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Preface
This book contains papers presented at the 7th GACM Colloquium on Computational
Mechanics for Young Scientists from Academia and Industry (GACM 2017), which was
held 11-13 October 2017 at the University of Stuttgart, Germany. The colloquium is
hosted by the Institute for Structural Mechanics and the Institute of Applied Mechanics
of the University of Stuttgart in collaboration with DYNAmore GmbH.
The objective of GACM 2017 is to bring together young scientists who are engaged in
academic and industrial research on Computational Mechanics and Computer Methods
in Applied Sciences. It provides a platform to present and discuss recent results from
research efforts and industrial applications.
In more than 200 presentations by young scientists in 18 mini-symposia devoted to specific
scientific areas and thematically arranged contributed sessions, current scientific developments and advances in engineering practice in this field are presented and discussed. The
contributions from young researchers are supplemented by plenary lectures from three
senior scientists from academia and industry as well as from the GACM Best PhD Award
winners 2015 and 2016.
We would like to heartily thank the authors for their valuable and interesting contributions
to these proceedings.

Stuttgart, October 2017

Malte von Scheven
Institute for Structural Mechanics, University of Stuttgart
Marc-André Keip
Institute of Applied Mechanics (CE), University of Stuttgart
Nils Karajan
DYNAmore GmbH, Stuttgart
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High-order accurate time integration methods
for electromagnetic-thermal analysis
Tobias Gleim1 *
Micro Abstract
The inductive heating of a metal shaft is influenced by an alternating current inducing a high frequency
electromagnetic field, which causes a temperature increase due to the resulting eddy currents. To
examine this process, the fully coupled electromagnetic Maxwell equations are combined with heat
conduction. Due to the high frequencies of the applied current and the strongly temperature dependent material parameters, high-order accurate numerical methods in space and time are investigated.
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1 Introduction
In order to achieve application-optimized material properties, new material composites or novel
fabrication sequences are developed. Thus, in the area of metal-forming processes, heating and
cooling strategies that locally influence workpiece characteristics such as ductility, hardness, yield
strength or impact resistance, are important concepts. The tailor-made combination of properties
has been realized in the past by a variety of different materials or extensive manufacturing
processes. For components made with just one metal, precisely defined properties can be obtained
in the following three stages, see Figure 1. In this integrated manufacturing process, a metal

Figure 1. Integrated thermomechanical forming process, cf. [9].

shaft obtains a heterogenous temperature distribution throughout a local inductive heating.
Then the heated metal shaft is formed in a press and simultaneously cooled due to the contact
with the die. Finally, the desired material properties are achieved by partial rapid cooling,
allowing the creation of graded materials with defined properties, cf. [9].
Furthermore the inductive heating process is examined to describe the temperature evolution due
to electromagnetical effects. The inductive heating of the shaft is influenced by an alternating
current inducing a high frequency electromagnetic field, which causes a temperature increase
due to the resulting eddy currents.
To analyze this process, the coupling between the electric and the magnetic field is described by
the fully coupled Maxwell equations [4,8]. Moreover the heat conduction equation is considered
to describe thermal effects. Since all material parameters are subjected to large changes due to
heating, the Maxwell equations and the heat conduction equation are strongly coupled.
In order to solve this coupled electromagnetic-thermo multifield problem the nonlinear heat
equation and the electromagnetic equations are formulated in a monolithic approach. In a further
2
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step an axisymmetric case is considered, motivated by the fact that the inductive heating process
of a cylindrical shaft is analysed [1, 2]. Since the problem is strongly time dependent a high order
accurate p-finite element method is applied. The resulting equations are spatially discretized by
the standard finite element method [10]. In analogy, the time integration is achieved with high
order Runge-Kutta methods [3, 5, 6].

2 Inductive Heating
The inductive heating process is characterized by the Maxwell equations and the heat conduction equation, taking into account nonlinear material effects due to temperature changes. In
the end this leads to a combination of the weak forms of electric, magnetic and thermal fields,
yielding a monolithic system of equations:
R
R
R
R
δW E = δE ·  E¨j dV + δE · σc (Θ) E˙ j dV + δE · σ̇c (Θ) E dV + δE · κ̇(Θ) ∇ × B dV
Ω
Ω
RΩ
R
RΩ
+ κ(Θ) ∇ × δE · ∇ × E dV + ∇κ(Θ) × δE · ∇ × E dV + δE · ∇κ̇(Θ) × B dV
Ω

Ω

δW B

Ω

R
R
R
+ δE · J˙ij dV + ∇ · E κ(Θ) ∇ · E dV − ∇ · E
R

Ω

dV = 0

R
R
= δB ·  B¨j dV + ∇ × δB · κ(Θ) ∇ × B dV + ∇ × δB · ∇κ(Θ) × B dV
Ω
Ω
RΩ
R
R
− δB · ∇ × σc (Θ)E dV + ∇ · δB κ(Θ) ∇ · B dV − ∇ × δB J i dV = 0.
Ω

δW Θ

Ω

Ω

ρR


R

R

Ω

R

(1)

Ω

δΘ ρ cp (Θ) Θ̇ dV − ∇δΘ · q (Θ) dV − δΘ Q dV
Ω

Ω

R
+ δΘ q ? + α [Θ − Θ∞ ] + εΘ (Θ) σΘ A Θ4 − Θ4∞ dA = 0.
=

Ω

Γq

Therein, the vectors E , E˙ j and E¨j represent the electric field and their first and second time
derivative, the vectors B and B¨j the magnetic field and the second time derivative and the
thermal field Θ with the first time derivative Θ̇. The material parameters and further variables
are the electric permittivity , the electric conductivity σc , the magnetic permeability µ with
κ = 1/µ, the electric charge ρR , the density ρ, the heat capacity cp , the heat flux vector q with
Fourier’s law q = −λΘ ∇Θ, the thermal conductivity λΘ , thermal source term Q = J 2i /σ(Θ),
the external flux vector q ? , the heat transfer coefficient α, the bulk temperature Θ∞ , the
emissivity εΘ and the Stefan-Boltzmann constant σΘ .
2.1 Thermal Material Characterization
Within the first step of the chain process of Figure 1 the steel is heated from room temperature
to about 1200K. Due to this large temperature range, the material properties change drastically.
To obtain the material properties as a function of the temperature, experimental tests were
performed at the Austrian foundry research institute (ÖGI). The resultant data is exploited to
generate phenomenological material models for the thermal conductivity λΘ (Θ), the heat capacity
cp (Θ), the emissivity εΘ (Θ), the electric conductivity σ(Θ) and the magnetic permeability µ(Θ),
cf. [5].

3 Spatial Discretization
To solve the inductive heating process, the next step is to discretize the weak forms (1) of the
electric, magnetic and thermal field spatially by using the finite element method. Standard
Lagrange shape functions are used which allow a general formulation with an arbitrary
polynomial degree p in each direction, cf. [5,10]. This nonlinear problem, due to the temperature
dependent material properties, is solved via a Newton-Raphson scheme. Hence, appropriate
linearizations have to be performed and evaluated. Thereby, the integration is carried out using
3

ε(Θ) = −ĉ ln



e−ε1 (Θ)/ĉ + e−ε2 (Θ)/ĉ
2



(2.13)

with the abbreviations:
ε1 (Θ) = ι1 eι2 Θ

+ ι 3 Θ2

+ ι4 Θ

+ ι5

(2.14)
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ε2 (Θ) = ι6 e−ι7 [Θ−Θ0 ] + ι8 [Θ − Θ̂0 ]2 + ι9 [Θ − Θ0 ] + ι10 .

The parameter identification was achieved like before for the other phenomenological
4 Inductive Heating:
Fundamental Equations and Formulations
2 2.3
Heat
Evolution: Fundamental
Equations
andbyFormulations
Temperature-Dependent
Material
Parameters
models
finding the minimum of the objective function with the Nelder-Mead
simplex
algorithm, see Table 2.3.
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Figure 4.1: Graph of the data points of the relative magnetic permeability from the literature [214] and the phenomenological constitutive model for the relative
Figure4.1.
4.2: Illustration of the experimental dataset of the electrical conductivity of the test
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Figure 2. Temperature-dependent material parameters: a) specific heat capacity, b) thermal conductivity, c)
specimen which were measured by the austrian foundry research institute and
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2.3.3 Emissivity
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+ 1622.88
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the Gauss-Legendre quadrature. Finally, a general semi-discrete system of linear equations is
obtained:

2Θ

+ α3 Θ2 Not every
+ α4 Θmatter corresponds
+ α5
2.4 ofInitial,
Boundary
and aInterface
to the ideal
the black
body. Normally
body does Conditions
not
σ(Θ) = ζ1 [Θ]3 + ζ2 [Θ]2 + ζ3 Θ + ζ4 .
(4.12)
Table 4.1: Phenomenological material model of the magnetic permeability.
absorb all the radiation like a black body and(2.7)
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hermal conductivity λ of the examined steel, a differential scanning
the distance between the thermocouplesTL and the measured voltage drop U across the
23
thermocouples, the electrical
resistanceTable
can be4.2:
determined
with
the formula:
Choice of
parameters
for the phenomenological material model of the electric
a laser flash apparatus (LFA)
ε + ϕ and
= 1.a heat dilatometer from the austrian
(2.12)
conductivity (4.12).
titute (ÖGI) are used. The experimental setup is characterized by an
This
relation
is
particularly
useful
since
it
is
easier
to
measure
the
reflection
as
to
deterince the thermal conductivity obtained with the help of equation
U (Θ)A
.
(4.10)
ρσ (Θ) =
emissivity.
The experimental
ρ, heat capacity cmine
thermal
diffusivity
aλ , cf. [249]. determination of the emissivity of the sample must
p andthe
kJ kL
be carried out in an evacuated chamber or a filled chamber with an inert gas. This is
(Θ)αλ (Θ)
necessary in order to obtain no surface changes(2.8)
due to oxidation of the steel with air. The
the
Coupled
During the measurements the sample is 4.4
heatedMerging
in a stepwise
manner,
so that Equations
the electrical
sample is inductively heated to a predefined temperature and monitored with a infrared
resistance can be determined as a function of the temperature. The required electrical
eat capacity is investigated
in section is
2.3.1.
The thermal
detector. like
Theexplained
emitted radiation
measured
at the top of the chamber with a radiation
For
a
better
overview
in
the
following
section the dependences of all field varaibles on the
ed using the LFA,detector.
cf [239]. Therein,
a
cylindrical
sample
is
heated
to
The emissivity is obtained in a post processing step, where the results of the
spatial coordinates and the time are omitted. The strategy of Demkowicz and Assous,
mperature in a sealed
furnace
undertoan
inert
Afterwards,
steel are
compared
those
of agas.
black
body. Thisthe
series of experiments were carried out by
cf. [85, 9] is also applied in the thermo-electromagnetic case with non-linear material
ed at the bottom the
by ainstitute
short laser
pulse. The
infraredand
detector,
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of nuclear
technology
energywhich
systems (IKE). The exact implementation
parameters, see section 3.4. For this purpose, the constitutive laws (4.7)-(4.9) are inserted
measures the relative
increase
on the
time and
at [257]. Figure 2.5 (left) demonstrates
of thetemperature
experimental
studiesdepending
can be read
in [256]

M · ∆ü + D · ∆u̇ + K · ∆u = r − r

.

(2)

The matrices M , D as well as K are the linearizations of the weak forms, here denoted as inner
r and outer r flux vector, with respect to the second, first and zeroth order time derivative of
the primary variable vector u. Therein, the vector u = [E, B, Θ] of primary variables for the
inductive heating process is introduced together with its time derivatives to obtain an abridged
form. The variable ∆u and its time derivatives are the increments of the primary variable u
and its time derivatives, obtained through the linearization with proper Gâteaux derivatives.

4 Temporal Discretization

22

In order to be able to solve the ordinary system of equations (3), a temporal discretization
19
has to be carried out. Therefore, classical stiffly accurate diagonal implicit Runge-Kutta
schemes will be applied, cf. [3, 7]. In this type of Runge-Kutta methods, the primary variables
and the increments are solved at the points in time tni = tn + ∆t ci , the so-called stages s.
The approximation of the variables and increments is done using special quadrature rules and
weighting factors aij , cf. [3, 6]. Since for the studies in this paper stiffly accurate diagonal
Runge-Kutta methods are used and thereby the last stage tns = tn+1 is the solution at the
end of the time step, the external integration with the bj -factors is not required. By evaluating
the semi-discrete balance equation with the Runge-Kutta approximations, equation (3) can
be reformulated as follows:


1
1
+ Dt
Mt
+ Kt ∆uni = r − rint .
(3)
[∆t aii ]
[∆t aii ]2
The parameters ci , aij and bj can be determined using Butcher-tableaus, cf. [3, 6].

5 Simulation of a Steel Shaft
As a numerical example for the above deduced theory, the inductive heating process of a 51CRV4
shaft will be examined in an axisymmetric case, see Figure 3. The present example is used
to study the h-error and the embedded error for the stiffly accurate diagonal Runge-Kutta
methods with respect to the accuracy. Three different Butcher-tableaus with different time step
sizes are investigated, cf. [5]. If the error curves, see Figure 4 left, of all methods are summarized
for each time step size, it is possible to determine the corresponding order of convergence, see
Figure 4 right. The example obtains for the implicit Euler method a global order of convergence
of the h-error of O ≈ ∆t1 , see Figure 4. The two- and three-stage stiffly accurate diagonal
Runge-Kutta method lead to a higher global order of O ≈ ∆t2 and O ≈ ∆t3 , respectively.
The order of accuracy of the embedded error of the two- and three-stage method is as stated
in the literature an order less than the order of accuracy of the h-error, and that is what is
demonstrated in Figure 4 right, cf. [3, 6].
4
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Figure 8.38: h-error of all fields added together and plotted overmaterial
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The residual error in Figure 8.42, as in the previous examples
the same
behavior for the time step size, the polynomial degree
and the error. The residual error
100
itself fluctuates more than the h-error for each time
step size. In addition, the residual
10−2
error has a higher error level for each time increment than the h-error. The residual error
e
of both polynomial degrees represented indicates a similar error level for the largest time
increment, which, however, decreases by different −6amounts with a reduction in the time
10
step size. The residual error estimator is an efficient criterion for an adaptive time step
control mechanism, as well as the embedded error
10−8for the Runge-Kutta methods, due
to the small amount of calculation required.
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Micro Abstract
A new framework for the simulation of shape memory alloys (SMA) and TRIP steels undergoing
martensite-austenite phase transformations is introduced. The goal is the derivation and elaboration
of a generalised model which facilitates the reflection of the characteristic macroscopic behaviour of
SMA as well as of TRIP steels. The model is implemented in a micro-sphere formulation in order to
capture polycrystalline behaviour and to simulate three-dimensional boundary value problems.
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Introduction
The micro-sphere framework is a powerful tool for the modeling of different phenomena observed
in different classes of solids, cf., e.g., [3–5, 9] for the micro-sphere-based modelling of dissipative
and non-dissipative effects in rubber, bone, and polycrystalline metals. As a basis for the
material model presented here—aiming at the simulation of polycrystalline materials undergoing
solid to solid phase transformations—we introduce a formulation where a Helmholtz free energy
function depending on volumetric and deviatoric strain measures—as well as plastic strains and
temperature—is assigned to each phase. A Legendre transformation of the potential yields the
overall Gibbs energy density, based on which we calculate Gibbs energy barriers, cf. [6]. The
energy barriers enter a transformation approach derived from statistical physics, enabling the
specification of evolution equations for individual volume fractions. The resulting formulation
is embedded in a micro-sphere framework for the simulation of three-dimensional boundary
value problems. Within the finite element implementation, the local material behaviour in each
integration point is governed by an individual response of the micro-sphere model.

1 Infinitesimal strain formulation
For all phases α ∈ {1, . . . , ν} ⊂ N within the
the corresponding volume
P multi-phase formulation,
P
fractions ξ α ∈ [0, 1] ⊂ R are subject to α ξ α = 1, so that α ξ˙α = 0, as implied by mass
conservation. The evolution of the individual volume fractions ξ α is based on an approach
from statistical physics, where a transformation probability matrix—or rather the infinitesimal
generator of a Markov process—Q ∈ Rν×ν drives the phase evolution via ξ̇ = Q · ξ, cf. [2]. The
operator Q is composed of transformation probabilites Pα→β ∈ [0, 1] ⊂ R, which themselves are
derived from Gibbs energy barriers bα→β that need to be overcome for transformation from one
phase, say α, to another phase, say β.
P
The overall Helmholtz free energy potential of the phase mixture is denoted as Ψ = α ξ α ψ α ,
with ψ α = ψbα (εdev , εvol , εαpl , θ) the Helmholtz free energy associated to any given phase α
depending on a deviatoric and volumetric strain measure, εdev and εvol , as well as plastic
6
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Figure 1. Temperature-dependent response obtained for a SMA simulation within the infinitesimal strain
framework: the formulation captures the pseudo-plastic behaviour at lower temperatures, such as θ = 0 ◦ C
(left), as well as the pseudo-elastic behaviour typically observed at elevated temperatures (θ = 160 ◦ C, right).

strains εαpl and temperature θ. In view of the embedding into a micro-sphere framework with
volumetric-deviatoric split in kinematics, the individual energy contributions are composed of
α and ψ α , besides thermal and chemical parts, so
deviatoric and volumetric energy terms, ψdev
vol
α + ψα + ψα
α
that ψ α = ψdev
vol
therm + ψchem . Details on the specification of these terms are provided
in [7].
1.1 Macroscopic stress response and tangent operator
In the context of the infinitesimal strain micro-sphere approach, the macroscopic stress tensor σ
is obtained by integration over the unit sphere, resulting in the numerical approximation
!
Z
nr
nr
nr X
ν
ν
X
X
X
1
∂Ψ
∂Ψi
∂ X α α
σ=
da ≈
w̄i =
ξi ψi w̄i =
ξiα σ αi
(1)
4 π U2 ∂ε
∂ε
∂ε
i=1

α=1

i=1

i=1 α=1

with σ αi the tensor-valued stress contribution of phase α situated in the ith micro-sphere
integration direction and nr the number of spatial integration directions. A representative
stress-strain response obtained for SMA at different temperature levels is provided in Fig. 1. In
view of the finite element implementation, the required algorithmic tangent modulus reads
alg

E

n

n

i=1

i=1 α=1

ν

r
r X
dσ X
∂σ i X
∂σ ∂sαi
:=
=
+
·
,
dε
∂ε
∂sαi ∂ε

(2)

with sαi = [ξiα , εαpl,i ] the vector of internal variables associated to phase α in the ith micro-sphere
integration direction r i . To highlight the behaviour of the model under inhomogeneous loads,
we provide the results of a finite element simulation in Fig. 2.

Figure 2. Finite element implementation of the infinitesimal strain micro-sphere formulation: prescribed
tensile displacements, tensile strains, tensile stresses, evolution of martensite (from left to right), cf. [5].

2 Finite strain extension
The aforementioned formulation, introduced within an infinitesimal strain micro-sphere framework, captures several experimentally observed effects of SMA and TRIP steel undergoing phase
7
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Figure 3. Differential geometric relations for the finite strain micro-sphere framework.

transformations—including the temperature-dependent pseudo-elastic and pseudo-plastic behaviour of SMA, the stress-strain-temperature response of SMA, and the macroscopic stress-strain
response including work hardening of TRIP steel [5]. We now aim at the finite strain generalisation of the overall formulation. For conceptual clarity, we restrict this extension to an austenitic
parent phase, A, and a single martensitic tensile phase, M, for now, i.e. α = {A, M}. Moreover,
we consider only one kinematic strain measure, the normal strain λN , on the micro-plane.
Following the thermodynamically consistent finite strain
√ micro-sphere framework established
in [1], this strain is characterised as λN = ||F · N || = N · C · N with N the normal of the
associated material micro-plane, cf. Fig. 3.
2.1 Multiplicative strain decomposition and free energy
In view of Bain-type transformation strains associated with the martensite phase, the microplane strain measure is multiplicatively decomposed into elastic and transformation related
contributions, λαN and λαtr , via λN = λαN λαtr . The elastic strains entering the free energy function
of a particular phase, say α, thus directly follow as λαN = λN [λαtr ]−1 . Here, the index N relates
to the micro-sphere integration direction with material normal N , cf. Fig. 3.
The micro-plane Helmholtz free energy ψ α = ψbα (λN ) for each phase α is chosen as
N

N

 h
i2 1 h
i−3 5 
α
α 1
α −1
α −1
b
ψN (λN ) = E
λN [λtr ]
λN [λtr ]
,
+
−
2
3
6

(3)

with Eα representing a scalar-valued micro-plane elasticity coefficent. This specific energy
potential is a straight-forward extension of the structure elaborated in [1]. The overall Helmholtz
free energy ΨN = ΨbN (λN
phase mixture associated to the micro-plane with material
P) ofαthe
α
b
b
normal N is ΨN (λN ) = α ξN ψN (λN ).

Figure 4. Macroscopic stress-strain response (left) and naturally captured grain locking effect (right).
F (t) = I + κ(t) e1 ⊗ e1 with κ(t) ∈ [0, 0.2] ⊂ R is prescribed as a time-proportional load, cf. [8].
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2.2 Macroscopic stress response
The material stress SN = Sb
N (λN ) associated with a micro-plane N follows from (3) via
P
α ∂ψ
bα (λN )/∂λN . The macroscopic Cauchy stress tensor σ
SbN (λN ) = ∂ ΨbN (λN )/∂λN = α ξN
N
then reads


Z
1
3
−1
b
σ= F·
S(λN ) λN N ⊗ N dω · F t ,
(4)
J
4 π U2
with an exemplary, representative computation provided in Fig. 4.

Conclusions
For the formulation of a model that captures the austenitic-martensitic tranformation behaviour
both in shape memory alloys (SMA) and in TRIP steels, a couple of aspects need careful
attention. In TRIP steels, the interactions between plasticity and phase transformations play
an important role in view of the overall macroscopic response. As a result, appropriate models
need to take into account multi-phase plasticity. Moreover, the experimentally observed volume
change that TRIP steel, unlike SMA, shows during ongoing phase transitions must be accounted
for. To this end, the framework presented here—formulated in terms of decoupled deviatoric
and volumetric strain measures—facilitates introducing a non-zero volumetric transformation
strain, cf. [7]. Finally, appropriate hardening laws are required to capture the pronounced work
hardening related to TRIP steel, cf. [5].
The provided ansatz for a generalisation of the infinitesimal strain framework towards a geometrically exact formulation is viewed as a promising foundation for further extensions towards
coupled anisotropic finite strain plasticity and temperature effects in polycrystals undergoing
large strains.
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Computational multiscale methods for
turbulent single- and two-phase flows
Ursula Rasthofer*
Micro Abstract
Variational multiscale methods for LES of turbulent single- and two-phase flows are presented. To
recover the subgrid-scale velocity, multifractal scale similarity in the enstrophy field of turbulent flow
is exploited. The extended finite element method allows for sharply representing discontinuities at
the interface of two-phase flow on a fixed grid. Various numerical examples, ranging from turbulent
flow past a backward-facing step to turbulent bubbly channel flow, illustrate the methods.
* Corresponding author: ursula.rasthofer@mytum.de

Introduction
Turbulent flows are omnipresent in the natural environment and the technical field of engineering.
For instance, turbulent boundary layers control the drag acting on aircraft, the turbulent mixing
of fuel and oxidizer enables eﬃcient combustion engines, and the understanding of turbulent
atmospheric flows leads to accurate weather forecasting. In the following, novel computational
multiscale methods for turbulent single- and two-phase flows are briefly presented. The reader
is referred to [4–9] for full methodical details, more elaborate discussions of the approaches and
a thorough presentation of various numerical examples. Motivated by the application to LargeEddy Simulation (LES) of turbulent flow, all numerical methods build on the framework of the
Variational Multiscale Method (VMM). First, the Algebraic Variational Multiscale-MultigridMultifractal Method (AVM4 ) for LES of turbulent single-phase flow is derived. Then, the AVM4
is further enhanced to LES of turbulent two-phase by incorporating it into a face-oriented
stabilized Nitsche-type eXtendend Finite Element Method (XFEM), leading to the eXtended
AVM4 (XAVM4 ).

1 AVM4 for LES of turbulent single-phase flow
LES of turbulent flow aims at resolving only the larger flow scales, while the influence of the
smaller scales on the larger ones is modeled. The fundamental step of LES is thus the separation
of the larger, resolved scales and smaller, unresolved (or subgrid) scales which is accomplished
here by means of the VMM. Apart from terms depending on the resolved-scale quantities only,
the variational multiscale formulation of the incompressible Navier-Stokes equations exhibits
further terms, in particular the cross- and subgrid-scale Reynolds-stress terms, which include
the unknown subgrid-scale velocity.
To determine the subgrid-scale velocity, multifractal scale similarity in gradient-magnitude fields
of turbulent flows, such as the enstrophy field, is exploited. In the multifractal subgrid-scale
modeling approach, as originally proposed in [2], the subgrid-scale velocity field is calculated
from the subgrid-scale vorticity field via the law of Biot-Savart. The reconstruction of the
subgrid-scale vorticity ω̂, decomposed into its magnitude ∥ω̂∥ and orientation vector êω of unit
length, consists of two steps. First, the magnitude of the subgrid-scale vorticity field is derived
10
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by a multiplicative cascade distributing the subgrid-scale enstrophy ∥ω̂∥2 within each element:
∥ω̂∥(x, t) =

[

(

1−α

− 34

)−1 (

2

4N
3

−1

)(

2

N
) ∏
N 3

n=1

Mn (x, t)

] 21

∥δω h ∥,

(1)

where δ(·)h denotes smaller resolved scales (i.e., scales between the element length h and a larger
scale αh), N the number of cascade steps and Mn the multipliers determining the multifractal
distribution of the subgrid-scale enstrophy. In a second step, the orientation of the subgrid-scale
vorticity field is determined using an additive decorrelation cascade:
êω (x, t) = Iδehω (x, t) + (1 − I)

N
∑

δ ∗n ,

(2)

n=1

where I denotes the intermittency factor, defined from a correlation between ω̂ and δω h , and
δ ∗n the decorrelation increments. Finally, the subgrid-scale velocity û is obtained from ω̂ via
the law of Biot-Savart as
û(x, t) = Bδuh (x, t),
(3)
where

) 1
( 4N
(
)1
4 −2
2N
2
B ∼ 1 − α− 3
2− 3 2 3 − 1 .

(4)

The multifractal approximation of the subgrid-scale velocity û depends on the velocity δuh at the
smaller resolved scales. The necessary further separation of the resolved scales into larger and
smaller ones is realized via level-transfer operators from plain aggregation Algebraic Multigrid
methods. The Multifractal approximation of the subgrid-scale velocity is then inserted into
the cross- and subgrid-scale Reynolds-stress terms of the variational multiscale formulation.
The present VMM is completed by accompanying residual-based multiscale terms to provide
a stable numerical method. The final modeled formulation is thus referred to as the AVM4 .
Further details of the derivation of the AVM4 may be found in [7]. Extensions of the AVM4 to
passive scalar transport in turbulent flow and to turbulent variable-density flow at low Mach
number are shown in [5, 6].
Figure 1 displays the mean streamwise velocity of turbulent channel flow at friction Reynolds
number Reτ = 395. The velocity is normalized by the friction velocity and plotted in wall
units as usual. Three diﬀerent grids with 323 , 643 and 1283 elements are considered. For
comparison, results obtained with an SUPG/PSPG/Grad-div Stabilized Method (SPGSM), a
(complete) Residual-Based VMM (RBVMM) including the residual-based multiscale forms of
the remaining cross- and subgrid-scale Reynolds-stress term in addition to the SUPG, PSPG
and grad-div term, and a form of the Dynamic Smagorinsky Model (DSM) are shown. Moreover,
Direct Numerical Simulation (DNS) data taken from [3] and marked by “DNS MKM99” are
depicted. The AVM4 provides by far the best results. In particular, the results obtained with
the AVM4 are already for the medium discretization very close to the DNS data such that the
improvement owing to the finer discretization is only of small amount.

2 XAVM4 for LES of turbulent two-phase flow
Next, two contiguous bulk fluids separated by a deformable interface are considered. The fluid
flows on both sides of the interface may be turbulent, and the turbulent structures may also
interact with the interface. The computational grid captures the larger scales in both fluid flows
such that the same modeling situation as for LES of turbulent single-phase flow is encountered
in the bulk flows. The interface is assumed to be resolved in a DNS-like manner, and additional
subgrid-scale modeling with respect to underresolved interfaces is not taken into account.
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The interface Γint is considered infinitely thin and, therefore, appears as a discontinuity in the
flow field. At the interface, a localized surface-tension force acts, and density as well as viscosity
change discontinuously, leading to strong and/or weak discontinuities in the pressure field p and
the velocity field u. These discontinuities are expressed in terms of two jump conditions:
JuK = 0
J−pI + 2µε(u)K · nint = −γκnint

on Γint ,

(5)

on Γint ,

(6)

where the jump operator is defined as J·K := (·)− − (·)+ . Interface conditions (5) and (6)
couple the fluid flows in both subdomains, each governed by the incompressible Navier-Stokes
equations. Variables corresponding to the first and the second fluid are marked by (·)+ and (·)− ,
respectively. Furthermore, µ denotes the dynamic viscosity, γ the surface-tension coeﬃcient,
which is assumed constant, κ = −∇ · nint the curvature of the interface and nint the unit normal
vector on the interface.
To describe the evolution of the interface, the level-set method is applied. The level-set method
captures the interface implicitly on a fixed grid via the zero iso-contour of a signed distance
function and constitutes a convenient way to represent interfaces that are subject to large and
complex deformations as encountered in turbulent flow. However, representing the interface
implicitly leads to elements that are cut by the interface. As a result, the aforementioned discontinuities occur within the element. The XFEM allows for reproducing arbitrary discontinuities
inside elements by enriching the function spaces with appropriate discontinuous functions. To
represent jumps and/or kinks in the pressure and velocity field, jump enrichments based on a
symmetric Heaviside function
{
−1
Ψ(x, t) =
+1

in fluid “-”,
in fluid “+”

(7)

are applied. As the velocity field merely exhibits a kink, but not a jump, Nitsche’s method
is used to weakly couple the two individual fluid flows, i.e., to impose the velocity interface
condition (5). To ensure numerical stability for arbitrary interface locations, face-oriented ghostpenalty stabilization terms (see, e.g., [1]) are included for intersected elements. Further faceoriented fluid stabilization terms in the interface region enhance the method to high-Reynoldsnumber flows governed by the Navier-Stokes equations. Residual-based multiscale terms in
the interior of the fluid subdomains complete the Nitsche-type XFEM. For further details and
depiction of the complete formulation, the reader is referred to [9].
Combing the face-oriented stabilized Nitsche-type XFEM, briefly described above, with the
AVM4 results in a comprehensive approach to LES of turbulent two-phase flow, which is referred
to as the XAVM4 ; see [8]. Its application to turbulent channel flow carrying a bubble of the
size of the channel half-width is shown in Figure 2. A visualization of the instantaneous bubble
shape together with vortical structures identified via the Q-criterion and colored by the velocity
magnitude (red color indicates high velocity and blue color low velocity) is depicted.

Conclusions
The AVM4 for LES of turbulent single-phase flow as well as its extension XAVM4 for LES
of turbulent two-phase flow, which is obtained by combining the AVM4 with a face-oriented
stabilized Nitsche-type XFEM, have been presented. Selected numerical results have illustrated
the performance of the proposed methods.
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Figure 1. Mean streamwise velocity of turbulent
channel flow at Reτ = 395.

Figure 2. Instantaneous bubble shape and vortical
structures of turbulent bubbly channel flow.
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Zonal Turbulence Modeling and Reduced-Order
Methods for Space Launcher Wake Flows
Analyses
Vladimir Statnikov1 *, Matthias Meinke1 and Wolfgang Schröder1
Micro Abstract
Turbulent wake flows of generic Ariane 5-like space launcher configurations are investigated using zonal
turbulence modeling and reduced-order methods. For two selected, dynamically crucial trajectory
stages, i.e., M∞ = 0.8 and M∞ = 6, previously unknown coherent three-dimensional modes are
extracted and attributed to the single characteristic frequencies and wave lengths which are responsible
for critical side loads on the nozzle structure.
1
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Introduction
The wake flow of a space launcher continuously changes with the altitude according to the
varying freestream and nozzle flow conditions. Due to a complex interaction and superposition
of different periodic and stochastic flow phenomena, many aspects of the wake dynamics still are
not fully understood and require a fundamental analysis at corresponding points of the flight
trajectory. However, in both experimental and numerical investigations many technical difficulties
are encountered such as undesired interactions with model supports, limited computational
resources, low spatial and temporal resolutions, etc. Besides, the association of every detected
distinct frequency with a coherent flow pattern or, more generally, a dynamic mode, hidden in
the multiple scales of turbulence, is not straightforward while using conventional post-processing
methods.
The motivation for this work is to overcome these issues and to provide new insight into the wake
flow phenomena of space launchers at aerodynamically relevant flight regimes. The work focuses
on a numerical analysis of turbulent wake flows of generic space launcher configurations at
transonic and supersonic freestream conditions using a combination of zonal turbulence modeling
and dynamic mode decomposition (DMD). The zonal simulation approach is applied to efficiently
obtain time-resolved high-fidelity flow field data. The objective of the subsequent modal analysis
is to extract and scrutinize the underlying spatio-temporal modes that are responsible for the
characteristic dynamic phenomena.
RANS
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Figure 1. Flow decomposition into RANS and LES zones for the transonic free-flight configuration [5].
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Figure 2. Wake flow topology of the investigated free-flight configuration: (a) instantaneous spanwise
vorticity distribution (top); time-averaged axial velocity profiles and streamlines (bottom); (b) coherent
structures in the wake visualized using Q criterion (Q · a20 /D2 = 300) and color-coded by the Mach
number [5].

1 Computational setup
Axisymmetric free-flight configurations generically approximating the main stage of the European
Ariane 5 launcher are considered. To model the geometrical boundaries at the tail of the full-scale
launcher with a Vulcain-2 engine, a cylindrical nozzle extension with a diameter of 0.4D and a
length of 1.2D is attached to the main body with a reference diameter of 1D. Inside the nozzle
extension, a TIC (truncated ideal contour) nozzle is used.
For the investigations, two trajectory stages at M∞ = 0.8 and M∞ = 6.0 are defined. At the
former, strongest buffet loads have been measured on the Vulcain 2 enginge of the full-scale
Airane 5 launcher. At the latter, previously unknown high-frequency wall pressure oscillations
have been reported. A detailed overview of the freestream and jet flow parameters is given in [4].
The three-dimensional unsteady flows are computed via a zonal RANS-LES approach in conjunction with the reformulated synthetic turbulence generation (RSTG) method [1,2]. As indicated in
Fig. 1, the computational domain is split into zones with an attached flow, e.g., around the main
body and inside the nozzle, where the turbulent flow field is predicted by solving the Reynolds
Averaged Navier-Stokes (RANS) equations, and a wake zone with an unsteady separated flow
computed by the large-eddy simulation (LES). The computations are performed on a structured
vertex-centered multi-block grid using an in-house zonal RANS-LES finite-volume flow solver
using hybrid parallelization based on MPI, OpenMP, and HDF5.

2 Results
In this abstract, only a brief overview of the major findings for the transonic case is given. More
details including the supersonic case will be presented at the conference.
2.1 Transonic wake flow and buffet phenomenon
In Fig. 2 different aspects of the computed wake flow topology for the transonic Ariane 5-like
configuration are visualized. The fully turbulent boundary layer separates at the axisymmetric
shoulder at x/D = 0 and forms a turbulent free-shear layer. The shed shear layer rapidly evolves
downstream of the separation due to the shear layer instability, causing the mixing layer and the
turbulent structures to grow in size and intensity. Further downstream, the shear layer gradually
approaches the nozzle and finally either impinges on its surface or passes over it, depending on
the time instance and the azimuthal position. This behavior induces non-axisymmetric side loads
with a pronounced temporal periodicity known as the buffet phenomenon. The variation of the
15
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Figure 3. (a) Scatter plot of the instantaneous side loads on the nozzle structure in polar coordinates with
the α = 95 confidence ellipse drawn by dashed red line; (b) premultiplied normalized power spectral density
(f · P SD/σ 2 ) of the side load components (σcF Y = 4.9 · 10−3 , σcF Z = 5.1 · 10−3 ) [5].

side load vector in time along with the spectral analysis of its components is shown in Fig. 3. This
conventional statistical analysis, however, doesn’t provide direct information on the underlying
dynamic modes hidden in the multiple spatio-temporal scales of turbulence. Therefore, to
identify coherent flow patterns responsible for the buffet phenomenon, a reduced-order analysis
based on dynamic mode decomposition (DMD) is performed.
2.2 Reduced-order analysis
An optimized DMD algorithm by Schmid [3] with a preprocessing step based on singular value
decomposition (SVD) is used. As a result, the high-dimensional flow field v(x, y, z, t) is projected
onto a set of spatial modes, which can be represented by
P
v(x, y, z, t) = N
(1)
n=1 an exp (λn t)φn (x, y, z),

where φn is the spatial mode, an is the amplitude, λn is the complex frequency of the respective
mode, and N is the number of the flow field snapshots. The resulting DMD spectrum, i.e., the
frequency-based distribution (SrD (λn ) = =(λn )/2π) of the amplitudes an normalized by the
mean mode amplitude a0 and the individual damping |µn |−N = |exp(λn ∆t)|−N to identify the
most stable modes, is shown in Fig. 4. Three stable modes of interest are identified, frequencies
of which closely match the characteristic peaks in the wall pressure spectra [5]. The threedimensional shape of the extracted pressure modes is illustrated in Fig. 5. A detailed analysis of

Figure 4. Normalized DMD-spectrum of the velocity and pressure field in the physical frequency
domain(left); Ritz eigenvalues µn = exp(λn ∆t) plotted with respect to the unit circle (right) [5].
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(a) SrD (λ1 ) ≈ 0.1

(b) SrD (λ2 ) ≈ 0.2

(c) SrD (λ3 ) ≈ 0.35

c’p : -0.05 -0.025 0 0.025 0.05
Figure 5. Reduced-order modeled pressure field for the three characteristic frequencies: (a) SrD (λ1 ) ≈ 0.1,
(b) SrD (λ2 ) ≈ 0.2, (c) SrD (λ3 ) ≈ 0.35. Time instances at the beginning (top) and after one quarter
(bottom) of the respective period are shown [5].

the reduced-order model based on the extracted pressure and velocity modes (not shown here for
space limitation reasons) reveals that the transonic buffet phenomenon is caused by elongated
closed-loop vortices tat are shed in alternating sequence from azimuthally opposite positions
and locked in phase with a low-frequency cross-pumping motion of the recirculation region. For
further details the reader is referred to [5].

Conclusions
A complimentary methodology for an extended analysis of turbulent wake flows of space launchers
is developed and applied to a generic Ariane 5-like configuration at aerodynamically crucial
trajectory stages, i.e., M∞ = 0.8 and M∞ = 6.0. It is shown that the transonic wake is essentially
dominated by three-dimensional modes which induce strongly periodic side loads on the nozzle
structure, known as the buffet phenomenon. More details on the physical origin of these modes
as well as the results for the supersonic trajectory stage will be presented at the conference.
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3D Imaging and Segmentation Methods for
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Organizers:
Pietro Carrara (Institute of Applied Mechanics, Technical University of Braunschweig)
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for Materials Science and Technology, EMPA)

Abstract:
Non-destructive 3D imaging techniques, such as X-ray, neutron and magnetic resonance
computer tomography, are nowadays increasingly used for the identification of the 3D
geometry of complex, spatially highly heterogeneous multi-phase materials. These techniques potentially permit to track changes in the structure of samples during mechanical
tests or in-situ experiments. Recently, the adoption of 3D imaging techniques in different fields, e.g. to support or supply realistic data in computational models, increased
thanks to significant technological improvements leading, in particular, to a reduced measurement time and higher spatial/temporal resolutions. Temporal resolution is especially
important to obtain, during experimental tests, 3D images with any type of radiation
(e.g., in tomography).
Although 3D imaging permits a significant leap forward into the material characterization, it also opens different challenges such as development of new imaging systems and
image processing/analysis algorithms and the application of 3D imaging during experimental tests. As also evinced by the recent activation of the GAMM Activity Group on
’Data-driven modeling and numerical simulation of microstructured materials’, such approaches are very actual and promising, especially when dealing with complex micro- and
meso-structure arrangements. However, different issues still prevent their large diffusion,
such as the efficient and statistically robust segmentation of targeted material phases out
of the overall heterogeneous material structure. This mini-symposium aims at gathering new contributions in the field of 3D imaging/image analysis of highly heterogeneous
materials.
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3D Imaging and Segmentation Methods for Comp. Modeling of Heterogeneous Materials

The topics include, but are not limited to, the following:
• 3D imaging techniques and systems
• Numerical analysis using 3D imaging data
• Segmentation, geometry reconstruction and mesh generation
• Validation of simulated systems via 3D imaging
• Applications to multi-scale modeling
• 3D imaging during in-situ mechanical tests
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Modelling of microcracking in image-based
models of highly heterogeneous materials using
the phase field method
Julien Yvonnet1 *, Than Tung Nguyen2 , Michel Bornert3 , Camille Chateau3 and Liang Xia2
Micro Abstract
Crack nucleation and propagation in heterogeneous materials models, as obtained by X-Ray
micro-CT imagery, is investigated by the phase ﬁeld method. Several 3D analyses in highly
heterogeneous materials are carried out, with application to cementitious materials. Direct comparisons of complex 3D micro cracking in heterogeneous quasi-brittle materials modeled by the
phase ﬁeld numerical method and observed by imaging during in situ mechanical testing are presented.
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Introduction
Predicting the strength due to cracking in quasi-brittle materials such as concrete or other civil
engineering materials is of formidable interest. Crack propagation modelling in brittle or quasibrittle materials has long been restricted to simple academic cases and to the macroscopic scale.
With recent advances in both numerical simulation methods and experimental characterization,
new studies are now possible, allowing the development of fracture models at microscale, in
particular from realistic microstructure morphologies of complex materials such as concrete.
However, developing predictive models of crack initiation and propagation in three-dimensional
complex heterogeneous microstructures is still highly challenging regarding modelling, numerical
simulation methods, and experimental characterization.
In the present work, we precisely aim at tackling the diﬃcult issue of developing a predictive
model for 3D crack propagation in heterogeneous quasi-brittle materials microstructures. A
phase ﬁeld method based on the variational formulation of the crack evolution problem [3] and its
numerical implementation as proposed by [4] is used to simulate crack initiation and propagation
in realistic microstructure models obtained by XR-µCT. Then, in situ testing combined with
XR-µCT is carried out to experimentally follow the 3D crack paths by means of a speciﬁc image
subtraction procedure using Digital Volume Correlation (DVC). Direct comparisons between the
numerical model simulations of crack paths and experimental data are performed. In addition,
some parameters of the constitutive relation of the quasi-brittle material model are identiﬁed
by inverse analysis combining experiments and simulations [5].

1 Brief recall of phase field damage model
In the following, the basic concepts of the phase ﬁeld method are brieﬂy summarized. For more
details and practical implementation aspects, the interested reader can refer to [4,7]. The phase
ﬁeld method is based on a regularized formulation of a sharp crack description. A regularized
variational principle describes both the evolution of the mechanical problem and of an additional
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ﬁeld d describing the damage (called phase ﬁeld). It is discretized by a ﬁnite element procedure
and a staggered algorithm, chosen here due to its numerical eﬃciency. As compared to classical
volume damage models, such regularized approach is directly connected to the theory of brittle
crack propagation and removes mesh-sensitivity issues due to its natural nonlocal character.
In the phase ﬁeld method, assuming small strains, the regularized form of the energy describing
the cracked structure is expressed by:
E(u, d) =

∫

W (u, d)dΩ + gc

Ω

∫

Ω

γ(d, ∇d)dΩ,

(1)

where W is the density of the elastic energy, depending on the displacements u(x) and on the
phase ﬁeld d(x) describing the damage of the solid, gc is the fracture resistance and γ(d, ∇d) is
1 2
the crack energy density, deﬁned by γ(d, ∇d) = 2ℓ
d + 2l ∇d · ∇d (see e.g. [4, 7]). Applying the
principle of maximum dissipation and energy minimization [3] to (1) yields the set of coupled
equations to be solved on the domain Ω associated with the structure, with boundary ∂Ω and
outward normal n, to determine d(x) and u(x), ∀x ∈ Ω:

and


}
gc {

d − ℓ2 ∆d = 0 in Ω,
 2(1 − d)H −
ℓ
d(x) = 1 on Γ,


∇d(x) · n = 0 on ∂Ω,

 ∇ · σ(u, d) = f in Ω,
u(x) = u on ∂Ωu ,

σn = F on ∂ΩF .

(2)

(3)

In (2), Γ refers to the crack surface, ℓ is the regularization parameter. The history strain
energy density function H(x, t), where t denotes time, is introduced to describe a dependence
on history [4] and possible loading-unloading, and reads:
{
}
H(x, t) = max Ψ+ (x, τ ) .
τ ∈[0,t]

(4)

In (4), Ψ+ is the tensile part of the elastic strain density function serving to model unilateral
contact, and is deﬁned as
Ψ+ (ε) =

{( ) }
)2
λ(
2
⟨T r(ε)⟩+ + µT r ε+
,
2

(5)

where ε is the linearized strain tensor, ⟨x⟩± = (x ± |x|) /2 and ε± are compression and tensile
parts of the strain tensor (see e.g. [4, 7]). The choice of the numerical parameter ℓ has been
discussed e.g. in [1, 2, 6, 8].

2 Illustrative example
We provide in this section an illustrative example of the present framework. A sample of
lightweight concrete, i.e. a concrete embedding light inclusions (EPS beads and small pores), is
investigated. Such case is challenging, as the microstructure cannot be easily idealized by basic
shapes (see Fig. 2). The material is composed of three phases: the sand grains, the plaster
matrix, and the pores. Here, the whole segmented image of the sample involves several billions
of voxels. To make the problem tractable and to allow the use of a mapping of voxels properties
to a regular mesh of elements, we adopt here a sub-volume technique, described in [5], where the
displacements identiﬁed by 3D image correlation during an in-situ experiment are prescribed on
the boundary of a sub-volume of size 240 × 240 × 64 voxel3 cut in the sample (see Fig. 1). The
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obtained mesh is composed of 3.7 million of regular 8-node elements. In Fig. 2 We compare the
crack propagation obtained by experiment and numerical simulation for the same load loading.
The obtained results are in very good agreement with the experimentally observed 3D crack
path. Other applications and extensions from the recent works by the authors [5–7] will be
presented.

(a)

(b)

Figure 1. Geometry of a sub-volume of lightweight concrete: (a) location in the sample; (b) XR-µCT
images of the sub-volume.

Figure 2. Comparison between experimental crack obtained from microtomography and from phase field
method of the lightweight concrete sample in the studied sub-volume for a load F = 1.8 kN. (Left:
experiment; right: numerical simulation.)
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Numerical validation framework for
micromechanical simulations based on 3D
imaging
François Hild1 * and COMINSIDE Group2
Micro Abstract
A computational framework is introduced to validate simulations at the microscale. A specimen
made of cast iron is imaged via synchrotron laminography during a tensile test. The region of
interest is analyzed by Digital Volume Correlation (DVC) to measure kinematic fields. Finite Element
simulations, which account for the studied material microstructure, are driven by Dirichlet boundary
conditions extracted from DVC measurements. Gray level residuals are assessed for validation purposes.
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1 Introduction
From an industrial point of view, predicting ductile fracture, say during metal forming processes,
is a top priority. This is why numerous scientific studies were conducted over the last 50
years in order to be able to predict the initiation of ductile fracture for various manufacturing
conditions. Despite all these studies, there is no universal theory and predicting ductile failure
is still challenging. This is due to the complexity of the thermomechanical and metallurgical
mechanisms occurring during forming processes, namely, the material can be submitted to
large plastic strains under multiaxial and non-proportional loading conditions, and thermal
effects together with plastic strains can lead to microstructure changes. At the component scale,
the prediction of ductile fracture is usually addressed using uncoupled failure criteria, coupled
continuum damage mechanics approaches or damage models based on porous-plasticity theory
(e.g., see Ref. [2] for a comparison of such approaches for cold metal forming applications). These
approaches do not explicitly account for the material microstructure and phenomena such as the
influence of elongated particles on damage anisotropy or nucleation/coalescence mechanisms are
difficult to address.
The objective of this work is to study the intimate interaction between plasticity and damage
mechanisms at the micrometer scale during ductile failure in the material bulk for different levels
of stress triaxialities and Lode angles, and to understand the underlying physical mechanisms.
To achieve this goal, three modern techniques are seamlessly coupled, namely, laminography
to image in situ tested large flat samples made of ductile materials [5], global digital volume
correlation (DVC) to measure 3D displacement (and strain) fields in the bulk [6], and 3D finite
element (FE) simulations using the experimental information on multiple length-scales [7].

2 Numerical framework
The proposed numerical framework is exemplified for a flat specimen with central hole made of
spheroidal graphite cast iron and imaged via in-situ synchrotron laminography at micrometer resolution during a tensile test. The region of interest in the reconstructed volume, which is close to
24
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the central hole, is analyzed by DVC to measure kinematic fields. FE simulations, which account
for the morphology of the studied material microstructure, are driven by Dirichlet boundary
conditions extracted from DVC measurements. Gray level residuals for DVC measurements and
FE simulations are assessed for validation purposes.
The methodology proposed to obtain such local and dense comparisons between experimental
analyses and numerical simulations at the microscale is based on the following steps (Figure 1):
• X-ray laminography to acquire 3D images of an in-situ test in a synchrotron facility [3].
By post-processing them, one may get, for instance, a first estimate of the morphology of
the two-phase microstructure.
• Global DVC to measure displacement fields whose kinematic basis is made of the shape
functions of 8-noded elements [6]. These displacement fields serve two purposes. First,
they correspond to the kinematic data of the test. Second, they will be used as Dirichlet
boundary conditions of FE simulations at the microscale.
• The FE simulations at the microscale explicitly account for the morphology of the studied
two-phase material. Therefore the mesh made of 4-noded tetrahedra is adapted to the
microstructure with a Level-Set procedure [9].
• FE simulations are run with an elastoplastic constitutive equation (Ludwik’s law) to model
the nonlinear behavior of the matrix.
• Comparisons between experimental measurements and numerical simulations are carried
out for the displacement fields and more importantly the correlation residuals [1, 8].
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generation
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T4 mesh
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simulations
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ρDVC / ρFE
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Figure 1. Schematic representation of the methods used for validating numerical simulations at the
microscale (after Ref. [1])
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3 Summary of findings
DVC results are validated with respect to experimental data through the correlation residuals,
which are probed for all voxels belonging to the region of interest and all analyzed scans [1, 8].
Since the kinematic basis utilized herein prescribes C0 continuity to the kinematic fields, the gray
level residual fields serve as correlation quality inspector and provide a useful tool for damage
detection in the zones where the continuity requirement is not met. The overall residual levels
are reasonably low thereby indicating successful registrations. The areas of higher residuals
correspond to the position of the debond zones that appear very early on, and increase further
due to void coalescence.
Once validated, DVC measurements are used to drive FE simulations. Added to the fact that
the real microstructure is discretized in the FE mesh, heterogeneous displacements prescribed by
DVC require a robust mesh adaption methodology [1]. The latter is used herein and enables the
simulations to be performed with significant void growth up to coalescence. While microstructures
are often idealized in the literature, the present results open new possibilities for numerical
modeling of heterogeneous 3D microstructures having a complex morphology and undergoing
large deformations and complex topological events such as those observed in reality.
DVC and FE results are then probed by direct comparison of the full-field solutions and
computation of the gray level residuals. The first method, which is a relative comparator,
provides the gap between DVC and FE kinematic fields. It is shown that differences between the
two methods are mainly concentrated in the bulk of the inspected region around the nodules,
while boundary zones have mostly zero differences because the boundary conditions are measured
via DVC. However, just observing the displacement difference between the two methods does not
yield an absolute error. Conversely, the gray level residuals can be computed independently for
both approaches. The kinematic fields are probed by computing the deformed volume corrected
by the measured or simulated displacement fields. The fact that the gray level residuals remain
reasonably low for the FE simulations in the void growth regime is a partial validation. However,
void coalescence is not properly captured. This last result calls for more advanced constitutive
models for the matrix, the nodules and their interface with the matrix. During coalescence, void
nucleation at finer scales and very large strains might play a role. It is presumably associated with
damage softening. The present framework will allow, in future analyses, to test this hypothesis
using more sophisticated plasticity/damage models.
One of the next steps of the present work will thus deal with the constitutive law of the matrix
whose parameters can be modified to get an even better agreement between the experimental
data and numerical results. Similarly, the hypothesis of considering nodules as voids can also be
probed and debonding can be addressed. The proposed numerical/experimental framework will
still be used with sequential or integrated identification procedures [4].
To the authors’ best knowledge this is the first time 3D calculations are performed on a real
microstructure and by using measured boundary conditions up to large plastic strain. This
approach will enable for better understanding and modeling of damage mechanisms at microscale
levels. The presented numerical framework can easily be generalized for other types of materials
that possess heterogeneous microstructures.
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Diffraction and Attenuation X-ray Imaging of
Ductile Damage Combine with Crystal
Plasticity Finite Element Modelling
Christophe Le Bourlot1 *, Sylvain Dancette1 , Eric Maire1 and Wolfgang Ludwig1
Micro Abstract
Recent techniques of 3D synchrotron imaging allow to fill the gap between several fields of experimental
damage mechanics. The present work combines local crystallographic characterisation and the related
plasticity mechanisms to observations and quantitative measurements of the three stages of ductile
fracture, applied on aluminium. Phase and diffraction contrast tomography are used as input for
modelling to better understand the local stress and deformation state governing damage.
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Introduction
Recent techniques of 3D synchrotron imaging allow today to fill the gap between several fields
of experimental damage mechanics, from crystallographic texture characterization to high
resolution imaging of phases, voids and cracks as they evolve during in situ loading. Coupling
local crystallography and the related plasticity mechanisms to observations and quantitative
measurements of the well established stages of ductile fracture in metallic alloys (namely initiation,
growth and coalescence of cavities) greatly helps understanding the development of fracture. It
can also be used to design safe, high performance alloys for use in the transportation industry
but also in biomedical applications for example. In this study, ductile damage is investigated by
X-ray tomography in a 1050 aluminum alloy during in situ tensile testing at the ID11 beamline
of the European Synchrotron Radiation Facility (ESRF). The heterogeneity of plasticity is later
assessed by crystal plasticity finite element modeling (CPFEM) based on the actual polycrystal
microstructure.

Results
Diffraction Contrast Tomography (DCT, [3]) alloys to map the initial polycrystal in 3D (grain
size, morphology as well as crystallographic orientation). This is illustrated in Fig. 1a where
the recrystallized Al sample presents about 100 grains in the volume of interest. Damage is
subsequently followed in situ by Phase Contrast Tomography (PCT) during loading [4]. Fig. 1b
depicts the cavities (red) in the PCT-reconstructed deformed volume. The in situ procedure and
the use of appropriate markers at the sample surface allow an easy alignment of the successive
volumes acquired after each deformation step. A recent automatic tracking algorithm [2] was
used in order to follow each cavity individually and to characterize their different strains at
initiation and growth rate. As anticipated, there is a significant scattering of growth rate, which
is related to the local microstructural and crystallographic environment of each cavity.
In order to assess the local heterogeneity of strain and stress fields in the polycrystal, full-field
CPFEM simulations of the tensile test were carried out based on the actual 3D DCT volume.
This was done using a boundary conforming procedure, after fitting the parameters of an
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elasto-viscoplastic crystal plasticity constitutive law on a macroscopic tensile curve [1].

Figure 1. In situ tensile testing of an Al polycrystal during synchrotron X-ray tomography. (a) Initial DCT
mapping of the grains and (b) damage cavities (red) observed by PCT.

The CPFEM simulation results are illustrated in Fig. 2, where the heterogeneity of stress is
clearly visible. Such simulation is subsequently used to model the heterogeneous cavity growth
based on the actual crystallographic environment, to compare with the experimental cavity
tracking measures.

Figure 2. CPFEM simulation of the tensile test. (a) Conformal mesh of the DCT volume from Figure 1. (b)
and (c) development of stress heterogeneity from 2.5% to 50% tensile deformation.

Conclusions
Diffraction and attenuation X-ray imaging provides a powerful environment to characterize
ductile damage mechanisms in situ, in relation with local microstructure and crystallography.
DCT-based CPFEM simulations open a wide range of opportunities to analyze deeper the
heterogeneity of plastic flow governing damage in this context.
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Application of X-ray computed tomography on
fracture behaviour study of cement paste at
micro-scale
Hongzhi Zhang1 *, Branko Šavija1 and Erik Schlangen1
Micro Abstract
3D microstructure with a cubic dimension of 100 µm3 was generated by X-ray computed tomography.
Its mechanical properties were predicted by the microstructure informed lattice model. Considering
the heterogeneous nature of this material, 30 specimens were investigated. Correlation analysis was
conducted between the simulated mechanical properties and porosity.
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Introduction
Cement paste is a porous and heterogeneous material. As the basic material in concrete, it has
generated considerable research interest. It is generally accepted that its fracture properties,
i.e. tensile strength and elastic modulus largely depend on its material structure at micro-scale
which locally shows a notable variation [2]. For a number of reasons that include problems
with producing and measuring miniaturized mechanical samples, direct measurement of micromechanical properties can be hardly achieved experimentally so far. Despite this, application
of microstructure informed numerical model offers an unprecedented opportunity to achieve
this. Such models mainly require the detailed microstructure and micromechanical properties
of individual phases in the microstructures. In this paper, a method combined discrete lattice
fracture mode [1] and X-ray computed tomography (XCT) is described to predict the micromechanical properties of cement paste. Considering the heterogeneous nature of this material, 30
microstructures with a cubic dimension of 100 µm3 are investigated. The strength distribution
and its relationship with elasticity are studied by statistical analysis. A correlation is conducted
between the predicted strength and porosity.

1 Materials and experiments
In the experimental program, small cement paste prism with cubic cross-section of 500 µm ×
500 µm was produced and scanned by a Phoenix Nanotom microcomputed tomography system.
Cement pastes were prepared with standard grade CEMI 42.5N Portland cement and deionized
water. The w/c ratios of used paste were 0.3, 0.4 and 0.5. The fresh cement mixture was sealed
in a cylindrical module. After 28 days hydration, the specimens were first cut into 2 mm slices
and then grounded down to 500 µm. The small prism was then prepared by running a micro
dicing saw (MicroAce Series 3 Dicing Saw) over the thin section. A special holder was used to
clamp the small prism during scanning. 2800 projections were acquired on a digital GE DXR
detector (3072 × 2400 pixels) under 12 kev/60 µA of X-ray source to reach a spatial resolution
of 0.5 × 0.5 × 0.5 µm3 . The software Phoenix Datos|x was used for the reconstruction work. For
saving the computational efforts on fracture behaviour modelling, the resolution was reduced to
2 µm3 /voxel. Four phases (pore, anhydrous cement, inner hydration products and out hydration
products) were isolated using global threshold method. More details about the image processing
31

MS01

3D Imaging and Segmentation Methods for Comp. Modeling of Heterogeneous Materials

Figure 1. (a) 3D segmented microstructure of cement paste (grey-anhydrous cement; red-inner product;
green-outer product; blue-pore); (b) uniaxial tensile test on lattice mesh.

Figure 2. Comparison of simulated stress strain curves of one specimen under uniaxial tension from three
directions.

can be found in [3]. For each w/c ratio, 10 microstructures in a shape of cube (100 µm3 ) as
shown in Figure 1a were randomly extracted from the segmented images. Volume fraction of
pore phase was used to present the porosity of each investigated microstructure.

2 Modelling
For the deformation and fracture analysis, a lattice type model, as described in [1], was used.
In the lattice model, the material was discretized as a set of beam elements. Then, a set of
linear elastic analyses was performed by calculating the nodal responses of the lattice network
for a uniaxial tensile test boundary condition as shown in Figure 1b. In each analysis step,
only a single beam element is removed from the mesh, thereby introducing a small crack. The
analysis is then repeated with the updated geometry and stiffness of the whole lattice network
until a pre-determined failure criterion is reached. A single virtual specimen was loaded along
three directions, and as the investigated microstructure is not ideal isotropic homogeneous, the
simulated mechanical properties are expected to be different. As an example,the stress-strain
responses and crack patterns of one virtual specimen are shown in Figure 2 and Figure 3
respectively. The modulus and strength can be then calculated from the stress-strain curve.

3 Results and Discussion
A two parameter Weibull statistic was used to analyse the fracture data for specimens in each
w/c group. The probability of failure can be written as:
ln ln(

1
) = ln σf − ln σc
1 − Pf
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Figure 3. Crack pattern of cement paste under uniaxial tension in three directions: (a) Z (b) Y and (c) X.
(black-cracked element; Deformations have been scaled for clarity).

Figure 4. Weibull plot for simulated tensile strength of cement paste with different w/c ratios.

where Pf is the cumulative probability of failure and m is the Weibull modulus. Also, σf is
the fracture strength and σc is the Weibull scale parameter. The tensile strengths are plotted
in a Weibull coordinate system (Figure 4). The least squares method was adopted to fit the
Weibull modulus and scaling parameter. The fitted results are given in Table 1. A coefficient of
determination (R2 ) higher than 0.9 is observed for all w/c ratios. Both Weibull modulus and
scaling parameter decreases with the increase of w/c ratio, which indicates that pore structures
are clustered more inconsistently in paste specimens with higher w/c ratios. The ratio between
elastic modulus and strength is then plotted against strength in Figure 5. Although a relatively
wide range from 800 to 1800 is observed, it is evident that this ratio decreases with the increased
strength value. Furthermore, two linear boundaries can be defined using the least squares method
and it is interesting that the two bounds are quite paralleled to each other, which deserves
further study. The mean value of strengths in three directions of one sample is used for the
empirical strength-porosity relationship study. As shown in Figure 6, four types of empirical
model are fitted. The exponential curve yields the highest determination coefficient value. The
predicted results in forms of exponential and power are quite close to each other and predict
the strength of non-porosity cement paste to be around 36 MPa and 37 MPa. Furthermore, the
Logarithmic model determines a critical porosity value as 60.57 % in which the material yields
zero strength.
W/c ratio

Weibull modulus

Weibull scale

Determination coefficient

0.3

8.85

26.96

0.99

0.4

6.11

19.41

0.98

0.5

3.17

17.10

0.96

Table 1. Weibull parameters for the simulated tensile strength

33

MS01

3D Imaging and Segmentation Methods for Comp. Modeling of Heterogeneous Materials

Figure 5. Relationship between predicted modulus/strength ratio and strength.

Figure 6. Relationship between predicted tensile strength and porosity.

Conclusions
Based on the XCT generated material structure of cement paste, the micromechanical properties
of this material were predicted by the discrete lattice fracture model. Although the current
study is limited by the resolution and computational resources, the following conclusions can be
drawn:
With w/c ratio decreasing, the Weibull modulus and scaling parameter increases, which indicates
specimens with lower w/c ratio generally yield a stronger and less variable fracture performance.
The ratio between elastic modulus and strength decreases with the increased strength.
Porosity appears to be the main factor determining the strength of cement paste. Over the
examined porosity range from 5 % to 25 %, the existing sample empirical equation in form of
exponential can be regarded as a good representation on the predicted strength of cement paste
at micro-scale.
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In situ cement hydration in levitated droplets
Julia Stroh 1 * and Franziska Emmerling1
Micro Abstract
Building materials consist of cement, water and chemical admixtures, which adjust cement paste
properties. Admixtures can act beyond their aimed functions causing undesirable side effects on the
hydration course and the properties of the resulting building material. The mechanisms of these effects
are still under investigation. We investigate cement hydration in levitated droplets using an ultrasonic
levitator. The hydrate phase formation is followed in situ by synchrotron X-ray diffraction. The data
allows detailed conclusions about the mechanisms of the admixture action in the ongoing hydration
reactions.
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Introduction
The main component of cementitious system is a hydraulic binder cement. The hydration of
cement involves several chemical reactions yielding hardened cementitious building material.
Besides cement and water, cementitious systems contain minor components (admixtures).
Addition of admixtures aims at specific modification of properties of the fresh cement paste or
hardened cementitious building material. The hydration process starts at the first contact of
water with dry cement powder and undergoes several stages. These stages differ with respect to
the formation of the specific hydrate phases. Along with the progress of the cement hydration,
the physical state of the cementitious system changes from flowable to solid. Assemblage of the
cement hydrates formed during the hardening - cementitious matrix - determines properties of
the resulting solid cementitious material.
Numerous admixtures are used in cementitious systems. Superplasticizers effectively improve
the flowability of the fresh cement paste at the low water-to-cement ratio (w/c). The working
period of superplasticizers is the early hydration stage, which continues for several hours. This
stage is characterized by the intensive dissolution of the cement components. It is followed by
the formation of the early hydrate phases, and the initial flowability loss (stiffening) occurs.
However, superplasticizers seem to undesirably influence the early hydration reactions leading to
delayed stiffening of the cementitious system. This retardation effect influences the course of
the cement hydration and further the properties of the resulting hardened cementitious matrix.
The occurrence of the retardation demonstrates the involvement of the admixture into the early
hydration reactions. The mechanisms of the admixture action during the hydration process
are still intensively investigated [1–6, 8]. A detailed understanding of the admixture activity in
cementitious system during the early hydration stage is the key to its control and adjustment.
Since the presence of admixtures changes the hydration reactions, the identification of their
products can give first insights into the admixture action. The time-resolved changes of the
amounts of the reactants and of the resulting hydrates allow conclusions about the kinetics of
the hydration process influenced by the admixture. A deep understanding and the control of the
admixture impact on the hydration process is possible [7].
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1 In situ measurements of the early hydration process
Here, we follow the early hydration process in situ by the synchrotron X-ray diffraction (SyXRD).
In situ measurements are carried out using a setup based on an ultrasonic levitator. The ultrasonic
levitator allows a containerless positioning of the sample specimen during the measurements.
Containerless handling of the sample is especially advantageous for the samples consisting of
crystalline and amorphous phases. The background contribution of the sample holder can be
avoided. Both crystalline and amorphous components of sample can be evaluated directly. The
uncertainty of the background correction is excluded.
An ultrasonic levitator consists of the transducer and the concave reflector, which are positioned
coaxially (Figure 1, right). The emitted acoustic wave is multiply reflected from the concave
reflector surface. The emitted and the reflected waves overlay and the standing wave results
from the constructive interference between them. The standing wave has areas of the lower
pressure - the nodes, in which small samples, typically liquid droplets or solids, can be hovered.

Figure 1. Experimental setup including two ultrasonic levitators for in situ measurements of the cement
hydration course. Left: The schematic of the setup. Vertically positioned ultrasonic levitator holds the sample
specimen in abeyance, while the acoustic wave of the horizontally positioned levitator inhibits its lateral
instability. An injection system allows addition of up to two aqueous phases for an in situ start of the
hydration process. Right: Levitated liquid droplet.

The measurement setup consists of two crossed ultrasonic levitators (Figure 1, left). This design
enables stable levitation of the irregularly formed solid samples. An injection system consisting
of two piezo-spraying devices (injectors) completes the setup. The hydration process is initiated
during the data acquisition by adding of water or aqueous admixture solution. Different liquids
can be added via injectors independently; the addition is remotely controlled. Initiation of the
hydration in the levitator setup enables to avoid the time loss for the filling in sample holder.
The composition of the hydrating cementitious system is recorded in real time by the diffraction
analysis. Fast measurements in transmission geometry are possible using intensive synchrotron
radiation as the X-ray source. The temporal course of the composition changes in cementitious
system is followed directly. The formed reaction products and the depletion of the reactants
can be identified. From the acquired data, the amounts of the components of the cementitious
system can be calculated and plotted along the time axis.

2 Results and Discussion
We analyze the influences of two individual superplasticizers (SP 11, SP 13) on the course of
the Portland cement hydration. Ettringite is the crystalline hydrate phase formed preferentially
during the early hydration stage. The development of the ettringite amount for cementitious
systems with different SPs is compared to those without any superplasticizer. The development
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of the ettringite reflection in the reference cementitious system is shown on Figure 2.

Figure 2. Left: Time-resolved course of the ettringite formation in the reference cementitious system
demonstrated on its (100) reflection at 9.09 ◦ 2 theta (CuKα1 ) (corresponded to the lattice plane distance
d=9.72 Å). Right: An example of the peak area calculation.

The presence of superplasticizers suppresses the formation of the ettringite as shown on Figure 3.
Its reflection intensity was lowered by the addition of SP 11. SP 13 inhibited ettringite formation
in the analysed hydration period, since ettringite reflection is absent.

Figure 3. Time-resolved course of the ettringite formation in the cementitious system with admixture
demonstrated on its (100) reflection at 9.09 ◦ 2 theta (CuKα1 ) (corresponded to the lattice plane distance
d=9.72 Å). Left: cementitious system with SP 11. Right: cementitious system with SP 13.

The information about the amount of the phase of interest formed in the cementitious system can
be achieved from the evaluation of the area of its main peak (Figure 2, right). The diffractograms
were normalized before the calculation of the peak area. The area of the ettringite’s main
reflection was calculated and plotted against the time for all analyzed cementitious systems
(Figure 4). In the reference system, ettringite forms immediately after the water addition. It
proceeds steep increase within 30 minutes and achieves a saturation plateau thereafter. The
curves for cementitious systems with superplasticizers show strong reduction of the ettringite
amount. SP 11 inhibits the formation of ettringite within 35 minutes after the hydration has
started. Then, the amount of ettringite increases slightly and achieves saturation level after 55
minutes of hydration. In the cementitious system with SP 13, the formation of ettringite was
inhibited in the analyzed hydration period.

Conclusions
In this study, the cement hydration process was analyzed in situ by the SyXRD. Using ultrasonic
levitator setup allows to initiate the hydration during the data acquisition. Thus, the early
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Figure 4. Development of the ettringite amount influenced by the presence of SP 11 (red) compared to the
reference (black). Lines are shown for the trend visualization.

hydration period can be analyzed completely, without time losses at its very beginning. The
measurement setup enables yielding detailed information about the processes of the hydrate
phase’s formation and depletion of unhydrated components. Correlation of the phase amounts
to the hydration time allows insights into the hydration kinetics. This analysis is advantageous
for the observation of the admixture activity in the hydrating cementitious system. This could
be shown by analyzing of the influences of superplasticizers on the ettringite formation in the
cementitious system based on Portland cement. The presence of admixture delayed the ettringite
reaction and lowered its amount formed during the early hydration period. This causes the
retardation of the hardening process.
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X-ray computed tomography: Image processing
and applications
Matteo Lunardelli1 *, Patrick Varady1 , Dennis Köhnke1 , Sven Lehmberg1 and Harald
Budelmann1
Micro Abstract
Understanding the mechanical behavior and deterioration processes of inhomogeneous cement based
materials such as mortar and concrete can be improved with information on their inner structure
obtained in non-destructive x-ray CT scans. However, the different concrete components have similar
attenuation coefficients, resulting in low contrasts between them. It requires demanding image
processing techniques, of which a selection will be presented in relation to their applications.
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Introduction
Concrete is a heterogeneous material whose mechanical, physical and chemical characteristics
can strongly change depending on its components (cement, water, aggregates, additives, and
admixtures). The cement, the water amount, and also the aggregate form and distribution,
affect durability and mechanical behavior of concrete.
Fundamental for the investigation is to define the analysis scale: it is possible to analyze the
material from macro scale to micro scale, always depending on the object of research. In macro
scale the concrete can be analyzed as a homogeneous material, in meso scale it is possible to
distinguish aggregate, cement paste, and air voids (see figure 1) while the micro scale resolution,
e.g., also accounts for the cement paste characteristics.

Figure 1. Tomography representation of a concrete cylinder (left) and air voids (center). Common image
processing can lead to a partially segmentation of the aggregates (right).

In this paper, we will concentrate on the segmentation of the phases in meso scale, aimed to
obtain information on mechanics and durability. Computed tomography (CT) technology allows
the inspection of specimens’ internal structures with a non-destructive method, revealing very
detailed information not detectable with common test setups. To define concrete peculiarities,
the focus lays on the attenuation coefficient of its components. In the following, some application
on the segmentation of aggregate and air voids will be shown as well as a procedure to identify
the steel fiber amount in Ultra High Performance Fiber Reinforced Concrete (UHPFRC).
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1 Image Processing
The investigation of scanned objects requires elaborate processing and interpretation of the
images with different techniques. The first step is the 3D volume reconstruction from the x-ray
sinogram. This step already determines a variety of parameters that will later influence the
image processing possibilities, e.g., image depth (number of gray levels) and artefact suppression.
The gray levels are distributed in the reconstructed volume according to the specimen’s materials
attenuation coefficients. For the common cone beam analysis, an attenuation coefficient is
assumed; the parameter is calculated as a function of density, atomic number, energy of the cone
beam and dimension of the object (see [2]).
The image processing procedures commonly used to segment a tomography can be distinguished
in threshold-, edge detection- and region based-techniques. Usually a combination of methods
is used together. The threshold methods, the most common histogram-based procedure, are
used to separate some component (foreground) from the rest of the image (background). These
methods are particularly efficient when the attenuation coefficients of the components of an
object are strongly different. This can be the case for composite materials, e.g., reinforced
concrete.

2 Steel fiber content
In the case of UHPFRC, image processing of computer tomography allows to define content,
distribution and the orientation of the fibers. Already some authors deal with this topic, for
example [3, 7]. For this application, a parametric threshold method is applied.

Figure 2. Section tomography of a prism (40x40x160mm) (left) and relative steel fibers detection (right). In
black the recognized fibers, in red the numeration index. [6]

Starting from a known fiber content defined in advance, a (parametric) threshold level is set.
Acting on the foreground elements, the geometrical characteristics of the fibers are analyzed:
ellipsis axis, center of gravity and orientation angle are calculated for every single fiber. To
avoid artifacts, a further geometrical filter, checking length and brightness, is applied. Based on
this procedure, it is possible to define coefficients that express the fibers global orientation. A
representation of the process is presented (see figure 2). Nevertheless, the procedure delivers
results that can be compared to other measurement techniques ( [9]), the overlapping fibers are
a challenge in this context.

3 Porosity
Threshold methods are an efficient way to segment concrete or cement paste, not only for fibers
with higher but also for phases with lower attenuation coefficients. The big difference in the gray
level histogram between air and the material for the solid phase allows an easy threshold based
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segmentation of air voids. Porosity characterization is a topic with a wide research interest [4, 8]
due to its high effect on concrete durability characteristics. Similar to the fibers, air voids can
be characterized with respect to their geometrical properties or their distribution in the scanned
volume.

4 Aggregate Segmentation
The need for an accurate representation of aggregate geometry arises from different necessities. For
example, the inner and realistic geometry of the specimen is required for successive meshing and
correct modeling in finite element analyses [5]. These methods could be applied in validation tests
with special testing modules in CT machines, where specimens are scanned under different loading
conditions. An appropriate automatic image processing procedure can detect the displacement
of the aggregate giving further information on the deformation and stress distribution.
Mechanical aspects of concrete are strongly affected by the aggregate type. Aggregates are
available in different dimensions, densities and chemical compositions. It is possible to investigate
the attenuation coefficient of the aggregates in a concrete specimen, but it is complicated
to segmentate the aggregates from the cement, because in most of the cases the attenuation
coefficients of the cement components have similar magnitude. On the other hand, the aggregates
are not homogeneous and it reveals difficult to define their geometry.
To address this problem, it is possible to apply advanced image processing techniques. These,
however, are not easy to automatize for a multitude of scans as they often present different
component characteristics. As a first step towards the automatic segmentation procedures, we
casted several concrete specimens with different aggregate types available in Germany (table 1).
Afterwards the specimens were scanned, reconstructed, filtered and with histogram-based
techniques segmented.
Table 1. Ordinary concrete aggregates, density ordered [1].

Common aggregate
Quartzite sand (2,6...2,7)
(2,6...2,8)
Limestone
(2,6...2,8)
Granite
(2,9...3,1)
Basalt

kg/m3
kg/m3
kg/m3
kg/m3

Heavy aggregate
(4,0...4,3)
Baryte
(4,6...4,7)
Ilmenite
Magnetite (4,6...4,8)
Hematite (4,7...4,9)

kg/m3
kg/m3
kg/m3
kg/m3

Figure 3. Tomography section of basalt aggregate (left) and diabase casted concrete (right).

The basic idea of the procedure is to cast concrete with heavy aggregates that can easily be
segmented from the cement matrix. The normal limestone, quartzite sand, and alluvial aggregate,
commonly used to cast concrete, has similar attenuation coefficients as cement paste. With
heavy weight aggregate concrete, used for radiation protection walls, for example, for nuclear
power plants, a great difference in the attenuation coefficients between concrete components can
be reached. However, for excessive contrast differences artifacts, decreasing image quality can
be observed (e. g. baryte aggregate, s. figure 4). To identify aggregates with high contrast and
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negligible artifacts production we casted different high-density aggregate concrete for CT scans.
With this study, we were also able to confirm the physical effects between the x-rays and matter
with image data of baryte (higher atomic number and lower density) and hematite (lower atomic
number and higher density) aggregates (see figure 4).

Figure 4. Heavy aggregate concrete. CT scan section of a (left) hematite- and a (right) baryte-casted
concrete.

To find a well-balanced setup resulting in a simplified segmentation without disadvantageous
effects represent a challenging research object. Between the heavy aggregate and common
aggregate, a group of aggregates could be defined, that has moderate density (2,9. . . 3,0 kg/m3 ),
allowing a segmentation without detrimental artifacts.

Figure 5. Common concrete Tomography section (left), concrete whose cement paste are mixed with
Iopamidol (center) and Potassium Iodide (right).

Other procedures with the goal of contrast enhancement where also conducted, using radiocontrast, e.g., agent like non-ionic compound, potassium iodide and barium sulfate (some examples
given in figure 5). These compounds, in powder or in liquid form, are able to enhance the
attenuation coefficient of the cement paste. The percentage of the compound necessary to obtain
an easy segmented representation is still under investigation.

Conclusions
In the last years a growing number of studies focused on computer tomography and image
processing hence methods but also the interpretation are continuously improved, already allowing
to draw robust conclusions data generated by x-ray computed tomography. As discussed above,
some methods have already found application in material science, e.g., the identification of steel
fibers, air voids. Nevertheless, there are still some issues open. Imaging and image processing
techniques must be used symbiotically with the knowledge of the examined materials in order to
achieve the best possible results. Especially the development of automatic procedures is hardly
possible without relying on both domains.
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X-ray imaging of water transport in porous
materials: New possibilities by phase and
dark-field contrast
Fei Yang1,2,3 , Michele Griffa1 *, F. Prade4 , R. Kaufmann2 , A. Bonnin5 , A. Hipp6 , H. Derluyn7† ,
P. Moonen8 , M. Boone9 , J. Herzen4,10 , R. Mokso5‡ , F. Pfeiffer4,10,11 , F. Beckman6 , P. Lura1,3
Micro Abstract
In this contribution, we show examples of X-ray phase and dark-field contrast X-ray imaging, based on
refraction and ultra-small angle scattering of the transmitted X-ray photons, respectively, as applied to
cement-based materials during changes in their water content due to distinct processes. We overview
what can be gained by using such imaging methods compared with what achievable with standard,
attenuation contrast ones.
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Introduction
Photoelectric absorption and Compton scattering are the two physical processes assumed as
the main contributors to the macroscopic attenuation of a X-ray beam transmitted through a
specimen. Such attenuation is what creates contrast between distinct material phases (or between
regions of distinct density of the same phase) in standard X-ray images (both radiographs and
tomograms). Standard, i.e., attenuation-based, X-ray imaging is one of the most used 3D
imaging methods for investigating mechanical and fluid (especially water) transport properties
of highly heterogeneous porous materials, both natural and man-made ones [1–4]. Related
with the investigation of water transport properties, standard X-ray imaging typically requires
substituting the liquid water with a water-based salt solution where the salt is made of high
atomic number elements and acts as a contrast agent. Compared with normal water such
a solution bears higher X-ray attenuation, thus higher contrast is achieved between regions
differing in its content. The need to use such a contrast agent strongly limits what can be
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actually investigated: in the case of a chemically reactive water transport process, the ions in the
solution may strongly alter the physics and chemistry of the reactions of the liquid with the solid
substrate, thus perturbing the system which should be, supposedly, imaged without too much
perturbation. We present in this contribution the implementation, optimization and application
to the investigation of water transport in porous materials of other X-ray imaging approaches
which do not require the use of contrast agents. Our original driving goal was studying water
transport processes in hydrating cement-based materials and respective shrinkage/cracking
mechanisms without perturbing the cement hydration reactions. The approaches we present in
this contribution rely on two other types of X-ray - matter interaction processes which create
different types of contrasts in the final, respective radiographs/tomograms: X-ray refraction
(phase contrast) and X-ray small angle scattering (dark-field contrast). Both approaches bear
an advantage compared with standard, attenuation contrast X-ray imaging, in addition to not
requiring contrast agents: they reach higher sensitivity in detecting strong heterogeneities, e.g.,
cracks. As examples we show here results from X-ray phase contrast tomographic microscopy of
pore-scale 3D visualization of pure water evaporative drying in stones and mortars and from
X-ray dark-field contrast imaging of water capillary imbibition in cracked mortar specimens and
water release from internal curing particles embedded in high performance cement matrices.

1 Experimental methods and measurements
The first type of measurements we performed were X-ray phase contrast tomographic microscopy
ones obtained both with the free-space propagation approach, at the TOMCAT beamline of
the Swiss Light Source (Paul Scherrer Institute), achieving an effective spatial resolution of
about 10 µm on cylindric specimens of about 5 mm in diameter and 10 minutes of tomographic
temporal resolution [5], and with the Talbot interferometry approach at the P07 beamline
of DESY/Helmholtz-Zentrum Geesthacht, getting effective spatial resolution of about 5 µm
on 5 mm-diameter mortar specimens and 1.5 hours of tomographic temporal resolution [6].
The second type of measurements were X-ray dark-field contrast imaging by Talbot-Lau (TL)
interferometry with laboratory-scale interferometers custom developed and implemented at the
Chair for Biomedical Physics, Technical University Munich, and at Empa’s Center for X-ray
Analytics.

2 Examples of results
By theoretical calculations, we initially hypothesized that phase contrast images, based upon
information retrieved from the decrement (in respect to unity) δ of the real part of the X-ray
complex index of refraction, n = 1 − δ + iβ, should bear, at the same radiation dose level, up
to a ten-fold increase in contrast, compared to standard attenuation-contrast images, based
upon β. We confirmed such hypothesis in proof-of-concept studies [5, 6] (see Figure 1), where we
experimentally showed that phase contrast imaging could resolve water content changes in the
absence of any contrast agents and could help with mapping their spatial distribution within
the fraction of the pore space with size above the spatial resolution of the imaging system used.
When we targeted the visualization of water content changes in the fraction of the pore space
with size smaller than the spatial resolution, we showed that that dark-field contrast imaging,
based, e.g., upon Talbot(-Lau) interferometry, allows qualitatively visualizing and discerning
between regions with different water contents by producing different degrees of X-ray small-angle
scattering, thus different dark-field contrast levels [7].

