below the Langevin susceptibility.

Fig. 4.34, the initial susceptibility is shown for volume fractions between 0.03
and 0.09 and dipolar interaction parameters of λ∗ = 3 and λ∗ = 4. It can be
seen that the susceptibility drops by a factor of approximately three when the
shift is increased. For strong interaction parameters, the initial susceptibility
falls below the Langevin susceptibility at a shift of approximately 0.65. For even
higher shift, the susceptibility approaches the Langevin value from below. This
behavior can be understood by noting that at small shifts neighboring particles’
dipoles are co-aligned, and hence, the magnetization is enhanced. When the
shift increases, the cluster size drops and particles become evenly distributed
over the entire system. Therefore, the susceptibility drops towards the case for
non-interacting dipoles. Additionally, the clusters that still do exist at higher
shifts tend to have ring-like or anti-parallel dipole alignments. This, as explained
above, hinders the magnetization and leads to a susceptibility that even is below
the Langevin value. It should be noted that the Langevin susceptibility is
understood in terms of the shift-adjusted dipole moment m(s) (Eqn. 4.11). If
one were not doing this scaling, the drop in susceptibility would be dominated by
the effect of the scaling, and results for different shifts would not be comparable.
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Let us now explore further, how much the susceptibility is influenced by the
cluster structure of the suspension. To this end, we compare the full suscepti-
bility as obtained by En.4.25, to the susceptibility obtained for non-interacting,
rigid clusters. To this end, a cluster analysis of the suspension is performed and
the total magnetic moment of each cluster is determined. Then, it is assumed
that the magnitude of the magnetic moment of the cluster stays constant for
very small external fields, and that the clusters do not interact among each
other. The susceptibility of this system is given by

χc =
1

3V µ0kBT
〈
∑
i

m2
i 〉, (4.26)

where i iterates over all clusters including single particles, V denotes the vol-
ume, and mi denotes the magnetic moment of each cluster. In Fig. 4.35, the
susceptibilities for the full system and for the system of rigid, non-interacting
clusters are compared. It can be observed that for low shifts, the susceptibility
for the full system is much higher than that of the fictitious system: clusters
found at low shifts are mainly chain-like, and show a head-to-tail dipole align-
ment. Hence, there is a strong interaction between clusters, which can not be
ignored when determining properties of the system. When the shift becomes
large, in particular when the susceptibility drops below the Langevin value at
s ≈ 0.7, the susceptibilities for the two systems are similar in magnitude. At
these shift values, the clusters have ring-like or anti-parallel dipole alignments
and a very small dipole moment, as the dipoles of neighboring particles partially
cancel out. Therefore the interaction between clusters, which roughly depends
on the product of the clusters’ magnetic moments, becomes mostly negligible.
In particular, the susceptibility below the Langevin value can be found even in
the approximation of non-interacting, rigid clusters.

4.5 Summary

In this chapter, a comprehensive analysis of the sd-particle system was pre-
sented. Sd-particles (shifted dipole particles) are spherical magnetic nanopar-
ticles with a magnetic moment shifted out of the center of mass towards the
particles’ surface. This shifted magnetic moment adds an additional anisotropy
to the particles which strongly influences both, the ground states as well as the
behaviour at finite temperature. When no external magnetic field is applied,
the ground states of particles with central dipoles are chains and rings. Dipoles
of neighboring particles tend to co-align. For sd-particles, on the other hand, we
observe pairs with close to anti-parallel dipole alignment. The ground states of
larger clusters are close-packed structures with triangular and anti-parallel pair
dipole alignments. These trends can also be observed in suspensions at T > 0.
The transition from chain-like agglomerates at low shifts towards more close-
packed structures at intermediate shifts towards pairs with anti-parallel dipole
alignment for high shifts is accompanied by a slight increase in average cluster
size up to shifts of ≈ 0.5, and a sharp decay for higher shifts. This reduction in
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average cluster size is consistent with the measurements of the energy density
of states, which assumes a very low value for attractive configurations, when
the shift is high. A comparison of the results for the Q2D and 3D geometries
revealed that the degree of clustering is higher in three dimensions.

The shift of the dipole moment towards the surface of the sd-particle does
not only influence the structure of a suspension in the field-free case. The
response to an external magnetic field is also quite different then for suspensions
of particles with central dipoles. For particles with central dipoles, an external
magnetic field will extend the co-alignment of dipoles of neighboring particles:
it is possible to maximize the absolute value of the dipole-dipole and the dipole-
field interactions at the same time. For sd-particles with a high shift value, the
ground states show an anti-parallel dipole alignment. Thus, either the dipole-
dipole interaction can be optimized but one of the particles shows an unfavorable
alignment towards the external field, or vice versa. As a consequence, while a
magnetic field enhances the clustering in suspensions of particles with central
dipoles, in the sd-particle system, the cluster size decays when the external field
is increased. For high shift values, the magnetic response of the suspension is
hampered, as the magnetic field has to break up clusters with anti-parallel or
ring-like dipole configurations, before the magnetic moments of the particles
can be aligned to the field. This leads to a lower initial susceptibility which can
even fall below the value for non-interacting dipoles for some parameters.

While sd-particles are a theoretical model, they have been compared to col-
loids with a magnetic cap[7, 103, 102] as well as colloids with embedded magnetic
cubes[85]. The model can help explain some of the experimental findings, in par-
ticular the magic number clusters described in Ref. [7]. Recently, also a variant
of shifted-dipole particles with differently aligned dipoles has been examined[2].



Chapter 5

Ferrogels

5.1 Introduction

In this chapter, two simulation models of magnetic gels will be developed, which
address different mechanisms for the deformation of the sample in an external
magnetic field. The first model represents a gel with a high density of strongly
interacting magnetic particles, in which there is no coupling between the ro-
tational degree of freedom of the magnetic moment and the polymers. The
second model describes a situation in which the polymers are strongly coupled
to the orientations of the magnetic moments in the system. The interaction
between the magnetic nanoparticles, on the other hand, is not included. It will
be shown that a magnetic gel can deform in a homogeneous field in both cases,
but that the deformation results on very different mechanisms. An introduc-
tion to these deformation mechanisms can be found in Sec. 2.3. The results on
the two-dimensional models have been previously published together with S.
Kantorovich and C. Holm in Ref. [97].

5.2 Model I in two dimensions: Deformation
through chaining of magnetic particles

In the first model, we examine the deformation of a ferrogel due to changes in
the interactions between the magnetic particles in the network, when an external
magnetic field is applied. The magnetic particles are randomly oriented in the
absence of a magnetic field, and thus the interaction between them averages
to zero. If, on the other hand, a magnetic field is applied, all the magnetic
moments in the system align to it and point to roughly the same direction.
This results in an average attraction among them in the field direction and an
average repulsion in the direction perpendicular to it. Due to these interactions,
the magnetic particles re-arrange and thereby can distort the gel matrix.

95
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5.2.1 Model

In our simulations, the gel sample consists of 12 by 12 node particles, initially
placed on a two-dimensional square lattice. These node particles are connected
by flexible chains of particles of the same size, where four chains emerge from
each node. In this work, chain lengths of 11 and 15 are considered. We study
an open system with no periodic boundary conditions applied, and all particles
of the nodes and chains are free to move in the plane, although without loosing
their connectivity. In order to make the network magnetic, every second par-
ticle in a chain is assigned a magnetic dipole moment which is free to rotate
in three dimensions without exerting any torque on its neighbors through the
bonded interactions. The dipolar interaction parameter λ (Eqn. 2.2) is chosen
between 1 and 3, where m denotes the particles’ dipole moment, µ0 is the vac-
uum permeability, σ stands for the particles’ diameter, and kBT for the thermal
energy. All particles are modelled as soft spheres interacting via a purely repul-
sive Lennard-Jones potential, the so-called Weeks-Chandler-Andersen (WCA)
potential [98] (Eqn. 3.46 and 3.47). Here, the particle diameter is σ = 1 and
the scale of the potential is ε = 5kBT . All bonds within the chains as well as
between chains and nodes are modelled with a harmonic potential,

V (r) =
1

2
k(r − r0)2, (5.1)

with a spring coefficient of k = 40 and an equilibrium distance of r0 = σ · 21/6

coinciding with the cut-off of the soft sphere potential, making the network
quite deformable. It is important to underline that all potentials except for
the dipole-dipole interaction do not depend on the orientation of the particles.
Thus, the magnetic particles can rotate freely without directly exerting a force
on their neighbours. This represents a situation in which either the magnetic
particles are loosely coupled to the polymers, or the magnetic moments can
re-orient via the Néel mechanism, without a rotation of the particle as a whole.
The simulations are thermalized with a Langevin thermostat which mimicks the
friction and the Brownian motion of the carrier fluid [3] (Sec. 3.3.3). Both, the
thermal energy kBT and the friction coefficient γ are set to unity.

At the beginning of the simulation, the sample is initialized on a square
lattice with all chains being straight. The system is then relaxed during ap-
proximately 106 time steps of size dt = 0.015 without a magnetic field applied
and without the dipole-dipole interaction of the magnetic particles taken into
account. Afterwards, the system is thermalized for approximately 5 · 106 time
steps with the magnetic field applied and the dipole-dipole interaction consid-
ered. This long thermalization is needed both, for the sample to shrink to its
equilibrium size – as the polymer chains curl – and because the correlation time
in the system is very long. The stronger the external magnetic field and the
dipole-dipole interaction are, the faster the system relaxes. As taking into ac-
count the dipole-dipole interaction, which has to be evaluated by direct summa-
tion in an open system, is very time consuming, the splitting of thermalization
in two phases as described above reduces the computational costs considerably.
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Figure 5.1: Snapshot of a magnetic gel sample after thermalization. The gel
consists of 12 by 12 nodes initially placed on a 2D square lattice and connected
by chains of 15 particles. Every second particle in the chain carries a magnetic
moment (drawn in red). While the dipole moments can rotate in three di-
mensions, the centers of all particles are confined to the xy-plane. The particles
interact via a purely repulsive Lennard-Jones potential, and harmonic potentials
are used for all bonds.

A typical snapshot of the system of 12 by 12 nodes with 15 particles in each
chain after thermalization is shown in Fig. 5.1. Here, every second particle is
magnetic and drawn in red.

5.2.2 Results

When the gel is placed in an external magnetic field, a torque of m×H acts on
all magnetic particles in the system, where m is the particle’s magnetic moment
and H denotes the external magnetic field. This leads to the alignment of the
particles’ magnetic moments along the field direction, resulting in an attraction
between particles in the direction of the field and a repulsion in the perpendicular
direction. In the upper part of Fig. 5.2, the resulting shape change is shown.
It can be seen that the sample shrinks in the direction perpendicular to the
applied field and elongates in the direction of the field. From the plot of the
gel’s area versus the external field (Fig. 5.2, lower part), it can also be observed
that most of the shrinkage happens at small applied fields. The deformation
quickly saturates as a function of the strength of the applied field. In Fig. 5.2,
we present results for six different samples with dipolar interaction parameters
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λ of 1, 2, and 3, chain lengths of 11 and 15 particles, exposed to magnetic fields
with Langevin parameter µ0mH/kT up to 15. In this figure, it can be observed
that the shrinkage is much larger, when the dipole-dipole interaction is stronger.
The gel shrinks less, on the other hand, when the chains are shorter, because in
that case, there is less free volume in the gel.

To understand, why the contraction in the direction perpendicular to the
applied field occurs, even though two parallel dipoles side-by-side repel each
other, one should focus on Fig. 5.3. Here, we present a snapshot of a gel sample
in a strong magnetic field. Firstly, in all the chains parallel to the field, the non-
magnetic particles – drawn in black – are pushed out of the chains towards the
side, so that the magnetic particles – drawn in red – form tight chains of dipoles
in head-to-tail orientation. Secondly, chains that were oriented perpendicular
to the field (see Fig. 5.1) bend along the field to avoid repulsive side-by-side
configurations of dipoles. To achieve this bending in as many chains as possible,
the nodes of the network arrange themselves diagonally. So, the nodes in con-
secutive rows are shifted by one half node spacing. The shrinking mechanism
can be observed especially well in the boundary of the sample: practically no
part of the boundary is oriented perpendicular to the field, leading to a narrow
elongated shape of the sample.

These two mechanisms of contraction and the structural changes occurring
along with them, can be seen especially well from the two-dimensional pair
correlation function of the magnetic particles

g(δx, δy) =

∫
dx

∫
dyρ(x, y)ρ(x+ δx, y + δy), (5.2)

where ρ(x, y) denotes the particle density. For any magnetic particle, g(·) gives
the probability of finding another one at a distance of δx, δy. It is obtained
by examining all pairs of magnetic particles in a snapshot and sampling the
distances within them in a two-dimensional histogram with a resolution of one
half particle diameter. This procedure is repeated for approximately 100 in-
dependent snapshots to get sufficient statistics. To avoid artefacts due to the
finite size of the sample, the surrounding of particles closer than 20 particle
diameters to the boundary is not considered. The resulting pair correlation
functions are shown as a graymap in Fig. 5.4, where, the lighter the colors are,
the higher are the correlations. When no field is applied (depicted on the left
hand side), the square structure of the gel is still visible, as the particle density
close to the nodes, where four chains meet, is higher. Here, x and y directions
are interchangeable. When, on the other hand, the magnetic field is turned on
(center and right hand side), a strong anisotropy is seen. The formation of tight
chains of magnetic particles in field direction is clearly visible from the horizon-
tal lines. Above and below these chains, we observe a region of low magnetic
particle density, because particles aligned to the external field would be repelled
by the chains. To avoid energetically unfavorable chains oriented perpendicular
to the field, the nodes of the network rearrange themselves diagonally, which
is also clearly observable in the plot. Thus, from this plot we learn that the
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Figure 5.2: Boundary of a gel sample in an external magnetic field of different
strength (top part) and plot of the gel’s area versus the applied field (bottom
part). When a magnetic field is applied, the gel shrinks significantly in the
direction perpendicular to the field and elongates in the direction parallel to
it. Most of the contraction happens at relatively small external fields and the
saturation is reached quickly. The arrows indicate the field strength for which
the boundary depicted in the corresponding color was obtained.
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H

Figure 5.3: A gel sample in a strong external magnetic field. It can be seen
that there are two mechanisms leading to a contraction of the gel. Firstly, the
non-magnetic particles (black) are pushed out from the chains, so that magnetic
particles (red) can come closer to each other. Secondly, the chains that were
oriented perpendicular to the field direction bend towards the field direction,
resulting in a strong contraction in the direction perpendicular to the external
field.
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Figure 5.4: Graymap of the 2d pair correlation function g(r) in a gel without
field (left), in a field of α = 3 (center), and α = 15 (right). The plot shows the
probability of finding two magnetic particles at a distance r from each other.
A light color denotes a higher correlation. When no external field is applied,
the square arrangement of nodes in the network is still visible, and the gel is
symmetric with respect to rotations by 90 degrees. When an external magnetic
field is applied, the correlation plot becomes strongly anisotropic. Tight chains
of magnetic particles form in field direction, as can be seen from the bright
lines. Above and below these chains, there are regions with very low magnetic
particle density. The diagonal arrangement of nodes seen in the right-most
picture happens to minimize the number of chains oriented perpendicular to
the field direction. The scale along the axes is in particle diameters, the color
represents the number density.

microstructure of the sample is strongly reorganized by the external magnetic
field.