Conclusions
X-ray phase and dark-field contrast imaging provide new opportunities for the spatial-temporal
mapping of water content changes in porous materials in the absence of any contrast agent added
to the water itself, which is a severe limitation when the water transport process is chemically
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Figure 1. 3D computer graphics rendering of the X-ray phase-contrast tomogram of a mortar specimen
at the end of an evaporative drying process. The 3D rendering of the binary images (masks) of pores
classified as having undergone either water loss or water gain (blue or red, respectively) during the
drying, based upon image analysis of the time-differential phase contrast tomograms, is superimposed on
top of the phase contrast tomogram. Adaptation from [6].

Figure 2. Three time-lapse X-ray dark-field contrast radiographs of a mortar at distinct moments during
water capillary imbibition from the bottom. These radiographs were obtained by performing time-lapse
Talbot-Lau interferometry measurements at Empa’s Center for X-ray Analytics. The pixel value scale is
in arbitrary units of 9 · 10−12) . Larger values indicate stronger cumulative small-angle X-ray scattering,
while lower values a weaker one. The red arrows point to the wetting front, visible by the naked-eye,
which leads to a decrease in small-angle scattering, i.e., smaller dark-field signal.

reactive, i.e., the solid substrate of the porous material chemically interacts with water and
get changed by it. The latter is the case in early-age (i.e., up to several days from casting)
cement-based materials, which were the main subjects of interest in our study. We report in
this contribution some examples of our work which has shown the higher sensitivity of phase
contrast imaging to water content changes in pores with size above the spatial resolution of
the images as well as examples of how to locate regions inside the pore space where water
content changes occur even when the pore size is below the spatial resolution, in the latter case
exploiting X-ray dark-field contrast imaging. Both contrast modalities, complementary to the
attenuation contrast of standard X-ray imaging, also allows for better resolving and locating,
respectively, microstructural features, e.g., cracks, which are relevant for the investigation of
the water transport process themselves, thus empowering the exploitation of X-ray images for
computational modeling development and validation.
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Abstract:
In order to meet the requirements of tomorrow’s world engineers and architects must
design extremely efficient structures. Making structures adaptive is a promising approach
to reach that target. The efficiency of structures can be increased noticeably by the
employment of sensors, actuators and control units. Hence modelling, simulation and
evaluation of the active manipulation of deformations, forces, stiffness and vibrations in
a structural system become important in recent years.
Adaptive structures play already an important role in the fields of mechanical and aeronautical engineering. In civil engineering applications this role becomes increasingly larger.
The field of smart structures requires a very interdisciplinary approach of working. In
this sense this mini-symposium will provide a platform for discussion and meetings. It
covers topics concerning development, optimization, construction and evaluation of all
kind of adaptive structures. As well as theoretical topics, modelling issues and results of
numerical simulation or experiments can be presented at the mini-symposium.
Topics
• form finding and optimization of adaptive structures
• sensing and actuation in structures
• computational methods and simulation techniques
• structural control and identification
• engineering applications of smart systems
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Gramian-Based Actuator Placement for Static
Load Compensation in Adaptive Structures
Julia Wagner1 *, Michael Heidingsfeld1 , Michael Böhm1 and Oliver Sawodny1
Micro Abstract
The compensation of static loads aims at reducing stresses or displacements by applying energy to an
adaptive structure. The performance in static adaption significantly depends on the location of the
actuators. We present a method for optimal actuator placement regarding static adaption using a
Gramian-based cost function. The method is demonstrated by means of a numerical model of an
adaptive truss structure. Results indicate the method’s effectiveness to promote actuator placement.
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Introduction
The concept of adaptivity enables the design of lightweight structures beyond the current
state-of-the-art through continuous adaptation of the load-bearing behavior to variable load
conditions, thereby offering a great potential for material savings in the construction sector [6, 8].
For this purpose, adaptive structures are equipped with actuators generating the required control
forces [2]. The adaptive capability crucially depends on the number and arrangement of the
actuators. While a greater number generally increases the adaptive capability, the cost and
complexity of the system are increased at the same time. Actuator placement in structural
design aims at solving this trade-off by a careful selection of a limited number of well-placed
actuators.
There are a number of methods for actuator placement proposed in literature. In [1], an
optimization-based placement method concerning active damping of linear structural systems
under dynamic load conditions is introduced. A method for actuator placement in the context
of static load compensation in truss structures is proposed in [5, 7]. It determines an efficiency
value for each actuator location under the assumption of quasi-static loads. The sorted efficiency
gives the order of the actuators’ importance.
In this paper, a new method for actuator placement regarding static load compensation in linear
structural systems under quasi-static loads is introduced. It is based on a scalar performance
metric describing the achievable load compensation for a certain actuator configuration. The
optimal actuator configuration is then found by solving a combinatorial optimization problem.
The remainder of this paper is organized as follows: The next section describes the modeling of
a mechanical structure in the stationary case. In Section 2, the proposed method is introduced
in detail. In Section 3, the method is demonstrated by means of a scale model of an adaptive
high-rise truss structure.

1 System Modeling
In the stationary case, the deformation of a linear mechanical structure is governed by
Kq = Bu + Ez,
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where q ∈ Rn are the degrees of freedom. K ∈ Rn×n is the stiffness matrix, which can be
obtained e.g. by finite element analysis. The matrices B ∈ Rm and E ∈ Rn×l are the input
matrices of the control inputs u ∈ Rm and disturbances z ∈ Rl , respectively. The system’s
output y ∈ Rp is given by
y = Cq,

(2)

where the output matrix C ∈ Rp×n is governed by the type of output. Depending on the
application, it can reflect e.g. displacements or stresses in the structure.

2 Actuator Placement
The actuator placement problem can be stated as follows: Given a limited number of actuators
and a fixed set of actuator candidates, select that combination of actuators achieving the best load
compensation. In order to do so, a metric assessing the quality of a certain actuator configuration
is introduced in the next section. Subsequently, the actuator placement is formulated as a
combinatorial optimization problem and solved using an heuristic approach in Section 2.2.
2.1 Performance Metric
In general, static load compensation aims at reducing the difference between a desired output y d
and the current output y under arbitrary disturbances z by suitable choice of a control input u.
Therefore, the minimization of the Euclidean norm of the output error e = y d − y is pursued.
Without loss of generality, y d = 0 is assumed in the following. Solving (1) for q and plugging
the result into (2) yields
e = CK −1 (Bu + Ez).

(3)

For a given disturbance z, the error norm is minimized by the least-square solution for the
optimal input
u∗ = arg min kek22 = −(CK −1 B)+ CK −1 Ez,
u

where (·)+ denotes the pseudo-inverse. Substituting u∗ for u in (3), the minimal error is


e∗ = Hz, with H = (CK −1 B)(CK −1 B)+ − I CK −1 E

(4)

(5)

yielding the minimal squared Euclidean error norm
ke∗ k22 = z | W z,

with W = H | H.

(6)

As can be observed from (6), the numerical value of the minimal error norm depends on the
specific disturbance z, which is generally unknown. However, the Gramian matrix W allows to
quantify the achievable minimal error norm independent of a specific disturbance z by regarding
arbitrary but normalized disturbances on the unit hyper-sphere {z : kzk2 = 1}. For example,
in this case the maximum eigenvalue λmax (W ) is proportional to the maximum squared error
norm. Analogously, the trace tr(W ) is proportional to the mean squared error norm. Note
that a similar argument is used in literature for the derivation of Gramian controllability and
observability metrics [4].
2.2 Optimization
Based on the performance metric derived in the previous section, the actuator problem can now be
formulated as an optimization problem. Given is a set of actuator candidates C = {b1 , b2 , . . . , bm }
with |C| = m, where bi is the input matrix of the ith candidate. The aim of the actuator placement
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is to select the subset S ⊆ C with cardinality |S| = k ≤ m, minimizing the cost function J(S),
formally
(S ∗ , k ∗ ) = arg

min

S⊆C,0<k≤m

J(S).

(7)

S ∗ denotes the optimal set and |S ∗ | = k ∗ the optimal amount of actuators. J(S) can be computed
for a given set S by using the performance metric derived in Section 2.1. For the computation
of the Gramian matrix W (S), the respective input matrix B(S) is assembled from the input
matrix columns specified by S.
The problem (7) belongs to combinatorial optimization. The calculation of the optimal solution
byP
enumeration
is infeasible even for small problems as the number of all possible combinations

m
m
is k=1 k . Under certain conditions, the optimal solution can be stated directly. Otherwise,
several heuristics are given in literature to solve such problems. Of these, greedy algorithms
present a remarkably simple and effective class. The reverse-delete algorithm was firstly proposed
in [3]. This iterative algorithm starts with the full set of actuators S0 ← C. In every iteration
step, the algorithm computes the increase in the cost function ∆(Si , s) = J(Si \{s}) − J(Si )
when taking away one actuator s at a time for every remaining actuator s ∈ Si . Then, the
actuator with the minimal increase of the cost function is removed from the solution set, i.e.
Si+1 ← Si \{arg min ∆(Si , s)|s ∈ Si }. This procedure is repeated until the desired number of
actuators is obtained or there are no more actuators left in the solution set.

3 Numerical Example
The proposed method for the use of actuator placement is demonstrated in a numerical example
of a 1 : 18 scale model of a high rise truss structure, which is separated in N = 5 partitions with
mass m = 5 kg each. Such a partition consists of four vertical beams, one in each corner, and a
diagonal bracing on each side with two further beams. The truss structure is modeled with the
finite element method, where the Euler-Bernoulli theory is used to compute the element stiffness
matrices. Further model parameters are the truss width w = 0.26 m and height h = 0.4 m of
one partition, and the stiffness of the vertical (kv = 0.02 N/m) and the diagonal (kd = 0.01 N/m)
elements. Locations for actuators are all vertical and diagonal elements, resulting in m = 60
actuator candidates. The output matrix C is defined so that y contains the nodal displacements
in the translational directions. Disturbances are assumed to be arbitrary, subsequently E = I
with I being the identity matrix. The cost function is the norm of the average nodal displacement
error, i.e. the trace of W :
J(S) = tr(W (S)).

(8)

J(S) = 0 means that the norm of the output error is completely compensated and adding further
actuators would not achieve any improvement. Usually, a high number of actuators is necessary
to achieve this.
The normalized cost function Jnorm (S) = (J(C) − J(∅))−1 (J(C) − J(S)) is introduced to simplify
the interpretation of the results, where J(C) is the cost function value for the complete set,
i.e. using all possible actuators, and J(∅) is the cost function value, not using any actuation at
all. In Figure 1, the result of the actuator placement is depicted. In (a) the normalized cost
function Jnorm (S) is plotted over the number of actuators. A relatively low number of actuators
already achieves a good result. In Figure 1 (b) the actuators are colored according to the order
of selection. A light color indicates an early selection. Twelve actuators k ∗ = 12 are sufficient
to reach > 99 % of the maximum value J(C) as the gray line indicates in Figure 1 (a). The
actuator distribution is shown in Figure 1 (c). The actuators are allocated over the full length
of the structure with an aggregation in the second partition. This amount of actuators can be
accepted with regarding system complexity and cost.
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Figure 1. Optimization result with tr(W (S)). (a) Normalized cost function Jnorm (S) over the number of
actuators. Grey line: Solution, which reaches > 99 % of Jnorm (C) the first time and k ∗ = 12 actuators are
needed. (b) Visualization of the actuator selection, high value/yellow indicates an early selection. (c) Binary
decision of selected actuator set S ∗ .

Conclusions
This paper introduces a method for actuator placement in the context of static load compensation.
A Gramian-based performance metric is derived, describing the output error norm independent
of specific disturbances. It serves as a basis for an optimization heuristic, specifically the
reverse delete greedy-algorithm to determine optimal actuator positions. The numerical results
indicate that the solution is very close to the optimum while maintaining a reasonable number
of actuators. Further research can be dedicated to the examination of other performance metrics
and alternative optimization procedures. Furthermore, the combination of actuator placement
methods for static and dynamic load compensation has to be considered.
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The implementation of an adaptive high‐rise
building
Stefanie Weidner1*, Paula Sternberg1 and Werner Sobek1
Micro Abstract

High-rises could be one solution for the future of urban planning. However, due to the increase of global
population and the limits of available resources, new technologies become necessary. The Collaborative
Research Centre at the University of Stuttgart copes with these topics and will realize an adaptive high-rise
building within the next few years. This project will be an experimental building with multiple research
opportunities in the fields of structural engineering, building physics, system dynamics, architecture and
many more.
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Introduction
According to a study from the United Nations based on a medium radiant of fertility 9.77 billion people
are expected to be living on our planet earth by the year 2050 [1]. This means that in only 33 years a net
sum of approx. 1.8 billion people will be added to today’s population. 1.8 billion people that will need
living spaces, working spaces and the corresponding infrastructure. Moreover, with an increasing gross
domestic output, todays less developed countries will claim a higher living standard and therefore a
more generous surrounding. This will lead to an estimated 167 billion additional square meters of needed
living space until 2050. This number derives from calculations that take the needed living space for the
net sum of 1.8 billion people into account, as well as the rising living standards for the least and less
developed countries up to the respective next level of development. Here, a standard of 40 m² for
developed countries, 30 m² for less developed countries and 10 m² for least developed countries was the
basis of this projection. Taking the standard masses of a single-family house, which is 2.2 metric tons
per square meter [2], it consequently would result in 367 billion metric tonnes of construction material,
only for living spaces – no working places, educational institutions, churches or streets included. As
Werner Sobek states in [3] the upcoming building tasks will not be accomplished with the conventional
methods of construction. With a portion of 50 – 60 % of the global resource consumption, the building
industry has a great impact. If business as usual continues, the exhaustion of resources is only a matter
of decades. Some resources, most important the aggregate sand, which is the main ingredient for
concrete - the most used substance after water [4], are already being consumed at a higher rate than they
can naturally be renewed. With a consumption of conservatively estimated 40 billion tonnes per year
compared to annual 20 billion tonnes that are naturally transported via rivers, sand as a resource is
already subject to illegal mining and dealing [5].

1 High‐rises, the building typology of the future?
The world’s population is steadily increasing. More citizens will require more space to live, to work,
and to satisfy their needs. However, the 13.4 billion ha of land area are momentarily distributed as
followed: 5.0 billion ha are agriculture land, 3.9 billion ha are forestland, 4.3 billion ha are non-usable
alpine and desert areas and 0.2 billion ha are sealed up areas for civilization [6]. Taking into account
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that desertification and a continuous rise of the sea level will consistently decrease the liveable areas, a
horizontal expansion of cities would further deteriorate the earth’s balance.
Nevertheless, those 9.7 billion people of 2050 have the same right to a decent living standard as the
current 7.8 billion people of 2017. If a horizontal expansion is ineligible, the consequences for urban
development would either be to spread out over the other remaining ecosystem, i. e. the oceans, to move
downwards in earthscrapers or to move to the moon. Altogether, these options do not seem realistic or
rational. With today’s technologies, the only reasonable consequence for urban planning as a reaction
to the increase of the global population is a vertical expansion. Vertically organized cities require less
sealed floor area and can achieve an urban density that none of the other options can provide. Therefore,
the authors conclude that high-rises are the future of urban development.

2 High‐rises and the environment
Vertical stacking of a city’s functions is undeniably not innovative. Since the 1970s at the latest, highrises have been increasingly in demand. This building typology is common and popular especially in
very dense urban areas like North America and China. Up to now there exist 4,011 buildings that are
higher than 150 m [7] and each of the past three years was a record year with regard to number and
average height of the newly built high-rises [8]. Also, this trend appears to continue. Thus, with their
rising number, the question about the sustainability of high-rises becomes more and more important.
High-rises enable a higher urban density than smaller buildings and consequently occupy less sealed
area. Nevertheless, a major problem of high-rise structures is the occurrence of horizontal forces across
the building’s height. Since Fazlur Khan [9], the phrase of premium for height was established. Its core
statement is visualized in figure 1. The blue line depicts the development of the required steel weight if
the tall-building was implemented under a dome that shields it from any external forces. This scenario,
however, is not realistic and due to the occurring wind forces, the exponentially formed red line becomes
normative.

Figure 1: Premium for height; upper red line: horizontal and gravity loading, lower blue line: gravity loading. (Source: ILEK
based on [9])

Previous studies by Treloar [10], Norman [11] or Du [12], to only name a few, already discussed the
embodied energy or operative energy of high-rises in comparison to mid- or low-rise buildings. The
results varied completely. Whereas Treloar [10] detects that an existing high-rise of 42 and another one
of 52 stories incorporate approx. 60 % more embodied energy per gross floor area (GFA) than low-rise
buildings, Norman [11] states that the examined high-density case study building (11 storeys) performs
better both in terms of greenhouse gas emissions and annual energy use per person and per square meter
than low-density buildings.
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However, none of these researches examined the resource masses used for building a high-rise. On this
topic, only very little data is documented and available. According to the specification in [13] the weight
of the DC Tower in Vienna is stated with a total of 250,000 t, out of which 20,000 t are steel and a
concrete volume of 110,000 m³. This means per square meter GFA, 1.82 t of resources are being used.
This is at least a reduction of 17.3 % compared to a regular single-family house.
Nevertheless, a major disadvantage of high-rises is the adverse ratio of net and gross floor area. Vertical
transportation and access areas, generally located in the core, use up 20-30 % of the GFA [14]. Further
on taking the DC Tower in Vienna as an example, 137,600 m² GFA only allow for 44,000 m² of rentable
floor area [13]. As a result, the amount of resources used for one m² rentable floor area would be tripled
compared to above’s 1.82 t.

3 SFB 1244
In conclusion to this fact, further research will be necessary, especially on how to improve the
environmental impact and resource expenditure of high-rises.
An incentive for this research field will be given by researches conducted at the University of Stuttgart,
the Sonderforschungsbereich 1244 (SFB 1244). This Collaborative Research Centre is a research project
funded by the German Research Foundation, with researchers from various disciplines working on
solutions for the built environment of tomorrow. The research projects include adaptive structures and
envelopes, which will all be tested on an experimental high-rise building. The term of adaptivity in
connection with building structures and envelopes was characterized by Werner Sobek. It describes a
method where sensors and actuators are implemented in systems in order to oppose physical impacts to
the system in an ideal way [15].
In this interdisciplinary approach starting in January 2017 14 institutes of the University of Stuttgart and
two extramural institutions conduct a series of researches on active elements and how to integrate them
in the structural- and façade systems of tall buildings. In this context a 36 m high tower will be realised
on an experimental platform in Stuttgart. A first visualization is shown in figure 2. It will be the largest
adaptive structure worldwide and subject of research projects in building physics, façade design and
function, structural engineering and system dynamics, life cycle analysis and architecture.
The building itself will be approx. 5 m x 5 m and 12 storeys high, with a
storey height of 3.0 m. This leads to a slenderness ratio of 1:7. The vertical
access, transport, and ducts for the technical supply will be located in a
separate stair case of identical height and width. Via removable bridges
and flexible tubes, the demonstrator tower can be accessed and supplied
with technological equipment. At first, the supporting structure of the
actual test tower will be implemented in timber, however, during the
course of the Collaborative Research Centre the initially used materials
will be changeable, as well as the bracing system and the façade. Due to
the slight floor plan of approx. 25 m² the bracing system will be
implemented in the tubular system without a core. The structural
framework is to be modular, designed as either a truss tube or a rigid frame
with a pillar length of two storeys. For the façade, this adjustable system
is provided similarly. In the first step, a primary façade will be
implemented on the exterior of the structural layer.
This façade will be a single layered membrane for weather protection.
With obtaining more research results for adaptive envelopes, new façade
technologies will be implemented step by step. To grant a permanent
façade access, a lift system will be installed on the building’s top.
Figure 2: Visualization of the SFB
1244 demonstrator tower
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The design process of an adaptive building faces many difficulties on the way to its implementation.
According to the German high-rise guideline the height of 36 m defines the building as a high-rise
structure. There are no guidelines for the approval process of adaptive buildings, yet. This requires a
high amount of flexibility, creativity and interdisciplinary competence of each researcher involved. The
joint goal is to define methods and components that enable an implementation of a building that needs
fewer resources, is lighter and more efficient than comparable structures and that can confront the
challenges of our century.

Conclusions
Considering the world-wide development of the global and urban population, the amount of available
resources and the distribution of land area, the building industry as one of the most influential factors is
compelled to react. Conventional methods for the implementation of a high-rise structure need to be
revolutionized to grant a sustainable perspective for the building construction. The Collaborative
Research Centre at the University of Stuttgart will essentially contribute to answering the question of
how more living space can be created whilst using less material.
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Realization of Adaptive Prestressing
Daniel Steiner1 * and Martina Schnellenbach-Held1
Micro Abstract
Adaptive Prestressing is based on the conventional passive design principle of prestressed concrete
combined with active self-adjustment of structures. For realization of these systems a closed-loop
control is developed utilizing Artificial Intelligence techniques like Fuzzy Logic, expert knowledge and
machine learning processes. In the context of a feasibility study experiments on two prototypes – an
aluminium truss and a concrete T-beam – are conducted to exhibit applicability and potentials.
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Introduction
Based on the natural biologic principle of self-adjustment (adaptation), constructions are enabled
to a reactive modification of structural responses by utilization of appropriate control procedures.
These adaptive structures are capable of adjustments to the load situation and therefore of
reduction or avoidance of critical structural conditions [2]. In practice, the primary field of
application for adaptability is the control of the structural vibration behavior for wind effects
and especially for earthquake safety. Furthermore, adaptive systems are utilized for ultralightweight constructions, such as tensegrity structures (Smith et al.), a prototype for the load
path management ’Stuttgarter Traeger’ (Teuffel) or the very slender wooden shell structure
’Stuttgart Smartshell’ (Sobek et al.), which leads to the development of hybrid intelligent
construction elements ’HIKE’ (DFG research unit 981). Adaptive Prestressing is based on the
conventional passive design principle of prestressed concrete featuring an active self-adjustment
of typical system properties to the load situation. Through the resulting real-time optimization
of structural responses, a homogenization of stresses, a minimization of deflections, a capacity
increase and a significant enhancement of the common design principle as well as various
additional potentials are rendered possible. Previous projects verify the benefits of self-adjusting
prestressed structures with respective realization methodologies. Important principles are, for
instance, active deformation control (Domke et al.), organic prestressing (Pacheco et al.) and a
specialized concept for adaptive prestressed concrete bridges (Barin). Additional information
to these approaches can be found in [3]. For realization of Adaptive Prestressing a new
implementation approach is developed, that is based on the application of Artificial Intelligence
techniques like Fuzzy Logic, expert knowledge and machine learning [4]. By means of feasibility
studies, applicability of the developed system is verified and potential of intelligent Adaptive
Prestressing is emphasized [1].

1 Technology of intelligent Adaptive Prestressing
Self-adjustment of adaptive prestressed structures is realizable through control of the prestressing
force or of the deviation profile of the tendons. For this purpose, application of a closed-loop
control system is recommended, since the typical response feedback enables a realistic evaluation
of the structural state and an inclusion of unexpected influences. Information about applicable
technologies for sensor and actuation systems as well as influential criteria can be found in [2].
The control algorithm includes the functional mapping of structural responses onto optimizing
adaptations with multiplex demands, that can be fulfilled by utilization of Artificial Intelligence
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Figure 1. Block diagram of the developed control algorithm [4].

(AI) techniques. For Adaptive Prestressing knowledge-based systems including Fuzzy rule-bases
are particularly suitable. Additional machine learning processes enable a further optimization of
the control behavior. Fuzzy inference systems are common solutions for control mechanisms,
as they enable the simulation of human decision-making and understanding of complex issues
with high generalization abilities. Knowledge bases for the control functions are compiled with
single rules, that are phrased in the form of ’IF (premise) THEN (conclusion)’. In general, Fuzzy
controls feature high stability, redundancy and applicability of model-free expert knowledge.
Simultaneously, the included extraordinary generalization abilities enable reliability even at
unconsidered system states. Real-time optimization of the control quality is enabled through
integration of machine learning techniques. Appropriate intelligence methods can be implemented
through inclusion of variable control parameters and additional adjustable modifiers. Related
updates are determinable by comparison of provided system states with intended conditions
after execution of adaptations. Avoidance of unstable progressions and support of convergences
are attainable by utilization of AI-based learning techniques for adaptation of the control [3, 4].
To meet the multiplex demands for Adaptive Prestressing an adaptive Fuzzy control algorithm
is developed (Figure 1). The included functional mapping is specifiable with model-based or
model-free expert knowledge. Adaptability and related optimization is implemented employing
two adjustable features. Based on measured structural reactions the Fuzzy system evaluates the
required adaptation as well as the necessity for an adaptation. The prestressing adjustment is
initiated when necessity passes the current limit. If so, the evaluated adaptation is modified by
the teachable factor followed by actualization of the prestressing force. Subsequently, physical
adaptation is executed and the necessity limit is adjusted depending on the actualized force.
The control feedback is obtained through effects of prestressing modifications on the measured
reactions. Adjustment of the teachable factor and related control optimization is based on the
comparison of the measured structural state with the nominal condition within the rule-base [4].

2 Experiments on intelligent Adaptive Prestressing
Experiments on two different prototypes are performed to investigate applicability and performance of the developed control system for intelligent Adaptive Prestressing. As test specimen,
an aluminum truss and a concrete T-beam (Figure 2) are equipped with a control system and
individual variants of the developed algorithm. Variation of the adaptive Fuzzy controls are
the input values, the knowledge bases, the necessity definition and the adaptation processes. A
cascade control is applied for the test setup. Based on the measured structural reactions the
Fuzzy control evaluates the optimized prestressing force and the adaptation necessity as master
controller. As auxiliary controller, the PID control of a hydraulic system regulates the structural
prestressing [1, 4].
Featuring a robust and nearly linear behavior as well as high deformation capabilities, an
aluminum truss was deployed for preliminary experiments with far reaching damage prevention.
The single-span girder is equipped with three mono strands, that are deviated in the third-points
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Figure 2. Test specimen: Aluminum Truss and concrete T-beam.

and hydraulically strained. Based on measured displacements at the deviation points, the control
performs a minimization of deformations, that is derived from simulations at a computational
model of the structure (model-based controller). Adaptation necessity is defined as decision value
featuring a range between 0 (no necessity) and 1 (extreme necessity) with an increasing decision
at higher deformations. The functional mapping of measured displacements on prestressing
adaptation and decision value is implemented by a Fuzzy system of the MA model. The decision
limit is raised with increasing prestressing to reduce adaptation frequency at higher profile
compression and the teachable factor is actualized after each adaptation directly based on the
relation between the actual state and the target condition [4]. Simulations and laboratory
tests are conducted considering bridge related load situations. Through Adaptive Prestressing,
deflections were effectively reduced to about 3 % to 12 % (Figure 4a,b) with avoidance or
extensive prevention of tensile stresses in relation to the structural reactions without prestressing.
Due to the learning process, progression of the teachable factor exhibited a volatile behavior [1].
To evaluate of the developed system‘s applicability for concrete structures, further experStress
Location
Adaptation P
iments were carried out at a concrete T-beam. IF
Tension
Bottom
THEN
Increase
Four hydraulically strained mono strands are IF Compression
Top
THEN
Increase
installed at the single-span structure with midIF
Tension
Top
THEN
Reduce
span deviation. The control function is based
IF Compression
Bottom
THEN
Reduce
on optimization of material stresses towards
a constant strain distribution with moderate
Table 1. Basic model-free expert knowledge [4]
material utilization. It is modifiable through
the multiplier ’X’ in advance (Figure 3). The
mapping of measured strains at the quarter points onto correlated optimizing prestressing
adjustments is realized through fundamental expert knowledge (Table 1) (model-free controller)
with a TSK Fuzzy model featuring higher numerical precision. In the process, measurement
locations are considered separately for simplification of the knowledge and are aggregated by
the Fuzzy system. Necessity for adaptations is defined as urgency value, that ranges from 0 (no
urgency) to 1 (extreme urgency) and rises with increasing differences to the defined optimum.
The urgency limit is reduced with increasing
prestressing for guidance of the structural condition towards the optimum at higher forces.
Additionally, the limit is reduced with adjustments of the teachable factor for an early compensation of insufficient structural adaptations.
Adjustments of the teachable factor are implemented utilizing a weighted correction addend
and are based on performance evaluation according to the last action and related expert
Figure 3. Basic function of the T-beam‘s control [4]. knowledge [4]. Laboratory tests are performed
at the unimpaired T-beam and additionally in
scheduled pre-damaged state, that presents a distributed bending crack pattern and results in
a distinctive non-linear structural behavior. Achievable loads are determined through gradual
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Figure 4. Paradigmatic results with mid-span single load.

raising until occurrence of a material stress of of 1 N/mm2 (Figure 4c,d). Compared to analytically determined loads inducing 1 N/mm2 without prestressing, bearing loads of the structure
were amplified to about 3 to 15 times. In pre-damaged state, volatile progressions and violation
of decompression occur because of crack movement induced structural unsteadiness. Through
application of the machine learning principle a smooth learning process is implemented [1].

Conclusions
Within a feasibility study, a
self-tuning Fuzzy-based active control system for intelligent Adaptive Prestressing is developed including
Artificial Intelligence techniques. Functionality and
applicability of the system
for Adaptive Prestressing of
structures with nearly linear (e.g. new constructions)
and strong non-linear (e.g.
strengthening purposes) behavior are verified by means
of experiments (Table 2).
Throughout the tests, optimization of the control performance is achieved through
implemented self-adjustment
abilities of the adaptive control [1, 2, 4].

Specimen

Aluminum Truss

Concrete T-beam

Behavior

Linear elastic

Non-linear

Deviation

Third-points

Centric

Measuring points

Third-points

Quarter-points

Control objective

Minimization of
deformations

Optimization of
material strains

Complementary
experiments

Simulations

Predamaged state

Input

Deflections

Strains

Fuzzy model

MA

TSK

Knowledge

Model-based

Model-free

Rule-base

Numerical model

Expert knowledge

Necessity

Decision

Urgency

Learning behavior

Direct (volatile)

Incremental (smooth)

Result

80 - 97 %
Deformation reduction

3 - 15 times
Load increase

Table 2. Comparison of the specimen [4]
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Variable filter radii for Vertex Morphing based
design of adaptive structures
Armin Geiser1 *, Roland Wüchner1 and Kai-Uwe Bletzinger1
Micro Abstract
Most optimization tasks on adaptive structures focus on the optimal actuator/sensor placement.
Also, the shape of the controlled structure plays an important role for its efficiency. The initial
applications of Vertex Morphing, a node based shape optimization method, made use of a single
filter radius. This contribution will assess the effect of varying filter radii towards a better control
of the shape, whereas the rich design space given with the Vertex Morphing method shall be maintained.
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Introduction
Many shape adaptive shell structures use hinge-like bellow zones in order to maximize the
displacement resulting from an actuation. Finding the actual shape of those zones is a challenging task and crucial for the performance of the actuated shell structure. Node based shape
optimization methods in combination with adjoint sensitivity analysis have been successfully used
to optimize complex structures and can offer design ideas beyond engineering intuition [2, 3, 5].
In this contribution, a varying filter radius for shape optimization using the Vertex Morphing
Method is investigated. In context of node based shape optimization, similar ideas have been
followed by Masching [4, 5], who used a single filter radius for all shape variables and another
radius for the filtering of nodal actuation forces in a structural optimization of an adaptive
structure. Bletzinger [1] has gradually reduced the filter radius towards the border of the design
space in order to interpolate the control field at the borders of one dimensional regular grids.

Vertex Morphing
Vertex Morphing is a well established method for node-based shape optimization. The geometry
z(xi ) at a position xi on the surface is created by convoluting a filter function F with a control
field p(x).

z(xi ) =

Z

F (x, xi , r)p(x)dΓ

(1)

Γ

In a gradient based shape optimization, the derivative of the response function f (x, z(x, p)) with
respect to the geometry z may be calculated using an adjoint sensitivity analysis. The derivative
of the response function with respect to the control parameters p can be straight forwardly
derived from equation 1:
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Figure 1. Effect of varying filter radius ri on the shape z generated from a given control field p.

dz(xi )
= F (xj , xi , r)
dp(xj )
Z
Z
df
df dz
df
=
dΓ =
F (xi , x, r)dΓ
dp xi
dz dp(xi )
dz
Γ

(2)
(3)

Γ

It is important to note that the control field p does not need to be known, the Vertex Morphing
Method works with relative changes of the control field and shape, respectively.
If the same discretization is used for the geometry z and the control field p the modelling effort
is minimized, because the computational mesh can be directly used for the optimization. The
interested reader is referred to [1, 3] for a detailed derivation.
In the original formulation of the Vertex Morphing Method from [1, 3], a single filter radius
r was used for the whole domain, making it the only decisive parameter for the setup of the
shape optimization problem. This single design handle r guides the optimization towards a local
optimum characterized by a lengthscale of the shape corresponding to r.

Variable Filter Radius
The single design handle r, as described in the previous section, minimizes the required input from
the designer, and allows for the fastest possible setup of the optimization process. Nevertheless,
it might be necessary to have more control on the shape parametrization depending on the
location on the surface. A variable filter radius in space is suggested and investigated in the
following.
The geometry z(xi ) at a position xi is still generated by a local filter operation, but now with
filter properties specific to the surface coordinate, e.g. the filter radius r(xi ) corresponding to a
surface coordinate xi .

z(xi ) =

Z

F (x, xi , r(xi ))p(x)dΓ

(4)

Γ

Like in the previous section, shape derivative and mapping of the sensitivities can be derived
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r2 = 1
r1 = 3

Figure 2. Simple shape optimization example of a
shell with two filter radii r1 and r2 .

Figure 3. Undesired jump in shape update if the filter
radius changes abruptly.

straight forwardly from equation 4:
dz(xi )
= F (xj , xi , r(xi ))
dp(xj )
Z
Z
df
df dz
df
=
dΓ =
F (xi , x, r(x))dΓ
dp xi
dz dp(xi )
dz
Γ

(5)
(6)

Γ

As the definition of a complete field of filter radii would require too much input from the designer,
in the following only two main radii will be further investigated. In this way, the designer is able
to prescribe areas of moderate shape changes using a large filter radius, and allow for shorter
wavelength shape changes in other areas.

Transition between different radii
A sudden jump in size of the filter radius r(x)  r(x + dx) results in completely different
integration domains for the description of two neighboring surface coordinates according to
equation 4. In general this leads to an undesired jump in the resulting shape. This can easily be
seen in figures 1 and 3.
As a remedy, a transition zone with a blending of the two neighbouring filter radii, similar to [1],
is proposed. The extension of the transition zone and the shape of the blending function ξ(x)
with 0 ≤ ξ ≤ 1 can be chosen arbitrarily.
r(xi ) = ξ(xi )r1 + (1 − ξ(xi ))r2

(7)

Another option is the blending of the resulting geometry which can also be seen as an overlapping
of the two filter functions using the same blending function as above.

z(xi ) = ξ(xi )

Z
|Γ

F1 (x, xi , r1 )p(x)dΓ +(1 − ξ(xi ))
{z
z1

}

Z
|Γ

F2 (x, xi , r2 )p(x)dΓ
{z
z2

}

(8)

If one part of the equation 8 e.g. z2 is set to a constant coordinate, it can be used to blend from
a non design space part smoothly into the shape update. This is often desired at the boundaries
63

Adaptive Structures: Theory, Modelling, Simulation and Evaluation

r1

r2

r1

MS02

E = 1.0 · 103 MPa
R = 60.0mm
h = 300.0mm
t = 0.5
r1 = 27.0mm
r2 = 9.0mm

Figure 5. Resulting shape with small bellows in the
Figure 4. Setup of the shape optimization with two
middle and moderate shape changes at top and
filter radii r1 and r2 .
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Figure 6. Deformation of the optimized and loaded
shape.

Figure 7. Load displacement curve of the optimized
and the initial structure.

of the design surface, or areas where boundary conditions are applied in the primal analysis. As
an example, a cosine-blending function can be used to create a tangential transition at design
surface boundaries.

Application Example
The Vertex Morphing Method with variable filter radii is applied in a shape optimization example
of a bendable pipe structure. The pipe has a prescribed horizontal actuation at the top and
is simply supported at the bottom. The objective is to increase the horizontal displacement
at the top of the pipe. The hinging zone is desired to be in the blue area in figure 4. Hence a
small filter radius r2 = 9 is used in that area, compared to the rest of the pipe with r1 = 27. A
geometrically non-linear displacement response function [4] is maximized, while the bead depth
is constrained. The optimization results in a shape with a bellow zone of the expected wave
length in the middle, and moderate shape changes at the top and bottom, as can be seen in
figure 5.
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Conclusions
Variable filter radii for the Vertex Morphing Method have been investigated and succesfully
applied in a shape optimization of the passive part of an adaptive shell structure. This extension
of the method allows to define desired regions for bellow-like hinging zones, whereas the rest of
the structure can still be optimized with more moderate shape changes.
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Adaptive Structures: Optimum Design
Methodology, Case Study and Prototype
Gennaro Senatore1*
Micro Abstract

This paper presents an overview of a new methodology to design optimum adaptive structures with
minimum whole-life energy comprising an embodied part in the material and an operational part for
structural adaptation. Instead of using more material to cope with the effect of rare but strong loading
events, a strategically integrated actuation system redirects the internal load path to homogenize the
stresses and keep deflections within limits by changing the shape of the structure.
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Introduction
Adaptive structures are capable of counteracting the effect of external loads via controlled shape changes
and redirection of the internal load path. These structures are integrated with sensors (e.g. strain, vision),
control intelligence and actuators. In civil engineering, active control has focused mostly on the control
of vibrations for building or bridges during exceptionally high loads (i.e. strong winds, earthquakes) [1].
However, because of uncertainties regarding the long-term reliability of sensor and actuator
technologies combined with building long service lives, the recent trend has been to develop active
control to help satisfy serviceability requirements rather than improve on strength/safety [2].
Most design strategies for adaptive structures aim to minimize a combination of control effort and
material mass of the structure. Often the structure and the actuation system are designed as separate
systems - the location of actuators being decided a priori [3, 4]. However, a well-chosen actuator layout
is critical to minimizing control effort. Although the potential of using adaptation to save material mass
has been investigated by a few [5, 6], whether the energy saved by using less material makes up for the
energy consumed through control and actuation is a question that has so far received little attention.

1 Optimum Design Methodology for Adaptive Structures
A novel design methodology for adaptive structures was presented in Senatore et al [7, 8]. This method
is based on improving structural performance reducing the energy embodied in the material at the cost
of a small increase in operational energy necessary for structural adaptation. The method has so far been
implemented for reticular structures. The method is briefly summarised here.
1.1 Minimum Whole‐Life Energy
The process comprises two nested optimization stages. The outer optimisation performs a search the
optimal Material Utilisation Factor (MUT). This MUT is a ratio of the strength capacity over demand
but it is defined for the structure as a whole and can be effectively thought of as a scaling factor on the
allowable stresses. Figure 1 shows notionally the variation of the total energy as the MUT varies. By
varying the MUT one can move from least-weight structures with small embodied but large operational
energy, to stiffer structures with large embodied and smaller operational energy consumption. The
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active-passive system corresponding to the minimum of the sum of embodied and operational energy is
the configuration of the optimum sought. The energy analysis is carried out using a material energy
intensity factor to convert material mass into embodied energy [9].

Active design

Passive design

Figure 1: embodied, operational and total energy as a function of the Material Utilization Factor (MUT)

1.2 Load Path Redirection, Shape Control and Optimal Actuator Layout
The inner optimisation consists of two main routines. The first routine finds optimum load paths and
corresponding material distribution ignoring compatibility and serviceability limit states, thus obtaining
a lower bound in terms of material mass. When external loads are applied to the structure, the compatible
forces will in general be different from the optimal forces and the resulting displacements might be
beyond serviceability limits. For this reason, the second routine finds the optimal number, position and
length changes of the actuators to manipulate actively the internal forces enforcing compatibility and
compensate for displacements by changing the shape of the structure. A deformation vector akin to a
lack of fit or eigenstrain [10], is defined to assign the actuator length changes. A computationally
efficient routine based on eigenstrain assignment via the Integrated Force Method [11] is formulated to
solve the actuator placement problem.
1.3 Load Probability Distribution and Activation Threshold
The proposed design process can be particularly beneficial when the design is governed by large loading
events having a small probability of occurrence. The load probability distribution is modelled using a
lognormal distribution (figure 2 a) because it can be easily parametrised to fit different scenarios e.g.
storms, earthquakes, unusual crowds but also moving loads such as trains. The mean is set to zero
because the structure is expected to take permanent load passively. In other words, the probability
distribution only describes the occurrence of the live load. The characteristic load (i.e. the design load)
is set as the 95th percentile of the probability distribution [12]. Once the mean and the characteristic load
are set, the standard deviation is fully characterized. The design life is set to 50 years.
The dotted line in figure 2 (a) represents the activation threshold (optimisation output) which demarcates
two zones: on the left-hand side are the more probable low levels of load the structure will be able to
withstand passively without actuation (i.e. actuators locked in position). On the right are the rarer loads
with higher magnitude which the structure will only be able to resist using both passive and active load-

(a)

(b)
Figure 2: (a) live load cumulative distribution; (b) live load hours
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bearing capacity. In other words, the load activation threshold is the load causing a state of stress
violating either an ultimate (ULS) or a serviceability limit state (SLS). The two zones of the load range
can also be visualised in figure 2 (b) which shows the hours of occurrence of the live load whose
distribution is divided in discrete steps from zero to the design load. The introduction of the load
activation threshold shows how passive and active design can be combined to reach a higher level of
efficiency. The active system is only activated when the loads reach the activation threshold, therefore
the operational energy is only used when necessary. Passive resistance through material and form is
replaced by a small amount of operational energy.

2 Case Study
This case study is an application of the method outlined in section 1 to a complex 3D layout which is
studied here as an example of tall building resisting external loads through an exoskeleton structure (i.e.
no cores). Two models are considered, whose dimensions and boundary conditions are indicated in
figure 3, to show how energy savings vary with the slenderness i.e. the ratio height to depth (H/D). The
total building drift is set to height/500. The horizontal displacements of all the nodes but the supports
are controlled. All elements have a cylindrical hollow section. To limit the optimization process
complexity, the element wall thickness is set proportional (10%) to the external diameter. The mass of
an actuator is assumed to be a linear function of the required force with a constant 1/10 kg/kN [13].
Five load cases are considered. L1 is self-weight + dead load which is set to 3 kN/m2 on the floors of
the building and transmitted on the nodes of the exoskeleton structure. The live load consists of four
wind-type load cases arranged in two pairs with opposite directions. Figure 3 (c) shows a top view of
the structure with (c) L2 (symmetrical to L4) and (d) L3 (symmetrical to L5) applied. The live load
intensity varies quadratically with the height reaching a maximum of 1.5 kN/m2.

L2 50 m/s

(c)
L3 50 m/s

(a)

(d)

(b)

Figure 3: dimensions and control nodes indicated by dots (a) H/D=3, (b) H/D=5; (c) L2; (d) L3

All live load cases have identical probability distribution (see section 1.3). The activation thresholds are
found at 1.0 kN/m2 and 0.7 kN/m2 when the H/D ratio is 3 and 5 respectively. In terms of wind velocity,
the activation thresholds correspond to approximately 40 m/s and 34 m/s and the total time during which
actuation is required to compensate for deflections is 1.25 and 3 years.
Figure 4 (a) shows the embodied, operational and total energy as the material utilization factor (MUT)
varies for both cases. Total energy savings compared to a passive structure with identical layout designed
using state of the art optimization methods [14] are 8% for H/D=3 and 31% for H/D=5 as shown in
figure 4 (b). The optimal adaptive structure is found for an MUT of 51% for the former and 43% for the
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latter. This is because for a higher H/D, displacement compensation takes more operational energy and
therefore it must be minimized by decreasing the MUT.
5

108

5

4

4

3

1

(a)

0
100%

66%

50%

40%

33%

Embodied energy
Operational energy

3

Operational
Embodied
Total
H/D=3
H/D=5

2

108

2
1

(b)

28%

0

H/D=3

H/D=5

MUT

Figure 4: (a) embodied, operational and total energy vs MUT; (b) passive vs adaptive total energy

Figure 5 compares the passive structure (a) with the adaptive structure (b) for the case H/D=5. The
actuator layout (represented in magenta) is denser towards the bottom of the structure where it is most
effective to reduce the top nodes large displacements. Without active displacement compensation, the
maximum deflection is 1230 mm which is beyond serviceability limit (height/500 = 600 mm) as shown
in figure 5 (c). The load path redirection (difference between optimal and compatible forces) for L2 is
illustrated in figure 5 (d). Matching the optimal load path requires adding compressive forces on the side
the wind load hits the structure and on the opposite side which is subjected to negative pressure. Tensile
forces are required in the orthogonal direction to the lateral load.
L2 50 m/s

(a)

(c)

(b)

Scale 1:3000

(d)
-2500 kN

2500 kN

Figure 5: (a) passive; (b) adaptive; (c) controlled & deformed shape (50× mag.); (d) load path redirection

3 Experimental Prototype
A large scale prototype, designed using the method outlined in section 1, was built at the University
College London Structures Laboratory. The prototype is a 6 m cantilever spatial truss with a 37.5:1
span-to-depth ratio consisting of 45 passive steel members and 10 electric linear actuators strategically
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(a)

(b)

(c)
Figure 6: adaptive truss dimensions (a) plan view, (b) elevation, (c) side view

fitted within the tension diagonal members. The truss was designed to support its own weight which
consists of 52 kg for the steel structure, 50 kg for the actuators (5 kg each) and 70 kg for the acrylic deck
panels and housing. The live load was thought of as a person walking along the deck – the worst case
being a load of 1kN (100 kg) at the tip of the cantilever. Deflection limits were set span/500 (12 mm)
because due to its pronounced slenderness, this truss can be regarded as the scaled super structure of a
tall tower subjected to wind load. The members of the structure are sized to meet the worst expected
‘demand’ from all load cases to be fully compliant to Eurocode 3 in terms of ultimate limit state but
ignoring deflection requirements.
The frame is fully instrumented to monitor the stress in the passive members, the deflected shape, and
the operational energy consumed by the active elements. Extensive loads tests showed that the
displacements could be practically reduced to zero with no prior knowledge of the direction, position
and magnitude (within limits) of the external load thus achieving an “infinite” stiffness structure (i.e.
zero deflection under loading). Figure 9 shows an example of the difference between
uncontrolled/deformed shape (transparent) and the controlled shape.

140 mm

Figure 7: person walking (70 kg), comparison deformed (transparent) and controlled shape

Power consumption was recorded during displacement compensation under quasi-static loading for all
electronic devices including the actuation system, signal conditioning and main control processor. The
external load was modelled as described in section 1.3. The total energy of the adaptive truss prototype
was benchmarked against two passive structures designed to cope with identical loads and deflection
limits. The first structure is made of two steel I-beams. The second is an equivalent truss designed using
state-of-the-art optimization methods [14]. Measurements showed that the adaptive truss achieves 70%
energy savings compared to the I-beams and 40% compared to the optimised passive truss.
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Conclusions
This paper outlines a new methodology to design adaptive structures. Structural adaptation is employed
as a strategy to counteract the effect of loads. The novelty of this work lies in the development of a
methodology that produces, given any stochastic occurrence distribution of the external load, an
optimum design of the structure for minimum whole-life energy comprising an embodied part in the
material and an operational part for adaptation. The case study showed that even for complex structures,
significant energy savings can be achieved, the more so the more stiffness-governed the structure is.
Experimental tests confirmed the reliability of the design method and that for slender configurations
adaptive structures achieve substantive total energy savings compared to passive structures.
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Feedback Controller Design and Topology
Optimization for Truss Structures Under
Uncertain Dynamic Loads
Anja Kuttich1 * and Stefan Ulbrich1
Micro Abstract
We consider the problem of topology optimization of truss structures under uncertain dynamic loads
and combine the topology optimization problem with a feedback controller design via the H∞ -control
problem. With the help of the Bounded Real Lemma the optimization problem can be formulated
as nonlinear semidefinite programming problem. We solve the resulting problem using a sequential
semidefinite programming approach. The considerations are complemented by numerical results for
trusses.
1

Nonlinear Optimization, Technical University of Darmstadt, Darmstadt, Germany

* Corresponding author: kuttich@mathematik.tu-darmstadt.de

Introduction
Structural vibration occurring in mechanical systems may lead to fatigue, reduced durability
and/or undesirable noise. Hence, structural vibrations are (in many cases) undesirable and
reduction of vibration is an important goal in a variety of engineering applications.
One way to reduce such vibrations is to already take the aim of minimizing vibrations into
account during the design of mechanical systems. Here, we reduce structural vibrations of
mechanical systems by determining an optimal volume distribution which minimizes the output
energy.
For this work we restrict our considerations to truss structures as example for mechanical systems.
A truss is a two- or three-dimensional mechanical system of thin elastic bars connected in nodes.
Trusses are one of the most commonly used mechanical structures in modern engineering.
Nevertheless, our approach is in fact applicable to all linear time invariant systems, see for
example [4], where we use our approach for the robust optimization of shunted piezoelectric
transducers for vibration attenuation.
To further improve the vibration attenuation we combine the topology optimization with a
feedback controller design via the H∞ control problem. An advantage of our approach is that
we can design the topology of the truss structure and the feedback controller simultaneously.
Unfortunately, imperfect and/or unknown information leads to uncertain parameters in the
system which in turn lead to undesirable (mechanical/ dynamical) states. Since in mechanical
systems such as airplanes, cars or bridges, safety is a key aspect, uncertainty needs to be
controlled in order to avoid structural failure due to uncertain parameters. We will use the
concept of robust optimization to control uncertainty in the considered system input.
The paper is organized as follows. In the first section we present the robust optimization model
aiming to reduce structural vibrations in truss structures under uncertain dynamic loads. In
Section 2, we combine the dynamic truss topology design with a feedback controller design.
With the help of the Bounded Real Lemma the dynamic truss topology design problem and the
feedback controller design can be represented as a nonlinear semidefinite programming problem.
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We conclude this paper with a short description of the solution approach for the resulting
nonlinear semidefinite programming problems and numerical results in Section 3.

1 Robust Dynamic Truss Topology Design
We make the following assumptions for an idealized truss structure:
• The bars are centrically and flexibly connected in the nodes and the external forces are
only applied in the nodes.
• The truss is idealized as a system of lumped masses with massless connecting springs. This
implies that the masses of the individual bars are shifted to the respective nodes and it is
possible to consider node displacements.
Taking into account Newton’s laws of motion this allows us to describe the dynamic behavior of
truss structures under an external dynamic load f by an system of ordinary differential equations
for the node displacements u (cf. [5])
M (v)ü(t) + D(v)u̇(t) + K(v)u(t) = f (t),
u(0) = 0,

(1)

u̇(0) = 0,

for all t ∈ [0, ∞). Here M (v), D(v) and K(v) are referred to the mass-, damping-, and stiffness
matrix, respectively, which depend on the volume distribution v. Under the assumption that the
mass matrix M (v) is invertible, the dynamic behavior of truss structures (1) can be represented
as a state-space system,
ż(t) = A(v)z(t) + B(v)y(t),
u(t) = Cz(t)
z(0) = 0,
with
A(v) =




0
I
,
−M (v)−1 K(v) −M (v)−1 D(v)

B(v) =




0
,
M (v)−1


C= I 0 .

For the truss structure under a given time-dependent input load f , we look for a volume
distribution v that minimizes the energy of the output signal u, given by its L2 -norm. Moreover,
we consider an upper bound Vmax on the total volume available. Unfortunately, in real-life
applications the time-dependent load f is usually not exactly known and therefore uncertain.
To be able to deal with uncertain loads in the optimization model, we use the concept of
robust optimization. The idea of robust optimization is to optimize the worst-case over a given
uncertainty set (see [1] for more information). In our particular case, we aim to find a volume
distribution v of the truss that minimizes the worst-case outputs u over all uncertain loads f
from a given uncertainty set U. Inspired by classical static truss topology design [2], we choose
an ellipsoidal uncertainty set of the form U = {f = Qa : ||a||L2 q ≤ 1}. This leads to the
(R+ ,R )

robust dynamic truss topology design problem
min

v∈Rnbars

max

||a||L2

(R+ ,R` )

s.t.

≤1

||u||L2

(R+ ,Rq )

ż(t) = A(v)z(t) + B(v)Qa(t),
u(t) = C(v)z(t),
z(0) = 0,
nX
bars
vi ≤ Vmax ,
i=1

(2)

v ≥ 0.

Using the following theorem, the worst-case objective function can be determined by the
H∞ -norm of the transfer function G = C (sI − A(v))−1 B(v).
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Theorem 1. The objective value of the inner optimization problem of (2) is equal to the
H∞ -norm of the transfer function G. More precisely,

max
||u||L2 q


(R+ ,R )

||a||L2
≤1


(R+ ,R` )


s.t.
ż(t) = A(v)z(t) + B(v)Qa(t),
= ||G(v; ·)||H∞ .



u(t) = Cz(t),




z(0) = 0,
Using Theorem 1, Problem (2) can thus be written as
min

γ

v∈Rnbars ,γ∈R+

||G(v; ·)||H∞ ≤, γ

s.t.

nX
bars
i=1

(3)
vi ≤ Vmax ,

v ≥ 0.

We use the Bounded Real Lemma to express the inequality ||G(v; ·)||H∞ ≤ γ as a nonlinear
semidefinite constraint.
Theorem 2 (Bounded Real Lemma). Suppose that A is stable, namely Reλi (A) < 0 for all
eigenvalues λi with i = 1 . . . n of A. Then the following statements are equivalent:
i) ||G||H∞ ≤ γ




A> Y + Y A Y B C >
−γI
0   0.
ii) there exists Y  0 such that  B > Y
C
0
−γI

It is easy to show that the system matrix A is stable for all possible volume distributions v if
the stiffness- and mass matrix are positive definite. Thus, (3) is equivalent to
min

v∈Rnbars ,γ∈R+ ,
Y ∈Rn×n

s.t.

γ



A(v)> Y + Y A(v) Y B(v)Q C >
 Q> B(v)> Y
−γI
0 0
C
0
−γI
nX
bars
−Y  0,
vi ≤ Vmax ,
v ≥ 0.

(4)

i=1

2 Feedback Controller Design
The basic idea is to extend the optimization model (4) to a static state feedback controller design,
where the feedback controller receives information from the system, processes this information
and generates a control signal that is sent back into the system in order to actuate it. The
resulting optimization problem is the well-known H∞ -control problem.
We consider a state feedback controller of the form y(t) = q(t) + Rz(t) with a given feedback
matrix R. In the following, we are interested in an optimal feedback matrix R which can further
improve the dynamic behavior of the mechanical system. Moreover, we consider an uncertain
input q and, as in the previous section, we assume that the uncertain input can be described by
the uncertainty set U = {q = Qa : ||a||L2
≤ 1}. The resulting state-space representation is
(R+ ,R` )

then given by

ż(t) = Az(t) + B (Qa(t) + Rz(t)) ,
u(t) = Cz(t),

(5)

z(0) = 0.
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Following the concept of Section 1 the optimization problem for robust dynamic topology design
with feedback control can then be written in the form
min

v∈Rnbars ,γ∈R+ ,
Y ∈Rn×n ,R∈Rm×n

s.t.

γ



>

A(v) + B(v)R Y + Y A(v) + B(v)R Y B(v)Q C >

Q> B(v)> Y
−γI
0   0,
C
0
−γI
nX
bars
−Y  0,
vi ≤ Vmax ,
v ≥ 0,
S(v, Y, R)  0,

(6)

i=1

where the stability
condition S(v, Y, R) ensures the stability of the controlled system matrix

A(v) + B(v)R .

3 Numerical Results
The optimization problems (4) and (6) are nonlinear semidefinite optimization problems. In
general, nonlinear semidefinite optimization problems are difficult to solve efficiently and subject
to current research in mathematical optimization. We use so-called sequential semidefinite
programming based on [3] extended to also allows for nonlinear inequality constraints to be
treated directly. In each iteration of the sequential semidefinite programming algorithm a
linearized subproblem of the nonlinear semidefinite program needs to be solved. To solve the
linearized subproblems we use the solver SeDuMi which solves conic problems with a primal-dual
interior-point algorithm [6].
We present numerical results for two different truss structures, each with elasticity modulus
E = 60GPa: a two-dimensional bridge with Vmax = 3.21e6 mm3 and |f | =√2kN, as well as
a three-dimensional aircraft fuselage with Vmax = 362984 mm3 and |f | = 2kN. The considered uncertainty set U is given by the ellipsoidal uncertainty set induced by the matrix
Q = [f, re1 , · · · , redof−1 ] with a robustness factor r > 0.
Ground Structure

Initial Solution

g = 129.2238
Dynamic Solution

Feedback Solution

g = 13.1146

g = 0.0777

Table 1. Bridge: Ground structure, initial solution, dynamic solution and feedback solution

Although the material distribution in Table 1 (respectively Table 2) for the static, the dynamic
and the feedback solution look very similar, we observe that the volumes of the single bars differ.
Further the objective values g show that the structural vibrations represented by the worst-case
displacements can be reduced with the help of the presented topology optimization approach.
Moreover, the optimal feedback controller is able to even further reduce structural vibration in
the considered truss structures.
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Ground Structure

Initial Solution

g = 14.1274
Dynamic Solution

Feedback Solution

g = 2.9948

g = 0.0259

Table 2. Aircraft fuselage: Ground structure, initial solution, dynamic solution and feedback solution

Conclusions
We presented an optimization approach for the reduction of structural vibration of truss structures
under uncertain dynamic loads. With the help of the Bounded Real Lemma the optimization
problem is representable as a nonlinear semidefinite programming problem. We also showed an
extension to incorporate simultaneous feedback controller design. As a solution approach we
suggested a sequential semidefinite programming algorithm. The numerical results show that
structural vibrations can be reduced drastically with the help of topology optimization and even
more so using an optimal designed feedback controller.
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Experimental and Theoretical Analysis of Cable
dome
Peter Cauner1 *, Stanislav Kmet1 and Marek Mojdis1
Micro Abstract
The paper deals with analysis of newly developed adaptive cable dome which has the ability to change
stiffness configuration to adapt its behavior to current loading conditions. Adaptive cable dome was
developed and created on the Faculty of Civil Engineering Technical University of Kosice. In the
article are presented results of experimental and theoretical analyses which are compared. Tests are
aimed to verifying ability of cable dome to adapt its state of stress to changing load cases.
1

Institute of Structural Engineering, Technical University of Košice, Faculty of Civil Engineering, Košice, Slovakia
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Introduction
Pre-stressed cable structures like tensegrity structures or cable domes are composed of tensioned
cables and compressed struts. Their implementation is very promising in projects that require
active systems. Namely cable domes which are proposed by D. Geiger [2] to covering large span.
Cable domes were intensively studied since first appearing in the nineties and their forms have
been extended from the Geiger and Levy forms to other new forms that include the Kiewitt form,
the hybrid forms and the birds’ nest form [3], [8]. Cable domes are sensitive to asymmetric loads
and changes of pre-stress. Cable dome equipped with sensors and active members (actuators)
provide shape-control potential to adapt own geometry and pre-stress to changing loads [5] , [6].
In the paper is presented an adaptive cable dome, with the ability to alter its geometrical form
and stress properties.

1 Adaptive cable dome model
The elementary shape of the cable dome in the Levy form with a circular base with diameter 3,0
m. Cable dome consist of 42 tension members (cables) and 7 compression mem-bers (struts). A
central compressed strut is designed as an actuator used to modify the geometry and pre-stress
of the system. The analyzed cable dome consist of ridge cables, diagonal cables, hoop cables,
vertical struts and one top middle active member. The basic geometry of the cable dome’s model
is shown in Figure 1.

Figure 1. Section view of cable dome in Levy form with geometry with described basic members: (1) and (2)
rigid cables, (3) and (4) diagonal cables, (5) hoop cables, (6) vertical struts and (7) active member.
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Compressed struts of the cable dome are created from circular hollow sections of 30x5 mm
and are made from steel S235 with Young’s modulus of elasticity 210 MPa. The length of the
struts is 500 mm.For tensile cables were used strand ropes with construction 7 strands with
7 wires per strand with a nominal diameter of 6,0 mm were used. Cables were made from
stainless austenitic steel 1.4401. The cross-sectional area of the cables is 15,14 mm2 and Young’s
modulus of elasticity is 120 MPa. A central compressed strut is actuator which used to modify
the geometry and pre-stress of the system. The theoretical length of actuator is 450 mm with
self-weight of actuator 16 kg and increased on the bottom point by 55 kg from connecting
cylinder.

2 Form-finding processes
Before analysis of adaptive cable dome is necessary find optimal state between geometry and
pre-stress of the cables. For this task was used dynamic relaxation method [7]. The dynamic
relaxation method is an attractive approach for static analyses of cable and membrane structures
because both form-finding and structural analysis can be carried. In the method is motion of
the structure over time used to achieve the equilibrium state.

3 Numerical analysis
To study of behaviour of the adaptive cable dome was used finite element method. Be-cause
that to solve cable dome is large geometrically nonlinear problem for solution in finite element
method was used Newton-Raphson procedure. The nonlinear analyses were conducted by the
∆FEM software developed by the authors [4] and the ANSYS Classic finite-element software
package [1].
3.1 Finite element analysis
For the analyses of the adaptive cable dome were used two-node spatial elements with three
degrees of freedom at each node in the software ANSYS marked as LINK 10 and LINK 11. The
LINK 10 element was used to model the tension cables and compressed struts and the LINK 11
linear actuator was used to model the action member (Figure 2). LINK 11 is tension-compression
element with three degrees of freedom at each node: translations in the nodal x, y, and z,
directions. The element is defined by two nodes, a viscous damping C (force * time/length),
stiffness K (force/length), and mass m (force * time2/length). The element initial length La
and orientation are determined from the node locations.

Figure 2. LINK 11 element

3.2 Obtained results
This section gives a comparison of experimental and numerical results obtained from tests of
the adaptive cable dome. The comparison of experimentally obtained forces over time with
theoretically obtained forces by ANSYS and ∆FEM software are shown in Figure 3.
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Figure 3. Comparison of theoretically obtained by ∆FEM and ANSYS software with experimentally obtained
courses of internal forces in the cables and action member: (a) ridge cables (1), (b) ridge cables (2), (c)
diagonal cables (3), (d) diagonal cables (4), (e) cable hoop (5) and (f) action member.
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Conclusion
Theoretically results from the nonlinear finite-element analysis in software ANSYS and ∆FEM
compared by the test which was measured on the test equipment of the cable dome demonstrated
that the behaviour of the adaptive cable dome can, generally be closely predicted theoretically.
Results confirmed a physical relevance and mathematical correctness of the applied theoretical
approaches and can be used to other analysis of the cable domes with more action members.
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Simulation and optimal control of dielectric
elastomer actuated systems
Tristan Schlögl1 * and Sigrid Leyendecker1
Micro Abstract
This contribution introduces different modelling techniques and optimal control approaches
for humanoid structures that are actuated by dielectric elastomers. Dielectric elastomers, also
known as artificial muscles, belong to the group of smart materials. When excited with an electrical voltage, the elastic material contracts noiselessly, allowing for smooth motion of the actuated system.
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Introduction
Dielectric elastomer actuators (DEAs) are composed of an elastic dielectric material that is
sandwiched between two compliant electrodes, as illustrated in Figure 1. When the electrodes are
charged by applying an electric potential to them, charges with opposite signs attract each other,
leading to a contractive force also known as electrostatic pressure [4]. When several DEA cells
are stacked on top of each other, resulting in a pile-up configuration, the electrostatic pressure
provides macroscopically useful displacements [1]. Stacked DEAs are also referred to as artificial
muscles, because they bear analogy to the behaviour of human muscles in terms of contracting in
length direction when stimulated. The idea of using artificial muscles as sophisticated actuators
offers a broad variety of potential applications. The elastic structure acts as an energy storage
and allows for dynamic motion of robots and safe human interaction. However, the use of elastic
actuators is also accompanied by new control challenges. Advanced control strategies need to
avoid undesirable oscillations, bring the system as quickly as possible into its steady state and
follow prescribed trajectories as close as possible.
In this work, two different DEA models are presented. The first model is based on a general
three-dimensional field theory of electromagnetic forces in deformable continua with arbitrary
geometry. This model is very powerful but also computationally very costly and hence suitable
only for forward dynamic simulations. The second approach exploits symmetries, regularities
and predicted behaviour of the muscles, leading to a so called lumped parameter model, where
spatially discrete configuration variables condense the complex physical relationships. As this
model reduces the computational cost drastically, it can be utilised for optimisation tasks which
is illustrated in a numerical example.

+
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+

-

+

+
+

+

+
-

+

+
-

-

-

Figure 1. Functional principle of a dielectric elastomer actuator.
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1 Muscle Model
The electromechanically coupled dynamical system within the actuator B0 and on the actuator
surface ∂B0 with surface normal N can be written as
∇X · P tot + bmech
= ρ0 ẍ
0
P

tot

∇X · D = 0

·N =T

in B0

D · N = −Q

in ∂B0

(1a)
(1b)

where bmech
is a mechanical volume force, ρ0 is the material density, ẍ the acceleration of a
0
material point, T a mechanical surface traction, D the electric displacement and Q an electric
charge density. The total first Piola-Kirchhoff stress P tot is composed such that
P tot = P ela + P vis + P ele ,

(2)

where P ela is the pure mechanical stress, P vis covers viscous contributions and P ele is the
Maxwell stress tensor that originates from the applied electric field and associated polarisation
effects within the material [6].
Constitutive relationships are specified via an electromechanically coupled hyperelastic material
approach. Assuming the deformation gradient F and the electric field E are independent
variables, the potential energy density Ω might take the form
Ω(F , E) =

1
µ
λ
[C : 1 − 3] − µ ln(J) + [ln(J)]2 + c1 E · E + c2 C : [E ⊗ E] − ε0 JC −1 : [E ⊗ E],
| {z } |
{z
}
2
2
2
|
{z
}
|
{z
}
electric
coupling

Neo-Hooke

free space

(3)
with the model parameters µ, λ, c1 , c2 , the right Cauchy-Green tensor C, J = det(F ) and vacuum
permittivity ε0 . From this energy density, the stress and electric displacement field can be
derived via
∂Ω
= P ela + P ele
∂F

∂Ω
= −D,
∂E

(4)

respectively [7], while the viscous contribution P vis might be taken from [6].
1.1 Finite element approach
For numerical treatment, the complex electromechanical coupling equations (1) need to be
discretised both in space as well as in time. In this work, at first the spatial discretisation is
carried out using hexahedral finite elements and linear shape functions to obtain a system of
ordinary differential equations with a spatially discrete configuration. Then, a variational time
integration scheme is derived. The variational integrator shows a very good long time energy
behaviour [2]. There is neither numerical damping nor an artificial energy gain present and the
total energy error is bounded.
Even though the finite element based simulation framework provides a powerful tool to solve
electromechanically coupled and dynamic problems of arbitrary geometry, the computational
cost is quite demanding. Therefore, so called lumped parameter models are often used for
complex tasks like solving optimal control problems.
1.2 Lumped parameter approach
In this work, it is assumed that the deformation of a reference actuator happens symmetrically
and volume preserving (x̂ŷẑ = X̂ Ŷ Ẑ) as illustrated in Figure 2, such that the deformation field
T
T
x = x1 x2 x3 for a material point X = X1 X2 X3 can be written as
x1 = X1

x̂

X̂

√
= X1 Λ−1

x2 = X2

ŷ

Ŷ
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√
= X2 Λ−1

x3 = X3

ẑ

Ẑ

= X3 Λ,

(5)
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Figure 2. Deformation of DEA cell due to an applied
voltage.
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Figure 3. Kinematic chain with director
coordinates that span a local Euclidean
coordinate system.
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Figure 4. Assembled elephant trunk with 6 rigid bodies and 12 artificial muscles in its initial configuration
(light grey) and deflected state (coloured). The colouring refers to the applied electric potential.

with the scalar strain measure Λ = ẑ/Ẑ . As a consequence, the deformation gradient F = ∂x/∂X
is spatially constant and the equations of motion (1) can be solved analytically without any
further spatial discretisation.

2 Multibody System
To explore the complex behaviour of humanoid robots that are actuated by artificial muscles,
the actuator model is coupled with a multibody system. The multibody system consists of
a chain of rigid bodies that are connected by joints, as illustrated in Figure 3. The coupling
between the finite element muscle model and the rigid bodies is formulated at configuration
level, where Lagrange multipliers account for constraint forces, leading to differential algebraic
equations of index-3. A well-chosen set of redundant configuration variables for the multibody
system [2] avoids rotational degrees of freedom and leads to linear coupling constraints. As a
result, the coupling between the artificial muscles and the multibody system can be formulated
in a very modular way that allows for easy future extension [5]. The variational integrator allows
to solve the index-3 system directly and with numerical accuracy, avoiding index reduction
approximations.

3 Optimal Control
When applying constant voltages to the muscles, the actuated system starts oscillating (due to
inertia terms) until viscoelastic contributions dissipate the kinetic energy and the system approaches its steady-state. To avoid these oscillations, the direct transcription method DMOCC [3]
is applied, leading to an optimisation problem of the form
min J (x)
x

subject to c(x) = 0,

(6)

where x contains the discrete configuration variables and controls for all time steps and the
equality constraints c are composed of (a) variational time integrator equations to obtain
physically meaningful solutions, (b) prescribed initial and final states and (c) path constraints
such as control bounds. The objective J allows to specify a function that is being minimised by
the optimised control trajectory.
The example model is a kinematic chain that consists of series-connected revolute joints as
illustrated in Figure 4. Each joint is rotated relative to its predecessor by 90 degrees around the
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Figure 5. Optimised voltage trajectories in the 12
artificial muscles.

Figure 6. Elephant trunk tip motion path.

y-axis and actuated via two artificial muscles in agonist-antagonist configuration. This setting
allows for motion in all space dimensions and is further referred to as elephant trunk. In the
present example, the elephant trunk shall move from its initial configuration to the deflected
state as depicted in Figure 4 and the objective function to be minimised is the control effort
regarding the applied voltages. In Figure 5, the optimised voltage trajectories in all actuators
are illustrated. It can be observed that there is a complex interaction between agonists (odd
muscles, solid) and some antagonists (even muscles, dashed). In Figure 6, the motion of the
elephant trunk tip in the (x-z)-plane can be observed. While the constant voltages lead to
overshooting and oscillations around the steady state, the optimised voltage trajectories actuate
the system directly towards its final configuration.

Conclusions
The utilised variational time integration scheme turned out to be very suitable for solving
electromechanically coupled problems. Apart from the preservation characteristics and the good
energy behaviour, the integrator allows to solve algebraic constraints exactly at the discrete time
nodes. This allows for a neat coupling between the artificial muscles and the actuated structure.
Optimal control theory provides a suitable tool for avoiding oscillations that are inherent with
the elastic nature of the actuators and for obtaining optimised voltage control trajectories.
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Abstract:
Today’s high performance computing (HPC) systems are able to deliver peak performance
at petascale. Even though this massive computing power enables simulation results of
outstanding quality, a critical fact one has to regard is, that today’s HPC systems generate
their performance by facilitating hundreds of thousands of cores. With this massive parallelism several challenges concerning parallelization strategies, parallel input and output
and data analytics arise affecting the efficient and sustainable usage of such systems. The
Mini-Symposium will discuss how these challenges affect current and emerging applications in the fields of computational mechanics, computational biomechanics, optimization
problems and data analytics.
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An HPC technology review with respect to
large scale engineering applications
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Micro Abstract
An overview about the current state of the art in HPC-systems and technology will be given. Especially
the current trends in accelerators, vector and many-core architectures, resulting from the stagnating
scalar per core performance of classical CPUs will be addressed. In view of large scale engineering
applications from the fields of structural mechanics and fluid dynamics the current and emerging
bottlenecks as well as the technological and intellectual challenges will be discussed.
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Introduction
Taking a look at the TOP500 list1 , which twice a year ranks high performance computing (HPC)
systems by the sustained performance they are able to achieve, one recognizes that since several
years the increase in performance of HPC systems is no longer generated from an increased single
core performance but instead from an increased system size which is expressed by an increased
core count. In fact, when taking a look at so called accelerated systems, facilitating graphic
processors or Intel many core architectures one even notices a decrease in CPU clock frequency.
Expressed in a somewhat polemic way this means that nowadays HPC systems are not getting
faster, they only get bigger.
One problem with this development is the fact, that the two essential subsystems system memory
and network interconnect, which are, beside the single core performance, determining the
sustained performance of a massive parallel application, have not kept pace with the increased
on chip parallelism and performance.
In this contribution we will shed light on the implications the current technological developments
in the area of HPC will have with respect to the solution of the next generation large scale
engineering problems from the fields of structural mechanics and fluid dynamics. Further on it
will be explained why a paradigm shift in software engineering and development has to happen
if the next generation engineering problems should be solved by means of post peta-scale HPC
systems that we will be seen in the coming years.

1 Trends in Performance and Efficiency
In figure 1 the development of the accumulated performance of the world’s 500 fastest HPC
systems, measured by the High-Performance Linpack Benchmark for Distributed-Memory
Computers (HPL) [1, 2] as published by the TOP500 list is shown. Additionally the performance
of the two HPC systems ranked at position 1 and position 500 of the respective TOP500 list is
depicted. As one can see from the red, solid regression line, it could have been expected during
the last decades that the accumulated performance of the 500 fastest HPC systems exceeds
the 10 EF lop/s during the year 2016. Also the system ranked at position 500 could have been
expected to achieve a sustained performance of 1 P F lop/s.
1

https://www.top500.org
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Figure 1. Performance development of HPC systems.

Today with the 2017 June issue of the TOP500 list published, these extrapolations have been
proven wrong. Rather it can be seen from the two dashed regression lines, that since late 2013
the accumulated performance and already since 2009 the performance of the system ranked at
position 500 increases with a much smaller slope than the expected one.
The vertical dashed grey line depicted in figure 1 marks the year 2011 when in November
the first HPC system, the so called K computer located at the RIKEN Advanced Institute
for Computational Science in Japan, was able to deliver a sustained performance Rmax of
10.51 P F lop/s measured by the HPL benchmark. If one takes a closer look to the architectures
of the systems in the TOP500 list around the year 2011 it becomes obvious that starting in
2008 with the system Roadrunner the era of HPC systems accquering their perfromance by
multi or many core CPUs begun. This trend is also shown in Table 1 where the architetures
of the systems ranked at position one of the TOP500 list, which have always set the trend for
the system architecture of the following years, is given. In addition to the increase of cores
per CPU one can see from Table 1 that the the clock frequency of the single core remained
almost constant at around 2GHz up to the present day. Another trend that was initiated by the
Roadrunner system in 2008, besides breaking the 1 P F lop/S sustained performance barrier by
massively, increasing the system’s core count, was the accelerator architecture. The system was
equipped with general purpose dual core AMD Opteron CPUs that each were accelerated by an
IBM PowerXCell 9 Core CPU. In this set-up The PowerXCell CPUs were not able to directly
communicate with other CPUs in the cluster but were supplied with data by their host CPU.
Today 5 out of the top 10 HPC systems are equipped with this accelerator technique, using
cards of different kind even though this architecture makes a system much more complicated
to program and by that reduces the possibility to use the system efficiently for today’s general
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purpose engineering software systems.
This statement can be proven to be true by a look to the extract of the June issue of the The High
Performance Conjugate Gradients (HPCG) Benchmark list2 presented in table 2. In the table the
top three systems are listed along with the first one that features a pure x86 64 architecture and
the first one that is build with the most recent vector CPUs. The HPCG benchmark is intended
to complement the HPL benchmark in a way, that it tries to represent the essential and basic
operations of applications executed nowadays on HPC systems. For that purpose it measures
among other operations the performance of a sparse matrix-vector multiplication, vector updates
and global dot products. These operations are quite different from the dense matrix solution
techniques that are benchmarked by the HPL since they largely use indirect addressing off the
data stored in memory. These data access patterns turn the solution of a system of equations
into a compute problem whose performance is limited by the bandwidth that can be achieved
for the transfer of data from memory to the CPU. While the memory bandwidth is already
limited in modern general purpose x86 64 CPUs this is even more the case if the data have to be
shifted to an accelerator from the host’s memory to the accelerator’s memory via the host CPU
and the PCI-Express bus. This gets visible by the fraction of peak performance, the systems
listed in table 2, are able to achieve in the HPCG benchmark. While the Earth-Simulator, a
NEC-SX ACE vector system, as well as the K computer equipped with SPARC CPUs are able
to harvest over 10% and 5% of their theoretical peak performance respectively, this value drops
to 2.5% in the first system that appears in the HPCG list, which purely consists out of Intel
Xeon E5 general purpose CPUs. The achievable sustained performance even drops further in
the accelerated system Tianhe-2 close to 1% and drops below 0.5% in the Sunway many core
architecture.
1.1 Options for the Future
Taking a look at the numbers presented in the two sections above, it becomes obvious, that
HPC will no longer provide the same rate of acceleration that it did over the last decades.
In accelerated many core systems it will get more and more difficult to achieve reasonable
sustained performance with large scale integrated applications that depend on sparse matrix
structures and indirect addressing techniques. In contrast, the architectures that can achieve
reasonable sustained performance with engineering applications are no longer general purpose
and software has to be especially for these systems. This last statement might also hold true for
the accelerated many core systems with x86 64 architecture but only if new algorithms for the
solution of engineering problems can be found that are able to cope with the memory bandwidth
bottleneck.
2

http://www.hpcg-benchmark.org/

Year

System

CPU architecture

2003

Earth-Simulator

NEC 1GHz Vector

2006

BlueGene/L

PowerPC 440 700MHz Dual Core

2008

Roadrunner

Opteron 1.4GHz Dual Core + Cell 3.2GHz 9-Cores

2010

Jaguar

Opteron 2.6 GHz 6 Cores

2011

K computer

SPARC 2GHz 8 Cores

2012

Sequoia

Power BQC 1.6GHz 16 Cores

2014

Tianhe-2

Intel Xeon E5 2.2GHz 12 Cores + Intel PHI 1.1GHz 57-Cores

2016

TaihuLight

Sunway SW26010 1.45GHz 260 Cores
Table 1. System architectures
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Rank
HPCG

System

Cores

HPL Rmax
[TFlop/s]

TOP500
Rank

HPCG
[TFlop/s]

Fraction
of Peak

1

K computer
SPARC 8 C.

705024

10510

8

602.7

5.3

2

Tianhe-2
Intel PHI 57 C.

3120000

33863

2

580.1

1.1

3

TaihuLight
SW26010 260 C.

10649600

93015

1

480.8

0.4

10

Pleiades
Intel E5 10 C.

243008

5952

15

175.2

2.5

35

Earth-Simulator
NEC-SX ACE 1 C.

8192

486

-

54.7

10.4

Table 2. Extract from the 2017 June issue of the HPCG list

In both cases one can not expect to continue with the software development like it was done
during the last decades and still being able to get reasonable speed-up with simply executing the
implementation on a bigger system. Instead of trying to develop engineering software in the most
general purpose way towards program packages that are able to solve all kinds of engineering
problems and that can be executed on every hardware platform, it will become more and more
necessary to develop specialised software. These implementations will have to exploit inherent
features of the posed engineering problem with respect to the targeted hardware platform on
which the code is intended to be executed.

Conclusions
In Summary on can give the following three statements:
• Moore‘s law will come to an end by the mid of the next century.
• HPC will then no longer provide the same rate of acceleration that we got used to over
the last decades.
• Algorithmic improvements along with specialised implementations have to take over
Which translate to the conclusion, that one has to invest in HPC application developments that
are no longer directed towards general purpose codes able to run with limited Efficiency on every
platform but directed towards the development of integrated, specialised applications, tailored
to specialised systems. Only in that way it will be possible to harvest the performance which
will be provided by HPC systems of the post peta-scale generation via extreme parallelism,
specialised CPU architectures, accelerators, and hierarchical memory systems.
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Numerical Simulation of Flow with Volume
Condensation during Accident in Containment
of Nuclear Power Plant
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Micro Abstract
One severe accident scenario is a leak in the primary circuit of a Pressurized Water Reactor (PWR), resulting
in hydrogen and steam injection into the containment. Because of the influence of steam condensation on the
gas mixing, the wall and volume condensation phenomena are of interest for the safety considerations. This
presentation shows the simulation results of two-phase flow using the developed volume condensation model
in the containment. Simulations were performed on the HPC systems.
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Introduction
During a severe accident in a PWR, e.g. Loss of Coolant Accident (LOCA), significant amounts of
hydrogen can be produced by a chemical reaction between steam and the zircaloy cladding (Zr +
2H2 O=⇒ZrO2 + 2H2 ). Through a break of surge line, steam and hydrogen can be released from the
reactor coolant system in the primary loop into the containment, see Figure 1. Condensation can mostly
occur on the walls inside the containment. If the steam partial pressure within the mixture is locally
higher than the steam saturation pressure, the condensation could also happen within its volume, referred to as ‘volume condensation’. Because steam condensation influences the hydrogen stratification,
the change of temperature and pressure, as well as the flow condition in the containment, the condensation phenomena are of interest for the safety considerations. The wall condensation model is available
in the CFD code ANSYS CFX. The aim of the present work is to develop and validate a phase exchange
model for volume condensation in the presence of more than one non-condensable gas for a two-phase
flow using ANSYS CFX. In order to validate the volume condensation model, a 3D computational grid
is used, covering one half of an experiment vessel. In order to predict the local hydrogen behavior and
temperature distribution within a real containment during a severe accident, a model containment is used,
which was developed based on a German PWR.

1 Volume Condensation Model
In the present work the volume condensation model is developed for a two-phase flow in presence of
more than one non-condensable gas, e.g. air and a light gas. In order to understand the volume condensation process between small droplets and the surrounding gas phase, the interactions are described
between a single droplet and the steam-air-light gas mixture, as shown in Figure 2.
The liquid droplet is assumed to be spherical with a diameter d. The liquid droplet is in thermodynamic
L
equilibrium at its surface and has a uniform temperature T . The gas phase at the edge of the thermal
G
boundary layer around the droplet has a temperature T . The partial pressure of steam directly at the
L
interface must be equal to the saturation pressure pH2 O,sat (T ) corresponding to the droplet temperature [3]. The molar fraction at the interface yG
H2 O,sat is assumed to be in equilibrium and is equal to the
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Figure 1. Condensation inside
containment

Figure 2. Pressure and temperature
profiles for a condensing droplet

ratio of the saturation pressure to the static pressure p. The mass fraction at the interface cG
H2 O,sat is
defined as follows:
L
pH2 O,sat (T ) MH2 O
MH2 O
G
G
=
,
(1)
cH2 O,sat = yH2 O,sat
MG,sat
p
MG,sat
in which MH2 O and MG,sat are the molar mass of water and of the saturated gas mixture. The gradient of
G
concentration (cG
H2 O − cH2 O,sat ) leads to mass transport across the diffusion boundary layer. If the steam
mass fraction in the gas phase is higher than the steam saturation concentration, the volume condensation
rate is calculated from the following simple expression:
G
ΓG = ρG β A(cG
H2 O − cH2 O,sat ) = −ΓL ,

(2)

where ρG is the density of gas mixture. The mass transfer coefficient β due to the flow around a sphere
is given by the correlation of Ranz-Marshall [4] with Reynolds number Re and Schmidt number Sc.

β=

1
1
DH2 O,G
(2 + 0.6Re 2 Sc 3 )
d

(3)

DH2 O,G is the diffusion coefficient of multicomponent gas mixture. The interface area density of all
droplets is defined as follows:
6αL
.
(4)
A = π nd 2 =
d
Here n is the droplet number density (number of droplets per unit volume) and αL is the volume fraction
of droplets. During the volume condensation, the heat is extracted from droplets into the surrounding
gas mixture. The energy source due to the release of latent heat ∆hLG is determined as:
EG = −ΓG ∆hLG ,

EL = 0.

(5)

2 Results of Validation Experiment
In order to validate the volume condensation model, an experiment was used, which was performed by
Becker Technologies [1]. Two transient simulations of the experiment were carried out from 2700 s
to 3100 s. The first calculation was a single-fluid simulation only using the wall condensation model,
which was developed by ANSYS [5]. At the domain interface on the fluid side the wall condensation
model was activated, in which condensation is modeled as a sink of mass and energy, but the liquid
film is not modeled. The second calculation was a two-phase simulation including the wall and volume
condensation model. In this calculation droplets are present in the vessel with a constant droplet diameter
of 100 µ m and an initial droplet volume fraction of 10−5 .
The right side of Figure 3 shows the temperature distribution, which was simulated with the wall and
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Figure 3. Left: comparison of calculated temperature with validation experiment at monitor point
MP25; right: temperature distribution of simulation with wall and volume condensation at 3100 s

volume condensation model, at 3100 s. As shown in Figure 3 left, two calculated temperatures are
compared with the experiment at the monitor point MP25. The hot steam injection leads to an increase
of temperature. At the beginning, the fast heating of atmosphere by contact with hot steam contributes
to the rapid rise in the temperature. The simulated temperature only with the wall condensation model
is consistently underpredicted compared to the experiment and shows a poor agreement. The calculated
temperature with the wall and volume condensation model agrees well with the experiment and is higher
than only with the wall condensation model. Because the volume condensation happens directly in the
upper region of the vessel, the released heat leads to a rapid temperature increase.

3 Results of Model Containment
In order to predict the local hydrogen behavior within a real containment during a severe accident, a
PWR containment similar to the German design was used. A 3D geometry and its mesh were built
including main rooms, free volumes and main metallic structures. A break is ca. 60 cm2 and located at
the lower part of steam generator tower as a horizontal jet. In order to reduce the computational effort,
a single-phase simulation was carried out only with the wall condensation model from 448 s to 4110 s
after the time of accident. The release profiles of hydrogen and steam were selected from [2].
The left side of Figure 4 shows the way of containment flow and the hydrogen distribution in the
containment at 3470 s during the strong hydrogen injection. The horizontal flow released as a jet through
a break into the lower part of steam generator tower. It travels upward as a plume driven by buoyancy.
Only one burst disk, which is located in the steam generator tower on the injection side, is opened in
the case of overpressure. Through the ruptured burst disk the flow moved towards the dome. After
3470 s the mass flow rate of hydrogen decreased strongly. As shown in Figure 4 right, at the end of the
simulation (i.e. 4110 s), steam condensation on the cold walls locally increases the gas density and starts

Figure 4. Hydrogen distribution in containment at 3470 s (left) and 4110 s (right)
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Figure 5. Temperature distribution in containment at 2780 s (left) and 4110 s (right)

a secondary downward-directed flow, and brings the hydrogen from the stratified region down into the
lower part of containment. Because of the light gas of hydrogen, the hydrogen accumulates in the upper
part of different rooms.
The released temperature profile has a strong peak at 2780 s. The left hand side of Figure 5 shows
the temperature distribution in the containment at that time. The released hot gas flow of steam and
hydrogen form a buoyant jet rising through the ruptured burst disk from one steam generator tower into
the dome. The hot gas flow leads to a temperature increase inside the containment. After 2780 s the
temperature of injected gas decreases consistently. The right side of Figure 5 shows a strong effect on
cold walls and temperature decrease at the end of the calculation (i.e. 4110 s).

Conclusions
The physical formulation of newly developed volume condensation model was presented, which simulates the dispersed droplets and a continuous gas mixture in the presence of non-condensable gases
based on the two-fluid model. Then, the volume condensation model was validated with an experiment.
The two-phase simulation results using the wall and volume condensation model were compared with
the single-fluid simulation solely using wall condensation model, as well as with the experiment from
2700 s to 3100 s. The transient temperature profile with the usage of wall and volume condensation
model have shown good agreement with the experiment. Finally, a transient prediction was performed
about the containment flow in a German PWR containment under the hypothetical, severe accident condition. To reduce the computational effort, a single-fluid simulation was carried out only using the wall
condensation model from 448 s to 4110 s. The simulation has evaluated the time-dependent hydrogen
and temperature distributions inside the containment.
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Modelling the neuromuscular system using
HPC systems
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Michael Krone3 , Benjamin Maier2 , Miriam Mehl2 , Tobias Rau3 and Oliver Röhrle1
Micro Abstract
Modelling the neuromusclular system is challenging due to its high compexlity and variability.
Formulating models that account for a realistic biophysical motivated activation process leads to
computational expensive multi-scale simulations, in which the availible computing environment limits
model detail and model size. We aim to push these boundaries by using massively parallel HPC
clusters and efficient algorithms.
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Introduction
Skeletal muscle contraction and force production is caused by a complex interplay of a large
set of muscle fibres. Therefor muscle fibres are activated (frequency coded signals) by motor
neurons, that integrate signals from the central nervous system and sensory receptors. Due to
the huge number of possible stimulation patterns, the neuromuscular system is able to perform
various, partly contradictory tasks (e.g., lifting heavy weights and peforming brain surgery).
Even though the main functional principles of individual muscle components are well understood,
it is challenging to experimentally analyse skeletal muscles control principles and function
in-vivo, due to the complex interplay of multiple functional units. Detailed biophysical models of
skeletal muscle tissue can overcome these limitations, because it is possible to perform numerical
experiments in a controlled environment. However, from a modelling perspective, the high
variability of the neuromuscular system is challenging, since the complex, adaptable behaviour
of skeletal muscles can not be reproduced by a simple lumped model. Formulating models that
account for a realistic biophysical motivated activation process leads to computational expensive
multi-scale simulations, what limits the applicability of such models. In order to overcome these
limitations, we want to optimise our multi-scale skeletal muscle model [2–4] for the use on HPC
clusters by using the open source software library OpenCMISS [1] for modelling and simulating
different biomedical engineering applications. Further, specialised visualisation tools need to be
developed, that are able to handle the generated data efficiently. Within that contribution we
want to demonstrate our multidisciplinary approach how we optimise our multi-scale skeletal
model [2–4] for the use on HPC clusters.

The multi-scale skeletal muscle model
Anatomically, skeletal muscles are constructed in a hierarchical structure. Starting at the
micro-scale, the sarcomere is the smallest functional unit of the muscle, consisting of a periodical
structure of thin actin and thick myosin filaments. Multiple sarcomeres (in series and in parallel)
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form a muscle fibre and multiple fibres connected by extracellular matrix form fasciles, that
determine the properties of the muscle. Muscle fibres are innervated from lower motor neurons,
leading to the propagation of action potentials along the muscle fibres. When activated through
an action potential, actin filaments and myosin filaments can form cross-bridges stimulated by
calcium as an second messenger. The repeated process of cross-bridge binding, power-stroke and
detachment leading to active contraction and force generation is known as cross-bridge cycle.

Figure 1. Schematic overview of the multi-scale skeletal muscle modelling framework [2–4].

Due to skeletal muscles hierarchical structure, the macroscopic tissue properties can be derived
from the muscles’ cellular behaviour. Therefore, we use a multi-scale modelling approach, linking
the macroscopic tissue properties to a biophysical description of the muscle cell. We use a
continuum-mechanical modelling approach based on the theory of finite elasticity to simulate
the macroscopic deformations and stresses of skeletal muscle tissue. The electrophysiological
properties of muscle fibres can be simulated using the monodomain model. In the multi-scale
model, the monodomain model, which is a reaction-diffusion equation [5], is solved on a set of
representative computational muscle fibres that are embedded into the three-dimensional muscle
geometry.
The monodomain model can be derived from Maxwell-equations and is based on the homogeneity
assumption, that intracellular and extracellular space occupy the same physical space and are
seperated by the muscle fibre membrane (sarcolemma). The monodomain model assumes that
intracellular and extracellular space are electrically coupled through ion channels and capacitive
properties of the membrane. We use a detailed biophysical sub-cellular model of the muscle
fibre membrane, intracellular calcium dynamics and cross-bridge cycling [6] (system of ordinary
differential equations). The mondomain model can be summarised by the following set of
equations:
∂Vm
∂t
∂y
∂t

=

1
Am C m




∂Vm 
∂
σeff
− Am Iion (Vm ) ,
∂s
∂s

= Gy (y, Vm ) ,

(1a)
(1b)

therein Vm is the trans-membrane potential, Am is the fibre surface-to-volume ration, Cm is the
capacity of the sarcolemma, Iion the ionic current flowing through the ion channels, y is a vector
containing the state variables of the cell model, Gy summarizes the right-hand-side of the ODE
system, t is the time and s denotes the spatial coordinate.
The governing equation for the continuum-mechanical problem is the balance of linear momentum.
When neglecting inertia forces and body forces, the balance of linear momentum reduces to the
quasi-static problem
div P = 0 ,
(2)
where P denotes the first Piola-Kirchhoff stress tensor. It is assumed, that the overall mechanical
behaviour of skeletal muscle tissue can be obtained by superposition, leading to an additive
split of the stress-tensor into a passive contribution P passive and an active contribution P active .
Further is is assumed that skeletal muscle tissue is incompressible, i.e. det F = 1. The resulting
first Piola-Kirchhoff stress tensor reads
P (F , M, γ) = P passive (F , M) + P active (F , M, γ) − pF −T ,
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where F is the deformation gradient tensor, M = a0 ⊗ a0 is a structure tensor, a0 is the muscle
fibre direction, γ is a lumped activation parameter, which is calculated by the sub-cellular
model [6] and p is a Lagrangean multiplier, entering the equation to satisfy the incompressibility
constraint.

State of the art and challenges
Since the different sub-models show significant differences in the characteristic time and length
scales, the sub-models are solved by using different discretisation techniques.
The continuum-mechanical skeletal muscle model is solved by applying the finite element method.
and the muscle geometry is represented using triquadratic/trilinear Lagrange basis functions,
i.e., Taylor-Hood elements. Within this model, we assume that the computational muscle
fibres are represented by much finer one-dimensional finite-element meshes, that are embedded
into the three-dimensional finite-element mesh. Further a first-order operator splitting method
(Godunov splitting) is applied to solve the monodomain-equation, separating the diffusion term
from the non-linear reaction term. An explicit Euler-method is used to integrate the ODE
system describing the reaction term and the one-dimensional diffusion problem is solved by a
GMRES solver. In order to exchange variables between the different sub-models, the macroscopic
deformations are interpolated and evaluated at the node points of the one-dimensional fibre
mesh. Further the activation parameter γ is homogenised (TH : γ → γ̄) and projected on the
Gauss-points of the three-dimensional finite-element mesh.

Figure 2. Evaluation of the runtime for the different sub-models. The setting contains a constant number of
2 x 2 x 2 elements in the 3D model and variable number of elements in the 1D model.

Before a computational framework can be run on a supercomputer, it’s efficiency needs to be
analysed as only efficient code should be ported. The analysis is done by investigating computational bottlenecks. Therefore the runtimes for the different submodels are first investigated. The
evaluation of the runtime show (see Figure 2) some of the characteristics of the computational
model:
1. The overall simulation time is dominated by the solver of the sub-cellular ODE model
(0D model). This is due to the characteristics of the temporal action potential evolution,
showing a steep rise when the membrane depolarise, i.e., solving a stiff ODE with a
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first-order forward Euler method. Consequently small timesteps are needed to simulate
the sub-cellular behaviour.
2. The runtime of the muscle fibre-model increase nearly linear with the problem size.
3. The computational costs for solving the three-dimensional, continuum-mechanical model
and for the exchange of variables between the sub-models are negligible compared to the
computational costs to solve the one-dimensional muscle fibre model. This is due to the
relative coarse finite elment mesh for the continuum-mechanical skeletal muscle model.

Scaleability and numerical improvements
In a weak-scaling study (see Figure 3), i.e. the problem size was linearly increased with the
number of processes, we checked the parallel performance of the computational model. By
exploiting the model assumption that individual muscle fibres can be considered to behave
electrical independent from each other, the multi-scale skeletal muscle model shows promising
results for a weak-scaling test. The runtime for the ODE solvers, which dominate the overall
runtime, is almost constant when increasing the problem size. However the solver for the
one-dimensional diffusion problem shows potential for optimisation with respect to parallel
simulation execution.

Figure 3. Weak scaling study on multiple nodes. The problem size is scaled equally to the number of
processes while preserving the approximate shape of the physical domain. The solid lines are for a domain
decomposition strategy with preferably cube shaped subdomains, the dashed lines correspond to a domain
decomposition with elongated subdomains.

Further, as a result of the runtime evaluation (see Figure 2), we optimised the numerical solution
strategy of the muscle fibre model, by replacing the first-order Godunov splitting method with a
second order Strang splitting method and replace the GMRES solver for the diffusion problem
with more efficient solution method, e.g., a Conjugate Gradient (CG) method.

Conclusion and Outlook
Large-scale simulations accounting for realistic muscle geometries, the electrophysiological
properties of skeletal muscle tissue and a realistic activation process, can contribute to a better
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understanding the neuromuscular system and generate benchmark results for simplified modelling
approaches. Using the open-source software library OpenCMISS, we demonstrate the general
suitability of our multi-scale skeletal muscle model for parallel simulations on HPC clusters, i.e.,
making large-scale simulations of the neuromuscular system feasible.
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Load-balance strategies for CFD-codes on HPC
systems
Philipp Offenhäuser1 *
Micro Abstract
Today’s HPC systems generate their performance by facilitating hundreds of thousands of cores. In
order to use this computing power efficiently, the computational effort must be distributed evenly
across all cores. Techniques for distributing the simulation initially are well-known. Based on numerical
and physical phenomena additional computational effort may occur locally, at run-time. Techniques
are presented which recognize these additional loads and redistribute the simulation evenly.
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Introduction
Numerical simulation is an indispensable tool in science and research. In the last decades it
has strongly profited from the continuing increase of available computing power. However,
clock speeds and computing powers of individual processor cores no longer see the significant
improvements that made computers more and more powerful in the past. Instead, current
supercomputers generate their increase in performance by facilitating more and more cores in
parallel, with modern systems already having hundreds of thousands of cores [10].
Computational fluid dynamics (CFD) is one of the research areas that profits most strongly from
fast computers. A number of CFD algorithms specifically designed for massive parallel hardware
was developed and implemented recently [5, 7]. To use the performance of massive parallel
HPC-hardware the communication effort of such parallel CFD-applications has to be small
compared to the computational cost. Additionally, the computation must be distributed evenly
across all CPU-cores. Over the years very efficient communication patterns have been developed,
which enable an overlap of communication and computation [2]. Also, a variety of partitioning
algorithms that distribute the work on the processors is now available, such as methods based
on space-filling curves [4] or graph based methods [1]. The choice of a partitioning strategy
depends strongly on the use-case [11] and for different classes of use-cases different techniques
for the initial distribution of computation effort are well-known. The parallel CFD-algorithms
together with efficient communication patterns and efficient partitioning algorithms led to very
powerful CFD-applications [3, 5, 7].
In a next step, the CFD-applications have been extended to much more complex problems like
transient multi-scale and multi-phase-flow problems. To simulate such problems, the numeric
has been expanded to stabilize the basic numerical approach and cover all physical phenomena
of interest. However, such simulations suffer from the fact that the treatment of certain physical
phenomena, such as shockwaves is numerically costly. At the same time, the occurence of such
phenomena is hard to predict both concerning the precise location within the simulated volume
and concerning the exact time. These irregularities cause a mismatch of computational effort for
individual MPI-processes. These load imbalances lead to massive performance decreases and
also have a negative impact on communication hidding.
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1 Numerical Background
As an example for a powerful numerical method for CFD with time dependent additional
computational effort we use the discontinuous Galerkin spectral element method (DG SEM). At
this point only a short overview is given, for further reading we refer to [7]. Starting point of
DG SEM are the compressible Navier-Stokes equations expressed in conservative form
ut (x) + ∇x · F (u(x), ∇x u(x)) = 0

∀x ∈ Ω

(1)

where F contains the physical fluxes, Ω is the computational domain, and u is a vector containing
the conservative variables. The simulation domain is discretized with hexahedral grid cells.
For the actual computation, the grid cells are mapped to a reference element E = [−1, 1]3
with coordinates ξ = (ξ 1 , ξ 2 , ξ 3 )T . To derive the discontinuous Galerkin (DG) formulation, the
transformed conservative law is multiplied with a test function Φ. The solution in each reference
element is approximated by tensor products of Lagrangian polynomials of degree N .
DG schemes are a hybrid of Finite Element schemes and Finite Volume schemes. The solution is
approximated by an element-local polynomial basis and the solution is discontinues over element
boundaries. Adjacent elements are coupled by fluxes through their interfaces. A disadvantage of
height order methods, like the DG SEM, is the introduced instabilities by shock waves traveling
through grid cells. If a jump in a grid cell has to be resolved, the high order polynomial in
the coarse grid cell generates spurious oscillations. To circumvent this problem Sonntag and
Munz [9] introduced an inherent refinement of the discontinuous Galerkin elements into several
finite volume cells with a lower order approximation without changing the number of degrees of
freedom or the general data structure [9]. To detect the instabilities in the solution they used
the so-called Persson indicator [8]. With this approach they overcome the problem with the
instabilities but locally generate additional computational effort because a finite volume subscell
is more computation intensive then a DG-Element.

2 Load balancing methodology
In the initial domain decomposition it is not possible to take care of additional local computation
induced by transient physical phenomena like traveling shockwaves. During run-time the
computation load of the MPI-processes vary. In figure 1 details of two traces of a time-step of a
CFD-application is shown. Figure 1a shows a well balanced time step. The ratio of MPI-functions
is small and the communication is overlapped by the computation very well. In figure 1b a
later time-step is shown. In some MPI-Processes the ratio of time in MPI-functions is much
higher then in figure 1a. The MPI-processes with low computational effort have to wait for
MPI-processes with huge computational effort. The whole performance of the CFD-application
suffer in terms of the load imbalance between the MPI-processes.
To overcome this problem it is necessary to do a redistribution of the computation effort during
run-time to regain a well balanced application. The load balancing process can be divided in
two main tasks.
First the optimization problem of calculating the new balanced distribution of the elements
over all processes. Second the exchange of the elements between MPI-processes with high load
and processes with low load. The challenges in the design of a dynamic load balancing are
the requirement for a very low overhead due to the redistribution process and the complicated
communication pattern that arises during run-time and depends on the current state of the
simulation.
An approach for load balancing based on a space-filling Hilbert curve [6] is investigated. The
space-filling curve maps the three dimensional domain decomposition problem to a much simpler
one dimensional problem. An optimization algorithm for distributing the computation effort over
all MPI-processes, based on the actual computational costs of the elements was developed. The
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(a) A well balanced generic test-case

(b) A generic test-case with load imbalance
Figure 1. Detail of a tracing-result of one time-step of a CFD application for a generic test-case on 384
cpu-cores. In 1a a given time-step without load imbalances and in 1b a given time-step with huge load
imbalance (green is computation and red are MPI-functions)

one-dimensional structure of the mapped problem reduces the communication effort for calculating
the element distribution and also the communication effort for the data exchange between overand under-loaded MPI-processes. To avoid an expensive all-to-all communication pattern the
introduced load balancing methodology makes use of the MPI 3.0 shared memory window. The
developed communication pattern reduces the communication only to communication between
nodes and not communication between all MPI-processes.

3 Results
Figure 2 shows the normed load distribution before and after the load balancing. In figure 2a
a huge number of the MPI-processes are under-loaded and a few of the MPI-processes are
over-loaded. After running the optimization algorithm the load over all MPI-processes is nearly
equal as you can see in figure 2b. The new element distribution will eliminate the performance
penalty which occurs because of the additional local computation effort.
For a gas-injector with a huge load imbalance, simulations without and with dynamic load
balancing were performed on the Cray CX40 (Hazel Hen) at the High Performance Computing
Center Stuttgart on 1,200 cores. The dynamic load balancing was executed every 1,000th time
step. Figures 3a to 3c show that for the simulation with dynamic load balancing, the domain
decomposition chances over the run-time, depending on the additional local computation effort.
The dynamic load balancing helps to reduce the run-time significantly.

Conclusions
Today’s HPC systems generate their performance by facilitating hundreds of thousands of cores.
To make use of such highly parallel architectures special CFD-algorithms have been developed
and implemented in a variety of CFD-applications. CFD-applications that simulate complex
transient problems suffer from locally occurring additional computational effort caused by
physical phenomena that are numerically costly. The locally occurring additional computational
effort engenders load imbalances between MPI-Processes and decreases the parallel efficiency of
CFD-applications. The problems which occur due to the load imbalance have been described
and a methodology for dynamic load balancing of CFD-applications has been presented.
First results show how dynamic load balancing can increase the parallel performance. This
work shows the necessity of dynamic load balancing for numeric methods which occurring local
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Figure 2. Load distribution over 96 MPI-processes for a generic test-case before (figure 2a) and after
(figure 2b) the load balancing

(a) Domain
decomposition for the
MPI-processes 495 to
505 at timestep T0

(b) Domain
decomposition for the
MPI-processes 495 to
505 at timestep T1

(c) Domain
decomposition for the
MPI-processes 495 to
505 at timestep T2

Figure 3. Visualization of the domain decomposition for the MPI-processes 495 to 505 of a gas injector for
three different time steps. The simulation was performed on 1,200 cores

additional computational effort. In future, the problem of load balancing will increase with the
increasing number of cores in new supercomputers. For this reason, techniques for dynamic load
balancing must be further investigated and developed.
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Eigenmodes for nonlinear operators
Uwe Küster*, Ralf Schneider and Andreas Ruopp1
Micro Abstract
Even if spectral analysis seems to be restricted to linear operators, it turns out that it is also applicable
to nonlinear operators by turning them linear by embedding these in a much larger space and analyzing
the Koopman operator. Spectral analysis will be possible but in an infinite dimensional space. We
show a numerical approach, which allows to separate different parts of instationary data in a time
vanishing part and a remaining part. We discuss implications for calculation and IO.
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Introduction
Linear operators and different kind of matrices are used and deeply analysed as well in mathematics and numerics as also in nearly any application oriented research area. On the other hand
most relevant models of nature are nonlinear, so that linear theory seems to be applicable only
to local approximations. But a little trick extends the nonlinear to a linear operator, named
Composition or Koopman operator, acting on a subspace of the continuous functions on the
primary space. This extended linear operator has nice properties, it is bounded, say continuous,
has a spectrum and typically eigenvalues and stable eigenspaces. This operator is subject to a
discipline of functional analysis, the Ergodic Theory, going back to Ludwig Boltzmann, later
investigated by John von Neumann, George David Birkhoff, Bernard Osgood Koopman [4],
Norbert Wiener, Aurel Friedrich Wintner, and described in the monograph [3].
What the significance of the Koopman operator and its properties is for a specific scientific
domain, has to be analysed. At least the Koopman operator reveals structures directly connected
to the nonlinear operator in mind.
Another question is the numerical analysis of these relationships. Even for simple examples the
relevant linear spaces are infinite dimensional and not directly accessible by finite dimensional
matrix theory. But the approach of the Dynamic Mode Decomposition theory of Peter Schmid [5]
turned out to be related to the Koopman operator as pointed out by Igor Mesić and coworkers
in [1] and Clarence Rowley and his coworkers in [2].
We try here to make some steps further to general applicability and for understanding what that
implies for the analysis of the solutions of nonlinear partial differential equations. in addition,
we give also a link to spectral theory of Fourier analysis.

1 The Koopman Operator
Assume a compact space K and a continuous transformation
ϕ:K→K

(1)

K may be a subset of any topological space with or without any further structure as e.g. being
a vector space. Assume a vector space of ”observables” F ⊂ C (K) describing the nature of the
elements of K which is stable in the sense
f ∈F ⇒f ◦ϕ∈F
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so that the observables can be applied to the composition with the operator. Because of this
property, the observables might be infinite dimensional. This property enables the definition
f ∈ F ⇒ Tϕ f := f ◦ ϕ ∈ F

(3)

The operator Tϕ is linear, continuous and bounded operator on the in general infinite dimensional
space F. If f1 , f2 ∈ F with f1 f2 ∈ F then Tϕ (f1 f2 ) = (Tϕ f1 ) (Tϕ f2 ). Tϕ has a spectrum and
may have eigenvalues and eigenvectors, which are elements of F and not of K. The Koopman
operator of an linear operator acting on a compact subset of a finite dimensional space is not
identical with this operator. With two eigenvalues also their product is an eigenvalue if the
product of both eigenfunctions is not 0. All eigenvalues have to have a modulus not larger than
1 because K is compact. The eigenfunctions f fulfill Schröders equation [6]
f (ϕq) = λ f (q)

∀q∈K

(4)

The calculation of the spectrum in a numerical way is not clear because an operator on an
infinite dimensional space has to be handled.
The operator ϕ on the space K has no restrictions in terms of potential applications. It might
describe e.g. discretization of nonlinear time dependent partial differential equations (e.g.
Navier-Stokes equations) including varying boundary conditions and geometrical boundaries.
The iteration trajectories are not forced to converge. Ensembles as in weather forecast are
allowed. Non well posed problems can be handled with chaotic or turbulent behaviour, or mixing
fluids, particle systems. Also agent based systems as operators on changing graphs and any
sequence of measurements can be handled as long as the defining operator is not changed. For
the procedures given, it is not necessary to know the operator explicitly, only a sequence of
observed values underlying the iterated operator.
1.0.1 Minimum Sets
For handling a PDE (e.g. the incompressible Navier-Stokes equations) discretized by operator φ
we restrict the compact space K to a single trajectory (qk )k=[0:∞[ defined by qk+1 = ϕ qk = ϕk q0
including the accumulation points. K = {ϕk q0 | k ∈ N0 } is part of the product space over N0 of
all state variables at all different discretization nodes. For the analysis it is sufficient to have a
vector of observables f and the sequence fk = f (qk ) = Tϕ f (qk−1 ). Trajectory and observables
are stable with respect to ϕ. The Koopman operator acts on the sequence by shifting.
If the vector of observables f consists on the evaluation functionals δx for all discretization nodes
x, then f could be understood as embedding and fk = qk . This assumes, that K has a linear
structure.
1.0.2 Approximation of an λ-eigenmode along a trajectory
Assume a polynom coefficient vector α = (αk )k=[0:p−1] defining the polynom C 3 µ 7→ α (µ) =
Pp−1
k
k=0 αk µ . Assume further a complex number λ not being root of this polynom, α (λ) 6= 0 .
Define an induced sequence

p−1

fbjα,λ =

1 X
fj+k αk
α (λ)
k=0

∀ j = 0, 1, 2, · · ·

(5)

summing up p sequential weighted values along the trajectory. The approximate eigenvector
condition for shifted elements is
p

α,λ
0 ≈ −λfbjα,λ + fbj+1
=

1 X
fj+k ck
α (λ)
k=0
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where the polynom coefficient vector c is given by the product of polynom α and the polynom
µ 7→ µ − λ. Finding eigenvectors is equivalent in finding nullvectors along the trajectory. An
important eigenvalue is 1, which is related to the arithmetic mean along the trajectory. The
constant boundary conditions are special eigenvectors of the eigenvalue 1.
The in this way defined λ-eigenmode mapping operator
b
•λ : f 7→ fbλ = fbα,λ

(7)

can be applied to a sequence of scalars or vectors or functions or vector fields in the appropriate
spaces. By some some reasonable conditions for α and c this operator can be interchanged
with spatial (discrete) differential or integration operators making partial differential equations
accessible.

2 Numerical techniques
All the numerical techniques define a large matrix consisting on all measured or calculated values


G = G[0:n] = f0 f1 · · · fn
(8)

1. The Dynamic Mode Decomposition (DMD) method of Peter Schmid [5] can be formulated
in a way of determining a vector c[0:n] , so that GT[0:n−1] G[0:n] c[0:n] = 0. The roots
of the associated polynom of c[0:n] are the approximative eigenvalues λl , the vectors
G[0:n−1] wl /wl (λl ) the approximative eigenvectors.
2. Define the matrix H = GT G and the convolution matrix (a Toeplitz matrix) for p ≤ n
0



n−p

0
c0



1  c1

. 
 .

A(c) = . 
 .

p
 cp

. 

n

..

.
c0
c1
..
.

..

.
cp


















(9)

and search c with the property that µc is minimal subject to the matrix inequality
0 ≤ A(c)∗ H A(c) ≤ µc A(c)∗ A(c)

(10)

and that the roots of c have modulus not larger than 1. Again the roots are the approximative eigenvalues and the approximative eigenvectors are determined as before.
3. Taking the trace on both sides and dividing by n − p + 1 leads to
H n−p c, c ≤ µc kck2

(11)

with the Cesáro means matrix
n−p

H n−p =

X
1
GT[j:j+p] G[j:j+p]
n−p+1

(12)

j=0

We can show, that these matrices converge for n → ∞ and a sequence of vectors c[0:p]
can be found, so that the roots of the related polynoms converge to the eigenvalues of
modulus 1 of the Koopman operator which have only a countable number. Eigenvalues
and eigenvectors are determined as before.
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4. The following is a Rayleigh like approach. Minimize with respect to λ with |λ| ≤ 1 and α
the Rayleigh quotient
 
−λ
∗α∗b
G[0:p]
1
(13)
max
b6=0
G[0:p−1] α ∗ b
If this minimum value is near to 0, α is an eigenvector approximation and λ the eigenvalue.
α should be forced in having only roots with modulus less or equal 1. If the minimum
reached is near to 0, also the otherroots
 of α are candidates for eigenvalues and can be
−λ
tested with the same formula. c =
∗ α plays the same role as before.
1

Conclusions
We show an universal approach for the analysis of iterated data produced by nonlinear operators.
What eigenvectors of the Koopman operator mean for the special physical setting is a question
for the different application domains. We can show relations to Fourier analysis and Ergodic
theory. As the spectrum of operators on infinite dimensional spaces is typically not discrete, the
question arises, who to handle the continuous part. This part is related to a partial sequence of
the given sequence which is disappearing, if the time step is going to ∞. How this continuous
part appears in the results of proposed algorithms, is still not clear. Also not clear is, how
accurate eigenvalues with modulus less than 1 are calculated. The algorithms are delivering
these, different to Fourier analysis.
An analysis program has been developed to calculate approximative eigenvectors of fluid flow
simulations.
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Abstract:
Computational analysis of experimental results play a central role in the development and
understanding of complex material behavior. This mini-symposium is intended for the
presentation and discussion of latest scientific developments related to the computational
simulation of mechanical tests under high strain rate condition, such as: Split Hopkinson
Bar experiments, impact tests, drop weight tests and related experiments in the dynamic
loading regime. Typically these tests lead to fracture and failure under high strain rate
which has high technological and economic impact in many engineering applications.
This mini-symposium will cover academic and industrial computational mechanics problems including different materials such as metals, polymer, composites, biomaterials, concrete and ceramics. The goal of this mini-symposium is to gather a group of young
scientists to discuss methods and approaches to bring together the disparate multidisciplinary aspects of computational mechanic under dynamic loading regime which are
necessary for the future developments.
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Numerical fracture studies of ultra-high
performance concrete under dynamic loading
Mohammad Reza Khosravani1 *, Carola Bilgen1 and Kerstin Weinberg1
Micro Abstract
Ultra-high performance concrete (UHPC) is a new class of concrete material. In this contribution,
split Hopkinson pressure bar (SHPB) is modified and utilized to conduct series of spalling tests. Dynamic elastic modulus and dynamic tensile strength of the studied UHPC sepcimens are determined.
Furthermore, the spalling test is numerically simulated by MATLAB program. Within this context
two numerical fracture methods are compared with respect to determination of main parameter like
the tensile strength and the specific fracture energy. In order to determine the latter one an inverse
analysis is applied. The achieved results showed good agreement between numerical simulations and
experimental observations.
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Introduction
In construction of new engineering structures, optimization of the concrete panels seems to
be necessary which leads to new generation of concrete. The successful production of ultrahigh performance concrete (UHPC) provided denser cement-based material which shows higher
strength properties, more durability, low porosity and improved fatigue behavior. The evolution
of concrete into UHPC is a gradual process, but desired properties of UHPC material, converted
it to one of the most preferred material for different applications such as engineering and military
structures, tall buildings and machine parts. Several researches with various aspects have been
conducted on UHPC material [5, 6, 9, 11]. Literature review indicates that investigations on
behavior and mechanical properties of concrete under dynamic loading has been topic of interest
along the years [1,8,12], but behavior of UHPC material under dynamic loading condition is not
well documented. Dynamic properties, such as impact strength, dynamic tensile resistance and
failure criteria can hardly be gained under reproducible conditions. However, ongoing researches
are filling the knowledge gaps and provide reliable data about behavior and response of UHPC
under high rate of loading.
A Split Hopkinson pressure bar (SHPB) test is a common technique to study the behavior
and to determine the mechanical properties of materials under dynamic loading conditions.
The traditional SHPB consists of an air gun, a striker and incident and transmission bars.
Generally, a data acquision system is used to collect the data during the test. A spalling test
by means of a SHPB demonstrated in [4] is applied on concrete specimens. The researchers
conduct a spalling test to characterize the dynamic strength and the damage of the concrete
specimens under dynamic loading conditions. They determine the spall strength of wet and dry
concrete by a series of spalling tests. Recently, in [2] a SHPB is used to run the Brazilian test on
concrete. The researchers deduce a dynamic splitting tensile test with different loading angles
and impact velocities. They determine the dynamic tensile strength of concrete. Furthermore,
within the obtained results it is concluded that the impact velocity plays an important role in
failure patterns of concrete.
In the current paper, a SHPB is modified and series of spalling tests and also numerical fracture
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study of UHPC are performed. This paper is organized as follows: Section 1 describes briefly
the experimental procedure of spalling tests on UHPC. In the second section, numerical fracture
studies of spalling test are demonstrated. Finally, the conclusion is presented.

1 Experimental fracture study of UHPC material
Cylindrical UHPC specimens with length and diameter of 200 mm and 20 mm are produced.
In series of spalling tests, specimens are placed on the modified SHPB. An air gun launched the
striker which impacts the incident bar. This initial impact produces a compressive stress pulse
traveling through the incident bar and reaches the incident bar-specimen interface. One part
is reflected back and another part is transmitted through the specimen. At the free end of the
specimen, the stress is reflected as tensile pulse. When this tensile pulse exceeds the ultimate
tensile strength of the UHPC specimen, a crack starts to occur within the specimens and spall
is observed. In characterization of the brittle materials like UHPC, the specimen deformation
prior to failure is very small and the specific conditions should be satisfied in a short period of
time. In current research, a circular paper pulse shaper is used to satisfy the conditions in all
the experiments, [7].
To measure the incoming and passing impulses, strain gauges are mounted in the middle of incident bar and all data are acquired by a HBM GEN7t system. According to the one-dimensional
wave theory for SHPB experiments, the stress, strain and strain rate can be calculated. Furthermore, a high speed camera system with capability of clear recording in low-light is employed to
record the process from initial impact till specimen failure. Additionally to the spalling tests
the dynamic elastic modulus and dynamic tensile strength of the studied UHPC specimens are
determined to Edyn = 51.3 ± 0.5 GPa and σT = 19.5 ± 0.93 MPa respectively.

2 Numerical fracture study of UHPC material
This section presents numerical fracture simulation methods to determine the appropriate parameter and to prove the experimental approach. In the following the focus is set on two
different methods - the cohesive zone model and the phase-field model. An introduction and
a detailed comparison of both approaches can be found in [3, 13]. The main aim of spalling
t , the critical
experiments is to determine the main parameter which are the tensile strength Rm
opening displacement δc and the specific fracture energy Gc .
2.1 Simulation of the SHPB-spalling experiment
The simulation part is based on the geometry which is introduced in the experimental part in
Section 1. Since the cylindrical specimen is symmetric an axialsymmetric finite element model
can be applied which maps a fully three-dimensional material behavior with the reduced effort of
a plane mesh. Therefore, extensive parametric studies can be deduced. One of the main tasks is
to reproduce the incident and the reflected stress pulses in the specimen. By means of the strain
pulse measured in the incident bar and a low amplitude measured in the specimen the shape of
the transmitted wave can be stated. On the (left) boundary a pressure impulse is applied which
is of the form q̄ = σmax f (t) with an appropriate function, cf. [3], and σmax = −17 MPa. The
average velocity of the specimen before spallation is vspec = 6.8m/s. The time discretization is
based on a special central difference scheme with a weighted displacement field which results
in stress pulses that largely correspond to the measured data. Further numerical details can be
found in [3, 10].
t is presented as one of the main
At first the dynamic tensile resistance of a brittle material Rm
parameter which is usually defined as the maximum tension a material can sustain. There
exist different ways to deduce the tensile resistance from the measured data in the experiments.
In this contribution the focus is set on quantifying the incident and reflected waves, shifting
them to the position of fracture and defining the superposed elastic stress state. Finally, the
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dynamic tensile strength is given by the level of tensile stress reached at the location of fracture.
Concerning phase-field simulations the fracture energy is the crucial parameter for crack growth.
By varying the fracture energy Gc it can be observed that either the crack does not propagate
if Gc is chosen too high or the cracked zone becomes wider if Gc is chosen too small. Further
studies have been performed to simulate the experiments, cf. [3], and it can be concluded, that
t , the critical opening displacement δ and the specific fracture
for UHPC the tensile strength Rm
c
energy Gc are in the following ranges:
t
12 < Rm
< 18

in [MPa] ,

5 < δc ≤ 17.5

in [µm] ,

40 ≤ Gc ≤ 105

in [N/m] .

(1)

2.2 Inverse analysis: determination of the Gc
In this section an inverse analysis is considered where the measured data of the experiment
are used to determine fracture parameters and the obtained results are applied to simulate the
experiment. After spallation two fragments result with the crack located at the position where
the stress exceeds the tensile resistance first. The total fracture energy Wc corresponds to the
amount of work necessary to form such a new surface. In order to deduce Wc the main idea is
to balance the energy before and after crack initiation considering two appropriate times t1 and
t2 . Regarding two fragments with masses mfra,1 , mfra,2 and mspec = mfra,1 + mfra,2 , cf. Figure
1, the difference of kinetic energy can be formulated as follows:
1
1
1
∆K = mspec (vspec (t1 ))2 − mfra,1 (vfra,1 (t2 ))2 − mfra,2 (vfra,2 (t2 ))2
2
2
2

(2)

Since UHPC is assumed to behave linear elastically, it is stated that ∆K = Wc is the fracture
energy of the specimen. Finally, the specific fracture energy follows as
Gc =

Wc
.
Ac

(3)

whereby the fractured surface is ide2 . Within
ally assumed as Ac = 2πrspec
the inverse analysis a range of input
data Gcinp is defined, the experiment
Figure 1. Fragments after spallation
is simulated and finally the ’measured’
sim
value Gc is deduced.
In Figure 2 the computed specific fracture energy Gcsim is shown making use of both fracture
models - the cohesive zone model and the phase-field model.

Figure 2. Determination of the specific fracture energy: displayed are the values Gcsim derived from the
velocity and mass data obtained in the simulation vs. the input parameter Gcinp of the experiment. The
dotted line marks the identity Gcsim = Gcinp . (a) Cohesive element technique: The dashed line is approximated
with R2 ≈ 0.9928 and corresponds roughly to Gcsim = 1.5Gcinp . (b) Phase-field fracture approach: The
parameters for the simulations are ǫ = 25 mm, s(t1 ) = 0.8, s(t2 ) = 0.2. The dashed line is approximated
with R2 ≈ 0.9969 and corresponds well to Gcsim = 0.9Gcinp .
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Conclusions
Ultra-high performance concrete(UHPC) is a favourable advanced cementitious composite. For
further development, in the present study experimental and numerical fracture behavior of
UHPC specimens under dynamic loading are performed. In this respect, series of spalling tests
in a strain rate of 30 s−1 are conducted by a modified split Hopkinson pressure bar (SHPB) setup.
The dynamic elastic modulus and dynamic tensile strength of studied UHPC are determined.
Furthermore, concerning the numerical study two different fracture methods are investigated
and the fracture energy values have been determined. Both models - the cohesive zone model
and the phase-field model - allow efficient numerical simulation of crack growth and allow to
quantify the related material parameter in an adequate manner.
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[9] M. Nöldgen, O. Millon, K. Thoma, and E. Fehling. Hochdynamische materialeigenschaften
von ultrahochleistungsbeton (UHPC). Beton-und Stahlbetonbau, 104:p. 717–727, 2009.
[10] K. C. Park, S. J. Lim, and H. Huh. A method for computation of dicontinuous wave
propagation in heterogeneous solids: basic algorithm description and application to onedimensional problems. International Journal for Numerical Methods in Engineering, 91:p.
622–643, 2012.
[11] Y. Su, J. Li, C. Wu, P. Wu, and L. Z. Effects of steel fibres on dynamic strength of UHPC.
Construction and Building Materials, 114:p. 708–718, 2016.
[12] J. Weerheijm and I. Vegt. How to determine the dynamic fracture energy of concrete.
Applied Mechanics and Materials, 82:p. 51–56, 2011.
[13] K. Weinberg, T. Dally, and C. Bilgen. Cohesive elements or phase-field fracture: Which
method is better for quantitative analyses in dynamic fracture? Engineering Fracture
Mechanics, page Submitted, 2017.

112

MS04

Computational Analysis and Modeling of Experimental Dynamic Loading Tests
Proceedings of the 7th GACM Colloquium on Computational Mechanics
for Young Scientists from Academia and Industry
October 11-13, 2017 in Stuttgart, Germany

Modelling of the Mars R 300 armour steel
under impact loadings
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Micro Abstract
Material and protective properties of the Mars R 300 steel are analyzed to understand the steel
behavior under impact loadings. To validate the flow and fracture model (the Hosford-Coulomb
model), a numerical simulation of the impact configuration is performed in which the striker and
target are made of the Mars R 300 steel. As targets, plates perforated by an array of holes applied as
passive add-on armors in combat vehicles - are considered.
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Introduction
Mars R 300 belongs to a group of steels dedicated to ballistic protection as its properties,
especially high hardness and strength, provide high level of ballistic performances. The steel
may be used as a perforated passive add-on armor, a relatively thin steel plate with an array of
punched holes, which is fixed in front of the main armor. A regular holes pattern in steel sheets
increases the probability of asymmetrical contact between the plate and small-caliber projectiles,
due to which projectiles may be destabilized or fragmented before they reach the main-armor.
It is observed that depending on the hit-position, the projectile core may break into pieces or it
may be partially eroded and rotated, [1–3].
To determine the strain to fracture and to obtain an accurate description of the local strain
fields at very large deformations, the hybrid experimental-numerical approach is applied. The
results are employed to calibrate a plasticity model with a Johnson-Cook type of rate and
temperature-dependency and a combined Swift-Voce strain hardening law used in conjunction
with a non-associated anisotropic flow rule, [4, 5].

1 Impact experiments
The impact tests are carried out to investigate impact properties of the Mars 300 steel. The
steel is available as homogenous plates but also as perforated plates of different thicknesses
and hole size. The thickness and size of the holes have to be specified against a particular
threat. The chosen add-on plates have geometrical characteristics due to which they may be
applied against impacts of hard-core 7.62 mm P80 0.30 AP x 51 (.308 Win) projectiles. As
small-calibre projectiles consist of several components made from different materials, i.e. very
hard steel, lead and brass; adequate modeling of such multi-body interactions requires a thorough
understanding of the material properties for each of them, as well as their geometrical and
frictional characteristics. Instead of such a multi-body threat, single-material threats were
impacted into plates. Cylindrical impactors with a length of 30 mm and a diameter of 5 mm,
resulting in a mass of 4.7g, are cut by wire EDM from homogenous Mars 300 plates with an
initial thickness of 6 mm, Figure 1. In the manufacturing process, circular holes are punched in
the base material before the heat treatment. Due to this process, the holes have a slight conical
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shape, with an average diameter on the front of 5mm and an average diameter of 5.35 mm on
the back side.

Figure 1. Components for the impact experiments: a) close-up of the hole pattern in the perforated Mars R
300 plate (mm) (front face) and b) Mars R 300 impactor in a sabot.

All impact experiments are conducted at room temperature using a high-pressure single-stage
gas gun, Figure 2. For the given mass of a projectile and a polyethylene sabot (4.1 g), the peak
performance of the launching system results in an impact velocity of approximately 450 m/s
measured by a double-laser light barrier located near the exit of the gun muzzle. Each impact is
monitored by three high speed cameras which allow for observations from different angles.

Figure 2. Experimental set-up for the impact tests: 1-single-stage gas gun, 2-specimen mounted in 3-catch
box, 4-gun barrel with double-laser light barrier, 5-Shimadzu HPV1 high-speed camera for the side view,
6-SensiCam short-time camera for the top view and 7-HSFC Pro camera registering impact positions.

A total of 15 impact experiments in Mars 300 plates of the size 200x200 mm and a thickness
of 4 mm at impact speeds ranging from 400 m/s to 450 m/s are carried out. The aim of the
experiment is to investigate the dependence between plate damage pattern and the location of
the impactor upon an impact. Three representative impact cases are identified and analyzed
with regard to the impact position and the damage pattern, Figure 3.

2 Finite element analysis of impact tests
All simulations are carried out using the dynamic explicit solver of Ls-Dyna R9.0.1. All
components are meshed with reduced integration 8-node constant-stress solid elements with
stiffness-based hourglass control. The impact zone together with the cylindrical impactor are
discretized with a fine mesh of element edge length.
This refined zone stretches over a square area of diameter 15 mm for the homogenous plate; for
the perforated plate, it covers a rectangular area of 624 mm2 . The shape of the punched holes is
accurately modelled by changing the diameter from 5 mm on the front surface to 5.3 mm on
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Figure 3. Impact positions and damage patterns of the three representative impact cases in the perforated
plates - experimental and numerical comparison.

the back face. The total number of elements is about 900000 for the homogenous plate while
2000000 are used for the perforated plate and 260000 for the impactor. All boundary conditions
are imposed as observed in the experiment - plates are clamped on their edges and the measured
impact velocity is imposed on the cylinder as an initial condition. The plasticity and fracture
model are applied with a user material subroutine (since R9.0.1 both models could also be used
from ∗ M AT 260B in the commercial package). A frictionless contact is chosen between the
plate and the impactor with the contact option *ERODING SURFACE TO SURFACE, which
allows for element erosion.
When a projectile hits centrally between three holes, it solely affects the part of the plate
directly below the projectile. The material is pushed by the striker with a high strain rate
while the surrounding material remains motionless. The shape of the forming plug can already
be recognized at 8 µs and a crack initiates on the back side of the plate at 9 µs. At 12 µs,
when the depth of striker penetration has not even reached 1 mm of the plate thickness, the
fully formed plug is separated from the plate. This moment is also indicated by a distinct
reduction of the striker’s impact velocity. After the plate perforation, the velocity of the striker
remains nearly constant. With the impact position of the cylinder being fully symmetrical to 3
holes and perfectly perpendicular to the plate, its trajectory after the plate perforation remains
unaltered. These perfect geometrical features and boundary conditions could also explain the
slight overestimation of approximately 15% in the residual velocity as compared to the experiment.
Different from the previous case, the impact position of the cylinder is not symmetrical in
relation to the surrounding holes. Shearing is induced between the plate part compressed
dynamically by the moving striker and a part, which is stable. As the contact between the
target and the impactor is not symmetrical, the shear bands initiate at different time steps.
The formed debris has a free end, while the opposite side is still attached to the plate. As
the cylinder continues to push this free end, the debris behaves similarly to a bent cantilever
beam. This complex state leads to the formation of two additional shear bands in the narrowest part of the plate. The numerically obtained residual velocity of the striker is in good
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agreement with the value measured experimentally. Two sudden drops of the striker velocity
occur when the first and then the second ligament of the debris fail and disconnect from the plate.
When the projectile hits exactly in a hole or partly in a hole and in the material, then the
impactor slips through the hole causing some plastic deformation, but almost no damage to the
plate. Traces of the contact between the striker and the plate are represented in the simulation.
Since its deviation depends on the contact with the inner surfaces of the hole, the trajectory of
the striker after passing through a hole is difficult to predict.

Conclusions
The complexity of the conditions leading to failure of the perforated, high-strength steel plates
is shown. The small extension of the damage zones in the target plate proves the applicability
of this armor solution against multiple small-caliber impacts. When a plug is ejected from
the plate, shearing is the globally dominant mechanism between the moving projectile and the
motionless plate. The trajectories of the cylinders after plate perforation, as well as the values
of the residual velocity are in agreement with the experimentally obtained ones. It is found
that the chosen plasticity and fracture models can describe impact scenarios and the fracture
patterns in both the homogenous as well as the perforated plates with good accuracy.

References
[1] T. Fras, A. Murzyn, and Pawlowski. Defeat mechanism provided by slottted add-on bainitic
plates against small-calibre 7.62mm x 51 ap projectiles. Int J Impact Eng, Vol. 103:p. 241–53,
2017.
[2] T. Fras and C. Roth. Fracture of high strength armour steel under impact loading. Int J
Impact Eng, 2017.
[3] P. Pawlowski and T. Fras. Numerical and experimental investigation of asymmetrical contact
between a steel plate and armour-piercing projectiles. In 11th European Ls-Dyna Conference
2017, Salzburg, Austria, 2017.
[4] C. Roth and D. Mohr. Effect of strain rate on ductile fracture initiation in advanced high
strength steel sheets: experiments and modeling. Int J Plasticity, Vol. 56:p. 19–44, 2014.
[5] C. Roth and D. Mohr. Ductile fracture experiments with locally proportional loading histories.
Int J Plasticity, Vol. 79:p. 328–54, 2016.

116

MS04

Computational Analysis and Modeling of Experimental Dynamic Loading Tests
Proceedings of the 7th GACM Colloquium on Computational Mechanics
for Young Scientists from Academia and Industry
October 11-13, 2017 in Stuttgart, Germany

Numerical and experimental ricochet
investigation of a spin-stabilised projectile
Marina Seidl1 *, Thomas Wolf1 and Rainer Nuesing1
Micro Abstract
Numerical simulations in LS-DYNA are used for a qualitative investigation, as measurement precision
limits the determination of projectile nutation under oblique impact. The parabolic flight trajectory
causes nutation in spin-stabilised projectiles. They rotate at an angle contained between the inertial
axis and the relative velocity vector. Especially at the critical angle, where the projectile no longer
penetrates but ricochets, influential parameters need to be determined.
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Introduction
Expanding urbanisation in developing countries poses new challenges. History has demonstrated
that conflict and large-scale disasters are likely to occur where large populations reside [3].
Future peace-keeping missions are in closed urban locations, where foot soldiers find themselves
surrounded by house walls and close to their armoured vehicles. The likelihood of projectile
ricochet arises in a closed environment in event of combat. For each target and projectile
configuration, there exists a critical obliquity angle θc , which means that the projectile ricochets
only at an angle higher than θc . Influential parameters supporting ricochet, such as target
thickness [4], and projectile velocity [9], have been studied in the past. This study focuses
on target complexity, where an armour steel plate was formed in one axis, at a diameter D
(Figure 1 b). The investigation was extended, involving the influence projectile yaw angle caused
by nutation (Figure 1 c, d). Numerical simulations are used for a qualitative investigation, and
supply a tendency of yaw angle influence on the projectile behaviour, at oblique impact of a
rounded surface.

1 Spin-stabilised Projectiles
In order to keep projectiles stable during their flight, grooves inside the gun barrel give them an
initial spin around their length or rotational axis. The spinning mass creates gyroscopic forces
that keep the projectile length axis resistant to the destabilising overturning torque [7]. The
projectile is in a sort of imbalance most of this time, as these forces readjust each other and the
nose actually describes a small arc in the air, known as nutation (Greek for nodding) [6]. This
nutation, contained between the projectile axis and the relative velocity vector, is stated here
in the plane of incidence as yaw angle αt . Previously conducted work has estimated that the
nutation shifts the projectile nose at an angle up to αt = 4◦ from its COG (centre of gravity) [12]
(Figure 1 c, d)

2 Experiments
Oblique impact experiments were conducted launching 7.62 × 51 mm projectiles at 8 mm thick
armour steel targets of 350 HB hardness. The first challenging part was to determine the angle
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of obliquity θ. Figure 1 b) shows the definition of θ which was experimentally deterimined by
varying the impact height y.

a)

b)

c)

d)

Figure 1. Mesh a) and projectile position b) for oblique impact on rounded surface; yaw case A with upper
most position c) and case C with lower most position d) shown for θ = 50◦ .

3 Numerical model
The numerical model is designed as a full three-dimensional model (Figure 1 a) for future ricochet
investigations on more complex target surfaces. The numerical model was set up using solid,
fully integrated brick elements in an explicit Lagrangian solver. The mesh was created for a
plate impact [11] and transferred to the rounded application. Modelled were the projectile core
and the rounded plate.
3.1 Material model
For both parts, the Johnson-Cook (JC) material model [5] was applied and the Von-Mises stress
flow σy is given in the following equation:

?
σy = [A + B ε̄np ][1 + c · ln(ε̇? )][1 − Tm
]

(1)

Where a further detailed description and parameters for the target material is found in literature
[1, 2]. Constitutive parameters for armour steel and projectile core have been determined from
tensile tests [1, 11]. Additional required material parameters for the projectile core material were
also taken from literature [1].
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3.2 Equation of state
The JC material model needs an additional equation of state (EOS) to define the material
properties, defined by the Gruneisen EOS:


ρ0 c2 1 + (1 − γ2 )µ − ( α2 µ2 )

p= 
1 − (S1 − 1)µ −

S2 µ2
(µ−1)

−

S3 µ3 
(µ−1)2

+ (γ + αµ)E0

(2)

Where E0 is the internal energy per unit volume, intercept c and slope coefficients S1 , S2 , S3 ,
Gruneisen coefficient γ, and volume correction α. Literature provides the EOS parameters for
core [4] and for the target [8]
3.3 Failure criteria
The target was defined with the JC fracture model shown below:

∗

εf = [D1 + D2 eD3 σ ][1 + D4 ln(ε̇∗ )][1 + T ∗ ]

(3)

Where is the equivalent plastic fracture strain, is the stress triaxiality factor, and D1 , D2 , D3 ,
D4 , and D5 are fracture model constants [5]. Solid elements are defined to fail with σ1 ≥ σmax ,
with σ1 is the maximum principal stress and σmax is the principal stress at failure.

4 Comparison plane and shaped plate impact
The current limited precision on the experimental determination of θ also impedes a valuation on
θc . The influence on the rounded surface on ricochet occurrence, and the critical oblique angle
θc were numerically realised. Solitary, displaced nodes from plate impact to the rounded target
shape, influence the results on core ricochet [10]. The rotational momentum of the core, due to
its spin-stabilisation, was neglected, and a possible nutation influence was calculated instead by
defining two possible extreme positions. The nutation was represented numerically by rotating
the core nose around the COG with αt = 4◦ counter-clockwise from its initial position around
z-axis; defining the upper most position as case A (Figure 1 c). The position C is defined by the
clockwise core rotation around the z-direction, representing the lower-most position (Figure 1 d).
The initial position, without yaw, is stated as O, where case A and C are compared to. When
the projectile core hits under αt in case A or C, the closer impact angle θ gets to θc the more
influential the yaw angle becomes. It agrees with the already observed results on oblique plate
impact [11], where the influence on core yaw for penetration and ricochet cases is described in
detail [10, 11].

Conclusions
This study gives an understanding of the dependency of the rounded plate surface on the critical
ricochet angle under oblique impact. The set-up was a hard core projectile, impacting rounded
armour steel plates under different impact angles. The remaining core velocity after penetration
and ricochet, as well as the critical angle from where the first ricochet occurred, were of interest.
Previously validated numerical simulations from plane plate impact where used for the rounded
surface. While facing limitations in experimental measurement precision, the results could be
used to validate the numerical changes from plate impact to a rounded surface. By comparing
numerically, the resultant core displacement, it was observed that the rounded surface favours
ricochet. The simulation was extended for investigating the influence of the yaw angle on the
ricochet scenario. It is numerically shown, that the closer the impact occurred to the critical
119

MS04

a)

Computational Analysis and Modeling of Experimental Dynamic Loading Tests

b)

Figure 2. Yaw angle influence on projectile after penetration a) and ricochet b) from a rounded surface

angle, the larger was the influence of the yaw angle. The results provide ground work for
further numerical investigations into the influence of different, experimentally hard to determine,
parameters, and their influence on projectile behaviour and energy after oblique impact.

References
[1] T. Bovrik et al. Perforation of 12 mm thick steel plates by 20 mm diameter projectiles with
flat, hemispherical and conical noses. Int. J. Impact Eng, 21(1):p. 27–34, 2002.
[2] N. Brar et al. Constitutive model constants for al7075-t651 and al7075-t6. AIP Conference
Proceeding, 1195(1):p. 945–8, 2009.
[3] S. Collins. Challenges of urban cities in 2035 - nato needs to act today to prepare the
alliance for the future. In Allied Commander Transformation, Belgium, 2015. act.nato.int.
[4] V. Favorsky et al. Experimental-numerical study of inclined impact in al7075-t7351 tagets
by 0.3” ap projectiles. In 26th ISB, Miami, 2011. Int. Symposium on Ballistics.
[5] G. Johnson and W. H. Cook. A constitutive model and data for metals subjected to large
strains, high strain rates and high temperatures. In 7th ISB, The Hage, NL, 1983. Int.
Symposium on Ballistics.
[6] B. Jurens. Projectile Dynamics. NavWebs, 1999.
[7] R. McCoy. Modern Exterior Ballistics the Launch and Flight Dynamics of Symmetric
Projectiles. Schiffer Publishing, 1999.
[8] Nilson. Constitutive model for armox 500t and armox 600t at low and medium strain rates.
In Report FOI-R–1068–SE, Kista, Sweden, 2003. Swedish Defence Research Agency.
[9] Z. Rosenberg and E. Dekel. Terminal Ballistics. Springer-Verlag, London, 2012.
[10] M. Seidl et al. Numerical investigations on ricochet of a spin-stabilised projectile on
differently shaped target surfaces. In 30th ISB, Long Beach, 2017. Int. Symposium on
Ballistics.
[11] M. Seidl et al. Numerical ricochet investigation of spin-stabilized projectile on plane armor
steel targets,. In 17th LS-DYNA User Conference, Salzburg, 2017. LSTC.
[12] W. Wellige and W. Wohlmann. Untersuchungen zum schutzvermoegen von an ihrer
oberflaeche gehaerteten blechen aus panzerstahl. In Report NI 903/2003, Saint-Louis, F,
2003. ISL.

120

MS04

Computational Analysis and Modeling of Experimental Dynamic Loading Tests
Proceedings of the 7th GACM Colloquium on Computational Mechanics
for Young Scientists from Academia and Industry
October 11-13, 2017 in Stuttgart, Germany

Application of the Phase-field Method for
Crack Approximation on a
Split-Hopkinson-Pressure-Bar Experiment
Christian Steinke1 and Michael Kaliske1 *
Micro Abstract
The numerical simulation of fracture in brittle material remains a challenging task, both with
respect to the suitable approximation technique as well as to the appropriate calibration experiment.
The phase-field method – a promising approach under ongoing development – is applied to the
simulation of the complex behavior of a concrete specimen in a split-Hopkinson-pressure bar experiment focusing on the capabilities of the method to obtain realistic crack initiation, evolution and arrest.
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Introduction
The standard design of concrete structures bases on the consideration of static and quasi-static
loading. The behaviour of concrete under such loadings is well known and often simplified to be
linear elastic with a tensile strength of zero. While this remains reasonable considering standard
loading cases, the evaluation of the safety of structures subjected to extraordinary loads like
earthquake or impact is a more challenging task, that requires a comprehensive understanding
of the load and its interaction with the structrue as well as the consideration of the nonlinear
behaviour of concrete beyond the linear elastic regime.
One of the most severe outcomes of an excess load is the evolution of cracks. A crack may lead to
fragmentation and can change the mode a structure is bearing loads. The prediction if and how
such a structure may collapse as well as the evaluation of residual load bearing capabilities is a
complex topic involving mechanics, material science and additional challenges in connection with
the numerical approximation of the relevant processes. Furthermore, the evolution of cracks is
influenced significantly by the way and the speed a load is applied. Therefore, the development
of a numerical model, that is capable of considering all relevant aspects of crack evolution, has
to be based on sophisticated study and evaluation of experiments. One of the most common
experiments to study the rate dependent behaviour of a material is the split-Hopkinson-bar
(SHB) experiment. In this contribution, the application of the compression test configuration of
the SHB on a concrete material is presented and studied numerically. The main focus is on the
approximation of the complex crack evolution by a phase-field crack approximation approach as
well as the numerical difficulties that arise in the setup of the experiment itself.

Numerical approximation of transient fracture by a phase-field method
The numerical simulation of transient problems usually are based on the strong form of the
balance of linear momentum
ρ ü − div σ = 0
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with density ρ, the vector of acceleration ü and the stress tensor σ, that originates out of a
Hamiltonian principle
Z
Z t2 Z
δ
L dV +
t∗ · u dA dt = 0,
(2)
t1

Ω

∂Ω

that describes the variation δ of a balance between an inner part, considering the integration of
the Lagrangian density L over the domain Ω, and an outer part, considering the integration
of the dot product between a prescribed vector of stresses t∗ and a vector of displacement u
over the domain’s boundary ∂Ω. In the phase-field method, the Lagrangian contains, beside
the standard contributions of kinetic and strain energy density, ψkin and ψeps , respectively, an
additional part ψdis , that contributes for the amount of energy, that is necessary to evolve a
crack by
L = ψkin − ψeps − ψdis .
(3)

Based on Griffith’s theory, published in [2], the amount of energy necessary for the formation
of a crack may be calculated out of the multiplication of the fracture toughness Gc with the
+ ,
area of the crack Γ and is energetically in balance with a certain part of the strain energy ψeps
which is dissipated in the process of crack surface formation. At this point, an additional degree
of freedom, the phase-field order parameter p, that accounts for cracked material at p = 1 and
unbroken material at p = 0, and a scalar length scale parameter l are introduced in order to
obtain a regularized, numerical measurement for the crack surface Γl by
Z
Z

ψdis
1 2
Γ ≈ Γl =
dV =
p + l2 |∇p|2 dV
(4)
Ω Gc
Ω 2l
and, furthermore, to achieve a numerical coupling between the dissipated energy and the
according part of the strain energy density by a degradation function
+
−
ψeps = (1 − p)2 · ψeps
+ ψeps
.

(5)

This leads to the second strong form equation
Gc
p + Gc l ∇2 p = 0,
l
that governs the evolution of cracks based on an energetic consideration.
+
−
2 (1 − p) ψeps

(6)

+ , that contributes to the evolution of
There are two common approaches to define the part ψeps
crack surfaces. The volumetric-deviatoric split, where
+
ψeps
=

3λ + 2µ
· hε : 1i2+ + µ · (εD : εD ) ,
6

(7)

employs the Lamé constants λ and µ, the second order identity tensor 1 and the bracket operator
h•i± = (• ± | • |) /2, is applied to a phase-field model e.g. by Amor et al. in [1], and originates
from standard damage mechanics assumptions, i.e. the strain tensor ε is split into volumetric
and deviatoric components, assuming that a volumetric expansion as well as any deviatoric
strain component may induce crack evolution. The second approach, that is introduced by
Miehe et al. in [5], proposes a spectral decomposition of the strain tensor by
X
X
ε=
hεi i+ ni ⊗ ni +
hεi i− ni ⊗ ni ,
(8)
|i

{z

ε+

}

|i

{z

ε−

}

where the principal strains are specified in terms of eigenvalues εi and according eigenvectors
ni and, in addition, categorised into tensile and compressive parts, ε+ and ε− , respectively.
Furthermore, it is postulated, that the crack evolution is driven by
+
ψeps
=

λ
hε : 1i+ 2 + µ ε+ 2 : 1.
2
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Split-Hopkinson-pressure-bar experiment
Experimental setup
The split-Hopkinson-pressure-bar (SHPB) is an experimental setup to investigate the behaviour
of a material under fast compressive loading. The experimental setup, consisting of a striker bar,
an incident bar, the specimen and a transmitter bar, is shown schematically in Figure 1.

Figure 1. Schematic setup of the split-Hopkinson-pressure-bar experiment

The striker, accelerated to the speed v0 , hits the incident bar, inducing a compressive wave, that
is recorded as ε1 (t) in strain gauge 1. At the interface between incident bar and specimen, a
portion of the wave is reflected and can be recorded again at strain gauge 1 after time τ1 . A
typical recording is shown in Figure 2a. The difference between incoming and reflected wave
is assumed to be transmitted into the specimen as a compressive loading. The longitudinal
displacement of the interface u(t) is calculated by
Z t
u(t) = c ·
ε1 (τ ) + ε1 (τ + τ1 ) dτ,
(10)
τ0

p

u [mm]

τ1
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with c = E/ρ being the wave speed in the incident bar, and shown in Figure 2b for three
different rates of loading.
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(a) Typical record of longitudinal strain ε1 in strain (b) Longitudinal displacement u of the interface acgauge 1 with respect to time t
cording to Eq. (10)
Figure 2. Evaluation of the strain gauge measurement into a displacement boundary for the contact surface
between incident bar and concrete specimen.

The compressive loading on the concrete leads to the evolution of cracks, while the residual
fragments are a function of the loading speed. Figure 3 shows the initial specimen geometry and
typical remainings of the structure after a compressive loading.

Figure 3. Geometry and typical fragments of a compression test with respect of the loading rate.

The experiments evaluated in this contribution have been performed in the Otto-Mohr
laboratorium of the Institute of Concrete Structures at TU Dresden. For a more detailed
description and evaluation of the experiment, the reader is referred to [4].
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Numerical simulation
The transient numerical simulation is restricted to the concrete specimen and focussed on
the simulation and analysis of the fracture process, in order to evaluate the suitability of the
crack approximation approach by the phase-field model. The experimental setup, i.e. the
boundaries and loading, is simplified as a time dependent displacement boundary condition in
longitudinal direction. The restriction of the lateral displacement plays a crucial role in the
approximation of a realistic fracture pattern. The specimen is assumed to be of homogeneous
linear elastic material with elastic modulus E = 32 GPa, Poisson ratio ν = 0.2, and density
ρ = 2300 kg/m3 . A fundamental assumption of the phase-field model is the argument, that the
regularized crack surface Γl converges to the sharp crack Γ for l → 0. Furthermore, it is shown
in [3], that the characteristic length h of finite elements with linear shape functions should be
connected to the length scale parameter by h ≈ l/2. Therefore, a balance between an exact
crack representation and a feasible computational time for the simulation has to be found. To
this end, High-Performance-Computing has been applied for the simulation. Figure 4 shows
typical results for the phase-field evolution for l = 0.54 mm.

(a) Spectral split results

(b) Volumetric deviatoric split results
Figure 4. Crack evolution represented with isosurface at p = 0.95 and blanked elements for p > 0.95.

Conclusions
The phase-field crack approximation is a powerful approach to investigate the process of fracture
in brittle material under fast loading scenarios. Special care has to be taken for the correct
numerical approximation of the boundary and loading, as they have a major influence on the
results in dynamic crack propagation examples.
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Abstract:
Computational contact mechanics and related disciplines have received fast-growing attention in recent years. This mini-symposium addresses the most important and active
research topics in contact mechanics, including
• robust discretization methods for large deformations,
• accurate constraint enforcement techniques,
• efficient solution algorithms,
• parallel and high-performance computing,
• interface mechanics (friction, wear, adhesion, debonding, failure, etc.),
• multi-scale methods for contact,
• coupled multi-field problems,
• applications in biomechanics and bioengineering.
The aim of this mini-symposium is to provide a forum for young researchers to discuss
promising developments and advances in computational contact mechanics and to give
new impulses towards future research in this area.

125

MS05

Computational Contact Mechanics
Proceedings of the 7th GACM Colloquium on Computational Mechanics
for Young Scientists from Academia and Industry
October 11-13, 2017 in Stuttgart, Germany

Contact along virtual interfaces: coupling the
X-FEM with the mortar discretization
Vladislav Yastrebov1 *, Basava Raju Akula1 and Julien Vignollet2
Micro Abstract
We suggest a computational framework combining the extended finite element method (X-FEM) with
the mortar integration for domain-tying and contact problems. We formulate interface conditions
between a finite element surface and a virtual surface, passing at any location of another FE mesh
(level set). The integration of the internal work employs the X-FEM. The tying or contact constraints
are satisfied in the mortar sense. The aimed applications include a structural zoom and wear simulation.
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Introduction
Interface phenomena like contact, friction and wear are complex both with regard to their
mathematical description and numerical treatment. Their localized nature lays a strong emphasis
on the interface discretization scheme. Ensuring stability and appropriate patch-test performance
of these schemes are necessary ingredients to the overall accuracy and robustness of the contact
treatment. A relative motion between contacting bodies can lead to material removal (wear) on
rubbing surfaces, affecting the contact pressure and thus leading to alteration of the system’s
global response. Numerical simulation of wear usually involve (1) constitutive local wear laws
determining the wear depth evolution at every effective cycle, (2) re-meshing procedures to
capture the shape changes at the interface, and (3) field remapping in case of material behavior
involving internal variables.
Face-to-face discretization techniques combined with penalty-based or Lagrange-multiplier based
treatment of contact/friction constraints form the state of the art methods enabling to handle
contact interaction along non-conformal interfaces in a robust way and ensure the accuracy
of surface tractions [3]. Mortar and Nitsche methods are the members of this family. The
extended finite element method (X-FEM) presents a different technique to handle intra-mesh
discontinuities: shock waves, oxidation fronts, composite materials, voids and cracks. Combining
the face-to-face contact formulation with the X-FEM method presents an attractive option
to treat contact problems along virtual surfaces/interfaces with incompatible meshes: the
face-to-face discretization ensures an accurate treatment of contact and the X-FEM ensures
independence of the finite element mesh. The virtual contact surface embedded in the volumetric
mesh can incorporate geometrical aspects, such as roughness, and can evolve in time due to wear
and/or third body accumulation. Here we briefly outline the main aspects of such a coupling
between the mortar and X-FEM methods, and present a few examples.

Computational approach
In this work, features of mortar methods in the context of contact [4,5], and of the X-FEM in the
context of void/inclusion [2] treatment are exploited to formulate a generalized framework in 2D.
As illustrated in Fig. 1, we propose to use the virtual interface Γv , to describe the geometrical
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changes resulting from wear. The virtual interface Γv acts as a slave/master surface of domain
Ω1 getting in contact with the contact surface of domain Ω2 . Surface Γv coincides with the
unworn surface Γc1 ⊂ ∂Ω1 at the beginning of the simulation. Upon loading, the material of
Ω1 is worn-out and the surface Γv propagates into the bulk to capture the surface evolution.
This approach includes: (i) the level set method (LSM) to describe the location of worn-surface,
(ii) X-FEM Heaviside enrichment (topological) within elements intersected by the worn-surface,
and (iii) the mortar method to model contact along the interface made of Γv and Γc2 . We use a
monolithic augmented-Lagrangian formulation [1] to resolve the contact inequality constraints
for both the normal and tangential directions.
The mortar interface virtual work (δW mortar ), is evaluated by setting the virtual boundary Γv
as the non-mortar side and Γc2 as the mortar side. The gap function g(x, x̃) determines here the
integral gap measure, which depends on actualized positions of the boundary Γc2 and of the
nodal positions of the blending elements intersected by Γv . Tilded notations denote quantities of
the domain Ω1 subject to wear. The contribution of the domain Ω1 (δW1int ) to the global virtual
work of the system is evaluated using the X-FEM enrichment (1). The worn out volume Ωw
evolves with time and is evaluated based on the sliding distance and the local contact pressure.
As illustrated in Fig. 1, the body subject to wear is modelled using the X-FEM framework,
i.e. the internal virtual work is integrated in a classical way in elements non-intersected by the
virtual boundary and only partially integrated on the unworn volume of the blending elements.

δW1int =

Z

Ω̃=Ω1 \Ωw

σ̃ : δ ε̃ dΩ̃,

δW mortar =

Z

Γc2

h
i
ε

 λ(x) g(x, x̃) + g 2 (x, x̃) dΓ,
2
δ
1

2
− λ(x) dΓ,
2ε

λ + εg ≤ 0
λ + εg > 0.

(1)
where ε is the augmentation parameter. The displacement test functions for both domains are
chosen from appropriate functional spaces and have to satisfy Dirichlet boundary conditions.

Enriched nodes
Standard nodes
Standard element
Blending element
Removed element

Figure 1. Material removal due to wear at the interface, modelled using a virtual interface Γv . Ωw is the
worn-out volume where the internal virtual work is not integrated.

The proposed method consolidates diverse and well established fields of the mortar domain
decomposition methods and the X-FEM, working together to simplify and provide a general
framework to treat efficiently interface phenomenon like contact and wear. In perspective the
method will be taken forward into the realm of parallel computing, thus enabling to solve large
and complex problems in a flexible and accurate way.

Examples
In Fig. 2 an example of mesh tying along a virtual surface Γv belonging to a coarse mesh Ω0
in which a fine patch Ωi containing a hole is inserted. In Fig. 3 the σxx stress component is
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patch to be embedded

Host mesh

Enriched nodes

Γv
y

z

resulting combined mesh

Γg

Standard nodes
Standard element
Blending element
Removed element

x

Ωo

+

Ωi

y

=

z

x

Ωo\Ωi
Figure 2. Tying between two mesh along internal virtual interface.

Γgnm
Γgm

ux

Ωi
Ωo\Ωi
sig_xx

Figure 3. Stress field σxx in set-up presented in Fig. 2.

presented: a rather smooth transition between two stress fields across the interface is presented.
In Fig. 4 another example

Conclusions
The presented coupling between the mortar method (or in general between any face-to-face
method) and the X-FEM method enables to treat in an accurate and robust fashion complex
problems arising in various contact applications related to sub-mesh surface geometries and wear
evolution.

Figure 4. Example of contact along a virtual surface uniformly penetrating in the solid.
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On the shape functions for the contact pressure
in mortar methods
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Micro Abstract
Mortar formulations differ on the choice of shape functions for approximation of the contact pressure.
The shape functions can be identical to the standard, weighted standard, or the dual shape functions.
In this contribution, we will unify all the above choices by starting with a least-squares condition.
That is, the shape functions are constructed such that the smoothed contact pressure fits best to the
raw contact pressure. Various other choices are also compared and discussed.
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Introduction
This article presents a construction procedure for various shape functions that are used for
approximation of the contact pressure in mortar methods. Consider a pair of discretized slave
el
and master surfaces. A point x on the discretized slave surface Γs P
= ∪ne=1
Γse can be interpolated
n
from nodal values xA by the standard shape function NA as x = A=1 NA xA ,1 where n is the
total number of nodes of Γs . In mortar methods, the impenetration constraints are enforced in a
weak sense by the potential pA gnA = 0, where pA and gnA denote the weighted contact pressure
and normal contact gap collocated at node A, respectively [3]. Consider the penalty method, pA
and gnA can be defined by
Z
pA :=  gnA =
MA p dA , p := gn ,
(1)
ΓsA

where ΓsA , , p, and gn denote the nodal support domain, the penalty parameter, the (point-wise)
raw contact pressure and normal gap, respectively; MA denotes the mortar shape function for the
mortar contact pressure, defined by p? := MA pA . It should be distinguished from the smoothed
contact pressure, defined by p̂ := NA pA . In the following, we present a least-squares approach
for the construction of MA .

1 Various shape functions for the contact pressure
1.1. Global least-squares shape function (M-GLS) In this approach, the shape function
MA is constructed such that the smoothed contact pressure fits best to the raw contact pressure.
This can be done by minimizing the global least-squares functional
Z
1
ΠLS :=
(p̂ − p)2 dA .
(2)
2
s
Γ
Here, the integration domain Γs can be in either the current configuration or a reference
configuration (e.g. the initial or the previous-load-step configuration). The later choice would
significantly simplify computation of MA . From δΠLS = 0 follows that
1

In the following, the Einstein summation convention for indices (A, B, C, ..) is adopted unless otherwise stated
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pA =

Z

Γs

[LAB ]−1 NB p dA ,

where LAB is a (symmetric) mass matrix defined by
Z
NA NB dA .
LAB :=

(3)

(4)

Γs

By comparing Eq. (3) with Eq. (1), we obtain
MA := NB [LBA ]−1 .

(5)

Since these mortar shape functions are derived from a global least squares approach, we denote
them M-GLS. These functions are plotted in Fig. 1a. Note that, LAB is a dense matrix and the
support area of P
MA spans the entire slave surface. Besides, MA does not satisfy partition of
unity (PU), i.e. A MA 6= 1. This issue will be addressed next.

a. Global least-squares (M-GLS)

b. PU Global least-squares (M-GLS*)

c. Lumped least-squares (M-LmLS)

d. PU lumped least-squares (M-LmLS*)

e. Local least-squares (M-LcLS)

f. PU local least-squares (M-LcLS*)

Figure 1. Various mortar shape functions MA for one-dimensional quadratic NURBS.

1.2. Global least-squares with partition of unity (M-GLS*) In order to satisfy partition
of unity (PU), a normalization technique can be applied at the nodes as
MA := NB [LBC ]−1 WCA ,
131
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where WCA is computed from a lumped mass of LAB as
Z
WCA := δCA
NAs dA , (no sum over A) .

(7)

Γs

Here δ denotes the Kronecker delta function. The resulting shape function (6) is thus denoted
by M-GLS* and depicted in Fig. 1b.2 However, the area support of the nodes is the same as
M-GLS. Note that M-GLS* can alternatively be obtained by the so-called global biorthogonality
condition [2, 4].

1.3. Lumped least-squares (M-LmLS)
If the mass matrix [LAB ] in M-GLS (5) is approximated by the lumped matrix (7), we obtain a
shape function MA that spans locally (element-wise) as
−1
.
MA := NB WBA

(8)

It is thus referred to as M-LmLS shape function and plotted in Fig. 1c. Note that this shape
function is equivalent to the weighted standard shape function [1].
1.4. Lumped least-squares with partition of unity (M-LmLS*) Similarly, the nodal
normalization can be applied to M-LmLS shape function (8) to satisfy partition of unity. The
resulting shape function is thus denoted by M-LmLS*. In this case, MA becomes identical to
the standard shape function (see Fig. 1d), i.e.
MA := NA .

(9)

This shape function has been considered in the mortar formulation of Puso and Laursen [3].
1.5. Local least-squares with partition of unity (M-LcLS*)
Now, instead of defining the least-squares functional globally as is done in Eq. (2), we can state
the least-squares condition over each FE element e separately,
Z
1
e
ΠLS :=
(p̂ − p)2 dAe ∀e = 1, ..., nel .
(10)
2
s
Γe
In analogy to Eq. (5), we get
MAe := NB [LeBA ]−1 ,

with LeAB :=

Z

Γse

NA NB dA .

(11)

Next, an additional averaging technique is required for smoothing unequal p̂ at nodes. Using the
nodal normalization technique results in
Z
e , with W e := δ
NAs dA , (no sum over A) .
MA := NB [LeBC ]−1 WCA
(12)
CA
CA
Γse

e
Note, that WCA
is defined locally and should not be confused with WCA defined globally in
Eq. (7). Since MA are derived from a local (i.e. elementwise) least squares approach and have the
PU property, we denote them M-LcLS*. By design, it has the same support as the standard shape
function array NA . However, MA may have strong discontinuities over the element boundaries
as shown in Fig. 1f. Like M-GLS, M-LcLS* shape function (12) can also be constructed from the
so-called biorthogonality condition, but now locally [4]. In this regard, M-LcLS* is also called
dual shape function.

1.6. Local least-squares without partition of unity (M-LcLS)
Applying the weighting scheme similar to M-LmLS (8) to M-LcLS* results in a so-called M-LcLS
without partition of unity as
e W −1 .
MA := NB [LeBC ]−1 WCD
DA

(13)

It is plotted in Fig. 1e. A comparison of M-LcLS with its counterpart M-LcLS* will be discussed
in the following.
2

where (*) indicates the version satisfying partition of unity
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2 On choosing the shape functions for the contact pressure
Fig. 2 shows the contact pressures for the interpenetration of a rigid sphere and a flat surface described by quadratic NURBS (without any contact enforcement). As shown, non-PU

Figure 2. Interpenetration of a sphere and a quadratic NURBS surface: smoothed contact pressures
p̂ := NA pA considering various shape functions MA (left). Corresponding mortar pressures p? := MA pA
without PU (middle) and with PU (right) shape functions. The raw pressure p (green line) is the same in all
figures.

shape functions (i.e. M-GLS, M-LmLS, and M-LcLS) yield higher mortar pressures than PU
counterparts. Therefore, using the non-PU shape functions for mortar methods would usually
require less value of the penalty parameter than the corresponding PU ones considering the
same penetration.
M-LmLS (likewise M-LmLS*) is simple but least accurate. Meanwhile, M-GLS appears to
provide the best fit of p̂ to p. The nodal support of MA , however, spans the whole contact
surface. In contrast, the local support can be obtained for M-LcLS, but its mortar pressure p?
may have strong discontinuities over element boundaries. Further, since M-LcLS is elementwise
constructed, the consistency treatment at the contact boundary may lead to ill-conditioning of
the system of equations when the contact boundary approaches element boundaries [2] . This
issue does not appear for shape functions that are based on a global least-squares approach (like
M-GLS and M-LmLS).

Conclusion
Various shape functions for the contact pressure for the mortar methods can be constructed
based on the least squares approach. With this, the shape functions that are employed by [3],
[1], and [2] can be identified as M-LmLS*, M-LmLS, and M-LcLS*, respectively. Main features
of different choices have been discussed.
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A Nitsche’s method for finite deformation
thermo-mechanical contact
Alexander Seitz1 *, Wolfgang A. Wall1 and Alexander Popp1
Micro Abstract
This talk presents an extension of Nitsche’s method to finite deformation thermo-mechanical contact
problems. Besides the coupling of temperature and stress response in the bulk continuum, special
focus is put on the consistent enforcement of all involved interface constraints: normal contact,
Coulomb’s law of friction, heat conduction across the interface and frictional work converted to
heat. A set of numerical examples will be presented demonstrating the accuracy of the presented method.
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Introduction
Despite having been an active field of research for many years, computational contact mechanics
remains challenging and various methods have been proposed to incorporate contact constraints
into finite element analysis. One main difficulty thereby stems from the inequality nature of
the contact constraints, both in normal direction (no penetration) and in tangential direction
(friction). In many technical applications, also thermal effects at the contact interface, i.e. heat
conduction and frictional heating, need to be accounted for. In this work, all interface effects of
thermo-mechanical contact will be treated using Nitsche’s method. Compared to other numerical
methods for contact problems, Nitsche’s method has the advantage that, as in penalty methods,
no additional unknowns are introduced. However, in stark contrast to penalty methods, Nitsche’s
method adds penalty terms consistently and therefore optimal convergence properties can be
achieved for finite penalty parameters.