The contraction and the microscopical reorganization of the gel are, however,
also limited: while contracting, the polymers loose freedom of motion which
results in a loss of entropy. This can be seen from the plot of the gel’s area
versus the dipolar interaction parameter λ of the magnetic particles in a strong
magnetic field (Fig. 5.5). In series of simulations presented in this plot, the dipole
interaction parameter λ was varied between 1 and 8, an external magnetic field
with a Langevin parameter of α = 15 was applied. For comparison, simulations
were also performed without an external field. As can be seen, the area of the
gel in an external field saturates with increasing strength of the dipole moment.
It can also be observed that the equilibrium size of the gel without an external
magnetic field decreases slightly. This is because magnetic particles are close to
each other in the chains, so that in the case of a strong dipole-dipole interaction,
some local ordering occurs even without the help of an external magnetic field.
We observe that while the area of a gel in a field, A(∞), saturates quickly, when
λ is increased, the shrinkage, A(∞)/A(0), saturates slower, due to the reduction
of the gel’s area without a field with increasing λ.

As the contraction in this model system is controlled by the dipole-dipole
interaction between magnetic particles, it is also important to examine the mag-
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Figure 5.5: Area of a gel with and without an external magnetic field applied,
for different strength of the dipole-dipole interaction λ. It can be seen that for
increasing dipole moments, the contraction of the gel saturates quickly, because
the internal pressure, caused by entropy and excluded volume, prevents further
shrinking. Even without an external magnetic field, the gel area decreases with
an increase of λ.
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netization curve of the system, i.e. the sum of the component parallel to the
field of the total dipole moment versus the external field:

M(H) =
∑
i

〈mi,H〉
|H|

, (5.3)

where H denotes the external magnetic field. The degree of alignment of dipoles
given by the magnetization controls the contraction, because the average dipole-
dipole interaction in the system increases when magnetic moments are aligned.
The magnetization curves for dipolar interaction parameters λ of 1, 2 and 3
are presented in Fig. 5.6. They are also compared to the first order mean-
field approach results for a reference ferrofluid with a magnetic particle density
equivalent to the gel at maximum compression. The first order mean field
approximation is given by [43]

M(α) = ML(α+ cα)), (5.4)

where ML(·) denotes the Langevin magnetization for an ideal paramagnetic gas,
i.e., a gas of non-interacting magnetic particles,

ML(α) = Ms

(
cothα− 1

α

)
. (5.5)

The value Ms is the saturation magnetization. The prefactor c describes, to
which extent dipole-dipole interaction changes the internal field in the sample:
the magnetic field felt by one dipole is the sum of the external field and the
field created by surrounding dipoles. The value of c can be calculated for a
homogeneous ferrofluid. The result for a quasi two-dimensional system is c =
π/2. [56]. The result for a three dimensional system, c = 4π/3 can be found
in [43]. In Fig. 5.6, one can see that only for λ = 1, the mean field approach
provides a reasonable result for the magnetization of the gel. For λ = 2 and
3, even though the density of the reference fluid corresponds to the maximal
compression, the mean field curves lie below the simulation data. The presence
of pre-organized chains in our sample geometry unavoidably leads to higher
values of the initial susceptibility, i.e. the slope of the curves at H = 0.

When comparing the plot for the shrinkage of the gel versus an applied field
(Fig. 5.2) and the magnetization curves (Fig. 5.6), the similarity is clearly no-
ticeable. Hence, it is worth examining, whether a scaling relation exists between
the reduction in area ra(α) = −(A(α) − A(0)) and the magnetization M(α).
As ansatz for the scaling relation, we write the reduction in area as a rescaled
magnetization relation

ra(α) = A(0)
c1
Ms

M(c2α) (5.6)

where Ms denotes the saturation magnetization. Like the magnetization curve,
the reduction in area is characterized by two parameters: c1 denotes the satura-
tion value, i.e., the shrinkage at infinite applied magnetic field; c2, on the other
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Figure 5.6: Magnetization curves for a model gel with different dipolar inter-
action parameters λ. The gel is magnetized more rapidly than a ferrofluid of
comparable magnetic particle content. Here, we use the first order mean field
approach (Eqn. 5.4) for a reference fluid with a density corresponding to the
maximal compression of the gel.
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λ c1 c2 a
1 8.95% 0.5029 1.11
2 19.5% 0.3807 1.30
3 32.4% 0.298 1.77

Table 5.1: Fit parameters for the scaling relation (Eqn. 5.6) between shrinkage
and magnetization for three values of λ.

hand, describes the resistance towards the deformation of the elastic matrix,
and is related to the initial slope of the area versus field curve. One can write

c2 =
Ms

A(0)c1
· χA
χM

, (5.7)

where χA and χM , are the susceptibilities for the area versus field and mag-
netization versus field curves, respectively. The values of c1 and c2 are fitted
according to the following protocol. Since we do not have measurement points
for the magnetization at arbitrary values of α, we cannot do the fit for c2 di-
rectly. It turns out that all magnetization curves can be fitted with modified
Langevin curves,

L(α) = coth(aα)− 1

aα
, (5.8)

with a as a free parameter. This fit is used to provide the desired functional
form, giving a value for M(α) at any α > 0. This curve is then fitted to the
reduction in area as described in Eqn. 5.6. The resulting fits for dipolar inter-
action parameters λ = 1, 2, 3 are shown in Fig. 5.7. The parameters obtained
from the fits are given in table 5.1.

The results presented so far demonstrate that the theoretical model is well
suited to explain the contraction of a gel due to the enhancement of the dipole-
dipole interaction in an external magnetic field. However, a realistic gel is
much less ordered than the regular network studied above. To conclude the
discussion, we therefore examine how strongly the contraction depends on the
aforementioned regularity of the network. To this end, a gel with randomized
chain lengths – a so-called polydisperse network – in a strong magnetic field
was studied. In these samples, the chain length was drawn from a uniform dis-
tribution with a minimum of 11 and a maximum of 19 particles per chain. As
in the samples previously discussed, every second particle in the chain carries
a magnetic moment. While there are still four chains per node, the nodes are
not anymore equally spaced due to the different chain lengths. Thus, the chains
are no longer mainly aligned to the x and y-directions. Two snapshots for this
system, without external field and with a strong field applied (α = 15), respec-
tively, are shown in Fig. 5.8. It can be seen that the strong contraction in the
direction perpendicular to the field and the elongation in the direction parallel
to it, observed so far, also exists in the case of a polydisperse network. This
indicates that the mechanism of contraction does not depend on the regularity
of the network.
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Figure 5.7: Area and rescaled magnetization of the sample versus the strength
of the external field for different dipolar interaction parameters λ. It can be seen
that the reduction in area of the gel is proportional to the magnetization curve
with a rescaled field (Eqn.5.6). Due to the resistance caused by the polymer
matrix, the reduction in area saturates slower with increasing magnetic field
than the magnetization. Simulation error bars are smaller than the symbol size
in this picture.
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H

Figure 5.8: Sample of a magnetic gel with polydispersity, i.e., with randomized
chain length without (top) and with (bottom) a magnetic field applied. It can
be seen that the contraction of the gel does not depend fundamentally on the
ordered structure imposed in our simple model. The contraction shows the same
features, when the length of the polymer chains is randomized.
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In summary, the model presented in this section, explains the deformation of
a gel through the formation of chains of magnetic particles. When a magnetic
field is applied, these chains align to its direction and lead to an elongation
of the sample in field direction and to a shrinkage in perpendicular direction.
This model is relevant for gels with high magnetic particle density, in which the
magnetic nano-particles are loosely coupled to the polymer network or in which
the magnetic moments relax via the Néel mechanism.

5.3 Model II in two dimensions: Deformation
through transmission of torques

The model discussed in this section was inspired by a system synthesized and
studied in the group of A. Schmidt [68], in which the surface of magnetic particles
was functionalized, so that the polymer chains forming the gel could attach
to specific spots on the magnetic particles’ surface. In this way, the magnetic
particles act as cross-linkers of the network. When these particles rotate to align
their dipole moments along an external magnetic field, they pull the polymer
chains and thereby transmit the torque to the gel matrix.

5.3.1 Model

The sample is built up from node particles initially placed on a two-dimensional
square lattice and connected by flexible chains, using again open boundaries.
In this model in contrast to model I, only the node particles carry a magnetic
moment which at the beginning of the simulation is initialized to a vector ran-
domly oriented in the xy-plane. Then, the nodes are connected by chains which
are attached to specific spots on the node particles’ surface. This is achieved by
placing a virtual site (Sec. 3.3.5) relative to the node particle immediately under
its surface. The end of the polymer chain is then bound to this virtual site via
the same bond potential as is used within the chain. This type of bonding cou-
ples the rotation of the magnetic node particles to the polymer matrix, So, in
contrast to model I, the magnetic particles cannot rotate freely. A sketch which
illustrates the bond between nodes and chains is shown in Fig. 5.9. The chains
are always attached at the left, right, top, and bottom of the node particle,
initially. The samples discussed in this work consist of 12 by 12 node particles
with a diameter σ = 10 and chains consisting of 40 to 60 particles of diameter
σ = 1 and bound by a harmonic potential (Eqn. 5.1) with a prefactor of 10

and an equilibrium distance of σ · 2 1
6 , which coincides with the cutoff radius of

the WCA-potential. All particles in the system again interact via the Weeks-
Chandler-Andersen potential[98], given in Eqns. 3.46 and 3.47, with a strength
of ε = 10kBT . The σ for the interaction between large and small particles is
given by

σls =
1

2
(σll + σss), (5.9)
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Figure 5.9: In the second model, the polymer chains are attached to specific
points on the surface of the magnetic particles. In this sketch, the respective
other ends of the chains are fixed. Such a configuration without a field is shown
on the left hand side. On the right hand side, a field is applied, rotating the
magnetic particle. As a consequence, the polymer chains are “rolled up“ around
the magnetic particles. Thus, the torque exerted by the field on the magnetic
particles is transmitted to the polymer matrix.

where the indices l and s stand for large and small particles. The model has
been simulated with a time step of dt = 0.008, resulting in a relaxation of
approximately 20 · 106 time steps, before measurements could be taken. The
correlation time in the system is very long, which allows only for limited accuracy
of measurements in reasonable computer time. The simulations for this model
have been performed without dipole-dipole interaction, both, to study different
compression mechanisms separately, and because dipole-dipole interactions turn
out to be irrelevant to the deformation process for the systems investigated
here and within the accuracy of our measurements. This has been verified
by re-running individual simulations with dipole-dipole interaction enabled. A
snapshot of a gel sample of this model is shown in Fig. 5.10.

5.3.2 Results

As we can see from the sketch in Fig. 5.9, when subjected to an external magnetic
field, the ferroparticles in the gel rotate to align their dipole moments, and the
polymer chains glued to their surface get rolled up around them. This effectively
shortens the length of the chains which connect two nodes, and therefore the
gel as a whole contracts. A snapshots of the system without external field (left)
and with a magnetic field of α = 19 applied (right) are shown in Fig. 5.10. For
the case with no field applied, we note that chains are connected roughly at the
top, bottom, left, and right of the magnetic particles. Here it is worth noting
that while stretched at the beginning of the simulation, the chains first relax to
their equilibrium conformation, with the end-to-end distance being shorter than
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Figure 5.10: Simulation snapshot of a gel sample without (left part) and with
(right part) an external magnetic field applied. When the magnetic particles
rotate to align their magnetic dipoles to the field, the chains attached to their
surface are forced to follow, leading to a contraction of the sample.

the contour length. This is due to the strong influence of the chain entropy. We
investigate the chain length as one of the control parameter. When the magnetic
field is turned on, the particles are rotated and one can see the rolled up chains.
This is visible especially well at the boundaries.

In Fig. 5.11, the boundary of a gel for an external field of different strength
is shown along with the corresponding area versus the Langevin parameter α,
which shows the ratio of the Zeeman energy to the thermal one. The boundaries
shown in the upper part are for a gel with 40 beads per chain. The area as
a function of the aforementioned Langevin parameter α is plotted for chain
lengths of 40 and 50 beads. It can be seen that the gel in this model also
contracts significantly within an external magnetic field. In contrast to model
I, however, it shrinks equally in the directions parallel and perpendicular to the
field. This is, because the contraction is not controlled by the anisotropic dipole-
dipole interaction as in model I, but rather by rolling up of the chains, i.e. by
their effective shortening, as described above. This mechanism is independent
of the chains’ orientation. In the strictly two-dimensional case, there is only
one rotation axis, namely, the axis perpendicular to the sample plane. Hence,
a rotation of the node particle around this axis has an equal effect on all chains
attached to the node. In the Q2D geometry used for this model, a rotation
of the node around the other two axes is in principle possible. However, it is
highly restricted, because the polymer chains attached to the node’s surface
cannot leave the plain.

From the plot of area versus field, we observe that the amount of contraction
is reduced with increasing chain length, because when the chain is longer, a
slight rolling up at the ends is no longer that important. The chain can easily
uncoil slightly and compensate for the shortening. Apart from the results for
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chain lengths of 40 and 50 beads, which are shown in the plot, results for a chain
length of 60 were also obtained. Albeit, the necessary accuracy of approximately
1%, which is needed to compare them quantitatively with the results for shorter
chains, is not obtainable in reasonable computer time.

As, in this model, the shrinkage of the gel is directly caused by the aligning
of the magnetic particles, i.e., the magnetization, it is worth examining the
magnetic response of the system in detail. To this end, the magnetization curve
M(α) is plotted in Fig. 5.12 for gel samples with a chain length of 40 and 60
beads, respectively. In addition, the magnetization curves for non-interacting
dipoles is plotted, both, for the case of quasi-2D and 2D. In quasi-2D, the dipole
moment can rotate out of the plane, whereas it is constraint to the plane in 2D.
The expression for non-interacting dipoles in Q2D (and 3D) is given by the
Langevin curve (Eqn. 2.5. The 2D result is given by

M(α) ∼ I1(α)

I0(α)
, (5.10)

where Ik(α) are modified Bessel functions of order k. From the plot, we observe
that the gel sample is magnetized slower than a system of non-interacting dipoles
with the same density, i.e., our model gel has a lower initial susceptibility. In
this model, the magnetic response is hampered by the elasticity of the gel,
which is in contrast to the result for model I, in which the presence of chains of
magnetic particles enhanced the magnetization. In addition, it can be seen from
Fig. 5.6 that the gel can be magnetized more easily, when the polymer chains
are longer. This is the case, because a longer polymer can uncoil slightly with a
lower entropy penalty than a short polymer, to compensate for the rotation of
the magnetic node particle. This leads to a higher magnetization and a lower
deformation of the sample.

As in model I, here, we observe a similarity in the shape of the magnetization
curve and the area versus field curve. Hence, to conclude this section, let us
examine the scaling relation between the compression and the magnetization of
the sample. To this end, a plot of area versus magnetization, i.e. A(α) versus
M(α), is shown in Fig. 5.13. From the fit, it can be seen that the reduction of
area and the magnetization, in this model, are connected via a power law of the
form

A(α)−A(0) = −b [·M(α)]
c
. (5.11)

Here, c ≈ 2.52 denotes the scaling exponent and b = 2.63 · 10−5 is a propor-
tionality constant. With the help of the scaling relation, it is also possible to
extrapolate the maximum compression of the system, which is not known from
the simulations. The value of the maximum compression is found by inserting
the value of the saturation magnetization Ms, which is the sum of all dipole mo-
ments in the system, for M(α), into the scaling law (Eqn.5.11). The resulting
maximal compression of the system is approximately 34%.

In conclusion, model II describes a gel sample in which the magnetic nano-
particles are chemically coupled to the polymer network. Thus, when the parti-
cles align to an external magnetic field, the torque is transmitted to the polymer
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Figure 5.11: Upper part: Plot of the boundary of a gel sample subjected to
external magnetic fields of different strengths. It can be seen that – in contrast
to the first model – the gel shrinks isotropically. This happens because the
contraction is not controlled by the anisotropic dipole-dipole interaction, but
rather by the rolling up of polymer chains around the magnetic particles. Here,
the torque exerted on the magnetic particles by the external field is transmitted
to the polymer matrix and leads to an isotropic contraction of the gel.
Lower part: Area of the gel sample as a function of the Langevin parameter.
The arrows correspond to the individual boundaries of the upper part.
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Figure 5.12: Magnetization curve for a gel with 40 and 60 beads per chain,
respectively. The magnetization for a single dipole in quasi-2D and 2D are also
plotted, for comparison. We observe that the magnetic response of the gel is
strongly hindered compared to a free dipole due to the elasticity of the polymer
matrix. When the chains are longer, the gel can be magnetized more easily.
At the same time, the amount of shrinkage is lower (see Fig. 5.11) It is worth
mentioning that the actual error bars for high values of the Langevin parameters
are smaller than those plotted here.
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matrix. In a 2D system, this leads to an isotropic shrinking of the samples, as
the polymer chains get rolled up equally in all directions around the magnetic
particles.

5.4 Model II in three dimensions: Deformation
through transmission of torques

The two-dimensional case, presented above, is very instructive, as it is demon-
strates the deformation mechanism for gels cross-linked by magnetic particles.
Also, due to its simplicity, direct observations can be made from the visualiza-
tion. Also, in 2D, there is only one rotation axis available for the magnetic node
particles, making it the most basic case. Real magnetic gels, on the other hand,
are typically three-dimensional. Hence, it is important to study this case. As it
will be seen in the next sections, the additional rotation axes available in 3D,
will lead to an anisotropic deformation of the gel.

5.4.1 Model

Like in the 2D case, the magnetic node particles are initially placed on a regular
lattice, which, however, now is three-dimensional. Then, the chains are attached
to a specific point on the nodes’ surface. Therefore, as before, when the node
particles rotate, the chain ends have to follow. Before the chains are connected,
the dipole moments of the node particles are randomized, to make the system
isotropic. The system is again studied only with dipole-field interaction, but not
with dipole-dipole interaction. Two simple choices for an initial lattice are the
diamond cubic (DC) and simple cubic (SC) geometries. In the former case, four
chain ends are connected to each node, while there are six in the latter case. By
switching from the diamond cubic to the simple cubic structure, one can thus
vary the degree of connectivity (and in consequence the elastic and magnetic
response) of the network. In contrast to the 2D case, periodic boundary con-
ditions are applied, in order to reduce boundary effects. Snapshots of samples
after equilibration are shown in Fig. 5.14 for the DC and SC lattice. As the
shape of the gel for the given parameters is not known a priori, an iterative pro-
cedure is applied to adjust the box size. A simulation is run at an initial degree
of swelling and the stress is measured. Then, the box is shrunk or expanded
in each coordinate, according to the diagonal elements of the observed stress
tensor. The orthogonal basis of the stress tensor coincides with the orientation
of the simulation box. After the box shape is adjusted, a new simulation is
performed. This is repeated, until the measured stress approaches zero up to
the desired tolerance. When the gel can be assumed to be isotropic, i.e., when
no external field is applied, an optimized procedure can be used, which will be
explained in the next section. Even in the field free case, there will be a small
anisotropy in an individual sample of the gel, because the sum of the randomly
drawn initial dipole moments is never exactly zero. The stress is measured and



116 CHAPTER 5. FERROGELS

Figure 5.14: Snapshots of the gel sample after equilibration in three dimensions,
based on the diamond cubic (top) and simple cubic (bottom) lattice. No external
magnetic field is applied. The model is constructed by initially placing the
magnetic node particles (red) on the sites of a regular lattice. Then, the nodes
are connected by flexible chains (black), which are attached to specific spots on
the nodes’ surface. The system is studied in periodic boundary conditions.
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averaged for several instances of the system at any given set of parameters to
compensate for this.

The simulation parameters are as follows: The gel consists of Nn = 64
node particles as well as Ndc

c = 2Nn chains in the diamond cubic structure
or N sc

c = 3Nn chains in the simple cubic structure. The chains consist of 60
or 80 beads, with a diameter of σc = 1, whereas the node particles have a
diameter of σn = 10. All particles interact via a purely repulsive Lennard-
Jones interaction, the Weeks-Chandler-Andersen potential[98] (Eqn. 3.47), with
a strength of ε = 10. The bonds between neighboring particles in a chain as well
as between the ends of the chains and the virtual sites have a harmonic potential
with an equilibrium elongation of 2

1
6σ, coinciding with the cut-off of the WCA-

potential. The spring constant of the harmonic potential is k = 10. As in the
two-dimensional study of model II, the dipole-dipole interaction between the
node particles is neglected. The system is thermalized by means of a Langevin
thermostat (Sec. 3.3.3 with a thermal energy of kBT = 1 and a friction coefficient
of γ = 1.

The simulation is divided into the following steps:

1. The magnetic node particles are placed on the lattice with random dipole
orientations. The distance between the surfaces of adjacent nodes is such
that the chains can be inserted in the straight configuration. Hence, the
resulting initial lattice constant is

a = σn + lcσc, (5.12)

where σn and σc, are the Lennard Jones diameters of the node and chain
particles, and lc is the number of particles in a chain.

2. Chains are connected to the surface of two adjacent nodes. Four chain
ends are connected to a node in the diamond cubic case and six in the
simple cubic case. The bond between the surface of the node particle
and the end of the chains is constructed in the same way as in the 2D
case (Sec. 5.3.1): a virtual site, related to the node, is placed immediately
under the surface of the node. Then, it is bound to the chain’s end by the
same harmonic bond used with in the chain.

3. After the network is cross-linked, it is scaled to the desired shape. This
is done by adjusting the box size in 400 steps from the initial shape to
the target shape. After each deformation step, the system is equilibrated
with the Langevin thermostat for 100 time steps of size dtreshape = 0.0006
to disperse the energy introduced by the deformation.

4. When the final shape is reached, the system is equilibrated further for
200 000 steps of size dt = 0.01, again using the Langevin thermostat.

5. Finally, observables can be measured. The time step is again dt = 0.01
and stress measurements are taken every 20 time steps, whereas the mag-
netization is measured every 100 000 steps. In a typical simulation, more
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than 50 000 stress measurements are taken. This is needed due to the
large fluctuations.

5.4.2 Equilibrium swelling

When a gel with specific topology, chain length, and interaction parameters is
to be studied, the equilibrium swelling, and hence the box size, is not known
a priori. Therefore, the first step in the analysis of the system is to determine
this property in the field-free case. In principle, it is possible to do this by
simulating in the NPT -ensemble using a barostat. However, this was found
not to be efficient[65]. Instead, a set of simulations in the NV T -ensemble is
performed at different volumes. By measuring the stress tensor as explained in
Sec. 3.3.6 and averaging over its diagonal elements, the stress-strain relation for
the gel is obtained:

P (ε) =
1

3

∑
i

Sii, (5.13)

where P (ε) denotes the isotropic pressure as a certain strain ε, and Sij denotes
the stress tensor. The stress is obtained as described in Sec. 3.3.6. From this
curve, the equilibrium strain, at which the stress is zero, can be estimated by
linear interpolation.

Simulation results for such a stress-strain relation are shown in Fig. 5.15.
In this plot, the strain is expressed in terms of the box length in units of the
Lennard-Jones σ of the chain particles. Data is shown for the diamond cu-
bic setup with four chains connected to a node in the upper part whereas the
data in the lower part is for a system in the simple cubic geometry with six
chains connected to a node. For both topologies, data is presented for chain
lengths of 60 and 80 beads. The stepping between consecutive box lengths is
approximately 2%. This is close enough for linear interpolation between the two
measurements the stress of which is closest to zero. Averaging has been done
over 12 representations of the system for each given strain. In Fig. 5.16, the
stress-strain curves for both DC and SC geometries are shown again, but now
rescaled to the equilibrium box size at which the stress is zero. From the slope
of the curves at the equilibrium strain, the stiffness of the gel can be deduced.
The slope is the higher the stiffer the material. It can be seen that the gel in
the SC geometry is more stiff than in the DC geometry. Also, a decrease of
the chain length results in a more stiff system. Both these observations can be
understood by noting the higher particle density for shorter chain lengths and
for a larger number of chains.

On the basis of the equilibrium box size determined in the absence of an
external magnetic field, in the following section, the deformation of the gel in a
field will be discussed.
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Figure 5.15: Isotropic stress (pressure) versus the box length for a gel based on
the diamond cubic (top) and simple cubic (bottom) lattices. From these curves
the equilibrium swelling (where the stress is zero) can be determined. Addi-
tionally, as seen from a larger slope, the gels’ stiffness decreases with increasing
chain length.
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Figure 5.16: Stress-strain relations for both, the diamond cubic (filled symbols)
and the simple cubic (open symbols) geometry. The x-axis is rescaled such
that unity represents the equilibrium volume for the given geometry and chain
length. From the respective slopes of the stress-strain relations at the point of
equilibrium swelling, the elasticity of the samples can be determined. It can
be seen that for both chain lengths shown, the samples in the diamond cubic
geometry are softer than those in the simple cubic geometry. Additionally,
longer chains make the gel more deformable.
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Figure 5.17: Stress measured parallel and perpendicular to the external field
versus the strength of the external field. Data is shown for the diamond cubic
(full symbols) and simple cubic (open symbols) geometry and for chain lengths
of 60 and 80 beads per chain. It can be seen that in both geometries, the absolute
value of the stress parallel to the field is larger than the value measured in the
perpendicular direction. A much larger negative stress is observed in the simple
cubic geometry than in the diamond cubic one.

5.4.3 Anisotropic deformation

In this section, the deformation of the gel under the influence of an external field
will be discussed. As the first step, the gel is simulated in the NV T -ensemble
at the equilibrium volume for the field free case as it was determined in the last
section. Then, a field is applied and the stress in the directions parallel and
perpendicular to the field is measured. The results for chain lengths of 60 and
80 beads and for both, the DC and SC geometry, are shown in Fig. 5.17. The
measured stresses for all external magnetic fields larger than zero are negative,
indicating that the gels would contract if the constraint of the constant volume
would be removed. The absolute value of the stress in the direction parallel
to the field is significantly larger than the one measured in the perpendicular
direction. It is also worth noting that the stress is significantly stronger in the
SC geometry, where six chains are connected to a node as opposed to four in
the DC geometry.

The anisotropic stress measurement indicates that the gel will also deform
anisotropically in an external magnetic field. This anisotropic deformation can
be explained by observing the effect of the node particles’ rotation on the end
points of the chains attached to them.
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First, the rotation has to be determined which the node particle has to
execute to align the dipole moment to the magnetic field. This rotation is
described by an axis a and angle θ. Here, the (normalized) axis is given by

a =
1

sin θ
d×H, (5.14)

and θ is the angle between the dipole moment and the field.
Now, depending on where the chain is connected to the node’s surface, this

rotation has a different effect. When the end point of the chain, v, is given by
a vector parallel to the rotation axis, it will not move at all under the rotation.
In the limit of v being perpendicular to the axis, on the other hand, the chain’s
end moves by an angle θ on the surface of the unit sphere. One particular choice
of v, which is always perpendicular to the rotation axis, is the field direction,
H.

To quantify the displacement of the chain’s end, we use the following geom-
etry: The magnetic field is oriented in the z-direction, the dipole orientation is
given by

d =

 sin θ cosφ
sin θ sinφ

cos θ

 , (5.15)

and the end point of the chain is connected in the xz-plane, i.e.,

v =

 sin γ
0

cos γ

 . (5.16)

Thus, in the most general case, there are three independent parameters: two
angles, θ and φ, describing the alignment of the dipole moment, and the angle
γ between v and the magnetic field. The rotation axis is given by

a =
1

sin θ
d×H =

 sinφ
− cosφ

0

 . (5.17)

A rotation of the node particle by θ around this axis will align the dipole moment
to the external field. The endpoint of the chain after this rotation can be
obtained by rotating v around the axis a by an angle of θ. Using Rodrigues’
formula[99], we have

v† = cos θv + sin θa× v + (1− cos θ)〈a,v〉a (5.18)

=

 cos θ sin γ − sin θ cos γ cosφ+ (1− cos θ) sin γ(sinφ)2

− sin θ sinφ cos γ − (1− cos θ) sin γ sinφ cosφ
cos θ cos γ + sin θ cosφ sin γ

 .(5.19)

The distance, which the endpoint travels on the unit sphere can then be obtained
from

δ = arccos(〈v,v†〉). (5.20)
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In the special case of γ = θ = π/2, when both the dipole moment and the vector
pointing to the chain’s end, are perpendicular to the applied field, we have

δ(φ, γ = π/2, θ = π/2) = arccos((sinφ)2). (5.21)

When the chain is attached in field direction, on the other hand, we have γ = 0
and

δ(φ, θ, γ = 0) = θ. (5.22)

From these two limiting cases, we note that the end of a chain attached to the
node parallel to the field is always pulled by a distance of θ. To what degree
the end of a chain attached perpendicular to the field is moved, depends on the
angle between the vector to the chain’s end and the rotation axis, φ. When the
chain is attached parallel to the rotation axis, its end does not move. This is
the case, when v and the dipole moment d are orthogonal. When the chain’s
endpoint v, the dipole moment d and the magnetic field H are all in one plane,
the end point moves by the same angle (θ) as the dipole moment. In Fig. 5.18,
the anisotropy of the displacement of a chain end is examined quantitatively,
by plotting the normalized displacement δ/θ versus φ. A value of zero indicates
that the end of the chain does not move, when the dipole moment is aligned
to the field. For a value of one, on the other hand, the chain’s end moves
by the same angle as the dipole moment. In the upper part of Fig. 5.18, the
normalized displacement is shown for a fixed angle between dipole moment and
field (θ) and for varying angles γ between the chain’s end point (v) and the
field (H). It can be seen that, independently of γ, the displacement is largest,
when v is perpendicular to the rotation axis a. However, the φ-dependence of
the displacement is lower, as the angle between v and H decreases. In the lower
part of the figure, it is studied, how the displacement, normalized by θ, depends
on the angle between dipole moment and field (θ). When the chain is attached
in the plane perpendicular to the field direction, i.e., γ = π/2, the influence of
θ is minimal, and the maximum and minimum displacement coincides for both
values of θ, shown. When γ = π/2, on the other hand, the influence of θ on the
normalized displacement becomes more pronounced. As in this case, v cannot
be parallel to the rotation axis, the minimum displacement is no longer zero.