1 Nitsche’s Method for Isothermal Finite Deformation Contact Mechanics
Originally introduced for the weak imposition of boundary conditions [6], a first application of
Nitsche’s method to contact mechanics was proposed in [7]. A mathematical analysis of the
small deformation case has been presented by Chouly et al., see e.g. [3] and extended to frictional
effects in [2]. A first extension to finite deformation hyperelasticity can be found in [5].
Let us consider the contact problem of
two elastic bodies Ω(1) and Ω(2) with
finite deformations as depicted in Figure 1. The deformation of the bodies is
then governed by the balance equations,
which, in their strong form, read
∇X · (F S) + b̂0 = ρ0 ü in Ω(i) ,
(F S)N = t̂0 on Γ(i)
σ ,

(i)
σn = t(i)
c on Γc ,

u = û on Γ(i)
u ,

(1)
Figure 1. Notation of a two body contact problem.
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with appropriate initial conditions and a hyperelastic constitutive law to determine the second
Piola–Kirchhoff stress from the right Cauchy–Green tensor C via S = ∂ψ/∂C . At the potential
contact boundary γc (in the deformed configuration), the balance of linear momentum yields
(1)
(2)
(1)
tc = −tc . We decompose tc := tc = σ (1) n into its normal part pn and the tangential traction
tτ . Then, the following inequalities enforce the non-penetration condition and Coulomb friction
gn ≥ 0, pn ≤ 0, pn gn = 0 on γc ,

(2)

f f r := ktτ k − µ|pn | ≤ 0, ∆uτ + βtτ = 0, β ≥ 0, f f r β = 0 on γc ,

(3)

where gn represents the normal gap and ∆uτ the relative tangential slip within a time-step.
These inequality constraints can be reformulated as equality conditions using complementarity
or constraint functions Cn and C τ and two penalty parameters γn and γτ , see e.g. [5]:
Cn := pn − min[0, pn + γn gn ] = 0 ,


−µ min[0, pn + γn gn ]
C τ := tτ − min 1,
(tτ − γτ ∆uτ ) = 0 .
ktτ − γτ ∆uτ k

(4)
(5)

Nitsche’s method for contact problems can now be derived by transferring (1) to its variational
form and adding terms to impose (4) and (5) weakly. We obtain the method proposed in [5]:
Z
Z
Z
Z
Z
δuρ0 ü dΩ + (F S) : ∇X δu, dΩ −
b̂0 δu dΩ −
(F S)N · δu dΓ −
tc · [[δu]] dγ
(1)
Ω
Ω
Ω
Γσ
γc
Z
Z
(Cn n + C τ )[[δu]] dγ − θs
(Cn n + C τ ) · Dtc [δu] dγ = 0 ∀δu ,
(6)
−
(1)

(1)

γc

γc

where Dtc [δu] denotes the directional derivative of tc in direction of δu and [[·]] = (·)(1) − (·)(2)
the jump across the contact interface. The first line therein represents the standard weak form
of the initial boundary value problem (1) and the second line consistently imposes the contact
constraints in a weak manner. For linearized kinematics, the frictionless case of this formulation
has been analyzed mathematically in [3] and including Tresca friction in [2]. Stability and
optimal convergence rates can be achieved if the penalty parameters are scaled correctly by the
mesh size h and the stiffness E of the bodies, i.e. γ{n,τ } = Eh γ{n,τ },0 . The parameter θs allows to
switch between different variants of Nitsche’s method: θs = 1 gives a symmetric formulation,
θs = 0 requires less terms (especially avoids the linearized constitutive law Dtc [δu]) and θs = −1
yields a skew-symmetric formulation, which is shown to be stable for any penalty parameters
greater than zero, whereas θs = 1 and θs = 0 exhibit lower bounds for the penalty parameters.

2 Nitsche’s Method for Thermo-Mechanical Contact Problems
When extending Nitsche’s method from isothermal to thermo-mechanical contact problems,
the treatment of normal and frictional contact constraints presented in the previous section
remain virtually unchanged. Only some temperature dependencies might have to be added in
the hyperelastic constitutive relation and a potential temperature dependency of the coefficient
of friction. Since these extensions are rather straight-forward, this section will focus solely on
heat conduction within the two bodies and across the contact interface. The evolution of the
temperature T is derived from the balance of energy and, in its weak form, reads
Z
Z
Z
Z
δT ρ0 Cv Ṫ dΩ +
Q · ∇X δT dΩ −
+R̂0 δT dΩ −
Q̂0 δT dΓ
Ω
Ω
Ω
Γq
Z
(7)
(1)
(1)
(2)
(2)
−
qc δT − qc δT dγ = 0 ∀δT ∈ VT ,
(1)

γc

where Q = k0 C −1 ∇X T denotes the material heat flux according to Fourier’s law at finite
(i)
deformations. The contact heat fluxes qc therein account for two effects: heat conduction across
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the contact interface due to a temperature difference and frictional work Pτ = tτ · ∆uτ being
converted to heat:
qc(1) = βc pn [[T ]] − δc Pτ ,

qc(2) = βc pn [[T ]] − (1 − δc )Pτ .

(8)

Two parameters βc and δc are introduced to control the heat conduction and distribution of
frictional work. The simplest way to include these thermal effects into the weak form (7) is to
directly substitute (8) into (7). A drawback of this approach arises, however, when βc becomes
large, i.e. there is little resistance to the heat conduction across the interface. In such cases, the
terms involving βc in the weak form become large (compared to the others) and therefore yield
an ill-conditioned system. To overcome this issue a Nitsche method is presented in the following
which is based on the idea of [4] to deal with general boundary conditions and extended in [1] to
interface conditions. Similar to the structural case, the thermal interface condition (8) is added
weakly to the variational form (7) by introducing a consistent penalty term with the penalty
parameter γϑ > 0:
Z
Z
Z
Z
δT ρ0 Cv Ṫ dΩ +
Q · ∇X δT dΩ −
R̂0 δT dΩ −
Q̂0 δT dΓ
Ω
Ω
Ω
Γq
Z
Z
βc pn
γϑ βc pn
−
{qc (T )}1−δc [[δT ]] dγ +
[[T ]][[δT ]] dγ
(1)
(1)
γc βc pn − γϑ
γc βc pn − γϑ
Z
Z
(9)
βc pn
1
{qc (T )}1−δc {qc (δT )}1−δc dγ − θϑ
[[T ]] {qc (δT )}1−δc dγ
+ θϑ
(1)
(1)
γc βc pn − γϑ
γc βc pn − γϑ
Z
−
Pτ {δT }δc dγ = 0
∀δT ∈ VT ,
(1)

γc

(i)

k

(i)

(i) · n denotes the spatial heat flux derived from Fourier’s law and
0
where qc (T ) = − detF
(i) ∇x T
{·}w = w(·)(1) + (1 − w)(·)(2) the weighted average across the contact interface. Consistency of
(9) with (7) can easily be proven by inserting (8) and some algebraic reformulations. Again,
stability and optimal convergence can be proven [4], if the penalty parameter is correctly scaled
with the mesh size h and the thermal conductivity k0 , i.e. γϑ = kh0 γϑ,0 . The parameter θϑ again
allows to switch between different variants. Analogous to the structural problem, θϑ = 1 yields
a symmetric system and θϑ = 0 involves less terms. Both those variants exhibit a lower bound
for the penalty parameter. Finally, θϑ = −1 yields a skew-symmetric Nitsche method stable for
any penalty parameter γϑ > 0. Unlike the substitution method described above, the Nitsche
method (9) remains well-conditioned, also in the limit cases βc → 0 and βc → ∞.

3 Numerical Example
As numerical example, we demonstrate the convergence behavior of the proposed method within
a 2-dimensional setup, where a rectangular block (Ω(2) ) is pressed against an initially circular arc
(Ω(1) ). Figure 2(a) illustrates the boundary conditions as well as the deformed configuration and
temperature distribution at a steady-state. Using Q2 elements and uniform mesh refinement, an
exemplary convergence behavior of H 1 -semi-norms of displacements and temperatures on the
two sub-domains (compared to a numerical reference solution) is given in Figure 2(b). Here, the
symmetric Nitsche method has been used for both contact and heat conduction, i.e. θs = θϑ = 1
with γn,0 = γϑ,0 = 2. As usual in computational contact mechanics, convergence rates with uniform
mesh refinement are limited by the regularity of the solution rather than the approximation
order, such that the observed order O(h3/2 ) is considered optimal. Similar convergence behavior
is also observed for other combinations of the proposed methods.

4 Conclusions
This contribution presents the application of Nitsche’s method to finite deformation thermomechanical contact. Therefore, the isothermal hyperelastic formulation proposed in [5] is
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Figure 2. Thermo-mechanical contact – Exemplary solution for mesh size h = 1/8 and convergence behavior.

extended to thermo-elasticity and a temperature dependent friction coefficient. Moreover, heat
conduction across the contact interface as well as frictional heating is accounted for. The simple
substitution method for the thermal interface condition becomes ill-conditioned for low thermal
contact resistances, whereas the presented Nitsche’s method for the thermal interface effects
is well-conditioned over the entire range of interface parameters. Owing to the consistency of
the method, optimal convergence behavior of the finite deformation problem can be achieved.
Contrasting other variationally consistent discretization approaches for contact problems such as
the mortar method, Nitsche’s method does not require additional degrees of freedom (Lagrange
multipliers), but remains a purely primal formulation.
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An exact penalty approach for the finite
element solution of frictionless contact
problems
Fabian Sewerin1 * and Panayiotis Papadopoulos2
Micro Abstract
Considering a discrete formulation of the frictionless two-body contact problem, we adopt an exact
penalty approach in order to enforce the kinematic impenetrability constraints. This approach
is based on an augmented discrete force equilibrium and a smooth estimation of the Lagrange
multipliers in terms of the nodal displacements. A main feature of the resulting formulation is that
an exact enforcement of the impenetrability constraints is achieved for a finite value of the penalty
parameter.
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Introduction
Contact interaction plays a central role in many engineering applications. Frequently, accurate
estimates of the contact traction distribution are sought, while the impenetrability constraints
ought to be satisfied accurately. These two points are mainly influenced by the evaluation
of the contact integral and the choice of constraint enforcement technique. In this work, we
focus on the latter and, specifically, present a numerical solution scheme for finite deformation,
frictionless contact problems that is based on a so-called differentiable exact penalty formulation
of the discrete system. Here, the discretization originates from a standard displacement-based
finite element approach and the contact integral is evaluated by invoking surface-on-surface
kinematics [12, 16]. The constraint enforcement technique which we adopt can, however, be
equally well combined with other discretization techniques or node-on-surface kinematics.
A characteristic in the field of contact mechanics is that constraint enforcement techniques are
adopted from methods developed for constrained optimization problems, although, strictly, the
governing model formulation cannot always be cast into the form of an optimization problem.
However, by virtue of the principle of virtual work [9] and Lagrange’s multiplier method, or,
equivalently, a weighted residual approach [8], the governing equations may be reformulated in
a way that resembles necessary conditions of optimality, thus providing a link to constrained
optimization techniques.
In the method of Lagrange multipliers, these necessary conditions of optimality are solved directly [1, Section 4.4] as an augmented system expressed in terms of discrete displacements
and multipliers. Compared to an unconstrained formulation, the presence of multipliers entails
an increase in system size and the tangent stiffness matrix is characterized by an indefinite
structure [14]. Recently, Popp et al. [12, 13] showed that these shortcomings may be circumvented by imposing a biorthogonality condition in the contact integral as this allows for a static
condensation of the multipliers within each equilibrium iteration.
In a similar vain, albeit by different means, the main idea with methods from the class of
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penalty-based constraint enforcement techniques is to estimate the multipliers in terms of the
displacements, while omitting a direct constraint enforcement. This class of methods includes
the perturbed Lagrangian approach [15] and the quadratic penalty approach, for instance, which
achieve an exact constraint enforcement only in the limit of an infinitely large penalty parameter.
In practice, large penalties often entail ill-conditioning of the tangent stiffness matrix and,
although the ill-conditioning may be mitigated to some extend [1], practical limitations of the
accuracy with which constraints can be satisfied remain. In the method of multipliers [14],
on the other hand, a sequence of unconstrained equilbrium problems is developed whose limit
solution exactly obeys the contact constraints for a finite value of the penalty parameter [7].
Based on the success of the method of multipliers, Fletcher [2–4] and Fletcher and Lill [5]
advanced the rationale in the early 1970s that if it is possible to construct converging sequences of
displacements and corresponding multipliers, then it might be feasible to continuously estimate
the multipliers in terms of the displacements. From a contact mechanical perspective, this leads
to the notion of an equilibrium system that is based on a differentiable exact penalty function.
Here, a penalty parameter also occurs, albeit, as in the method of multipliers, convergence is
ensured for a finite value. While it proves difficult to determine the minimum such value a
priori, Mukai and Polak [10] and Glad and Polak [6] found that the equilibrium scheme may be
complemented by an automatic penalty update step which increases the penalty as soon as it
appears that the solution converges to a limit point which violates the contact constraints [11].
From an implementational viewpoint, one drawback of the exact penalty approach is that second
derivatives of the contact constraints appear in the equilibrium system.
In the present work, we adopt the differentiable exact penalty formulation due to Glad and
Polak [6] and examine the implications of its application to the finite deformation two-body
contact problem. Further to rationalizing the exact penalty solution scheme, our focus lies on
examining the computational expense it entails, the accuracy with which the contact constraints
can be imposed and the conditioning of the tangent stiffness matrix.

1 A differentiable exact penalty formulation
In discrete terms, the Galerkin formulation of the finite deformation two-body contact problem
may be cast into the following form
f (d) + ∇g(d)T λ = 0

(1)

subject to the constraints
g(d) ≥ 0,
λ ≤ 0,

λi gi (d) = 0

(2)
(3)
∀i ∈ S,

(4)

where f (d) represents the vector of internal/external forces, g(d) = (gi (d))i∈S is the (weighted)
gap vector, λ = (λi )i∈S denotes the vector of Lagrange multipliers and S is an index set for
labelling the inequality constraints in Eqs. (2) through (4). For any c > 0 [6, Lemma 1], these
equations are equivalent to the pure equality constraints
ac (d, λ) =

1
(min(0, λ + cg(d)) − λ) = 0,
c

(5)

which we consider for the remaining part of this abstract.
Similar to the quadratic penalty approach or the method of multipliers, the exact penalty
approach is based on an unconstrained augmented force equilibrium
rc (d) = f (d) + ∇(λc (d)T ac (d, φ(d))) = 0,
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where c represents a penalty parameter and the multipliers λ = λc (d) are estimated in terms
of the displacements according to
c
λc (d) = φ(d) + ac (d, φ(d)).
2

(7)

The form of the function φ(d) which appears herein may be rationalized in different ways. For
example, considering equality constrained problems, Fletcher [2] proposed to require that the
projection of f (d) onto the tangent space of the contraint manifold g(d) = 0 (whose normal
is ∇g(d)) vanishes in the limit as g(d) = 0. His suggestion for φ(d) coincides with the best
least-squares solution (attributed to Powell) of
f (d) + ∇g(d)T z = Min!
z

(8)

For inequality constraints as in contact mechanics, Glad and Polak [6] slightly augmented this
rationale to prevent the occurrence of discontinuous derivatives,
n
o
2
φ(d) = arg min f (d)∇g(d)T z + zT G(d)z ,
(9)
z

where G(d) is a diagonal matrix with entries (gi (d)2 )i∈S . Eq. (9) possesses the following unique
solution

∇g(d)∇g(d)T + G(d) φ(d) = −∇g(d)f (d).
(10)

The basis of the exact penalty approach is the result that there exists a finite penalty c̄ such that
if d presents a solution of Eqs. (6), (7) and (10) for some c ≥ c̄, then the pair (d, λ = λc (d))
solves the constrained formulation in Eqs. (1) through (4). In order to circumvent the challenge
of estimating c̄ a priori, Mukai and Polak [10] pioneered the idea of increasing the penalty
parameter in the course of the equilibrium scheme if the sequence dk , k = 0, 1, . . ., constructed
by the non-linear system solver appears to converge to a solution of Eq. (6) that violates Eq.
(5) (or, equivalently, Eqs. (2) through (4)). To this end, c = ck is chosen such that, in every
iteration k, the following condition is obeyed
tck (dk ) ≤ 0

(11)

and the sequence {ck } is non-decreasing. Here, tc (d) is termed a test function; it is constructed
such that tc (d) ≤ 0 and rc (d) = 0 imply satisfaction of our original problem in Eqs. (1)
through (4) and that, for any d′ and a whole neighbourhood about d′ , tc (·) can be rendered
non-positive by choosing a sufficiently large penalty c [6]. We emphasize that the scheme in
Eq. (11) is conservative, that is, the penalty chosen in this way may, ultimately, overestimate
c̄. However, as we briefly note in the following section, a small penalty does not always imply
well-conditioning of the tangent stiffness matrix.
In a slight amendment to the original rule of Mukai and Polak [10], we base the test function
on the physical rationale that the equilibrium step −Kc (d)−1 rc (d), where Kc (d) represents
an (approximate) tangent stiffness matrix, points, to some degree, in the same direction as a
Newton step vc (d) = −∇ac (∇ac ∇aTc )−1 ac towards the constraint surface ac (d, φ(d)) = 0,
T
T −1
vcT (−K−1
c rc ) ≥ ac (∇ac ∇ac ) ac

⇔

tc ≡ aTc (∇ac ∇aTc )−1 ac + vT K−1
c rc ≤ 0.

(12)

Here, the matrices (∇ac ∇aTc )−1 and Kc (d)−1 mainly serve dimensional consistency, although we
found Kc (d)−1 to act like a pre-conditioner on a steepest-descend step. In practice, we resolved
to approximate Kc (d)−1 (see Eq. (13) below) by the inverse of its diagonal as this maintains
the key c-dependency of the equilibrium step. After the equilibrium scheme terminated, the
penalty is reset to unity, c0 = 1.
As a final point, we briefly turn to the linearization of rc (d) for the purpose of a Newton-based
equilibrium scheme. Strictly, since ∇ac (d, φ(d)) is discontinuous at points (d, φ(d)) at which
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φi (d) + cgi (d) vanishes for at least one i ∈ S (that is, strict complementarity is violated),
the Hessian of the constraints ac (d, φ(d)) remains undefined at these points. Recall that this
stiffness discontinuity reflects the potential for constraints to flip-flop in the context of active set
searches. As a remedy for the stiffness discontinuity, Glad and Polak [6] resolved to compute
separately the tangent stiffness matrices for the cases that all constraints are either active
(ac (d, φ(d)) = g(d) in Eq. (5)) or inactive (ac (d, φ(d)) = −φ(d)/c) and to approximate the
true tangent stiffness matrix by a weighted average of both. Here, the weights are chosen such
that if d approaches a solution at which strict complementarity holds, then the approximate
tangent stiffness reproduces the exact one. Specifically, we have
1
Kc = ∇f + ∇gT B∇φ + (∇φ + c∇g)T B∇g + φT B∇(∇g) − ∇φT (I − B) ∇φ,
c

(13)

where B is a diagonal matrix of weighting factor bi (d), i ∈ S, and arguments have been omitted
for brevity. Also, second derivatives of multipliers and the term cgT B∇(∇g) have been evicted
from Eq. (13). In our experience, a Newton-type scheme based on Kc (d) in Eq. (13) is not
noticably impaired by these omissions and recovers a quadratic rate of convergence ultimately.

2 An example problem
In order to assess the accuracy and benefits of the exact penalty approach, we consider the
indentation problem depicted in Figure 1(a). Here, the top rectangle (W = 2, H = 1, E = 100,
ν = 0.3) is vertically displaced by −0.6 units of length and pressed into a soft foundation
(W = 5, H = 2, E = 50, ν = 0.3) over the course of four displacement steps. W and H
indicate the widths and heights of the rectangles, while E and ν represent, respectively, Young’s
modulus and Poisson’s ratio of a Neo-Hookean material. The rectangles are discretized using
508 standard displacement-based quadrilateral finite elements. Exemplarily, Figure 1(b) shows
the convergence in terms of the maximum violation of the active impenetrability constraints and
the absolute residual norm for the first displacement step. In the course of the first iteration,
the penalty parameter c is automatically increased from unity to 1024, while, in subsequent
steps, it is changed from unity to 256, 2.6 × 105 and 64, respectively. As indicated above, these
limit penalties are rather conservative; indeed, we found that solutions with accurate constraint
enforcement can also be obtained by keeping c constant at unity throughout.
In equilibrium, the 1-norm condition numbers of the unconstrained tangent stiffness and the
exact penalty stiffness (Eq. (13)) are comparable. In general, we observed that, for the exact
penalty scheme, a small penalty parameter does not guarantee that the tangent stiffness matrix
is well-conditioned. This is enhanced by the observation that the active and inactive contributions to the tangent stiffness may largely and, sometimes, adversely affect the conditioning of
the cumulative tangent stiffness. In practice, there appears to be an optimal choice of penalty
which balances these influences and, for the cases we examined, the automatic update scheme
seems to drive the penalty towards this value. Concomitantly, convergence may be accelerated
if the penalty renders the tangent stiffness matrix well-conditioned.

Conclusions
In this abstract, we examined the rationale underlying a constraint enforcement technique based
on a differentiable exact penalty function in the context of the finite deformation two-body
contact problem. This technique is based on a continuous approximation of the multipliers in
terms of the discrete displacements and achieves an exact enforcement of the contact constraints
for a finite value of the penalty parameter. A main feature is that the penalty parameter
is automatically increased if iterates seem to approach an equilibrated solution that violates
the contact constraints. From an algorithmic perspective, both the active set search and the
automatic penalty update scheme are merged inside a single unconstrained equilibrium scheme.
On the minus side, we found that the computationally expense is enhanced by the analytical
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(b) Convergence of the equilibrium scheme

Figure 1. A stiff indenter is pressed into a soft foundation. Figure (a) depicts a contour plot of the von
Mises stress (dimensionless) in the deformed configuration, while figure (b) illustrates the convergence of
the exact penalty equilibrium scheme for the first displacement step. Here, a ⋆ indicates a change in the
active set.

evaluation of second derivatives of the contact constraints (which appear in the augmented
equilibrium system) and the solution of additional linear systems to estimate the multipliers
and their derivatives.
Based on a simple indentation problem, we illustrated the accuracy of the exact penalty constraint enforcement technique and provided evidence of the well-conditioning of the tangent
stiffness matrix.

Acknowledgements
Fabian Sewerin gratefully acknowledges the financial support by the German-American Fulbright Association.

References
[1] D. Bertsekas. Constrained Optimization and Lagrange Multiplier Methods. Athena Scientific, 1996.
[2] R. Fletcher. A class of methods for nonlinear programming with termination and convergence properties. In J. Abadie, editor, Integer and Nonlinear Programming, chapter 6,
pages 157–175. North-Holland Publishing Company, Amsterdam, 1970.
[3] R. Fletcher. A class of methods for nonlinear programming III: Rates of convergence.
In F. A. Lootsma, editor, Numerical Methods for Nonlinear Optimization, pages 371–382.
Academic Press, New York, 1972.
[4] R. Fletcher. An exact penalty function for nonlinear programming with inequalities. Mathematical Programming, 5(1):129–150, 1973.
[5] R. Fletcher and S. A. Lill. A class of methods for non-linear programming II: Computational experience. In J. B. Rosen, O. L. Mangasarian, and K. Ritter, editors, Nonlinear
Programming, pages 67–92. Academic Press, New York, 1971.
[6] T. Glad and E. Polak. A multiplier method with automatic limitation of penalty growth.
Mathematical Programming, 17(1):140–155, 1979.
[7] M. R. Hestenes. Multiplier and gradient methods. Journal of Optimization Theory and
Applications, 4(5):303–320, 1969.
142

MS05

Computational Contact Mechanics

[8] R. E. Jones and P. Papadopoulos. A novel three-dimensional contact finite element based
on smooth pressure interpolations. International Journal for Numerical Methods in Engineering, 51(7):791–811, 2001.
[9] C. Lanczos. The Variational Principles of Mechanics. Dover Books on Physics. Dover
Publications, Inc., New York, 4 edition, 1970.
[10] H. Mukai and E. Polak. A quadratically convergent primal-dual algorithm with global
convergence properties for solving optimization problems with equality constraints. Mathematical Programming, 9(1):336–349, 1975.
[11] E. Polak. On the global stabilization of locally convergent algorithms.
12(4):337–342, 1976.

Automatica,

[12] A. Popp, M. W. Gee, and W. A. Wall. A finite deformation mortar contact formulation
using a primal-dual active set strategy. International Journal for Numerical Methods in
Engineering, 79(11):1354–1391, 2009.
[13] A. Popp, M. Gitterle, M. W. Gee, and W. A. Wall. A dual mortar approach for 3D finite
deformation contact with consistent linearization. International Journal for Numerical
Methods in Engineering, 83(11):1428–1465, 2010.
[14] J. C. Simo and T. A. Laursen. An augmented Lagrangian treatment of contact problems
involving friction. Computers & Structures, 42(1):97–116, 1992.
[15] J. C. Simo, P. Wriggers, and R. L. Taylor. A perturbed Lagrangian formulation for the
finite element solution of contact problems. Computer Methods in Applied Mechanics and
Engineering, 50(2):163–180, 1985.
[16] B. Yang, T. A. Laursen, and X. Meng. Two dimensional mortar contact methods for large
deformation frictional sliding. International Journal for Numerical Methods in Engineering,
62(9):1183–1225, 2005.

143

MS05

Computational Contact Mechanics
Proceedings of the 7th GACM Colloquium on Computational Mechanics
for Young Scientists from Academia and Industry
October 11-13, 2017 in Stuttgart, Germany

Adaptive finite elements for contact problems
based on efficient and reliable residual-type a
posteriori estimators
Mirjam Walloth1 *
Micro Abstract
The talk deals with the adaptive numerical simulation of contact problems based on residual-type a
posteriori estimators. The estimators are easy to compute and provably reliable, efficient and localized.
The latter properties enable a good resolution of the free boundary while avoiding over-refinement
in the active set of contact. We consider continuous as well as discontinuous finite elements for the
numerical simulation of static and time-dependent contact problems.
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Introduction
Contact problems occur in a wide range of areas, including mechanical engineering or biomechanics. To name a few examples, contact arises in fabrication machines such as grinding or
forming tools, in the automotive industry, for example in crash tests and in abrasion of tires, and
in biomedical engineering, for example in the stress prediction between cartilage and prothesis.
The colliding bodies deform depending on the material law but do not penetrate each other.
The constraint of non-penetration uν ≤ g on the potential contact boundary ΓC , where uν is
the solution in the direction of constraints ν, and g describes the distance between the two
colliding bodies, has to be considered in a mathematically thorough formulation, e.g as saddle
point problem or variational inequality. We consider the formulation as variational inequality
a(u, v − u) ≥ hf, v − ui

∀v ∈ K

(1)

where K := {v ∈ H 1 (Ω) | vν ≤ g on ΓC } is the admissible set and f a given external force.
The bilinear form a(·, ·) contains the information
about the material law of the colliding bodies.
R
For example in linear elasticity a(·, ·) = Ω σ(·)(·) with the linearized strain tensor  and σ
given by Hooke’s law. For the discretization in space of (1) we consider continuous as well as
discontinuous linear finite elements.
Due to the constraints contact problems are non-smooth problems and thus the numerical
simulation to reach a certain accuracy is usually very expensive. Therefore, the adaptive
numerical simulation based on a posteriori estimators is in great demand. In the case of linear
elliptic boundary value problems from mechanics, the construction of a posteriori error estimators
has reached a certain maturity, see [6] for an overview over several kinds of a posteriori estimators.
In contrast, in the case of nonlinear and non-smooth problems there are still many issues which
remain to be solved.
A popular a posteriori estimator, which appears attractive in view of its simplicity and generality
is standard residual estimation. In this talk we present residual-type a posteriori error estimators
for contact problems which are equivalent to the error measure, i.e. the estimator is reliable
(upper bound to the error) and efficient (lower bound to the error), such that the error is neither
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overestimated nor underestimated. Especially the proof of efficiency and the localization of the
estimator contributions related to the constraints are difficult steps in the proof.
Our theoretical findings are supported by numerical studies for static and time-dependent contact
problems.

1 Derivation of residual-type a posteriori estimators for contact problems
In the case of contact problems the basic difficulty in the derivation of residual-type estimators
stems from the contact forces which are evoked by the constraint of non-penetration. For linear
equations without constraints the equivalence between the error in the energy norm and the dual
norm of the residual is the starting point for the derivation of residual estimators. As the dual
norm of the residual is not a computable quantity, a computable estimator of the residual is soughtafter. Dealing with the bilinear form a(·, ·) the linear residual hRlin (um ), ·i−1,1 := f (·) − a(um , ·)
for the discrete solution um can be defined even for the variational inequality. But in the case
of variational inequalities the linear residual is not equivalent to the error. This is due to the
fact that in the case of variational inequalities the linear residual consists of two parts, one is
related to the error and the other one to the discrete constraining force. Thus, the derivation of
residual-type estimators for variational inequalities requires other techniques which take into
account the special role and structure of the discrete constraining force which is part of the
linear residual.
1.1 Finite element solution of the Signorini problem
We propose and analyze an efficient and reliable residual-type estimator for the Signorini
problem [3]. The disturbed relation between the linear residual and the actual error is due to the
fact that not only the displacements u but also the contact forces λ are unknowns of the system.
Thus, giving consideration to both errors we measure the error by ku−um k1 +kλ− λ̃m k−1
D . Further,
E
the role of the residual is taken by the Galerkin functional hGm , ·i−1,1 = a(u − um , ·) + λ − λ̃m , · .
This concept was first used for obstacle problems in the work [5]. Here, the so-called quasi-discrete
contact force λ̃m is an extension of the discrete contact force
1
hλm , ϕm i−1,1 := hf, ϕm i − a(um , ϕm ) ∀ϕm ∈ Hm,0
⊂ H01 .

to a functional on H 1 , reflecting the properties of the contact force as e.g. sign condition
and relation to the d − 1-dimensional boundary part where the constraints are imposed. The
appropriate definition of the quasi-discrete contact force is important for the proofs of upper and
lower bounds of the estimators. Distinguishing between areas of full- and semi-contact in which
the bodies are completely or partially in contact, cf. [1, 4], we exploit the local structure of the
solution as well as of the constraining force and we achieve a localization of the error estimator
contributions. In the area of full-contact no estimator contribution related to the nonlinearity
appears. Thus, the fact that the solution in direction of the constraints is fixed to the obstacle
and cannot be improved, is reflected by the estimator.
The error estimator consists of the standard estimator contributions for linear elliptic equations
plus additional terms related to the constraints. Thus, in the case no contact occurs, it reduces
to the standard residual estimator. The additional contact-related contributions are
1

∀p ∈ NmC \NmfC “contact stress residual”
Z
hλm,ν , φp i−1,1
1
2
R
:= (sp dp ) with dp :=
(gm − um,ν )φp and sp :=
γ̃p,C
γp,C φp

η5,p := hp2 kσ̂ν (um )kγp,C ,
η6,p

“complementarity residual”

where σ̂ν (um ) are the surface stresses at the contact boundary, NmfC denotes the set of all
full-contact nodes and γp,C the set of all contact boundary sides sharing the node p.
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The proofs of upper and lower bound are given for meshes of simplices in 2D and 3D. Moreover,
the case of non-discrete gap functions is addressed and several numerical results show the
performance of the estimator for unstructured and mixed meshes.
Amongst others we consider the example where a linear elastic cube comes into contact with a
rigid ball. The starting grid consists of hexahedra and the final number of degrees of freedom is
≈ 4 · 106 . In Figure (1) we show the adaptively refined grid on the contact surface of the linear
elastic cube and projected on the obstacle. Obviously, the critical region between the actual and
non-actual contact boundary is well refined while the interior of the contact area is less refined
avoiding over-refinement in this region where the two bodies stick to each other.

Figure 1. Adaptively refined grid of the contact surface and projected on the rigid ball

1.2 Discontinuous finite element solution of the Signorini problem
Discontinuous finite elements are more flexible, e.g. for unstructured grids, different polynomial
degrees on each element and parallel computing. However, the number of degrees of freedom is
higher than for continuous finite elements. Thus, adaptive mesh refinement is an important tool
to decrease the computational costs.
We assume that a piecewise linear discontinuous Galerkin finite element discretization has been
chosen. As an example, the interior penalty method which is a popular approach of discontinuous
Galerkin methods for elliptic equations is considered.
We present a localized, efficient and reliable estimator applicable to two- and three-dimensional
contact problems [7]. We transfer the approach of classifying the area of contact in full- and
semi-contact zones to discontinuous finite elements, for the first time. Further, we introduce
an appropriate definition of the quasi-discrete contact force and we use a subtle splitting of
the contributions in the Galerkin functional. Thus, cancellation effects could be maximized
so that estimator contributions related to the non-penetration condition vanish in the area of
full-contact. This implies that the estimator contributions are localized and overestimation in
the area of full-contact is avoided. Moreover, the structure of the discontinuous finite elements
allows for a more precise localization of the area of full-contact compared to continuous finite
elements.
In Figure 2(a), we see the deformed configuration of a linear elastic square which collides with a
wedge as obstacle. The adaptively refined grid in the area [0.4, 1] × [0.2, 0.8] for this example
is shown in Figure 2(b). One can see that only around the corner where the tip of the wedge
comes into contact and at the free boundary where the body detaches the grid is higher refined,
but not at the whole contact boundary.
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Figure 2. Contact with a wedge

Conclusions
Summing up, we present estimators for the continuous as well as discontinuous finite element
solutions of contact problems. The estimator contributions are easy to compute and as the
estimator reduces to the standard residual estimator if no contact occurs it can be easily added
to existing programs for adaptive refinement.
We prove efficiency and reliable for the Signorini problem. However, the method can be used for
time-dependent problems as e.g. the dynamic Signorini problem. Using Rothe’s method the
resulting variational inequality in each time step has a similar structure as for the static Signorini
problem. Thus, combined with an appropriate time discretization for contact problems [2] it is
possible to detect and resolve the local non-smooth effects at the contact boundary in space and
time.

References
[1] F. Fierro and A. Veeser. A posteriori error estimators for regularized total variation of
characteristic functions. SIAM J. Numer. Anal., Vol. 41(6):p. 2032–2055, 2003.
[2] R. Krause and M. Walloth. A family of space-time connecting discretization schemes with
local impact detection for elastodynamic contact problems. Comput. Methods in Appl. Mech.
Eng., Vol. 200(47-48):p. 3425–3438, 2011.
[3] R. Krause, M. Walloth, and A. Veeser. An efficient and reliable residual-type a posteriori
error estimator for the Signorini problem. Numer. Math., Vol. 130:p. 151–197, 2015.
[4] K. Moon, R. Nochetto, T. Petersdorff, and C. Zhang. A posteriori error analysis for parabolic
variational inequalities. M2AN. Math. Model. Numer. Anal., Vol. 41(3):p. 485–511, 2007.
[5] A. Veeser. Efficient and reliable a posteriori error estimations for elliptic obstacle problems.
SIAM J. Numer. Anal., Vol. 39(1):p. 146–167, 2001.
[6] R. Verfürth. A Posteriori Error Estimation Techniques for Finite Element Methods. Oxford
University Press, 2013.
[7] M. Walloth. A reliable, efficient and localized error estimator for a discontinuous galerkin
method for the Signorini problem. Preprint 2713, Fachbereich Mathematik, TU Darmstadt,
2016.
147

MS05

Computational Contact Mechanics
Proceedings of the 7th GACM Colloquium on Computational Mechanics
for Young Scientists from Academia and Industry
October 11-13, 2017 in Stuttgart, Germany

A posteriori error estimates for finite elements
of higher-order for frictional, elasto-plastic
two-body contact problem
Andreas Rademacher1 * and Hannah Frohne1
Micro Abstract
We present a residual a posteriori error estimator for frictional, elasto-plastic two-body contact
problems and finite elements of higher order. It is based on a mixed formulation in which the
constraints concerning contact, friction and plasticity are captured by Lagrange multipliers. To
be able to apply a semi-smooth Newton method we solve a primal-mixed problem and calculate
the plastic quantities in a post process. Reliability and suboptimal efficiency of the estimator are shown.
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Introduction
Elasto-plastic two-body contact problems play an important role in the simulation of many
manufacturing processes for instance in metal forming. Thus, there is a high interest in efficient
and accurate discretizations as well as solving algorithms. In this article, we focus on the
discretization aspect and shortly discuss a residual type a posteriori error estimator for this
problem class using a higher-order finite element discretization and a mesh adaptive algorithm
based on it. We obtain reliability of the estimator but only suboptimal efficiency. The adaptive
algorithm is applied on a 2d example, in which it shows optimal convergence rates for different
polynomial degrees.

1 Strong and weak problem formulation

R

We consider two contacting deformable bodies Ωm ⊂ d with m = 1, 2 and d = 2, 3 using
a elasto-plastic material law with linear isotropic hardening. Here, volume forces f m act on
them. The boundaries are given by Γm , m = 1, 2. With the outer normal vector n, we
define σn (um , pm ) := σ(um , pm )n, σnn := n> σ(um , pm )n, and σnt,i := n> σ(um , pm )ti with
corresponding tangential vectors ti , i = 1, . . . , d − 1. We are interested in the displacements
u = (u1 , u2 ), which fulfill for m = 1, 2 the following equations:
ε(um ) = Am σ(um , pm ) + pm
m

m

− div σ(u , p ) = f

m

u

m

m

=0

σn (u , p ) =

(1)

m

(2)

in Ωm

(3)

Γm
D
Γm
N

(4)

in Ω

pm (τ − σ(um , pm )) ≥ 0 ∀τ with F m,iso (τ, |pm |) ≤ 0
m

in Ωm

m
fN

on
on

.

(5)

Equation (1) describes the relation between the linearized strains ε(um ) and the stresses
σ(um , pm ). The strains are additively split in an elastic part Am σ(um , pm ) and a plastic
part pm . The deviatoric part of a tensor τ is denoted by dev(τ ). The flow function is defined
by F m,iso (τ, η) = | dev(τ )| − (σ0m + H m η) with the yield stress σ0m , the isotropic hardening
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parameter H m , and the equivalent plastic stress η. Both bodies are fixed on a nonempty set
m
m
m
Γm
D ⊂ Γ . On the Neumann boundary ΓN , surface forces fN are applied.

m
1
2
On the subsets Γm
C ⊂ Γ , contact between the two bodies can occur. Let Φ : ΓC → ΓC be a
bijective and smooth map between the contact boundary of the slave Ω1 and on the master
Ω2 . Furthermore, we denote by nδ a generalized normal vector and corresponding tangential
vectors tδ . On Γ1C the jump in direction of the generalized normal is given by [v]nδ and the one
in tangential direction by [v]tδ . The distance in the initial configuration is denoted by g. All in
all, we obtain the following geometrical contact conditions on Γ1C :

[u]nδ ≤ g,
1

∗

σnδ nδ (u1 ) ≤ 0,

σnδ nδ (u1 )([u]nδ − g) = 0

2

σnδ (u ) = −Θ σnδ (u ).

(6)
(7)

Here, (7) ensures the equality of the contact stresses on both contact boundaries. Furthermore,
we consider frictional side conditions on Γ1C :
σnδ tδ (u1 ) ≤ s(σnδ nδ (u1 ))

(8)

σnδ tδ (u1 ) < s(σnδ nδ (u1 )) ⇒ [u]tδ = 0
1

1

σnδ tδ (u ) = s(σnδ nδ (u )) ⇒ ∃α ∈

R≥0 : [u]t

δ

(9)
= ασnδ tδ (u)

(10)

The tangential stress σnδ tδ (u1 ) ist bounded by the frictional resistance s representing a general
friction law depending only on the normal contact stress.
Now, we give the weak problem formulation.
It is based on the following function spaces: V :=

1
1
m
2
1
d
2
d
HD (Ω , ) × HD (Ω , ), Q := q ∈ L (Ωm ; d×d
in Ωm , Q := Q1 × Q2 ,
sym )| tr(q) = 0 a.e.
n
o
1
1/2
W = V × Q, Λn := µ ∈ H̃ − 2 (Γ1C ) ∀v ∈ H+ (Γ1C ) : hµ, vi ≥ 0 a.e. ,

R

Λt :=

R

R





µ ∈ H̃

−1/2

(Γ1C )

d−1



hµ, [v]t i ≤ hs(λn ), [v]t i a.e. ∀[v]t ∈ H

1/2

d−1 

(Γ1C )

,

and ΛP := { µ ∈ Q | µ : µ ≤ 1} . Furthermore, we define the following bilinear and linear forms:
a:W ×W →

R,

R,
bt : Λt × W → R,

bn : Λn × W →

bP : ΛP × W →
F :V →

R,

R,

a(w, z) :=

2
X

m=1

[(σ(um , pm ), ε(v m ) − q m )0 + (H m pm , q m )0 ] ,

bn (µ, z) := hµ, [v]nδ i,
bt (µ, z) := hµ, [v]tδ i,

bP (µ, z) :=
F(v) :=

2
X

m m
bm
P (µ , z )

m=1
2
X

:=

2
X

µm , σym q m

m=1



0

,

m m
(f m , v m )0 + (fN
, v )0,Γm
.
N

m=1

The weak problem consists in finding (w, λP , λn , λt ) ∈ W × ΛP × Λn × Λt with w = (u, p) such
that
a(w, z) + bP (λP , z) + bn (λn , z) + bt (λt , z) = F(z)

∀z ∈ W

bP (µP − λP , w) + bn (µn − λn , w) + bt (µt − λt , w) ≤ hµn − λn , gi

(11)
(12)

∀ (µP , µn , µt ) ∈ ΛP × Λn × Λt .

2 Discretization
In this section, we introduce the discretization of the mixed problem (11)-(12). Let Thm be
an admissible triangulation of Ωm with mesh width h > 0 using quads or hexahedrons. The
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triangulation of the contact boundary Γ1C is given by BH . We use the affine-linear transformations
FTm and FE as well as the vector space Slr of polynomials of order r on the reference element
[−1, 1]l . We define the following discrete function spaces:
Mph (Ωm ) :=



v ∈ L2 (Ωm )

R

∀T ∈ Thm : v|T ◦ FTm ∈ Sdp ,

m
1
2
× Vh,p
,
Vh,p
:= {v ∈ HD (Ωm , d ) v ∈ Mphm (Ωm ) }, Vh := Vh,p
m
1
2


p
1 2
m
m
Qh := q = q , q ∈ Q qij ∈ Mh (Ω ), m = 1, 2 , Wh := Vh × Qh ,

q
MqH := v ∈ L2 (Γ1C ) ∀E ∈ BH : v|E ◦ FE ∈ Sd−1
,

q
Λn,H := v ∈ MH ∀E ∈ BH : ∀x ∈ Cq : v(FE (x)) ≥ 0 ,

Λt,H := {v ∈ (MqH )d−1 | ∀E ∈ BH : ∀x ∈ Cq : v(FE (x)) ≤ s(λn )(FE (x)) },
ΛP,h := {q ∈ Qh ∀m ∈ {1, 2} : ∀x ∈ G m,d : q(x) : q(x) ≤ 1 }.

The side conditions of the Lagrange multipliers are only defined on the finite set Cq ⊂ [−1, 1]d−1 ,
which consists in (q + 1)d−1 Gauß-points.
Furthermore, let G m,d (T ) be the set of the transformed
S
Gauß-points on T and G m,d := T ∈T m G m,d (T ).
h

The discrete formulation of the mixed problem (11)-(12) reads: Find (wh , λP,h , λn,H , λt,H ) ∈
Wh × ΛP,h × Λn,H × Λt,H , such that
a(wh , zh ) +

2
X

m m
(λm
P,h , σ0 qh )0 + bn (λn,H , zh ) + bt (λt,H , zh ) = F(zh ) ∀zh ∈ Wh

(13)

m=1

m
bP (µm
P,h − λP,h , wh )0 + bn (µn,H − λn,H , wh ) + bt (µt,H − λt,H , wh ) ≤ hµn,H − λn,H , gi

(14)

∀ (µP,h , µn,H , µt,H ) ∈ ΛP,h × Λn,H × Λt,H .

We solve the discrete problem using the techniques described in [1], where the elasto-plastic
part is formulated in primal form using a suitable projection. The plastic Lagrange multiplier
λP,h is determined in a simple post
step, cf. [2, Section
4.3]. The discretization is

P2processing
−1
2
−1
inf-sup-stable provided the term m=1 hH max{1, q} p
is small enough indepently of
the discretization parameters. Numerical experiments show that the choice q = p − 1 and
H = 2 max{h1 , h2 } leads to a stable discretization. However, this condition has to be ensured
on adaptive meshes, locally.

Residual a posteriori error estimation
With respect to the reliability and efficiency of a residual type a posteriori error estimator, the
following result holds:
Proposition 1. There exist positve constants C, C0 , and C1 such that
kw − wh k2W + kλP − λP,h k20 + kλn − λn,H k2−1/2 + kλt − λt,H k2−1/2
≤ Cη 2 ((λP,h )1 , (λn,H )+ , (λt,H )s )

and
2

η ((λP,h )1 , (λn,H )+ , (λt,H )s ) ≤ C0 kw −

wh k2W

+

2
X

m=1

+ kλt − λt,H k2−1/2,Γ1

C

150

!

m 2
2
kλm
P − λP,h k0,Γ1 + kλn − λn,H k−1/2,Γ1
C

C

+ C1 kw − wh kW + osc2h (fΩ ) + osc2h (fN ).
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10−1

p = 1 uniform
p = 1 adaptive
p = 3 uniform
p = 3 adaptive
p = 6 uniform
p = 6 adaptive
O(h)
O(h3 )
O(h6 )

η

10−2

10−3

10−4

102
103
104
105
Number of elements

(a) Adaptive mesh

(b) Convergence

Figure 1. Adaptive mesh for polynomial degree p = 6 and convergence results for different polynomial
degrees.

Here, (λP,h )1 , (λn,H )+ , and (λt,H )s are projections on the admissible sets of the discrete Lagrange
multipliers. The data oscillation concerning the given problem data is denoted by osch . The
error estimator is given by
2
η 2 (µP , µn , µt ) := ηR
+

2
X

m=1

m 2
2
2
kλm
P,h − µP k0 + kλn,H − µn k−1/2,Γ1 + kλt,H − µt k−1/2,Γ1
C

C

+ k([uh ]n − g)+ k21/2,Γ1 + |(λn,H , ([uh ]n − g)+ )0,Γ1 | + |hµn , g − [uh ]n i|
C

C

+ ΨF (wh ) − hµt , [uh ]t i + ΨP (wh ) −

2
X

m m
(µm
P , σ0 ph )0 ,

m=1

where ηR is the standard residual error estimator, ΨF corresponds to the frictional energy and
ΨP to the plastic one.
Proof. [2, Korollar 1 and Satz 12].

Numerical results
We shortly present numerical results taken from [2, Beispiel 4]. Here, we consider an elasticplastic two body contact problem in 2D with a complex nonlinear friction law. In Figure 1(a),
an adaptive mesh for a polynomial degree of 6 is shown. Here, the boundary of the plastic zone
and the switching points between stick and slip are well resolved. The behaviour of the adaptive
algorithm is presented in Figure 1(b). We found here that the optimal order of convergence is
obtained using the adaptive algorithm for the different polynomial degrees.

Conclusions
In this article, we have presented a residual a posteriori error estimator for elasto-plastic two body
contact problems, which is reliable and suboptimal efficient. Numerical results substantiate that
the adpative algorithm based on it leads to optimal convergence of the underlying discretization.
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Time-adaptive non-linear finite-element analysis
of contact problems
Matthias Grafenhorst1 * and Stefan Hartmann1
Micro Abstract
In recent years, mortar finite element methods have been successfully applied as space discretization
scheme to a wide range of contact problems. The finite deformation contact formulation taken
up is based on a mortar approach using dual Lagrange multipliers. If the constitutive models
are of rate-type, the entire system of equations represents a non-smooth DAE-system. This system will be investigated in connection with higher-order time integration methods using DIRK-methods.
1
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Introduction
In this contribution, we show the applicability of diagonally implicit Runge-Kutta schemes
(DIRK) for the time discretization of geometrically non-linear problems in computational contact
mechanics. The spatial discretization framework is based on a mortar finite element method
using a dual Lagrange multiplier method as the constraint enforcement technique.

Space and time discretization
The numerical treatment of contact problems in the field of solid and structural dynamics with
constitutive equations of evolutionary type, is detailed in this work as a solution procedure of
differential-algebraic equations (DAEs) related to the consistent application of the method of
vertical lines, see [1] and the literature cited therein. After performing the spatial discretization
using standard finite elements and a mortar finite element discretization technique for the contact
interface, see [2–4, 8–11], we arrive at a DAE-system which is defined by
M ü(t) = −gu (u, λ, q, t) − M ü(t),
q̇(t) = rQ (u, q, t),

gu (u, λ, q, t) = fint (u, q, t) − fext (u, t) + fc (u, λ), (1)
(2)

Cn (u, λ) = {Cni (u, λi )} = 0,

(3)

CT (u, u̇, λ) = {CTi (u, u̇, λi )} = 0,
u(t0 ) = u0 ,

u̇(t0 ) = v0 ,

(4)

q(t0 ) = q0 .

(5)

In this global DAE-system, the unkowns are the nodal displacements u(t) ∈ Rnuu , the internal
variables q(t) ∈ RnQ , which describe the history of the material behaviour and are given by
ordinary differential equations (2), and the global Lagrange multiplier λ(t) ∈ RnuuS , nuuS = 3×nnS ,
carrying for all nnS slave nodes with the individual nodal Lagrange multiplier vector λi ∈ R3 ,
i ∈ S. The non-linear force residual gu ∈ Rnuu comprises contributions from internal and external
forces fint ∈ Rnuu and fext ∈ Rnuu as well as contact forces fc ∈ Rnuu which willbe discussed
T
T
in more detail below. By sorting the unknown nodal displacements uT = uT
N , uS , uM ,
nuu = nuuN + nuuS + nuuM , into the three groups S (slave), M (master) and N (remaining)
comprising nodes or degree of freedoms, contact forces are given as


0
fc (u, λ) = B̂(u)λ =  D̂ T (u)  λ.
(6)
T
−M̂ (u)
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The so-called mortar matrices are given by
h
i
D̂(u) = D̂ ij (u) ∈ RnuuS ×nuuS

h
i
and M̂(u) = M̂ ik (u) ∈ RnuuS ×nuuM

(7)

The nodal blocks D̂ ij ∈ R3×3 and M̂ ik ∈ R3×3 are defined by
D̂ ij (u) =
M̂ ik (u) =

Z

(1)

h(1)
γc

Z

h(1)

γc

Mi Nj

dγ I3 ,



(2)
Mi Nk ◦ χhγc dγ I3 ,
(1)

i ∈ S,

j ∈ S,

(8)

i ∈ S,

k ∈ M,

(9)

(2)

with the identity matrix I3 ∈ R3×3 . In (8) and (9), Nj and Nk represent the slave side and
master side shape functions, Mi are the dual Lagrange multiplier shape functions as particular
h(1)
h(2)
choice for the Lagrange multiplier interpolation, see e.g. [10]. Moreover, χhγc : γc × I → γc
defines a discrete approximation of the actual smooth contact mapping for a transformation
h(1)
h(2)
between the slave surface γc
and the master surface γc
in the current configuration, see
e.g. [10]. Similarly, spatial discretization of the weak non-penetration constraint yields the
weighted nodal gap,


X

X
(1)
(2)
g̃i (u) = −nT
D̂
x
−
M̂
x
(10)
ij
ik
i
j
k 

j∈S

k∈M

for each slave node i ∈ S and the spatial discretization of the weak frictional sliding conditions
according to Coulomb friction, yields a discrete relative tangential velocity given by
ṽ Ti =



ṽξi
ṽηi



=

−τ T
i

(X
)
˙ (1) X ˙
(2)
M̂ ik xk
D̂ ij xj −
∈ R2 ,
j∈S

k∈M

i ∈ S,

(11)

such that the requirement of frame indifference is satisfied. In (10), ni represents at each slave
node i ∈ S an averaged nodal unit normal, see [13]. Further, at each slave node i ∈ S, two
orthonormal unit tangent vectors τ ξi and
 τ ηi are
 constructed from the averaged normal ni ,
which are compiled in the matrix τ i = τ ξi , τ ηi ∈ R3×2 . According to [9, 10] for resolving
the contact non-linearity introduced by the discretized KKT-type constraints for normal and
tangential contact, a primal-dual active set strategy is employed which reformulates the KKT
conditions as equality constraints, see (3) and (4), with the help of a nodal-wise defined non-linear
complementarity function for normal contact
Cni (u, λi ) = λni − max(0, λni − cn g̃i ),

cn > 0

(12)

and the nonlinear complementarity function for the frictional sliding contact
CTi (u, u̇, λi ) =



Cξi
Cηi



= max (µc (λni − cn g̃i ), kλTi + cτ ṽ Ti k) λTi
− µc max(0, λni − cn g̃i ) {λTi + cτ ṽ Ti } , ∈ R2 ,

cn > 0,

cτ > 0. (13)

The expression λni = nT
i λi , denotes the projection of the nodal Lagrange multiplier λi in the
2
normal direction and λTi = τ T
i λi ∈ R , defines the projection of λi in the tangential plane.
Further details on the actual numerical implementation for the applied mortar method can
be found in [2–4, 8–11]. For the temporal discretization of the DAE-system, high-order, stiffly
accurate, diagonally implicit Runge-Kutta schemes (DIRK) are applied, see e.g. [5]. Applying
this procedure to the DAE-system defined by (1)-(5) yields in each stage the system of non-linear
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equations,
Gu (Uni , λni , Qni ) = M

S
Uni − Uni
+ gu (Uni , λni , Qni , Tni ) + M ü(Tni ) = 0,
∆tn2 āii

S
Qni − Qni
− rQ (Uni , Qni , Tni ) = 0,
∆tn aii
Cn (Uni , λni ) = 0,

L(Uni , Qni ) =

(14)
(15)
(16)

CT (Uni , λni ) = 0.

(17)

These equations depend on the stage values Uni , λni and Qni , P
with the stage time Tni = tn +ci ∆tn ,
the time step-size ∆tn , the weighting factors ci , aij , āij = sk=1 āik ākj of the implicit s-stage
DIRK-method and the known starting vectors
S
Uni

= un + ci ∆tn vn +

∆t2n

i−1
X

āij Anj ,

S
Qni

= qn + ∆tn

j=1

i−1
X

aij Q̇ nj .

(18)

j=1

After solving (14)-(17) by using a semi-smooth Multilevel-Newton algorithm, the stage derivatives
Ani and Q̇ ni will be computed by
Ani =

S
Uni − Uni
∆tn2 āii

and

Q̇ ni =

S
Qni − Qni
.
∆tn aii

(19)

Due to the stiff accuracy, the solution variables in the last stage concide with the the new
solution at time tn+1 . Moreover, this property ensures constraint enforcement at the end-point
tn+1 .

Ironing example
For the numerical example, a half-cylindrical elastic die (Neo–Hookean model, K = 1.75 × 105 MPa,
c10 = 4 × 104 MPa) intruding and sliding into a viscoelastic block (finite strain viscoelasticity
model, see [7]) with material parameters specified in Tab. 1 is investigated, see also [8, 12]. The
geometry, applied boundary and load conditions of the quasi-static problem are depicted in
Fig. 1. For the space discretization, 8-node hexahedral Q1P0-elements are considered yielding
bilinear interpolation on contact surfaces. Furthermore, we assume the contact interaction to
be frictionless. The initial conditions are zero. For the illustrated problem, the integration
methods detailed in Table 2 are analyzed in view of their expected and achieved temporal
convergence order for the displacement field and the internal variables, see Fig. 3. Due to the
lack of smoothness in the time domain, we report comparable to problems in plasticity, see
e.g. [1], an order reduction where the third order of the Alex3/Cash method is not attained. The
other methods reach their theoretical orders. For further information regarding the four applied
DIRK-methods, we refer to [1]. The resulting deformation, von Mises stress and Lagrange
multiplier distribution are illustrated for t = 1 s in Fig. 2 for the reference solution (Alex3/Cash,
∆tn = 2.5 × 10−4 s).

Conclusions
One major advantage of high-order DIRK time-integration methods is a computationally efficient
time-step control provided by an embedded technique, see [6]. The error of the various stage
Table 1. Material parameters for the finite strain viscoelasticity model according to [7]

K
N/mm2

c10
N/mm2

c01
N/mm2

c30
N/mm2

µ
N/mm2

η0
N s/mm2

s
MPa−1

103

0.264

0.5

1.9 × 10−2

0.2

180

10−3
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h(2)

γc

h(1)

R2.8

0.5

y

4
3.5
3
2.5
2
1.5
1
0.5
0

4

ūx in mm

R3

γc

5.2

3

0.6
x

z

uT = 0 0 0

-4
-3.5
-3
-2.5
-2
-1.5
-1
-0.5
0

ūy (t)
ūx (t)

0

0.2 0.4 0.6 0.8

9

ūy in mm


uT = ūx (t) ūy (t) 0

1

t in s

(a) Geometry, boundary conditions (units in mm)

(b) Loading path

Figure 1. Ironing example
~λ in MPa

uy in mm
1.70e-02
-1.12e-01
-2.41e-01
-3.70e-01
-4.99e-01
-6.28e-01
-7.57e-01
-8.86e-01
-1.02e+00
-1.14e+00

y

z

x

(a) Displacement

σV in MPa
5.00e+00
4.44e+00
3.89e+00
3.33e+00
2.78e+00
2.22e+00
1.67e+00
1.11e+00
5.56e-01
0.00e+00

y

z

x

7.5
6.6667
5.8333
5
4.1667
3.3333
2.5
1.6667
0.83333
0

y

z

(b) Von Mises stress

x

(c) Lagrange multiplier

Figure 2. Displacement, von Mises stress and Lagrange multiplier distribution for reference solution
(Alex3/Cash, ∆tn = 2.5 × 10−4 s) at t = 1 s

quantities is approximated by an embedded Runge-Kutta method which is one order lower than
the original method. In this case, only function evaluations are necessary for determining the
error and the time-step is controlled so that the error remains under a prescribed tolerance. As
a prerequisite for this efficient adaptive time-step control, a corresponding temporal convergence
behaviour has to be ensured. This seems to be the case for DIRK-methods for frictionless contact
problems.
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1e-09

BE
Alex2/Ell

1e-10

Trapez/CAA
Alex3/Cash

1e-12
1e-03

1e-08
BE
Alex2/Ell
Trapez/CAA
Alex3/Cash

1e-11
1e-03

1e-02

∆tn in s

1e-02

∆tn in s

(a) Global error in displacement field

(b) Global error for internal variables

Figure 3. Convergence behavior for temporal order analysis

[3] M. Gitterle. A dual mortar formulation for finite deformation frictional contact problems
including wear and thermal coupling. PhD thesis, Technische Universität München, Institute
for Computational Mechanics, 2012.
[4] M. Gitterle, A. Popp, M. W. Gee, and W. A. Wall. Finite deformation frictional mortar
contact using a semi-smooth newton method with consistent linearization. International
Journal for Numerical Methods in Engineering, 84(5):543–571, 2010.
[5] M. Grafenhorst, J. Rang, and S. Hartmann. Time-adaptive finite element simulations
of dynamical problems for temperature-dependent materials. Journal of Mechanics of
Materials and Structures, 12(1):57–91, jan 2017.
[6] E. Hairer and G. Wanner. Solving Ordinary Differential Equations II. Springer, Berlin, 2nd
revised edition, 1996.
[7] S. Hartmann. Computation in finite strain viscoelasticity: finite elements based on the
interpretation as differential-algebraic equations. Computer Methods in Applied Mechanics
and Engineering, 191(13-14):1439–1470, 2002.
[8] A. Popp. Mortar Methods for Computational Contact Mechanics and General Interface
Problems. PhD thesis, Technische Universität München, Institute for Computational
Mechanics, 2012.
[9] A. Popp, M. W. Gee, and W. A. Wall. A finite deformation mortar contact formulation
using a primal-dual active set strategy. International Journal for Numerical Methods in
Engineering, 79(11):1354–1391, sep 2009.
[10] A. Popp, M. Gitterle, M. W. Gee, and W. A. Wall. A dual mortar approach for 3d finite
deformation contact with consistent linearization. International Journal for Numerical
Methods in Engineering, 83(11):1428–1465, 2010.
[11] A. Popp, A. Seitz, M. W. Gee, and W. A. Wall. Improved robustness and consistency of
3D contact algorithms based on a dual mortar approach. Computer Methods in Applied
Mechanics and Engineering, 264:67–80, sep 2013.
[12] M. A. Puso and T. A. Laursen. A mortar segment-to-segment contact method for large
deformation solid mechanics. Computer Methods in Applied Mechanics and Engineering,
193(6-8):601–629, 2004.
[13] B. Yang, T. A. Laursen, and X. Meng. Two dimensional mortar contact methods for large
deformation frictional sliding. International Journal for Numerical Methods in Engineering,
62(9):1183–1225, 2005.
156

MS05

Computational Contact Mechanics
Proceedings of the 7th GACM Colloquium on Computational Mechanics
for Young Scientists from Academia and Industry
October 11-13, 2017 in Stuttgart, Germany

BFGS quasi-Newton finite element solver for
the penalty constrained contact problems
Dusan Gabriel1 *, Ján Kopačka1 , Petr Parik1 , Jan Masak1 and Jiřı́ Plešek1
Micro Abstract
A solution scheme for the penalty constrained contact problems is presented. The algorithm employes
popular quasi-Newton solver for FE applications-the BFGS (Broyden-Fletcher-Goldfarb-Shanno)
method with contact constraints enforced by the penalty method. The effectiveness of proposed
solution strategy is tested by means of benchmark examples including bending dominated problems.
Finally, the capability of contact solver is demonstrated in creep analysis of high pressure steam
turbine casing.
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Introduction
The iteration scheme used most frequently for the solution of nonlinear finite element (FE)
equations is the Newton-Raphson method. It is well known that the local convergence property
of the Newton iteration is difficult to achieve even when an emphasis is laid on the use of
consistent tangent stiffness matrices for contact analysis [3–5] based on the correct derivation
of gradient matrix. Moreover, excessive changes in the active constraint set may occur during
the iteration process and totally change the basic system of equations. In this case, quadratic
convergence can no longer be expected.
A very good alternative is offered by a class of methods known as the quasi-Newton methods.
The quasi-Newton solvers construct an algorithmic secant matrix based on the series of successive
approximations to the solution, using the current and previous iteration steps. Therefore, no
full linearization of the contact constraint is required in the solution of contact problems within
the framework of the quasi-Newton strategies.
In this work, the most popular quasi-Newton solvers for FE applications, the BFGS (BroydenFletcher-Goldfarb-Shanno) method is considered [2]. The modification of the BFGS method is
outlined for constrained non-linear system that results from the FE discretization of contact
problem. The contact conditions are enforced by the penalty method [1]. The effectiveness of
proposed solution strategy is tested by means of benchmark examples including two cubes contact
and bending of two cantilever beams. Finally, the capability of contact solver is demonstrated in
creep analysis of high pressure steam turbine casing.

1 A simple model problem
In order to demonstrate the behaviour of the proposed solution scheme, we now present a
solution of a simple model problem [1]. We consider a one-dimensional, one degree of freedom
mechanical system, subject to a single constraint: a simple linear spring with stiffness k, whose
right end contacts against an obstacle. The spring is loaded by external force Fext (see Fig. 1).
This contact imposes a unilateral constraint on unknown displacement u, allowing a gap to open
but preventing from penetration. The solution to this system is apparent: if Fext < 0, then
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u = Fext /k; if Fext ≥ 0, then u = 0 to avoid penetration.
xx
xx
xx
xx

xx
xx
x
xx
xxxx

k

Fs

xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xx
xxxxxxx
xxxxx
xxxxx
xxxxx
xxxxx
xxxxx

xx
xx

Fext

x

Fext F
c

x

u
Figure 1. Simple one dimensional spring system subject to a single constraint.

Denoting by Fs the force produced by the spring and Fc = ξd the penalty force expressed as
a linear function of the penetration depth d multiplied by penalty parameter ξ, equilibrium is
enforced through the definition of the residual force G
G = Fs + Fc − Fext .

(1)

When G = 0, the equilibrium condition is satisfied. In addition to the equilibrium condition (1),
u and Fc are subject to the contact conditions
u≤0

Fc ≥ 0

Fc u = 0.

(2)

A graphical illustration of solution of this example with penalty constraint, plotted as the
residual force G versus u, is shown in Fig. 2, which represents polygonal characteristic (solid
line) with slopes given by the penalty parameter ξ (for u > 0) and the spring stiffness k (for
u < 0), denoted by KCS = 1. We should emphasize that the final numerical solution (G = 0) is
always entailed by undesirable penetration dfinal , which violates conditions (2).
Now, we demonstrate the BFGS and modified Newton-Raphson (MNR) iteration process. Both
methods start at point ‘0’ directed by initial stiffness k toward point ‘1’ corresponding to elastic
solution uelastic for unconstrained spring. There contact force Fc induces an increase of the
residual G. As a result, the spring rebounds to point ‘2’, from where the MNR method keeping
initial direction regresses to point ‘1’ and the cycle is repeated. The BFGS method using
algorithmic secant based on the curent and previous iteration step gradually drifts to the solution
but the convergence is very slow (points ‘3’, ‘4’,...).
In order to improve the convergence properties we fix spring to obstacle by penalty force after
initial bounce has been encountered. In graphical interpretation it represents the replacement
of the spring part of characteristic with penalty one for u < 0 (dash-and-dot line), denoted by
KCS = 0 in Fig. 2. Then, the solution of the spring model is obtained in three steps for the
BFGS method (points ‘2∗ ’, ‘3∗ ’), whereas the MNR method still diverges.

2 The modified BFGS algorithm
Now, we generalize the discussion of this simple model by considering the multiple degrees of
freedom discrete system of governing equilibrium equations (see equation (18) in [1]), which is
useful to rewrite in the form of the residual vector g(ui )
g(ui ) = F(ui ) − R(ui ) − Rc1 (ui ) − Rc2 (ui )
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Figure 2. The BFGS and MNR iterations for a single degree of freedom system with penalty constraint.

or briefly
gi = Fi − Ri − Rc1i − Rc2i .

(4)

The vectors u, F, R and Rc1 , Rc2 are of length LSOL. The vectors Rc1 , Rc2 contain penalty forces
resulting from FE discretization. Similarly, as in one dimensional example the iteration process is
controlled by setting of key KCS: KCS = 1 means that contact search is performed while KCS = 0
corresponds to the case when existing contact surfaces are only re-established regardless of sign
the penetration dIG [1]. The implementation of the BFGS algorithm for constrained nonlinear
system is outlined in Template 1.
The crucial point of the algorithm is the following: after the contact search has been performed
in the evaluation of g(u0 ) the assigned contact surfaces are sticked together by penalty tractions
(KCS = 0) regardless of their signs. In a general 3D case it cannot be expected that the next
approximation will find solution g(u) as in the model example, thus the calculation must
be performed until the equilibrium is reached. Then, the verification of the correct contact
state (step 3) is necessary since tension tractions can occur on contact boundaries. All the
penalty constraints are removed and the convergence condition is tested again with KCS = 1.
If it is not satisfied, the algorithm continues with the iteration process with re-initialization
K̃0 = Kelastic , u0 = uc and KCS = 1 by returning to step 2.
In fact, the box is virtually identical to the BFGS implementation [2], which is executed twice,
firstly with KCS = 0 and then again with KCS = 1. The converged solution of the first run uc
serves as an approximation for the second one. The capability of this procedure was confirmed
in a number of problems [1].

3 Numerical examples
3.1 Two cubes contact
Let us consider the two cubes shown in Fig. 3 subjected to uniformly distributed pressure p,
interacting over their common contact interface. The pressure acting on bottom face is replaced
with the equivalent reactions introduced by appropriate boundary conditions. The top cube is
suspended on soft regularization springs of total stiffness k.
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Template 1, The modified BFGS algorithm for constrained nonlinear system.
1. Initialize the iteration process
(a) Set initial parameters: i = 0, KCS = 1
(b) Initialize values: R0 , K̃0 = Kelastic , u0 = uelastic (initial guess)
(c) Evaluate: K̃−1
0 , g(0), g(u0 )
(d) Set key: KCS = 0
2. Loop on i (iteration counter) for equilibrium
(a) Compute search direction: K̃i di+1 = g(ui )
(b) Line search and solution vector update:
i. Evaluate G(0) = dT
i+1 g(ui )
ii. Loop over β; β ∈ {βk } = {1, 2, 4, 8, 16}
• Evaluate: G(β) = dT
i+1 g(ui + βdi+1 )
• IF G(β) ≤ STOL ∗ G(0) THEN go to step iii
• IF G(β) changed its sign THEN
– finer adjustment of β ∈ hβk−1 , βk i by means of accelerated secant method
(Illinois algorithm [2])
ENDIF
iii. Update: ui+1 = ui + βdi+1
(c) Equilibrium check IF (kg(ui+1 )k < RTOLkg(0)k) THEN
• IF (KCS = 1) THEN equilibrium achieved → EXIT
• go to step 3
ENDIF
(d) Increment iteration counter: i = i + 1
s
(e) Stability check
βG0
i. Evaluate the condition number: c =
G0 − G(β)
ii. IF c > ccrit ≈ 5 THEN
• Take previous quasi-secant matrix: K̃i = K̃i−1
• go to step 2a
(f) Perform BFGS update
i. Evaluate: ∆ui = ui − ui−1 , ∆gi = g(ui ) − g(ui−1 )
ii. Compute
s BFGS auxiliary vectors:
∆uT
i ∆gi
vi = −
K̃i−1 ∆ui − ∆gi
T
∆ui K̃i−1 ∆ui
i
wi = ∆u
∆uT
i gi
iii. Compute the inverse quasi-secant matrix:
−1
T
T
K̃−1
i = (I + wi vi )K̃i−1 (I + vi wi )
iv. go to step 2a

3. Check on correct contact state on contact boudaries
(a) Re-initialize values: K̃0 = Kelastic , u0 = uc
(b) go to step 2
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This example demonstrates a generalization of a simple one-dimensional spring model described
in Section 1. We investigated an accuracy of the numerical solution for various values of the
penalty parameter ξ and for different stiffnesses of the regularization springs k. The stiffness k
was by several orders of magnitude smaller than the stiffnesses of the cubes so that the results
were not significantly affected. The performace of both linear and quadratic isoparametric
serendipity elements was tested.
p
l
contact
interface
l

Figure 3. Two cubes subjected to uniformly distributed pressure p, interacting over their common contact
interface. Geometry: length l = 1 [m]. Material properties: Young modulus E = 2.1 × 105 [MPa], Poisson’s
ratio ν = 0.3. Loading: p = 10 [MPa].

The results are summarized in Tab. 1, where relative displacement errors  calculated as the
magnitudes of penetrations related to the displacements of cubes and the numbers of iterations
NITER (linear elements/quadratic elements) are shown. The divergence of calculation is denoted
by symbol ‘***’, the results were obtained within one load step.
k
[N/m]
106
107
108
109

1012
NITER [%]
5/11
5/9
5/7
4/5

20
20
20
20

1013
NITER [%]
8/16
5/15
5/12
4/9

2
2
2
2

ξ[N/m3 ]
1014
NITER [%]
11/***
8/***
8/14
5/13

0.2
0.2
0.2
0.2

1015
NITER
[%]
***/***
11/***
9/***
9/17

***
0.02
0.02
0.02

1016
NITER
[%]
***/***
***/***
9/***
8/***

***
***
0.002
0.002

Table 1. Relative displacement errors  and numbers of iterations NITER.

Similarly, as in one dimensional example the initial rebound of the top cube arose. Its amount,
which was directly proportional to ξ and inversely proportional to k, was enormous (e.g. for
ξ = 1014 [N/m3 ] and k = 107 [N/m] the initial rebound was 107 [m]). Although it was reduced
by the line search the nodal diplacements were affected by round-off errors leading to the
distortion of the contact plane. This explains the increase of number of iterations NITER or
even the divergence of the calculation of normal vector with increasing ξ or with decreasing k
in Tab. 1. This effect is particulary apparent for quadratic mesh since a larger distortion of
contact plane occurs. Note that a number of iterations is always greater than three in contrast
to one dimensional spring model. It is caused by the 3D effect when besides huge rebound large
compression of the top cube occurs due to presence of regularization springs.
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3.2 Contact between two cantilever beams
Let us consider the contact between two cantilever beams shown in Fig. 4. The example was
adopted from Reference [6]. The problem was treated as plane stress one discretized using
eight-node quadratic serendipity elements. The FE analysis took into account large displacements
and rotations in the total Lagrangian formulation (TLF). The value of the penalty parameter
was set to ξ = 109 [N/m3 ].

HhH

p

L
Figure 4. Contact of two cantilever beams. Geometry: length L = 1000 [mm], height H = 20 [mm], inital
gap h = 10 [mm], thickness t = 20 [mm]. Material properties: Young modulus E = 2.1 × 105 [MPa] and
Poisson’s ratio ν = 0.3. Loading: p = 0.5 [MPa]

The deformed configuration of FE model for large displacement analysis is shown in Fig. 6. For
illustration, the elastic solution which serves as initial guess is plotted in Fig. 5. It is clear
that starting approximation is very far from final contact solution. Alternatively, approximated
contact matrix can be more convenient used instead of initial elastic matrix as it will be shown
in the presentation. Note that the total load was applied within ten load substeps. This example
nicely demonstrates the the capability of the modified BFGS algorithm for the solutions of
bending dominated problems.

Figure 5. The deformed configuration of the
beams—initial linear solution.

Figure 6. The deformed configuration of the
beams—contact solution including large displacement.

Conclusions
In this work, a solution scheme for the FE solution of contact problems was presented. The
proposed technique uses the BFGS method modified for constrained nonlinear system enforced
by the penalty method. For the improvement of the convergence properties the iteration process
was divided into two steps. After the contact search had been performed the assigned contact
surfaces were connected together by the penalty tractions regardless of the sign of the reaction
forces. The converged solution of this run served as an approximation for the second one,
where the contact search was applied as usual. The effectiveness of proposed solution strategy
was tested by means of benchmark examples including two cubes contact and bending of two
cantilever beams. In the presentation, the capability of contact solver will be demonstrated in
creep analysis of high pressure steam turbine casing.
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Singular mass matrices for isogeometric finite
element analysis of dynamic contact
Anton Tkachuk1 *, Martina Matzen2 , Radek Kolman3 and Manfred Bischoff1
Micro Abstract
Usage of standard mass matrices together with implicit time integration leads to temporal oscillations
of contact forces and losses/gains of energy at each contact event. Redistribution of the mass from
nodes that are potentially coming into contact and removing the term corresponding to contact
forces from the predictor of the Newmark method alleviates both problems. In this contribution
a mass redistribution for solid isogeometric FE’s is presented and results of numerical tests are discussed.
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Introduction
Accurate numerical schemes for impact response is still a challenging and open problem and
area of active research. The main issues for implicit time integration schemes are large temporal
oscillation of contact forces and losses/gains of energy at each contact event (activation and
release from contact). The latter issue can be addressed with modification of the predictor in
the Newmark method as proposed in [5, 7]. The former issue can be efficiently resolved for
standard Lagrange elements by redistributing mass from contact surface to inner nodes [6] or for
thin-walled elements by redistributing mass in neutral line/surface [8, 13]. Recently, spline-based
finite elements got substantial attention because of their superior approximation properties for
smooth problems and direct connection with data representation in CAD. Thus, the spline-based
approximation in the domain can be combined with modified Newmark time discretization and
mass modification techniques to get superior results for dynamic contact problems.
The goal of this contribution is to present a method for stabilization of contact forces in impact
problems based on singular mass matrices proposed in [9] and to quantify the grid dispersion
error introduced by the novel mass matrix.

1 Spatial and temporal discretization
1.1 Redistribution of mass from contact surface to inner nodes
The mass redistribution formulation should fullfil following conditions: zero mass at each
contact node, symmetry and positive semi-definiteness of the mass matrix, preservation of the
translational mass and mask of consistent mass, simplicity of construction. The motivation for
zero mass is reduction of differential index of the underlying semidiscrite differential-algebraic
equation system and improved stability of contact algorithm, see details in [6, 8]. Non-symmetric
masses is difficult to explain physically and any negative eigenvalue of a mass matrix leads to an
unconditionally unstable solution. Keeping the translational mass is necessary for consistency
of the method. Finally, usage of the mask of the consistent mass for a modified mass does not
require any changes in sparse matrix management inside the code and simplicity of construction
keeps the computational cost low. The modified quadrature rule proposed in [6] satisfies these
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Figure 1. Standard quadratic B-Splines for one element (left) and their modification due to a possible
contact at node 3 with γs = 0.5 (right). The lumped masses at the nodes are given by a size of solid circle
and a number above.

conditions only for bulk bodies and interpolatory shape functions, e.g. standard Lagrange. The
hybrid-mixed methods proposed [8, 13] require that contact
nodes possess displacement shape
R
functions being orthogonal to a constant velocity, i.e. Ω ρN · 1 dV = 0. The total positivity
property of B-Splines and its common extensions is not compatible with the orthogonality
condition. Thus, an alternative method for the B-Spline-based discretization is needed. Here, a
formulation proposed in [9, 11] is pursuit. The modified mass matrix is computed with modified
shape functions Nm with
Z
Z
T
Mm,cons =
ρNm Nm dV ,
Mm,lumped =
ρNm dV .
(1)
Ω

Ω

The modification of the shape function is done via redistribution of the shape function to
neigboring nodes. This redistribution is illustrated on the example of single quadratic element
N1 (η) = (1 − η)2 ,

N2 (η) = (1 − η 2 ),
2

N3 (η) = η ,

N1,m (η) = N1 (η) + γs N3 (η)

(2)

N2,m (η) = N2 (η) + (1 − γs )N3 (η),

(3)

N3,m (η) = 0,

(4)

where a contact at the node associated with the shape function N3 is expected. The shape
functions are also shown on Figure 1. Such a redistribution preserves the trasnlational mass and
fulfills the rest of the conditions on the mass matrix. Equal redistribution with γs = 0.5 is used
for quadratic B-Spline/NURBS functions everywhere below.
External and internal forces (f ext , f int ) are obtained with standard finite element procedure. The
point-to-segment contact formulation is used herein [9] which results in a contact residual f c .
Finally, we arrive to the semidiscrite equation of motion
MÜ = f ext − f int − f c ,

(5)

¨ is second derivative in time.
where M is some mass matrix, U is the displacement vector and (·)
1.2 Modified Newmark integration
In this subsection time integration schemes for regular and singular mass matrices are presented.
The former is the contact modified formulation of Kane et al. [7], which is shortly summarized
for regular mass matrix. The latter is adjustment of the same formulation of Kane et al. [7] to
singular mass matrices. For simplicity, a damping forces and corresponding terms are omitted.
The modified Newmark method is based on an additive split of the acceleration vector in contact
and non-contact parts
Ü = Üint + Üc ,

MÜint = f ext − f int ,

MÜc = −f c ,

(6)

denoted with (·)c and (·)int , respectively. The modified corrector treats the contact forces in
pure implicit manner
1 2 c
Un+1 = Ũn+1 + ∆t2 β Üint
n+1 + ∆t Ün+1 ,
2
165

˙
int
c
U̇n+1 = Ũ
n+1 + ∆tγ Ün+1 + ∆tÜn+1 ,

(7)
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with a corresponding modified predictor
1
Ũn+1 = Un + ∆tU̇n + ∆t2 (1 − 2β)Üint
n ,
2

˙
int
Ũ
n+1 = U̇n + ∆t(1 − γ)Ün ,

(8)

where β and γ are parameters of Newmark method and ∆t is the time step. Substitution of the
corrector in the equilibrium yields the following implicit equation for β > 0


1
1 c
ext
int
M
U
−
Ũ
= fn+1
− fn+1
−
f
n+1
n+1
2
β∆t
2β n+1
with a liniarization with respect to displacement Un+1


1
1 c
1
ext
int
kin
− fn+1
− fn+1
−
M + KT +
Kc ∆Un+1 = fn+1
f
.
2
β∆t
2β
2β n+1

(9)

(10)

c
int
/dUn+1 is the tangent stiffness matrix, Kc = dfn+1
/dUn+1 is the contact stiffness
Here, KT = dfn+1
kin
2
M
Ũ
and fn+1 =
n+1/β∆t is the part of the residual due to the inertia forces. This time integration
is strictly dissipative for the regular mass matrices as proven in Kane et al. [7]. However, the
total loss of the total energy can be unacceptable as it shown in the example below.

In case of singular mass matrix with zero masses at contact nodes equation MÜc = −f c is
inconsistent because non-zero components of contact force vectors correspont to zero rows of the
mass matrix. Therefore a split of the global vectors in innner and contact nodes must be done
and different predictor and corrector formulas are valid for corresponding DOF’s. Subvectors
corresponding to inner and contact nodes are denoted by superscripts (.)i and (.)c , respectively.
Thus, the equilibrium equation for inner and contact nodes at time tn+1 reads


1
int,i
ext,i
i
i
i
U
−
Ũ
M
n+1
n+1 = fn+1 − fn+1 ,
β∆t2

(11)

int,c
ext,c
c
− fn+1
.
− fn+1
0 = fn+1

(12)

The liniarization of these equation can be performed as before.

2 Analytical grid dispersion analysis of Rayleigh-Lamb waves
Accuracy of a spatial semi-discretization for transient problems can be studied using the grid
dispersion analysis (GDA). This analysis provides relation between the frequency of discretized
propagating wave ω h and the wave vector k referred here as dispersion relation. The difference
between the discrete and a known analytical dispersion relations indicates the error of the spatial
discretization. GDA was initially applied to study accuracy of finite difference schemes, but it
was lately also used for standard and isogeometric finite elements in [10] and [3], respectively.
Here, GDA is performed for a thin plate that guides the Rayleigh-Lamb waves. Quadratic
B-Splines are used for discretization in thickness and length direction. Both consistent and
singular mass matrix presented above are considered.
Rayleigh-Lamb waves have complicated non-linear dispersion relation with multiple symmetric
and anti-symmetric branches [12]. Unfortunately, an explicit form for the dispersion relation
does not exist. Rayleigh-Lamb frequency equation is an implicit form of the dispersion relation
and it reads
tan(qh)
4k 2 pq
=− 2
tan(ph)
(p − q 2 )2

(sym. modes)

tan(qh)
(p2 − q 2 )2
=−
tan(ph)
4k 2 pq

(anti-sym. modes), (13)

where
2h is the thickness p
of the plate, p2 = ω 2 /c2L − k 2 and q 2 = ω 2 /c2T − k 2 . Here, cT =
p
E/(2ρ(1 + ν)) and cL = E(1 − ν)/(ρ(1 + ν)(1 − 2ν)) are the transverse and the longitudinal
wave velocity, respectively. In addition, the wave vector k reduces to a wavenumber k = 2π/λ
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along the only possible wave propagation direction, where λ is the wave length. The highest
importance for the impact problems of thin structures has A0, A1 and S0 branches. A0 and A1
branches correspond to bending and shear dominant branches of a Mindlin plate theory [12]
and S0 is the compressional wave. Accuracy of A0 and S0 at long wave approximation (Taylor
expansion k → 0) is studied below. These reference expressions are taken in a dimensionless
form from [1] w.r.t. dimensionless frequencies Ω = ωh/cT and wavenumber κ = hk
2
2ν 2 (7ν 2 + 10ν − 6) 6
2ν 2
4
κ
+
κ + O(κ8 )
κ2 −
1−ν
3(1 − ν)3
45(1 − ν)5
2
2(7ν − 17) 6
=
κ + O(κ8 ).
κ4 +
3(1 − ν)
45(1 − ν)2

Ω2S0 =

(14)

Ω2A0

(15)

All branches of the discrete dispersion relation are contained in a characteristic equation


C(κ, Ωh ) = det Kdyn (κ, Ωh ) = 0,
(16)

built for a representative patch of the mesh shown on Figure 2. This characteristic equation
contains three symmetric and three asymmetric branches for consistent mass matrix and two
symmetric and two asymmetric branches singular mass matrix, which can be visualized using
numerical root finding, e.g. with help of computer algebra system Maple, see Figure 2. However,
direct computation of the order of accuracy from equation (16) using implicit function theorem
is troublesome. Here, we follow the method of power balance, see [1]. The analytical dispersion
relation for consistent mass matrix and quadratic IGA with three control points per thickness is
obtained as
2
2ν 2
2ν 6 − 18ν 5 + ν 4 + 10ν 2 − 6ν + 1 6
4
κ2 −
κ
−
κ + O(κ8 )
1−ν
3(1 − ν)3
45(1 − ν)5 (1 − 2ν)
2
2ν 2 + 8ν − 29 6
=
κ4 +
κ + O(κ8 ).
3(1 − ν)
45(1 − ν)2

M,2
ΩCM
=
S0

(17)

M,2
ΩCM
A0

(18)

The analytical dispersion relation for singular mass matrices and quadratic IGA with three
control points per thickness is obtained as
2
2(41ν 2 − 10ν − 35) 4
κ2 −
κ + O(κ6 )
1−ν
45(1 − ν)3
2
2ν 2 − 16ν − 25 6
=
κ4 +
κ + O(κ8 ).
3(1 − ν)
45(1 − ν)2

Ωsing,2
=
S0

(19)

Ωsing,2
A0

(20)

Comparison of the Taylor series for the dispersion (15) and (20) shows that the main term of
dispersion relation for the bending branch (A0) is preserved despite mass modification. The main
term of error in the branch (A0) is of 6th order for CMM (18) and for the singular mass (20).
The advantage of CMM over the singular mass shows only in the volumetric branch (S0) yielding
4th vs. 2nd order of accuracy

3 Numerical example
Consider a transient contact problem described on Figure 3. A quarter of an elastic thin
ring bounces onto a rigid planar frictionless obstacle. After several contacts events the ring
re-bounce keeping the total energy of the system. The initial velocity of the ring v0 = 0.5 m/s is
about 3.9 % of shear wave velocity. Therefore, substantial deformation of the ring is expected.
Moreover, the ring undergoes rotation of almost 90◦ due to the series of the impacts. The focus
of the benchmark is to check smoothness of the contact forces, energy preservation and general
robustness of the algorithm. Here, the results obtained with standard lumped mass are compared
with sigular mass matrix given in above.
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Figure 2. Setup for analytical dispersion analysis in a plate discretized with quadratic B-Spline shape
functions (left) and comparison of dispersion relations for CMM and singular mass matrix for aspect ratio
h/b = 2 (right). Results for singular mass are markes with ’s’.

E = 20000 Pa

∆t = 0.05 s

ν = 0.2

tend = 20 s

plane stress

no body forces (gravity=0)

ρ = 100 kg/m

3

mesh 2 × 16 elem.

Rin = 4 m
Rout = 5 m
contact at Greville absc.

g0 = 2 m
v0 = 0.5 m/s

rigid planar obstacle
Figure 3. Setup for the transient benchmark.

Contact modified Newmark algorithm with constant time step 0.05 s and parameters β = 0.25 and
γ = 0.5 is used. The mesh is obtained from single quadratic NURBS patch via standard uniform
knot insertion algorithm. Elastic St.Venant-Kirchhoff material with plane stress assumption is
used. Contact is enforced with Lagrange multipliers method at Greville abscissa. Alternatively,
uniform, Botella [2] or Chebyshev-Demko [4] can be used, but the numerical evidences show no
advantages of using them in comparison with Greville abscissa [9].
The example is computed in in-house code NumPro, see details of the implementation in [9, 11].
The drop tolerance for the total residual is chosen to be 1.0 · 10−8 . Full Gauss quadrature (3 × 3)
is used for the internal force vector and mass matrix calculations.
The results of simulation are presented on Figure 4. The history of the contact force with
standard mass shows higher spikes and more oscillations. Combination of the modified Newmark
algorithm and lumped mass matrix yields reduction of the total energy by 9.5 % after re-bounce
whereas the same time integration with the singular mass yields energy reduction by 0.097 %.
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Figure 4. Evolution of contact force and total energy with lumped mass matrix (above) and singular mass
matrix (below).

Conclusions
Singular mass matrices for isogeometric finite elements improve energy preservation and robustness of analysis of dynamic contact problems. The algorithm with mass redistribution
yields symmetric and positive semi-definite mass matrices that preserve translational mass of
structure, which are minimal conditions for consistency. The grid dispersion analysis of a thin
plate discretized with the modified mass shows that this mass redistribution does not significantly
affect the bending dominated branch. This explains why a transient benchmark with a ring
modeled with few isogeometric element in thickness and the singular mass shows high accuracy
of the solution.
The study here was limited to one value of the mass redistribution parameter γc = 0.5, constant
time step and bi-quadratic fully integrated B-Splines/NURBS elements. Further investigation of
the mass redistribution for different values of γc , bi-cubic B-Splines/NURBS and other integration
strategies can be done.

Acknowledgements
The work was supported by the the bilateral mobility project No. DAAD-16-12 and ProjektID 57219898 funded via DAAD from Federal Ministry of Education and Research. The work of
R. Kolman was also supported by the Centre of Excellence for Nonlinear Dynamic Behaviour
of Advanced Materials in Engineering CZ.02.1.01/0.0/0.0/15 003/0000493 (Excellent Research
Teams) in the framework of Operational Programme Research, Development and Education.

References
[1] F. A. Amirkulova. Dispersion relations for elastic waves in plates and rods. PhD thesis,
Rutgers, The State University of New Jersey, 2011.
[2] O. Botella. On a collocation B-spline method for the solution of the Navier-Stokes equations.
Computers & fluids, 31(4):397–420, 2002.
169

MS05

Computational Contact Mechanics

[3] J. Cottrell, A. Reali, Y. Bazilevs, and T. Hughes. Isogeometric analysis of structural
vibrations. Computer Methods in Applied Mechanics and Engineering, 195:5257–5296, 2006.
[4] S. Demko. On the existence of interpolating projections onto spline spaces. Journal of
approximation theory, 43(2):151–156, 1985.
[5] P. Deuflhard, R. Krause, and S. Ertel. A contact-stabilized Newmark method for dynamical
contact problems. International Journal for Numerical Methods in Engineering, 73(9):1274–
1290, 2008.
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A robust explicit finite element algorithm with
bipenalty stabilization for contact-impact
problems
Radek Kolman1 *, Ján Kopačka1 , Anton Tkachuk2 , Dušan Gabriel1 , José González3 and
Manfred Bischoff2
Micro Abstract
In this paper, an explicit time integration scheme for finite element solution of contact-impact problems
with stabilization of contact forces is presented. The stability limit for an un-penalized system is
preserved by the bipenalty method, i.e. a special choice of mass and stiffness penalty parameter ratio.
Moreover, the time stepping process produces stable results for a large range of the stiffness penalty
parameter. Behavior of the method is shown on a one-dimensional impact problem of elastic bars.
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Introduction
Accurate and robust numerical modelling for contact-impact problems is still an up-to-date
and open problem. Frequently, penalty methods, Lagrange Multiplier methods or augmented
Lagrangian methods and more others can be applied for modelling of dynamic contact problems,
e.g. see [2, 3, 10]. In explicit finite element method, the penalty method is preferred due to its
simplicity [2]. On the other hand, in the penalty method, the stability limit is cardinally destroyed
by a large value of numerical stiffness penalty parameter for enforcing contact constraints. One
way how to eliminate this effect is to use the bipenalty method [5].
A big trouble in numerical modelling of contact-impact problems comes from spurious oscillations
of contact forces often caused by activation and deactivation of contact constraints during
computations of a response. There exist a lot of numerical techniques and strategies for
elimination and stabilization of solution due to spurious oscillations on contact surfaces. We can
mention the stabilized implicit Newmark method for non-smooth dynamics and contacts [4, 7],
mass redistribution techniques [8], singular mass techniques [11, 12] or the stabilized explicit
scheme with penalty method [14].
In this paper, we present an explicit time integration scheme for finite element solution of
contact-impact problems with stabilization of contact forces based on work [14] in combination
with the bipenalty formulation [9]. Superior behavior of the presented method for modelling of
contact-impact problems is shown on an impact problem of elastic bars and commented. The
obtained results are compared with a standard time integration scheme in explicit finite element
method for impact-contact problems - the central difference method [1].
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1 Bipenalty method in finite element method for contact-impact problems
In the finite element procedures [1] for elastodynamic problems with contact constraints, the
equations of motion yield the following system of nonlinear ordinary differential equations
Mü + Ku = R(t) − Rc (u, ü)

(1)

where M is the mass matrix, K is the stiffness matrix, u and ü are nodal displacements and
accelerations, R is the vector of external loading with time dependency, t is the time, Rc is the
vector of contact forces. In the bipenalty formulation [9], the global contact residual vector Rc
is assembled from the local counterpart R̂c as the contribution of stiffness and mass terms to
contact residual vector which can be written as
¨ = M̂p û
¨ + K̂p û + f̂p
R̂c (û, û)
where
M̂p =

Z

T

m H(g)NN dS

Γc

K̂p =

Z

T

s H(g)NN dS

Γc

(2)

f̂p =

Z

s H(g)Ng0 dS

(3)

Γc

Here, M̂p is the additional elemental mass matrix due to inertia penalty, K̂p is the additional
elemental stiffness matrix due to stiffness penalty, and f̂p is the part of the elemental contact
force due to the initial gap g0 ; g is the gap function; H(g) is the Heaviside step function for
prescribing active or inactive contact constraints; m and s are mass and stiffness penalty
parameters; Γc is the contact surface between bodies; the matrix N represents an operator from
the displacement field u to the gap function gN in the contact
gN = NT u + g0

(4)

The particular form of the matrix N follows from the used contact discretization. A comprehensive
overview can be found e.g. in [13].

2 Explicit time integration schemes for contact-impact problems
We now consider the time integration of the semi-discretized system (1) in the framework of the
central difference method [1]
ut+∆t − 2ut + ut−∆t
+ (Kt + Ktp )ut + fpt − Rt = 0
(5)
∆t2
Assuming that displacements are known at time t − ∆t and t, one can resolve unknown
displacements at time t + ∆t, where ∆t marks the time step size. Note, that the matrices Mtp
and Ktp are time-dependent because they are associated with active contact constraints.
(Mt + Mtp )

Explicit central difference scheme for contact-impact problems: In this paper, we use
the following form of the central difference scheme for solving elastodynamic problems with
contact constraints [1] with the flowchart:
•
•
•
•
•
•

Given ut , u̇t−∆t/2 , Rt
For given ut analyze contact, compute gap vector g and contact forces fpt = −Ktp ut + fp0
Compute accelerations üt = (Mt + Mtp )−1 (Rt − Kt ut + fpt )
Mid-point velocities u̇t+∆t/2 = u̇t−∆t/2 + ∆tüt
New displacements ut+∆t = ut + ∆tu̇t+∆t/2
t → t + ∆t

Here, we used the lumped version of mass matrix M by the row-summing.
Stabilized explicit time integration scheme for contact-impact problems: In the work
of Wu [14], the fully explicit time integration scheme with stabilized technique for contact-impact
problems has been published and tested. The mentioned time integration scheme takes the
following flowchart with splitting of bulk and contact accelerations:
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• Given ut , u̇t−∆t/2 , Rt
• Compute accelerations of predictor phase ütpred = M−1 (Rt − Kut )
t+∆t/2

• Mid-point velocities of predictor phase u̇pred

= u̇t−∆t/2 + ∆tütpred
t+∆t/2

t+∆t
• Displacements of predictor phase upred
= ut + ∆tu̇pred
• For given ut+∆t
pred analyze contact, compute gap vector g and contact forces fp pred =
t+∆t
−Kp upred + fp0
• Compute accelerations of corrector phase ütcorr = (M + Mp )−1 (fp pred )
• Compute total accelerations üt = ütpred + ütcorr
t+∆t/2

• Mid-point velocities of corrector phase u̇t+∆t/2 = u̇pred + ∆tütcorr
• New displacements of corrector phase ut+∆t = ut + ∆tu̇t+∆t/2
• For given ut+∆t analyze contact, compute gap vector g and contact forces fpt+∆t =
−Kp ut+∆t + fp0
• t → t + ∆t
In this two-time step scheme, bulk accelerations in the predictor phase ütpred are due to internal
and external forces and they are computed with the standard lumped mass matrix as for
a contact-free problem. After updating of velocities and displacements, contact constraints are
analyzed and contact forces fp pred are computed. For these contact forces, contact accelerations
in the corrector phase are computed with the additional penalized mass matrix.
Both mentioned explicit time integration schemes are tested in the numerical benchmark below.

3 Stability limit of the bipenalty method
It is known that the standard penalty method [2], where an additional stiffness term corresponding
to contact boundary conditions is applied, significantly attacks the stability limit of the finite
element model. Generally, the critical time step size rapidly decreases with increasing penalty
stiffness [2]. On the other hand, this numerical effect can be eliminated by a special choice of
additional mass penalty term - the bipenalty method [5]. The stability limit for the bipenalty
method has been studied in [9], where the optimal ratio of stiffness and mass penalty parameters
were found. The critical time step size associated to contact-free bodies is preserved for this
optimal setting of mass penalty parameter with respect to the stiffness penalty parameter. Thus
stability limit for the contact problem is not attacked by the stiffness penalty term. In principle,
one can integrate contact-impact problems by an arbitrary stable time step size.

4 Numerical test - one-dimensional impact of two bars with different lengths
In this example, we study a one-dimensional contact-impact problem of two elastic bars with
different lengths defined in [6]. A scheme of this test is depicted in Figure 1. The left bar is
moving to the right with a constant velocity v01 = 0.1 [m/s]. The right bar with fixed right-hand
side is at rest. The geometrical, material and numerical parameters were set up: the lengths
L1 = 10 [m] and L2 = 20 [m], the Young’s modulus E1 = E2 = 100 [Pa], the mass density
ρ1 = ρ2 = 0.01 [kg · m−3 ], the cross-sectional area A1 = A2 = 1 [m2 ], the number of finite
linear elements for each bar n1 = 50, n2 = 100, thus the finite element lengths are set up
as h1 = h2 = 0.2 [m], the initial contact gap g0 = 0 [m], the duration time T = 0.7 [s]. The
value of the contact force from the analytical prediction is Rc = 0.05 [N] for t = 0 . . . 0.2 [s] and
t = 0.4 . . . 0.6 [s] and zero otherwise. The standard lumped mass matrix and ”consistent” mass
penalty matrix were used in computations.
Let us define dimensionless stiffness and mass penalty parameters for one-dimensional cases, βs
and βm , as follows
he
2
βs = s , βm =
m
(6)
E
ρhe
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v02 = 0
E2 , A2 , ρ2

v01
E1 , A1 , ρ1
x
L1

g0

L2

Figure 1. A scheme of an one-dimensional impact of two bars with different lengths.

where he is the length of the finite element whose master node is on the contact interface. In [9],
the optimal penalty ratio of stiffness and mass penalty parameters for one-dimensinal cases
p is
given by the value βm = 12 βs . The time step size was chosen as ∆t = 0.5he /c0 , where c0 = E/ρ
is the wave speed in a bar. Thus, the Courant dimensionless number C used for time integration
was set as C = c0h∆t
= 0.5. It should be mentioned that the CFL (Courant-Friedrichs-Levy)
e
condition for the linear finite element method with lumped mass matrices in the one-dimensional
case reaches the value Ccr = 1.

Figure 2. Time history of contact force for impact of two bars with different lengths - the central difference
method with Courant number C = 0.5 for βs = {0.25; 0.25e2; 0.25e4; 0.25e8} and optimal bipenalty
stabilization setting.

In Figures 2 and 3, one can see the time histories of contact forces between two elastic bars from
Figure 1 computed by the central difference method and stabilized explicit scheme. In both
cases, the bipenalty method with the optimal ratio of stiffness and mass penalty parameters
were used. The time histories are presented for several values of dimensionless stiffness penalty
parameter as follows βs = {0.25; 0.25e2; 0.25e4; 0.25e8}. One can see that results for βs = 0.25
for both used time schemes exhibit excellent progress, because this value of βs corresponds to
stiffness of the finite element in contact. On the other hand, the results of the central difference
method for higher value of βs shown significant spurious oscillations of contact forces, where
force amplitudes grow up with value of stiffness penalty parameter βs . In Figure 3, the results
for the stabilized explicit scheme are presented for higher values of βs . In principle, for higher
βs , one can see the contact force histories independent of βs . Further, the stabilized explicit
scheme produces robust and stable results for contact forces for a large range of stiffness penalty
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parameters including extremely higher values.

Figure 3. Time history of contact force for impact of two bars with different lengths - the stabilized explicit
method with Courant number C = 0.5 for βs = {0.25; 0.25e2; 0.25e4; 0.25e8} and optimal bipenalty
stabilization setting.

Conclusions
We have presented a numerical approach for finite element solution for contact-impact problems
with stabilization of spurious contact oscillations. The stabilization is based on the bipenalty
enforcement of contact constraints and modification of the explicit method with separation
of bulk and contact accelerations. Based on the numerical test, we can conclude that the
motivated approach is an efficient tool for accurate modeling of contact-impact problems with
small pollution of contact spurious oscillations. The results obtained by the stabilized explicit
scheme in connection with the bipenalty method are less sensitive to the choice of the penalty
parameter in contrast to standard approach. In future work, we will focus on multidimensional
implementation and testing and also on lumping of penalized additional mass matrix.
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Contact, Fluid Structure Interaction and
Variational Transfer
Patrick Zulian1 *, Maria Nestola1 , Cyrill von Planta1 and Rolf Krause1
Micro Abstract
We present a new and completely parallel approach for fluid-structure interaction, which includes also
contact between the elastic structures. Our approach is inspired by the fictitious domain method
and makes intensive use of variational transfer between the solid and the fluid and on the possibly
contacting surfaces between solids. We present the discretization, the setup of the variational transfer,
and efficient methods for the solution of the arising non-linear problems. We present 2D and 3D
benchmarks, and a tricuspid heart valve.
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Introduction
In this work we present a fluid-structure interaction (FSI) framework based on the fictitious
domain method [1] by using a parallel L2 -projection [6] for coupling the two problems and
transferring data between the fluid and the solid meshes. Our final goal is simulating the
behavior of the heart valve during the entire heartbeat, which requires solving the contact arising
between the three leaflets during the closure phase.

1 Method
The main idea of the fictitious domain method is modeling the solid phase as immersed in a
background fluid phase. The fluid is described in an Eulerian fashion (fixed mesh), while we use
Lagrangian meshes for the solid structure. The coupling between the two phases is achieved
with overlapping domain decomposition. Specifically, our coupling is constructed by means
of L2 -projections where a Lagrange multiplier is used to weakly enforce the velocity vector
constraint along the interface-boundary between the solid and the fluid.
For solving the arising nonlinear-system of discrete equations we adopt a staggered approach
within a fixed-point iteration, hence the fluid and the solid problems are solved separately with
the following four steps: First, we transfer velocities from the solid mesh to the fluid mesh.
Second, we solve the fluid dynamics problem by imposing the velocity constraint in the overlap.
Third, we compute and transfer the reaction force from the fluid mesh to the boundary of the
solid mesh. At last, we solve the solid mechanics problem by imposing the reaction force on the
solid (Neumann) boundary.
1.1 Mortar projection
Let V hs = V hs (Tsh ) (mortar) the finite element space associated with the solid mesh Tsh , and
V hf = V hf (Tfh ) (non-mortar) be the finite element space associated with the fluid mesh Tfh .
In the FSI context we use V hs and V hf for describing the velocities in the respective phases.
For the introduction of the projection operator we define a suitable discrete space of Lagrange
multipliers M hF SI . Here the Lagrange multiplier space is associated with fluid mesh, in fact we
choose M hF SI = V hf .
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Now we proceed with the definition of the projection operator P : V hs → V hf . For a function
v h ∈ V hs we want to find wh = P(v h ) ∈ V hf such that following weak-equality condition holds:
Z
Z
h
h
h
(v s − P(v s )) · λF SI dV =
(v hs − whf ) · λhF SI dV = 0
∀λhF SI ∈ MFh SI ,
(1)
Ih

Ih

where I h = Tsh ∩ Tfh is the intersection between the solid mesh and fluid mesh. We express v hs ,
P
P
whf and λhF SI in terms of their basis functions, i.e., v hs = l∈Js vsl ϕls , whf = j∈Jf wfj θ jf and
P
λhF SI = k∈JF SI λkF SI ψ kF SI , where Js , Jf and JF SI are the index sets associated with the nodes
R
of the respective meshes. Hence, we get the so called mortar integrals: Bk,l = I h ϕls · ψ kF SI dV,
R
and Dk,j = I h θ jf · ψ kF SI dV, which can be rewritten in the following algebraic form:
v f = D −1 Bv s = T v s .

The transpose of T is used to transfer the reaction force from the fluid to the solid grid.
For discretizing the contact problem between solids we adopt a similar approach based on the
L2 -projection [2], where, instead of enforcing the weak-equality condition (1) in the volume, we
enforce a weak-inequality condition on the predicted contact surface. The discretization of the
Lagrange multiplier is done by means of the biorthogonal basis [7] which allows us to have a
diagonal operator D, which implies a cheap computation of the matrix T .
In the distributed memory of super-computers meshes are arbitrarily distributed and generally
unrelated. In [6] we make use of parallel bounding-volume-hierarchies and space-filling curves.
This technique allows us to find the intersections and automatically balance the computation of
the transfer operator T , for both volume and contact without prior knowledge on the distribution
of the meshes.
1.2 Contact solution strategy
The algebraic system resulting from the contact problem is solved by adopting a semi-smooth
Newton method for the spatial discretization which allows us to treat the inequality constraints
arising from the contact problem. In transient settings, for resolving the non-smooth effects
caused by the non-penetration and the persistency condition, a suitable stabilized Newmark
scheme [5] is required.

2 Numerical Results
The results are obtained by combining the parallel Finite Element library MOOSE1 with Utopia2 .
The library MOONoLith3 is used for identifying the overlapping regions between the fluid and
the solid mesh and for coupling the fluid-dynamics and the solid-mechanics problems, and for
identifying the contact boundary between solids.
2.1 Validation of the FSI and contact code
We validated the FSI framework by using the benchmark proposed by Gil [3] which consists of
two flapping beams embedded into a two-dimensional fluid channel. The fluid is supposed to be
Newtonian, while an incompressible Neo-Hookean material is used for the two solid membranes
which are characterized by different stiffnesses. A pulsatile non reversible flow is applied as a
Poiseuille flow at the inlet (Figure 1a), whereas a non-slip condition is employed on both the
bottom and the top of the fluid channel. By analyzing the displacement field of a point placed on
the top beam, we get results in very good agreement with those obtained from Gil (Figure 1b).
1

http://mooseframework.org
https://bitbucket.org/zulianp/utopia
3
https://bitbucket.org/zulianp/par_moonolith
2
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Figure 1. Fluid-structure interaction benchmark.
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Figure 2. Benchmark for contact between solids.

We validated our contact framework, based on the surface mortar-projection, by solving a
quasi-Hertzian problem (Figure 2). By applying corresponding Dirichlet conditions on the top
of the semi-sphere, we push the semi-sphere onto the lower plane, where we observe that the
normal stresses at the contact boundary correspond to the analytical solution [4].
2.2 Scaling and examples
Figure 3 shows weak and strong scaling studies [6] for the assembly of the transfer operator.
We run our experiments on the Piz-Daint supercomputer at the Swiss Supercomputing Center
(CSCS) utilizing up to 12288 cores. The experiments, with different output sizes for the volume
projection, show proper scaling behavior even when the problem is subject to imbalance due to
the output-sensitivity arising from the computation of intersections.
Figure 4 shows the results of several simulations ranging from multi-body contact problems to
an heart-valve interacting with the blood-stream.
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Figure 3. Scaling studies for the parallel volume projection we employ for the fluid-structure coupling (a and
b) and for the contact (c).
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(a) Multi-body contact.

(b) Cut on a three-point contact region.

(c) An heart-valve interacting with the fluid.

(d) Contact between solids inside the fluid.

Figure 4. Example simulations.

Conclusions
In this work developed a framework for the FSI problem including contact between solids. The
framework is first validated within the different components by first adopting the FSI benchmark
proposed by Gil, then by replicating the normal stresses at the contact boundary of Hertzian
contact, and finally by showing the parallel performance of the assembly of the transfer operator.
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Simulation of fibers in woven composites: a
comparison between solid and beam models
Mathias Haverstreng1 , Stephanie Andress1 , Ajay Bangalore Harish1 *, Alfredo Gay Neto2 and
Peter Wriggers1
Micro Abstract
Woven composites find numerous applications in engineering products. Their micromechanical
behavior involves complex contact behavior between fibers/matrix, debonding etc and thus warrant
micromechanical investigations. Such materials can be geometrically described using computationally
intensive solids or reduced structural models like beams/shells etc. This work provides an objective
comparison between the two approaches in order to compare pros/cons of each modeling hierarchy.
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Introduction
Composite materials exhibit a variety of advantages in comparison to traditional materials
such as metals. By combining several constituent materials with varying physical, mechanical,
and/or thermal properties, composites can be engineered to have ideal characteristics for specific
applications. Among other properties, composites have high stiffness to weight and strength
to weight ratios. These properties lead to many potential applications across a variety of
industries, including automotive and aerospace industries, where the use of composites promises
improvements in size, speed, and efficiency as discussed in Quinn et. al. [11], Ansar et. al. [1]
and Fillep et. al. [3]
Woven composites are especially beneficial in these applications as the intermeshed fiber structure
of these materials means they do not suffer from the problem of delamination inherent in
traditional laminated composites. Additionally, these materials can be formed into complex
shapes and manufactured more easily due to recent innovations in textile production techniques,
according to Ansar et. al. [1], and additive manufacturing. Despite these advantages, woven
composites are yet to be widely adopted. This lag in implementation can be attributed to the
complex behaviors of these materials as well as the current lack of predictive high-fidelity tools
for simulation and modeling of composite behavior. Thus, any usage of these materials therefore
requires expensive and time consuming physical testing according to Green et. al. [4].
Several methods involving the use of the Finite Element Method, FEM, with different levels
of idealization have previously been used to model woven composites. These approaches range
from modeling a weave at the scale of the individual fibers making up each warp and weft, as
in Durville [2], to approximating the structure of a weave as a single homogeneous shell and
neglecting the behavior of individual fibers, as in Fillep et. al. [3]. While each of these approaches
has some advantages, each model is affected by its respective assumptions and simplifications as
discussed in the work of Saito and Neto [12].
The goal of this work is to gain a better understanding of how weave characteristics, like friction
between fibers, fiber radius and spacing, impact the homogenized behavior of a woven composite.
The approach taken to modeling the weave was adopted from the technique described by Saito
182

MS05

Computational Contact Mechanics

and Neto [12] where a four step Finite Element Analysis (FEA) simulation is used to create a
woven structure that is already pre-stressed prior to application of loads.
In the current work, 3D FEM calculations are done using Abaqus CAE and compared with beam
models developed using Giraffe. Only isotropic scenarios are considered here and the results are
fitted with a hyperelastic Neo-Hookean material.

1 Theoretical Formulation
In this work, we closely follow the work of Gay Neto and co-workers for modeling the microstructure using fiber-to-fiber contact. The woven warp and laminated fibers are modeling using
the geometrically-exact formulation of Timoshenko beams. The beam elements are capable of
modeling tension, compression, shear, bending and torsional loads. However, the cross-sectional
kinematics of these beam elements are treated as a rigid body and the effects of warping are
neglected. An equivalent torsional stiffness constant may be evaluated by Saint Venant’s theory,
thus indirectly considering warping and its effect on decreasing stiffness. The interaction of
fibers or woven warp is evaluated through a beam-to-beam frictional contact formulation. The
fundamental aspects of contact between circular cross-section beams were originally developed
by Wriggers and Zavarise [10], in which beam axes are parametrized as three-dimensional curves
and a gap function is defined.
The surface-to-surface contact strategy used in this work makes no distinction of master and
slave surfaces and may be regarded as an enhancement of [10], since it considers the actual
external beam surfaces parameterizations as boundaries for contact, instead of the beam axis
description. Thus, this formulation is directly extensible for non-circular cross-section beams,
such as super-eliptical ones, as presented in [8] and [9]. The surfaces are parameterized by
convective coordinates. The gap function is defined and a minimum distance problem is solved
to address a pair of point-wise contact actions, associated to material points at both bodies, as
depicted in Fig. 1. Such an approach can be said to be master-to-master formulation, since no
slave-points are elected, from beginning.

Figure 1. Bodies BA and BB candidate to contact interaction. For each body a subset of the boundary is
parameterized: the surfaces ΓA and ΓB . (Source: Neto et. al. [8])

The master-to-master formulation may present significantly less computational effort, compared
to standard master-slave approaches, as only one gap is addressed for each pair of surfaces, even
for contact material points changing along the system evolution.
The software suite GIRAFFE (Generic Interface Readily Accessible For Finite Elements) developed at the Polytechnic School in the University of São Paulo is used for modeling the
microstructure using beam-to-beam interaction models. A detailed discussion on the numerical
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aspects of the implementation are provided in the works of Gay Neto et. al. [5–9].
Further on, in addition to, the microstructural behavior developed based on beam-to-beam
contact models are also verified and compared with solid-to-solid contact using 3D FEM in
Abaqus CAE.

2 Results and Discussions
A four-step approach as described by Saito and Neto [12] is used to generate a pre-stressed
weave for the analysis. Several parameters relevant to the geometry and contact interactions
between fibers are varied to understand their impact on the overall homogenized mechanical
behavior. These parameters include fiber radius, spacing, and friction coefficient. Five different
spacings of 0.2, 0.25, 0.275, 0.3, 0.35m; fiber radius of 0.02, 0.025, 0.0275, 0.03, 0.035m; and
friction co-efficient of 0.2, 0.25, 0.3, 0.35, 0.4 were considered.
It should be noted that in all tests, the fibers were considered to be hyperelastic and modeled
using a Neo-Hookean material model. The warp and weft fibers had identical geometries and
the material properties are held constant. The resulting weaves were simulated under uniaxial
conditions and imposing up to 100% strains. The resulting weaves are as shown in Fig.2.

(a) Pre-stressed weave

(b) Weave under uniaxial loading

Figure 2. Configuration of weaves: Prestressed structure before the uniaxial test (left); Weave subjected to
100% loading

The resulting homogenized stress-strain behavior is as shown in Fig. 3.

Conclusions
While previous works have concluded that the effects of friction significantly impact the behavior
of weaves, in this work it was found that, in the tested range of friction coefficients, friction had
no perceivable impact, atleast in the considered range.
It was ultimately determined that the most significant factors to weave behavior are the material
properties of the constituent fibers. The shape of this plot closely mirrors the shape expected
for a neo-Hookean material model. Because of these findings, it is concluded that for weaves
with identical warp and weft fibers, uniaxial tensile behavior can be roughly modeled as a
homogeneous hyperelastic material.
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Figure 3. Homogenized stress-strain behavior of woven composite subjected to uniaxial tensile loading.
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Mortar-based contact formulations for
non-smooth geometries
Alexander Popp1 *, Philipp Farah1 and Wolfgang A. Wall1
Micro Abstract
Finite deformation frictional contact is revisited with a special emphasis on non-smooth geometries
such as corners and edges. Contact conditions are enforced separately for point-, line- and
surface-contact by employing three different sets of Lagrange multipliers and a variationally consistent
discretization approach based on mortar FE methods. In particular, no unphysical transition
parameters are required, but all contact decisions are taken implicitly by the underlying solution scheme.
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Introduction
In this contribution, an approach for investigating finite deformation frictional contact problems
with a special emphasis on non-smooth geometries such as sharp corners and edges is presented [1].
The contact conditions are separately enforced for point contact, line contact and surface contact
by employing three different sets of Lagrange multipliers and, as far as possible, a variationally
consistent discretization approach based on mortar finite element methods. The discrete Lagrange
multiplier unknowns are eliminated from the system of equations by employing so-called dual
or biorthogonal shape functions. For the combined algorithm, no transition parameters are
required and the decision between point contact, line contact and surface contact is implicitly
made by the variationally consistent framework. To the best of the authors’ knowledge, this is
not possible with any other mortar-based approach from the literature [2, 3].

1 Problem Definition
Our starting point for deriving the problem formulation is the consideration of two bodies B (1)
and B (2) with one shared contact interface. The special focus of this contribution is to investigate contact situations involving non-smooth geometries. Therefore, the potential contact
(i)
boundaries Γc are divided into three disjoint subsets, viz.
(i)

(i)

(i)

Γ◦ ∩ Γp

(i)

(i)

Γ(i)
c = Γ◦ ∪ Γp ∪ Γ? ,

(1)

= Γ◦ ∩ Γ? = Γp ∩ Γ? = ∅,

(2)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

where Γ◦ are the potential contact boundaries of surfaces, Γp represent edges and Γ? are
the sets of all vertices within the contact boundaries. In a general finite deformation setting,
the geometrical contact entities, namely surfaces, edges and vertices, could deform significantly,
meaning that an initial vertex could be flattened to become part of a new surface, or a surface
could be deformed in such a way that a new edge is created. However, in this contribution it is
assumed that the spatial points are assigned to the set definition of its reference boundary and
consequently extreme deformations, such as a complete flattening of an edge, are not allowed.
In order to define suitable contact conditions the possibly arising contact scenarios have to be
specified. For this purpose, it is assumed that the contact entity with the lower geometrical
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Figure 1. Classification of contact scenarios leading to point contact. From left to right: vertex-to-vertex,
vertex-to-edge, vertex-to-surface and non-parallel edge-to-edge. Contact point is highlighted in red.

Figure 2. Classification of contact scenarios leading to line contact: edge-to-surface (left) and parallel
edge-to-edge (middle). Contact line is highlighted in red. Classical surface contact scenario (right).

dimension acts as slave part and the corresponding contact entity of equal or higher geometrical
order is defined to be the master boundary. Concretely, the first class of possible contact scenarios
is characterized by the active contacting area reducing to a point, see Figure 1. Namely, these
scenarios are vertex-to-vertex, vertex-to-edge, vertex-to-surface and non-parallel edge-to-edge
settings. These contact situations are denoted as point contact in the following. The next
class is defined by the contacting area being a one-dimensional line, which could arise due to
edge-to-surface and parallel edge-to-edge contact, see Figure 2. The last setting is the classical
surface contact scenario, which is quite well-investigated and also schematically visualized in
Figure 2. This classification represents a hierarchy of contact situations, where the contact
boundary on which the contact constraints are going to be formulated is the involved slave entity
with the lowest dimension. The only exception to this scheme is the non-parallel edge-to-edge
contact. Here, the geometrical slave entity is an edge but the contact scenario reduces to a point
contact, which needs to be treated with a penalty regularization.

2 Modification of Discrete Lagrange Multiplier Spaces
One core ingredient of the proposed mortar-based contact formulation for non-smooth geometries
is a suitable modification of the discrete Lagrange multiplier spaces for line contact and surface
contact in the vicinity of non-smooth geometric entities such as vertices and edges, respectively.
This section gives a short exemplary overview of how this modification is achieved for dual
(biorthogonal) mortar methods in the case of line contact, i.e. with a 1D Lagrange multiplier for
constraint enforcement. The interpolation of the discrete line Lagrange multipliers reads
(1)

λp,h =

np
X

Θj λp,j .

(3)

j=1

The shape functions Θj are based on the finite element parameter space for one-dimensional
(1)
curves ξp . The discrete line Lagrange multipliers are carried by the nodes np , which are defined
(1)
on physical slave edges except for the nodes n? attached to vertices. Basically, there are two
different types of Lagrange multiplier interpolation. First, so-called standard shape functions
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can be employed, which are identical to the displacement interpolation of a 2-node line element.
Second, shape functions based on a biorthogonality condition can be utilized, which are also
commonly known as dual shape functions. These dual shape functions are very advantageous,
since they allow for a computationally efficient condensation procedure of the discrete Lagrange
multipliers. If a line element is connected to a vertex, it would now carry one discrete line
Lagrange multiplier and one discrete point Lagrange multiplier. Thus, partition of unity would
not be guaranteed anymore. In order to guarantee partition of unity for these elements, the line
Lagrange multiplier shape functions have to be modified in the vicinity of the vertex node, see
Figure 3. Here, modification of the dual shape function of the line Lagrange multiplier yields

Figure 3. Modification of line Lagrange multiplier interpolation for dual shape functions due to the presence
of a point Lagrange multiplier: unmodified shape function (left) and modified shape function (right). The
point Lagrange multiplier is visualized as 1 impulse.

a constant interpolation to the point Lagrange multiplier. The modified shape functions are
denoted by Θ̃j . It should be pointed out that such modifications are quite well-established
in mortar finite element methods in the context of Dirichlet boundary conditions or so-called
crosspoints, which arise when multiple mortar subdomains meet at one point [4, 5]. Similar
modifications of the discrete Lagrange multipliers have also been devised for surface contact.

3 Numerical Example
The numerical example is utilized to exemplarily demonstrate the consistent transition between
point, line and surface contact. To this end, an elastic plate is pressed against a rigid foundation.
The problem setup is visualized in Figure 4. The plate is meshed with 70 × 70 × 3 tri-linear
hexahedral elements with enhanced assumed strain (EAS) element technology. The initial
distance between the bodies at their closest points is d = 0.1. The nodes at the edge A, which
points in thickness direction of the plate, are only allowed to move in Z-direction and the nodes
at edge B are subjected to a prescribed total motion of dmax = 0.72 in negative Z-direction,
which is enforced within 35 steps. Obviously, the first contact occurs at the vertex node at the
lower end of edge A. In step 8, the active contact set increases with the adjacent edge nodes
becoming active. In step 10, the vertex node eventually becomes inactive and the corresponding
point Lagrange multiplier takes on a zero value. Nevertheless, the contact tractions still keep
their maximum at the vertex node due to the two active edge nodes and their modified shape
functions, see Figure 3. The absolute value of the tractions further decreases since the stresses

Figure 4. Setup for the bending plate example.
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Figure 5. Contact tractions for the bending plate example.

are continuously shifted from the vertex node to the edge nodes. Then, in step 21, the first
active surface nodes occur, and the active surface area completely connects the two active edge
sectors in step 25, see Figure 5. Interestingly, however, the two edge nodes connected to the
vertex node on edge A are still in contact and the highest contact tractions still occur at this
region. During the following steps, the region of active surface nodes continuously moves towards
edge B and the maximum surface stress values increase. Moreover, the number of active edge
nodes reduces and the contact tractions at the edge nodes as well as at the vertex node further
decrease. While only being of qualitative nature, this example nevertheless nicely demonstrates
the ability of the proposed algorithm to switch smoothly and robustly between point, line and
surface contact formulation without any heuristic transition parameter.

Conclusions
A combined framework for frictional point contact, line contact and surface contact based on
mortar finite element methods has been discussed. Three sets of Lagrange multipliers represent
point, line and surface contact, and no heuristic transition parameters are required to switch
between these three sets. Quite in contrast, the transition between point, line and surface contact
arises automatically from the underlying, variationally consistent problem formulation.
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Numerical model for contact with adhesion
based on Kalker’s variational principle.
Mykola Tkachuk1 *
Micro Abstract
Kalker variational principle allows to solve consistently unilateral contact problems in terms of the
normal traction as the prime unknown variable. It is particularly useful for the development of
boundary elements for Boussinesq problem in half-space approximation. This principle is extended
to account for adhesion between solids. The contact pressure may take negative values governed by
an adhesive work potential and surface separation energy. The latter is evaluated via level-set.
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Introduction
One of the main problems of contact modeling is to determine the part of their interface where
they touch each other. Typically the contact domain is iteratively adjusted to meet contact
conditions by increments of finite size (let’s say of a contact or a boundary element). Meanwhile
more exact evaluation of the contact area is required by certain applications such as adhesive
contact. Incorporation of the surface energy variation to the computational model urges for a
formulation where the contact domain can change continuously. An example of such approach
can be found in [1] with regard to the unilateral contact of a membrane and an obstacle.
We propose a method for modeling contact of elastic bodies with continuously changing contact
domain. It is derived from the surface mechanical form of Kalker’s variational principle. It treats
the contact pressures as the unknown variables that are determined through minimization of the
complementary energy functional. In order to include adhesion to the problem the conditions
of contact pressure positiveness are abandoned. Instead the contact area is determined through
a gap function that is positive outside of the contact domain. The compliance between gap and
current guess contact area is enforced via a specially constructed penalty function and Lagrange
multipliers. The stationarity of the derived weak functional which includes the adhesive surface
energy defines the solution to the problem. In conclusion a discrete element approximation is
shown for the case of axisymmetric contact.

1 Kalker’s variational principle
This variational principle [4] formulates conditions that determine uniquely the solution to the
unilateral contact problem with forces and not displacements as primal variable . It states that
the true contact area and surface tractions are those which minimize the complementary energy
functional
1
Φ [p] =
2

Z
S

p · udS +

Z

p · (h − δ)dS → min

(1)

S

subject to the constraint that the contact pressure S is nonnegative everywhere on the contact
interface S. The functional is computed for given initial gap between the bodies h and rela190
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tive approach δ and the total elastic normal displacement u corresponding to the tractions p
acting on the interface. This problem statement provides an alternative to collocation methods
when solving contact problems with boundary element methods. When discretizing (1) one
gets symmetric influence coefficients matrix even for an irregular mesh or in the axisymmetric
setting. The active set strategy while handling inequality constraint follows directly from basic
mathematical programming with no apparent issues.
The optimality conditions for the original principle read as follows
(
u + (h − δ) = 0 where p ≥ 0
u + (h − δ) ≥ 0 where p = 0

(2)

in terms of the gap g = u + (h − δ). Apparently the part of the surface C where contact pressure
is positive is the contact area, where surfaces touch each other, while outside of this domain
S\C no force is transmitted and the deformed bodies remain separated.
The optimality conditions for the original principle can be derived from the stationarity of the
corresponding Lagrangian
Z
Z
Z
1
(3)
p · udS + p · (h − δ)dS − p · gdS → stat
L [p, g] =
2
S

S

S

with the introduced above gap serving as Lagrange multiplier. The Karush-Kuhn-Tucker conditions as expected are p ≥ 0, g ≥ 0 , g · p = 0. It should be noted that value of both the
complementary energy (1) and the Lagrangian (3) for the solution of the problem equals to the
opposite to the stored elastic energy −Πel .

2 Adhesive interactions
If we discard the constraint on the positiveness of p and introduce the interaction energy Πsurf
related to the gap one can compose the following functional to which a max/min principle
applies


max min 
g

p

1
2

Z
S

p · udS +

Z

p · (h − δ)dS −

S

Z
S

Its stationarity gives the following set of equations

u + (h − δ) = g
∂σ
p = −
∂g

p · gdS −

Z
S



σ(g)dS 

(4)

(5)

that are usually solved when the adhesive contact is analysed for the known regular interaction
potential σ(g), for instance the Lennard-Jones potential [2].

We look at the situation when the adhesion is determined by the surface energy γ that is released
instantly when the bodies get separated and the free surface is created. The gain in energy is
balanced by the additional elastic deformation required to bring bodies into contact over the
larger area [3]. The surface energy is determined as in [5] up to an additive constant as the
functional of the contact domain
Z
Πsurf [C] = − γdS
(6)
C
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The gap g is now indirectly related to the contact set by the conditions g = 0 in C, g ≥ 0 in
S\C. We can discard the zero values of g inside the contact zone and extend it by the arbitrary
negative values. Then we can postulate that the boundary of C is determined by the zero
level-set of g. If we introduce a penalty function
(
H(g) in C
(7)
ζC (g) =
H(−g) in S\C
defined in the entire domain S through the Heaviside function H we can enforce the conditions
g ≤ 0 in C and g ≥ 0 in S\C demanding that ζC (g) ≡ 0. This allows to constitute the following
functional
Z
Z
Z
Z
Z
1
p · gdS + γdS + µζC (g)
(8)
LC [p, g, C, µ] =
p · udS + p · (h − δ)dS −
2
S

S

C

S\C

S

The advantages of this functional is that it enables unconstrained variation of the unknown
pressure p and gap g that are defined on the entire interface S rather than its corresponding
parts C and S\C. This means that these unknown fields can be discretized on a fixed mesh
that will not vary with the change of the contact domain guess.

3 Approximate solution in the axisymmetric case
Let’s demonstrate the application of the proposed variational functional to the derivation of
an approximate solution in the axisymmetric case. We choose to approximate the unknown
pressure p as piecewise constant and the extended gap function g as piecewise linear
X
X
pc (r) =
gc =
gj ψj (r)
(9)
pa φa (r)
a

j

on a regular mesh on the radial axis with the nodes rj = jc, j = 0, 1, . . . N for the gap values
and midpoints ra = ac, a = 1/2, 3/2, . . . (N −1/2) for the pressure values. The initial separation
h uses same piecewise linear approximation as the gap g.
The Lagrange multipliers µ can only be properly determined where the constraint (7) is violated,
since ∂ζC (g)/∂g = 0 wherever ζC (g) = 0. This domain will be narrowed to the vicinity of the
boundary ∂C of the contact area. Correspondingly the piecewise linear approximation of µ
will only extend to the nodes j for which the support of the basis functions ψj intersects this
boundary. For simplicity consider the case when the contact area is simply connected and is a
circular domain C of radius ρ inside of the circular interface S of radius R.
The approximate Lagrangian with this choice of the discretization is computed as
LCc [pa , gj , C, µj ] =

1
pa Cab pb + pa Waj (hj − δ) − pa W̃aj gj + γ|C| + µj Zj
2

(10)

where
Cab =

Waj =

ZR

0
ZR
ρ

φa · u[φb ] πrdr

Waj =

φa · ψj πrdr

Zj =

ZR

0
ZR
0

φa · ψj πrdr
ζC · ψj πrdr

Note that the way the penalty (7) was chosen and the suggested approximation (9) of the fields
the function Zj is continuous and differentiable with respect to the nodal values of the gap and
the contact radius.
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The stationarity conditions of (10) produce the following set of equations
Cab pb + Waj (hj − δ) − W̃aj gj
∂Zj
−pa W̃ak + µj
∂gk
∂|C|
∂Zj
∂ W̃aj
gj + γ
+ µj
−pa
∂ρ
∂ρ
∂ρ
Zj

=0

(11)

=0

(12)

=0

(13)

=0

(14)

that can be solved by Newton iterations. It should be noted that the values of the gap function
can not be defined for the nodes that belong to the elements that are entirely located inside of
the contact zone C where it is artificially extended. Similarly, the Lagrange multipliers µj are
only determined for those elements where the penalty Zj is not identically zero, which is across
the boundary ∂C of the contact domain.

Conclusions
The proposed approach to modeling adhesive contact is distinguished by continuous variation
of the contact area. This is achieved by writing the contact conditions in the weak surface
mechanical form in terms of the unknown contact pressure and gap. The discretization of the
problem is performed on a fixed mesh without the need of adjustment for the changing contact
domain as shown for the axisymmetric case.
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A symmetry preserving contact treatment in
isogeometric analysis
Ján Kopačka1 *, Dusan Gabriel1 , Radek Kolman1 and Jiřı́ Plešek1
Micro Abstract
In this contribution an isogeometric contact treatment by the penalty method is presented. The
symmetry preserving formulation, also known as the two-half-pass formulation, is utilized together with
the Gauss-point-to-segment discretization. A particular attention is payed to the contact detection, i.
e. to the closest point projection of a point onto a NURBS patch. The problem of contact pressure
post-processing is also presented in more detail.
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Introduction
Contact analysis based on traditional finite elements utilizes element facets to describe a contact
surface. The facets are C 0 -continuous so that surface normals can experience jump across facets
boundaries leading to artificial oscillations in normal and tangent contact forces. The geometric
non-smoothness is usually attacked by contact smoothing techniques, where contact interface is
approximated by various species of splines [8, 9, 11].
Another remedy to the geometric discontinuity provides isogeometric analysis (IGA) [3]. The
fundamental idea is to accurately describe a physical domain of interest by a proper mathematical
representation (e.g. B-Spline, Non-Uniform Rational B-Spline (NURBS), etc.) and then utilize
the same basis for the analysis. This is in contrast with the classical finite element method
where the basis is given in advance by the element type and the geometry of physical domain is
then only approximated with the aid of isoparametric mapping. Isogeometric NURBS-based
contact analysis [1] has some additional advantages: preserving geometric continuity, facilitating
patch-wise contact search, supporting a variationally consistent formulation, and having a
uniform data structure for the contact surface and the underlying volumes.
In this contribution a simple yet powerful symmetry preserving contact formulation [2] is
employed in the IGA framework. It is based on the Gauss-point-to-segment discretization where
contact constraints are enforced at the Gaussian quadrature point level by the penalty method.
The topics of contact detection and contact pressure post-processing are also briefly mentioned.
The performance of the overall algorithm is presented by means of Hertzian contact problem.

Two-half-pass Gauss-point-to-segment contact algorithm
An essential contact kinematic quantity is the normal gap function


(i)
gN (x(i) ) = − x(i) − x̄(k) · n̄(k) ,
∀x(i) ∈ γc(i) ,

(1)
(i)

which can be understood as the signed distance function. Here x(i) ∈ γc ∈ Rnsd , where nsd
indicates the number of spatial dimensions, is the position vector of a point on the potential
(i)
contact boundary γc . The superscript (i), i ∈ 1, 2 denotes the index of the body. To generalize
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the notation, let us introduce another body index as (k) := {1, 2} \ (i), i.e. (k) is the complement
•) are related to the closest point projection
body to the body (i). The quantities denoted by (¯
of the point x(i) . Finally n̄(k) ∈ Rnsd is the normal vector. Note that according to our definition,
the gap is open, i.e. bodies are not in contact, when the normal gap function is negative.
Conversely, a positive value of the normal gap function indicates penetration of the bodies. The
physical behaviour at the contact boundary in the normal direction can be described using the
Hertz-Signoriniho-Moreau conditions
p(i)
c ≥ 0,

(i)

(i)

p(i)
c gN = 0,

gN ≤ 0,

∀x(i) ∈ γc(i) .

(2)

(i)

where pc (x(i) ) ∈ R is the contact pressure. This conditions are known in mathematical
optimization as the Karush–Kuhn–Tucker (KKT) conditions. A particularly simple formulation
can be obtained by the regularization of the contact pressure by the penalty method. It consists
in replacing the unknown contact pressure field with a new one which is dependent on the
displacement field. The contact pressure is prescribed by the function
(i)

p(i)
c = N hgN i,

(3)

where N ∈ R is the normal penalty parameter and h•i :=

|•|+•
2

are so-called Macaulay’s brackets.

Employing the well known principle of virtual work, the balance of linear momentum with
consideration of the contact constraints can be symbolically formulated in the weak sense as
δΠ =

2 
X
i=1


(i)
(i)
δΠint + δΠext + δΠ(i)
= 0,
c

(i)

(4)

(i)

where δΠint consists of stress divergence term, δΠext comprises of terms expressing virtual work
(i)
due to volume and surface forces, and δΠc denotes virtual work done by contact forces, which
is defined as
Z
δΠ(i)
c =−

(i)

(i)
γc

δu(i) · N hgN in̄(k) dγ (i) .

(5)

After spatial discretization by the finite element method, one ends up with non-linear system of
equations
2
X
Fint (d) + Fext (d) +
F(i)
(6)
c (d) = 0,
i=1

where d is the vector of nodal displacements, Fint is the vector of equivalent internal nodal
(i)
forces, Fext is the vector of equivalent external nodal forces, and Fc are the vectors of equivalent
contact nodal forces. The last mentioned are assembled by the standard finite element procedures
from the local counterparts
Z
D E
(i)
s(i)
Fc = −
N gN Ns(i) dγ s(i) ,
(7)
s(i)

γc

where superscript s indicates the number of contact segment of the element, and Ns(i) is the
matrix defined as


R1 n̄(k)


..
Ns(i) = 
(8)
,
.
Rnscp n̄(k)

where Rj , j = 1, . . . , nscp are the contact segment NURBS basis functions, and nscp indicates
the number of contact segment control points. Note that the global vectors of the control point
contact forces are then assembled in a conventional manner.
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Contact detection
By the contact detection it is understood the evaluation of the normal gap function (1) in
(i)
all Gaussian quadrature points of the potential contact interface γc . In particular, for each
Gauss-point x(i) , it is necessary to calculate the closest point projection x̄(k) = x(k) (ξ̄), which
has to satisfie the orthogonality condition


 ∂x(k) (ξ̄)
x(i) − x(k) (ξ̄) ·
= 0,
∂ξ

(9)

where ξ ∈ Rnnpd are the convective coordinates which parametrizes the potential contact
(k)
boundary γc , and nnpd indicates the number of parametric dimensions. The importance of this
procedure results from the fact that this evaluation must be performed in each iteration of the
non-linear solver. Computational time of this procedure determines the resulting time demands
of the whole contact algorithm. Indeed, the simplest contact detection procedure consists in
solving (9) by a non-linear solver, such as the Newton-Raphson method, in the loop over slave
quadrature points and master contact patches. The ability to perform loop over contact patches,
instead of contact segments, is one of the most important benefits of the isogeometric contact
analysis.
It is obvious that searching for the closest point in a cycle over all quadrature points is not
optimal, because if the bodies are not in contact, the exact value of the gap function is not
necessary. Instead, only logical value is sufficient to indicate that no contact occurs. Therefore,
the contact detection is usually divided into two phases: a global search, which consists of
effectively detecting and sorting all potential candidate slave points and their corresponding
candidate master segments, and a local search for closest point projections of slave points onto
master segments.
The closest point projection of a point onto a free-form-surface (FFS), as spline surfaces are
sometimes called, also poses a common problem to computer graphics. Therefore, these methods
can be directly employed in the isogeometric contact analysis. Computational methods for the
orthogonal projection of points in CAD/CAM applications were presented in a review paper [5].
In order to guarantee robustness of the calculation, it is recommended to initially employ a
subdivision based global scheme, followed by a Newton-type iteration method. An interesting
alternatives to the Newton-type iteration method are the geometric iteration methods [6]. In
particular the torus approximation method [7] has proven to be a very powerful technique,
especially for NURBS surfaces of higher order where the costly evaluation of base functions and
their derivations by recurrent formulas must be carried out.

Contact pressure post-processing
Here employed post-processing scheme for the contact pressure was originally proposed by
Sauer [10]. The idea is to calculate control point contact pressures pcA to get post-processed
contact pressure in the form
ncp
X
pp(i)
=
RA pc(i)
.
(10)
c
A
A=1

The calculation of the control point values of the contact pressure is inspirited by the mortar
method [4]. In particular, control point pressures are evaluated as a weighted average

p(i)
cA =

R

(i)
γc

D E
(i)
RA N gN dΓ(i)
R
.
(i)
(i) RA dγ
Γ
c
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Figure 1. Hertzian contact problem.
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Figure 2. Contact pressure distribution.

Numerical test: Hertzian contact problem
As the numerical example, the classic Hertzian problem is investigated. In particular, the plane
strain contact of cylinder with rigid plane is considered (see Fig. 1(a)). The material parameters,
geometry, and boundary conditions as well as IGA mesh parametrization are taken from the
work of Temizer et al. [4].
For illustration, the contours of the normalized vertical stress component σy∗ = σy /po are showed
in Fig. 1(b). The detail study of contact pressure distribution in dependence on the contact area
radius a is presented in Fig. 2. In this figure, the plot on the left was obtained for the penalty
parameter N = 104 N/m3 whereas the plot on the right was obtained for N = 106 N/m3 . In
each the sub-plots of Fig. 2 there is analytical solution, the contact pressure at Gauss points
pcg = N gNg , and a post-processed contact pressure denoted in legend as NURBS.
One can see in Fig. 2 that post-processed contact pressure shows very good agreement with the
analytical solution. On the other hand, the contact pressure at Gauss points exhibits oscillations
that increase with the polynomial order of the basis functions. This is the expected result
because the GPTS formulation leads to the over-constrained system of equations. Note that
calculation of the weighted average quantities is the bottom line of the mortar-KTS algorithm [4].
While Eq. (11) was used only once in a post-processing solution, the mortar FE algorithm uses
this formula in each iteration of the non-linear solution to obtain the correct number of contact
constraints.
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Conclusions
In this paper, a simple large deformation frictionless contact formulation [2] was presented in the
IGA framework. An essential feature of this formulation is an unbiased treatment of the contact
residual, which means that there is no need to distinguish between master and slave bodies.
The proposed algorithm fully exploits the features of the isogeometric analysis, namely that the
local contact searching can be done in the loop over patches rather than over elements. The
performance of the resulting IGA contact algorithm was tested by means of the Hertz contact
problem. It was demonstrated that oscillations of the Gauss point solution can be efficiently
eliminated in post-processing.
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Micro Abstract
Currently, the wind turbine design trend is up-scaling which results in larger slender and flexible
wind turbine blades. Therefore, as wind turbine blades become lighter and more flexible, aeroelastic
instabilities must be of great concern. Most of the current aeroelasticity tools are based on simplified
models of the aerodynamics and the structural dynamics. Therefore, the accuracy level of the
engineering models compared to the high-fidelity models were investigated.
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Introduction
Currently, most of the wind turbine aero-elastic models are based on simplified aerodynamic
models such as the Blade-Element Momentum theory (BEM) [2, 8]. In addition, the wind
turbine flexible components (such as the blades) are modelled structurally by means of beam
elements [7, 8]. The BEM-based method is computationally efficient and provides reasonable
estimations of the aero-elastic behaviour of flexible blades, but some aerodynamic phenomena
are not captured accurately. Mainly, BEM theory is based on the one-dimensional momentum
equilibrium. In fact, it neglects any three-dimensional effects. Therefore several corrections are
needed in order to account for all complex unsteady and 3D aerodynamic effects [4]. As the
wind turbine rotor diameter increases, including more complex geometries such as pre-cone,
rotor tilt and pre-bended blades, symmetric inflow conditions can not be assumed any more.
Therefore, it becomes inaccurate simulating it with the dynamic inflow model of the BEM based
simulations [7]. Also modelling the blades by beam elements could not be able to capture the
profile deformations that might happen at high loading conditions. Any profile deformations will
result in a change in the aerodynamic characteristics of it and then the total performance of the
wind turbine might be changed. Therefore, aero-elastic investigations were performed based on
two different structural models in order to find their impact on the aero-elasticity of large scale
wind turbines. In the present study, the CFD solver, CSD solver, the wind turbine configuration,
the computational setups and the coupling interface used in this study are described in section
1. Then the aeroelastic response and effects on the blade performance are evaluated in section
2. The results are compared with the CFD results by modelling the blade as a rigid model to
investigate the effects of blade deformations on the rotor blade aerodynamic performance.

1 Numerical Setup
1.1 Wind Turbine Configuration
The wind turbine examined in the present study is the generic reference turbine of the ongoing
European InnWind project. It is a large HAWT with 178.3 m rotor diameter, a hub height
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of 119 m and FFA-W3 airfoil series. The complete blade structural properties, the material
properties and the elastic properties of the beam and the shell models are defined in [1]. Due to
the rotational periodicity of the 3-bladed rotor, a 120 degree sector of the rotor is considered in
the present study. Therefore, only a single blade and one-third of nacelle/hub are modelled where
the aerodynamics of the full rotor are taken into account through periodic constraints. Figure 1
shows an adequate geometrical CAD surface model of one blade and nacelle/hub established
using CATIA which is a multi-platform CAD/CAM/CAE commercial software developed by
the French company Dassault Systemes. Pre-bended blades are used with about 3.73%R at the
blade tip.

Figure 1. Blade and
nacelle/hub surfaces

Figure 2. Blade and nacelle/hub surface meshes

1.2 CFD Setup
FLOWer is the CFD solver utilized in the present study which it is provided by the German
Aerospace Center DLR [3] with specific extensions implemented at the IAG to obtain the
aerodynamic loads by solving the Reynolds-averaged Navier-Stokes equations (RANS). The
Wilcox k-ω turbulence model with fully turbulent flow state is used. Implicit dual time-stepping
scheme is utilized for the time integration of the RANS equations according to Jameson. An
Arbitrary Lagrangian Eulerian (ALE) approach is employed for the grid motions of the rotating
parts. The grid over-set method is applied by means of the CHIMERA technique which enables
better meshing control of complex geometries. In recent years, a process chain for wind turbine
CFD simulations was developed at the IAG to accelerate the pre-processing stage of simulations.
This process chain includes a high quality blade grid generation script and one must carefully
set the different parameters to control and insure the quality of the generated mesh. Several
CFD simulations of different offshore and onshore wind turbines have been conducted using that
process chain at IAG [6, 11].
Gridgen R is used in this research to generate the volume meshes for all sub-domains. For
each sub-domain, an independent grid is created with adopted refinement. The final generated
CFD volume meshes are based on a structured overset mesh technique (the surface meshes are
presented in Figure 2). This overset feature allows more mesh control over all the wind turbine
parts, as every component is meshed separately. Finally the volume domains are placed together
and overlapped using CHIMERA overlapping mesh technique. The blade mesh is generated
and refined by a special scripts developed at IAG. A background mesh is created to extend
the computational domain to the far field [6]. The far field dimensions are defined in terms of
the blade radius (R) as follows: 6R in the upstream direction, 9R in the downstream direction
and 6R in the far field direction. These values are chosen based on studies done by Sayed et.
al. [6]. The final grid statistics of the different volume domains used in the CFD and the coupled
simulations are shown in Table 1.
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Table 1. CFD Grid statistics
Domain

Blade

Hub and Nacelle

Background

Blade-HubConnector

Total
number of cells

Number of cells
[millions]

5.2

2.4

5

0.5

13.1

1.3 CSD Setup
The CSD solver used to solve the structure dynamics is Carat++. It is a general finite element
solver developed over the last years at the Chair of Structural Analysis TUM. Different elements
can be used such as spring, damper, mass, truss, beam, membrane, shell and solid elements
including geometrical and material non-linearity as well as some composite material description
for membranes and shells. It is used to perform different linear/nonlinear static and dynamic
structural analyses. The blade was firstly modelled using 51 3D non-linear co-rotational beam
elements which allow large rotations (see Figure 3a). The beam formulation is based on the
Timoshenko Beam theory which takes into account the shear deformation. Each beam element
has 6 Degree of Freedom (DoF) per node (3 translational and 3 rotational DoFs). It was
also modelled by a 4-node shell element with 6-DoFs per node. The shell element formulation
was based on the degeneration principle. A non-linear shell formulation was used with linear
displacement variation across the thickness and with Reissner-Mindlin kinematics. The Carat++
shell model was created with total number of 34849 Quadrilateral elements connecting 33271
nodes (see Figure 3b). The implicit generalized-α method was used for the time integration of
the transient simulations.

(a) The beam model

(b) The shell Model

Figure 3. The CSD computational models for the beam and shell representations

1.4 CFD-CSD Coupling Interface
The coupling frame work used in this study is the Enhanced Multi-Physics Interface Research
Engine (EMPIRE) developed at Technical University of Munich (TUM) [9]. It can be used for
co-simulation with multiple-codes which suits the multi-physics problems. EMPIRE can be
used to set up co-simulation flexibly with different coupling algorithms, for data communication
among multiple-codes and to do mapping between non-matching grids as described in Figure 4.

2 Impacts of the Structural Models
Linear and nonlinear structural dynamic analyses were employed in the beam coupled simulations
while only linear shell model was included. Five coupled revolutions were conducted and the
azimuthal variations of the flapwise and edgewise deformations at the blade tip were presented
in Figure 5. As shown, higher deformations in all directions were predicted with almost 2.2m
higher flapwise deformation approximately 0.7m higher edgewise deformation predicted by
the linear beam model. But compared to the nonlinear beam model results, ≈ 4.2m higher
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Figure 4. Schematic description of EMPIRE flow work

flapwise deformation result from by excluding the nonlinearity which corresponds to ≈ 44% more
deformation in the flapwise direction compared to the nonlinear beam model. A major cause of
this huge increase in the deformations was the radial deformation that approaches ≈ 1.3m at
the blade tip from the shell linear model and ≈ 1.6m from the beam linear model. This radial
deformations increase the blade radius and in turn increase the blade surface area (as shown in
Figure 6) results in more forces and more deformations in the flapwise and edgewise directions.
Also the linear models overestimate the tip deflections when large deflections occur because it
fails to capture the geometric nonlinearities [10].
In general, the differences in the results from the shell and beam elements conducted by the same
analysis type (linear/nonlinear) are due to the different characteristics inherent by the different
element formulations. It was reported that the overestimation in the flapwise blade deflection
was a main indicator of the nonlinear effects in the blade dynamic response [5]. Moreover, the
geometric nonlinearities must be included in the aeroelastic simulations for such large wind
turbines not only in the fatigue or buckling analyses but also in the performance analyses. Also,
including the geometric nonlinearities, the blade tip flapwise deflection was significantly reduced
compared to the linear model. This large difference in the deflections could be vital for the blade
designers.

(a) Flapwise [m]

(b) Edgewise [m]

Figure 5. Azimuthal variations of the blade deformations at the leading edge of different spanwise locations

The effect of these changes in the structural models on the wind turbine performance was
also discussed. The power was determined and normalized by the value of the rigid turbine
blade. The azimuthal variations of the power over the last coupled revolution (after five coupled
revolutions) was presented in Figure 7. It was found that the generated power from the flexible
blades are higher than the one from the rigid blade. The normalized power was increased by
≈ 1%, ≈ 3.4% and ≈ 4.3% from the nonlinear beam model, the linear shell model and the
linear beam model respectively. The large increase predicted from the linear model was due
to the increase in the rotor area since the blade was stretched in the radial direction as shown
in Figure 6. In addition, The total torque calculated from the blade forces are affected by the
edgewise and radial forces in y−direction and z−direction respectively and by the locations
these forces. The blade sectional loads in the y− and z−direction were presented as shown in
Figure 8. As shown in Figure 8a, very small change of the force distributions due to the change
in the angle of attack as a consequence of the torsion deformation. This small change does not
affect the power results that much since the decrease predicted in the outer region was overcome
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by the increase in the radial distance and the total difference would be very tiny. In contrast, a
complete change in the radial force was predicted as shown in Figure 8b. For the rigid blade,
vertical upward radial force was predicted (positive) since the blade was pre-bended towards
the flow. In case of flexible blade, the blade was bended (due to deformations) to the other
direction (negative) with the flow direction and its value increases with increasing the flapwise
deformations. Therefore, the maximum radial force results from the linear beam model since
it was the most bended one as shown in Figure 6. Changing the direction of the radial force
might not contribute to the torque if the edgewise deformations are small. Since the edgewise
deformations are ≈ 1.5m, or more in case of linear beam model, the contribution of the radial
force increases such that more torque was predicted.

Figure 6. Surface deformation after five coupled
revolutions from different structural models

Figure 7. Normalized power result from CFD-CSD
simulations by different structural models compared
to the rigid result

(a) Edgewise Force

(b) Radial Force

Figure 8. The sectional load distributions in y−direction and z−direction over the blade radius at the
position of 0◦ azimuth angle after five coupled revolutions

Conclusions
Two different structural models were used to examine the effect of the structural models on the
aeroelstic response of the wind turbine. It was concluded that, the aeroelastic results based on
the beam model are in good agreement with the results from the full FE shell model. The shell
model predicted thickness increase but it was not clear weather it was due to the use of linear
model or it was a correct de-cambering captured. Less torsional deformations was predicted
from the beam model since the properties and the centers were generated from the shell model
and that might cause some error. The time used to conduct coupled simulations modelling the
blade by beam elements was almost 50% of the one needed by modelling the blade with shell
elements.
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Transient aeroelastic simulations of wind
turbines with composite blades.
Gilberto Santo1 *, Mathijs Peeters2 , Wim Van Paepegem2 and Joris Degroote1
Micro Abstract
A fluid-structure interaction model is employed to numerically investigate the interaction of wind
flow and blade structures of a horizontal axis wind turbine. On the fluid side, the atmospheric
boundary layer is included and sliding interfaces are adopted to handle the rotation of the rotor. On
the structural side, a detailed model of each blade composite structure is used. The two models
are coupled in a transient simulation where stresses, loads and deformations of the blades are monitored.
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1 1

Introduction

Since the dimensions of horizontal axis wind rotor tend to increase, the slenderness of their blades
is also sensibly increasing. The deflection of the blades due to the wind load can reach peaks of
15% [1]. This leads to a fully coupled fluid-structure interaction (FSI) problem where the wind
flow and the flexible blades influence each other and continuously interact. This work aims at
simulating the FSI on a full scale horizontal axis wind turbine employing accurate computational
fluid dynamics (CFD) and computational structural mechanics (CSM) models. The atmospheric
boundary layer (ABL) is taken into account in detail. The resulting oscillating loads and stresses
on each blade are analyzed. On the structural side, a complete and accurate model reproducing
the complex composite nature of each blade is employed. The implicit coupling between the flow
and the structural models is guaranteed by the in-house code Tango, resulting in a segregated
approach [2].

2 1

CFD model

Given the relative motion of the modeled wind turbine, two different domains (a rotating and a
stationary one) are adopted, separated by sliding interfaces. The layout of the complete mesh
and the imposed boundary conditions are shown in Fig. 1. The rotor, whose radius R is 50 m,

Figure 1. (left) Layout of the simulations and (right) detail of the rotating domain

is embedded in the rotating cylindrically-shaped domain (marked in yellow in Fig. 1, which has
a length of 12 m and a radius of 52 m. The mesh is fully hexahedral and obtained by means
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of multi-block strategy. The rotating domain consists of 3 M cells, while the stationary one of
10 M cells.
The turbulence model is chosen to be the k − ε (unsteady RANS) model. The atmospheric
boundary layer inlet conditions first proposed by Richard and Hoxey [5] are employed in
order to replicate the neutral ABL conditions in the numerical domain, with friction velocity
u∗ = 0.79196 m/s and aerodynamic roughness length y0 = 0.5 m. The modified wall functions
proposed by Parente and Benocci [3] are employed on the ground wall to correctly preserve the
ABL profiles throughout the domain.

3 1

The CSM model

The analyzed blade is entirely made of composite material, with a total weight exceeding 9 tons.
Only shell elements are employed and composite layups are defined to reproduce the composite
layering. The elements are positioned on the outer mold layer (OML) with material offset
towards the inside. Different layups are assigned to different regions of the structure, mimicking
its real composition. Each layup is composed of a varying number of plies (up to 127). For each
ply a material and a thickness are assigned, together with the necessary orientation to fully
define the characteristics of layers made of anisotropic materials. The shear webs and the shear
caps are modeled using the same strategy. The mesh is created according to the process outlined
and discussed in [4]. Following this procedure, a mesh composed of 64000 three-dimensional
shell elements is obtained.

4 1

Coupling

The two outlined models are coupled by an in-house code named Tango [2]. The Gauss-Seidel
coupling algorithm is chosen in order to enforce equilibrium at the fluid-structure interface
within every time step. The displacements prescribed by the CSM model are applied on the
CFD mesh where the diffusion method based on boundary distance is chosen to deform only the
rotating domain mesh.

5 1

Results

The results of a fully coupled FSI simulation are compared with the ones coming from a purely
CFD simulation, thus considering rigid blades. In both cases the rotor spins at 1.3 rad/s and
a full revolution is simulated in 120 time steps. The logics illustrated in Fig. 2 will be used
to define the azimuth angle of each blade and the sign of the radial and tangential forces and
velocities.

Figure 2. Definition of the blade azimuth angle and components of forces and velocities.

Furthermore, as usually done, the torque (T) and the forces (F) acting on the blades are made
non-dimensional by means of the formula: cT = T /( 12 ρv 2 AR) and cF = F/( 12 ρv 2 A) where v is
the wind velocity at the hub height (10 m/s), ρ the air density and A is the frontal area of the
rotor. The velocity distribution induced by the ABL leads to higher angles of attack on the
blade span when the it points upwards (positive azimuth angles) and lower angles of attack
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when it points downwards (negative azimuth angle). As a result, the torque contribution follows
the same trend, as illustrated by Fig 3.

Figure 3. Single blade contribution to the torque as a function of the azimuth angle.

No difference is reported in the average value of the single blade contribution to the torque
(about 0.01) while a reduction in the peak-to-peak amplitude of the oscillation (-3.8%) is visible
in the FSI case. A delay is also reported in the FSI case. These differences are linked to the
axial oscillation of the tip in the FSI case, showed in Fig. 4 in terms of axial displacement and
axial velocity. A positive tip axial velocity leads to a reduction of the angle of attack at the tip

Figure 4. (left) Tip axial displacement and (right) axial velocity in the FSI case.

and, consequently, to a local decrease of the performance. Similarly, a negative tip axial velocity
leads to an increase of the tip angle of attack and thus to an increase in the local performance.
A comparison of Fig. 4 and Fig. 3 shows that when the tip speed is positive, the FSI torque is
lower than the CFD torque, confirming the reasoning just outlined. Fig. 5 compares the total
radial force induced by the wind load on the blade in the CFD and FSI cases: it can be seen
that the radial aerodynamic force is centrifugal in the CFD case but becomes centripetal in the
FSI case.
Focusing on the internal stresses, most of the load acting on the blade is counteracted by its
inner shear webs, which are always solicited by bending moment during the revolution. In
particular, the pressure side experiences traction longitudinal stress, while the suction side is
subject to compression stress. Fig. 6 monitors the longitudinal stresses in the maximal traction
and maximal compression points in the shear webs.
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Figure 5. (left) Deformed blade on top of undeformed one and (right) radial aerodynamic force on the blade.

Figure 6. Stress evolution in the maximal traction and maximal compression points of the shear webs.

6 1

Conclusions

The FSI model described was successfully used to investigate the mutual interaction of wind
flow and structural response of a modern horizontal axis wind turbine. The effect of the ABL
was also highlighted in both CFD and FSI cases. A noticeable effect of the tip deflection on the
performance of the turbine was addressed.

1
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Official preCICE Adapters for Standard
Open-Source Solvers
Benjamin Uekermann1 *, Hans-Joachim Bungartz1 , Lucia Cheung Yau1 , Gerasimos
Chourdakis1 and Alexander Rusch1
Micro Abstract
To deal with the increasing complexity of today’s multiphysics applications, the reuse of existing
simulation software often becomes a necessity. Coupling to open-source simulation codes, in particular,
is a time-efficient way to tackle new applications. The open-source coupling library preCICE enables
such coupling in a minimally-invasive way. In this contribution, we give an overview on ready-to-use
preCICE adapters for standard open-source solvers, namely CalculiX, Code Aster, OpenFOAM, and
SU2.
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Introduction
The preCICE library [1] allows to couple existing simulation software to overall multi-physics
simulations in a flexible way at run-time. To this end, preCICE offers methods for equation
coupling, such as quasi-Newton acceleration schemes, methods for data mapping, such as radialbasis function interpolation, and fully parallel communication means, based on either MPI
or TCP/IP. preCICE is implemented in C++, but offers an API in most standard scientific
computing languages. The software is actively developed at the Technical University of Munich
and the University of Stuttgart and is published under the free LGPL license on GitHub
(http://www.precice.org, https://github.com/precice). A recent article [8] summarizes
the development of preCICE over the last ten years for a general audience.
To prepare an existing simulation code for coupling, preCICE has to be integrated with the
solver. The high-level API of preCICE makes this step minimally-invasive. We refer to the glue
code that handles the integration as “adapter”, cf. Figure 1.
Adapter libprecice

libprecice Adapter

CFD

CSM

Figure 1. Coupling of a computational fluid dynamics code (CFD) to a computational structural mechanics
code (CSM) via preCICE. We distinguish between the existing solver code, the adapter, which integrates
preCICE in a minimally-invasive way, and the linked library.

Many users of preCICE face a similar situation: They have a sophisticated, often legacy in-house
code, which they know very well and which is specialized for a certain application. To broaden
the scope of applications, they want to couple their in-house code to an existing open-source code
from the community. To write an adapter for the in-house code is often a relatively easy task.
The users know where exactly to integrate the coupling and can copy the preCICE calls from
tutorial examples. To write an adapter for the community code, however, is more cumbersome.
Having good user knowledge of such a code is not enough. Developer knowledge is needed.
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Figure 2. Temperature distribution and streamlines for a shell and tube heat exchanger. A cold fluid, running
from left to right, and a hot fluid, running from top to bottom, exchange heat through a complex structure.
Two instances of OpenFOAM are coupled to CalculiX via preCICE. The simulation has been carried out as
part of the master thesis of Lucia Cheung [2], in cooperation with SimScale (www.simscale.com).

Furthermore, this is work that users do over and over again, as they all couple to the same
community codes and rarely anybody is proud enough about his or her adapter to publish it.
From preCICE perspective, this user experience is unsatisfactory.
Therefore, we decided to offer official preCICE adapters for several standard community solvers.
Further benefits justify this effort: All Adapters can offer a unified user experience concerning
building and running. Next, the coupled community codes can be used for tutorials, but also
as complete coupled regression tests. Furthermore, the adapters should have fewer flaws as,
during the adapter development, preCICE developers have a complete feature set of preCICE in
mind whereas users often only apply a subset. Last, preCICE, of course, also benefits in terms
of marketing as we can then directly approach the communities of the open-source simulation
codes.
To conclude the introduction, Figure 2 shows a conjugate heat transfer simulation realized by
coupling OpenFOAM to CalculiX.

1 Technical Realization of Adapters
The technically ideal realization of an adapter strongly depends on the individual simulation
code. Still, open-source codes have in common that access to the complete functionality is
possible. For commercial solvers (preCICE adapters currently available for ANSYS Fluent and
COMSOL), access is often limited to specific function callbacks or interfaces. In this section,
we give technical information about recently developed preCICE adapters for four standard
community codes. Table 1 gives a first overview.

CalculiX
Code Aster
OpenFOAM∗
SU2∗∗

Supp. Vers.

Lic. of Adap.

Coupling Phys.

Solver Options

2.10, 2.12
12
2.3–5.0
4.0.2–4.2.0

GPL
GPL
GPL
LGPL

CHT, FSI
CHT
CHT, FSI
FSI

Linear and Non-Linear
Linear and Non-Linear
Arbitrary
Compressible Flow

Table 1. Official preCICE adapters for standard open-source codes. Tested version numbers of the codes are
given, but upgrading to other versions should be rather simple. The adapter license is inherited from the
simulation code’s license. Coupling physics encompass (mechanical) fluid-structure interaction (FSI) and
conjugate heat transfer (CHT). ∗ The OpenFOAM adapter will be available by the end of 2017. ∗∗ Support of
SU2 v5.0 will be available in fall 2017.
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1.1 CalculiX
CalculiX [4] is a finite element solver for static, dynamic, and thermal structural mechanics
problems, developed by Guido Dhont und Klaus Wittig (http://calculix.de/). The preCICE
adapter builds on the master thesis of Lucia Cheung [2] and has been further extended by
Alexander Rusch. As CalculiX is written in C, the adapter uses the C-API of preCICE. The
adapter overwrites the main files (e.g. ccx 2.12.c and nonlingeo.c) of CalculiX and calls
further adapter routines from there. The adapter is built from source with CalculiX in its
native building procedure. Mechanical fluid-structure interaction (FSI) problems are supported
as well as conjugate-heat transfer (CHT). For FSI, the user can choose between the linear
and the nonlinear CalculiX solver. For CHT, steady-state as well as dynamic simulations are
possible. During runtime, a YAML adapter configuration file specifies which variables are read
and written at which coupling boundary. The choice of variables implicitly determines the type
of coupling (FSI or CHT) at each coupling boundary. [2] gives more information on the adapter
and validation of several coupled CHT scenarios. As a next development step, we want to extend
the adapter to also support structure-structure interaction problems between, for example, the
nonlinear and the linear solver of CalculiX.
1.2 Code Aster
Code Aster [6] is also a finite element structural mechanics code, developed by Electricité de
France (http://www.code-aster.org). The software uses command files written in Python
to call the actual solver routines written in Fortran. The coupled Code Aster uses a specific
command file adapter.comm and calls the actual preCICE adapter adapter.py from there using
the Python-API of preCICE. The adapter was developed for CHT problems in [2], supporting
dynamic and steady-state simulations. More information and validation is given in [2].
1.3 OpenFOAM
OpenFOAM [9] is a C++ library for continuum mechanics, which allows the implementation of
arbitrary individual finite volume solvers. At the same time, many existing solvers are distributed
as part of OpenFOAM, most of them for fluid dynamics. Many other solvers are developed
in the community. In this fact lies one of the difficulties in developing a preCICE adapter
for OpenFOAM – an ideal adapter should support any OpenFOAM solver. In a first step,
we developed a CHT adapter for many important OpenFOAM solvers [2], by calling adapter
methods directly from the main C++ solver routines. In [3], we now work on a generalization that
compiles the adapter as a separate OpenFOAM function object – an additional library, which
is called through callbacks directly in the OpenFOAM framework. Thus, no code changes are
necessary to prepare an arbitrary existing OpenFOAM solver, only the OpenFOAM configuration
file system/controlDict has to point to the compiled adapter. The user can further tailor the
adapter at runtime by specifying the coupling variables and boundaries in a YAML configuration
file. In theory, this enables the realization of any physical coupling. We focus our testing,
however, on CHT and FSI scenarios. CHT validation is given in [2], whereas [3] describes the
adapter in more detail. The publication of the adapter is planned for the end of 2017, starting
with OpenFOAM versions v4.x and v5.x. Afterwards, we also plan to support earlier OpenFOAM
versions starting with presumably v2.3. Another difficulty of the adapter development lies in
the many available OpenFOAM variants and forks. The official preCICE adapters supports
the www.openfoam.org distributions. David Blom, however, has also developed an unofficial
preCICE adapter for foam-extend v3.2 (https://github.com/davidsblom/FOAM-FSI).
1.4 SU2
SU2 [5] stands for Stanford University Unstructured and is a finite volume fluid solver
(http://su2.stanford.edu/). The software originally evolved from aeronautical compressible
flow applications, but due to an active community, SU2 nowadays also supports incompressible
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flow problems and has various multi-physics extensions. Alexander Rusch developed the preCICE
adapter as part of his Bachelor thesis [7] and has maintained the adapter since. The adapter
currently only supports FSI problems and only the compressible flow solver of SU2. As SU2
is written in C++, the adapter uses directly the C++-API of preCICE. Therefore, the main files
of SU2, such as SU2 CFD.cpp, are modified to call the preCICE adapter, realized in a separate
class. For every SU2 version, we provide an individual update of the main files. The adapter is
built from source with SU2 in its native building procedure. For more information, refer to [7].
We currently support v4.0.2 to v4.2.0, but plan to support also the newest versions in fall 2017.