The observations made so far, explain the anisotropic deformation of the
model gel in three dimensions: when the node particle aligns to the magnetic
field, some of the chains attached close to the plane perpendicular to the mag-
netic field are not rolled up as much as chains attached parallel to the field.
Assuming that the angle of the dipole moment in the plane parallel to the field
is random, before the gel is cross-linked, this anisotropy occurs to an equal
degree in all directions in this plane.
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Figure 5.18: Normalized displacement of the chain’s endpoint δ/θ versus the
angle φ. In the upper part, the displacement is shown for several values of γ
and a fixed value of θ. In the lower part, curves for γ = 0 and π/4 and θ = π/2
and π/8 are compared. It can be seen that the displacement always reaches its
maximum at φ = π/2, i.e., when the chain’s end is attached perpendicular to
the rotation axis. The φ-dependence of the displacement is decreased, when γ
decreases. From the plot in the bottom part, we note that a change in the angle
between dipole moment and field θ only has a small influence on the anisotropy
of the displacement.
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Figure 5.19: Shape of the gel sample (in terms of relative deformation parallel
and perpendicular to the external field) versus the strength of the external field
given by the Langevin parameter α. Full symbols denote the diamond cubic
geometry, and open symbols the simple cubic one. It can be seen that the gel
shrinks strongly in the direction parallel to the external field. In the perpendicu-
lar direction, some shrinkage is observed for the simple cubic geometry, whereas
a small increase is found for the diamond cubic geometry. The shrinkage of the
gel is decreased, when the chain length increases.
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Figure 5.20: Shrinkage of the gel, measured as change of volume divided by the
initial volume, in an external magnetic field. Full symbols denote the diamond
cubic geometry, and open symbols the simple cubic one. It can be seen that
the shrinkage is comparable in magnitude for all systems considered within
the simulation error, which however is large. In conjunction, with the previous
figure, we note that gels in the simple cubic geometry shrink less in the direction
parallel to the field, but more in the perpendicular direction than those in the
diamond cubic geometry. This results in a change similar change of volume in
all systems, although the “shape“ of the deformation depends strongly on the
network geometry.
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To find the equilibrium shape of the gel for a given external magnetic field,
simulations in the NV T -ensemble are executed iteratively. In each simulation,
the stress is measured in the directions parallel and perpendicular to the external
field. Then, the box size for the next simulation is altered according to these
stress measurements. This procedure is repeated until the remaining stress
approaches zero up to the chosen error tolerance. The details of the procedure
are as follows:

• A shape of a simulation consists of the lengths of the simulation box
parallel and perpendicular to the external field.

• For each shape simulated, the stress measurement is averaged over 24
simulations to reduce the measurement error.

• Initially, two sets of simulations are performed for a given external mag-
netic field. These have manually selected shapes, of which one is above
and the other below the expected equilibrium shape for the given field.
For this shapes, the corresponding stresses in the direction parallel and
perpendicular to the field are measured.

• In all further iterations, a single new shape consisting of a box length
parallel and perpendicular to the field is generated. For the respective
directions parallel and perpendicular to the field, a new box length is
generated from the two ones examined in previous iterations which yielded
the lowest corresponding absolute stress. From these box lengths and
corresponding stresses, a linear stress-strain relation is constructed, which
is used to extrapolate to the point where the stress would be zero according
to this relation. Due to large statistical errors in the stress measurements,
it is necessary to restrict the change in box length to approximately two
percent per iteration, to keep the procedure stable. For this new shape,
again, the stress is measured in the directions parallel and perpendicular
to the external magnetic field.

• The iteration is terminated, if the stress in both, the direction parallel and
perpendicular to the field is below 10−5.

The iterative procedure yields good results but requires a large amount of com-
putational resources and occasional manual interventions. In a future study,
more sophisticated procedures, like genetic optimizations might be considered.
As an alternative to the iterative procedure, it is also possible to simulate a
set of shapes around the expected equilibrium shape, obtain the correspond-
ing stresses, and fit a linear stress-strain model to the data. This is done in
conjunction with the measurement of elastic constants in Sec. 5.4.5.

To study the deformation of the gel in an external magnetic field, the equi-
librium shapes were determined for fields up to α = 60 in terms of the Langevin
parameter. Results for chain lengths of 60 and 80 beads are shown in Fig. 5.19
for gels based on both, the diamond cubic and simple cubic network structure. It
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can be seen that, as expected from the anisotropic stress measurements at con-
stant volume (Fig. ,5.17) and as explained above, the gel deforms significantly
more in the direction parallel to the external field than in the perpendicular
direction. The deformation decreases when the chain length is increased. This
can be explained by noting that as the node particles align to the external field,
the chains attached to the node are effectively shortened. The entropic effect
of this shortening are more significant for a short chain than for a long one.
While a long chain can slightly uncoil to accommodate for the motion of its
ends, a short chain will be forced into a rather straight configuration, which is
entropically very unfavorable.

The influence of the network geometry (diamond cubic vs. simple cubic)
on the amount of shrinkage is determined by three factors. First, more chains
attached to a node lead to a higher stress, when a field is applied, as more
chains get stretched by the node particles’ rotation. Second, more chains lead
to a higher density of particles in the system, and therefore also a higher stiffness.
Finally, a contraction in one direction in most materials leads to an expansion
in the perpendicular directions. The strength of this expansion in the direction
perpendicular to the stress is measured by the Poisson ratio, which also depends
on the network geometry.

The larger stress due to the higher number of chains can be observed in
Fig. 5.17, the higher stiffness can be observed from the slope of the stress-strain
relations in Fig. 5.16 as well as in Sec. 5.4.5. The Poisson ratio will be discussed
in Sec. 5.4.5.

As can be seen from the plot of the gel’s equilibrium shape versus the field
(Fig. 5.19), the amount of shrinkage in the direction parallel to the field is larger
for the diamond cubic geometry than for the simple cubic one. In the direction
perpendicular to the field, gels based on the diamond cubic geometry expand
slightly, while they contract when based on the simple cubic geometry. The
relative shrinkage, i.e., the loss of volume due to an applied field, divided by the
volume in the field free case is given by

δV (α)

V0
= 1− lpar(α)lperp(α)2

l30
, (5.23)

where lpar(α) and lperp(α) denote the length of the gel parallel and perpendicular
to an external magnetic field with a Langevin parameter of α, and l0 denotes the
length of the gel in the field free case, which is equal in all Cartesian directions.
The shrinkage for gels based on the diamond cubic and simple cubic geometries
and chain lengths of 60 and 80 beads is shown in Fig. 5.20. It can be seen that
the shrinkage is of similar magnitude for all systems considered, even though the
actual shape of the gel (Fig. 5.19) depends strongly on the network geometry.
The similarity of the shrinkage results from the fact that, while the simple cubic
gels shrink less in the direction parallel to the field than the diamond cubic ones,
they shrink more in the perpendicular direction.
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Figure 5.21: Magnetization curve for gels of the diamond cubic and simple
cubic geometries for chain lengths of 60 and 80 beads, respectively. The solid
line shows the magnetization curve expected for non-interacting dipoles in three
dimensions (Langevin curve, Eqn. 2.5). It can be seen that the magnetization for
all gels considered is below that of non-interacting dipoles. As soon as the field
aligns the magnetic node particles of the polymer network, a stress is created
on the polymer chains. Due to this stress, the polymer chains exert a torque
on the magnetic particle which acts against the alignment to the external field.
The torque counteracting the magnetization is larger, if the chains are shorter,
and if there are more chains. Thus, a lower magnetization is observed for the
case of 60 beads as well as the case of the simple cubic network geometry.
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5.4.4 Magnetic response

In the model considered here, through the binding of the polymer chains to
specific spots on the surface of the magnetic nanoparticles cross-linking the
network, a coupling is created between the magnetic particles’ orientation and
the polymer matrix. This coupling is the basis of the deformation mechanism
for this kind of magnetic gels. By means of the gel’s magnetic response to
an external magnetic field, further insights into the details of the deformation
mechanism can be gained. In Fig. 5.21, the magnetization curve M(α) is shown
for gels based on the diamond cubic and simple cubic geometries with chain
lengths of 60 and 80 beads. Additionally, the Langevin law (Eqn. 2.5) is plotted,
which is the result expected for non-interacting dipoles. The magnetization
curve describes the component parallel to the magnetic field of the sum of all
magnetic moments in the system for a given field expressed in terms of the
Langevin parameter α = µ0mH/kBT . It can be seen that the magnetization of
the gels is always lower than the corresponding Langevin magnetization. This
is due to the fact that the polymer chains get strained, when the magnetic
particles rotate to align their dipole moments to the external field. The strain
on the polymer chains causes a stress on them, which in turn creates a torque
on the magnetic particles, which counteracts the magnetic field. This leads to
a reduction in magnetization. The loss of entropy per chain, due to its being
stretched is the larger, the shorter the chain. Thus, a larger stress occurs and
the magnetization is lower for the sample with shorter chains. Also, the torque
on the magnetic particles is larger, when more chains are attached to it. Hence,
the magnetization is also lower for the gel based on the simple cubic geometry,
in which six chains are connected to each node particle, compared to four chains
attached in the diamond cubic geometry.

5.4.5 Elastic constants

In an external magnetic field, not only the shape of a magnetic gel can change,
but also its elastic properties. Hence, in this section, the change in these elastic
constants will be examined for the three dimensional gel model. The resulting
stress can be assumed to be linear in the strains, if the strains are sufficiently
small. In this case, the elastic constants describe what kind of stress is observed
in a system, when a certain strain or shear is applied. When only strains are
considered, the elastic constants can be written in a matrix as follows

C =

 cxx cxy cxz
cyx cyy cyz
czx czy czz

 , (5.24)

where the first index denotes the direction of the stress response and the second
index denotes a direction of a strain. Then, for a given strain in x, y and
z-direction

ε =

 εxx
εyy
εzz

 . (5.25)
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the resulting stress is

σ = Cε. (5.26)

Hence, to describe the elastic properties of the gel in the linear response regime,
the elasticity matrix C has to be determined.

Depending on the symmetry of the system, some of the entries of the elas-
tic matrix C are identical. For an isotropic material, there are only two free
parameters, namely the diagonal and the off-diagonal elements of C. The diag-
onal elements describe the stress in the direction parallel to a strain, whereas
the off-diagonal elements describe the strain in the perpendicular direction. We
have

C =

 a b b
b a b
b b a

 . (5.27)

This situation applies to the gel, when no external field is applied.
When, on the other hand, a field is applied, a distinction needs to be made

between the direction parallel to the field and the two Cartesian directions
perpendicular to it. When the external magnetic field is assumed to be parallel
to the x-direction, the resulting elastic matrix has the from

Cfield =

 a b b
c d e
c e d

 . (5.28)

As it can be seen, there are five independent elastic constants. The constant
a describes the stress parallel to the field for a strain parallel to the field, b
describes the stress parallel to the field for a strain perpendicular to the field,
and c describes the stress perpendicular to the field for a strain parallel to the
field. The symbol d describes the stress parallel to a strain which is applied
perpendicular to the field. Finally, e describes the stress in a direction per-
pendicular to the field, when the strain is applied along the second Cartesian
direction perpendicular to the field.

In a molecular dynamics simulation in the NV T -ensemble, there are two
strategies to do obtain the elastic constants. The first procedure is to numer-
ically calculate the derivatives of the stress tensor by running simulations at
different strains, close to the equilibrium strain, measuring the stress, and fit-
ting a linear model to the resulting data. Second, the elastic constants can
be determined from fluctuations of the stress tensor of a system at equilibrium
swelling. The advantage of this approach is that all elastic constants, including
those for shear, are determined from a single simulation, making the method
more efficient. On the other hand, it requires not only the forces between par-
ticles in the simulation, but also second derivatives of the potentials. These are
typically not available in molecular dynamics simulations. Hence, the imple-
mentation of this procedure is tedious. Thus, in this work, the elastic constants
were determined using the first method.

As basis of the fit, the stress is measured in two series, namely
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• a set of simulations in which one strain value is applied to the Cartesian
axis parallel to the field, and an other strain is applied to both directions
perpendicular to the field

• a set of simulations, in which the Cartesian axis parallel to the field and
one of the axes perpendicular to the field are unstrained, but the other
axis perpendicular to the field is strained.

The relative strains applied were ±3% and ±5% as well as 0, resulting in 30
strain configurations. For each strain, eight simulations are run for averaging.
During the simulations, stress measurements are taken every four time steps.
There are approximately 200 000 samples per simulation in the simple cubic
geometry and 400 000 samples for the diamond cubic geometry. The remaining
simulation parameters are as described in Sec. 5.4.1. The size of the unstrained
system for these simulations is taken from the iterative procedure described in
Sec. 5.4.3. The results are shown in Fig. 5.19. The equilibrium size is character-
ized by two parameters, lpar and lper, which denote the length of the simulation
box in the directions parallel and perpendicular to the applied magnetic field.
A length of 1 refers to a simulation box, in which the polymer chains between
the nodes of the network are in a straight line configuration and the spacing
between neighboring beads equals the Lennard-Jones σ.

The error bar on these measurements of the equilibrium size for a given
field is significant. However, these values need to be known to calculate relative
strains in terms of the equilibrium size. To circumvent this problem, the equi-
librium size is allowed to vary during the fit. This way, an independent estimate
for the equilibrium swelling can be determined from the measurements of the
stress-strain relation.