Conclusions
In this brief contribution, we gave an overview of official preCICE adapters for the popular
open-source simulation codes CalculiX, Code Aster, OpenFOAM, and SU2.
Future work will be threefold. First, we want to develop tutorial cases with the existing
adapted open-source codes. A team of BGCE students (http://www.bgce.de/) currently
works on interactive tutorials. A first static version with SU2 and CalculiX is already online
(https://github.com/precice/precice/wiki/FSI-tutorial). Second, we want to extend
the number of coupled open-source codes. Please approach us if you would like to see a particular
code coupled or if you want to share your adapter. Last, we want to simplify the build process
of preCICE and the adapters, for example by providing Debian packages or Docker containers.
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A Partitioned Approach for Fluid-Structure
Interaction Using NURBS-Enhanced Finite
Elements and Isogeometric Analysis
Norbert Hosters1 *, Michel Make1 , Stefanie Elgeti1 and Marek Behr1
Micro Abstract
In the presented work the Deforming Spatial Domain/Stabilized Space-Time method extended with
NEFEM is coupled with a semi-discrete IGA solver. IGA exploits the geometric properties of NURBS
for numerical analysis. However, parametrizing the 3D domains typically needed for fluid dynamics is
still challenging. Instead, NEFEM suggests the use of standard finite elements in the interior domain
and special elements along the boundaries. A simplified data transfer and an error reduction are
achieved.
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Introduction
Engineering design via CAD software relies on Non-Uniform Rational B-Splines (NURBS) as
a means for representing and communicating geometry. Therefore, in general, a NURBS representation of a given geometry can be considered the exact description. The development of
isogeometric methods has made this exact geometry available to analysis methods [3]. Isogeometric analysis has been particularly successful in structural analysis; one reason being the
widespread use of two-dimensional finite elements in this field. For fluid dynamics, where threedimensional analysis is usually indispensable, isogeometric methods are more complicated, yet
not impossible, to apply in a general fashion. We propose a method that enables the solution of
fluid-structure-interaction with a spline description of the interface [2]. On the structural side,
the spline is used in an isogeometric setting. On the fluid side, the same spline is used in the
framework of a NURBS-enhanced finite element method (extension of [5]). The coupling of the
structural and the fluid solution is greatly facilitated by the common spline interface. The use
of the identical spline representation for both sides permits a direct transfer of the necessary
quantities, all the while still allowing an adjusted, individual refinement level for both sides.

1 Numerical Methods
Within the proposed partitioned FSI solver, NURBS-based isogeometric analysis is applied
on the structural side. On the fluid side, we apply the Deforming Spatial Domain/Stabilized
Space-Time method [7] with NURBS enhanced Finite Elements, in which the original NEFEM
formulation was slightly modified.
1.1 The Modified Version of NEFEM Used in the FSI Context
The NEFEM implementation utilized in this work is based on the same idea as it was proposed
by [4]. The differences lie in the fact that (1), we employ the space-time version, as derived
in [6], and (2), we refrain from using Cartesian FEM, but compute both the shape functions
and the position of the integration points on a — now triangular — reference element. What
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remains unchanged is the overall concept of adjusting of the position of the integration points to
the curved NURBS shape as well as the representation of the unknown solution with Lagrange
polynomials — even if restricted to linear polynomials in our case.
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Figure 1. The Triangle-Rectangle-Triangle mapping from the reference triangle to the global triangle with
one curved edge was derived from the original mapping from the reference bi-unit square to the curved
triangle. By incorporating the bi-unit square, it can still be ensured that the NURBS direction and the
interior direction are clearly separated, thus leading to straight interior edges even though the boundary edge
is curved. Ψ is the mapping utilized in [4], Φ is the new TRT mapping.

The derivation of the mapping is illustrated in Figure 1. It is used for both the definition of
the shape function and the placement of the quadrature points. Figure 2 compares the p-FEM
mapping from [4] with the modified mapping. In principle, the two mappings lead to a similar
— although still different — distribution of quadrature points. Note however, that the p-FEM
mapping has a singularity at one of the boundary nodes; thus excluding this point in case of a
boundary integral. The TRT mapping has its singularity at the interior node.

2 Partitioned Solution Approach
2.1 Coupling Conditions at the Fluid-Structure Interface
The governing equations of fluid and structure need to be connected in order to represent the
interaction between the two components. For a consistent coupling, the following physical
requirements are essential: (1) geometric compatibility between the fields, (2) kinematic and
dynamic conditions at the shared interface ΓF S , to ensure conservation of mass, momentum
and energy. This leads to the following coupling conditions on ΓF S :
Kinematic continuity:

df (x, t) = ds (x, t)

on

ΓF S ,

uf (x, t) = ḋs (x, t)

on

ΓF S .
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Figure 2. Comparison of the quadrature point placement for the p-FEM and the TRT mapping for an
element with one circular edge

These coupling conditions ensure the continuity of displacements and velocities across the interface.
Dynamic continuity:
σ f (x, t) · nf = −σ s (x, t) · ns

on

ΓF S .

(2)

In agreement with Newton’s third law – Actio and Reactio – this coupling condition enforces
continuity of fluid (σ f ) and structural stresses (σ s ) at the interface ΓF S .
2.2 Temporal Coupling
For the temporal coupling, we employ a strong coupling approach. The coupling conditions
are fulfilled via fixed-point iterations between the structure and fluid within one time step until
convergence is obtained. This information enters the respective other simulation as a boundary
condition. In the sense of a Neumann-Dirichlet approach, stresses are transfered from structure
to fluid and deformations from fluid to structure.
2.3 Spatial Coupling via Direct Integration
If NEFEM is applied on the fluid side and IGA on the structural side, the exact geometry of
the coupling interface is available on both sides. Thus, a direct integration can be applied to
obtain the fluid forces in the sense of a weighted residual method [1].
1) Calculation of discrete forces: Using the NURBS basis functions Ri as test functions, the
fluid forces Fsi on the right-hand-side of the structural problem can be formulated as follows:
Fsi =

Z

ΓF S



Ri (Θ) σ f (Θ) · n(Θ) dΘ.

(3)

Following this idea, the forces are already available on every control point and can be directly
used as a right-hand-side for the system of equations of the structural problem. An additional
projection method is not needed anymore.
2) Transfer of deformation onto the fluid: The computed structural deformation has to be
transferred back to the fluid in order to account for the mesh deformation. Once again, this
procedure is straightforward due to the use of IGA. The deformation is computed at every spline
control point. Knowing the parametric coordinates, we have to sum up the contributions of
all control points that have non-zero NURBS basis function at that point. This is done in the
following way:
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dfi =

n
CP
X

Rj (Θi ) dsj .

(4)

j

Here, dsj is the computed displacement on the structural side — a displacement applied to the
control points —, whereas dfi is the displacement of fluid node i — a displacement applied on
FE node level.

Conclusions
A novel coupling scheme for FSI problems for spline-based methods is presented. Building on
the recent advances in structural mechanics based on isogeometric analysis, the idea is to involve
the splines also in the flow simulations. This was achieved by employing the NURBS-Enhanced
Finite Element Method for the fluid.
A new geometrical mapping, ensuring that Dirichlet boundary conditions are fulfilled on the
spline-based surface, was presented. With that, a direct transfer of the necessary coupling
variables is possible, as the interface description is identical for both the structure and the fluid.
In addition to the simplified implementation of the coupling, an increased accuracy of the flow
solution — and with this the FSI solution — was to be expected due to the exact interface
representation.
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An isogeometric mortar surface coupling
method for trimmmed multipatch CAD
geometries with application to FSI
Andreas Apostolatos1 *, Altug Emiroglu1 , Fabien Pean2 , Roland Wüchner1 and Kai-Uwe
Bletzinger1
Micro Abstract
In this work the isogeometric analysis concept is extended to the mortar-based method for coupling of
non-matching discretizations at common interfaces with application to FSI. In particular, focus is put
on transferring data between real world engineering geometries modeled in CAD and low order surface
discretizations. Moreover, the continuity enforcement between the trimmed multipatches is discussed.
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Introduction
Mapping methods for field transfer between non-matching interface discretizations are necessary
for real-world applications with complex models and thus have been studied especially for
coupled problems, such as contact problems and Fluid-Structure Interaction (FSI) simulations.
In particular, a thorough study over different methods for data transfer with application to FSI
is provided in [6]. The mortar-based method has shown very nice properties especially for highly
non-matching discretizations. In the present contribution, the the isogeometric b-rep analysis [5]
is extended to the mortar-based method in order to account for trimmed multipatch isogeometric
discretizations when data should be exchanged with low order surface discretizations in the
context of FSI. Additionally, a Penalty method is chosen for enforcing continuity constraints
between the non-matching NURBS multipatches as well as the Dirichlet boundary conditions in
a weak sense [3, 4].

1 Problem placement
Let Ω ⊂ R3 be a multipatch surface in 3D Euclidean space, that is, Ω may be decomposed into
a set of surfaces Ω(i) with i = 1, . . . , n ∈ N such that,
Ω=

n
[

Ω(i) ,

(1a)

i=1

Ω

(i)

(j)

∩Ω

= ∅ , for all i, j = 1, . . . n with i 6= j ,
n
[
Ωd : =
Ω(i) ,

(1b)
(1c)

i=1

Ω(i) ∩ Ω(j) = γ (i,j) , for all i, j = 1, . . . n with i 6= j ,
[
γ=
γ (i,j) ,
(i,j)∈I
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I being the set of pairs (i, j) with i, j = 1, . . . , n excluding pairs of the form (i, i). Set of
equations (1) defines a non-overlapping domain decomposition of surface Ω. Subsequently, let
X ⊂ L2 (Ω) and Y ⊂ L2 (Ωd ) stand for all weakly continuous vector functions in Ω and in Ωd ,
respectively. In other words, space Y accounts also for non square integrable functions across γ.
Spaces X and Y, become inner product spaces when equipped with the inner product from the
L2 (Ω) space defined as,
D

e
d, d

E

0,Ω

:=

Z

Ω

e dΩ for all d, d
e ∈ L2 (Ω) .
d·d

(2)

Clearly, every element y ∈ Y is discontinuous with discontinuous derivatives across the patch
interfaces.
As a differential operator of field y the bending part of the rotation operator as this is defined
in the Kirchhoff-Love shell with respect to the displacement field is herein chosen, see [3] for
more details. In the sequel ω (y) is referred to as the rotation of field y, defined as [3],

ω (y) := −n · ∇y3 + B · yk ,

(3)

where y3 and yk stand for the out of plane and the in plane components of field y when it is
expressed over the covariant basis on surface Ω, that is,
y = y α A α + y3 A 3 = y k + y3 A 3 ,

(4)

Aα and A3 being the covariant base vectors and the surface normal base vector of surface Ω.
Additionally, n, , ∇ and B stand for the in plane unit vector normal to the axis of rotation ω,
the permutation tensor, the gradient operator and the curvature tensor in the curvilinear space
of the surface Ω.
Subsequently, given two elements y ∈ Y and x ∈ X , the task is to find another two elements
x ∈ X and y ∈ Y, respectively, such that,
ek0,Ω ,
x = arg min ky − x
e ∈X
x

(5a)

e k0,Ω ,
y = arg min kx − y

(5b)

y(i) − y(j) = 0 ,


− ω y(j) = 0 ,

on each γ (i,j) ,

(6a)

on each γ (i,j) ,

(6b)

e ∈Y
y

where k•k0,Ω stands for the norm induced by the inner product defined in (2) and where
additionally the following interface and homogeneous Dirichlet boundary conditions for problems
(5) are satisfied,


ω y(i)



x = x0 , on Γd ,

(6c)

y = y0 , on Γd ,

(6d)

ω (y) = ω 0 , on Γd ,

(6e)

assuming without loss of generality that all Dirichlet boundary conditions are applied along the
same portion of the boundary Γd ⊂ ∂Ω. Furthermore, space X is chosen such that boundary
conditions (6c) are by construction satisfied, that is,
X := {x ∈ X |x = x0 on Γd } .
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2 Weak formulation of the problem
To formulate the weak statement of set of problems (5) subject to conditions (6), the following
normal and augmented functionals are defined,
1
ky − xk20,Ω ,
2
1
1
Ly (y) : = kx − yk20,Ω +
αy χy
2
2
Lx (x) : =

(i,j)

where y(i) − y(j) = χy

= χy

γ (i,j)

(8a)

1
αω ωk20,Γd ,
(8b)
kαω χω k0,γ + ke
αy yk0,Γd + ke
2


(i,j)
and ω y(i) + ω y(j) = ω (i) + ω (j) = χω = χω
0,γ

+

γ (i,j)

stand for the interface jumps of fields y and ω (y), respectively. As it can be deduced from the
definition of functionals (8b) the Penalty method is employed for enforcing the interface and
Dirichlet boundary conditions defined in (6a)-(6e) using correspondingly αy , αω , α
ey and α
eω as
Penalty parameters for problem (5b). On the other hand, condition (6c) is enforced strongly in
problem (5a) as it can be deduced by the selection of space X . The variational formulations of
problems (8) are then obtained when the total variations δLx and δLy are set to zero, that is;
Find x ∈ X and y ∈ Y such that,
ax (δx, x) = lx (δx) , for all δx ∈ X ,

(9a)

ay (δy, y) = ly (δy) , for all δy ∈ Y ,

(9b)

where the bilinear forms ax : X ×X → R, ay : Y ×Y → R and the linear functionals lx : X → R,
ly : Y → R are defined as follows,
ax (δx, x) : = hδx, xi0,Ω ,

(10a)

ay (δy, y) : = hδy, yi0,Ω + δχy , αy χy
+ hδω, α
eω ωi0,Γd ,

lx (δx) : = hδx, yi0,Ω .

0,γ

+ hδχω , αω χω i0,γ + hδy, α
ey yi0,Γd

ly (δy) : = hδy, xi0,Ω ,

(10b)
(10c)
(10d)

Each of variational problems (9) have a unique solution since forms (10a), (10b) are bilinear,
coercive and continuous and functionals (10c), (10d) are bounded.

3 Discretization
Let X h ⊂ X and Y h ⊂ Y be a Finite Element and an isogeometric discretization of spaces X

 (i)
m
(i) m
and Y, respectively. Let also ψ j j=1 and φj
with i = 1, . . . , n be bases of spaces X h
j=1
 m(i)
(m)
(i)
and Y h , respectively. Subsequently, there exist constants (x̂j )j=1 and ŷj
for each patch
j=1

i = 1, . . . , n such that,
x:=

m
X

ψ j x̂j = Ψx̂ ,

(11a)

j=1

m(j)

y:=

n X
X
i=1 j=1

(i) (i)

φj ŷj =



Φ(1) · · ·

Φ(n)




yˆ(1)
 . 
 .  = Φŷ ,
 . 
yˆ(n)

(11b)

Ψ, Φ(i) being the basis function matrices for the Finite Element and the isogeometric discretization for each patch, respectively. Moreover, x̂ and ŷ(i) stand for the vector of Degrees of Freedom
(DOFs) for the Finite Element and the isogeometric discretizations of each patch, respectively.
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Then, Φ and ŷ denote the basis function matrix and the vector of DOFs for the whole multipatch
geometry. Subsequently, the discrete form of variational problems (9a) and (9b), respectively
write,
Cxx x̂ = Cxy ŷ ,

(12a)

Cyy ŷ = Cyx x̂ ,

(12b)

where the involved matrices are defined as,
Cxx,i,j : = ψ i , ψ j 0,Ω ,
 (1)
(1)
Cyy + Cp
···

.
..
.
Cyy : = 
.
.
(i)

Cyy,j,k
(i)

Cp,j,k
(i,j)

Cp,k,l

(1,n)
Cp

(13a)
(1,n)

Cp
..
.
(n)
Cyy

(n)
Cp




 ,

(13b)

···
+
D
E
D 


E
(i)
(i)
(i)
(i)
(i)
(i)
: = φk , φl
+ φk , α
e y φl
+ ω φk , α
eω ω φl
,
0,Ω
0,Γd
0,Γd
D
D 


E
E
(i)
(i)
(i)
(i)
+ ω φj , αω ω φk
,
: = φj , αy φk
0,γ
0,γ
D

E
D 

E
(i)
(j)
(i)
(j)
: = − φk , αy φl
+ ω φk , αω ω φl
,
D

Cyx,k,l :=

E

0,γ

n D
E
X
(i)
φk , ψ l
i=1

0,Ω

0,γ

= Cxy,l,k .

(13c)
(13d)
(13e)
(13f)

4 Numerical Results
The applicability of the method is demonstrated using the blades taken from the NREL wind
turbine model [1] within a fluid-structure interaction environment. The real model of the wind
turbine and the corresponding CAD model of its two blades can be seen in Fig. 1. The two
blade CAD model excluding the motor hub, see Fig. 1b, consists out of 64 trimmed patches. An
example of two trimmed patches over the multipatch surface are given in Fig. 2. As structural

(b) CAD model of the turbine blades with the rotor
hub.
(a) Picture of the NREL wind turbine [1].
Figure 1. NREL wind turbine real and CAD model.
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(a) Trimmed patch on the tip of one blade.

(b) Trimmed patch along one blade’s surface.

Figure 2. NREL wind turbine real and CAD model.

(a) Displacement field on the multipatch isogeometric (b) Mapped displacement field on the fluid interface
mesh at the 67th time step.
structure at the 67th time step.
Figure 3. Displacement mapping solving problem (9a).

model the Kirchhoff-Love shell model is chosen, whereas the continuity constraints among the
multipatches and the weak application of the Dirichlet conditions is done using the Penalty
method, see [5]. The fluid is solved using the Finite Volume Method within the open-source
program OpenFOAM [2]. The coupled problem is solved using the partitioned Gauss-Seidel
approach. The displacements are mapped onto the fluid FSI interface, see Fig. 3b from the
isogeometric multipatch structure, see Fig. 3a, solving variational problem (9a) whereas the

(a) Traction field on the fluid-interface at the 50th
time step.

(b) Mapped Traction field on the multipatch structure
at the 50th time step.

Figure 4. Traction mapping solving problem (9b).
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traction field on the multipatch isogeometric surface, see Fig. 4b, is found when mapping the
traction field from the fluid FSI interface, see Fig. 4a, solving variational problem (9b). The
Penalty parameters for the enforcement of the continuity across the multipatches and the weak
Dirichlet boundary conditions in the mapping equation (9b) are chosen with respect to the
element size across each iterface and each Dirichlet boundary.

Conclusions
Herein an isogeometric mortar-based mapping method is proposed for its application to FluidStructure interaction. The method is enhanced with Penalty terms accounting for the coupling
between the different patches and the weak application of Dirichlet boundary conditions. The
applicability of the method is demonstrated using real world engineering problems which involve
trimmed multipatch geometries thus extending the concept of the isogeometric B-rep analysis to
the mortar-based method for data transfer between isogeometric and classical low order surface
discretizations.
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Deforming-Domain Problems Related to
Packaging Machines: Mesh-Update Method
and Flow Simulation
Fabian Key1 * and Stefanie Elgeti1
Micro Abstract
We will present an efficient and accurate interface-tracking method that describes computational
domains composed of a fixed and a moving component in relative translational motion. The periodic
character of the motion is reflected in the method via a closed virtual ring. We will conclude with
validation results as well as a simulation of the flow and temperature field inside a generic geometry of
a packaging machine.
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Introduction
As part of the analysis of fluid flow problems, we often encounter situations in which we have
to deal with deforming domains. These can either be due to movement of outer boundaries or
internal interfaces. An example is the simulation of packaging machines. We sketched a generic
setup in Figure 1.
Problems including moving boundaries or interfaces impose special requirements on the numerical methods to model the involved motion with respect to both the computational mesh and
the solution field. Commonly, a distinction is made between interface capturing and interface
tracking methods [2]. In the former approach, one employs an implicit description of the dynamic
boundary or interface, which leads to a flexible, yet not quite accurate representation.
The class of interface tracking methods is based on boundary-conforming meshes. This requires
an update of the computational mesh to account for the moving boundary. There exist several
strategies to modify the mesh according to the change in the position of the interface. These
strategies adjust the position of interior nodes based on the prescribed movement of the boundary
nodes. As compared to remeshing, this approach is both less costly and more accurate. A method
that, in addition, even allows for topological changes is the Shear-Slip Mesh Update Method
stationary
machine

nozzles

moving
packages

computational
domain

conveyor belt

Figure 1. Sketch of a simplified packaging machine.
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(SSMUM) [1]. It is applicable to rotational and translational movement. Here, only elements in
a small portion of the mesh are deformed and remeshed by means of a connectivity update which
also circumvents a projection of the solution field and reduces the effort of mutating the mesh.
Based on the SSMUM, we will present a novel method that allows to efficiently and accurately handle moving boundary problems. We developed an interface tracking approach that is
embedded in the Deforming-Spatial Domain/Stabilized Space-Time (DSD/SST) finite element
framework [3]. Its main idea is to map the translational movement in the physical domain to a
continuous circular movement in an abstract space, i.e., along a virtual ring. Therefore, we will
refer to it as the Virtual Ring Shear-Slip Mesh Update Method (VR-SSMUM).

1 The Virtual Ring Shear-Slip Mesh Update Method
In the following, we will focus on the modeling of domain deformations that are on the one hand
strictly translational, prescribed and periodic in nature and on the other hand affect only a
portion of the domain boundary, thus leading to large relative movement. The Shear-Slip Mesh
Update Method (SSMUM) has been developed for this kind of problems including large but regular boundary displacements. The applications we have in mind require the use of unstructured
grids due to their complex geometry and also include object entry and exit by the virtue of the
periodic movement. As an example, this could be the simulation of processes which include
the movement of a conveyor belt through a stationary machine casing as present in packaging
machines or coating procedures. Thus, we present the VR-SSMUM which is an extension of
the SSMUM and is applicable to the class of problems including translational movement as
described above. The main benefits of the SSMUM, namely no need for neither global remeshing
nor projection of the solution, are inherited. This implies the favorable properties of the method
with respect to efficiency and accuracy.
Moving

Computational Domain

Update Layer

Static

(a)

(b)

Figure 2. Two objects in relative motion: the square undergoes an unidirectional translation, whereas the
wall does not move. (a) Computational domain. (b) Splitting into a moving and a static part connected by
update layer.

The basic idea of the SSMUM is to split the computational domain into a moving and a static
part, respectively. Subsequently, a thin layer of elements – the update layer – is added, which
connects the moving and static mesh portions. For illustration, we will consider two objects
in relative translational movement, e.g., a box which moves along a static wall (see Figure
2a). For this example, a splitting of the computational domain into a moving portion, a static
portion and the update layer is shown in Figure 2b. The moving mesh will perform a rigid
body displacement as soon as the object, and thus its boundary, starts to move. Due to the
movement of the interface between the moving mesh and the update layer, the elements in this
layer undergo a shear deformation. When the movement proceeds, the elements will become
more and more distorted. To counter this, the SSMUM applies a connectivity update in the
update layer, i.e., the elements will then be comprised of a different, yet neighbouring set of
nodes. This step is based on update node information: Each node of an affected element knows
by which node it has to be replaced in the update procedure. A projection of the solution field
is not necessary, since the nodes keep their position.
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In order to address the periodicity, the moving domain is assumed to be built-up of characteristic blocks. Furthermore, all blocks have identical discretization, i.e., the same mesh. The
modeling of the movement by means of the computational grid is achieved through the following
idea: The translational, unidirectional movement in physical space is mapped to a movement
along a virtual ring in a more abstract space. To set up this ring, the mesh for the moving
domain is closed between its physical boundaries Γin and Γout by an additional copy of the
characteristic mesh block (see Figure 3a). The boundary of this block will be denoted as Γvirt .
We let Γin and Γvirt coincide in the abstract space and, thus, the moving mesh now represents
a closed ring. As one can conclude from the figure, the geometric periodicity is automatically
implied, since we have assumed that all blocks are identical. However, this does not enforce
periodicity with respect to the solution field, since the mesh block, which enters the domain,
is not the same one, which leaves the domain. For the solution process, the mesh portion in
the virtual region between outlet and inlet is deactivated. It is only used to model the mesh
deformation.
Γin

Γin Γvirt

Γout

Γout
Γvirt

Moving Mesh

Moving Mesh

Movement

Movement

Update Layer

(a)

Static Mesh

(b)

Figure 3. Virtual ring in abstract space for the example of two moving squares. (a) Moving mesh closed by
additional mesh block (dashed). (b) Closed moving mesh combined with static mesh by update layer.

We connect the moving and static mesh portions by adding a thin layer of hand made elements,
which aggregate the individual sub-meshes into one (see Figure 3b). In contrast to the original
version of the SSMUM, the update criterion is not (directly) based on the shape of the elements
in the update layer. Instead, an update is triggered if any mesh point, which is part of the
interface between the moving mesh portion and the update layer, enters the virtual region and
disappears in the physical space.

2 Numerical Results
2.1 Validation: 2D Couette Flow
For the validation of the VR-SSMUM, we used the classical 2D Couette flow test case. At steady
state, the analytic solution for the velocity field u = (u, v)T is given as u∗ = (ūy/H, 0), where
ū is the velocity of the upper plate. Since the movement requires an unsteady simulation, we
prescribed u∗ as initial condition and checked that the velocity field is not significantly distorted
u is given for the first
by the mesh update method. In Table 1, the maximum relative error δrel
time steps. Although we can see some influence of the method when a connectivity update
is performed and previously deactivated elements enter the computational domain, the error
remains sufficiently small.
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Step

1-5

6

7

8

u · 1014
δrel

0.0173

5.98

0.260

0.0520

u
Table 1. 2D Couette flow: maximum relative error for x-velocity δrel
. In time step 6, a connectivity update
was performed and previously deactivated elements entered the computational domain.

2.2 Use Case: 2D Packaging Machine
The VR-SSMUM has been applied for the simulation of the flow and temperature field of a
single fluid component inside a packaging machine. The setup is as follows: A conveyor belt
carries a number of packages through the stationary machine casing. At the top of the casing
several nozzles are located. Underneath, remaining fluid is expelled through a box. The packages
move from left to right through the machine and pass the nozzles which inject hot fluid. Figure
4 shows results for the flow field, i.e., the pressure distribution and the x-velocity, respectively.

(a)

(b)

Figure 4. 2D packaging machine: results for (a) pressure and (b) x-velocity field.

Conclusions
We presented the VR-SSMUM as an interface tracking approach to efficiently and accurately
handle deforming-domain problems including relative translational motion. The method has
been validated by means of the 2D Couette flow test case. Furthermore, we applied the approach
in the context of simulating packaging machines and showed results for the flow field inside.
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Hybrid Additive/Multiplicative Schwarz
Preconditioning for Monolithic Solvers for
Surface-Coupled Multi-Physics Problems
Maximilian Noll1 *, Matthias Mayr2 and Michael W. Gee1
Micro Abstract
We propose a hybrid additive/multiplicative Schwarz preconditioner for the monolithic solution
of surface-coupled problems. Existing physics-based block preconditioners have proven to be very
powerful but accumulate the error at the coupling surface. We address this issue by combining them
with an additional additive Schwarz preconditioner, whose subdomains span across the interface on
purpose. By performing cheap but accurate subdomain solves this error accumulation can be reduced
efficiently.
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Introduction
Physical phenomena that include the coupling of multiple physical fields are omnipresent in our
world. One prominent representative is the interaction of an incompressible fluid flow with solid
bodies undergoing finite deformation, commonly referred to as fluid-structure interaction (FSI).
Although already being studied for decades, solving such problems efficiently still poses a great
challenge for numerical algorithms. Promising approaches are monolithic solvers as described by
Mayr et al. [5] for example. They require powerful preconditioning techniques like physics-based
block preconditioners utilizing algebraic multigrid (AMG) methods [3].
Here, we propose a novel hybrid additive/multiplicative Schwarz preconditioner based on an
overlapping domain decomposition with subdomains intentionally spanning across the fluidstructure interface. To address the issue of error accumulation at the coupling surface in case of
physics-based block preconditioners, we combine them with an additional additive Schwarz
preconditioner whose subdomain solves are insensitive to the presence of the interface.

Fluid-Structure Interaction in a Nutshell
To establish a monolithic solution method for the coupled FSI problem, where all equations are
solved simultaneously, spatial and temporal discretization are performed field-wise before the
final assembly of the monolithic system of equations. For the spatial discretization of the solid
and the fluid field we employ the finite element method.
Temporal discretization is done by finite differencing. For time integration, we use fully implicit,
single-step, single-stage time integration schemes. In the solid field, we employ the generalized-α
method [1]. The fluid field either uses the generalized-α method [4] or the one-step-θ scheme [2].
Putting the residual expressions rS , rG and rF from the solid, the ALE, and the fluid field
as well as the kinematic constraint rcoupl together yields the monolithic nonlinear residual

T
T
vector rFSI = rS rG rF rcoupl
that needs to vanish in every time step. The nonlinearity
is treated by a Newton–Krylov method with FSI-specific preconditioning. After assembly,
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consistent linearization, and subsequent static condensation of the Lagrange multiplier and
slave side interface degrees of freedom, the monolithic system of linear equations schematically
reads



 S 
S
CSF
∆xS
r

(1)
A CGF   ∆xG  = −  rG  .
F
F
FS
FG
r
∆x
C
C
F
The matrices S, A, and F on the main diagonal reflect the solid, the ALE, and the fluid
field residual linearizations, respectively. The coupling among the fields is represented by the
off-diagonal blocks Cij , where superscripts i, j ∈ {S, G, F} indicate the coupling between the
fields.

The Hybrid Preconditioner
To set up a combined preconditioner two building blocks are necessary, namely one physics-based
−1
block preconditioner M−1
MS plus the additional preconditioner MAS based on the partition of the
domain in subdomains.
For M−1
AS the block structure of the system matrix is of no importance. Sorting all unknowns by
their affiliation to subdomains yields the matrix representation


A00 A01 · · · A0n
 A10 A11 · · · A1n 


(2)
A= .
..
.. 
..
 ..
.
.
. 
An0 An1 · · ·

Ann

distributed among n subdomains, where n usually equals the number of processes nproc . Matrices Aii are restrictions of the global matrix A to process i, while off-diagonal matrices Aij
and Aji account for the coupling between the local subproblems on processes i and j. All
process-local matrices in (2), especially the off-diagonal ones, are sparse. The additional preconditioner M−1
AS is obtained by dropping all off-diagonal coupling blocks in (2), which results in
the additive Schwarz preconditioner

M−1
AS





=


−1

A00
A11
..

.
Ann










=


A−1
00

A−1
11

..


.
A−1
nn



.


In order to tackle error accumulation due to physics-based block preconditioners the subdomains
must span across the interface, see Figure Figure 1.
Physics-based block preconditioners M−1
MS like block Gauß–Seidel (BGS) are formally of
multiplicative Schwarz type, which has been indicated by the subscript MS. Respectively, the
notation M−1
AS of the additional preconditioner with its subscript AS refers to additive Schwarz
methods.
The physics-based block preconditioner M−1
MS and the additional additive Schwarz preconditioner M−1
are
chained
together
to
form
the
hybrid additive/multiplicative Schwarz precondiAS
tioner. It is applied in a multiplicative Schwarz fashion, reading
−1
−1
−1
M−1
HS = MAS ◦ MMS ◦ MAS

(3)

where the additive Schwarz preconditioner is applied before and after the physics-based block
preconditioner. In GMRES iteration k, the preconditioner (3) is applied to the linear system via
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ΩF

proc 0

proc 1

ΓFSI

proc 2

ΩS

physical fields

(a) Physics-based overlapping domain decomposition

ΩF

proc 0

proc 1

ΓFSI

proc 2

ΩS

interface patch

(b) Overlapping domain decomposition based on monolithic graph

Figure 1. Overlapping domain decompositions of a FSI problem — Left: At the fluid-structure interface ΓFSI ,
the domain is partitioned into solid and fluid subdomains indicated by dashed lines. Each field can further be
distributed among several processes by an overlapping domain decomposition indicated by the colored patches.
Overlap of subdomains is not depicted for clarity of presentation. Right: The subdomains span across the
interface like ’proc 0’ and ’proc 2’. They are crucial for the effectiveness of the proposed preconditioner. Some
processes might not own portions of both fields, e.g. ’proc 1’. Overlap of subdomains is not depicted for
clarity of presentation.

three stationary Richardson iterations


k
xkI = xk0 + ωAS M−1
b
−
Ax
0
AS


k
xkII = xkI + ωMS M−1
b
−
Ax
I
MS


k
xkIII = xkII + ωAS M−1
b
−
Ax
II
AS

(4)

with damping parameters ωAS and ωMS and the initial solution xk0 . Intermediate steps after the
first and second Richardson iteration are denoted by xkI and xkII , respectively, while the final
result of the preconditioning operation is referred to as xkIII .

Numerical Experiments and Results
We study the performance of the proposed preconditioner using the pressure wave benchmark
test, cf. [3, 5] among others. We compare our new approach to two powerful variants of FSIspecific multigrid preconditioners, namely an outer block Gauß–Seidel (BGS) method with
AMG-based approximations of block inverses and an AMG hierarchy of the coupled problem
with BGS level smoothers [3]. These physics-based approaches are referred to as BGS(AMG) and
AMG(BGS), respectively. Solid and ALE blocks are treated with Smoothed Aggregation AMG
with Chebychev polynomials as level smoothers, while the fluid block is addressed with Petrov–
Galerkin AMG with damped symmetric Gauß–Seidel level smoothers. Direct solvers are
used on the coarse level in every field. For the hybrid preconditioner (3), we choose M−1
MS to
be BGS(AMG) or AMG(BGS) and use ILU(0) factorizations for the subdomain solves in M−1
AS .
Depending on the choice for M−1
,
we
denote
the
hybrid
variants
by
H-BGS(AMG)
and
HMS
AMG(BGS), respectively. GMRES iteration counts as well as pure solver time and solver time
including preconditioner setup are reported in Figure 2 for a problem with 1,948,161 unknowns
solved on 256 cores. Iteration counts and pure solver time are reduced by at least 20% by the
hybrid preconditioner, while total solver time including setup of the preconditioner is reduced
by at least 15%. In addition to these remarkable computational savings, weak scalability of the
proposed preconditioner could be demonstrated.
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Figure 2. The comparison of GMRES iteration counts and timings of purely physics-based block
preconditioners and their hybrid counterparts demonstrates the efficiency of the novel preconditioner.

Concluding Remarks
We proposed a novel hybrid preconditioner for monolithic FSI solvers, that combines powerful
physics-based block preconditioners with an additional additive Schwarz preconditioner whose
subdomain solves are insensitive to the presence of the interface. The novel approach reduces
computational cost by at least 20% in large-scale examples and additionally exhibits weak
scalability.
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Abstract:
Biomimetics is a continually growing research field as “learning from nature” is starting to play a more important role in improving, optimizing and developing of technical
products. Biomimetics is an interdisciplinary field in which principles from engineering,
physics, chemistry and biology are applied to develop materials, systems or machines
having functions that mimic biological processes. By definition, a special focus lies on
the interdisciplinary work between different sciences. Natural scientists and engineers go
the whole way from understanding a principle in nature by investigating a biological role
mode to transferring the findings to an application in technical products. This research
field is therefore not only related to the development of technical applications, but also
to fundamental research in the different disciplines.
The interplay of computational modelling with experiments also leads to reverse biomimetics. The aim of this approach is to infer, analyze and understand, through this interplay,
the functional and regulatory mechanisms of biological systems in settings where experiments alone deliver only limited results.
This mini-symposium is addressed to researchers in engineering and natural sciences who
contribute to biomimetic research with any role model and application through numerical
simulations.
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Plant-inspired compliant actuation
Anja Mader1 *, Annette Birkhold2,3 , Marco Caliaro4,5 , Olga Speck4,5 , Oliver Röhrle2 and Jan
Knippers1
Micro Abstract
Compliant systems with an integrated actuation allow adaption to varying requirements. In this context
the cellular structure of plants is a valuable source of inspiration. Plant cells are hydraulic systems that
can serve as actuators. Specialized motor cells change volume and shape depending on the internal
cell pressure. Besides that the stiffness of parenchymatous plant tissues can change with turgor. Inspired by this a cellular pressure driven actuator capable of varying shape and stiffness can be developed.
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Introduction
Latest research in different fields of engineering suggests a shift from rigid body mechanics towards
compliant systems to provide adaption to changing requirements with a reduced mechanical
complexity. Kinetic structures usually consist of several rigid elements connected by hinges,
which demand precise manufacturing and perfect alignment. This complex construction principle
makes them prone to failure and requires intensive maintenance. An innovative approach to
reduce the mechanical complexity of kinetic systems is the development of compliant systems.
Here, the flexibility of the system is based on the elastic deformation of the material. Existing
compliant shading systems are actuated externally and therefore posses elaborate support systems
including motors or hydraulic cylinders, requiring additional space at the supports. To further
reduce the mechanical complexity of the systems the actuation is proposed to be integrated into
the elements. Also an adaptive stiffness of the systems is desirable to enable the structure to
be able to bear high external loads and at the same time allow the elastic deformation of the
structure. In this context plants are a valuable source of inspiration. Their hinge-less folding
principles were already the role model for the development of compliant shading systems as the
Flectofin R or Flectofold. Beyond that their cellular structure shows possibilities for integrated
actuation and variable stiffness. Plant cells are hydraulic systems that can serve as actuators.
Specialized motor cells change volume and shape dependent on the turgor, affecting also the
stiffness of the plant tissue. Inspired by this, a cellular pressure driven actuator capable of
varying shape and stiffness is developed.

1 Computational analysis of the biological role model
One example for turgor dependent actuator cells are the slow motor cells, also called bulliform
cells. They are enlarged, thin-walled epidermal cells often arranged in groups on the adaxial side
of the leaf, either over the whole width or as in the here examined example only close to the
mid-vein. On the abaxial side, there are lignified strengthening tissues such as vascular bundles
and sclerenchyma fibres. In rice, maize, wheat and other grasses bulliform cells are suggested
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Figure 1. Process of transferring the geometry of bulliform cells of Carex flacca to a FEA simulation. A
increase/decrease in cell pressure (P) leads to a opening/closing movement (C).

to be responsible for the joint-free movement of the leaves. During drought, the bulliform cells
are assumed to shrink because of decreasing turgor pressure. Consequently, the two edges of
the grass blade fold up towards each other. The folding up reduces the transpiration rates
as it allows the creation of a micro-climate. As soon as sufficient water is available, turgor
increases and the bulliform cells enlarge once again. This results in an opening of the leaves
which guarantees higher exposure to solar radiation. [1, 2, 5]
The exact mechanics of this process, however, has not been described yet. A FE-model was used
to further comprehend the role of bulliform cells in leaf movement (see Figure 1). In order to do
so a fresh and unstained cross section of a leaf of Carex flacca was studied using light microscopy
images and subsequently reconstructed by the usage of computer-aided design software. The
2D-geometry was extruded to achieve a 3D model which was then imported into a FEA tool
(ANSYS R Academic Research, Release 16.2). The walls of the bulliform cells were represented
by shell elements, whereat the averaged cell wall thickness was determined beforehand from the
microscopy image with the help of an image processing program. The surrounding tissues are
represented by one solid body whose assigned Young’s modulus is three times lower than that of
the bulliform cell walls. This ratio was derived from literature values for cell walls and tissue
properties of different plant tissues.
Light microscopy images represent the leaf in an open position with fully turgscent cells. In
the model an increasing turgor leads to a further unrolling movement of the leaf segment. The
reduction of the turgor or shrinkage of the cells, represented by negative pressure values, proved
to be less effective in causing changes in the leaf configuration. More likely, also in terms of
plant physiology, seems a mechanism assuming the bulliform cells work against a pre-tensioned
leaf thriving towards the closed position, so that a loss of turgor passively leads to a closing
movement. In order to induce the necessary pre-stress, the geometry of the leaf segment in the
closed position was approximated by applying an external load (F = 0.02 N) to bend the leaf
section in the closing direction (see Figure 1 - B). The resulting stresses were then set to zero
and the resulting geometry served as the basis for a new simulation where hydrostatic pressure
was applied to the bulliform cells to imitate increasing turgor. This approach resulted for a
given pressure change in the highest deflection.
The simulation shows that a change in cell shape caused by varying turgor can affect the
configuration of a whole structure. This further suggests the hypothesis that bulliform cells are
likely to be responsible for the rolling/unrolling of the grass leaf.

2 Technical transfer
The approach of using pressure dependent cellular systems for adaptive systems has risen the
interest of engineers. The potential utilization of pressurized cellular structures for technical
adapting systems has been investigated by several authors with a special focus on the application
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Figure 2. A - Transfer of the functional principle of pressurized cells to a technical cell. An increase in cell
pressure leads to a change in cell volume and shape. B – The addition of a second counter acting cell allows
the decoupling of internal pressure and cell deformation. C – Accumulation of the in individual cells in
sequence leads to a bending actuator. (The width of each technical cell is 80 mm.)

in the field of morphing wings [4, 6, 8–11]. Cellular systems are suggested not only to be easier
in control, but also to be more reliable, energy efficient and to exhibit a better strength to selfweight ratio. This investigation aims to use the plant-inspired functional principle of pressurized
cellular systems as actuators for other compliant mechanisms that use e.g. folding techniques to
enhance a certain actuation movement. Furthermore, it will be investigated how the pressure can
additionally be used to also adapt the stiffness of the system. A change in stiffness dependent on
the turgor is known for non-lignified plant tissues as the parenchyma and has been investigated
in several studies [3,7]. On the technical side Vos et al. [11,12] also investigated pressure-adaptive
honeycomb structures to alter the structural stiffness of a system.
As mentioned before for plants, reversible macroscopic movements are caused by changes in
cell volume due to varying turgor. To transfer this principle to a technical structure a cell
geometry needs to be defined in such a way that upon pressurization, it shows the desired
movement. In the case of a bending actuator this cell shape can resemble similarity to the grass
leaf segment with group wise arranged bulliform cells (Figure 2 - A). As the pressure in the cell
increases, it aims to maximize its volume. For the technical cell in Figure 2 - A that leads to
the tilting of the outer horizontal walls, which accumulated in a row of cells causes a bending
movement of the whole structure (Figure 2 - C). To allow a proper connection, the stiffness of
the straight cell walls needs to be high enough such that the internal pressure does not deform
them. The reconfiguration of the cell is enabled by the compliant hinges. For the simulation
and prototyping, glass fibre reinforced composites are chosen as cell wall material. It has to
be mentioned that the size of the technical cells is thereby several orders of magnitude larger
than that of the biological role model. An up-scaling of the cell-size is possible but affects the
material selection and also the required cell pressures [8].
Assuming a cell with rigid cell walls and sufficiently compliant hinges a higher internal pressure
results in a higher stiffness of the cell. This is due to the fact that at higher pressures more energy
is needed to reduce volume and therefore the resistance to external loads is higher. However,
with the proposed technical cell shown in Figure 2 - A, the shape also changes with pressure.
This means that a higher stiffness can only be achieved in combination with a large deformation
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of the cellular actuator. By adding a counteracting second cell, pressure and deformation can be
decoupled allowing for an increased stiffness also without a deformation of the cellular structure
(Figure 2 - B).
Simulations of a horizontal cell row (using hydrostatic fluid elements representing the air inside
the cells and being able to account for pressure-volume-coupling) show the higher resistance
to external load at higher internal pressures. Figure 3 displays the simulation result for a cell
row of six glass fibre composite cells (isotropic, linear-elastic material properties, E-Modulus:
15 GPa). One can see that dependent on the internal cell pressure, the deflection caused by an
external load F (10 N) decreases by approximately 60% as the pressure is increased from 0.001
to 0.02 MPa.
80 mm

F = 10 N

D2 (P=0.02 MPa) = -16 mm
D1 (P=0.001 MPa) = -40 mm

Figure 3. Deformation of a pressurized cell row due to an external load F. The higher the internal pressure
the higher the system stiffness and lower the vertical deflection. (The width and depth of the cells are 80 mm.)

Conclusions
The investigated plant-inspired cellular structure is capable of creating convex as well as concave
curvature. At the same time it can change its stiffness depending on the applied internal cell
pressure. In a next step, the potential use of actuating compliant mechanisms and the adjustable
stiffening effect on the overall structure will be investigated. This could, for example, enable
the system to bear infrequent higher external loads occurring only during extreme conditions.
This feature would allow to design the system less stiff to reduce the material usage and energy
consumption during everyday operating conditions.
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Modelling functional properties of
frost-resistant plant tissues for transfer to
construction materials
Lukas Eurich1 *, Arndt Wagner1 and Wolfgang Ehlers1
Micro Abstract
While frost is a common threat for construction materials, plants have developed strategies to cope
with freezing processes. In this contribution, a biologically motivated rigorous modelling approach of
a multicomponent aggregate is presented using the framework of the Theory of Porous Media. For a
selected numerical example, crucial effects of plants with regard to frost resistance, such as the cell
dehydration and the water management, are discussed.
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Introduction and biological background
The exposure to subzero temperatures represents a common threat for conventional construction
materials. Since a phase change of the liquid pore water to solid ice implies an increase in
volume, the likelihood for the occurrence of damage is particularly high for porous construction
materials with a high water saturation. Consequently, damage occurs due to the formation of
ice when the local state of stress exceeds the strength of the material, cf. e. g. [12]. In contrast,
plants have developed strategies to cope with frost events. Some factors of frost hardiness are
of physiological nature. In particular, these are strategies to avoid freezing in the first place,
for example lowering the ice nucleation temperature [11]. But also physical processes based
on structural properties are a factor of frost hardiness, especially when ice formation cannot
be avoided. In that case, the porous structure of the plant plays a crucial role. Ice formation
starts at species-specific and tissue-specific locations in the extracellular space, where the phase
change of the pore water to solid ice does not threaten the ability of a plant to survive [6].
However, intracellular freezing is always a critical process for plants [13]. The existence of
extracellular ice promotes the dehydration of the cells, therewith avoiding ice formation within
cells. Thus, besides the porosity-induced heterogeneous and anisotropic permeability properties,
governing the water management from the cells to the preferred sites of ice formation, also
the hydraulic gradient, which can be derived from the water potential, cf. [8], plays a central
role. This contribution introduces a coupled thermo-hygro-mechanical material model based
on the Theory of Porous Media (TPM). Therewith, the description of the underlying physical
processes of frost hardiness, particularly the phase-change process of the pore water, the water
management and the solid deformation can be realised considering their coupled behaviour.

Multiphasic modelling approach
Due to the coupled character of the processes in frost-resistant plants, a modelling approach
based on the TPM, cf. e. g. [1, 2], is used. Therein, processes on the microscale are related to a
homogenised macroscopic model by a volumetric homogenisation of the microscopic structure
within a representative elementary volume (REV), resulting in a model of superimposed and
mutually interacting constituents. Based on the works of Eurich et al. [5–7], four constituents
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are considered for the description of plant tissues. The model proceeds from a thermoelastic
solid skeleton, which is formed by the cell bodies containing initially trapped water. Within the
pore space, two mobile fluids are present, namely materially compressible air and materially
incompressible water, where the latter can be subjected to a phase transition and turns into ice.
Phase transitions of a single substance within the framework of the TPM are comprehensively
described in the work of Ehlers & Häberle [4] by introducing a singular surface. As outlined
in the previous section, plant tissues are porous materials, where porosity occurs on the tissue
scale determining the bulk fluid flow, which is mainly caused by evaporation of water on the surface. But also on the cell scale, the material exhibits a porous character, where cell dehydration
occurs by water flowing through the pores in the cell wall. Both water transport phenomena
are described by adapted Darcy equations. Furthermore, in order to account for the anisotropic
and heterogeneous microstructure, material parameters can be assigned for each spatial point
individually. In case of the permeability and the thermal conductivity, tensorial material parameters are introduced for the description of anisotropic effects. However, if the morphology of the
pore space is altered, the plant tissue may lose its porous character, particularly when the pore
content is solid due to a phase transition. This transition of the bulk material from a porous
material to a solid material is comprehensively discussed in Eurich et al. [7] by introducing the
compaction point as a function of solid deformation and the phase transition of water.

Biological motivation for the application of Darcy’s filter law
Controlled water management was recognised as one of the crucial factors for frost hardiness of
plant tissues, cf. Mc Cully et al. [9] or Kramer & Boyer [8]. In classical biology references, cf. e. g.
Kramer & Boyer [8] or Molz [10], the effective water flow is explained by the introduction of the
water potential. Thus, the flow direction of the water is oriented towards the direction of lower
water potential. For engineering applications, Darcy’s law is established for the description of
fluid flow within porous media under the assumptions of negligible frictional forces and quasistatic conditions. According to Ehlers [3], the original formulation by Darcy for the filter velocity
was given via
nF wF = − kF grad h,

kF

(1)

where
is the (isotropic) Darcy permeability and h the so-called pressure head (also referred to
as piezometric head). By comparing (1) with the concept of the water potential, h can be easily
identified as the potential function. As in biology, there are also for engineering applications
different contributions to the potential, depending on the modelling approach. Within the
rigorous continuum-mechanical framework of the TPM [5], the filter velocity of water in frostresistant plant tissues is given via
nL wL = −

S
pC
κL
rK
LR
LR
[
grad
p
−
ρ
g
−
grad sL ].
µLR
sL

(2)

LR the effective dynamic viscosity and KS the
Therein, κL
r is the relative permeability factor, µ
intrinsic permeability tensor of second order. It has been shown in Eurich et al. [6] that this
quantity determines significantly the direction of the water flow and is, therefore, characterising
the water management crucially. The expression within the brackets is the gradient of the
pressure head, where grad pLR is the contribution that arises from the water pressure, ρLR g
from the gravitational potential and (pC /sL ) grad sL acknowledging the partial saturation within
plant tissues and arises, therefore, at the liquid-gaseous interface from the interaction of the
involved fluids. In detail, pLR is the effective water pressure, ρLR the effective density, g the
gravitational acceleration, pC the capillary pressure and sL the liquid saturation.

Numerical example
According to Eurich et al. [5], the governing equations of the plant model are the momentum
and the energy balance of the overall aggregate and the mass balances of the pore fluids, to solve
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the primary variables solid displacement uS , temperature θ and fluid pressures pLR and pGR ,
respectively. In order to account for the strongly coupled character of the underlying processes,
a monolithic solution scheme has been applied using mixed finite elements with quadratic approximations for the solid displacement and linear approximations for the other unknowns using
the Finite-Element tool PANDAS (Porous media Adaptive Nonlinear finite element solver based
on Differential Algebraic Systems, http://www.get-pandas.com).
At the example of the so-called winter horsetail, the coupled processes are studied. The crosssection has a characteristic shape, with a large gas-filled compartment in its centre and smaller
gas bubbles distributed in the cross-section. For an idealised cross-section, the temperature
distribution can be calculated as shown in Figure 1, when a temperature drop on the outer
surface is prescribed as during a frost experiment. As the temperature is in the gas-filled
compartments for some time higher than in the surrounding tissue, water accumulates at the
edges due to condensation of humidity in the air. As condensation is not included in the
theoretical model, the simulation accounts for a simplified model, where a film of pure water is
assumed to be initially present at the inner edge, the gas constituent is assumed to be solely air.
Therefore, when the temperature at the inner edge falls below the freezing point at 273.15 K, the
water starts to freeze, as shown in Figure 2. Note, that the reduced ice nucleation temperature of
the trapped water within the tissue is taken into account in the simulation. The ice formation
at the inner edge leads, in turn, to a dehydration of the tissue cells, effectively caused by a
decrease of the pressure head, as motivated in the preceding section.
t = t2

t = t3

t = t4

278.15
temperature θ [K]

t = t1

272.15

Figure 1. Temperature distribution in a winter horsetail cross-section during a freezing experiment for
selected time steps.
t = t4

1.0
ice volume fraction nI

t = t3

0.0

Figure 2. Evolution of the ice volume fraction nI in a winter horsetail cross-section with resulting water
efflux. Note, that there is no ice formation during time steps t = t1 and t = t2 .

Conclusions
This contribution discusses the crucial factors with regard to frost hardiness of plant tissues
with a focus on physical processes. The introduced TPM-based modelling approach enables
a biologically motivated description of the coupled thermo-hygro-mechanical processes. The
numerical example shows the dehydration of the cells due to ice formation on inner surfaces of
the cross-section and its effect on the water flow management. The understanding in particular
of the underlying physical processes of plant tissues with regard to frost hardiness is the first
milestone for the development of smart construction materials in the future.
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Upscaling of Self-actuated Wooden Bilayers
Philippe Grönquist1 *, Falk K. Wittel2 and Markus Rüggeberg1
Micro Abstract
The hygroscopic and rotational-orthotropic material wood can be used for generating bending
motions of cross-ply structures in response to moisture content variations. We investigate the general
behavior and the upscaling of such self-actuated wood bilayer structures by a combined experimental
and simulation study using Finite element models, including the mechanical behavior of wood
and the adhesive bonding. The aim is the manufacturing of complex curved wood parts by self-actuation.
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1 Introduction
As a hygroscopic material, wood is able to convert moisture content changes into changes of its
dimensions, known as swelling and shrinkage. Its moisture content strives at equilibrating with
the ambient relative air humidity. Further, wood represents a rotational-orthotropic material
where three distinct anatomical directions can be distinguished. The longitudinal direction (L)
represents the grain direction with strong mechanical properties and low swelling and shrinkage.
The radial (R) and tangential (T) directions are perpendicular to the grain and generally show
much lower mechanical properties but much higher swelling than along grain direction.
Using the natural anisotropy in mechanical properties and in hygroscopicity of wood, bilayered
structures capable of actuation can be designed. Inspirations in nature, such as the opening of
the pine cone by bending of the scales [2], or the opening of the Bauhinia seed pods by twisting [1]
while drying, led the way to applications with wood. Different deformation patterns result from
different orientation configurations of one layer to another. Bending, twist, or mixed-modes are
possible. We will focus here on bending with bilayer structures composed of two cross-ply layers.
Wooden bilayers are well-suited for large-scale industrial applications, as demonstrated in [7].
The challenge is to the predict of the actuation given a specific configuration and moisture content
change. Simple linear-elastic analytical models such as the Timoshenko formula [8], resulting
from an equilibrium formulation on a system of two Euler-Bernoulli beams, show to be valid in the
case of layer thicknesses smaller than 4 mm [7]. Considering thicker layers, we expect additional
wood-specific deformation mechanisms such as plasticity, viscoelasticity, and mechanosorption
to take place. In previous work from the authors in [5], a 3D constitutive material model for
wood was developed, implemented in an Finite Element Method (FEM) framework, and verified.
We use this model in the case of the hardwood species European beech (Fagus sylvatica) and
the softwood species Norway spruce (Picea abies) to analyze upscaling-specific effects in wooden
bilayer structures using FEM simulations.
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Figure 1. Constitutive material model for wood, a schematic illustration [5].

2 Materials and Methods
2.1 Wood-specific Material Model
The used constitutive material model for both beech and spruce was developed and presented
in [5]. The 3D orthotropic material model for wood considers all wood-specific deformation
mechanisms, i.e. elastic deformation, irrecoverable plastic deformation, swelling and shrinkage
(also called hygro-expansion), viscoelastic creep, and mechanosorption. All material parameters
were defined as moisture-dependent as wood generally shows strong moisture- and time-dependent
behavior. In terms of numerical implementation, the approach of additive decomposition of the
total strain was chosen and integrated as user material subroutine (UMAT) within a commercial
Finite Element software-environment. Figure 1 schematically illustrates the principle of the used
rheological model for wood. Generally, a total strain tensor ε is defined that can be decomposed
into the single contributions:
ε = εel + εpl + εω +

n
X
i=1

εve
i +

m
X

εms
j .

j=1

The used material parameters and a detailed description of their experimental determination
can be found in [6]. Additionally, a model for three common wood adhesives in timber industry,
i.e. polyurethane (PUR), melamine resin (MUF), and phenol resorcinol (PRF) adhesives, was
developed and implemented in the same UMAT as the softwood and hardwood model [4], [3].
2.2 Bilayer Model Setup
Two configurations of different layer-thicknesses were modeled with a constant ratio of 1:2. The
thinner layer acting as passive (or resistive) layer, having its L-orientation in beam length-axis,
was modeled as 5 mm thick in the first and 10 mm thick in the second configuration. The
thicker active (or actuation-driving) layer was modeled such that its R-orientation was aligned
with the beam length-axis. It is 10 mm thick for the first and 20 mm thick for the second
configuration. The model length and width were chosen as 600 mm and 80 mm, respectively.
The models were chosen as initially flat at 20% wood moisture content, corresponding to a
storage at a 85% relative air humidity (r.h.) climate. A constant continuous drying to 14%
wood moisture content ω was applied within a time-step of 500 hours, corresponding to a drying
and reaching of mass-constancy in a 65% r.h. climate. A thin, 0.1 mm thick 1-component PUR
layer was modeled as adhesive between the two wood layers and kept at 3% material moisture
content. Figure 2 illustrates the described model setup, showing the initial flat state and the
deformed state with curvature κ. The procedure was applied for the wood species beech and
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spruce. Each of the models was ran with all deformation modes active first, then respectively
plasticity, mechanosorption, and viscoelasticity were switched off, until only a hygroelastic
deformation mode was considered. This procedure allows for an analysis of relevance of the
different deformation modes on the resulting bilayer curvature.

Figure 2. a) Modeled bilayer structure, adhesive layer between two wood layers, initial state at wood
moisture content of ω = 20%. b) Deformed state after drying, reaching a curvature of κ at ω = 14%.

3 Results and Discussion
Figure 3 shows the calculated curvatures for the four different bilayer models for the applied 500
hour drying process. All curvatures develop nearly linear over moisture content. Surprisingly, it
can be recognized that the hygroelastic-only calculations seem to perfectly match the calculations
where all deformation modes were activated for all four models, disregarding of layer-thicknesses
or wood species. A precise effect-study of the different deformation modes on the resulting
end-curvatures of the bilayers is given in Table 1. Viscoelasticity seems to not affect κ at all, the
possible explanation being that creep-relaxation in both layers cancel out. The stiffer but thinner
passive layer being under high bending-stresses seems to creep in an equilibrated manner to the
thicker but less stiff active layer under mostly tension. The same principle could also explain
the weak influence of the other deformation modes, i.e. mechanosorption and plasticity. In the
case of beech, mechanosorption seems to diminish curvature for both thickness-configurations
(-0.50% for 05/10 mm and -2.32% for 10/20 mm), whereas it increases it for the thinner spruce
model (1.04%). Plasticity effects on κ can not be observed for the spruce models and for the
thin beech model, whereas in the case of the thicker beech model (10/20 mm), plasticity seems
to increase the curvature (1.81%), corresponding to higher energy dissipation in the passive layer
than in the active layer.
Mode

Effect on κ
Beech 05/10

Beech 10/20

Spruce 05/10

Spruce 10/20

Hygroelasticity

100.52%

100.53%

98.91%

100.77%

Viscoelasticity

-0.02%

-0.02%

0.05%

0.06%

Mechanosorption

-0.50%

-2.32%

1.04%

-0.83%

Plasticity

0.00%

1.81%

0.00%

0.01%

Total

100%

100%

100%

100%

Table 1. Effect-study of deformation mechanisms on bilayer end-curvature.
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Figure 3. Model results. Calculated curvatures over 500 hour drying step for four models.

4 Conclusions
An effect-study of different wood-specific deformation contributions on resulting bilayer curvatures
after drying was conducted on FE-models of beech and spruce with two different layer-thickness
configurations. It was seen that in all cases, complex deformation modes such as plasticity,
viscoelasticity, or mechanosorption had little to no effect on bilayer curvature between wood
moisture contents of 20 to 14%. Dissipative effects in the single layers showed to overall cancel-out
due to the thin and stronger passive layer (wood grain direction) being under higher stresses
than the thicker but weak active layer (perpendicular to grain direction). For the accurate
curvature prediction of thick bilayers (layer-thickness up to 20 mm) a hygroelastic-only model,
as is e.g. the 2D Timoshenko function, may prove sufficient.
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Cellular Solids in sea urchin spines: Numerical
analyses and parametric modelling
Immanuel Schäfer1 * and Siegfried Schmauder1
Micro Abstract
Sea urchin spines show a complex hierarchical lightweight structure which consists of porous calcium
carbonate. They can resist high mechanical loads and when getting compressed, they show a graceful
failure behavior. Numerical analysis starts with generating models of sea urchin spine parts based on
CT-images. The second approach is based on parametric modelling, to create cellular solids with
varied parameters. These are then used in simulations to analyze the influence of the microstructure.
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Introduction
The sea urchin species Heterocentrotus Mamillatus, the slate pencil urchin, can grow up to 12
cm long and 1 cm thick spines which consist of highly porous Mg-enriched calcium carbonate.
These sea urchins live in the warm sea of the Indo-Pacific region in depths up to 25 meters
and fix themselves in the rocks with the help of the spines. Interestingly the spines show a
very complex hierarchical and lightweight structure and can resist high mechanical loads. When
getting compressed, they show a graceful failure behaviour [1].
The analysis starts with a step of image processing methods to generate a model of a part of the
sea urchin spine. Basis for that are computer tomography (CT-) images. With this method, a
high accuracy of the shape transformation into the model can be accomplished. This involves
different steps in image processing like converting the images, denoising, definition of different
regions with thresholds of grey values and finally transferring the structures in geometrical voxel
models. In a last step, the models get meshed and are analyzed in FEM (finite element method)
analyses to calculate e.g. stresses or forces and to compare the results with experimental ones.
With that approach, only voxel models are produced, because these are less computationally
demanding than models with a much higher accuracy. Nevertheless if different regions inside the
sea urchin spine are compared, one can find e.g. regions where the microstructure can resist a
higher force with the same amount of porosity.
In a second approach, the porous microstructure is transferred from high resolutions CT images
into highly detailed numerical models. Because of the high amount of structural information,
only small parts of the structure can be analysed with FEM at one time. This enables to find the
influence on the different strut sizes and their connections and relationships between different
shapes of pores.
The results need to be analysed in a way to show the influence of different microstructures or
gradients of the porosity found at different places in the sea urchin spine through e.g. statistical
methods like the Weibull distribution. Through a correlation of microstructure and resulting
mechanical response, principles can be extracted and transferred into new materials for the
use not only in architecture which will be produced later on. The abstracted and simplified
cellular structures are also under investigation (Compare Figure 1). E.g. parametric studies of
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Figure 1. Steps to get an an parametric model based on the role model.

the pore and /or strut sizes and gradients inside the structures are sued to generate a better
understanding of these structures and enable the transfer into architecture. In the ongoing
research, not only the mechanical properties are of interest, but also the possibilities to use the
same or an adapted microstructure to transfer e.g. heat, or even water for the use in buildings.

Conclusions
Detailed models on the basis of high resolution computer tomography images are usable for the
analysis of the general geometry and to get information about the most stressed parts of the
structure. In compression test, small cuts of the microstructure of the sea urchin spine were
analyzed in compression. The parametric modeling approach enables the creation of variations
of the microstructure, abstracted from the role model.
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Abstract:
Multi-field porous media can be modelled using continuum theories of multiphase materials such as the Theory of Porous Media, Biot’s theory and their extensions. The
related applications are found in different fields of science and engineering, and cover a
wide spectrum starting from simulation of damage and fracture in porous geomaterials
towards understanding the mechanical behaviour of biological tissues. Due to the inherent
interaction among distinct components, the mathematical modelling of such phenomena
often results in complex systems of coupled partial differential equations in space and
time. Thus, to propose a valid mathematical model, on the one side, and to choose an
efficient solution strategy for the numerical treatment of the problem, on the other side,
play crucial roles in the success or failure of the simulation process.
This mini-symposium aims at providing an opportunity for the young researchers interested in the continuum-mechanical modelling and numerical treatment of porous-media
problems to present their recent advances and exchange ideas.
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Modeling porous medium modification through
induced calcite precipitation
Johannes Hommel1 *, Adrienne J. Phillips2 , Robin Gerlach2 , Alfred B. Cunningham2 , Rainer
Helmig1 and Holger Class1
Micro Abstract
Induced calcite precipitation is an emerging technology to alter properties of porous media. It results
in a decrease in porosity and permeability as well as an increase in mechanical strength. For a reliable
prediction of these changes, numerical modeling is the method of choice, as the involved processes
are strongly coupled. Validated to experimental data, such numerical models are useful tools in the
upscaling from laboratory to field-scale applications.
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Introduction
Fluid storage in the subsurface is important to reduce climate change (sequestration of supercritical CO2 ) or for energy storage (CH4 , H2 ) to cope with the intermittent, unpredictable
production of renewable sources like wind and solar. However, the fluids have the potential to
leak through damaged cap rocks or wellbores. Methods to remediate these problems include
the induction of calcium carbonate precipitation (ICP). The engineered precipitation of calcium
carbonate has been demonstrated to have immense potential to seal such leakage pathways
which depends on both reducing the cap-rock permeability to sufficiently low values as well as
increasing its mechanical strength to withstand the high pressures close to the injection well.
Currently, most applications of ICP rely on urea hydrolysis by microbes to promote precipitation
within the porous media. However, precipitation may also be induced by injection of extracted or
plant-based sources of urease or at elevated temperatures. The applicability of a certain method
of ICP is largely determined by the depth below ground surface and the local geothermal gradient.
Microbially induced calcium carbonate precipitation (MICP) relies on the activity of living
bacterial cells, which only thrive within a limited temperature range. This temperature range may
include the shallow subsurface, where CH4 or natural gas may be stored, but is lower than the
temperatures commonly present at depths suitable for CO2 storage. As a consequence, other ICP
technologies such as enzymatically induced calcium carbonate precipitation (EICP) or thermally
induced calcium carbonate precipitation (TICP) have to be developed and demonstrated in the
field. Regardless of the precipitation-inducing process, the overall ICP reaction equation is:
CO(NH2 )2 + 2H2 O + Ca2+ −→ 2NH+
4 + CaCO3 ↓ .

(1)

Using MICP, it has been shown that both a significant decrease in permeability and an increase
in mechanical strength can be achieved. E.g. in [13], the permeability of a sample is reduced by
four orders of magnitude and the fracturing well bore pressure increased by a factor of more than
three. And in [14], it was observed that already during the first day, the shear modulus of sand
increased by a factor of seven due to microbially induced precipitation. Other studies observe
similar behavior, e.g. [1, 12]. Even successful field demonstrations have been completed [3, 11].
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1 Model concept
As the models are intended for the use in predicting the leakage mitigation for subsurface
gas storage, it accounts for two-phase flow. Additionally, a variety of different components
and are necessary to describe ICP, the specific number of components being dependent on the
precipitation-inducing process. Common components for all ICP models are water (w), gas
(n), inorganic carbon (Ctot ), calcium (Ca), chloride (Cl), sodium (Na), and urea (u) as well as
the solid phase calcite (c). The TICP model considers no additional components, the EICP
model has additionally the enzyme urease (e) in mobile and immobilized form and ammonium
(a), and the MICP model additionally accounts for biomass (b) as the solid phase biofilm and
as suspended biomass, ammonium (a), as well as substrate (s) and oxygen (o) necessary for
biomass growth. All models are implemented in the open-source simulator DuMuX [5].
The primary variables solved are the aqueous-phase pressure pw , mole fractions xκw of each
component κ in the water phase, temperature T , and, for the solid phases, biofilm and calcium
carbonate in case of MICP and exclusively calcium carbonate for EICP and TICP, volume
fractions φϕ . All calcium carbonate is assumed to precipitate as calcite, since experimental
investigations confirmed by XRD measurements that calcite is the predominant form of calcium
carbonate occurring, at least under MICP conditions [8, 10, 12]. For EICP and TICP, this
assumption will have to be revised with increasing availability of experimental data.
However, the gas (CO2 , CH4 , H2 ) or non-wetting-phase saturation (Sn ) is used as primary
variable instead of the mole fraction of gas in water xnw whenever both fluid phases are present
within the same control volume [2]. All reactive and mass-transfer processes are incorporated in
the mass balance equations for the components (2) and solid phases (3) by component-specific
source and sink terms:
X ∂
α

∂t

(φρα, mol xκα Sα )

+

∇· (ρα, mol xκα vα )

− ∇·

ρα, mol Dκpm,α ∇xκα





= q κ , α ∈ {n; w}

(2)

Here, t is time, φ porosity, ρα, mol , Sα , and vα the molar density, saturation and the velocity of
phase α respectively, xκα the mole fraction of component κ in phase α. Dpm,α is the dispersion
tensor of phase α in the porous medium, and q κ is the source term of component κ due to
biochemical reactions. However, all components except water and the gas are assumed to be
restricted to the water phase.
The mass balances for the solid phases, calcite, and biofilm for MICP or immobilized urease for
EICP, contain only a storage and source term since they are immobile:

∂
(φϕ ρϕ ) = q ϕ , ϕ ∈ {c; b; e}
∂t

(3)

Here, φϕ and ρϕ are volume fraction and mass density of the solid phase ϕ, and q ϕ is the
source term of phase ϕ due to biochemical reactions. The sources and sinks due to reactions q κ
and q ϕ are specific to the components. For MICP, the source terms include microbial growth,
decay, attachment and detachment, the consumption of oxygen and nutrients by biomass growth,
ureolysis, as well as the precipitation and dissolution of calcite. All these processes and the
associated rate equations are discussed in detail in [4, 6]. For TICP, the number of processes is
reduced to only the central reactions of ICP, see Equation (1): ureolysis, which is the driving
force of the overall reaction, and calcite precipitation and dissolution. In EICP, the temperaturedependent inactivation of enzyme has to be considered in addition to the processes of TICP.
For the sake of brevity, only the most important rate equations, those for ureolysis and calcite
precipitation, are discussed here. Rate equations for the other processes are given in [6]. The
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ureolysis rate rurea is specific for each ICP method and the ureolysis rate equations are developed
based on data from kinetics experiments, e.g. for MICP [7]. For TICP, rurea,t is assumed to be
dependent only on the temperature and the concentration of urea:

rurea,t = kt cuw

(4)

where kt is the temperature-dependent rate constant for thermal ureolysis and cuw is the waterphase concentration of urea. For EICP, rurea,e depends on the concentration of enzyme ce,e :

rurea,e = ke ce,e cuw

(5)

where ke is the rate constant for enzymatic ureolysis depending on temperature and pH. Note
that ce,e is a not only the concentration of enzyme in the water phase, but also includes eventually
immobilized enzyme attached to the solid matrix and is calculated per total volume of the
porous media: ce = cew φSw + φe ρe . For MICP, the reaction rate rurea,m was found to have a
Michaelis-Menten type kinetic [7]:

rurea,m = km ce,m

cuw
Ku + cuw

(6)

where km is the rate constant for microbial ureolysis, Ku is the half saturation constant, and
ce,m = Re,b φb ρb is the total concentration of enzyme calculated using the ratio of enzyme
per biomass Re,b and the biomass in the solid phase biofilm φb ρb . In all models, the calcite
precipitation rate rprec is dependent on the saturation state Ω which is a function of the calcium
and carbonate concentrations and activities, which themselves depend on the temperature and
the water phase composition [4, 6]:

rprec = kprec Asw (Ω − 1)nprec

(7)

where kprec and nprec are rate parameters and Asw is the surface area between water and
solids [4, 6].
Assuming local thermal equilibrium, the energy balance equation can be written as:
 X

X ∂
∂
∂
((1 − φ0 ) ρs cs T ) +
(φϕ ρϕ cϕ T ) +
(φρα uα Sα ) − ∇· (ρα hα vα )
∂t
∂t
∂t
ϕ
α
−∇· (λpm ∇T ) = q h , ϕ ∈ {c; b; e}, α ∈ {n; w}

(8)

where ρs , ρϕ , and ρα are the mass densities of the unreactive solid, (1 − φ0 ), the solid phases ϕ,
and the fluid phase α. cs and cϕ are the heat capacities of the respective solids, uα and hα are
the specific internal energy and enthalpy of the fluids α, and λpm is the effective, averaged heat
conductivity of the overall porous medium, which depends on the solid volume fractions and the
fluid staturations.
Among the supplementary equations, one of the most important is the relation for updating
the permeability with respect to the accumulation of additional solids in the pore space. In the
model, the reduction of permeability is calculated based on the reduction of porosity according
to a Verma-Pruess type relation [15]:
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K
=
K0



φ − φcrit
φ0 − φcrit

3

(9)

where K0 is the initial permeability, φcrit the critical porosity, a porous-medium specific parameter
at which the permeability is zero, and φ0 is the initial porosity. The porosity φ decreases as the
volume fractions of solid phases increase:

φ = φ0 −

X

φϕ

(10)

1.1 Current model limitations
All ICP models presented here have some limitations in common, especially regarding the
proposed application of ICP as a gas leakage mitigation technology. First, while they are all
designed being able to account for two-phase flow, the impact of ICP on the parameters relevant
for two-phase flow has been neglected up to now. One first attempt to include a dependency of the
two-phase flow properties on mineralization could be the use of the so-called Leverett scaling [9],
which relates the capillary-pressure-saturation relation to the porosity and permeability of the
porous medium, properties, which are already adapted in the present model concepts. Second,
while at least MICP has been shown to also increase the mechanical strength of a porous medium,
e.g. [1, 11–14], the current model concept does not yet include geomechanics and assumes a
rigid porous medium, without deformation. Also for this, a fairly straightforward solution is to
combine the model predictions of the calcium carbonate distribution and the relation between
calcium carbonate content from e.g. [14] to estimate the increase in mechanical strength resulting
from ICP with minimal change to the current model concepts.

Conclusions
The presented model concept for modeling MICP has proven to be successful in predicting
experimental results, these being the distribution of precipitated calcium carbonate along column
experiments [4, 6] and the concentrations of relevant components along the column over time [6].
But also the number of calcium-rich injections and the reduction in permeability for a field-test
were estimated surprisingly well [3, 11].
This model concept is generalized to include other processes inducing the precipitation of
calcium carbonate, resulting in similar models for EICP and TICP. Once these models have
been calibrated and validated, they will help to design field test in the same way as the MICP
model was used to prepare for the MICP field test [3, 11]. Some of the current model concept
limitations are discussed and solutions to reduce the limitations proposed. However, rigorous
experimental studies are necessary before calibration and validation, before these model concept
extensions can be regarded reliable and used predictively.
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Heat transfer in multi-phase porous media for
intelligent cancer detection
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Micro Abstract
The underlying research project aims to improve cancer diagnosis by determining the correlation
between the locally increased heat production of hyper-perfused cancerous tissue and the body surface
temperature distribution, measurable using thermography. In this work, a preliminary experimental
study of the detectability of an embedded heat source in a perfused solid by means of thermography is presented. Furthermore, the suitability of different mathematical modelling approaches is studied.
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Introduction
Breast cancer is the most common type of cancer in women worldwide and its incidence is
continuously increasing. As early detection significantly improves survival rates, a widely
available, reliable detection method is needed [3]. The current gold standard for breast cancer
screening, mammography, has recently engendered controversy [3]. Hence, the underlying
research project aims to develop a new detection method based on infrared imaging of the skin
which is economical and non-hazardous. The significant hyper-perfusion of cancerous tissue is
known to lead to a local increase in temperature. While the application of infrared thermal
imaging has recently shown promising results in skin cancer diagnosis [7], the application to
breast cancer detection has not yet led to satisfying results. The difficulty mainly lies in the
complexity of the breast structure consisting of different tissue types and vessels with varying
diameters resulting in complex heat transfer. The cancerous heat source can have a detectable
influence on the surface temperature field of the breast depending on its location, size and
heat generation e.g.. The challenge lies in solving the inverse problem and determining the
location and intensity of the source from measured infrared radiation of the breast surface.
While most research in this field concentrates on image processing, the approach of this project
is to subsequently develop a porous media model for heat transfer in the female breast for
improved thermographic breast cancer detection. Energy transport in biological tissue has been
investigated for decades but until today the pioneering Pennes’s bioheat equation (1948) has
been popular among scientist, mainly due to its simplicity. While Pennes’s bioheat equation is
appropriate for various medical applications, it is known to have several shortcomings. Current
research can be divided into three groups: a) improvement of Pennes’s model by correction
factors e.g., b) porous media models with thermal non-equilibrium and c) discontinuous models
using exact vessel geometry [2, 4, 5]. In this work a preliminary study of the detectability of an
embedded heat source in a perfused solid is presented. The suitability of different modelling
approaches for the intended application is studied.

1 Method
The main initial objective is to assess the feasibility of the envisaged approach for breast cancer
detection. A preliminary experimental study to determine the limitations of the proposed method
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regarding cancer properties such as heating power and distance from the surface is executed.
Simultaneously, a FEM study is conducted to determine the most suitable mathematical modelling
approach.
1.1 Experiments
As a clinical study is difficult to conduct for this purpose, simplified specimens are manufactured
to resemble the female breast and cancerous tissue regarding the properties of interest. Cubes
with side lengths of w = h = l = 30 mm incorporating evenly distributed channels of ∅ = 1 mm
are manufactured using a 3D FDM printing device which allows for a resistance to be inserted into
the material without causing any material discontinuities. A cylindrical resistance (lc = 8 mm,
∅c = 2 mm) of 10 Ω is intended to act as a modulatable heat source in analogy to cancerous heat
sources of different stages. It is assumed that the heating power generated by the resistance
is equivalent to the electrical power. The power is set to 0.4 W, 0.9 W and 1.6 W respectively.
Specimens with different source positions and channel patterns are manufactured. The channel
pattern consists either of 6x6 horizontal channels (a = 5 mm) or 6x6 horizontal and 6x6 connected
vertical channels. The closest distance of the heat source to the measured surface was set to
s = 5.5 mm and s = 11 mm, respectively. The channels were either air-filled or flown-through
by water (5 ml/s, right to left). Water temperature was set to approximately 24.5 ◦ C, ambient
temperature was 23 ◦ C. Figure 1 schematically shows the setup. The thermal radiation of
the front surface was measured by an infrared camera (Infratec IR 5300) and converted to
temperature images.

Figure 1. specimen geometry and setup

1.2 Mathematical Model
The underlying research project aims at the development of an accurate mathematical model of
heat transfer in the female breast, by firstly investigating the most popular modelling techniques.
A promising approach is the modelling on basis of porous media theories, which are based on
volume averaging and the definition of separate temperature fields for tissue and fluid phase on
the same control volume with thermal non-equilibrium between fluid and tissue e.g. [4]. However,
in his work He [2] argues the exact channel geometry of thermally significant vessels should be
considered. He therefore proposes a coupled continuum-discrete model. Two approaches are
therefore investigated in this work. Heat transfer in a model using the exact vessel geometry
was implemented using Fourier equation for heat transfer:
∇ · (ks ∇Ts ) + q = 0.

(1)

Herein, T , k, q, are the temperature, thermal conductivity and heat production, respectively.
Heat transfer between solid and fluid passing through the flow channels was modelled using
estimated heat transfer coefficients.
Heat transfer on basis of porous media theories was modelled based on the mathematical model
of Xuan and Roetzel [8] who used a thermal non-equilibrium model as described in the work of
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Amiri and Vafai, among others, [1]:


∇ · (ks · ∇hT is ) + hf s hT if − hT is + q (1 − ε) = 0






∇ · kf · ∇hT if + hf s hT is − hT if = ε (ρcp )f vf · ∇hT if

for Ωs ,

(2)

for Ωf ,

(3)

where ε, hT i, k, hf s , vf are the porosity, local averaged temperature, effective thermal conductivity
tensor, interstitial convective heat transfer coefficient and blood velocity, respectively.

2 Results
2.1 Experimental Results
A specimen with water flow through horizontal channels and a heat source close to the surface
(s = 5.5 mm) was measured for different heating powers of 0 W to 1.6 W. The greater the heating
power, the higher is the maximal temperature at the surface (cp. figure 2–5). The temperature
without any heat source is approximately 24.5 ◦ C. The maximal temperature increases to
approximately 25.1 ◦ C, 26.3 ◦ C and 27.5 ◦ C for a heating power of 0.4 W, 0.9 W and 1.6 W
respectively. In figure 6–9 the surface temperature field for a constant heating power of 0.4 W is
depicted. For a source close to the surface (s = 5.5 mm) and air filled channels, the maximum
temperature at the surface is found to be 32.2 ◦ C. For a specimen with 2x(6x6) channels (in
horizontal and vertical direction) and a source at s = 11 mm, the maximum temperature at
the surface decreases to 26.5 ◦ C. Figure 8 and 9 show the surface temperature when water is
flowing through the channels. The heat source close to the surface (s = 5.5 mm) shows a small
but detectable hotspot of 25.1 ◦ C while the source at s = 11 mm and 2x(6x6) channels does not
result in a detectable temperature difference at the surface.
T in ◦ C

Figure 2. P=0 W,
water flow,
source close

Figure 3. P=0.4 W, Figure 4. P=0.9 W, Figure 5. P=1.6 W,
water flow,
water flow,
water flow,
source close
source close
source close

Figure 6. P=0.4 W, Figure 7. P=0.4 W, Figure 8. P=0.4 W, Figure 9. P=0.4 W,
air-filled, 2x(6x6)
water flow,
water flow, 2x(6x6)
air-filled,
channels, source far source close
channels, source far
source close

2.2 Simulation Results
The simulation results for one test case are shown in figure 10–15. Figure 10,12, 13 show the
temperature field calculated with implemented channel geometry. Below, the results obtained
by the porous media model are shown. The surface temperature fields as well as the internal
temperature fields are qualitatively quite similar, but show discrepancies especially in the
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area close to the channels. In order to thoroughly compare and assess both models, further
investigation is necessary to be carried out.

T in ◦ C

T in ◦ C

Figure 10. implem.
geometry -surface

Figure 12. implem. Figure 13. implem.
geometry - horiz. cut geometry - vert. cut

Figure 11. porous
media- surface

Figure 14. porous
media - horiz. cut

Figure 15. porous
media - vert. cut

Discussion, Conclusions and Outlook
The experimental investigation has shown that an internal heat source is detectable by infrared
thermal imaging in certain ranges. The visibility is strongly dependent on the heating power of
the source. In the very early stage of breast cancer, detection with infrared measurements will
be challenging. It needs to be further investigated which cancer stage still might be detectable.
Another strong dependence is the amount of perfusion. Higher perfusion leads to a decreased
temperature difference at the surface and thus decreased detectability. This can be taken
advantage of when conducting measurements of breast cancer patients. The perfusion of tissue
can be influenced by, for example, application of cold stress, which is known to reduce the
blood perfusion of healthy tissue but not of cancerous tissue [6]. Furthermore, the experimental
data can be used to improve modelling of heat transfer in the female breast. Regarding the
mathematical model, it is of interest if a porous media model can be as accurate as a model
with implemented vessel geometry. The later would be rather impracticable for clinical practice,
as the individual vessel geometry of a patient is unknown. The discrepancy of both models
to reality strongly depends on the test case parameters such as the vessel diameter. A final
assessment cannot be made at this point, but will be addressed in the future. An accurate
numerical model of the breast and breast cancer will facilitate an extensive study of correlations
between depths, perfusion, source heating power and detectability at the skin surface.
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Variation of different growth descriptions in a
metastatic proliferation model
Patrick Schröder1 *, Arndt Wagner1 , Daniela Stöhr2 , Markus Rehm2 and Wolfgang Ehlers1
Micro Abstract
In biological tissue, the proliferation of metastases is governed by nutrient-driven cell division. In a
continuum-mechanical model based on the Theory of Porous Media, the proliferation is described
via mass production terms. Therein, the constitutive approach for the growth of the metastases is
implemented either by a Monod-type or a logistic growth function. In both cases, the results are
compared to cancer-cell-growth experiments.
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Introduction
The proliferation of cancer cells in biological tissue such as the brain tissue can be described by a
Monod-type equation or a logistic growth (Verhulst-type) equation, cf. [4, 5]. The Monod-type
equation relates the growth rate to the nutrient concentration, whereas in the Verhulst-type
equation the cancer-cell concentration is the driving force. In this contribution, a continuummechanical model of cancer-cell proliferation implements these equations as mass-production
terms and gives the possibility to compare simulation results to in-vitro experimental data of
lung-cancer cells, which are capable of metastasing the brain.

Metastatic proliferation model
The fundamental framework of the multi-component continuum-mechanical model is given by
the Theory of Porous Media (TPM), cf. [2]. Therein, superimposed and interacting continua
stem from the volumetric homogenisation of the microstructure in a representative elementary
volume. In particular, the constituents ϕα of the model are the liquid-saturated solid skeleton
ϕS , namely the brain cells, and the two immiscible pore liquids ϕβ , where β = {I, B} represent
the interstitial fluid ϕI and the blood ϕB . Furthermore, the interstitial fluid is described as a
real mixture of interacting components ϕIγ . Therein, the proliferation and basal reactions of
the cancer cells ϕIC are decreasing the nutrients ϕIN and gain their mass from the solvent ϕIL .
As a result, mass-production terms are included in the governing balance equations of mass
and momentum. In particular, the adapted governing equations are given by the concentration
balance for ϕIC and ϕIN (1)1 , the volume balances for ϕβ (1)2 and the overall momentum
production (1)3 , yielding
0

=

0

=

0

=

′
I Iγ
Iγ
B
′
nI (cIγ
m ) S + div (n cm wIγ ) + cm (div (n wB ) + div (uS ) S ) −

(nβ )′S + div (nβ wβ ) + nβ div (uS )′S ,
P
P
P α
α
α′
div α Tα + ρ g with
α (p̂ + ρ̂ xα ) =
α ŝ = 0 .

ρ̂Iγ
Iγ
Mm

,
(1)

Therein, the volume fraction of ϕI is referred to its solvent nI ≈ nIL and the solid volume
fraction is integrated resulting in nS = nS0 JS−1 , where JS−1 is the Jacobian determinant of the
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solid. Furthermore, (·) ′S is the material time derivative with respect to the solid. Besides the
solid deformation uS , the primary variables of the system are the partial pore-liquid pressures
IN
pIR and pBR as well as the concentrations cID
m and cm . In the closure of the system, the entropy
inequality is evaluated leading to the constitutive setting of the model. The seepage velocities
wβ of the pore liquids and the seepage velocities of the components wIγ can be identified as
Darcy-like, respectively Fick-like equations, viz.:
nβ wβ = −

KSβ
Iγ
Iγ
I Iγ
[ grad pβR − ρβR g ] and nI cIγ
m wIγ = − D grad cm + n cm wI .
µβR

(2)

In (2), KSβ indicates the second-order intrinsic permeability tensor and DIγ refers to the
diffusivity. Moreover, the body force g corresponds
to the gravity and µβR is the effective shear
P
viscosity. Evaluating the summed stresses α Tα = TSE mech − p I reveals the composition of
the overall pore liquid pressure p = sI pIR + sB pBR , where sβ = nβ /(1 − nS ) is the saturation,
and TSE mech the mechanical extra stress of the solid. In particular, TSE mech is described by a
neo-Hookean model, cf. [3].
Constitutive equations for proliferation

P
The model is assumed to be a closed system restricting the overall mass production α ρ̂α = 0.
Nevertheless, individual components are able to gain or lose mass, cf. [7]. Herein, the cancer
cells proliferate and gain mass ρ̂IC
⊕ . As a result of the basal cancer cell reactions and the growth
process, nutrients are consumed and decline in mass ρ̂IN
⊖ . The nutrient consumption provides
the energy for the proliferation, whereas the required mass for the cell division corresponds to
IC
IN
the decline of the interstitial fluid solvent ρ̂IL
⊖ = ρ̂⊕ − ρ̂⊖ . The interplay between the gain and
IC
IN
loss ensures the above mentioned closed system restriction by ρ̂I = − ρ̂IL
⊖ + ρ̂⊕ − ρ̂⊖ = 0. In
IN
particular, ρ̂⊖ is proportional to the cancer-cell concentration and its mass-production term.
Furthermore, a Monod-type equation and a Verhulst-type equation are applied to the massproduction term of the cancer cell and later on compared to lung cancer cell-growth experiments.
The Monod-type equation explicitly relates the mass-production term ρ̂IC
⊕ to the nutrient concentration, cf. Figure 1 a. Besides, the cancer cells require a sufficient nutrient concentration
c̄IN
m to sustain their proliferation, viz.:
IC
IC IN
ρ̂IC
⊕ = cm Mm µ⊕

IN
cIN
m − c̄m
.
IN
K IN + cIN
m − c̄m

(3)

IC
Therein, K IN is the nutrient concentration at µIN
⊕ /2 and Mm resembles the molar mass of the
cancer cells. Moreover, the specific growth rate µIN
⊕ changes according to the amount of the
cancer cells. This property originates from the spatial arrangement of the proliferating cells in
a spheroid, where cells proliferate less in the centre, cf. [1].
Moreover, the Verhulst-type equation is proportional to the cancer cell concentration cIC
m , cf.
Figure 1 b, yielding
IC
IC IC
ρ̂IC
⊕ = cm Mm κ (1 −

cIC
m
),
c̄IC
m

(4)

where κIC resembles the proliferation rate and c̄IC
m is the highest possible cancer-cell concentration referring to the initiation of a macrometastasis.

Comparison to experimental data
For the comparison of the introduced proliferation descriptions, the adapted governing equations
are transformed to their weak forms and are numerically solved for the primary variables within
the FE tool PANDAS. Therein, Taylor-Hood elements are applied for the spatial discretisation
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(b)

(a)

ρ̂IC
⊕

ρ̂IC
⊕

µIN
⊕
K IN

00

00

cIN
m

cIC
m

cIC
max

IN
Figure 1. (a) Monod-type equation approaches the specific growth rate µIN
⊕ and is dependent of cm and
IN
IC
the constant K . (b) The Verhulst-type equation has a maximum at c̄m /2, reaches zero for the extremes
IC
IC
and is dependent on cIC
.
m , the maximum concentration c̄m and the constant κ

and an implicit Euler time-integration scheme for the temporal discretisation. In the initialboundary-value problem, cancer cells are seeded in the centre of a circular domain and start to
migrate and proliferate. The nutrient concentration is fixed at the outer boundaries and gets
reduced according to its mass-production term during the proliferation process. Consequently,
a time series of cancer-cell concentration is generated.
Concerning the lung-cancer experiments, the volumetric proliferation data of the lung-cancer
spheroids are averaged from four different proliferation series including five to eleven cancer-cell
spheroids.
For the comparison between the simulations and the experimentals, a comparative scalar,
IC , is identified.
namely the total number of cells Ntotal
For this purpose, the cancer-cell concentration of the continuum-mechanical model cIC
m is related
I
I
IC
to the local bulk fluid volume dv = n dv, the molar mass of the cells Mm and the number
IC
I
IC
IC . Adof cells per volume M IC , cf. [6], leading to the number of cells Nmodel
= cIC
m dv Mm M
ditionally, a summation
throughout the model domain at each time step is carried out giving
P IC
IC
Nmodel total = Nmodel .
The volume data Vges of the spheroid-growth experiments are divided by the volume of a single
cell VIC , assuming full contact between every cell, resulting in the total cancer-cell number
IC
IC
IC
Ndata
total = Vges /VIC . Moreover, Nmodel total is then fitted to Ndata total by manually adjusting
IN
IN
IN
IN
the proliferation parameters µ⊕ ∝ µ⊕ (µf ast , µmed ), respectively κIC . Besides the estimated
proliferation parameters, as shown in Table 1, a parameter deviation of ± 25% is included in
Figure 2 illustrating a range for the parameter modification as well as the response of the model.

Monod-type
µIN
f ast
µIN
med

= 1.60

· 10−6

Logistic-type
[ 1/s ]

= 6.42 · 10−7 [ 1/s ]

κIC = 1.33 · 10−6 [ 1/s ]

Table 1. Manually fitted parameters of the proliferation descriptions

Conclusions
In this contribution, a continuum-mechanical model for cancer-cell proliferation was introduced,
wherein the mass-production term was either described by a Monod-type or a Verhulst-type
equation.
P IC
2
IC
Finally, the sum of least squares at the measurement times (Nmodel
total − Ndata total ) is calculated revealing the quality between the proliferation descriptions, cf. Table 2. The shown
sum of least squares illustrates the better agreement of the data involving the Verhulst-type
equation. Therefore, this proliferation description is favourised for further studies. Nevertheless, both proliferation descriptions are in the range of the standard deviation of the experiments.
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Figure 2. Cancer cells were grown as a spheroid over the time period of 13 days. The data points
correspond to the mean ± standard deviation of the calculated number of cells (purple). The simulation
results are indicated in green for the Monod-type equation and in blue for the Verhulst-type equation. The
dashed lines correspond to a 25% deviation of the estimated parameters. The lung-cancer experiments are
performed at the Institute of Cell Biology and Immunology, University of Stuttgart, Germany.

Monod-type

Logistic-type

3.15 · 10+4

2.31 · 10+4

Table 2. Sum of the least squares between the experiments and the continuum-mechanical model applying
the Monod-type and the Verhulst-type equation to the mass-production term.

In conclusion, both equations are capable of simulating the experimental data. The Monodtype equation contains more biological aspects, and the Verhulst-type equation offers a simpler
description.
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The TPM2-Method: A two-scale
homogenization scheme for fluid saturated
porous media
Florian Bartel1 *, Tim Ricken2 , Jörg Schröder3 and Joachim Bluhm3
Micro Abstract
This contribution will present a two-scale homogenization (FE2 -Method) approach for fluid saturated
porous media with a reduced two-phase material model (TPM), which covers the behaviour of
large poro-elastic deformation. The main aspects of theoretical derivation for the weak form, the
lower level boundary conditions under consideration of the Hill-Mandel homogeneity condition
and the averaged macroscopic tangent moduli will be pointed out and a numerical example will be shown.
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Introduction to TPM2 -Method
The TPM2 -Method is considered as the Theory of Porous
Media (TPM), cf. [1] or [2], embedded in the two-scale
homogenization environment of the FE2 -Method, see [3], [4].
In this framework we are able to describe large poro-elastic deformation and fluid flow through
porous media as well as taking into account the discrete geometry of microscopic structures.
Hence, TPM2 -Method allows us to solve two-scale, non-linear, coupled and time dependent
problems for bodies with a porous microstructure. As is with the standard TPM formulation,
the governing equations - balance of mass, momentum and moment of momentum as well as
the entropy inequality - are considered for all phases. The degrees of freedom considered are
displacement and hydrostatic pressure, which may be used to determine stresses and volumetric
fluid flows. For the micro-macro transition we transfer the macroscopic quantities such as the
deformation gradient, fluid stress and pressure gradient to the microstructure and receive an
averaged material tangent as a response. Hereby, we satisfy Hill-Mandel homogeneity condition.

1 Continuum mechanical two-scale, two-phase treatment
We consider a general body B consisting of a fluid saturated porous media on the macroscopic
scale as shown on the left hand side in Fig. (1). The macroscopic material points for the
solid and the fluid phase are defined as xS and xF , respectively. The domain for the Dirichlet
boundary condition for the displacements of the solid is given as ∂Bu and for the pressure of the
fluid as ∂Bλ . On the domain for the Neumann boundary condition we regard external forces on
the solid as a normal traction tensor t as well as the normal of the volumetric flow rate nF wFS
for the fluid. For the solution of the partial differential equations of the macroscopic boundary
value problem we make use of the Finite Element Method and receive an approximation for
the macroscopic body. Furthermore, the macroscopic material tangent A and the macroscopic
Right-Hand-Side [P, (ES )0S · CS JS , nF wFS ]T will be evaluated on each Gaußian point by a volume
averaged solution of the underlying microscopic structure named Representative Volume Element
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(RVE), which is also approximated with the Finite Element Method in the same way as illustrated
in Fig. (1) on the right hand side.

Figure 1. Illustration of a coupled multi-scale theory for fluid saturated porous media.

2 Numerical experiment: Flow through porous body with varying microstructure
As a numerical experiment, we considered a clamped body
consisting of a porous material and analyzed the macroscopic
deformation behaviour by applying a flow from the left to
the right hand side and varied the underlying microsturucture. The macroscopic Boundary Value Problem (BVP)
is illustrated in Fig. 2. We regarded a rectangular body,
where the displacement degrees of freedom were fixed on Figure 2. BVP: Flow through porous
the left hand side. The flow through the body was achieved cantilever.
by applying a pressure load (λ = 10 N/mm2 ), which was
linearly increased over 50 time increments. On the right
hand side the pressure was set to zero. The macroscopic
body was meshed with 320 finite elements. The evaluation
points were on element 10, 290 and 310. We designed three
different microstructures, one is isotropic and two are anisotropic. As an example, in Fig. 3 i) one of the anisotropic
microstructures is illustrated, from which we extracted the
geometry of the RVE (Fig. 3 ii)), which was discretized
with 10 × 10 finite elements (Fig. 3 iii)). The black and
white domains consist of porous materials each with different
material properties. The black material is more stiff and less
permeable in relation to the white material. The numerical
values for the Lamé constants and Darcy permeability are
listed in Tab. 1. As lower level boundary condition, a mixed
Dirichlet-Reuss type is chosen.

Figure 3. i) Microstructural design, ii)
Representative Volume Element (RVE),
iii) Discretized RVE with 10×10 finite
elements and two different material
parameter sets for low and high
permeability.

Table 1. Material constants for the different domains of the microstructure

Material constants
Black domain
White domain

1st Lamé µS
26
16

2nd Lamé λS
287
187

Darcy kd
0.1
1.0

3 Results of coupled transient multiscale simulation
In Fig. 4 the results of the numerical experiment described in section 2 are shown. We made use
of the same BVP but applied three different RVEs. The first RVE (Fig. 4 a), d), g)) contained
a hard inclusion and was symmetric about both axes which lead to an isotropic behavior. The
second RVE applied in Fig. 4 b), e) and h) contained little cannulas with a higher permeability
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which lead to an allocated upward flow direction. Hence, the pressure increased in the upper
part of the body leading to a greater hydrostatic expansion and a global deformation downwards.
The third RVE was identical to the second one however it was rotated by 90 degrees. Here, the
fluid flow was forced to the lower part of the macroscopic body which lead to a higher pressure in
the lower area and a upward global deformation. The plots of the deformation of the geometry
are scaled with a factor 102 .

Figure 4. Numerical results on macroscale as well as on microscale for three evaluation points applying three
different RVEs. In a), b) and c) the pressure distributions, in d), e) and f) the vertical displacements and in
g), h) and i) the horizontal volumetric flows are plotted.

4 Performance study for parallel multi-scale computations
We run numerical examples with the coupled multi-scale approach explained in section 2. In
Fig. 5 you can see the results of a compression test which shows a general proof of concept
in 3 dimensions. However, the microstructure only consists out of 27 elements due to the
high computational runtime. A real problem would need considerably more elements. Hence,
we have to improve the performance of the calculation. Fortunately, the FE2 -Method is very
applicable for parallel computation. The microstructures can be solved in parallel as indicated
in Fig. 6. To verify the improvement of parallel computation for multi-scale problems we
investigate in a performance study which you can see in Fig. 7. The calculations run on a high
performance cluster called LIDOng at TU Dortmund University with the software FEAP 8.4
from UC Berkeley compiled with Intel Fortran, C++ and MPI on Intel Xeon processors. We
analyzed different mesh sizes for the micro- and the macroscale for an increasing number of
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Figure 5. Results for a 3D coupled, two-scale compression
test. Displacements (left) and pressure distribution (right).

Figure 6. Schematic for parallel multi-scale
computation.

processors. The dashed line is the optimum of speed up which can not be achieved, because
some parts of the program always run only serial. However, if the relation between micro and
macro discretization is chosen properly, there is an appreciable performance improvement.

Figure 7. Results of the performance study by increasing the number of cores for different mesh sizes for a
multi-scale simulation.

Conclusions
We developed a numerical scheme for solving two-scale, two-phase, non-linear, coupled and
time dependent problems for fluid saturated porous materials. The numerical experiment shows
the proof of concept and the strong influence of the microstructural design on the macroscopic
boundary value problem. As a challenge the high computational effort has to mentioned,
therefore, the application of parallel computation strategies is absolutely essential for dealing
with realistic problems. Nevertheless, we are convinced, that the TPM2 -Method is a very
promising tool for the development and optimization of microstructures, especially in the fields
of environmental or biomedical engineering.
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Using a pore-network model to couple mass,
momentum and energy at the interface
between free flow and porous media flow
Kilian Weishaupt1 * and Rainer Helmig1
Micro Abstract
Coupled systems of a porous medium with an adjacent free flow appear in a wide range of industrial
and environmental processes. We propose an efficient coupled model comprising three domains: a bulk
porous medium (Darcy’s or Forchheimer’s law) at the bottom, the free flow domain (Navier-Stokes) on
the top and the interface region (dynamic pore-network model) in between. This model can help to
provide effective upscaled parameters required for other mechanical modeling approaches.
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Introduction
Systems of coupled free flow and porous-medium flow appear ubiquitously in nature and in
technical applications. Common examples for interface-driven transport and exchange processes
include soil evaporation [9], fuel cell water management [3] or food drying [10].
Modeling these kinds of coupled systems on the pore scale (e.g. by means of DNS) is very often
unfeasible due to the highly complex geometry of the porous material.
In contrast to that, REV-scale approaches describe the porous medium, including the region
close to the interface to the free flow, only in an averaged sense. While providing the possibility
to model larger domains, pore-scale effects like local saturation distribution patterns can often
not be captured in sufficient detail. Theses effects, however, strongly affect the global behavior
of the coupled system (see e.g [9]).

1 A concurrent hybrid multi-scale model
1.1 Concept
Here, we propose a novel method to tackle the issue of resolving the interface region between
free flow and porous medium in ample detail, thereby accounting for pore-scale effects relevant
for the overall system behavior, while maintaining a comparatively low computational effort
which allows the simulation of rather realistic scenarios [8]. The key feature of this approach
is a pore-network model [6] which represents the transition region between the porous matrix
and the free flow. The final model will consist of three computational domains (see Fig. 1): the
free-flow region where the (Navier-) Stokes equations are solved, the aforementioned transition
zone described by the pore-network model and a bulk porous domain accounted for by Darcy’s
or Forchheimer’s law. Appropriate coupling conditions ensure the continuity of mass, momentum
and energy fluxes as well as thermodynamic consistency between the respective subdomains.

267

MS08

Coupled Multi-field Problems in Porous-media Mechanics

Figure 1. Conceptual scheme of the novel coupled model consisting of a free-flow region (Stokes), an
interface region (pore-network model) and the bulk porous medium (Darcy).

1.2 Discretization and implementation
The (Navier-) Stokes equations applied for the free-flow domain are discretized in space using a
staggered grid approach [4] where scalar quantities like pressure and density are located on the
cell centers while the velocities are stored on the cell faces.
For the pore-network model used for the interface region, all balance equations are formulated
per pore-body, while the fluxes occur within the one-dimensional pore throats.
The box method [5] is used to spatially discretize the balance equations of the REV-scale bulk
domain. This approach combines the local mass-conservation properties of a finite-volume
scheme with ansatz-functions known from finite-element methods, thereby enabling flexible and
convenient spatial interpolation of discrete values which is important for the coupling.
A fully-implicit backward Euler scheme is used for the temporal discretization of all equations.
All models are implemented in DuMux [2], an open-source simulation toolbox for porous media
which is built upon Dune [1], an open-source numerical framework for scientific applications.
Apart from the Dune core modules, dune-foamgrid [7] is required to provide an one-dimensional
grid implementation for the pore-network model.
The three sub-models will be coupled in a monolithic approach, which means that all balance
equations are assembled into one (potentially nonlinear) system of equations and solved simultaneously. This work is currently in progress, therefore only the coupling of two models (free flow
to pore-network model or REV-scale to pore-network model) has been realized yet. Furthermore,
for the time being, only isothermal single-phase flow is considered. This will be extended in
future work.

2 First Results
2.0.1 PNM-Darcy coupling
Fig. 2 shows an exemplary setup for the coupling of the interface region (pore-network model,
top of left figure) and the REV-scale bulk porous medium (bottom). Fixed pressures of
ptop = 0.99 × 105 Pa and pbottom = 1 × 105 Pa are set as Dirichlet boundary conditions at the
top and bottom of the respective sub-domains, leading to a flux in upward direction. All other
external boundaries are closed (Neumann no-flow). The permeability K of the bulk porous
medium has been determined by numerical upscaling of the pore-network properties.
The evolution of pressure in vertical direction through both domains is depicted on the right
hand side of Fig. 2. As imposed by the coupling conditions, a continuity of pressure at the
interface between the two domains can be observed. Furthermore, the pressure gradient within
both domains is identical as a result of the upscaled value of K.
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Figure 2. Exemplary coupling of a pore-network model (interface region, top) and a REV-scale model (bulk
domain, bottom). The plot on the right indicates the continuity of the pressure itself and its identical gradient
within the two domains.

2.0.2 PNM-Stokes coupling
The following example demonstrates the coupling of the interface region to the free flow. Water
passes through a free-flow channel with an adjacent porous structure at low flow velocities
(Re < 1). The free-flow channel has a length of approximately 50 mm and height of 2 mm. The
porous structure has a total size of 10 mm × 10 mm, with square-cut pillars (0.25 mm × 0.25 mm)
arranged to a regular grid where the spacings between the pillars are also 0.25 mm.

Figure 3. Velocity fields of the reference solution (left) and the coupled model (right).

Fig. 3 shows that the solution of the coupled model fits very well with the one obtained by
discretizing the complete domain in high detail.

Conclusions
This work provides the basis for the development of a hybrid-scale model capable of effectively
describing coupled processes of free-flow and flow through a porous medium. Especially within
the context of multi-phase flow, the pore-network model can help to capture local pore-scale
effects otherwise inaccessible to classical REV-scale models. The concept may furthermore help
to understand and quantify relevant interface-related phenomena which can then be transferred
to other models e.g. by means of upscaling.
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Compressible Flows inside Piston Ring Pack
Simulated with Space-Time Finite Elements
Max von Danwitz1 *, Norbert Hosters1 and Marek Behr1
Micro Abstract
The fuel efficiency of an internal combustion engine is directly related to the performance of the
piston ring pack. We present our numerical study of compressible gas flow in the ring pack. Namely,
a two-dimensional transient full engine working cycle simulation considering the fluid-rigid-body
interaction between piston ring and surrounding fluid, and a three-dimensional simulation of the flow
through the ring gap investigating the gap’s suction effect.
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Introduction
The pistons of an internal combustion engine are equipped with the piston ring pack to seal the
combustion chamber and minimize leakage gas flow to the crank case. During the working cycle
of the engine, the rings (Figure 1a) slide along the encompassing clylinder wall (liner). The
resulting friction contributes significantly to the frictional losses of the engine [1].
Hence, an alternative design of the piston rings, which reduces the friction between piston and
liner, but, only moderately increases the gas flow around the piston rings (blow-by), can improve
the overall efficiency of the engine. To find such a design, detailed knowledge about the fluid
flow in the piston ring pack is necessary. As experimental and theoretical studies are difficult to
conduct [2], we propose a numerical approach in this contribution.

1 Numerical Methodology
To model the gas flow, we employ the compressible Navier-Stokes equations based on conservation
of mass, momentum, and energy. We follow [5], in choosing the pressure-primitive variables Y

Ωn+1

t
y
x

Pn
Ωn
Qen
(b) Discretized space-time slab

(a) Piston rings

Figure 1. Physical and computational geometry
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as primary unknowns in contrast to the more commonly used conservation variables U:
Y = [p, u1 , u2 , u3 , T ]> ,

U = [ρ, ρu1 , ρu2 , ρu3 , ρetot ]> .

(1)

An advantage of this choice is that pressure and temperature can be directly incorporated into
the model as essential boundary conditions. As in [5], a reduced form of the energy equation is
used in deriving a quasi-linear form:
∂U
.
(2)
∂Y
For the definition of the generalized advective-diffusive system matrices Ai , and Kij , we refer to
[5]. The quasi-linear form is transformed into a weak form and discretized using equal order
space-time finite elements.
Z
Z
Z
p
a
W · (A0 Y,t + Ai Y,i ) dQ +
W,i · (Kij Y,j − Ai Y) dQ −
W · hdP
Res(Y) = A0 Y,t + (Aai + Api )Y,i − (Kij Y,j ),i = 0,

Qn

+

Qn

(nel )n Z
X
e=1

Qen

A0 =

(Pn )h


τ e (Ai )T W,i · Res(Y)dQ +

Z


+
−
(W)+
n · A0 (Y)n − (Y)n dΩ = 0.

(3)

Ωn

The first three terms, are the quasi-linear form multiplied with the test function vector W. The
pressure contribution to the advection Api Y and the diffusive term Kij Y,j are integrated by
parts leading to the integral over the Neumann boundary (Pn )h . An exemplary space-time slab
Qn with the used integration domains can be seen in Figure 1b. To ensure numerical stability, an
SUPG stabilization operator is added to the weak form (fourth term). The stabilization matrix
τ e is defined as in [5] using the element metric tensor G as an representation of the element
length. To prevent an influence of the nodal ordering for triangular or tetrahedral elements, the
mapping K of the reference element to an equilateral element is included [3]:

− 1
 >  
2
4
1
∂ξ
∂ξ
−1
e
τ = A0
I + Gij Ai Aj + 2 Gij Gkl Kik Klj
K
.
(4)
,G=
2
∆t
∂x
∂x
CM
Specific for the discretization with space-time finite elements is the fifth term: It is used to weakly
enforce the continuity of the solution between the current time slap (Y)+
n and the previous one
−
(Y)n on the time level Ωn .

2 Flow Inside Piston Ring Pack
2.1 Model formulation
To apply this methodology to the flow in the piston ring pack, we formulate the following model:
As the top ring is exposed to the largest pressure gradient, we focus on the flow around this ring
to examine the sealing properties of the piston ring pack. For the transient computation (in
Section 2.2), we select a two-dimensional cut through the top ring along the piston axis and
discretize it with space-time finite elements. This results in a grid with 146561 degrees of freedom.
The suction effect of the ring end gap is investigated with a three-dimensional computational
domain including half of the ring end gap and 12◦ of the top ring in circumferential direction
(see Section 2.3). The corresponding discretization has 3.4 million degrees of freedom.
The flow in the piston ring pack is modeled as single compressible gas phase. We select a
piston-fixed coordinate system and prescribe the relative velocity of piston and liner on the
respective domain boundary. At the upper domain boundary pressure and temperature of the
combustion chamber are prescribed; on the lower boundary the conditions of the crank case are
applied. On the solid walls of the piston, liner, and ring, no slip conditions and temperatures
according to [1] are prescribed. The relative motion of the piston ring inside the groove is
prescribed based on data of our industry partner. The resulting mesh motion is handled with
the deforming-spatial-domain/stabilized space-time (DSD/SST) procedure [4].
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Blow-by [ kg
s ]

0

·10−3

−1
−2
−3
0

90

180
Degree crank angle

270

360

(a) Temporal evolution of blow-by past top ring

(b) Velocity field at 87.4◦ crank angle

(c) Temperature at 360◦ crank angle

Figure 2. Results of the transient two-dimensional computation.

2.2 Transient working cycle behavior
A central result of the transient computation is the evolution of the blow-by displayed in
Figure 2a. As long as the ring is tightly aligned with the upper groove edge (until 70◦ crank
angle), it seals the gas in the combustion chamber against the moderate pressure gradient of ca.
0.5 bar towards the crank case. During the edge change of the piston ring, the gap between ring
and groove opens and allows for blow-by. The spatially resolved velocity field around the ring
can be seen in Figure 2b. After the edge change, the ring is tightly aligned with the groove’s
lower edge and again seals the combustion chamber. Only as the combustion chamber pressure
and temperature rise towards the combustion at 360◦ crank angle, the blow-by increases again.
Figure 2c shows the gas temperature around the top ring at 360◦ crank angle.
2.3 Suction effect of the ring end gap
Figure 3 indicates that the suction effect of the ring end gap is limited to the first third of the
computational domain, which corresponds to 4◦ in circumferential direction around the piston
perimeter, at the beginning of the engine working cycle at 0.24 ◦ crank angle. High flow velocities
of more than 200 m
s are only present in the ring end gap. The three-dimensional simulation has
to be continued to investigate the influence of the ring end gap for further states of the working
cycle, in particular for higher pressure gradients.
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Figure 3. Three-dimensional flow field around top ring at 0.24

◦

crank angle

Conclusions
In this contribution, we extended the stabilized formulation for compressible flows of [5] for the
discretization with space-time finite elements. The adjusted formulation is used successfully to
analyze the internal compressible flows inside the piston ring pack of an internal combustion
engine.
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Phase-Field Modeling of Multiple Phase
Change Materials (PCMs)
Abdel Hassan Sweidan1 *, Heider Yousef1 and Bernd Markert1
Micro Abstract
A latent heat storage medium with various heat transfer enhancement techniques is being studied.
The methods include using multiple immiscible PCM constituents with different melting temperatures
and adding highly conductive fins. The system is modeled using the finite element method and the
phase-field method is employed as a numerical approach to account for the phase change process.
This method relies on specification of free energy density function and employs a phase-field variable
that defines the state of the material, and it also allows for realistic simulations of dendritic growth
(including anisotropy) and other solidification microstructures.
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Introduction
Energy storage is an important process for conserving available energy and improving its
utilization. A well-designed energy storage system offers the advantages of increasing the
efficiency, and reducing the energy costs, equipment size, pollutant emissions [1]. Latent energy
storage with phase change materials (PCMs) is one of the most efficient ways of storing available
energy because of its high energy storage density, compact storage space and isothermal nature
of the storage process with small temperature variations [2].
Although PCMs are widely used in buildings, electronics, automobiles and solar systems [3],
their low thermal conductivity is the main problem that limits their heat transfer rate. However,
this problem may be overcome by the use of heat transfer enhancement techniques [4].
The problem of predicting the behavior of phase change systems is challenging due to its nonlinear nature at moving interface and the different thermo-physical properties between the solid
and liquid phases. The phase change formulation are classified into: sharp interface model (the
Stefan problem), enthalpy method and phase field method. The phase-field method employs
a phase-field variable, e.g., φ, which is a function of position and time, to describe whether
the material is liquid or solid. It relies on specification of free energy density function which
is the main driving force for the movement of the phase transition region [5]. It eliminates
the heat flux or energy balance at the interface and allows a mushy zone (smooth interface)
between the two phases [6]. Moreover, this approach is found to be very effective in obtaining
realistic simulations of dendritic growth in super-cooled melts during solidification for isotropic
and anisotropic cases [5, 7].
The present work aims to investigate the effect of various heat transfer enhancement techniques
on the energy storage process. PCMs with multiple configurations and extended surfaces (fins)
are simulated using the finite element method and employing the phase-field technique.

1 Heat transfer enhancement methods(Multiple PCMs and finned Surface)
The phase-field model is applied to study the heat transfer and melting process of different
PCM configurations. The free energy functional is defined to guarantee local positive entropy
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production [7]. The phase-field equation for pure isotropic material is given by:
1 ∂φ
= div (2 grad φ) − W g 0 (φ) + Q(T ) p0 (φ) .
M ∂t

(1)

In this, g(φ) = φ2 (1 − φ)2 is a double well function having local minimima at φ = 1 (liquid) and
φ = 0 (solid), and p(φ) = φ3 (6φ2 − 15φ + 10) is an interpolating function. The parameters 
and √
W are related to the interface thickness δ and the surface tension of the material (σ) by
 = 6 δ σ and W = 3 σδ . The interface mobility M can be obtained through M = α6 δTm
L , with L
is the latent heat of fusion per unit volume, α is the kinetic coefficient at the ineterface and Tm
is the melting temperature of the material. Q(T ) is the thermal driving force represented by
m)
[7].
Q(T ) = L (T −T
Tm
The continuity and momentum equations are used to simulate the behavior of the PCM in
liquid phase, considering the effects of natural convection. The governing equations for the heat
transfer melting process are represented by the mass conservation (eq. 2), momentum balance
(eq. 3), energy conservation (eq. 4) and the phase-field equation (eq. 1) discussed above:
div u = 0 ,

(2)

 ∂u

+ u grad u = µ div(gradu) − gradp + As u + k F ,
ρ
∂t

(3)

Cp

 ∂T
∂t

+ u grad T



= div(Kgrad T ) − L

∂φ
.
∂t

(4)

Herein, p is the pressure, ρ is the density, µ is the dynamic viscosity and k is a unit vector in a
direction opposite to that of the acceleration of gravity. F = gρβ(T − Tm ) is the buoyancy force
with g is the gravitational acceleration and β is the thermal expansion coefficient. As is a step
function that insures the velocities reduce gradually from a finite value in the liquid to zero in
the solid over the computational cell that undergoes phase change [8, 9]. Cp is the volumetric
specific heat capacity and K is the thermal conductivity.
1.1 Numerical results and discussion
The effect of heat transfer techniques (Multiple PCMs and extended surface) on the energy
storage process is investigated in four cases: single PCM, 3-PCM composite slab, 2-PCM
matrix slab and single PCM slab with highly conductive fins. The PCM chosen is isotropic
and homogeneous (Praffin wax) and the melt flow is assumed laminar and incompressible. The
PCMs in all configurations are initially in the solid state and are heated from the left wall. The
other walls are kept insulated. For the single PCM slab the height and width of the domain are
L = H = 0.05 m. Figure 1 shows the solid-liquid interface with the effect of natural convection
at time = 600 s and time = 1200 s. It is clear that the interface is affected by the motion of the
melted fluid, where the hot fluid moves to the top, replacing the colder fluid.
Following this, computations are performed for the 3-PCM and 2-PCM-matrix composite slabs.
The melting temperatures are assigned such that their average equals the melting temperature
of the single slab. All the composite slabs arrangements were simulated for a melting time of
time = 1200 s (Figure 2) to compare the energy charged with that for the single slab. Table
1 presents the cumulative energy charged for the different configurations, where it is observed
that the highest enhancement in the energy stored is found for the 3-PCM slab with series
arrangement.
The last part of the simulation is to study the effect of adding highly conductive metal fins to
the left wall of the single PCM slab. As shown in Figure 3 the addition of the fins played an
important role in accelerating the melting process. The PCM in the region near the fins started
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melting rapidly due to the presence of high amount of heat conducted through the fins. Using
this method the PCM was completely melted by 1200 s, the thing that indicates that addition of
fins or extended surface is the most effective among the methods detected in this study (Table
1).
φ

time=600s

time=1200s
Figure 1. Solid-liquid interface progress

φ

(a)

(b)

(c)

Figure 2. Interface position at time = 1200s for the series (a), parralel (b) and matrix (c) configurations

φ

(c)

(b)

(a)

Figure 3. Solid-liquid interface progress in the single PCM slab with fins at time 25s (a), 200s (b) and 1200s
(c)

Slab Type

Melting temp. (K)

Single

333

Series (3-PCM)

L=318, M=333, R=348

Parallel (3-PCM)
Matrix (2-PCM)
Single with fins

Liquid fraction

T=348, M=333, B=318
LD=338, RD=328
333

0.84
0.925
0.914
0.89
1

Qlatent (J)
5

Qtotal (J)
5

Enhancement %

1.64 × 10

2.53 × 10

————–

2.15 × 10

5

2.92 × 10

15.4

1.79 × 10

5

2.72 × 10

7.5

1.74 × 10

5

2.69 × 10

6.32

2.28 × 10

5

3.48 × 10

37.55

5
5
5
5

L:left, R:right, L:low, T:top, M:medium, D:diagonal

Table 1. Comparison of the energy charged for the different configurations
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Conclusions
The phase-field model is an effective method for simulating the solidification/melting process of
PCMs. Composite PCM slabs with different melting temperatures or adding highly conductive
fins can significantly enhance the total energy charged in the PCMs, depending on the type of
arrangements and the thermo-physical properties. Also, the effect of buoyancy driven natural
convection plays an important role in the amount of energy charged and energy enhancement
during the PCM melting process.
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Preliminary calibration of a phase-field model
for cracks due to shrinkage in cement-based
materials
Tuanny Cajuhi1 *, Pietro Lura2 and Laura De Lorenzis1
Micro Abstract
Shrinkage in cement-based materials can lead to early microcracking. The phenomenon is related to
the change of volume at early states, which can lead to cracking if the medium is either internally or
externally restrained. Objective of this work is to describe drying shrinkage and autogenous shrinkage
in cementitious materials within the framework of poromechanics and phase-field modeling with
special focus on crack initiation and evolution. A preliminary calibration of the material parameters is
performed in this paper.
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Introduction
The material properties of cement-based materials such as Young’s modulus, tensile strength and
fracture energy vary with age (i.e. mainly with the degree of hydration) and moisture content.
The numerical modeling of drying phenomena in such materials should take into account the
evolution of the properties such that predictions can become more accurate. A framework for
numerical modeling of coupled deformation, drying and cracking with the phase-field approach
of brittle fracture was presented in [3]. This framework accounts for the evolution of the elastic
modulus and the fracture energy, both as functions of the moisture content.
This paper presents a study on the properties of a cementitious material based on previous
experimental work [5]. The parameters are used as basis for the calculation of the length
scale needed for the phase-field modeling approach and for a prelimininary calibration of the
phase-field framework.

1 Material properties
The experimental results shown in this paper are based on the experiments of Di Bella et al. [5].
The properties of a cementitious mortar at 1, 7 and 91 days are measured with compact tension
tests (CTT). The dimensions of the specimen are shown in Fig. 1. Pins with 20 millimeter
diameter were inserted in the holes to load the specimen. The mixture proportions are 599kg/m3
of ordinary, rapid hardening portland cement CEM I 52.5 N, 1331kg/m3 of sand and 306kg/m3
of water. The average sand grain size is 312µm and the maximum grain size is 650µm.
Inverse analysis of the force-displacement curves from the CTT is conducted to obtain the elastic
modulus, tensile strength and fracture energy. The inverse analysis is based on the hinge model
with multi-linear softening curve [8]. The obtained material properties can be found in Table 1.
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Age (days)

1

7

91

E (GPa)

18

32

28

σt (MPa)

1

1.7

2.2

Gc (N/m)

16

16

34

15 0
80
0.5

Table 1. Elastic and fracture properties of a cementitious material at different ages

Ø

3

0

t=10
30
60
12 5

Figure 1. Dimensions of CT specimen expressed in millimeters. The thickness of the specimen is 10
millimeters and the opening is 0.5 millimeter.

2 Computational framework
In order to perform a numerical analysis with the phase-field formulation for brittle fracture,
the elastic and fracture properties of the material are needed. The computational framework
which serves as basis for this work is presented in detail in Cajuhi et al. [3]. Due to the
purely mechanical nature of the current test, only the equilibrium and phase-field equations are
considered and the coupling between the mechanical and pore pressure fields is neglected. The
equilibrium equation is given as
∇ · ((1 − d2 ) · σ + + σ − ) = 0

(1)

where the total Cauchy stress is split into positve σ + and negative σ − contributions, which are
due to tensile and compressive loads, respectively. They can be computed by the split of [1].
The variable d represents the crack phase-field that varies from 0 to 1. The limits represent
intact and fully broken material, respectively. The crack phase-field is computed by the following
phase-field evolution equation
Gc [d − `2 ∇d] − 2(1 − d)H = 0.

(2)

The parameters in Eq. (2) are the fracture energy Gc and the length scale `, which denotes the
width of the transition zone of the smeared crack. The maximum energy within the load history
is expressed by H [7]. The energy couples the phase-field evolution equation and the equilibrium
equation.
 2
9
Gc E
The length scale parameter is computed through ` =
, proposed by Borden et al. [2].
16
6σt2
The values from Table 1 are used. The obtained length scales are shown in Table 2.
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Age (days)

1

7

91

` (m)

0.012

0.009

0.010

Table 2. Length scale parameter computed at different ages.

3 Analysis results
The Young’s modulus, fracture energy and length scale (` = 0.01m) are used as input in the
displacement driven simulations of the CTT. The Poisson’s ratio is assigned the value 0.2. In the
model, the lowest part of the lower hole is fixed in the horizontal and vertical directions. The
displacement increment applied at the highest part of the upper hole is 2 × 10−7 m with fixed
horizontal displacement. The numerical scheme is computed using 10 staggered iterations [6].
Figure 2 shows the results of the numerical test with locally refined mesh near the cracking zone.

Figure 2. Phase-field results of specimen with 91 days at peak load after 245 load increments and fully
propagated crack after 1250 load increments. The mesh size h should satisfy h ≤ `/2 [7]. The mesh is refined
with element size 0.25 millimeter near the initial opening and 2 millimeters near the cracking zone.
exp
The maximum splitting forces from the force-displacement curves obtained experimentally Fmax
num for each age are shown in Table 3. The splitting force is computed at the
and numerically Fmax
left edge of the specimen. It can be noticed that the maximum splitting forces obtained in the
simulations are higher than the experimental values.

Age (days)

1

7

91

exp
Fmax
(N)

145

232

343

num (N)
Fmax

220

299

406

relative error (%)

34

22

15

Table 3. Mixtures and material properties

The differences in the peak load should be investigated further. A reason for discrepancy could
be related to the approach used to calibrate the tensile strength and fracture energy in [5, 8]
and the approach used in the numerical simulation. The differences could be also related to
the strategy used to compute the length scale parameter, which affects the peak load as shown
in the study of [4]. From the computational point of view, the number of iterations in the
staggered scheme can also affect the peak load. The computational model does not take into
account the contact between the pin and the hole and this can affect the obtained splitting load
and contribute to the stiffer response. Furthermore, it can be noticed that the error decreases
with the age of the specimen, which could be related to the difficulty in measuring the material
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properties at early ages when the degree of hydration of the cement is low. Further investigations
are ongoing.

Conclusions
This work has presented a preliminary investigation on the calibration of the material properties
of a cementitious material. The investigation focused on the elastic modulus, fracture energy
and tensile strength. The material properties were obtained through inverse analysis based on
the hinge-model. The obtained values were used to determine the length scale parameter and
as input in the phase-field model of brittle fracture. The CTT specimen was simulated and
the maximum splitting force of each age was compared with the experimental results from [5].
The obtained forces in the simulations were 15-34% higher than the experimental ones. The
differences could be related to the different approaches used to calibrate the tensile strength
and fracture energy in [5, 8] and in the numerical model, the value of the length scale parameter
and the oversimplification of the current numerical model which does not account for contact.
Further investigations are currently ongoing and experiments are being conducted at the Swiss
Federal Laboratories for Materials Science and Technology (Empa) to determine the mechanical
and hygral properties of cement-based materials. Once the mechanical properties are calibrated
in the model, they will be expressed in terms of age and moisture content and inserted in the
poromechanical phase-field framework of [3] to simulate drying and autogenous shrinkage.
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A study of temperature and strain-rate
dependent glass fracture behaviour
Ziyuan Li1 *, Yousef Heider1 and Bernd Markert1
Micro Abstract
In this contribution, the numerical simulation of brittle fracture of glass materials under room
temperature is carried out on a continuum-mechanical scale using the theory of linear elasticity and
J-integral theory, extended by a phase-field modelling (PFM) approach. Following this, behaviours
such as crack nucleation, propagation, and bulk material fracture can be realised. Moreover, fracture
stresses and J-integral values are compared to analyse material toughness.
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Introduction
The fracture of glass materials in hot forming processes can directly lead to production inefficiency.
Taking the precision glass moulding process (PGM) as an example, the working temperature is
near the glass transition temperature (Tg ) and the glass material represents either linear elastic
or viscoelastic behaviour, which leads to the temperature and strain-rate dependency of glass
fracture behaviour. The fracture of glass is initiated by micro cracks and propagates under
tensile stresses. One of the most commonly used experimental methods for the analysis of glass
fracture is the three-point bending test, in which a glass specimen with a rectangular or circular
cross section is bent until fracture. To describe the behaviour of glass fracture on a macroscopic
scale under both linear elastic and visoelastic model assumptions, the approach based on the
J-integral theory [6] is applied. In the mean time, the brittle crack of the glass specimen at
ambient temperature is described using a phase-field modelling (PFM) approach [2, 4, 5]. A
combination of the two approaches is realised by the critical Griffith energy release rate (Gc ) [1],
which will be further explained.

1 Mathematical modelling
1.1 Phase-field modelling
The starting point of the PFM is the Griffith’s energy-based criteria for brittle fracture [1], which
initiated the concept of the critical fracture energy density Gc that represents the energy required
to create a unit area of fracture surface. The global potential energy function Ψ of a cracked
linear elastic, isotropic solid material can be defined as the sum of the elastic strain energy Ψel
and the crack energy Ψcr integrated over the whole spatial domain. This integration can be
achieved by inclusion of the phenomenological phase-field variable φ to distinguish between the
cracked (φ = 0) and the undamaged (φ = 1) states of the material:
Ψ = Ψel + Ψcr =

G
(1 − φ)2 + G|gradφ|2 + [(1 − η)(φ)2 + η]Ψel+ + Ψel− .
4

(1)

Herein,  is the internal length that is related to the width of the transition area between the
cracked and the unbroken states and η is the residual stiffness. The fracture energy part is
obtained from the non-local quadratic approximation; while the elastic energy part is divided
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into positive and negative parts, which represent tensile and compressive modes, respectively.
We assume a dynamic state for the present problem and neglect the body forces. By applying the
Ginzburg-Landau evolution equation [2], the momentum balance equation and the phase-field
evolution equation can be expressed as
divσ = ρv̇

and φ̇ =

∂φ
∂ψ
Gc
+
= −M
= −M [2(1−η)φψelast
− (1−φ)−2Gc div(gradφ)], (2)
∂t
∂φ
2

where σ is the stress tensor, ρ(x, t) is the mass density and v(x, t) is the velocity. M ≥ 0
represents a scalar-valued kinetic parameter related to the interface mobility (time dependency).
Gc is the critical Griffith energy release rate, which represents the critical fracture energy.
1.2 J-integral theory
The further application of the J-integral approach extends the material model to the viscoelastic
range. The J-integral was first given by Rice [6] as a path-independent line integral around the
crack tip, which takes the form
Z
∂u
ds),
(3)
J = (W dx2 − t ·
∂x1
L
where W (x1 , x2 ) is the strain energy density, x1 and x2 are the coordinate directions, t = σn is
the surface traction vector, σ is the stress tensor, n is the normal to the curve L, which is an
integral curve surrounding the crack tip, s is the crack length and u is the displacement vector.
For brittle fracture, a bridge is built by Jc = Gc [1,6], where J-integral results are directly applied
to PFM modelling. In 2D analysis, with the introduction of the finite element method and
reasonable approximations, the numerical calculation of the J-integral can be further simplified
to
Z
∂u
(∂v
∂q
∂u
∂v ∂q
J = [(σxx ) + τxy
− ω)
+ (τxy
+ σyy ) ]dA,
(4)
∂x
∂x
∂x
∂x
∂x ∂y
A
where q(x, y) must have a certain value on each node of the integral area, which takes the value
q = 1 on the internal boundary and q = 0 on the external boundary for a plane problem. For
elastic materials, ω is the elastic strain energy. For viscoelastic materials, it represents the
equivalent elastic strain energy, which is the total area under the uni-axial stress-strain curve.

2 Results and discussion
To study both brittle and ductile fracture behaviour of glass material, a square-shaped, double
symmetric problem, which is based on the three-point bending experiment illustrated in Fig. 1, is
presented. The glass specimen is subjected by a constant strain rate from the presser downwards
until a crack occurs. The glass specimens used for the experiments are of a rectangular cross
section. They are made of three different types of glass materials for comparison, namely, the
glass material H-K9L, L-BAL42 and SQ1. The selection of the three materials is based on their
representative characteristics from different chemical compositions as well as different Tg .
According to Table 1, for each of the 12 temperatures, one higher strain rate and one lower strain
rate are selected, altogether 24 sets of experiments are performed. For each set of experiment,
15-30 bending tests are performed considering numerical accuracy.
The selection of the higher strain rates aims at obtaining the brittle fracture state; while the
selection of the lower strain rates is most critical, where a special state needs to be found when
the majority of the glass specimens are just about to relax (unbroken), however in the end still
break. In this way, a peak into the glass behaviour in the brittle-ductile fracture transition
region is realised.
By applying PFM, the progress of the crack of brittle fracture is illustrated in Fig. 2 . The
crack propagates perpendicular to the maximum principal stress, which agrees with many
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L-BAL42

H-K9L

SQ1

lgη [dPa·s]

T [◦ C]

lgη [dPa·s]

T [◦ C]

lgη [dPa·s]

T [◦ C]

-

20

-

20

-

20

14.5

511

12.5

560 (Tg)

13.1

1075 (Tg)

12.4

506 (Tg)

12

575

11

600

11

1250

11

532

10

630

Table 1. Representative viscosity values and according temperatures of three glass materials

Ø 5 mm

0.000025
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0.00002
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6 mm

Upper presser
Glass

4.5 mm

0.00001

Lower presser
Lower holder

0.00

40 mm

6 mm/min

brittle behavior
360 mm/min
ductile behavior

300 mm/min
240 mm/min

0
20

Figure 2.
Phase-field plots of
dynamic fracture
model of glass
H-K9L.

Figure 1. Three-point bending set
up [3].

high strain rate
300 mm/min

300 mm/min

6 mm/min
1 mm/min

0.000005

1.00

φ

low strain rate
300 mm/min
3 mm/min
300 mm/min

511

560

575

600

630

Figure 3. Jc value of glass H-K9L.

observations as given in the literature. The plot of J-integral values of one glass material at
different temperatures and strain rates is depicted in Fig. 3. A jump of the Jc value is found
near the glass transition temperature Tg region, which represents the crack resistance rise and
indicates the sensibility of glass fracture in manufacturing processes near Tg .
a) σc from experiments
160

300 mm/min
300 mm/min

120
100
80

30

300 mm/min

140

b) σc from PFM

low strain rate
300 mm/min

360 mm/min

300 mm/min

6 mm/min
6 mm/min

20

brittle behavior

240 mm/min
27 mm/min
1 mm/min
3 mm/min

60
40

25

high strain rate
300 mm/min
15

6 mm/min

ductile behavior
10

20
5

0
20

511

560

575

600

630
0
0.0001

0.0023

0.0031

0.0035

0.0040

0.0044

Figure 4. Fracture stresses σc of glass HK9L comparison.

Further comparison is made by fracture stresses obtained from experiments and PFM in Fig. 4.
Similar tendency exists with higher σc at higher strain rate for both cases. Special attention
needs to be drawn by relating to the experimental data, in the temperature zone between 575
◦ C and 600 ◦ C. If we observe the curves backwards, when the temperature drops from 600 ◦ C to
575 ◦ C, in the σc curve from experiments, no great changes are noticed in the fracture stress;
however, the Jc curve shows a tremendous decline. This points out the fact that the fracture
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resistance of the glass material drops rapidly during the cooling process when the temperature
is near the glass transition zone and makes this process step especially sensitive and has high
chances of glass fracture, even when the maximum fracture stress appears to be stable. This
conclusion shows the privilege of the J-integral approach from energy point of view in comparison
to experimental approach and gives good base to future process optimization.

Conclusions
In conclusion, this study presents a robust and comprehensive scheme for the modelling of glass
fracture, which can be implemented in usual finite element codes. The glass fracture behaviour
is proved to be strongly temperature and strain-rate dependent. The J-integral has been proved
to be an effective tool for fracture analysis of not only brittle materials but also materials with
ductility. The proposed phase-field model results in a good qualitative agreement with J-integral
results and experimental data, in which the increased strain rate plays a key role in the fracture
stress gain. The combined approaches can serve as a base for a new direction in future studies
and real applications in the field of glass fracture. An important conclusion from this study is
the locating of the fracture-sensitive region into the cooling process of glass moulding procedures,
which shows good value in industrial applications.
This work, however, remains to have improvement areas and extensions, such as the description
of viscoelastic fracture and the extension towards 3D problems. An outlook of this work could
be the testing and comparison of different phase-field parameters and evolution approaches to
better control the crack propagation. A close and continuous monitoring of the changes in the
crack edge profile along with different load in the experimental approach could also be beneficial
to improve accuracy. The implementation of a ductile phase-field dynamic fracture model for
glass material is our next intention.
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Abstract:
The analysis of damage evolution and failure plays a crucial role in the design of structures
or structural components in numerous engineering applications. Further, there is a huge
variety of materials, for which damage analysis is relevant, such as metals, polymers,
composites, biological materials, and many more. In most cases, different failure modes
need to be taken into account even on different scales. The aim of this minisymposium
is to present and discuss recent trends in modelling of damage initiation and progression
for different materials and the corresponding numerical treatment. Both, academic and
applied talks, are highly welcome.
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A Phase Field Approach to Fracture in
Anisotropic Brittle Solids
Stephan Teichtmeister1 *, Daniel Kienle1 , Fadi Aldakheel2 and Marc-André Keip1
Micro Abstract
A phase field model of fracture that accounts for anisotropic material behavior and crack propagation
is presented within the small and large deformation context. Different kinds of material anisotropy are
incorporated by (i) enhancing the crack surface density function by appropriate structural tensors
stemming from a rigorous application of the theory of tensor invariants and (ii) by a modification of
energetic and stress-like fracture criteria.
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Phase Field Approximation of Anisotropic Crack Topology
Consider a bounded domain B ⊂ Rω , ω ∈ {2, 3} with boundary ∂B. We introduce the crack
phase field d : B × T → [0, 1], (x, t) 7→ d(x, t), where d = 0 characterizes the unbroken and d = 1
the fully broken state of the material at x ∈ B. The parameter t represents for rate-independent
problems an incremental loading parameter and for rate-dependent problems the time. The
regularization of a sharp crack topology in isotropic solids bases on the crack surface density
function
γl (d, ∇d) =

1
l
l3
1 2 l
d + ∇d · ∇d and γl (d, ∇d, ∇2 d) = d2 + ∇d · ∇d + ∇2 d : ∇2 d , (1)
2l
2
2l
4
32

respectively, in terms of the fracture length scale parameter l, see [4] and [1]. To outline an
extension to a class of anisotropic response, we consider the anisotropic crack surface density
function up to second order satisfying
γl (d, Q ? ∇d, Q ? ∇2 d) = γl (d, ∇d, ∇2 d)

for all Q ∈ G ⊂ O(3)

(2)

with G denoting the symmetry group of the given anisotropic material. Following the representation theory of isotropic tensor functions outlined e.g. in [8], a quadratic function must have
the form

A) = γl (d2, ∇d · ∇d, ∇d · A ∇d, ∇2d : ∇2d, ∇2d : A : ∇2d)
in terms of the symmetric second- and fourth-order structural tensors A and A.
γl (d, ∇d, ∇2 d; A,

(3)

For an
orthotropic microstructure based on three structural directors {ai }i=1,3 satisfying kai k = 1,
ai · aj = δij and ai × aj = ijk ak we can for instance introduce the simple structural tensors
A = 1 + α1 M 1 + α2 M 2

and

A = IA = 12 ( [A]ik [A]jl + [A]il [A]jk )ei ⊗ ej ⊗ ek ⊗ el

(4)

in terms of M i = ai ⊗ ai and two material parameters α1 , α2 only1 . More complicated forms
are given in [7]. For a cubic microstructure a simple fourth-order structural tensor depending on
1

For a simple treatment of transverse isotropy characterized by the structural vector a = a1 representing the
fiber orientation, we just set α2 = 0 in (4) and (6)1 .
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two material parameters α, β has the form

A = I + α(M 1 ⊗ M 1 + M 2 ⊗ M 2) + β sym(M 1 ⊗ M 2) .

(5)

Note, that the material parameters have to lie within the open ranges (α1 , α2 ) = (−1, ∞) ×
(−1, ∞) and α > −1 along with |β| < 2|1 + α|, respectively, to ensure positive definiteness of
the corresponding structural tensors defined in (4) and (5). Finally, we consider a point xΓ on
a straight sharp crack Γ ⊂ B ⊂ R2 inclined under an angle ϕ, which is located sufficiently far
away from the crack tip. Assuming the (effective) fracture length scale to be small compared to
the length |Γ| of the sharp crack, the structural tensors (4)1 and (5) of orthotropy and cubic
symmetry imply the effective length scale parameters
l∗ = l[1 + α1 sin2 (ϕ − θ) + α2 cos2 (ϕ − θ)]

1

and l∗∗ = γ{1 + δ cos[4(ϕ − θ)]} 3

(6)

in terms of the given angle θ representing the inclination of the structural director a1 , and the
material parameters α1 , α2 and γ, δ, respectively, latter depending on l, α, β. Note, that the
cubic length scale parameter (6)2 shows a classical four-fold symmetry, whereas the orthotropic
length scale parameter (6)1 yields a two-fold symmetry.

Evolution Problem of Anisotropic Phase Field Fracture
In the small-strain setting, the motion of the fracturing solid body is described by the displacement
field u : B × T → Rω , (x, t) 7→ u(x, t). We consider a “total” pseudo energy functional and a
dissipation potential functional
Z
Z
2
˙
˙ dV
W (u, d; A, ) =
w(ε, d, ∇d, ∇ d; A, ) dV and V (d) =
v(d)
(7)

A

A

B

B

in terms of a “total” pseudo energy density function w and a convex, non-smooth dissipation
potential density function v. With these two functionals at hand, the variational principle for
the evolution problem of phase field fracture reads
˙ = Arg{ inf
{u̇, d}

inf [

2
˙
u̇∈Wu̇ d∈H

d
W + V ]} ,
dt

(8)

˙ on ∂B u } according to the decomposition of the boundary into
with Wu̇ = {u̇ ∈ H 1 (B)| u̇ = ū
Dirichlet and Neumann parts. The Euler equations of the variational principle (8) are simply
the quasi-static stress equilibrium and the crack phase field evolution equation
δu w = 0

and

0 ∈ δd w + ∂d˙v

(9)

along with the Neumann-type boundary conditions. Accounting for the irreversibility d˙ ≥ 0 of
˙ = I(d)
˙ + η d˙2 in terms of
the fracture phase field, the dissipation potential function reads v(d)
2
the indicator function of positive real numbers and a mobility parameter η. With this specific
form, the evolution equation for the crack phase field attains a Ginzburg-Landau-type structure
which, by a specific choice of the degradation function, may be recast into
ηed˙ = (1 − d)H + l δd γl

e
with H = max D(state(x,
s))
s∈[0,T ]

(10)

e see [3]. As a specific example, we choose the
in terms of the crack driving state function D,
“total” pseudo energy density function
w(d, ∇d, ∇2 d; A,

e + gc γl (d, ∇d, ∇2 d; A, A)
A) = (1 − d)2ψ(ε)

(11)

in terms of the (anisotropic) effective energy stored per unit volume in the undamaged bulk
and the material parameter gc which within this setting does not represent Griffith’s critical
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energy release rate. The representation (11) characterizes a brittle fracture model without
e
e = 2ψ(ε)/(g
an elastic phase and yields the crack driving state function D
c /l). To distinguish
between energetic tensile and compressive parts within the anisotropic material, the effective
e = ∂ε ψe is decomposed into a positive part σ
e + and a negative part σ
e − via a spectral
stress σ
e . For e.g. a transversely isotropic material with the fiber direction represented
representation of σ
by the structural vector a, the positive and negative stress function follow as
e ± ] + p3 htr[e
ψe∗± (e
σ ) = p1 htr[e
σ ]i2± + p2 tr[e
σ±σ
σ (a ⊗ a)]i2±

(12)

in terms of the ramp functions of R+ and R− expressed by the Macaulay bracket. With a
decomposition of the form (12) at hand, we modify the crack driving state function given above
e = 2ψe∗+ (e
in the way D
σ )/(gc /l).

Anisotropic Fracture Toughness and Crack Propagation

To calculate the accumulated dissipation D per unit crack length, we again consider a straight
crack Γ ⊂ B ⊂ R2 for simplicity and express the crack phase field in terms of the coordinate η,
the coordinate line of which is perpendicular to the crack with η = 0 locating a point on Γ. For
an orthotropic material characterized by the second-order structural tensor (4)1 we obtain
r

Z +∞ 
∗
1
l
l∗
D = gc
d(η)2 + d0 (η)2 dη = gc
.
(13)
2l
2
l
−∞
Then, as long as the effective length scale is small compared to the crack length and the dimension
of the body, the accumulated dissipation due to fracture plays the role of Griffith’s crititcal
energy release rate
Gc (ϕ; θ) = D ,
(14)
see [5] for the case of isotropy. Apparently the fracture toughness depends on the angle of crack
propagation relatively to a given structural director. Note, that in the isotropic scenario we
obtain Gc = gc . According to [2] the crack propagation angle ϕ under quasi-static loading is the
one for which Griffith’s criterion is first reached such that
G(ϕ)
Gc (ϕ; θ)

is maximized globally,

(15)

where G(ϕ) denotes the energy release rate. At this point the distinction between weakly and
strongly anisotropic systems should be mentioned, the latter one allows the crack to be guided
along forbidden directions, see [6] and [7].

Numerical Example
We consider as a boundary value problem a square plate which contains a notch running from
the left edge to the center of the body. The bottom of the specimen is fixed in vertical direction
whereas at the top a linear increasing displacement in vertical direction is applied. The material
is transversely isotropic with fiber direction given by the structural director a which is inclined
under 45◦ . The anisotropic crack topology is modeled by the second-order structural tensor
(4)1 with α2 = 0. The crack path can theoretically be predicted by the criterion (15) using
expression (13) for the fracture toughness (weakly anisotropic system). Following [6], latter can
graphically be translated in the following way: the crack angle is determined by the point on the
G−1
c (ϕ; θ) polar plot which is first tangentially touched by a vertical line moving continuously
from right to left during monotonous loading of the specimen, see Figure 1, where the mentioned
tangency point is marked in red. The leftwards moving vertical line represents the polar plot of
the reciprocal energy release rate G−1 (ϕ), what is only an approximation here. This, and the
circumstance, that the sensitivity of the crack propagation angle ϕ with respect to the anisotropy
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Figure 1. Fracture of a transversely isotropic specimen under tension for a) α1 = −0.5 and b) α1 = 5.0.

parameter α1 is high in the low-α1 range, lead for small α1 to a deviation of the theoretically
predicted crack propagation angle from the one obtained by the phase field simulation. For a
higher anisotropy parameter however, the theoretical predictions of ϕ and the numerical results
are in good agreement, see Figure 1. Apparently the larger α1 is, the later the specimen cracks.
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Data-driven crack assessment
Katrin Schulz1 *, Valentin Verrier1 and Stephan Kreis1
Micro Abstract
Different methods of selection and feature creation are considered in order to discuss the chances
and limits of a data driven assessment of cracks. We apply different methods of data mining to find
correlations which yield an unconventional approach for the prediction of critical crack states and
material failure. The results of different explorative multivariate analyses will be compared and
discussed in the context of applicability in engineering science.
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Introduction
The existing approaches of the assessment of engineering system - introduced and enhanced
in the last century - are mainly based on the consideration of physical relationships and the
striving towards a full understanding of the driving mechanisms of material and structural
behavior. However, the complex interplay between materials and structures in many applications
or production processes is still an object of research and is not fully understood and computable
yet. This yields the necessity of an incorporation of high safety parameters and in some fields
an application of quite conservative assessment procedures. At the same time, the ongoing
digitalization of the construction and production processes in all fields of engineering provides an
increasing amount of available data, which yields, e.g. exact geometries of particular specimen,
material usage, and information about process chains. The advancing progress in sensor
technology enables the incorporation of sensors in almost all types of systems and materials,
thus the collection of precise system data in real-time is a manageable task today. However,
there exist only a few approaches to incorporate knowledge gained from collected process data
into the component assessment process up to now. Related to the field of inverse engineering,
data driven approaches can be found e.g. in [1–4].
In this contribution, we mimic an experimental setup of a simplified bending specimen controlled
by surface sensor data. We apply different methods of data mining to find correlations which
yield a data-driven approach for the prediction of critical crack states and material failure. The
results of different explorative multivariate analyses are computed and discussed in the context
of the applicability in engineering science. A focus is put on the feature creation and selection in
order to yield a systematic approach of data driven crack assessment.

1 Engineering system and feature creation
A three-point bending specimen, see Fig. 1, with a notch and a predefined crack in the symmetry
plane is modeled using FEM. A plane strain state is assumed and an adaptive mesh around
the crack tip is applied. It is assumed that geometry and material parameters are subjected
to a mean variation in real systems. Therefore, we consider variations to some of the system
parameters: The geometry is varied by the notch angle (α ∈ [15◦ ; 105◦ ]) and an initial crack
length (l ∈ [0; 0.2mm]). The elasto-plastic material behavior of the specimen is defined by the
Young’s modulus E=210GPa (±10%), Poisson’s ratio ν = 0.3, and a prescribed isotropic plastic
yield function with the yield stress σy = 460MPa (±10%). Simplified, here just the normal and
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Figure 1. Three point bending specimen.

the shear failure stresses are varied, given by σf = 550MPa and τf = 0.75 · σf with a standard
deviation of sσf = 0.1 · σf .
A stress based failure criterion for the interface elements along the symmetry axis is defined by
s 
 2
τn
σn 2
+
≥ fcrit
(1)
f=
σf
τf
The failure criterion is assumed to characterize the state of the crack during the loading and will
determine further crack opening if the corresponding nodal value overcomes the critical value
fcrit = 0.9.
A number of 65k simulations has been processed applying an external loading by an increasing
boundary displacement in the symmetry axis on the opposite side of the notch. The results of
the displacements, the stresses, the maximum stress value and its position in each load step are
measured along the cracked surface and saved in a data set. Then, a systematic feature creation
has been applied to the data in order to identify characteristic values in the curve progression
of the relations of all known input parameters related with computed output data, e.g. slope
change, max, min, mean values, area under the curves. So, a number of 25 features has been
identified, as exemplarily shown in Fig. 2.

Figure 2. Two examples for the selection of features.

2 Data analytics
A mapping of the failure criterion based on simulation data describes a n-dimensional space.
The dimensionality is reduced by the restriction to a set of chosen, predefined input and surface
output data. However, the functional F ∈ f (known parameter, output data) correlated with an
applied loading is unknown and not easy to derive by classical engineering methods. Therefore,
the statistical learning techniques of multiple regression, decision trees, and boosted trees are
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...

Figure 3. Examples for derived features Fi .

used to evaluate a data-driven engineering approach. It is considered to be important that the
techniques are applied in a manner, that the procedures yield a clear demonstration of physical
correlations and avoid the creation of a ‘black box’ method.
First, a selection of data including geometry, material, and loading information, considered
simulation output data, and prediction variable is preprocessed for all 65k simulations. On
these data, we identify characteristics by subset feature selection filters and apply statistical
classification in order to distinguish between specimen with stable and critical crack states.
Based on the identified features - a selection is shown in Fig. 3 - a simple tree-based decision
method is trained for the prediction of the failure criterion, see Fig.4, which shows good results.
However, the loss of accuracy is significant, if the considered training data are reduced to an

Figure 4. Three point bending specimen.

early stage of specimen loading. This can be enhanced by the application of the boosted tree
method, which couples sequentially grown trees by updating the current residuals. The method
is compared with an approach of multiple regression, which couples the identified features Fi in
a prediction function for the failure criterion f .
f=

n=25
X

αi Fi + C

i=1
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3 Results
The prediction of the failure criterion as indicator for the critical crack state is based on a
multiple regression considering features of correlated in- and output variables. We distinguish
between a prediction of the actual failure criterion, yielding an assessment of the present crack
state based on surface data, and a prediction of the failure criterion in a later load step, see Fig.
5.

Figure 5. Prediction of failure criterion in actual load step (left). Prediction of failure criterion for ’future’
load step (right).

The results show, that an evaluation of the failure criterion based on surface data is possible.
The prediction of the further development of the stress state in the crack tip region loses accuracy
with increasing prediction intervals. However, the results suggest that the procedure is applicable
at least as an indicator for the remaining life time of the specimen.

Conclusions
A study of crack assessment by the systematic evaluation of surface data of a bending specimen
showed the applicability of data-driven techniques to predict materials failure and critical states
of a specimen. The reasonable creation of features in the context of data mining is found to be
most important to yield a reliable procedure of component assessment.
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Discussion of crack initiation in metal matrix
composites
Markus Sudmanns1 * and Katrin Schulz1
Micro Abstract
Understanding the mechanisms of micro-crack initiation in metals is of high academic as well as
industrial interest. In this contribution, we discuss the role of stress concentrations in metal matrix
composite materials as the cause of crack initiation. Using a continuum representation of dislocation
microstructures, we compare microscale simulations to experimental studies of crack initiation and
discuss the dislocation microstructure around a crack tip.
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Introduction
Classical approaches to fracture mechanics deal with the propagation of existing cracks. However,
a major part of the lifetime regarding material fatigue is spent on micro-crack initiation rather
than significant crack propagation [1]. This is also the case in metal matrix composite materials
incorporating inclusions, where debonding of the inclusion from the matrix is assumed to take
place due to crack initiation at the interface [1]. Therefore the understanding and development
of predictive modeling techniques for determining possible locations and causes leading to crack
initiation is a central aspect in predicting the failure behavior of a material. In this paper,
we discuss the role of stress concentrations in a metal matrix composite as the location and
cause of crack initiation. Using a continuum representation of dislocation microstructures, which
was previously developed in [2] and the numerical solution method derived in [3], we consider
dislocation motion and interaction to determine localizations of concentrated plastic slip in
simplified two- and three-dimensional composite systems. We then discuss the influence of
resulting stress concentrations regarding crack initiation and subsequent material failure.

Dislocation transport and interaction in a continuum model
The elasto-plastic framework of the formulation used in this paper was introduced in [3] and
is based on a decomposition of the distortion tensor into an elastic and a plastic part by
Du = β pl + β el . For the plastic part, we consider only dislocation movement and interaction
on multiple slip systems with with the local orthonormal basis {ds , ls , ms } and the Burgers
vector bs = bs ds . The evolution of the plastic slip γs on each slip systems s is then given by
the Orowan equation ∂t γs = vs bs ρs The
plastic distortion β pl is given as the summation of the
P
plastic slip over all slip systems β pl = N
s=1 γs ds ⊗ ms .
Concerning the evolution of the dislocation density ρs , we solve a set of partial-differential
equations, as introduced in [2]:
∂t ρs = −∇ · (vs κ⊥
s ) + v s qs

with

κ⊥
s = κs × ms

∂t κs = ∇ × (ρs vs ms )
q



 ⊥
1 
s ⊥
⊥
∂t qs = −∇ ·
κs v s +
ρ
+
|κ
|
κ
⊗
κ
−
ρ
−
|κ
|
κ
⊗
κ
∇v
s
s
s
s
s
s
s
s
s
ρs
2|κs |2
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To close the equations, we define a velocity law for which we assume a linear dependency on the
resolved shear stress τrss by
bs
vs = vs (τrss ) = (τext + τint )
(2)
B
with B as a drag coefficient. τext is the projection of the external load on the local slip systems
by τs = ds · σms and τint includes the internal stress fields resulting from dislocation interaction.
The long-range stresses are resolved by a mean-field approach between different elements. To
account for short-range stresses, we add further stress terms based on the formulations described
in [4]. To consider interactions of dislocations on different slip systems, we incorporate the
extended ’Taylor formulation’ developed by [5]
sX
τfl,s = µbs
as,j ρj
(3)
j

where µ denotes the shear modulus. This formulation combines the contribution of the density
on each slip system ρj weighted by the respective interaction strengths as,j to an average flow
stress for each slip system separately.
In the following we will show 2D as well as 3D results. For the 2D case, we simplify the
formulation according to [6]. Here we only consider straight edge dislocations in single-slip
condition and replace the flow-stress by a model allowing for dislocation dipole interaction,
cf. [6].
System setup
We analyze a simplified Al-SiC composite structure. The system geometry is shown in Fig.

(a)

(b)

(c)

Figure 1. System setup 2D (a,b), cf. [6], and 3D (c) acc. to [7].

1(a,b). It consists of 5 inclusions arranged in hexagonal shape with periodic boundary conditions
at the left and right boundaries. We consider two different shapes of the inclusions, one with
rectangular inclusions and no unblocked slip planes, see Fig. 1(a) and one with quadratic
inclusions, which lead to unblocked slip channels above and below the central√ inclusion, see
Fig. 1(b). The system is rectangular with dimensions ly = 2 µm and lx /ly = 3. The upper
and lower boundaries are subjected to a quasi-static shear loading. The material parameters
are given by the elastic moduli Ematrix = 70 GPa, ESiC = 6.4 · Ematrix , the Poisson’s ratio
νmatrix = 0.3, νSiC = 0.5 · νmatrix and a Burger’s vector of b = 0.256 nm. An initial dislocation
density of ρ = 1.083 · 1014 m−2 is homogeneously distributed over the system. For further details
of the model and initial condition is referred to [6].
In a second consideration, we analyze a 3D system, which is shown in Fig. 1 (c). In order to
compare the continuum results with Discrete Dislocation Dynamics (DDD) - results from [7],
the inclusion distribution and distance has been chosen accordingly. In order to mimic periodic
boundaries, we chose a system size of 4.376 × 4.376 × 4.376 µm which is significantly larger
compared to [7]. The inclusions have volume fractions of 5, 20 and 45%. The elastic parameters
are Ematrix = 71.3 GPa, ESiC = 5.2 · Ematrix , νmatrix = 0.347, νSiC = 0.67 · νmatrix and a Burger’s
297

MS09

Damage Mechanics and Numerical Applications

vector of b = 0.256 nm. We include all 12 fcc slip systems, the [001]-direction coinciding with
the z-coordinate parallel to the vertical axis of the inclusions. The system is initially filled with
a homogeneous density of ρ = 1.75 · 1013 m−2 and then subjected to a transversal tension in
y-direction with a constant strain rate of 1000s−1 .

Results
Using the 2D system shown in Fig. 1(a,b), the stress-strain curves are computed and compared
to DDD-data from [8], see Fig. 2(a). It can be seen that blocking all slip planes induces linear
hardening, whereas the system with free slip channels shows almost perfect plasticity. The reason
for this behavior is that there are strong pile-ups near the interfaces to the inclusions for the
system with fully blocked slip planes, see Fig. 2(b, left). In this area, there is high dislocation
activity due to stress concentrations induced by inclusion corners. Compared to that, the system
with free slip channels shows only very small pile-ups in magnitude and distribution, see Fig.
2(b, right). Here, the plastic slip concentrates almost exclusively on the free slip channels.

(a)

(b)

Figure 2. stress-strain curves compared to DDD-data from [8] (a), pile-ups at inclusions visible in the
GND-density distribution for the system with blocked slip planes (b, left) and free slip channels (b, right). For
symmetry reasons, only half of the system is shown, cf. also [6].

For the 3D system depicted in Fig. 1(c), the situation is much more complex, since in 3D
there are no completely blocked paths available any more. Here, dislocations can move around
inclusions, which can be described by the Orowan mechanism. This results in a hardening
behavior, which is mainly controlled by the free space between inclusions. Fig. 3(a) shows the
stress-strain curves for different inclusion volume fractions compared to DDD-results from [7].
It can be seen that although the yield point is not exactly comparable, which is supposedly
due to the different initial configurations of density in DDD and the continuum simulation,
the increase in hardening due to a smaller distance between inclusions can be reproduced by
the continuum simulation. Fig. 3(b) shows the plastic slip in the system with 20% volume

(a)

(b)

(c)

Figure 3. stress-strain curves for inclusion volume fractions of 5, 20 and 45 % compared with DDD-data
from [7] (a), contourplot of the plastic slip distribution summarized over all slip systems for 20% vol. fraction
(b) and stress distribution showing stress concentrations at and between inclusions for 20% vol. fraction (c).
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fraction plotted normal to the z-axis and summarized over all 12 slip systems. It can be seen
that most dislocation activity takes place in unblocked areas. The inhibition of plastic slip
between inclusions resulting in a strongly inhomogeneous plastic slip distribution is to some
extent induced by an inhomogeneous elastic stress in the matrix due to transversal loading,
but also due to back-stress effects induced by pile-ups. Thus a higher stress is needed to push
dislocations through the closing channels. This means that the system cannot fully relax the
external load in those areas, which then results in higher stresses, see Fig. 3(c).

Discussion and Conclusions
The material behavior of simplified Al-SiC composite structures have been analyzed in 2D and
3D concerning localized plastic slip and stress concentrations. Comparisons with respective
DDD-results show good agreement and demonstrates, that the continuum simulation is able to
capture key effects observed in discrete simulations. In the 2D system localized plastic slip due
to stress concentrations at inclusion corners have been observed. This indicates high dislocation
activity and therefore high induced stresses by dislocation pile-ups which yields critical regions
concerning failure in metal matrix composites. In the 3D system, the spacing between inclusions
has been identified as the key influence to hardening. Here, the inhibition of plastic slip due to
the narrow channels results in strong stress gradients inducing critical areas for material failure.
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Comparative study of finite-element-based
fatigue analysis concepts for adhesive joints in
wind turbine rotor blades
Pablo Noever Castelos1 *, Michael Wentingmann1 and Claudio Balzani1
Micro Abstract
This contribution aims to clarify the need for considering non-proportionality in the fatigue analysis of
adhesive joints of wind turbine rotor blades. The comparison covers three different blade configurations
(Length: 20 m, 80 m and 86 m) in order to derive generalized conclusions by extracting a correlation
between non-proportionality, radial position blade size and design. The results further indicate which
type of fatigue analysis has to be performed for reliable life estimations.
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Introduction
Wind turbine blades are subjected to complex loading states consisting of stochastic wind
forces and deterministic gravitational forces. As these are generally not in phase, they lead to
non-proportional stress histories. A common way of evaluating the annual fatigue damage is to
evaluate equivalent stress histories that cannot accurately take non-proportionality into account,
which will result in an error of the fatigue damage. The aim of this comparative study is to
search for a correlation between blade length or design and the change of fatigue damage in the
trailing edge adhesive joint when non-proportional loadings are accounted for or not.

1 Fatigue Analysis of the Three Different Blade Designs
To perform the fatigue analysis we used the in-house tool MoCA (Model Creator and Analyzer)
for the generation of 3D finite element models of three different blade designs. The commercial
code ANSYS is used as the finite element solver. Figure 1 shows the three blade models and
presents the blade lengths of 86 m (DTU 10MW blade [1]), 80 m (IWES IWT-7.5-164 blade [4]),
and 20m (demo blade of the SmartBlades2 project [2]). All composite parts are modelled with
4-noded layered shell elements and the adhesive joint with 8-noded solid elments. The mesh
density around the trailing edge is locally refined in order to obtain a fine resolution of stresses.
1.1 Non-Proportionality Factor
To evaluate the non-proportionality of the stress histories, a factor proposed by Meggiolaro
& Pinho de Castro [3] is employed. The idea behind that is to represent all time steps of the
stress histories by concentrated unit masses in the n-dimensional stress space. For the resulting
body, the n principle mass moments of inertia I1 , I2 , ..., In are calculated and sorted such that
I1 > I2 > ... > In . The non-proportionality factor is then defined by
fN P =

s

300

I2
I1

,

(1)

MS09

Damage Mechanics and Numerical Applications

Figure 1. 3D finite element models of the investigated wind turbine blades: DTU 10-MW [1] (top), IWES
IWT-7.5-164 [4] (center), and SmartBlades2 demo blade [2] (bottom)

which is the square root of the ratio between the second highest and the highest mass moment of
inertia, respectively. For a factor of fN P = 1 the stresses are in phase, i.e. proportional, whereas
for a factor of fN P = 0 they are 90◦ out of phase, i.e. non-proportional.
1.2 Fatigue Damage Calculation
Two models are applied to calculate the annual fatigue damage. The first one is an equivalent
stress approach using the Rankine criterion, where the maximum principle stress is evaluated.
In that approach, the direction of the maximum principle stress is changing with time for
non-proportional stress histories. Nevertheless, the partial damages of all time instances are
accumulated in the framework of a Palmgren-Miner scheme, no matter where the principle stress
is pointing to. Hence, this approch does not take into account stress non-proportionality.
The second approach is the so-called critical plane approach, which takes into account stress
non-proportionality. On each material plane, the damage due to the normal stress is evaluated
and accumulated. Fatigue life is hence predicted on the plane where the maximum damage is
calculated. In case of fN P = 1, both methods result in the same fatigue life prediction. Fatigue
life according to the critical plane approach is longer – and thus less conservative – elsewise.

2 Comparative Study Considering Non-Proportionality
We first analyze the non-proportionality in the trailing edge adhesive joint for the three selected
blades. Aeroelastic simulations provide the load histories for all operational wind speeds of the
wind turbine. The finite element simulation serves to transfer the loads into stresses. Those
are then utilized to calculate fN P in each element. Figure 2 exemplarily shows the results
for the IWES IWT-7.5-164 rotor blade in terms of a contour plot. Therein, the maximum
non-proportionality factor fN P,max appearing in each cross-section along the rotor radius r is
plotted for each operational wind speed v.
With the corresponding Weibull frequency of occurrence distribution for the wind speed, which
is plotted on the right-hand side of Fig. 2, the non-proportionality factor in each element can be
transformed to a weighted non-proportionality factor defined by
X
f NP =
fN P i hW i ,
(2)
i

where fN P i and hW i are the non-proportionality factor and the probability of occurence for a
particular wind speed i, respectively, and the summation is carried out for all wind speeds at
which the wind turbine is operating. In this way, load histories for wind speeds that frequently
occur are taken into account to a higher extent than those for wind speeds that rarely appear.
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Figure 2. Non-proportionality distribution over the IWES IWT-7.5-164 reference wind turbine blade for all
operational wind speeds and its corresponding wind distribution for a reference near shore site.

Figure 3 shows the maximum weighted non-proportionality factor f N P,max of each cross-section
plotted against the normalized radius r/R, where r is the local radius of each cross-section
and R is the radius at the tip of the blade. The distribution does not follow any clear trend.
Furthermore, no correlation between the similarly sized blades DTU and IWES can be abstracted
neither between the large blades nor the 20 m SB2-blade. The non-proportionality is highly
dependent on the dominant normal stress in spanwise direction in the trailing edge adhesive
joint, which is mainly provoked by gravitational forces and design philosophy. Thus the missing
correlation between the same scaled models can be due to varying amount of load carrying plys
in the neighbourhood of the joint, whereas in between the different blade sizes the high mass
difference may lead to significantly different material efforts from gravitational forces.
The annual damage is evaluated according to the two methods presented in section 1.2 and
related to the non-proportionality factor in the sequel. Figure 4 exemplarily shows the weighted
non-proportionality factor and the annual damage using the equivalent stress and the critical
plane approach, respectively, for a cross section of the trailing edge of the IWES blade at a
radial position of approximately 74 m.

Figure 3. Maximum weighted non-proportionality factor for the three selected blades, plotted against the
normalized radial position.
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(a)

(b)

(c)

Figure 4. Contour plots of the trailing edge adhesive joint of the IWES IWT-7.5-164 rotor blade at a radius
of 74 m: Weighted non-proportionality factor (a), annual damage according to the Rankine equivalent stress
approach (b), and annual damage according to the critical plane approach (c).

The non-proportionality is maximum at the inner edge of the adhesive. Severe damage is observed
at both the inner and the outer edges. The differences between both fatigue damage calculation
approaches are apparent at locations with high damages and high non-proportionality factors.
Considering all selected blades, the distribution of non-proportionality is similar to Figure 4 (a),
but high damages are more likely to appear at the outer edges of the adhesive joints.
Figure 5 plots the relative damage difference between the two models against the weighted
non-proportionality factor for all three blades. For the large blades, see Fig. 5 (a) and (b), a
trendline can be fitted, whereas the plot for the 20 m SB2 demo blade is too chaotic. Qualitatively,
it can be concluded that the larger f N P is, the larger the damage difference becomes. Hence,
it can be concluded that the larger the non-proportionality is, the more important a model
becomes that takes into account non-proportional stress states.

(a) DTU 10MW

(b) IWES IWT-7.5-164

(c) SmartBlades2 Demo Blade

Figure 5. Relative difference of annual damage between equivalent stress and critical plane approach, related
to the equivalent stress approach annual damage for the DTU 10-MW blade (a), the IWES IWT-7.5-164
blade (b), and the demo blade from the SmartBlades2 project (c).