In total, there are seven fit parameters

p = (lpar, lper, a, b, c, d, e), (5.29)

where lpar and lper are the equilibrium size of the system, as described above,
and a through e are the five independent entries of the elastic matrix as in
Eqn. 5.28. The target function of the fit is given by

F (p) =
1

N

∑
k

|σm
k − σrmck |2, (5.30)

where the sum is over all N strains for which a stress has been measured.
σm
k denotes the stress measured in the simulation and σc

k denotes the stress
calculated using the current estimate of the fit parameters p. It is obtained
by constructing the elasticity matrix C from the current estimates of the fit
parameters a through e. Then the relative strain εk for a given simulation k is
calculated from the ratio of its actual simulation box and the current estimates of
the equilibrium box size lpar and lperp. The calculated stress for this simulation
is then

σk(p) = C(p)εk(p). (5.31)
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To perform the actual fit, the target function, Eqn. 5.30 is minimized using
the l bfgs b constraint minimization of the scientific python library. The entries
of the elastic matrix are allowed to assume a value between −1 and 1. The
equilibrium size is allowed to deviate by 0.02 from the estimate obtained from the
iterative procedure (Fig. 5.19). In Fig. 5.22, the measured and calculated stresses
are shown for the simulations in which the strain on the two axes perpendicular
to the field is equal. It can be seen that there is qualitative agreement between
measured and calculated stresses, but that there are some outliers. There are
two causes for this, namely a large statistical error in the measured stress, and
fitting errors.

The resulting elastic constants are summarized in table 5.2. The magnetic
field is assumed to be applied in the x-direction. Data is shown for gels based on
the simple cubic and diamond cubic network geometries with a chain length of 60
beads. Results are shown for both the field free case and a field of α = 20. Even
when no field is applied, no additional constraints are applied to the elastic
matrix. The quality of the fit can then be evaluated by verifying that those
components of the elasticity matrix which should have identical values due to
the system symmetry actually are similar.

To asses the quality of the fits, the following checks are preformed

• The equilibrium sizes as determined by the fit agree within approximately
two percent with those obtained from the iterative procedure.

• The entries of the elastic matrix are negative. When applying a positive
strain, i.e., when expanding the system, the stress is negative.

• When there is no magnetic field applied

– The equilibrium size is the same in along all Cartesian axes (lpar ≈
lperp).

– Because of the isotropy in the field free case, only two values in the
elastic matrix can be chosen freely, namely the value of the diagonal
elements and the value of the off-diagonal elements. Even when the
full linear model is fit, these constants need to assume similar values,
if the fitting result is to be physically meaningful. I.e., in Eqn, 5.28,
a ≈ d as well as b ≈ c ≈ e. This is the case up to an accuracy
of approximately ten percent for the diamond cubic geometry and
approximately three percent for the simple cubic geometry.

In table 5.3, the ratio of the elastic constants for gels in the simple cubic and
diamond cubic geometries are compared. A visual comparison can be found in
Fig. 5.23. It can be seen that gels in the simple cubic geometry are significantly
more stiff than those in the diamond cubic one. In particular, the elastic con-
stants which describe a stress occurring parallel to a strain (a and d in Eqn. 5.28)
are approximately four times larger. The off-diagonal elements of the elasticity
matrix (b, c, and e) are only higher by ten to 25% in the simple cubic geometry.

In table 5.4 the ratio between the elastic constants for a gel in an external
field (α = 20) and a gel with no field applied are compared. Data is presented for



134 CHAPTER 5. FERROGELS

geo. lc α lpar lper cxx
(a)

cxy=cxz
(b)

cyx=czx
(c)

cyy=czz
(d)

cyz=czy
(e)

dc 60 0 0.277 0.276 -0.282 -0.123 -0.109 -0.310 -0.101
dc 60 20 0.215 0.276 -0.408 -0.205 -0.190 -0.522 -0.230
sc 60 0 0.313 0.311 -1.186 -0.134 -0.140 -1.196 -0.131
sc 60 20 0.269 0.301 -1.623 -0.300 -0.308 -1.763 -0.287

Table 5.2: Elastic constants for a gel sample in the diamond cubic (dc) and
simple cubic (sc) network geometries for a chain length of lc = 60 and external
magnetic fields α = 0 and α = 20. lpar and lper denote the equilibrium size of the
gel in the directions parallel and perpendicular to the applied field. The elastic
constants cij denote the stress observed in the i-direction when the system is
strained in the j-direction. Due to the fact that the two directions perpendicular
to the field are indistinguishable, some of the constants are equal and are shown
only once. The letters in brackets refer to the symbols in Eqn. 5.28.

ρxx (a) ρxy=ρxz (b) ρyx=ρzx (c) ρyy=ρzz (d) ρyz=ρzy (e)
4.20 1.08 1.26 3.85 1.36

Table 5.3: Ratio of the elastic constants ρij = cscij/c
dc
ij for the simple cubic (sc)

and diamond cubic (dc) geometries at zero external magnetic field and a chain
length of 60 beads. The letters in brackets refer to the symbols in Eqn. 5.28. It
can be seen that the elastic constants in the simple cubic geometry are higher
than in the diamond cubic geometry. This can be explained by a higher density
in the simple cubic geometry. The difference in elastic constants is large for the
diagonal elements of the elastic matrix, i.e., for the part of the stress which is
parallel to the applied strain. The off-diagonal elements of the elastic matrix are
only higher by approximately ten to 20 percent in the simple cubic geometry.

geo. rxx (a) rxy=rxz (b) ryx=rzx (c) ryy=rzz (d) ryz=rzy (e)
dc 1.44 1.66 1.74 1.68 2.27
sc 1.37 2.24 2.24 1.47 2.09

Table 5.4: Ratio between the elastic constants rij = cα=20
ij /cα=0

ij at a field of
α = 20 and α = 0 for the diamond cubic (dc) and simple cubic (sc) network
geometries and a chain length of 60 beads. The letters in brackets refer to
the symbols in Eqn. 5.28. All ratios are larger than unity, indicating that the
material becomes more stiff, when a magnetic field is applied. This can be
explained by the contraction of the gel under the influence of a field, which
results in a higher density within the material.
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the dc and sc geometries, respectively. A visual comparison is made in Fig.5.24.
We observe that all ratios are larger than unity. Hence, the material is more
stiff, when a magnetic field is applied. This can be understood by noting that
the gel shrinks in a field and, therefore, the density of particles in the system is
higher. It is notable that in the simple cubic geometry, the off-diagonal elements
(b, c and e) are increased more strongly than the diagonal elements (a and d),
when a field is applied.

From the measurement of the elasticity matrix, it is also possible to calculate
the Poisson ratios for the system. For a prescribed strain in one direction, these
ratios measure the resulting strain in the perpendicular directions. In the case
of a system with one spacial direction, namely the field direction, there are three
different Poisson ratios: a prescribed strain in the field direction and a resulting
strain in a non-field direction, a prescribed strain in a non-field direction and
a resulting strain in the field direction, and a prescribed strain in a non-field
direction and a resulting strain in the second non-field direction. The subscript
f and n, will be used to denote field and non-field directions, respectively. The
first letter denotes the direction of the prescribed strain, whereas the second
letter denotes the direction of the response. The Poisson ratio is positive, when
a prescribed expansion leads to a contraction in the response direction. The
field is assumed to be applied in x-direction. To obtain the Poisson ratio pfn
for a prescribed strain in field direction and a resulting strain in a non-field
direction, we apply the strain

ε =

 1
−pfn
−pfn

 (5.32)

to the system. Note that for a prescribed strain of unity, the resulting con-
traction in the prependicular directions is the Poisson ratio. Now, to find the
Poisson ratio, we require that for the given ε, the stress in the response directions
be zero:

Cε =

 x
0
0

 , (5.33)

where C is the elasticity matrix. The stress occurring in the direction of the
prescribed strain is irrelevant, so x can take an arbitrary value. In other words,
only the second and third row of the equation have to be solved. Using Eqn. 5.28
for the elasticity matrix C, we find

pfn =
c

d+ e
. (5.34)

The remaining two Poisson ratios, pnf and pnn, can be obtained similarly. They
are

pnf =
b

a+ b
pnn =

e

d+ e
. (5.35)

Based on these equations, the Poisson ratios for the gels can be calculated
using the elastic constants shown in table 5.2. The resulting ratios are shown in
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Fig.5.25. Values are shown for networks based on the diamond cubic and simple
cubic geometry and for both, the field-free case and an external field of α = 20.
In the field-free case, the system is isotropic and thus the three Poisson ratios
pfn, pnf and pnn are expected to be equal. In the figure, however, a deviation
of about 20% is visible due to statistical errors. It can be seen that the choice of
directions for the prescribed strain and the observed response (field or non-field
direction) does not have a strong influence on the Poisson ratio. The choice of
network geometry – diamond cubic or simple cubic –, on the other hand has
a strong influence on the Poisson ratio: a much higher value is observed for
the diamond cubic geometry. The Poisson ratios also increase, when a strong
magnetic field is applied.

In summary, a procedure has been described to obtain the elastic constants
by fitting a linear elastic model to a set of stress-strain measurements. The
elastic constants are found to be influenced mostly by the choice of network
topology. In the diamond cubic case, the gel is much softer but has much larger
Poisson ratios compared to the simple cubic case. The elastic constants turn
out not to be strongly anisotropic, even when an external field is applied. The
differences in Poisson ratio help to explain the differences in the deformation
behaviour found for different network geometries (Fig. 5.19). In particular, the
low shrinkage in the direction perpendicular to the field for the gel based on
the diamond cubic geometry is related to the high Poisson ratio for this system:
Due to the shrinkage in the direction parallel to the field, an expansion occurs
in the perpendicular direction. Due to the high value of the Poisson ratio for
this geometry, this compensates for the shrinkage which would otherwise occur
due to the rolling up of polymer chains around the magnetic particles.

5.5 Summary

In this chapter, computer models for the study of magnetic gels by means of
molecular dynamics simulations were developed. The study of these materials is
relevant, because the interplay between elastic and magnetic interactions found
in them, gives rise to many applications. These are often based on the ability to
control the shape of a gel through an external magnetic field. Therefore, special
emphasis was placed on the mechanism of this deformation for different kinds
of gels.

Most simply, a gel can be deformed in an inhomogeneous magnetic field, as
the magnetic particles accumulate in the region where the field is the strongest.
When one end of the gel is fixed, the magnetic particles will exert a stress
on the polymer matrix and deform the gel. Less obviously, magnetic gels can
also deform in a homogeneous field. Two mechanisms for such a deformation
can be identified. On the one hand, a deformation can occur due to a change
in the interaction between the magnetic particles, when they are aligned to
the external field. This mechanism requires a high concentration of strongly
interacting magnetic particles, but it does not require a coupling between the
magnetic particles rotational degree of freedom and the polymer matrix. On
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the other hand, magnetic gels can deform, by a transfer of the torques applied
to the magnetic particles by the external field onto the polymer matrix. While
this mechanism can occur for a somewhat lower polymer density, it requires a
coupling between the magnetic particles rotation and the polymer matrix. This
can be achieved, by chemically attaching the polymers to a specific spot on the
surface of the magnetic particle. In this thesis, two computational models for
magnetic gels were developed, which each deform by one of the mechanisms
described.

The first model deals with the deformation due to a change in the interaction
between magnetic particles. It consists of a two dimensional network of polymer
chains, into which magnetic particles are embedded (Fig. 5.1). When no field is
applied, these magnetic particles are randomly oriented and there is no average
interaction between them. When they are aligned by the external magnetic
field, on the other hand there is a net attraction parallel to the field and a net
repulsion perpendicular to the field.

As discussed in Ref. [90], the kind of restructuring caused by this interaction
depends on the local configuration of magnetic particles. In the case of the
model here, the magnetic particles are located along pre-existing chains. This
leads to an alignment towards the field of the chains as a whole. This, in turn,
leads to an elongation of the gel in the direction parallel to the field and a
shrinkage in the perpendicular direction (Fig. 5.2, top). Overall, the area of
the gel decreases, when the strength of the external magnetic field is increased
(Fig. 5.2, bottom). From plots of the two-dimensional pair correlation function
of the magnetic nanoparticles (Fig. 5.4), it can be seen that the magnetic field
leads to a specific stacking in the system, in which the nodes of consecutive
rows are shifted by one half node spacing. This stacking allows for a low density
of magnetic particles immediately next to a chain, which prevents chain-chain
repulsion.

The magnetic response of the model gels is also influenced by the fact that
the magnetic nanoparticles are embedded into the polymer chain. This enhances
the magnetic response compared to a standard ferrofluid with the same mag-
netic particle density (Fig. 5.6). We also showed that the amount of shrinkage
can be linked to the systems magnetization curve with a rescaled field (Fig. 5.7).
The discussion of the model is concluded by observing that the qualitative de-
formation behaviour of the gel persists, when a less regular network topology is
used as a basis (Fig. 5.1).

The second gel model developed in this thesis shows a deformation due to the
transfer of torques from the magnetic particles onto the polymer matrix. In this
model, the magnetic nanoparticles act as cross-linkers of the polymer network.
This is achieved by attaching the ends of polymer chains to specific spots on
the surface of the magnetic particles. When an external field is applied, the
magnetic nanoparticles rotate and exert a stress on the polymer chains attached
to them. This, in turn leads to a contraction of the matrix (Fig. 5.9). The model
is inspired by an experimental system discussed in Ref. [68]. It is studied in both,
two and three dimensions (Figs. 5.10 and 5.14, respectively).

For the two-dimensional case, we observe an isotropic shrinkage of the model
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gel, because there is only one rotation axis available to the magnetic particles
when aligning to the external field. In this way, an equal amount of stress is
applied to all chains connected to a node (Fig. 5.11). This is different in the three
dimensional case, in which there are three possible axes, of which one is parallel
to the external magnetic field. As a consequence, we observe an anisotropic
deformation. While there is a strong shrinkage in the direction parallel to the
field, the shrinkage in the perpendicular directions is either small or not present
at all depending on the network topology (Figs. 5.17 through 5.19).

For the three dimensional case, additionally, a comparison was made between
two network topologies, one with four chains and an other with six chains con-
nected to a node. In these topologies, the nodes are arranged in a diamond cubic
and simple cubic geometry, respectively. An increase of the number of chains
connected to a node has two effects. On the one hand, it increases the stress on
the gel caused by an alignment of the magnetic particles to the external field.
This, on its own, should lead to an increased shrinkage of the gel. However, at
the same time the higher number of chains results in a higher particle density in
the model gel, which, on its own, should lead to a lower shrinkage. For the sys-
tems studied here, there is a stronger shrinkage for the system with four chains
attached to a node. This result is presumably highly dependent of the details of
the model. It is conceivable that the trade-off between the two mentioned trends
can lead to a different behaviour for a system with, for instance, significantly
lower overall density. Also for the three dimensional case, elastic properties
were studied by fitting a linear elasticity model to a set of strain measurement.
We found significantly higher stiffness for the more strongly cross-linked gels in
the simple cubic structure, as well as an increase of the stiffness when a field is
applied.

The magnetic response of the model gels which are cross-linked by magnetic
particles is strongly influenced by the coupling between the orientation of the
magnetic nanoparticles and the polymers. As the alignment of the magnetic
particles to an external field exerts a stress on the polymers, there is an addi-
tional energy penalty for this alignment. In consequence, the magnetic response
of the gel is below that of non-interacting magnetic particles (Figs. 5.12 and
5.21). For the two-dimensional case, the magnetization curve could also be re-
lated to the curve for the gel’s area versus the field by means of a power law
(Fig. 5.13). For the three-dimensional case, such a fit would be unreliable due
to the larger error bars on the measurements of the gel’s shape in an external
field.

In summary, the models developed allow for a study of the deformation
mechanisms in magnetic gels. They may be helpful in identifying the defor-
mation mechanism in experimental systems as well as in estimating the effect
of changing material parameters. In the future, models need to be developed
that more closely match experimental parameters. As in experimental systems
different deformation mechanisms can occur at the same time, this also needs
to be incorporated into the simulation models.
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Figure 5.22: Plot of the measured stress (black arrows) and stresses calculated
based on the fitted elasticity matrix (red arrows). Results are shown for config-
urations which have a strain applied to the axis parallel to the magnetic field
and an other strain applied to both axes perpendicular to the field.
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Figure 5.23: Comparison of the elastic constants a through e as defined by
Eqn. 5.28 for gels constructed in the diamond cubic and simple cubic geometries.
It can be seen, that the absolute value of the constants for the simple cubic
system are always larger than those for the diamond cubic one. This indicates
a more rigid gel.
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Figure 5.24: Comparison of the elastic constants a through e (Eqn. 5.28) of a
model gel for the cases of no external field and a field of α = 20. Results for
the diamond cubic geometry are shown at the top, while results for the simple
cubic geometry are shown at the bottom.
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Figure 5.25: Poisson ratios pfn, pnf and pnn for gel samples based on the
diamond cubic (DC) and simple cubic (SC) geometries for external magnetic
fields of α = 0 and α = 20. In the field free case, all Poisson ratios for a
given geometry are expected to be the same. The visible deviations are due to
statistical measurement errors. It can be see that the direction of the prescribed
strain as well as the direction of the measured response do not significantly
influence the Poisson ratio. The Poisson ratio does, however, strongly depend
on the network geometry. In the diamond cubic case, a much higher value is
observed.



Chapter 6

Conclusion and outlook

This thesis has dealt with the tailoring of magnetic soft matter. Two strategies
are available to achieve this goal. First, it is possible to alter the magnetic
nanoparticles, in order to change their interactions. Second, it is possible to
exchange the carrier fluid into which the magnetic particles are embedded by
a more complex matrix. For each of these two possibilities, an example was
studied in detail in the previous chapters, namely shifted-dipole particles and
magnetic gels. Shifted-dipole particles (sd-particles) are a special kind of model
magnetic particles which can be used to explain findings for particles with mag-
netic caps as well as for particles with magnetic inclusions. Magnetic gels, on
the other hand, derive their particular properties from an interplay of the mag-
netic properties of the nanoparticles and the elastic behavior of the polymer
matrix. In the following paragraphs, the findings for these two systems will be
summarized, and further research questions will be identified.

Shifted-dipole particles

Most common magnetic particles can be viewed as spheres with a magnetic
dipole moment located at their center. In order to alter the properties of a
ferrofluid, a range of particles has been developed which deviate from this model.
Magnetic rods, ellipsoids and cubes can be named as some examples. One such
group of particles has non-central magnetic moments. Particles with magnetic
caps as well as with magnetic inclusions have been synthesized and studied
recently. To better understand these systems, the concept of shifted-dipole
particles was examined closely in this thesis. They are spherical, but their
dipole moment is not located at the center of the particle. Instead, it is shifted
radially towards the surface. In this thesis, the discussion has been limited
to the case, where the dipole points along the radius vector of the particle,
however, other dipole orientations have been studied by other groups, recently.
The main consequence of the shifting of the dipole moment is that the distance
between the dipoles of two particles at close contact becomes dependent on the
orientation of the particles. As the distance enters the dipolar interaction energy

143
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in the third power, this can lead to an exchange of local and global minima in
the energy landscape, and thus to different ground state configurations. The
ground state for two particles with central dipoles is a head-to-tail configuration
with co-aligned dipole moments. For SD-particles with their dipoles close to
the particles’ surface, on the contrary, we observe an anti-parallel side-by-side
configuration of the dipoles.

A similar situation can also be observed for some non-spherical magnetic
nanoparticles. For ellipsoidal particles and rods with a dipole moment pointing
along the long axis, the dipoles are very far apart in the head-to-tail configura-
tion, whereas they can get much closer in the side-by-side anti-parallel config-
uration. Therefore, a similar change in ground states is found. In addition to
the discussion of the two-particle ground states, results for clusters of up to six
particles have been obtained by means of Monte Carlo simulations. For dipoles
only slightly shifted from the particles’ centers, we observe rings of particles
as ground states. For larger shifts, the structures become more close packed.
While the dipoles assume triangular configurations for intermediate shifts, pairs
with anti-parallel orientation are formed for very high shifts.

This change of the structure also persists in suspensions at a temperature
larger than zero. Such suspensions were simulated using molecular dynamics,
and subsequently analyzed quantitatively using a cluster analysis. Here, pairs of
nanoparticles closer than a cut-off distance interacting by an energy smaller than
zero were considered to belong to the same cluster. When the dipole moment is
shifted out of the particles’ center, the shape of the clusters changes from chains
and rings to more close-packed structures. This change leads to an increase
in the average cluster size in the intermediate range of shifts, as then, several
cluster types with quite different shape are energetically competitive. This leads
to a greater configurational freedom of the system. Shifting the dipole moment
outwards even further, the average cluster size drops rapidly. Finally, mostly
two and three particle clusters with anti-parallel or ring-like dipole alignment
as well as single particles are present. This strong decay in cluster size can be
explained by a low energy density of states for two SD-particles with a high
shift. This energy density of states was obtained by means of Monte Carlo
simulations.

The SD-particle system has also been studied in an external magnetic field.
Magnetic particles with central dipoles tend to align in the head-to-tail con-
figuration with co-aligned dipole moments. When a field is applied, the entire
chain rotates, such that its director is aligned parallel to the field. In this way,
both the interaction energy between the dipoles and the interaction between
the dipoles and the external magnetic field is optimized (minimized). When
the dipole moment is shifted out of the particles’ center, this is no longer true,
because, without the influence of a field, neighboring particles would tend to
assume anti-parallel dipole orientations. Thus, as was shown by Monte Carlo
simulated annealing, a sufficiently strong external magnetic field prevents SD-
particles to assume dipolar configurations favorable with respect to the dipole-
dipole interaction. This finding turned out to be also relevant in suspensions at
temperatures larger than zero, which were again studied by means of molecular
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dynamics simulations. While a magnetic field enhances the formation of clus-
ters in a suspension of particles with central dipoles, the average cluster size is
reduced in a field in the SD-particle system. In such a suspension, the dipoles
in the clusters have anti-parallel or ring-like configurations, as can be observed
both, in snapshots of the system and from the distribution of dipole moments per
cluster. The reduced clustering in an external magnetic field was shown to oc-
cur, because the magnetic field breaks up the anti-parallel and ring-like dipolar
configurations within the clusters as it aligns the dipole moments. In conse-
quence, suspensions of SD-particles also show a magnetic response significantly
different to that of typical ferrofluids. In suspensions of particles with central
dipoles, the magnetic response due to an external field is stronger than that
expected for non-interacting dipoles. Neighboring particles tend to co-align and
thereby support each other’s alignment to the external field. In a suspension of
SD-particles, on the other hand, neighboring particles tend to have anti-parallel
dipole alignments. Before all dipoles in the system can be aligned to the exter-
nal field, the binding energies of the clusters with anti-parallel dipoles have to
be overcome by the field. As a result, for some parameters, the susceptibility
of a suspension of SD-particles was found to be lower than that expected for
non-interacting dipoles.

Magnetic gels

Aside from changing the properties of magnetic soft matter by modifying the
magnetic nanoparticles, it is also possible to replace the carrier fluid by an elas-
tic matrix of cross-linked polymers. The result is either a magnetic elastomer
or a magnetic gel. While the former consists only of polymers and magnetic
nanoparticles, the latter is a polymer network swollen in a fluid, such as wa-
ter. In this thesis, we introduce and discuss simulation models for magnetic gels.
The key question here is how such gels can deform, when placed into a magnetic
field. The deformation of ferrogels in magnetic fields has been observed exper-
imentally, but the findings are contradictory. In some cases, the gel expands
in the direction parallel to the field, whereas it expands in the perpendicular
direction in other cases. This indicates, that several microscopical mechanisms
can lead to a deformation of the material. To address this issue, it is helpful
to study models which mimic these mechanisms and clearly separate them. A
magnetic gel can deform in a magnetic field for several reasons. In a field gra-
dient, the magnetic particles tend to move to regions with a higher field. When
one fixes one end of the gel in a plane perpendicular to the gradient, the material
will shrink or expand, as the magnetic nanoparticles strain the polymer matrix.
Gels can also deform in a homogeneous magnetic field, which can happen in two
ways. First, in the case of highly concentrated and strongly interacting mag-
netic particles, a deformation can occur, because the magnetic field changes the
average interaction between the magnetic particles. When no field is applied,
the magnetic moments in the gel are randomly oriented. As a result, there is
on average no interaction between them. This changes, once a field is applied
and the dipole moments are aligned parallel to it. Then, net forces occur on
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the magnetic nanoparticles, which in turn strain the polymer matrix. For this
mechanism, no coupling is required between the rotational degree of freedom
of the magnetic particles and the polymer matrix. The second way, by which
a ferrogel placed into a homogeneous field can deform, depends on just such a
coupling between the orientation of the magnetic particles and the polymers.
This can be achieved by chemically binding the polymers to specific spots on the
surface of the magnetic nanoparticles. When the external magnetic field turns
the magnetic particles, the polymers are rolled up around them. This causes a
stress on the polymers, which in turn deforms the gel. For this mechanism to
work, magnetically hard particles have to be used, i.e., a rotation of the mag-
netic moment has to imply a rotation of the entire particle. A strong interaction
between different magnetic moments in the system, on the other hand, is not
required.

In order to better understand these two deformation mechanisms for gels in
homogeneous magnetic fields, two simulation models have been introduced and
studied in this thesis, focusing on each of the mechanisms, respectively. The first
model deals with a gel which deforms through the change in interaction between
the magnetic nanoparticles in the system. It consists of a two-dimensional net-
work of polymers represented as a bead-spring model. Some of the beads in the
chains are assigned a magnetic moment. Each magnetic moment interacts with
other magnetic moments in the system, but its orientation is not coupled to the
polymer chain. An experimental realization of such a system would be mag-
netic nanoparticles loosely connected to the polymer network, e.g., by means
of hydrogen bonds or van der Waals interactions. When the gel is placed into
a magnetic field, we observe the bending of the polymer chains into the field
direction due to the embedded magnetic particles. As a result, the network
elongates in field direction and shrinks in the perpendicular direction. Overall,
the area occupied by the gel is found to decrease in a magnetic field, the more
so, the stronger the interaction between the magnetic moments in the system.
The microstructural changes in the network are observed from two-dimensional
plots of the pair correlation function of the magnetic moments in the system.
In a strong field, the magnetic nanoparticles tend to form tight chains aligned
parallel to the field. Next to each chain exists a depletion zone with a very
low density of magnetic particles. The magnetic response of gels of this kind is
enhanced compared to standard ferrofluids with a comparable density of mag-
netic particles. This could be explained by noting that the magnetic moments
are located along pre-existing chains. The magnetization curve could also be
related to the deformation behaviour by means of a scaling relation.

The second model magnetic gel, developed in this thesis, is concerned with
a gel’s deformation due to the coupling between the orientation of the magnetic
moments and the polymer matrix. To this end, magnetic particles are placed
at the nodes of the network. These nodes are then connected by attaching
polymers, again represented as a bead-spring model, onto specific spots on their
surface. The model has been studied in both, two and three dimensions. In
the two-dimensional case, an isotropic shrinkage of the gel in a magnetic field
was observed: all magnetic particles rotate around an axis perpendicular to the
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model plane, in order to align their moments to the magnetic field. This creates
an equal amount of stress on all polymer chains attached to their surface. In the
three-dimensional case, the deformation is non-isotropic. The magnetic particles
can rotate around three axes to align to the external field. Once the magnetic
moments are aligned, however, a further rotation around the axis parallel to
the external field is possible without paying an energy penalty for rotating the
dipole moment out of the magnetic field. Hence, stresses attached on the chains
perpendicular to the field can be reduced to some degree without deforming the
network. As a result, the gel contracts more in the direction parallel to the field
than in the perpendicular direction.

In the three-dimensional case, two different network geometries, one with
four chains attached to a node and a diamond cubic unit cell, and one with six
chains attached to the node and a simple cubic unit cell, have been considered.
The network geometry influences the shape and total amount of the deformation
in a magnetic field as well as the elastic properties of the system. The latter
were determined by fitting a linear elasticity model with five independent elastic
constants to a set of stress-strain measurements. It could be seen that the gels
with six chains connected to a node are significantly stiffer than those with
four chains connected to a node. Also, the Poisson ratios could be determined
from the fitted elasticity matrices. They specify the ratio between a prescribed
strain in one direction and the resulting strain in a non-confined perpendicular
direction. The ratios turned out not to depend notably on the choice of direction,
i.e., strain prescribed parallel or perpendicular to the field. The Poisson ratios
do, however, depend strongly on the chosen network geometry: a much higher
value is observed for the diamond cubic unit cells. The Poisson ratios also
increase in the case of a magnetic field being applied. Finally, the magnetic
response of the gel due to an external field has been measured. Due to the
coupling between the orientation of the magnetic moments and the polymer
matrix in this model, a reduced magnetic response has been observed, both, in
two and three dimensions.

Outlook and conclusion

Based on the models introduced in this thesis, in the future, additional research
can be carried out on the influence of the network topology on the deformation
response. Another open question is to what degree a solvent can flow in and
out of gels in different experimental realization. The models discussed in this
thesis assume, that carrier liquid can freely enter or leave the gel. When this
is not the case, effectively, a constant volume constraint needs to be added
to the model, due to the incompressibility of water. More investigations can
also be done on the trade-off between stronger dipole-dipole and dipole-matrix
interactions for a higher magnetic particle content on the one hand, and the
resulting higher stiffness of the material, on the other hand. The study of the
dynamic behaviour of magnetic gels depends on a coupling to hydrodynamics
solver, which is a challenge, due to the time-dependent change in volume.

In summary, the two models illustrate, how the properties of soft magnetic
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matter change drastically, due to the coupling of the magnetic particles to an
elastic matrix, and that it is possible to capture this change in computer simula-
tions. It could be seen, how due to different microscopical properties of magnetic
gels, very different, and sometimes contradicting deformation properties can be
observed in magnetic gels. Also, the models are meaningful with respect to
experimental situations and they may illustrate, in what direction parameters
in experimental systems need to be changed to observe a notable deformation
behaviour.

The shifted-dipole system, discussed in the first part of the thesis, shows how
the microscopic cluster structure and magnetization response of a magnetic fluid
can be altered by modifying the magnetic nanoparticles. The model turned out
to be suitable to describe some of the results for experimental realizations of par-
ticles with non-central magnetic moments, such as colloids with magnetic caps
and colloids with magnetic inclusions. For the shifted-dipole system, future re-
search may address particles with a much stronger dipolar interaction. This
would require the use of advanced sampling techniques such as parallel temper-
ing. As the capped colloids studied experimentally, are of micron size, taking
into account magnetizable material is also of interest. Finally, the dynamics of
the system may be examined, and analytical expressions for the magnetization
behavior and the pair correlation functions derived.

As was shown by the study of shifted-dipole particles and ferrogels by means
of computer simulations there is indeed a wide range of possibilities for tailor-
ing magnetic soft matter. This tailoring can be achieved both, by modifying
the magnetic nanoparticles and the carrier fluid. The additional variety in ma-
terial properties this provides, may be important in enabling biomedical and
engineering applications of these materials.



Kapitel 7

Zusammenfassung

Aktive Materialien, die oft auch als “intelligente Materialien“ bezeichnet werden,
sind ein wichtiger Bestandteil heutiger Technologie. Ihre Eigenschaften können
durch einen externen Impuls dynamisch und oft auch reversibel beeinflusst wer-
den. Dadurch eignen sich diese Materialien als aktive Komponenten in Anwen-
dungen im Bereich der Ingenieurwissenschaften und der Biomedizin. Beispiele
hierfür sind piezoelektrische Materialien, die als Drucksensor sowie als Aktuato-
ren für kleine Längenskalen in Messinstrumenten und Braille-Displays eingesetzt
werden. Schaltbare Gläser ändern ihre Lichtdurchlässigkeit durch das Anlegen
einer elektrischen Spannung. Das ermöglicht eine wetterabhängige Steuerung
und hilft dadurch beim Energiesparen. Eine weitere Klasse aktiver Materialien
sind Formgedächtnislegierungen. Sie lassen sich plastisch verformen, kehren aber
zu ihrer ursprünglichen Form zurück, wenn sie erwärmt werden. Ihren Einsatz
finden sie beispielsweise in der mikroinvasiven Chirurgie, z.B. als Stents.

Im Bereich der biomedizinischen Anwendungen ist vor allem weiche Mate-
rie von Interesse. In diese Kategorie fallen etwa Kolloide, Polymerschmelzen,
Gele sowie zahlreiche biologische Objekte wie Zellen und DNA. Die relevante
Längenskala liegt hier in einem Bereich zwischen Nanometern und Mikrome-
tern. Die Energieskala, etwa für die Wechselwirkung verschiedener Komponen-
ten innerhalb eines Systems oder für die Verformung des Gesamtsystems, liegt
im Bereich der thermischen Energie bei Raumtemperatur. Bedingt durch die-
se Energieskala werden Systeme der weichen Materie nicht nur durch Energie
beeinflusst, auch die Entropie spielt eine grosse Rolle. Für die Dynamik der
Systeme sind daher die Brown’sche Bewegung und Fluktuationen wichtig.

Aktive Systeme im Bereich der weichen Materie können hergestellt wer-
den, indem Komponenten eingebettet werden, die auf eine Veränderung der
chemischen Umgebung oder auf äussere Felder reagieren. Diese Doktorarbeit
handelt von weichen magnetischen Materialien, insbesondere Ferrofluiden und
Ferrogelen. Ferrofluide sind Kolloide, bei denen magnetische Nanoteilchen in
einer Trägerflüssigkeit suspendiert sind. Durch das Anlegen eines äusseren Fel-
des verändert sich die effektive Wechselwirkung der magnetischen Teilchen, was
wiederum zu einer Änderung der Eigenschaften des gesamten Fluides führt. Im
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Gegensatz zu Ferrofluiden sind bei magnetischen Gelen die Nanoteilchen nicht
in einer Flüssigkeit, sondern in einem Polymernetzwerk eingebettet. Daraus er-
gibt sich ein Zusammenspiel von magnetischen und elastischen Kräften, und
magnetische Gele können mit Hilfe eines äusseren Feldes verformt werden. Fer-
rofluide werden derzeit in zahlreichen technischen Anwendungen genutzt, etwa
als Versiegelung um sich drehende Achsen und in Lautsprechern. Sie werden
ebenfalls für medizinische Zwecke wie den Medikamententransport im Körper
oder das Überhitzen von Krebszellen erprobt. Im Fall der magnetischen Gele
sind, neben dem Medikamententransport, Aktuatoren eine wichtige potenzielle
Anwendung.

Zahlreiche Forschungsprojekte haben sich in den letzten Jahrzehnten mit
Ferrofluiden beschäftigt und viele Eigenschaften dieser Materialien sind mitt-
lerweile gut verstanden. Ein Schwerpunkt der aktuellen Forschung ist es, maß-
geschneiderte Fluide herzustellen, um eine größere Auswahl an Materialien für
Anwendungen zur Wahl zu haben. Eine Möglichkeit hierfür ist, die magneti-
schen Teilchen zu verändern, die in der Trägerflüssigkeit suspendiert sind. Es
wurden z.B. magnetische Ellipsoide und Stäbe entwickelt.

Viel weniger ist hingegen über die mikroskopische Situation in magnetischen
Gelen bekannt. Diese Materialien können zwar synthetisiert werden, und es gibt
theoretische Modelle, die die Materialien beschreiben. Die Ergebnisse sind je-
doch zum Teil widersprüchlich. Während in manchen Fällen das Gel in der
Richtung parallel zu einem äusseren Magnetfeld schrumpft und sich in der Senk-
rechten dazu ausdehnt, ist es in anderen Fällen genau umgekehrt. Abhängig
von den Details der Synthese kann die Mikrostruktur der Materialien sehr un-
terschiedlich sein. Aktuelle Forschungsarbeiten beschäftigen sich zum einen mit
der Herstellung und detaillierten Charakterisierung von magnetischen Gelen,
zum anderen mit der Modellbildung bezüglich ihrer Mikrostruktur.

Auf diesem Forschungsgebiet sind Computersimulationen ein nützliches Werk-
zeug, da sie die Untersuchung von Systemen mit hoher Komplexität unter
präzise definierten Bedingungen ermöglichen. In Simulationen ist es auch leicht
möglich, Details wie etwa die genaue Form der Wechselwirkung zwischen Teil-
chen zu ändern. Auf diese Weise lassen sich die Verformungsmechanismen in
magnetischen Gelen unabhängig voneinander untersuchen, obwohl sie in expe-
rimentellen Systemen nicht alleine auftreten. Für diese Arbeit wurden Mole-
kulardynamik und Monte Carlo Simulationen durchgeführt. Die kürzeste Län-
genskala, die dabei berücksichtigt wurde, beträgt einige Nanometer. Chemische
Details wurden vernachlässigt, was eine Simulation relevanter Längenskalen in
akzeptabler Computerzeit erst ermöglicht.

Ziel dieser Doktorarbeit ist es, verschiedene Ansätze zu beleuchten, mit de-
ren Hilfe die Eigenschaften weicher magnetischer Materialien beeinflusst werden
können. Hier gibt es zwei Möglichkeiten: Zum einen können die magnetischen
Teilchen modifizert werden, um deren Wechselwirkung zu verändern. Zum an-
deren kann die Trägerflüssigkeit gegen eine komplexere Matrix, wie etwa ein
Hydrogel, ausgetauscht werden. In dieser Arbeit wurden Beispiele für beide
genannten Varianten im Detail untersucht. Zum einen waren dies die sogenann-
ten Shifted-Dipole-Teilchen (SD-Teilchen), zum anderen magnetische Gele. SD-
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Teilchen sind ein einfaches Modell für experimentell realisierte Teilchen mit ma-
gnetischen Kappen und magnetischen Einschlüssen. Magnetische Gele sind wie-
derum von Interesse, weil die magnetischen Eigenschaften der Nanoteilchen um
elastische Eigenschaften der Matrix ergänzt werden. In den folgenden Absätzen
werden die Modelle und Ergebnisse für beide Systeme zusammengefasst. Teile
der Doktorarbeit wurden bereits in begutachteten wissenschaftlichen Journa-
len veröffentlicht. Koautoren der Artikel sind S. Kantorovich, J.J. Cerdà, M.
Klinkigt und C. Holm. Eine Liste findet sich auf Seite 8.

SD-Teilchen

Üblicherweise werden magnetische Nanoteilchen als kugelförmig mit einem mag-
netischen Dipolmoment im Zentrum beschrieben. Um jedoch die Eigenschaften
magnetischer Fluide zu beeinflussen, wurden Teilchen entwickelt, die sich hier-
von unterscheiden. Als Beispiele sind etwa magnetische Ellipsoide, Stäbchen und
Würfel zu nennen. Bei einer Klasse solcher Teilchen befindet sich das magneti-
sche Moment nicht im Massenschwerpunkt. In den letzen Jahren wurden sowohl
Teilchen mit einer magnetischen Kappe als auch Teilchen mit nicht-zentralen
magnetischen Einschlüssen hergestellt. Um diese Teilchen besser zu verstehen,
wurde das Modell der SD-Teilchen entwickelt und untersucht. Diese Partikel sind
kugelförmig, tragen das Dipolmoment jedoch nicht im Massenschwerpunkt. Viel-
mehr ist es in Richtung der Oberfläche des Teilchens verschoben. In dieser Arbeit
wurde lediglich ein Dipolmoment, das parallel zum Radiusvektor ausgerichtet
ist, untersucht. Andere Forschergruppen haben sich in letzer Zeit aber auch mit
anderen Orientierungen beschäftigt. Die wichtigste Auswirkung der Verschie-
bung des Dipolmoments in Richung Teilchenoberfläche ist es, dass der Abstand
der Dipolmomente zweier sich berührender Teilchen nun von ihrer Orientierung
abhängt. Da der Abstand der Dipolmomente in der dipolaren Wechselwirkungs-
energie in der dritten Potenz auftritt, kann dies zu einem Austausch der lokalen
und globalen Minima in der Energielandschaft führen. Abweichende Grund-
zustandskonfigurationen sind die Folge. Während wir bei zwei Partikeln mit
zentralen Dipolmomenten eine parallele Ausrichtung der Dipolmomente in der
Nordpol-an-Südpol-Konfiguration“ beobachten, tritt bei Dipolmomenten nahe
der Teilchenoberfläche eine Konfiguration auf, bei der die Dipole anti-parallel
ausgerichtet und Seite an Seite positioniert sind. Eine Änderung des Grundzu-
standes sieht man auch bei formanisotropen magnetischen Teilchen. Bei magne-
tischen Ellipsoiden und Stäbchen, bei denen die magnetischen Momente entlang
der langen Achse zeigen, können sich diese in der anti-parallelen Seite-an-Seite
Konfiguration viel näher kommen als in der Nordpol-and-Südpol Konfiguration.
Neben den zwei-Teilchen-Grundzuständen von SD-Teilchen wurden mit Hilfe
von Monte Carlo Simulationen auch Ergebnisse für Cluster von bis zu sechs
Teilchen gewonnen. Bei kleinen Verschiebungen des Dipolmoments bilden sich
ringförmige Konfigurationen ähnlich denen für Teilchen mit zentralen Dipolen.
Bei höheren Verschiebungen dominieren hingegen dichter gepackte Strukturen.
Die Dipole nehmen im Bereich mittlerer Verschiebungen Dreieckskonfiguratio-
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nen an. Anti-parallele Dipolkonfigurationen treten hingegen auf, wenn die Di-
polmomente sehr nah an der Teilchenoberfläche liegen.

Die Änderung der Mikrostruktur von Ansammlungen von SD-Teilchen be-
steht auch in Suspensionen bei einer Temperatur oberhalb des Nullpunktes
fort. Solche Systeme wurden mit Hilfe von Molekulardynamik simuliert und
anschließend mit Hilfe einer Cluster-Analyse quantitativ untersucht. Hierbei
wurden diejenigen Teilchen als zum gleichen Cluster gehörend betrachtet, die
näher als eine bestimmte Distanz voneinander entfernt liegen. Darüber hinaus
wurde eine Wechselwirkungsenergie kleiner Null vorausgesetzt. Abhängig von
der Verschiebung ändert sich die Form der Cluster. Bei niedrigen Verschiebun-
gen findet man Ketten und Ringe vor. Bei höheren Verschiebungen treten, wie
bei den Grundzuständen, dichter gepackte Strukturen auf. Dies führt zu ei-
ner Erhöhung der Clustergrösse im Bereich mittlerer Verschiebungen, da dann
mehrere sehr unterschiedliche Formen von Clustern energetisch gleich vorteil-
haft sind. Daraus ergibt sich eine grössere konfigurationelle Freiheit für das
System. Wenn die Verschiebung des Dipolmoments sehr gross wird, fällt die
Clustergrösse stark ab. Ist das Dipolmoment nahe der Teilchenoberfläche, fin-
det man fast ausschließlich Zwei- und Dreiteilchencluster mit ringförmiger oder
anti-paralleler Dipolanordnung. Die Reduktion der Clustergröße kann durch die
sehr geringe Zustandsdichte bei großen Verschiebungen erklärt werden. Die Zu-
standsdichte wurde aus Monte Carlo Simulationen gewonnen.

SD-Teilchen unter externen Magnetfeldern wurden ebenfalls untersucht. Bei
Teilchen mit zentralen Dipolen bilden sich vor allem Ketten mit parallel aus-
gerichteten Dipolen. Diese Ketten werden dann durch ein externes Magnetfeld
ausgerichtet, so dass die Kettenrichtung parallel zur Feldrichtung ist. Dies ist
jedoch nicht länger der Fall, wenn das Dipolmoment aus dem Zentrum der Teil-
chen heraus verschoben wird. In diesem Fall würden die SD-Teilchen ohne das
äussere Feld Cluster mit anti-paralleler Dipolausrichtung bilden. Mit Hilfe von
Monte Carlo Simulated Annealing wurde gezeigt, dass ein genügend starkes
Feld die Bildung solcher Cluster verhindert. Durch die Ausrichtung der Dipole
parallel zum äußeren Feld ergeben sich Dipolkonfigurationen, die im Zusam-
menhang mit der Dipol-Dipol-Wechselwirkung nicht von Vorteil sind. Dieses
Ergebnis trifft auch für Suspensionen bei endlicher Temperatur zu, die mit Hilfe
von Molekulardynamiksimulationen untersucht wurden. Während bei Partikeln
mit zentralen Dipolmomenten die durchschnittliche Clustergrösse mit dem ex-
ternen Feld ansteigt, ist bei SD-Teilchen das Gegenteil der Fall. Sowohl durch
die Betrachtung von Momentaufnahmen als auch auf Basis der Verteilung der
Gesamtdipolmomente pro Cluster kann man erkennen, dass in solchen Suspen-
sionen vor allem ringförmige und anti-parallele Dipolkonfigurationen auftreten.
Diese Strukturen werden durch ein äusseres Feld aufgebrochen, was zu einem
Zerfall eines Teils der Cluster führt. Gleichzeitig steigt die Magnetisierung bei
solch einer Suspension langsamer als bei jenen, die aus Teilchen mit zentralen
Dipolen bestehen: Bevor sich die Teilchen dem äusseren Feld entlang ausrichten
können, müssen zunächst die anti-parallelen und ringförmigen Dipolstrukturen
aufgebrochen werden, was bei kleinen Feldern energetisch nicht von Vorteil ist.
Bei einigen Parametern ergibt sich daraus eine Suszeptibilität, die kleiner als
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diejenige ist, die man für nicht wechselwirkende Dipole erwartet. Dies steht im
Gegensatz zu den Ergebnissen für Partikel mit zentralen Dipolen. Hier können
die Dipole ihre Ausrichtung sowohl gegenüber dem exterenen Feld als auch ge-
genüber den anderen Dipolen optimieren. Die Suszeptibilität ist höher als für
nicht wechselwirkende Dipole.

Magnetische Gele

Neben der Möglichkeit, die magnetischen Teilchen zu verändern, kann man die
Eigenschaften weicher magnetischer Materialien auch beeinflussen, indem man
die Trägerflüssigkeit durch ein elastisches, quervernetztes Polymergel ersetzt.
Wenn das System lediglich aus Polymeren und magnetischen Nanoteilchen be-
steht, spricht man von einem magnetischen Elastomer. Wenn das Polymernetz-
werk hingegen in einer Flüssigkeit aufgequollen wird, spricht man von einem
magnetischen Gel oder einem Ferrogel. In dieser Arbeit werden Simulations-
modelle für magnetische Gele eingeführt und untersucht. Die Hauptfrage ist
dabei, durch welche Mechanismen sich solche Gele in einem äusseren Feld ver-
formen können. Solche Deformationen wurden beobachtet, die Ergebnisse sind
jedoch widersprüchlich. In einigen Fällen ziehen sich die Gele in Feldrichtung
zusammen, in anderen Fällen strecken sie sich. Dies spricht dafür, dass auf mi-
krosokpischer Ebene mehr als ein Deformationsmechanismus am Werk ist. Um
die Deformation von Gelen besser zu verstehen, ist es hilfreich, Modelle zu entwi-
ckeln mit denen verschiedene Mechanismen unabhängig voneinander untersucht
werden können. Für die Verformung eines magnetischen Gels in einem externen
Feld kann es mehrere Gründe geben. In einem inhomogenen Feld, folgen die ma-
gnetischen Teilchen dem Gradienten. Dabei ziehen sie an der Polymermatrix,
in die sie eingebettet sind. Wenn nun das Gel an einem Ende befestigt wird,
führt die Bewegung der Nanoteilchen zu einer Verformung des Materials. Fer-
rogele können sich aber auch in homogenen Magnetfeldern verformen. Hierfür
gibt es zwei Mechanismen. Im Fall einer hohen Dichte stark wechselwirken-
der Teilchen kann eine Verformung durch Änderungen der effektiven dipolaren
Wechselwirkung zustandekommen: Solange kein Magnetfeld angelegt ist, sind
die magnetischen Momente in zufälligen Richtungen orientiert. Im Durchschnitt
ergibt sich daraus keine Wechselwirkung. Wenn nun aber ein Feld angelegt ist,
richten sich die Momente aus und beginnen zu interagieren. Durch die daraus
resultierende Neuordnung der Teilchen verzieht sich auch das Gel als Ganzes.
Eine direkte Kopplung der Orientierung der magnetischen Teilchen an die Po-
lymere ist hierfür nicht nötig. Der zweite Mechanismus, mit dessen Hilfe sich
ein Gel in einem externen Feld verformen kann, basiert genau auf solch einer
Kopplung. Experimentell kann diese Kopplung zwischen der Orientierung der
Teilchen und den Polymeren erzielt werden, indem die Polymere chemisch an
bestimmte Stellen auf der Teilchenoberfläche angebunden werden. Man spricht
dann von partikelvernetzten Gelen. Darüberhinaus müssen die Teilchen magne-
tisch hart sein, d.h., eine Drehung des magnetischen Moments muss mit einer
Drehung des gesamten Teilchens einhergehen. Wenn nun solch ein Gel einem
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Magnetfeld ausgesetzt wird, richten sich die Teilchen aus und ziehen dabei an
den Polymerketten, die an ihrer Oberfläche befestigt sind. Dieser Zug deformiert
die Polymermatrix und das Gel schrumpft.

Zur Untersuchung der beiden Verformungsmechanismen für homogene Fel-
der wurden Simulationsmodelle entwickelt. Das Modell, dass die Deformation
durch Änderungen der effektiven magnetischen Wechselwirkung abbildet, be-
steht aus einem zweidimensionalen Netzwerk von Polymerketten. Diese sind als
Feder-Kugel-Modell realisiert. Dabei trägt etwa die Hälfte der Kugeln ein ma-
gnetisches Moment. Die magnetischen Momente im System wechselwirken mit-
einander, ihre Orientierung ist aber nicht direkt an das umgebende Polymer ge-
koppelt. Dies entspricht einer experimentellen Situation, in der die Nanoteilchen
lose an die Polymere gebunden sind, etwa durch Wasserstoffbrückenbindungen
oder durch van der Waals Wechselwirkungen. Unter dem Einfluss eines äusseren
Feldes richten sich die Polymerketten mit Hilfe der magnetischen Teilchen pa-
rallel zu diesem aus. Das Gel dehnt sich dabei in Feldrichtung aus und zieht
sich in der Richtung senkrecht dazu zusammen. Insgesamt reduziert sich da-
bei die Fläche des Gels. Die bei dieser Verformung auftretenden Änderungen
in der Mikrostruktur lassen sich mit Hilfe zweidimensionaler Paarkorrelations-
funktionen darstellen. In einem starken Magnetfeld sieht man in diesen dicht ge-
formte Ketten von magnetischen Teilchen parallel zur Feldrichtung. Neben den
Ketten findet sich eine Verarmungszone mit einer sehr viel niedrigeren Dichte
von Nanoteilchen. Gele, die auf diesem Modell basieren, sind leichter magneti-
sierbar als einfache Ferrofluide mit der gleichen Teilchendichte. Grund hierfür
ist die Anordnung der magnetischen Teilchen entlang der Polymerketten. Die
Magnetisierungskurven lassen sich mit Hilfe einer Skalierungsbeziehung auf die
Verformungskurven abbilden.

Das zweite Gelmodell, das im Rahmen der Doktorarbeit entwickelt wurde,
beschreibt den Fall einer Kopplung der Orientierung der magnetischen Teilchen
mit den Polymeren. Das Gel wird aufgebaut, indem die magnetischen Nanoteil-
chen auf den Knoten des Netzes positioniert werden. Diese werden dann mit Po-
lymeren verbunden, die wiederum als Kugel-Feder-Modelle modelliert sind. Da-
bei werden die Kettenenden an bestimmten Punkten auf der Teilchenoberfläche
angebracht. Dieses System wurde sowohl in zwei als auch in drei Dimensionen
untersucht. Im zweidimensionalen Fall zieht sich das Gel in einem äusseren Feld
isotrop zusammen. Um sich paralllel zum Feld auszurichten, drehen sich alle
magnetischen Teilchen um eine Achse senkrecht zur Modellebene. Dabei ent-
steht in allen Polymerketten der gleiche Zug. Beim dreidimensionalen Modell
ist das nicht mehr der Fall, da die magnetischen Momente nun um drei Achsen
rotieren können, um sich mit dem Feld auszurichten. Nachdem die magnetischen
Momente ausgerichtet sind, können sie sich weiterhin um die Achse parallel zur
Feldrichtung drehen, ohne dass dabei die Dipol-Feld-Wechselwirkung reduziert
wird. Dies ermöglicht eine Reduktion von Spannungen auf Ketten, die senkrecht
zum Feld aufgespannt sind, ohne dass sich dabei das Gel verformen muss. Solch
eine Spannungsreduktion ist an Ketten parallel zur Feldrichtung nicht möglich.
Folglich schrumpft das Gel in Feldrichtung stärker als in der Ebene senkrecht
dazu.



155

In drei Dimensionen wurden zwei Netzwerkvarianten untersucht. Bei der
einen sind vier Ketten an jedem magnetischen Teilchen angebunden und das
Netzwerk weist eine diamantkubische Einheitszelle auf. Bei der zweiten Vari-
ante sind sechs Ketten an jedes Teilchen gebunden und die Einheitszelle ist
einfach kubisch. Die Netzwerkgeometrie beeinflusst sowohl die Verformung als
auch die elastischen Eigenschaften des Gels. Letztere wurden bestimmt, indem
ein lineares Elastizitätsmodell mit fünf unabhängigen elastischen Konstanten an
eine Reihe von Spannungs-Dehungs-Messungen angefittet wurde. Die gemesse-
nen Werte zeigen, dass die Gele, bei denen sechs Polymerketten an ein Teilchen
angebunden sind, deutlich steifer sind als jene mit vier Ketten. Auf Basis der
elastischen Konstanten lässt sich auch die Poissonzahl bestimmen, die für eine
vorgegebene Streckung oder Stauchung die Verformungsantwort in der Ebene
senkrecht dazu beschreibt. Bei dem untersuchten Gelmodell hängt die Poisson-
zahl kaum von der gewählten Richtung (parallel oder senkrecht zum externen
Feld) ab. Einen starken Unterschied gibt es jedoch bezüglich der Netzwerkgeo-
metrie.

Bezüglich der Magnetisierungskurven ergibt sich bei Gelen dieses Typs fol-
gendes: Durch die Kopplung der Orientierung der magnetischen Teilchen an
die Polymerketten reduziert sich die Magnetisierungsantwort für ein gegebens
äusseres Feld, da nicht nur die magnetischen Teilchen gedreht werden müssen,
sondern dabei auch Zug auf die daran angehängten Polymerketten ausgeübt
wird. Bei der Streckung der Ketten reduziert sich deren Entropie. Um den dafür
nötigen Zug aufzubringen, muss ein stärkers Magnetfeld angelegt werden als er-
forderlich wäre, um freie Teilchen auszurichten.

Ausblick und Schlussfolgerung

Auf Basis der hier vorgestellten Modelle können zukünftig weitere Fragestellun-
gen untersucht werden. Hier wäre etwa eine detaillierte Untersuchung des Ein-
flusses der Netzwerkgeometrie auf die Verformung der Gele zu nennen. Ebenso
ist von Interesse, wie sich eine Erhöhung der Konzentration magnetischer Teil-
chen auswirkt. Dies unterstützt zwar zum einen den Verformungsmechanismus,
macht das Gel aber auch steifer. Für die Weiterentwicklung der Materialien ist
es wichtig zu wissen, wann der eine und wann der andere Aspekt überwiegt.
Bei den hier untersuchten Modellen wurde von einem nicht konstanten Volu-
men ausgegangen, d.h. Wasser kann jederzeit aus dem System heraus oder in
das System hinein fließen. Es gibt aber auch magnetische Elastomere, für die
dies nicht zutrifft. Um solch ein Material zu modellieren, müsste die Simula-
tion um eine Zwangsbedingung für konstantes Volumen ergänzt werden. Die
Untersuchung von dynamischen Prozessen in Gelen ist nur unter Einbeziehung
hydrodynamischer Wechselwirkungen sinnvoll. Dies ist jedoch schwierig, weil
das Volumen bei sich deformierenden Gelen zeitlich nicht konstant ist.

Auf Basis der hier vorgestellten und entwickelten Modelle kann also gezeigt
werden, dass sich die Eigenschaften weicher magnetischer Materialien durch die
Kopplung an eine elastische Matrix stark verändern lassen, und dass sich dies
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auch in Simulationen abbilden lässt. Es wurde dabei deutlich, wie unterschied-
liche mikroskopische Beschaffenheiten der Gele zu sehr unterschiedlichem und
manchmal auch widersprüchlichem Deformationsverhalten führen können.

Mit Hilfe des Shifted-Dipole-Systems, das im ersten Teil der Doktorarbeit
beschrieben wird, lässt sich zeigen, wie die Clusterstruktur und Magnetisierungs-
kurve eines magnetischen Fluids durch eine Veränderung der Nanoteilchen er-
reicht wird. Das Modell hat sich als hilfreich bei der Untersuchung von Partikeln
mit magnetischen Kappen und Einschlüssen herausgestellt. Weitere Forschungs-
arbeiten wären hier etwa im Bezug auf sehr viel stärker wechswelwirkende Teil-
chen möglich. Dies würde erweiterte Samplingtechniken wie Parallel Tempering
erfordern. Da die experimentell untersuchten Teilchen eine Größe im Mikrome-
terbereich haben, ist auch die Modellierung magnetisierbarer Materialien von
Interesse. Schießlich können noch die Dynamik des Systems untersucht werden
und analytische Ergebnisse, etwa für die Magnetisierungskurven, errechnet wer-
den.

Durch die Untersuchungen an Shifted-Dipole Teilchen und an magnetischen
Gelen wird sichtbar, wie zahlreich die Möglichkeiten sind, die Eigenschaften von
weicher magnetischer Materie zu beeinflussen. Dies kann sowohl durch Modifi-
kation der Teilchen als auch des Trägermediums geschehen, was auch beides in
Simulationen erfasst werden kann. Die Vielfalt, die das bei der Herstellung der
Materialien erlaubt, kann dabei für die Anwendungsmöglichkeiten sowohl auf
dem Gebiet der Biomedizin als auch im Bereich der Ingenieurwissenschaften
von grosser Bedeutung sein.
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in a one-dimensional model for ferrogels”. In: The Journal of chemical
physics 138.20 (2013), p. 204906.

[6] A. Arnold, O. Lenz, S. Kesselheim, R. Weeber, F. Fahrenberger, D.
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Nanorods: Genesis, Self-Organization and Applications”. In: Zeitschrift
für Physikalische Chemie 222.2-3/2008 (2008), pp. 229–255.

159

http://dx.doi.org/10.1039/C3SM27128E
http://dx.doi.org/10.1039/C2SM25636C
http://dx.doi.org/10.1007/978-3-642-32979-1_1
http://www.springer.com/mathematics/computational+science+\%26+engineering/book/978-3-642-32978-4
http://www.springer.com/mathematics/computational+science+\%26+engineering/book/978-3-642-32978-4
http://www.springer.com/mathematics/computational+science+\%26+engineering/book/978-3-642-32978-4


160 BIBLIOGRAPHY
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