Conclusions
In this work, the presence of non-proportional stress histories and the fatigue damage when
applying two different fatigue analysis models, were compared for three different blade designs.
The DTU blade (86 m) and the IWES blade (80 m) showed clear non-proportionalities in the
inner edge of the trailing edge adhesive joint, which in fact also holds for the SmartBlades2 demo
blade (20 m). It has further been shown that in presence of significant stress non-proportionalities,
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the estimated annual fatigue damage is significantly lower when those non-proportionalities are
accounted for in the fatigue analysis procedure.
The different design philosophies of wind turbine blades and their individual performance lead
to mechanical behaviours that are hardly comparable, especially for very different blade lengths.
However, a comparison of blades with similar lengths may be possible to some extent. It may
be justified to generally conclude for any wind turbine rotor blade that trailing edge adhesive
joints are prone of significant stress non-proportionalities. In consequence of that, the choice of
an appropriate fatigue analysis methodology is of utmost importance, as the wrong model will
result in substantial overdimensioning of the rotor blade subcomponents.
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A gradient-extended elastic isotropic damage
model considering crack-closure
Marek Fassin1 *, Stephan Wulfinghoff1 and Stefanie Reese1
Micro Abstract
In this work an elastic isotropic damage model considering crack-closure and irreversible strains is
discussed. After having introduced the model equations of the local model, results of a simple uniaxial
strain controlled test on Gauss-point level are presented. Subsequently, the gradient extension of the
model (micromorphic approach) is summarized briefly. Finally, the model’s properties and robustness
are demonstrated by means of a finite element computation of a single edge-notched plate under shear
loading, where an adaptive mesh refinement is utilized.
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1 Model equations
1.1 Local model
In this work an elastic isotropic damage model considering crack-closure and irreversible strains
is discussed. For the numerical implementation of an anisotropic damage model coupled to
plasticity we refer to [3, 9]. For the discussion about damage growth for anisotropic damage
models, see [10]. The here presented isotropic damage model is based on a Helmholtz free energy
which consists of three parts

ψ = ψe (ε̂, D) + ψh (ξd ) + ψp (D) ,

(1)

namely the elastic part, the damage hardening part and a penalty part, which ensures that the
isotropic damage variable D does not exceed the value of 1. In order to model irreversible strains
without additional dissipation, see [1], the shifted strain tensor ε̂ = ε − ε0 was introduced, where
ε0 is the strain when crack-closure starts to be active (cf. Figure 1). Furthermore, the split of
the strain in positive and negative parts is needed for the incorporation of crack-closure:

ε̂+ =

X
i∈A

−

ε̂ =

X
i∈B

ε̂i ni ⊗ ni =
ε̂i ni ⊗ ni =

X

ε̂i N i ,

A = {i : ε̂i ≥ 0},

tr+ (ε̂) = tr(ε̂) ,

(2)

ε̂i N i ,

B = {i : ε̂i < 0},

tr− (ε̂) = − −tr(ε̂) ,

(3)

i∈A

X
i∈B

where ε̂i and ni are the eigenvalues and eigenvectors of the strain tensor ε̂, respectively. Further,
the function x = (x + |x|)/2 denotes the Macaulay brackets. The elastic part of the free energy
is split into a positive part ψe+ (corresponding to tension), where the damage is fully active and
a negative part ψe− (corresponding to compression) which is damaged in dependence on the
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Figure 1. Schematic stress-strain diagram for loading and unloading.

crack-closure parameter η which can take values from 0 to 1:

2
ψe (ε̂, D) = 12 (1 − D)n λ tr+ (ε̂) + (1 − D)n µ ε̂+ : ε̂+
{z
}
|
ψe+


2
+ 12 (1 − (1 − η)D)n λ tr− (ε̂) + (1 − (1 − η)D)n µ ε̂− : ε̂−
|
{z
}

(4)

ψe−

+ λtr(ε̂)tr(ε0 ) + 2µε̂ : ε0 ,
|
{z
}
ψ0

For η = 0 crack-closure is deactivated, for η = 1 crack-closure is fully active, everything in
between is partially crack-closure. The energy term ψ0 is only needed to ensure that the stress
in the undeformed configuration is zero. Here, λ and µ are the Lamé parameters and n is an
exponent which is either 1 or 2. The quadratic hardening energy with the hardening parameter
K1 and the penalty energy are given below as
ψh (ξd ) = 12 K1 ξd2 ,
ψp = 12 Hp D − D0

(5)
2

.

(6)

By choosing a high penalty parameter Hp (e.g. 108 ) and D0 close to one (e.g. 0.995) it is
ensured that the damage variable D does not exceed the value of 1. The stress can be derived in
the standard way as
σ=



∂ψ
= (1 − D)n λ tr+ (ε̂) I + 2(1 − D)n µ ε̂+
∂ε
|
{z
}
σ+


+ (1 − (1 − η)D)n λ tr− (ε̂) I + 2(1 − (1 − η)D)n µ ε̂− + λtr(ε0 )I + 2µε0
{z
}
|
|
{z
}
σ0
σ−

(7)

The thermodynamic conjugate forces, namely the damage driving force Y and the damage
hardening variable ξd , are defined as
Y =−


2
∂ψ
= 21 n(1 − D)n−1 λ tr+ (ε̂) + n(1 − D)n−1 µ ε̂+ : ε̂+ − Hp D − D0
∂D |
{z
}
|
{z
}
Ye+

Yp


2
+ 21 n(1 − (1 − η)D)n−1 (1 − η)λ tr− (ε̂) + n(1 − (1 − η)D)n−1 (1 − η)µ ε̂− : ε̂−
|
{z
}
Ye−
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qd =

∂ψ
= K 1 ξd
∂ξd

(9)

Introducing an initial damage threshold Y0 the damage criterion reads
Φd = Y − (Y0 + qd ) ≤ 0 .

(10)

Following the associative concept the evolution equations are given as follows
Ḋ = λ̇d

∂Φd
= λ̇d ,
∂Y

∂Φd
ξ˙d = −λ̇d
= λ̇d ,
∂qd

(11)

with the Kuhn Tucker conditions being
λ̇d ≥ 0,

φd ≤ 0,

λ̇d Φd = 0 .

(12)

The secant stiffness of the material (damage state is frozen) can be calculated by
∂σ
= (1 − D)n λHf (tr(ε̂))I ⊗ I + (1 − D)n (Cµ,1 + Cµ,2 )
∂ε
|
{z
}
(∂ σ /∂ ε)+

+ (1 − (1 − η)D)n λHf (−tr(ε̂))I ⊗ I + (1 − (1 − η)D)n (Cµ,1 + Cµ,2 ) ,
|
{z
}
(∂ σ /∂ ε)−

with
Cµ,1 = 2µ

X
i∈A

Cµ,2 = 2µ

Is : (N i ⊗ N i ) ,

X

i∈A,j6=i

N i = ni ⊗ ni , N ij = ni ⊗ nj , N ji = nj ⊗ ni ,

(13)

(14)



ε̂i
1
s
(N ij ⊗ N ij + N ij ⊗ N ji + N ji ⊗ N ij + N ji ⊗ N ji ) , (15)
I :
ε̂i − ε̂j
2

where the symmetric fourth-order identity tensor is defined as Is = 12 (δik δjl +δil δjk )ei ⊗ej ⊗ek ⊗el .
1.2 Uniaxial strain-controlled test on Gauss-point level
In order to check the influence of the crack-closure parameter η as well as the exponent n, a
uniaxial strain-controlled test in x-direction (εxx 6= 0, εyy =εzz =0) is performed. This test includes
loading in tension until εxx = 1% and subsequent unloading and loading in compression (εxx < 0)
until failure. The following material parameters were used: λ = 115384 N/mm2 , µ = 76923 N/mm2 ,
Y0 = 0.1 N/mm2 , K1 = 20 N/mm2 , ε0 = 0. Figure 2 shows the stress-strain curves for different

(a) n = 1 (strain equivalence).

(b) n = 2 (energy equivalence).

Figure 2. Uniaxial strain-controlled test with loading and unloading for different crack-closure parameters η.
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values of η varying between 0 and 1. Figure 2a depicts the results for n = 1 which means a
linear degradation of the elastic free energy by the factor (1 − D). This approach is equivalent
to what is commonly known as hypothesis of strain equivalence, see e.g. [5]. In the loading
regime of tension no differences between the stress-strain curves for the different η can be
observed. After unloading the curves branch at the the origin since crack-closure becomes active
in different extend. For η = 0 no crack-closure is observed and the curve does not change its
slope at the origin. It continues with an elastic part and then starts to damage again in the
compression regime (later and more slowly than for η = 0) until complete failure occurs at
σxx = 0. For η = 0.5 crack-closure is taken into account with 50 %. At the transition between
tension and compression (origin) the stiffness increases jumpwise. The curve continues with
an elastic part until damage in the compression regime is occuring. The final failure (D=1)
takes place at nonzero stress because of the crack-closure parameter η being not equal to zero.
For η = 1 crack-closure is completely active. This means that at the transition between tension
and compression (origin) the initial stiffness is recovered. Furthermore, damage will not evolve
under compression which means that no failure under compression occurs. Figure 2b shows the
results for n = 2 which means a quadratic degradation of the elastic free energy by the factor
(1 − D)2 . This approach is commonly known in the literature as hypothesis of elastic energy
equivalence, see e.g. [2]. The difference compared to the first approach with n = 1 becomes
apparent for the tension as well as for the compression regime. The (1 − D)2 degradation leads
to a slower damage evolution which results into a stress-strain curve which approaches zero with
a horizontal tangent (see dotted lines in the tension regimes for a continued loading as well as
loading in the compression regime for η = 0). As before for n = 1, crack-closure begins at the
origin and the curves branch due to the different values/extends of crack-closure.
1.3 Gradient extension (micromorphic approach)
It is commonly known that the results of finite element computations are highly mesh dependent
as soon as softening/localization takes place since the dissipation tends to zero for decreasing
element size. To overcome this phenomenon a gradient extension is utilized which ensures
that damage cannot localize anymore in only one element (or element row). In this work, the
framework of micromorphic media according to Forest [4] is applied and implemented in analogy
to Wulfinghoff and Böhlke [8]. The micromorphic approach bases on the micromorphic balance
equation in the domain Ω and corresponding Neumann boundary conditions on the boundary Γ
div b − p = 0
b·n=0

in Ω
on Γ

(16)

Here, b and p denote generalized stresses and n the normal on the boundary. In order to
incorporate this new balance equation the free energy of the local model from Equation 1 has to
be extended by an additional micromorphic energy
ψext = ψ + ψmicr ,

(17)

which consists of two parts
Hχ
A
∇Dχ · ∇Dχ +
(Dχ − D)2 .
(18)
2
2
The first part takes into account the energy stored by the gradient of the micromorphic field
variable Dχ , the second part acts as a penalty energy (with penalty parameter Hχ ) which
forces the micromorphic damage variable Dχ to be as close as possible to the “local” damage
variable D. Further, the material parameter A can be expressed by A = Hχ l2 , where l is the
so-called internal length parameter. With the additionally introduced micromorphic energy the
expressions for the generalized stresses can then be derived:
∂ψmicr
∂ψmicr
= A∇Dχ , p =
= Hχ (Dχ − D) .
(19)
b=
∂∇Dχ
∂Dχ
ψmicr =
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Figure 3. Single edge-notched plate:
geometry, boundary conditions and loading.

Figure 4. Force displacement curves for the six
investigated meshes.

2 Numerical example
As numerical example a 2D plane strain finite element problem is considered in which a quadratic
plate with a thickness of 1 mm, a side length of 100 mm and a sharp 65 mm long horizontal notch
(zero width) is loaded under shear (see Figure 3). The loading is defined by the horizontal displacement ux which is prescribed at all nodes of the top and the bottom edge of the plate. The following
material parameters are used: λ = 57692 N/mm2 , µ = 38462 N/mm2 , n = 2, Y0 = 4.0 N/mm2 ,
K1 = 20 N/mm2 , ε0 = 0, η = 1 (crack-closure is fully active). The additional micromorphic
material parameters are chosen as Hχ = 106 N/mm2 and l = 0.02 mm. In order to overcome
snap-back situations an artificial viscosity with the value of θ = 0.01 N/(mm2 s) is utilized.
Figure 4 shows the force-displacement curves for the six investigated meshes, where the reaction
force plotted on the ordinate is the sum of the reaction forces in x-direction of all nodes at the
top edge. An adaptive mesh refinement strategy based on the value of the damage variable
was applied. Figure 5 shows three of the six investigated meshes. The mesh with 800 elements
(cf. Figure 5a) was the initial mesh on which the first remeshing was based. Further mesh
refinement was then based on the finer meshes respectively. As the force-displacement curves
in Figure 4 show, mesh convergence could be achieved for the mesh with 12278 elements. The
three finest meshes (6316, 8228 and 12278 elements) are already very close to each other and
only differ in the post peak behaviour after the sudden drop between point A and B. This drop
in the force-displacement curve can be explained by the instable crack propagation between
points A and B. Afterwards stable crack propagation is observed. Figure 6 illustrates the crack
propagation observed in this example by means of the damage plots at points A, B and C for
the mesh with 12278 elements. It should be mentioned that without considering crack-closure
the damage contour plots would be symmetric with respect to the middle axis of the plate. By
taking into account crack-closure (here, η = 1) the crack only evolves in the lower half of the

(a) 800 elements.

(b) 3734 elements.
Figure 5. Meshes used for the computations.
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plate which is reasonable since the upper half of the plate is dominated by compression. Similar
results have been obtained by the group of Prof. Miehe using a phase field modeling of fracture
approach (see, e.g. [6, 7]).

(a) point A.

(b) point B.

(c) point C.

Figure 6. Damage contour plots of the crack propagation at points A,B and C in Figure 4.

Conclusions
In the present work, an elastic isotropic damage model taking into account crack-closure and
irreversible strains was presented. The influence of crack-closure and the differences between
strain equivalence and elastic energy equivalence were shown with simple uniaxial strain-controlled
Gauss-point studies. In order to overcome the pathological mesh dependency known for this
class of material models a gradient extension (micromorphic approach) was introduced and
the corresponding equations were summarized briefly. In the end the model demonstrated its
capability to reproduce the realistic crack path for a single edge-notched plate under shear loading.
Furthermore, the employed adaptive mesh strategy proved its functionality and robustness.
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Recherche Aérospatiale, (2):139–147, 1995.
[2] J. Cordebois and F. Sidoroff. Damage induced elastic anisotropy. In Mechanical Behavior
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A simplified damage model for unilateral
behavior of concrete
Ajmal Hasan Monnamitheen Abdul Gafoor1 * and Dieter Dinkler1
Micro Abstract
For complex loadings of concrete structures as earthquakes, cyclic and dynamic conditions must be
taken into account. Therefore a simplified damage model which uses an equivalent strain in terms
of invariants of elastically predicted stresses is developed. The model is introduced by two history
deformation parameters related to the equivalent strain in order to describe unilateral behavior of
concrete. Thus the model can simulate the distinct behavior of concrete under monotonic/cyclic
loadings.
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Introduction
In the field of civil engineering concrete is the most commonly used construction material
among others due to easy applications. Concrete generally exhibits ductile behavior under
compression and brittle behavior under tension. Therefore, it is very essential to understand
failure mechanisms of concrete under various loadings to ensure the safety of concrete structures
against complete failure. In the past decades, several numerical models from elasto-plastic
models, fracture models, elasticity based damage models to coupled plastic-damage models
have been developed to simulate its deformation behavior. However the applications of these
models are limited to particular loading conditions. The complex loading conditions as in case
of earthquakes make the damage process even more complicated, if cyclic and dynamic loadings
have not been considered.
In the context of continuum damage mechanics, a history deformation parameter is generally
related to a local measure of deformation called as an equivalent strain describing the damage
growth. The damage equivalent strain is proposed as Mazars strain [7], Modified von-Mises
strain [10] and two equivalent strains for cracking and crushing respectively [6]. Even though
the equivalent strain is modified in order to account for predicting the tensile and compressive
behavior, these modifications are not yet fully capturing the initial elastic domain and ultimate
stress domain. The numerical results are showing considerable differences, especially in bicompression and complex regions, while comparing with experimental data [12]. Moreover, the
numerical predictions of the µ-model [6] are not smooth at all, although this model offers good
results with few differences near bisector of bicompression region. Hence, the equivalent strain
has to be defined appropriately to predict both tensile and compressive behavior of concrete, as
it plays an essential role in the evolution of damage.
Nonetheless, strain-softening of the material eventually causes localization problems and thus
leads to unacceptable results upon mesh refinement, if only conventional local continuum
theories are used to model the material behavior. In order to overcome these difficulties, several
regularization methods have been proposed to yield mesh-independent and well-posed solutions.
Thus, nonlocal continuum models introducing an internal length scale by means of either integral
forms [11] or implicit/explicit gradient forms [10] have become familiar. Owing to its convenience
and straightforwardness in linearisation, the implicit-gradient formulation has been successfully
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implemented for intended results under various loading environments [1].
Therefore, the damage model which is previously developed under monotonic loading conditions
[8] is enabled to account for unilateral behavior of concrete in this work. The proposed model
uses a unified expression for the damage equivalent strain in three dimensional setting which is
estimated from the predicted equivalent stress involved in Lubliner’s failure criterion [4]. This
equivalent strain is solely used to drive the evolution of effective damage through the history
deformation parameter. The continuum model incorporates an implicit gradient method [10] to
enrich the equivalent strain.

1 Nonlocal damage formulation
According to the principle of energy equivalence the constitutive relation for the elasticity based
damage behavior of a material is written by equation (1), if σ and ε are the second-order tensors
of Cauchy stress and strain respectively; C is the fourth-order elasticity tensor of the undamaged
material. In order to describe the strain-softening behavior of concrete, a scalar/isotropic
measure of effective damage D is introduced explicitly as a function of a history deformation
parameter κ since D is generally governed by κ.
In a nonlocal damage model, κ is related to the distribution of damage strain (i.e. the nonlocal
equivalent strain) ε̄eq in the vicinity of the material point. Therefore, the nonlocal quantity ε̄eq
is approximated by the partial differential equation (7). In which, ∇2 is the Laplacian operator
and lc is the characteristic internal length which is required to regularize the localization problem.
The equation (7) is supplemented by an additional natural boundary condition (8). In case of a
local model (lc = 0), ε̄eq = εeq and thus κ will be related to the local measure of deformation
called as damage equivalent strain εeq estimated by the expression (3), where I1 and J2 are
the first invariant of elastically predicted stress and second invariant of the deviatoric part of
stress respectively; σmax is the maximum principal stress and H is a Heaviside function, whereby
H = 1 if σmax > 0, else H = 0. The parameters αL and βL depending on the uniaxial tensile
and compressive strengths of concrete as defined in [4].
The possible damage growth can conveniently be decided based on the damage criterion f given
by the equation (4). In order to account for the unilateral behavior of concrete, two independent
history variables κt and κc are introduced here. Respectively their initial threshold values are
set by κ0i for tension (i = t) and compression (i = c). κ is described as a maximum deformation
occurred during tension or compression loading path. The conditions of damage process can
mathematically be expressed by the Kuhn-Tucker loading/unloading relations (9), where (˙)
represents the derivative of the variable with respect to time t. The consistency condition f˙ = 0
must always be valid during the damage process. The initial threshold values are used to limit
the initial elastic region.
Table 1. Isotropic damage model

Description
Constitutive law (energy equivalence)

:

Damage evolution law [9]

:

Damage equivalent strain, εeq

:

Damage loading surface, f
History deformation parameter, κ
in cracking (i = t) or crushing (i = c)
Implicit gradient method
Natural boundary condition
Kuhn-Tucker relations

:
:
:
:
:
:

Model Equations
σ = (1 − D(κ))2 C : ε, 

h iβ1
κ−κ0
−β
D(κ) = 1 − κκ0 e 2 κ0 ,


√
1
α
I
+
3J
+
β
Hσ
εeq = E(1−α
2
max ,
L 1
L
L)

f = ε̄eq − κ ≤ 0,
κ = κt H + κc (1 − H), 
κi = Sup κ0i , max ε̄eq
ε̄eq − lc2 ∇2 ε̄eq = εeq ,
∇ε̄eq · n = 0,
f ≤ 0, κ̇ ≥ 0, f κ̇ = 0.
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2 Model validation
The proposed simplified damage model has been implemented in a finite element program
(codeBlue) to solve several problems. A single-brick element mesh of size 200 × 200 × 200 mm
with 27 Gauss integration points is used in testing the model. Numerical results agree well when
compared with experimental data under monotonic uniaxial and biaxial loadings (see Figure 1).
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Figure 1. Numerical simulation of model under monotonic loadings

In order to investigate the effect of damage under uniaxial cyclic tension-compression loading,
the displacement history as displayed in Figure 2a is used to be cyclic with an increasing
magnitude as an imposed loading. Convergence is very quickly obtained. The material and
model parameters used in these tests are provided in Table 2. Hex27 element is enhanced
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Figure 2. Numerical simulation of model under cyclic tension-compression
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given loading (Figure 2a)
behavior compared to [5]

2

3

E
fck
ft
ν
β1
β2
κ0t
κ0c
lc

=
=
=
=
=
=
=
=
=

31700 MPa
27.6 MPa
3.48 MPa
0.21
0.85t , 0.0c
0.18t , 0.095c
fck /E
10ft /3E
90 mm

Table 2. Material &
Model Parameters

by nonlocal enrichment. Nonlocal variable ε̄eq is adopted as an additional unknown at each
corner nodes of the element along with displacements as primary unknowns. The appropriate
selection of characteristic length lc greater than the distance of two Gauss points leads to
simulate the tension-compression behavior of concrete completely. As seen in Figure 2b κt or κc
is monotonically increasing during tension-compression loading/unloading processes respectively.
Figure 2c depicts a monotonic increase of the effective damage D. It is also observed that D
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becomes zero after the initial tensile loading (cycle 1) and then entering into the first phase of
compression (cycle 2) with initial stiffness. But D is recovered once the material experiences
tension in reloading (cycle 3). Thus, the model describes the unilateral behavior quite well as
shown in Figure 3. Furthermore, the normalized unilateral responses of numerical model as
well as the experiments [5] are illustrated in Figure 4. Numerical response agrees well with the
experimental one showing a full recovery of initial stiffness. But there are certain discrepancies
due to the fact that the permanent inelastic strains are not taken into account in the model.

Conclusions
The proposed 3D model is simplified using a unified equivalent strain as a driving force to the
evolution of effective damage variable to describe the crack-opening/closure effects on microcracks
under cyclic loadings. The implicit gradient method for nonlocal enrichment is incorporated.
The model captures the unilateral behavior of concrete and also recovers a full initial stiffness
for compression region under the absence of inelastic strains. Thus, the numerical predictions of
the model exhibit good agreement with the experimental results. Nevertheless, further work
includes the inelastic evolution and damage induced anisotropy.
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A continuum damage model for delamination
and intralaminar damage in composite
laminates
Jaan-Willem Simon1 *, Daniel Höwer1 , Stefanie Reese1 , and Jacob Fish2
Micro Abstract
An orthotropic continuum damage model is presented in this paper, which enables accounting for
the interaction of damage evolution in different directions. Thereby, uniaxial loading states can
lead to different damage progression in directions other than the loading direction. The model
is thermodynamically consistent and mesh objective due to use of an energy based regularization
scheme. It is shown that the model can be successfully applied on different scales.
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Introduction
There are numerous engineering applications such as aerospace, automotive, and maritime industry, in which the use of fiber reinforced composites (FRCs) is gaining importance. Especially
in lightweight constructions these materials have become very popular due to their relatively
high stiffness and low weight. However, modeling the mechanical behavior of such materials
can be challenging because of the complexities introduced by their microstructure. Furthermore,
predicting the onset and progression of damage within composite structures made from FRC is
an important task.
In many cases the material is described by a phenomenological model. Then, modeling damage
can be done conveniently by using the continuum damage mechanics (CDM) approach introduced by Kachanov, see e.g. [5, 6]. In most applications, CDM models are formulated for the
isotropic case with one single damage variable. Even so, anisotropic damage evolution can also
be described within this concept by using more than one damage variables. In particular, the
use of either two [4, 10, 13], three [7, 8, 16], or four [1, 9] damage variables can be found in literature. As an alternative, in the current work, six damage variables will be introduced to describe
the orthotropic behavior.
The CDM models mentioned above are known to be well-suited for describing the structural
collapse in fiber composite structures caused by the evolution of intralaminar failure such as
matrix transverse cracking. However, also interlaminar delamination plays a crucial role on
the failure of composites. Typically, delamination is treated separately from the intralaminar
damage mechanisms. A common approach is the use of cohesive interface elements with zero or
finite thickness. These cohesive zone models (CZM) require the definition of traction-separation
constitutive laws.
In recent years, combinations of the mentioned methods have been proposed in order to describe
the failure mechanisms in composites more realistically. For example, the combination of CDM
and CZM models is proposed in [3] for isotropic damage and in [17] based on the 3D Hashin
criteria. There are also some recent works [11,14,16], in which unified formulations are presented
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by adapting CDM models in such a way that delamination can also be described in a cohesive
zone like manner. This approach seems very promising because it allows treating of different
damage mechanisms with just one general model.

1 Constitutive model
The following is based upon [11]. Assuming complementary energy equivalence, the complementary energy χ is not affected by the appearance of damage:
χ = χ(σ, d) = χ(σ̄, 0)

(1)

where d represents the six damage variables, σ denotes the continuum mechanical stress state
and σ̄ the effective one. The appropriate partial derivatives of the complementary energy
provide the connection between the engineering strains ε and stresses σ in Voigt notation
εi (σ, d) =

∂χ(σ, d)
∂σi

i = 1, ..., 6

(2)

as well as between the thermodynamic driving forces Y (σ, d) and the damage variables d
Yi (σ, d) = ρ

∂χ(σ, d)
∂di

(3)

The damage surface f is governed by

h
i
f = fˆ − γ = (Yk Hkl Yl )1/2 − c1 (eδ/c2 − 1) + γ0
|
{z
} |
{z
}
ˆ
f (Y )
γ(δ)

(4)

where Hij ≥ 0, γ0 , c1 , and c2 are material parameters and δ is the hardening or softening
variable. Associativity holds, i.e.
∂f
∂f
(5)
δ̇ = λ̇
d˙i = λ̇
∂Yi
∂γ
and the Kuhn-Tucker conditions read
λ̇ ≥ 0

f ≤0

λ̇ f = 0

(6)

From Eq. (4) it is clear that the damage progression can be influenced by the choice of Hij . For
instance, a choice where only the diagonal damage interaction parameters have positive values,


H11
0
0
0
0
0
 0 H22
0
0
0
0 



0
0 H33
0
0
0 
uncoupled


Hij
=
(7)
0
0 H44
0
0 
 0

 0
0
0
0 H55
0 
0

0

0

0

0

H66

corresponds to a model with no damage interaction. For example, this can be applied reasonably
for the matrix material in fiber composites on the micro-scale [12] or on the meso-scale [2].

Nonetheless, for more complex material behavior the interaction between different damage mechanisms needs to be taken into account. For instance, this is the case when delamination of two
layers of a laminated structure is considered. The damage interaction parameters corresponding
to delamination in a plane with the 3-direction as normal direction are given by


0 0
0
0
0
0
 0 0
0
0
0
0 




0
0
H
0
H
H
n
ns
ns 
delam.

Hij
=
(8)
0
0
0
0 
 0 0

 0 0 Hns 0 Hs Hss 
0 0 Hns 0 Hss Hs
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2 Numerical example
In order to demonstrate the capabilities of the model, the transverse cracking of a [00 /900 /00 ]
cross-ply as shown in Figure 1 is investigated.
5.0
interlaminar thickness of 0.02mm each

UD - bers in x-direction (0° ply)
UD - bers in y-direction (90° ply)
UD - bers in x-direction (0° ply)

1.0
0.32

z y
x

u

plane strain boundary condition in y direction

Figure 1. System and boundary conditions of the finite element model.

The plies consist of unidirectional carbon fiber reinforced plastics with the material parameters
uncoupled
given in Table 1. Further, they are assigned damage interaction in the form of Hij
,
delam.
.
whereas the interlaminar layers are assigned damage interaction parameters according to Hij
As the transverse cracking is known to be defect-driven, 10 randomly chosen elements were
assigned a lower strength by giving higher damage interaction parameters.
Table 1. Material and damage parameters
Young’s modulus
[GPa]

shear modulus
[GPa]

Poisson’s ratio
[–]

Ek = 201.1
E⊥ = 9.111

Gk = 4.882
G⊥ = 2.914

νk⊥ = 0.1
ν⊥ = 0.4

hardening/softening parameters
[MPa]
[–]
[MPa]
c1 = 13.0

c2 = −14.0

γ0 = 50.0

As a result, damage initiates at the loci where the damage interaction has been increased and
thus the strength has been decreased. However, as the load is increased, a regular crack pattern
forms in the 90◦ ply, as shown in Figure 2.

Conclusions
An anisotropic damage model with damage interaction has been presented. The proposed model
was able to capture the progressive damage of a cross-ply laminate including the intralaminar
matrix cracking as well as the interlaminar damage (delamination) between the plies.
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a)

b)

c)

d)

Figure 2. The material assignments (a) along with the onset (b), and the propagation (c)–(d) of damage in
the cross-ply laminate model.
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Abstract:
In this minisymposium, latest developments related to the mechanics of dissipative solids
will be discussed with a special focus on plasticity, fracture and damage mechanics. The
considered problems include local and gradient-extended models of phenomenologically
based and crystal plasticity, brittle-to-ductile failure mode transition, crack propagation
in inelastic solids and phase-field modeling of fracture in multi-physics problems. The
goal is to address new constitutive models formulated on both the phenomenological and
the micro-mechanical basis and examine their validity by comparison of simulations with
experiments.
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Phase field modelling of thermo-mechanically
driven fracture processes in electronic control
units
Fabian Welschinger1 *
Micro Abstract
Phase field models for fracture allow shaping the reliability of engineering components in the early
stage of the product development process. Epoxy-based molding compounds protect electronic
control units from harsh environments. Once this protection fractures, the electronic system fails.
Based on a fracture mechanical characterization of the mold material in the full temperature range,
computations are performed demonstrating the predictive quality of the phase field model of fracture.
1
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Introduction
Recently developed phase field models for fracture are powerful tools for modeling fracture
processes in solids caused by complex loading scenarios. In an industrial environment, these
models can be employed to shape the reliability of components in the early stage of the product
development process. In the automotive industry, epoxy-based molding compounds are used
to protect electronic control units from harsh environments. As illustrated in in Figure 1,
Electronic control unit
Diode: αt,d and P(t)

Mold: αt,m

Heatsink and cooling liquid
Figure 1. Electronic control unit. Thermal load might result in fracture of the encapsulating mold material.

active cycling of the diodes causes heat generation inside the electronic system resulting into
inhomogeneous thermal strain and stress fields and potentially into fracture of the encapsulating
material. In this case the entire electronic system loses its functionality which must be prevented.

1 Phase Field Modeling of Fracture
Current industrial research focuses on the application of a current phase field model of fracture [2, 3] extended towards thermally driven crack propagations as suggested by [5]. The
algorithm is implemented into Abaqus using the user element inteface. Regarding a sequentially coupled thermo-mechanical simulation, the temperature field θ(x, t) is obtained from a
decoupled transient thermal simulation. In a subsequent mechanical analysis this temperature
field is applied as a prescribed body load. As a consequence, a strong coupling of the temperature field with the mechanical response is present, whereas the fracture mechanical problem
does not influence the thermal response. The solution algorithm can be summarized as follows:
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i. Initialization. The displacement, fracture phase, history and temperature fields un , dn ,
Hn and θn at time tn are known. Update prescribed loading γ̄, ū, t̄ and θ̄ at time t.
ii. Compute history. Determine maximum crack driving function in deformation history
 +
+

 ψ0 (∇s u; θ) for ψ0 (∇s u; θ) > Hn
Gc (θ)/l
Gc (θ)/l
(1)
H(θ) =


Hn
otherwise
in the domain B and store it as a local history variable field.

iii. Compute fracture phase field. Determine the current fracture phase field d at frozen
temperature field θ from the minimization problem of crack topology
Z

η
{lγ(d, ∇d) + (d − dn )2 + (1 − d)2 H(θ)} dV
d = arg inf
(2)
d
2τ
B
expressed in terms of the crack surface density function
γ(d, ∇d) =

1 2 l
d + |∇d|2 .
2l
2

(3)

iv. Compute displacement field. Determine the current displacement field u at frozen fracture
phase and temperature fields d and θ from the minimization principle of elasticity
"Z
#
Z
{ψ(∇s u, d; θ) − γ̄ · u} dV −
t̄ · u dA
(4)
u = arg inf
u

B

∂Bt̄

in terms of the damaged free energy density function
ψ(∇s u, d; θ) = g(d) ψ0+ (∇s u; θ) + ψ0− (∇s u; θ)

(5)

where the damage function g(d) = (1 − d)2 + k is multiplied to positive portions only
ψ0± (∇s u; θ) =

λ
htr[εe (∇s u; θ)]i2± + µ tr[εe± (∇s u; θ)2 ]
2

(6)

expressed in terms of the elastic stress producing strains εe (∇s u; θ) = ∇s u − αt ∆θ 1. The
decomposition of the total elastic strains into positive and negative contributions
εe± (∇s u; θ)

3
X
hεeI i± nI ⊗ nI
=

(7)

I=1

bases on a spectral representation with eigenvalues εeI and principal directions nI .
The above solution algorithm is summarized in a very compact manner, for more detailed
reading consult the publications cited above.

2 Fracture Mechanical Characterization with Compact Tension Test
The fracture mechanical tests are performed in the full temperature range of interest according
to [1]. The resulting structural responses are illustrated in Figure 2. As expected the material
exhibits the highest stiffness at low temperatures and increasing temperatures means a decreasing material stiffness. Due to increasing mobility of polymer chains at elevated temperature
the ductility of the material increases with temperature. At θ = 150 ◦ C the amount of nonlinearity in the material response exceeds the permissible range for the evaluation of the critical
energy release rate characterized by Fmax /F95 % > 1.1. In a moderate temperature range the
critical energy release rate over temperature can be assumed to be constant below room temperature GIc (θ) = GRT
Ic and to increase linearly with the temperature above room temperature
RT
GIc (θ) = GIc + ∆GIc (θ − θRT ) with GRT
Ic = 0.0841 N/mm and ∆GIc = 0.0007 N/(mm K).
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Figure 2. Compact tension test. Corrected load displacement curves according to [1] and resulting critical
energy release rates over temperature. With increasing temperature the ductility of the material increases.

3 Validation of Simulation Methods
In what follows, the phase field model for fracture discussed in Section 1 in combination with the
material parameters identified in Section 2 is validated based on two fundamental experiments.
3.1 Compact Tension Test
The first example used for validation of the simulation method is the compact tension test. In
Figure 3 the experimentally determined load-deflection curves at temperatures of θ = 100 ◦ C
and θ = 150 ◦ C are compared to numerical results obtained with a linear elastic fracture model
realized with the extended finite element method and with the phase field model discussed
previously. In the temperature range of interest, away from the glass transition temperature,
the fracture mechanical behavior of the material can be predicted very nicely.
3.2 Compact Tension Shear Test
The last example discusses the influence of the mode mix ratio. As suggested by [4], the CTS
specimens are loaded with different loading angles α. Figure 4 compares the experimentally and
numerically obtained crack topologies for all variations of the loading angles. Figure 5 compares
the ultimate force at rupture for different loading angles α and displays the crack topology for
the loading angle α = 45.0 ◦ . Both figures demonstrate very nicely the good prediction quality
regarding the resulting crack pattern and the ultimate load at fracture. Compared to the
fracture mechanical analysis using the extended finite element method the phase field approach
yields values that are slightly closer to the experimental observations.
140

F [N ]

100

120
100

F [N ]

120

140
θ = 100 ◦ C
CT Experiments
XFEM
Phase field fracture

80
60

θ = 150 ◦ C
CT Experiments
XFEM
Phase field fracture
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60

40

40

20

20

0
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40

0
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40

u [mm]

u [mm]

Figure 3. Validation with compact tension test. Good prediction quality at a temperatures of θ = 100 ◦ C
and moderate accuracy at θ = 150 ◦ C due to increasing ductility around glass transition temperature.

324

Mechanics of Dissipative Solids: Plasticity, Fracture and Damage

Phase field

XFEM

Experiment

MS10
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α = 0.0 ◦
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Figure 4. Validation with compact tension shear test. Good prediction quality regarding crack path.
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Figure 5. Validation with compact tension shear test. Good estimates for ultimate load at failure.

Conclusions
The main ingredients of a phase field model for thermally induced fracture and the required fracture mechanical characterization have been discussed. A comparison of numerical simulations
and real experiments document an excellent prediction quality in the full temperature range.
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A phase field model for porous plastic solids at
ductile fracture
Daniel Kienle1 *, Fadi Aldakheel2 , Stephan Teichtmeister1 and Christian Miehe1
Micro Abstract
This work outlines a variational framework for the phase field modeling of fracture in porous
plastic solids. The phase field regularizes sharp crack surfaces by a specific gradient damage
formulation. A model for porous plasticity with a growth law for the evolution of the void fraction
is developed and linked to a failure criterion in terms of the elastic-plastic work density. It is shown
that this approach is able to model basic phenomena of ductile failure such as cup-cone failure surfaces.
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Constitute framework for porous plastic solids at fracture
The presented model is formulated in context of finite deformations. It incorporates a gradient
plasticity theory and the crack propagation is modeled with the phase field approach. Hence
the global fields can be identified as the deformation map ϕ, the phase field variable d and the
global hardening variable α



B×T →R
B × T → [0, 1]
B × T → R3
.
(1)
α:
d:
ϕ:
(X, t) 7→ α(X, t)
(X, t) 7→ d(X, t)
(X, t) 7→ x = ϕ(X, t)
Here the phase field variable denotes with d = 0 the unbroken solid and d = 1 the fractured
state. The decomposition of the deformation into an elastic and plastic part is based on the
multiplicative split of the deformation gradient F := ∇ϕ = F e F p , as introduced in [2], and the
introduction of a Lagrangian plastic metric Gp ∈ Sym + (3) and an elastic deformation measure
in form of the Eulerian finger tensor be = F e F eT . This gives the definitions
be := F Gp−1 F T

with

Gp (X, to ) = 1

and

he =

1
2

ln[be ],

(2)

where he is the Eulerian elastic Hencky tensor. The evolution of the plastic metric is given by
the Eulerian plastic rate of deformation tensor introduced in [5],
dp := − 12 (£v be )be−1 = F D p F −1

with D p = − 12 Ġp−1 Gp .

(3)

To account for the microstructural changes in terms of the porosity in the material, the void
volume fraction f is introduced. It and its evolution are expressed in terms of the determinant
of the deformation gradient J := det[F ], see also [1]. The initial void volume fraction is denoted
as f0 .


1 − f0
J˙
ˆ
˙
⇒ f = f (J) = max f0 , 1 −
.
(4)
f = (1 − f )
J
J
Pseudo Energetic Response
The pseudo energetic response is characterized by the constitutive state C given by
C := {∇ϕ, Gp−1 , α, ∇α, d, ∇d}.
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Based on that, one can formulate the elastic-plastic fracture work density
W (C) = g(d)[we (he ) + wp (α, ∇α)] + [1 − g(d)]wc + wf (d, ∇d),

(6)

in terms of an elastic we (he ), plastic wp (α, ∇α) and a phase field part wf (d, ∇d). Note that
both the elastic as well as the plastic contribution within the work density function are degraded
by the degradation function g(d) = (1 − d)2 . The material parameter wc denotes the critical
work density of the solid controls the onset of damage. The elastic work density is assumed to
have the simple quadratic form
we (he ) =

κ 2 e
tr [h ] + µ tr[(dev[he ])2 ].
2

(7)

The plastic work density is expressed in terms of a saturation-type hardening function ŷM (α),
the plastic length scale lp > 0, the initial yield stress y0 and the gradient of α
Z α
lp2
ŷM (e
α) de
α + y0 ||∇α||2 .
wp (α, ∇α) =
(8)
2
0
Following [4] the fracture part of the work density is based on a geometric regularization of
sharp crack continuities and takes the form
wf (d, ∇d) = 2

wc
lf γl (d, ∇d)
ζ

with γl (d, ∇d) =

1 2 lf
d + ||∇d||2 ,
2lf
2

(9)

in terms of the crack surface density function γl , the fracture slope parameter ζ and the fracture
length scale lf .
Dissipative Response
The dissipative response on the plastic side is characterized by the plastic yield function φp
which is expressed in the Kirchhoff stress space and derived from the classical Gurson yield
hypersurface for a porous material
q
q
φp (f p , r p ; f ) = k dev[f p ]k2 + 61 f (tr[f p ])2 − 23 r p ,
(10)

where we introduced the plastic driving force f p := τ and the plastic resistance force r p :=
∂α W − Div(∂∇α W ). The initiation of fracture is determined by a fracture threshold function in
terms of the fracture driving force f f and the fracture resistance r f
φf (f f − r f ) := f f − r f := ∂d W − Div[∂∇d W ].

(11)

With these dissipative functions defined one can introduce a dual dissipation potential function
D ∗ describing a viscous regularized evolution in terms of the dual constitutive state F
D ∗ (F) =

1
3
hφp (f p , r p ; f )i2 + f hφf (f f − r f )i2
4ηp
2η

with

F := {f p , r p , f f − r f }.

(12)

Extended Variational Principle
Based on the introduced work density and the dual dissipation potential function, the global
extended rate potential for gradient plasticity coupled with gradient damage mechanics reads
Z
∗
p
˙
π ∗ (Ċ, F; C) dV − Πext (ϕ̇),
(13)
Π (ϕ̇, α̇, d, d , F) =
where

π∗

B

is the mixed potential density defined as
π ∗ (Ċ, F; C) =

d
W (C) + f p : dp − r p · α̇ + (f f − r f ) · d˙ − D ∗ (F).
dt
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The evolution problem is fully governed by the variational principle
˙ dp , F} = Arg{ inf sup Π∗ (ϕ̇, α̇, d,
˙ dp , F)}.
{ϕ̇, α̇, d,
ϕ̇,α̇,ḋ,dp

(15)

F

The corresponding Euler equations of this variational principle read
1.
2.
3.
4.
5.
6.
7.

δϕ̇ π ∗
δα̇ π ∗
δd˙π ∗
∂dp π ∗
∂f p π ∗
∂rp π ∗
∂f f −rf π ∗

Stress equilibrium
Hardening force
Fracture force
Plastic force
Plastic deformation
Equivalent strain
Fracture phase field

≡
≡
≡
≡
≡
≡
≡

−Div [ ∂∇ϕ W ] = γ̄ 0
∂α W − Div [ ∂∇α W ] − r α = 0
∂d W − Div [ ∂∇d W ] + f f − r f = 0
∂he W + f p = 0
dp − ∂f p D ∗ = 0
−α̇ − ∂rp D ∗ = 0
d˙ − ∂f f −rf D ∗ = 0

(16)

along with the Neumann-type boundary conditions of the form
(∂∇ϕ W )N = T̄ (X, t) on ∂B T

,

∇α · N = 0 on ∂B ∇α

,

∇d · N = 0 on ∂B ∇d

(17)

For a more detailed description of the full model see [3].

Numerical Examples
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A characteristic failure mode of porous plastic materials is the so called cup-cone failure mechanism, where the plastic deformation leads to a cup–cone fracture surface. To demonstrate
the capabilities of the presented model a three dimensional cylindrical bar under tension was
simulated. Figure 1 shows the load-displacement curve and the influence of the critical work
density wc and the fracture slope parameter ζ on it.
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Figure 1. Influence of the fracture parameters wc and ζ on the crack initiation and propagation.

The deformation and the developing crack surface of the cylindrical bar at different sates are
visualized in Figure 2. When the yield limit is reached the bar starts to deform plastically leading
to necking. After the onset of plasticity the void volume fraction starts to evolve resulting in a
decreasing force. As soon as the threshold of fracture is overcome, e.g. we + wp > wc , the crack
starts to propagate from the center on outward to from the cup-cone fracture surface and the
force vanishes totally.

Conclusions
A variational-based framework for the phase field modeling of fracture in isotropic porous solids
was proposed. It incorporates a gradient extended model for porous plasticity and the phase
field approach to fracture in context of the finite strain theory. The formulation includes two
independent length scale parameters which regularize both the plastic response as well as the
crack discontinuities. It was shown that the model is able to represent the characteristic failure
mode, i.e. the cup-cone failure, of porous plastic material.
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Figure 2. Three dimensional necking of a cylindrical bar. Evolution of the cup–cone failure mechanism.
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F. Lösch, editors, Ergebnisse der angewandten Mathematik. Vol. 5, Springer, 1958.
[3] C. Miehe, D. Kienle, F. Aldakheel, and S. Teichtmeister. Phase field modeling of fracture in
porous plasticity: a variational gradient-extended eulerian framework for the macroscopic
analysis of ductile failure. Computer Methods in Applied Mechanics and Engineering, 312:3–
50, 2016.
[4] C. Miehe, F. Welschinger, and M. Hofacker. Thermodynamically consistent phase-field
models of fracture: Variational principles and multi-field fe implementations. International
Journal of Numerical Methods in Engineering, 83:1273–1311, 2010.
[5] J. C. Simo and C. Miehe. Associative coupled thermoplasticity at finite strains: Formulation, numerical analysis and implementation. Computer Methods in Applied Mechanics and
Engineering, 98:41–104, 1992.

329

MS10

Mechanics of Dissipative Solids: Plasticity, Fracture and Damage
Proceedings of the 7th GACM Colloquium on Computational Mechanics
for Young Scientists from Academia and Industry
October 11-13, 2017 in Stuttgart, Germany

A phase field model for materials with
anisotropic fracture resistance
Christoph Schreiber1 *, Charlotte Kuhn2 and Ralf Müller1
Micro Abstract
Directional dependency of the fracture resistance, which is observed for a wide range of materials,
requires the integration of anisotropic behavior in approaches for crack growth simulations. The
gradient term in the energy functional of a phase field model for isotropic brittle fracture is enhanced
accounting for an anisotropic material resistance. Results of crack path simulations for different
samples are presented to show the accuracy of the proposed model.
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Introduction
Anisotropy of materials is an important property, which has to be considered within the development and realization of engineering structures. The directional dependency of mechanical
properties can either be desired for an optimization of a specific load path, which is achieved
e.g. by changing the fibre orientation of a composite, or occur as a consequence of several
manufacturing processes like rolling or extruding. A further differentiation of the anisotropic
behaviour of a material has to be made between the elastic anisotropy and the anisotropy of
the fracture resistance. Whereas the elastic anisotropy effects the reaction of the material to
a certain load and is responsible – with view on continuum mechanics – for additional elastic
constants of the elasticity tensor, the anisotropy of the fracture resistance influences the path of
a growing crack caused by external loads.
Phase field fracture models provide a convenient framework for the prediction of crack paths.
Within these models, an additional field variable is introduced to represent the crack field. This
field is an approximation of the sharp crack with a continuous transition zone between broken
and unbroken material. The evolution equation for the crack field is based on Bourdin’s [3]
regularized formulation of the variational model for brittle fracture proposed by Francfort and
Marigo [5]. This model addresses Griffith’s theory, in which a crack propagates once the energy
release per unit crack surface area is balanced by the increase of surface energy caused by
infinitesimal crack growth. As an extension, it is postulated that a global minimum of the total
energy, which is the sum of bulk and surface energies, always appears within a loaded sample.A
comparison of several phase field fracture models is provided in [1].
Since the surface part of the total energy depends on the critical energy release rate Gc and
hence on a material constant, anisotropic crack growth can be included by assuming Gc to be a
function of the crack propagation direction. This approach for anisotropic material behaviour
was introduced by Hakim and Karma [7] and by Li et al. [11] in the context of phase field models.
Another way is to leave Gc constant and rather modify the gradient term of the surface part in
the energy functional. This second approach is studied within this work.
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1 Directional fracture resistance
The directional dependency of the resistance against brittle crack extension in metallic materials
is effected by the forming of textures during manufacturing. An elongation of the grains under
a certain direction arises as a consequence of rolling or extrusion processes (see e.g. [9]). Two
different kinds of crack propagation are characterized in the context of brittle fracture. Dependent
on the relative strength of the grain boundaries, a crack grows either along these boundaries
(intercrystalline) or through the grains (transcrystalline). However, there is a preferred direction
of the crack path for both types since the energy needed for crack extension is minimized if less
grain boundaries have to be passed in the case of transcrystalline crack growth, or by choosing
the less tortuous path in case of intercrystalline growth (see e.g. [8]).

2 Phase field model for anisotropic crack growth
2.1 Isotropic phase field model
The basic model used for the performed simulations was proposed by Kuhn and Müller in [10].
This phase field fracture model contains a regularized expression for the total energy introduced
by Bourdin [3]. Beside the bulk part, this total energy consists of a surface term accounting for
the energy required for the irreversible processes associated with the formation of a crack.


Z
(1 − s)2
1
2
+ |∇s| dV.
E(ε, s) =
(g(s) + η) ε : [C ε] + Gc
(1)
4
Ω|
{z2
} |
{z
}
ψe

ψc

The field variable representing a crack in this model is s, which takes the value 1 for intact
material and 0 in case of a crack. The first term in the integral of (1) is the strain energy density
ψe , in which ε is the linearized strain tensor and C is the possibly anisotropic stiffness tensor.
The : operator denotes the double dot product of two second order tensors. The decrease of
strain energy coming along with the loss of stiffness in non intact material is modelled by the
degradation function g(s). In the original formulation by Bourdin a quadratic function g(s) = s2
is used. As an alternative a cubic degradation function was introduced by Borden et al. in [2].
The parameter η ensures a residual stiffness in case of s = 0 to avoid numerical difficulties. The
crack energy density ψc is the product of the critical energy release rate Gc and a crack density
functional, where the parameter  controls the width of the smooth transition zone between
a crack and the undamaged material. To obtain the time evolution of the crack field s, the
generalized Ginzburg-Landau equation (see e.g. [6]) with (1) as energy functional is applied.
With the functional derivative δψ/δs the evolution equation for s is



M 0
1−s
δψ
ṡ = −M
=−
g (s)ε : [C ε] − Gc 4∆s +
.
(2)
δs
2

In this equation, the scalar mobility M acts as a control parameter to approach the state of
equilibrium, specified by δψ/δs = 0. Accordingly, quasi static conditions are approximated by
M approaching infinity.
2.2 Extension to model anisotropy of the fracture resistance
The energy density needed within the process zone for the formation of a crack is a material
dependent property and is quantified by the critical energy release rate Gc . A common way to
introduce anisotropic behaviour related to a directional dependency of the fracture resistance
is to assume Gc as function of the potential crack growth direction, i.e. Gc = Gc (ϕ), where ϕ
indicates the direction with respect to a specified axis. This approach has been studied within [7]
and [11] in the context of phase field models for fracture. However, a simple alternative is to
leave Gc constant and introduce additional material parameters accounting for the anisotropy.
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The crack density functional of (1) consists of a local part and a non-local term proportional to
the squared norm of the spatial gradient of the crack field variable s. This squared norm can be
rewritten as
|∇s|2 = ∇s · (1∇s),

(3)

where 1 is the second order identity tensor and · denotes the dot product of two vectors. The
key of the modification implemented within this work is the substitution of the identity in (3)
by a diagonal tensor Φ of the form:


1+α
0
Φ=
(4)
0
1−α
for the two-dimensional case. Note that by the definition above tr(Φ) = tr(1) = 2. With
this minor modification, the energy added by crack extension is now weighted for each spatial
direction. To satisfy material properties as outlined in Section 1, a direction prone to crack
extension can now be specified by means of the parameter α. With the modified gradient term
the evolution equation (2) for the crack field s becomes



M 0
1−s
g (s)ε : [C ε] − Gc 4∇ · (Φ∇s) +
.
(5)
ṡ = −
2


3 Numerical examples
3.1 Inclined crack under uniaxial tensional load
As a first numerical example, the extension of an inclined crack under uniaxial tension is simulated
(all simulations performed with dimensionless quantities). The load case, which is schematically
shown in Fig. 1(a) causes a mixed mode loading at the initial crack tip. Accordingly, the crack
deflection angle ϕ is a function of the initial crack angel γ.
(b)

(a)

α = 0.0

s
1

ϕ
0.5

0.1

γ
y

0

x
1.0

(c)

(d)
α = 0.4

s
1

α = −0.4

0

s
1

0

Figure 1. Load case (a) and contour plots of the crack field obtained by simulations (ν = 0.25,
 = 0.005, M = 10) for different values of the parameter α: (b) α = 0, (c) α = 0.4, (d) α = −0.4
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For this simulation γ was set to 45◦ . The crack field obtained without weighting of the gradient
components (Fig. 1(b)) reveals a deflection angle of about 35◦ . Figures 1(c) and (d) show the
crack field obtained by simulations, where the parameter α was set to 0.4 and −0.4, respectively.
The contour plot of Fig. 1(c) shows a nearly horizontal crack extension (ϕ ≈ 42◦ ), which is
caused by higher costs of gradients in x-direction. On the contrary, Fig. 1(d) reveals a decrease
of the crack deflection angle (ϕ ≈ 30◦ ) due to the higher weighting for the gradient in y-direction.
3.2 Plates with hole
For the second example, the proposed anisotropic phase field model is applied to experiments
performed within a work of Judt and Ricoeur [9]. In this work rolled aluminium sheets which
reveal a directional dependency of the fracture resistance are investigated. Therefore, tensile tests
of plate specimens with an initial crack were performed. Results of the crack growth experiments
are compared with simulations. A main focus is on how the level of the anisotropy effects the
T D /K RD containing the
crack path. The anisotropy is thereby quantified by the factor χ = KIc
Ic
fracture toughness in transverse(T D) and rolling(RD) direction, respectively. Transient numerical
simulations including crack tip shifting and automatic remeshing were performed to obtain the
crack path in [9]. Within these simulations the criterion of maximum energy release rate [4] was
applied to estimate the direction of the crack extension. According to this approach, the crack
grows in the direction providing the maximum energy release rate G(ϕ). To include anisotropy
of the fracture resistance the critical energy release rate Gc (ϕ) was interpolated between GcT D
and GcRD . The crack was incrementally enlarged in the direction, which maximizes the quotient
G(ϕ)/Gc (ϕ). Figure 2(a) shows a detail of an investigated specimen with calculated crack paths
indicated for three different factors χ. This specific example is used to verify the proposed phase
field model. Figures 2(b-d) show the crack field obtained by phase field simulations for three
different values of the parameter α.
(a)

(b)
α = 0.0

s
1

χ = 1.10
χ = 1.05
χ = 1.00
0
(c)

(d)
α = −0.025

α = −0.047

s
1

s
1

0

0

Figure 2. Comparison of crack paths obained by the phase field model (ν = 0.33,  = 0.006, M = 10) with
results of [9]: (a) results of [9], (b) α = 0.0, (c) α = −0.025, (d) α = −0.047.

Within the modified phase field model an anisotropy regarding the fracture resistance is solely
quantified by the ratio of the coefficients of Φ. Accordingly, this ratio can be connected to the
ratio of the fracture resistance in different spatial directions χ by α = 1−χ
1+χ . The α-value for the
three samples of Fig. 2(b-d) were calculated this way using the particular χ-values leading to
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the different crack courses illustrated in Fig. 2(a). If no anisotropy is considered (α = 0), the
crack deflects from the horizontal axis and extends upwards as it passes the holes left contour
edge. Beyond the center of the hole the crack grows in horizontal direction again. The resulting
vertical offset of the crack path is larger if α is set to −0.025. For α = −0.047 the crack does
not pass the hole, but rather grows directly in its direction.

Conclusions
The effect of an anisotropic fracture resistance on the crack path is realized by a modification of
the gradient term of an existing phase field model for fracture. The behaviour of the enhanced
model is illustrated by two numerical examples. The weighting in the gradient term of the
crack energy functional leads to a different crack path as compared to the isotropic case. The
simulations show that a crack extension in the direction of a lower fracture resistance is preferred
within the crack field evolution. Further proof of the model is made by the comparison to an
alternative crack path prediction method. Even if the three simulated crack fields of the second
example do not perfectly coincide with the results of [9], it can however be confirmed that the
trend of the crack path obtained by the phase field simulation is consistent with regard to the
effect of an anisotropic fracture resistance.
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Crystallization in Rubbery Polymers
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Micro Abstract
We propose a micro-mechanically motivated material model for strain-induced crystallization in
rubbers. Our point of departure is constructing a micro-mechanical model for a single crystallizing
polymer chain. A thermodynamically consistent evolution law describing the kinetics of crystallization in the chain level is then proposed. The chain model is incorporated into the affine full
network model. Finally, the numerical performance of the model is compared to the experimental data.
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Introduction
Natural rubber crystallizes under stretch and its amorphous structure becomes semi-crystalline.
Crystallization changes the mechanical response of rubber dramatically. The tensile strength,
the fatigue life and the crack growth resistance of rubber increase with crystallization. The
crystallization process occurs only in those regions, which are subjected to large strains, while
the rest of the structure maintains its amorphous state. Upon removal of the load, crystallites
melt, which leads to a closed hysteresis loop in the loading/unloading process.
Strain-induced crystallization in rubbers was first discovered by Katz [5] using X-ray diffraction.
Since then, this technique has been widely used to study strain-induced crystallization, see for
example [3], [9] and [12]. Recent progress in X-ray diffraction techniques has made it possible
to evaluate the real time crystalline mass fraction during loading and unloading of the rubber
specimen, see [11]. Strain-induced crystallization was first theoretically treated by Flory [2].
Recently, computational modeling of strain-induced crystallization has attracted the attention
of researchers. A few recent contributions can be found in [6], [8], [1], [10] and [4], among which
the latter is based on the affine full network model.
Inspired by the above-mentioned works we present a multi-scale model for strain-induced crystallization in rubbers. First, we briefly discuss the macroscopic structure of the model. Next,
a chain model for crystallizing rubbers is proposed. The chain model is then incorporated into
the affine full network model. Finally, the performance of the model is evaluated and the results
are compared to the experimental data.

Macromechanics of Crystallization
The one-to-one map ϕ defines the deformation of a body B undergoing finite strains. ϕ maps
at time t ∈ R+ the material points X ∈ B of the reference configuration B ⊂ R3 to spatial
points x ∈ S in the current configuration S ⊂ R3 . In order to exclude interpenetration of
matter, the deformation gradient F := ∇ϕ(X, t) has to fulfill the constraint J := det [F ] > 0.
Furthermore, let g be the covariant spatial metric tensor. A multiplicative decomposition of the
deformation gradient F = F vol F̄ into a volumetric part F vol := J 1/3 1 and an isochoric part
F̄ := J −1/3 F is considered. We choose the macroscopic free energy Ψ per unit reference volume
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of crystallizing rubber to be a function of the current metric g and a vector of internal variables
I characterizing strain induced crystallization. In addition, the stored energy is additively split
into volumetric and isochoric parts
Ψ(g, I; F ) = Ψvol (J) + Ψiso (g, I; F̄ ) .

(1)

Using the above equation and the Doyle-Ericksen formula τ = 2∂g Ψ(g, I; F ) for the Kirchhoff
stress tensor, the stresses additively decompose into volumetric and isochoric contributions
τ = pg −1 + P : τ̄

with

p := JΨ′vol (J)

and

τ̄ := 2 ∂g Ψiso (g, I; F̄ ) ,

(2)

where P is the fourth order deviatoric projection tensor and prime denotes the first derivative.

Micromechanics of Crystallization
Let us consider a semi-crystalline chain molecule which consists of N segments of length l. We
define the chain degree of crystallization ξ as the ratio of the number Nc of the segments in
the crystalline part of the chain to the total number N of the segments, i.e., ξ := NNc . The
total end-to-end distance r of the chain is equal to the sum of the length rc of the crystalline
portion and the length ra of the amorphous portion. The relative stretch λra in the amorphous
part of the chain is defined as the length ra of the amorphous portion to the fully extended
length (1 − ξ)N l of the amorphous portion and can be written in terms of the total stretch λ
in the chain and the degree of crystallization λra = ( √λN − ξ)/(1 − ξ). The stored energy in the
semi-crystalline chain due to stretch and crystallization is
ψ(λ, ξ) = ξN (T sf − hf ) + (1 − ξ)N kT



λra L −1 (λra )

L −1 (λra )
+ ln
sinh L −1 (λra )



+ ψh (λ) ,

(3)

where, similar to [4], the phenomenological term ψh adds the reinforcing effect of the crystallites
to the model

 0
if λ < λ⋆
h
(4)
ψh (λ) =
(λ − λ⋆ )1+p if λ ≥ λ⋆ .

1+p

Here, N , sf , hf , h, p and λ⋆ are material constants, T is the absolute temperature and L −1 is
the inverse of the Langevin function L (α) = coth α − 1/α. Applying a standard Coleman-Noll
procedure, we can define the chain axial force f := ∂λ ψ(λ, ξ) and the crystallization driving
force by F := −∂ξ ψ(λ, ξ). The reduced microscopic dissipation Dmic := Fξ̇ ≥ 0 has to be nonnegative to ensure thermodynamical consistency. To fulfill this condition we use the concept
of dissipation potential. Assuming a convex, positive and normalized dual dissipation potential
φ∗ (F), thermodynamical consistency is a priori satisfied if ξ̇ is an element of the subdifferential
∂F φ∗ (F), i.e., ξ̇ ∈ ∂F φ∗ (F). We assume that crystallization is governed by a rate-independent
evolution law with threshold


if F = Ft
 [0, +∞]
0
if F ∈ [F0 , Ft ]
∗
∗
φ (F) =
→ ξ̇ ∈ ∂F φ (F) =
0
if F ∈ (F0 , Ft )
(5)
+∞
if F 6∈ [F0 , Ft ]

[−∞, 0]
if F = F0 .
Here, the upper threshold Ft ≥ 0 is a constant and the lower threshold F0 is the crystallization
driving force in the initial state of the chain. The material parameters should be selected such
that the initial crystallization driving force F0 be non-positive
F0 = −∂ξ ψ(λ, ξ)
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Figure 1. Stress-stretch and crystallization-stretch plots for three types of rubber are compared with the
experimental results.

Affine Full Network Model for Crystallization
Consider a unit Lagrangian orientation vector r and its corresponding co-vector r ♭ := Gr
obtained by mapping r with the reference metric G. The spatial isochoric orientation vector t
is obtained by mapping r with the isochoric part F̄ of the deformation gradient, i.e., t = F̄ r.
The length of vector t is the stretch of a line element in the direction of r in the reference
configuration
p
(7)
λ̄ = |t|g := t♭ · t with t♭ := gt ,
where g is the current metric. We assume that deformation is affine, i.e., the stretch λ in a
chain with a specific direction is equal to the stretch λ̄ in the bulk rubber in that direction.
The isochoric macroscopic free energy of the rubbery material is obtained by homogenizing
the microscopic free energies of polymer chains over evenly-distributed orientations in space,
i.e., Ψiso (g, I; F̄ ) = hnψ(λ̄, ξ)i. Here, n is the number of polymer chains per unit volume
and the operator h⋄i denotes the continuous average of the argument ⋄ over evenly-distributed
orientations. We define the average operator on a micro-sphere S with unit radius via
Z
1
hvi =
v(r)dA ,
(8)
|S | S
see [7]. Here, |S | = 4π is the surface area of the micro-sphere and r is the unit orientation
vector. The average degree of crystallization ξ̄ is defined as the average of the chain degrees
of crystallization over the micro-sphere, i.e., ξ¯ := hξi. With the isochoric macro-energy Ψiso at
hand and using (2)3 , we are able to derive the isochoric contributions to the stresses
τ̄ = hλ̄−1 nf(λ̄, ξ) t ⊗ ti .

(9)

Evaluation of the Model
In this section we will compare the results predicted by our model with the experimental results
of Toki et al. [11]. In their experimental setup, three types of rubber, namely, sulfur-vulcanized
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natural rubber (NR-S), peroxide vulcanized natural rubber (NR-P) and sulfur vulcanized synthetic polyisoprene rubber (IR-S) were stretched up to a total stretch of λt = 6 at 0◦ C and then
were retracted to the initial length. They measured the mass fraction of the strain-induced crystallites at different stages of loading using synchrotron wide-angle X-ray measurements. They
concluded that even at high strains, the majority of the molecules remain amorphous.
The vertical nominal stress and the average degree of crystallization obtained by the model are
compared with the experimental data in Figure 1. In the crystallization plots, the average degree
of crystallization ξ̄ is considered to be the macroscopic measure of crystallization. The model is
able to reproduce the experimental crystallization data very well. However, the hysteresis in the
stress-stretch is underestimated. Note that in our treatment after full retraction of the material
no remnant crystallization is present. This is in line with the experimental observations.

Conclusions
We proposed a micro-mechanically motivated material model for strain-induced crystallization
in rubbers. Our starting point was constructing a micro-mechanical model for a single crystallizing polymer chain. A thermodynamically consistent framework for the evolution of crystallization in the chain level was proposed. This modified chain model was then incorporated into
the affine full network model. Finally, the numerical performance of the model was compared
to the experimental results.
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Schemes for a Phase Field Model of
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Micro Abstract
A phase field model for elastic-plastic fracture is presented, which is based on an energy functional composed of an elastic energy contribution, a plastic dissipation potential and a fracture
energy. The coupling of the mechanical fields with the fracture field is modeled by a degradation
function. Numerical simulations are presented, where the choice of the degradation function is
investigated and a staggered solution scheme is compared to an also possible monolithic iteration scheme.
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1 Introduction
Today, there is a great number of phase field models for brittle fracture originated in the physics
as well as in the mechanics community, [2]. A key ingredient for the development of these
models from the mechanics community is the variational formulation of brittle fracture proposed
by Francfort and Marigo, [4]. For a model considering ductile fracture however, an respective
variational formulation is missing, [1]. Nevertheless, in recent years brittle phase field models
were extended in order to describe fracture scenarios where crack propagation is affected by
plastic deformation. One drawback of most of these models is a rather complex coupling between
the crack field and the material laws leading to the necessity to apply staggered finite element
solution schemes in order to avoid complicated coupling terms of the monolithic tangent. In
this approach a phase field model for quasi-static elastic-plastic fracture is proposed, where the
specific coupling of the phase field parameter with the elastic-plastic material law enables a
monolithic solution scheme to be employed.

2 Model
The model is based upon the free energy density
Ψ [ε(u) , s, ∇s; εp , α] = g(s) (Wel (ε − εp ) + Πpl (α)) + ψfr (s,∇s).

(1)

The elastic energy density Wel depends on the infinitesimal total strain ε and the first internal
variable, the plastic strain εp , since their difference yields the elastic strain. The fracture energy
density, which is a function of the crack field s, where s = 1 indicates intact material, while
s = 0 represents fractured material, is denoted ψfr . The plastic dissipation potential


1
Πpl = α σY + αH
(2)
2
is a quadratic function of the internal variable, representing the accumulated plastic strain α,
in order to account for linear isotropic hardening. The parameters H and σY represent the
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plastic hardening modulus and the initial yield stress, respectively. A degradation function
gβ (s) = β(s3 − s2 ) + 3s2 − 2s3 + η, which is equal to 1 for s = 1 and approximately 0 for s = 0
is used to ensure that elastic and plastic contributions of cracked material no longer contribute
to the total energy. The parameter β ranges from 0 to 2, where β = 2 corresponds to the
standard quadratic form, and is adopted from [3]. For stability purposes the parameter η  1 is
introduced.
The governing equation for the mechanical problem, the balance of linear momentum, and the
time dependent Ginzburg-Landau evolution equation for the phase field are
divσ = 0, with σ =

∂Ψ
∂ε

and ṡ = −M

δΨ
,
δs

(3)

where σ is the Cauchy stress tensor and M is a positive kinetic coefficient.
The hardening force q and the von Mises type yield condition are
∂Ψ
q=−
∂α

r

and f (s, α) =k s k +

!
r
2
2 ∗
∗
q = gβ (s) k s k +
q
= 0,
3
3

(4)

where s denotes the deviatoric part of the Cauchy stress tensor. The quantities marked with
(·)∗ indicate undegraded quantities. The evolution laws for the internal variables are
r
s
∂f
2
∂f
p
=γ
and α̇ = γ
=γ
,
(5)
ė = γ
∂s
ksk
∂q
3
where γ is the absolute value of the slip rate.

3 Implementation
From the weak forms of (3), where ∇s · n = 0, with n as the outer normal, is assumed on the
crack free part of the boundary of the body, a set of discretized nonlinear equations
h
iT
R(u, s) = 0, with u = [u1 ]T , .., [uN ]T
and s = [s1 , .., sN ]T ,
(6)

is yield. The displacement and crack fields in (6) are approximated by their discretized counterparts, where uI and sI are the nodal values of the FE discretization. The implicit Euler method
is used to approximate the time derivative of the crack field. The residual expression (6) is
implemented into the finite element code FEAP as a user element. Healing of cracked material
is prevented by fixing nodes to zero, where the crack field has dropped below a prescribed value.
The plastic update is determined on element level. The factorization in (4) enables the utilization
of an unaltered radial return algorithm [6]. A monolithic scheme as well as a staggered solution
scheme can be applied to solve the nonlinear system of equations. Both schemes are outlined
in 3.1.
3.1 Solution schemes
In the monolithic solution scheme the residual (6) is solved for all nodal degrees of freedom,
three spacial displacements and the crack field, simultaneously. Solutions for the nodal degrees
of freedom are iteratively approximted in a single Newton-Raphson loop per timestep. The
approximation is considered to be converged if the residual norm meets a prescribed tolerance.
In the staggered solution scheme on the other hand, the residual is solved for the three spacial
displacements with fixed crack field in a first Newton-Raphson loop and subsequently the crack
field is solved for fixed spacial displacements in another Newton-Raphson loop. The solution is
considered to be converged if a certain criterion adopted from [2] is met, otherwise the procedure
is repeated.
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4 Numerical Results
A single notched tension probe discretized in 80 × 80 × 1 brick elements and mounted, such
that plane strain conditions apply, serves as a numerical example where the influence of the
mobility parameter M in different hardening scenarios and the performance of the two solution
schemes is compared. Therefore, a linear increasing displacement load on the top and bottom
edge of the probe is applied. The initial yield stress is chosen σ̄Y = 1.0. Quantities marked as
(¯·), indicate dimensionless quantities, whereupon the ansatz from [5] used for the transformation.
The parameter β = 0.1 is chosen for the cubic degradation function. Degradation functions with
lower values of β render to be more vulnerable for convergence problems. However, instead a
discrepancy between effective and nominal parameters as observed for the standard quadratic
function (β = 2) in [5] is avoided for sufficiently small values of β.
If a high hardening modulus of H̄ = 0.1 is chosen, although yield stress has been overcome
and plastic strain is present, the driven crack path is straight (see Fig. 1 (a)) and the same as
in the purely elastic case. Load displacement curves are independent on the chosen mobility
almost identical (see Fig. 1 (b)), whereupon only for M̄ = 1 the curve is shifted to slightly
higher displacements. If a lower hardening modulus of H̄ = 0.02 is chosen, the crack kinks in
direction of high plastic deformation (see Fig. 2 (a)). As in the case of the higher hardening
modulus, the load displacement behavior is almost independent from the chosen mobility (see
Fig. 2 (b)). However, for low mobility M̄ = 1 as well as for high mobilities M̄ = 50 and
M̄ = 100 no converged solution was found at the loadings marked with ’×’.
For M̄ = 10 and H̄ = 0.1 simulations using the staggered scheme are compared to simulations
using the monolithic solution scheme in terms of computational performance (see Fig. 3). A
constant timestep size was chosen in the simulations using the staggered scheme, while an
adaptive timestep algorithm was used in the simulations using the monolithic scheme. The
smallest and largest timestep size used with the staggered scheme correspond to the lowest
and highest timestep size determined by adaptive time stepping algorithm with the monolithic
scheme. Only for the smallest timestep size used with the staggered scheme the simulation is in
the same order of magnitude.
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Figure 1. Contour plot of the crack field for M̄ = 5 and H̄ = 0.1 (a) and load displacement curves of the
simulations with H̄ = 0.1 and varying parameter mobility (b).

Conclusions
The monolithic solution proves to be more efficient, but reveals stability issues, while the
staggered scheme bestows to be very stable, but less efficient. For cubic degradation functions
stability issues with monolithic scheme for high and low mobilities in weak hardening scenarios
arise.
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Figure 2. Contour plot of the crack field for M̄ = 5 and H̄ = 0.02 (a) and load displacement curves of the
simulations with H̄ = 0.02 and varying parameter mobility (b).
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Figure 3. Performance curves of monolithic solution scheme with adaptive timestep size and staggered
solution scheme with varying constant timestep size and convergence tolerance.
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Phase Field Model for Interface Failure
Arne Claus Hansen-Dörr1 *, Paul Hennig1 and Markus Kästner1
Micro Abstract
A phase field model for interface failure between two materials is proposed where the interface is
incorporated by a local reduction of the critical fracture energy. Due to the use of a regularised crack
model, interaction between the length scales of the crack and the material interface has to be analysed.
A local approach is presented, that compensates the influence on the actual numeric fracture toughness
at which the crack propagates along the interface.
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Introduction
The phase field approach is a convenient method to model crack initiation and propagation
independent from mesh topology by introducing an additional scalar field c, which indicates
intact (c = 1) or fully broken (c = 0) material, that is coupled to the mechanical boundary value
problem. Following [1], the Helmholtz free energy of a brittle, linear elastic material reads
Z
Z
o
Gc n
el
c
el
c
el
el
(1 − c)2 + 4lc2 c,i c,i dv , (1)
Ψ=Ψ +Ψ =
ψ + ψ dv =
c2 · ψ+
+ ψ−
+ α(d, lI )
4lc
Ω
Ω
|
{z
}
dissipation during cracking

where lc is the characteristic length scale that governs the width of the crack phase. For the
specific elastic Helmholtz free energy ψ el = 12 εij Eijkl εkl a tensile split according to [6] into
el and a compressive ψ el part is carried out to avoid cracking under pressure. The
a tensile ψ+
−
fracture toughness Gc is locally reduced by multiplication with a scalar function α(d, lI ), which
depends on the signed distance d describing the interface topology and an interface length
parameter lI , in order to account for the heterogeneity. In this work, a Heaviside function
is used for α to distinguish exactly between the surrounding bulk material with Gcbulk and the
‘smeared’ interface of finite width lI = 2b with Gcint . It is noted that smearing the interface over
a finite, arbitrary length b is a purely numeric or discretisation feature. This way materials with
a quantifiable interface fracture toughness but no measurable interface width can be modelled.
Hansen-Dörr et al. [2] demonstrated that the ratio b/lc influences the actual energy release rate
G act (ERR) at which the crack propagates. In other words, the bulk material fracture toughness
Gcbulk alters the effective cracking behaviour. Since the value of b cannot be physically motivated
from the material’s point of view and only depends on the applicant’s choice, a rule has to be
found to compensate for its influence and achieve crack propagation along the interface with
G act = Gcint , i.e. the crack shall propagate as if there was no interaction between the crack
regularisation and the ‘smeared’ material interface.
The testing environment for crack propagation along the interface is defined by a modified
double cantilever beam (DCB), cf. Figure 1. It differs from the classical DCB in the sense
that the specimen is deformed using a so-called ‘surfing boundary condition’ [4, 5] which applies
the K-concept near field displacements u(r, ϕ) of an imaginary mode-I crack to the nodes on
all boundary edges marked with a purple line. The ERR is evaluated using the concept of
configurational forces [5]. Hierarchical non-uniform rational B-splines (p = 2) [3] are used for
efficient discretisation.
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(a) Geometry and boundary conditions
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Figure 1. Geometry and boundary conditions: (a) The specimen with h = 1 mm and a = 0.5 mm is
described. Plane strain is assumed. During the simulation, an imaginary crack tip propagates along the x-axis
and the corresponding near field K-concept displacements u(r, ϕ) of a mode-I crack are assigned to the nodes
on the purple edges. The grey stripe resembles the ’smeared’ material interface. (b) The predefined notch is
initialised by setting the phase field c = 0 (blue) along the red dashed line. The bulk interface of width 2b is
varied.

1 Sensitivity Study
The actual fracture toughness Gcact which equals the critical ERR for crack propagation is
dependent on the ratio b/lc . Based on this assumption, two limiting cases can be discussed, cf.
Figure 2a. For a ratio b/lc = 0, the ‘smeared’ interface completely disappears and homogeneous
material with Gcact = Gcbulk is obtained. For b/lc → ∞, the ‘smeared’ interface covers the whole
domain and Gcact = Gcint is obtained. For any other ratio the relative exaggeration g = Gcact /Gcint
of the interface fracture toughness due to the interaction between the crack regularisation and
the ‘smeared’ material interface is a priori unknown.
A sensitivity study is carried out to gain more information about the relation g. Several
simulations for a constant Young’s modulus E = 210 GPa and Poisson’s ratio ν = 0.3 but
varying values of the interface half width b, the length scale lc and bulk material and interface
fracture toughnesses Gcbulk and Gcint are carried out. Plane strain is assumed.
Figure 2b presents the results in a semi-logarithmic plot. The influence of the bulk fracture
toughness Gcbulk on the actual numeric fracture toughness Gcact increases for smaller ratios b/lc .
The fact, that the exaggeration is only influenced by ratios and not absolute values implies the
idea of a universal relationship for g. Additionally, the results almost recover an exponential
shape for Gcbulk /Gcint ≡ const, which can be seen from the linear decays in the semi-logarithmic
plot. The latter is the starting point for the following correction approach.

2 Local Correction Approach
With the exaggeration function g at hand, the influence of b/lc on the ERR can be eliminated.
The idea of the approach is to locally reduce the interface fracture toughness in a way, that
the resulting corrected interface fracture toughness Ĝcint multiplied by the relative exaggeration
equals the original and actually wanted physical interface fracture toughness Gcint :
!
bulk
G
c
Ĝcint · g
= Gcact = Gcint .
(2)
Ĝcint
| {z }
exaggeration

The corrected interface fracture toughness Ĝcint accounts for the interaction between the crack
regularisation and the ‘smeared’ material interface.
It is assumed that the exaggeration g is an exponential function which asymptotically approaches
the limiting case Gcact /Gcint = 1, cf. Figure 2a. This can be motivated by the exponential
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-Figure 2. Schematic
illustration and numeric examples: (a) The sensitivity- of the actual fracture toughness
Gcact the material experiences
towards the ratio b/lc is depicted. The exaggeration
function g which describes
the whole relationship is unknown. (b) Simulation data fortifying the presumption
of the function g to have
an exponential-like- shape are presented. Over a wide range b/lc the data behave
almost
linearly in the
semi-logarithmised plot. Most importantly, the exponential fits show that the- offset only depends on the ratio
Gcbulk /Gcint and that the same ratio does not affect the sensitivity decay (gradient
of logarithmised fit).
-

regularisation of the phase field perpendicular to the crack path, too: The fracture toughness
mixing law is interpreted as a sensitivity towards the phase field. The results already presented
in Figure 2b support this reasoning. A concrete ansatz for the exaggeration might look like


Gcact
b
g = int = Q exp −r ·
+ 1,
(3)
Gc
lc
with constants Q and r. Both constants can be determined by least square fits, cf. Figure 2b.
For an exemplary correction procedure for Gcbulk = 5.4 N/m and Gcint = 2.7 N/m, a ratio b/lc = 2.5
is considered. The interface fracture toughness is artificially lowered to Ĝcint to fulfil Equation (2).
As a consequence, the ratio Gcbulk /Ĝcint is higher than Gcbulk /Gcint and the original fit (blue dashed
line in Figure 2b) is not valid anymore. The exaggeration g is shifted upwards and now lies
between g for Gcbulk /Gcint = 2 (blue dashed line) and Gcbulk /Gcint = 3 (green dashed line). The
exact exaggeration curve is determined by a linear interpolation which is consistent with the
ansatz in Equation (3). The resulting corrected interface fracture toughness is Ĝcint ≈ 2.459 N/m.
Figure 3 compares the reference (no bulk material influence, crack propagation with Gcact = Gcint )
to two exemplary simulations where the bulk material influence has been compensated by
applying the correction. It can be observed, that the crack propagates equally for all three cases
independent from the ratio b/lc . It is noted, that the discretisation ∆h has an influence on the
act = G act · (1 + ∆h/(4l )), where the
the actual ERR at which the crack propagates [1], i.e. Gnum
c
act
actual numeric ERR Gnum is comparable to a systematic, quantifiable error. The same applies
to the fracture toughness Gc,num .
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Figure 3. The ERRs for two ratios
b/lc with the- local correction applied
are compared
to the reference
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act
of the specimen. (a) The actual numeric ERR Gnum
for crack propagation
rises for- smaller ratios b/lc as can
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int
corrected case. As expected, the ERR recovers the value of the numeric interface fracture toughness Gc,num
,
act
act
int
i.e. Gnum = Gc,num = Gc,num . The length scale is set to lc = 15 µm. Conclusions
0-

A local correction approach for crack propagation along an interface has been presented. The
length scales of the interface and the crack regularisation interfere and yield a dependence
of the results on the ratio b/lc for Gcbulk /Gcint = const. The influence of the bulk material is
compensated for by artificially lowering the interface fracture toughness. The correction is based
on a parameter study which quantifies the relative exaggeration Gcact /Gcint . A precise analytic
description of g is the subject of future analyses to redundantise the detailed parameter study
for quantification.
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Abstract:
Today’s engineering problems are not restricted to one domain. Although the focus may
be directed to answering a question of a specific discipline, problems cannot be considered
separately. One has to understand interdependencies and regard neighboring effects in
simulation models. Reasonable modeling assumptions, multi-scale phenomena as well as
efficient, accurate and robust coupling or co-simulation methods have to be taken into
account. Superimposed optimization and control strategies further motivate but also
complicate the research between the coupled disciplines, mechanics, electromagnetics,
hydraulics, fluid-mechanics, and physics in general.
This symposium invites contributions on the following possible topics, but is not limited
to
• Coupling methods
• Co-simulation methods
• Multi-scale methods
• Control schemes devoted to multi-physical phenomena
• Robust optimization methods focusing on multi-physical phenomena
• Practical examples from academia and industry highlighting challenges and solutions
for multi-physical couplings
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Error estimation approach for controlling the
macro step-size for explicit co-simulation
methods
Tobias Meyer1 *, Jan Kraft1 , Pu Li1 , Daixing Lu1 and Bernhard Schweizer1
Micro Abstract
An approach for controlling the macro-step size in connection with explicit co-simulation methods is
suggested. The method is tailored for applied-force coupling techniques. Each macro-time step is
carried out with two different explicit co-simulation methods. By comparing the variables of both
results, an error estimator for the local error can be constructed. A step-size controller for the
macro-step size can be implemented. Examples are presented demonstrating the applicability and
accuracy.
1

Institute of Applied Dynamics, Technische Universität Darmstadt, Darmstadt, Germany

* Corresponding author: meyer@ad.tu-darmstadt.de

Introduction
The general idea of co-simulation is to separate a system of differential-algebraic equations
into several subsystems. The subsystems are integrated in parallel and can be computed more
efficiently than the overall system, since the numerical effort for time integration grows with the
number of state variables. The subsystems can be computed with tailored subsystem solvers
so that the efficiency may be further improved. Co-simulation methods are distinguished with
respect to the coupling technique. Applying a constraint coupling approach, the subsystems
are coupled by algebraic constraint equations. Using an applied force-coupling approach, the
subsystems are coupled by constitutive laws [1]. This manuscript concentrates on applied-force
coupling techniques.
A multibody system, described by the equations of motion B(t, z) ż = F(t, z), is considered here,
where the vector z contains the position variables q (displacements and rotation parameters),
the velocity variables v, and the Lagrange multipliers λ. Applying a co-simulation approach, a
macro-time grid T0 , . . . , TN , . . . , Tend has to be introduced. The overall system is partitioned
into several subsystems. Using an applied-force coupling approach, the vector z is decomposed

T

T
into the vectors z1 , . . . , zr , where zs = qs , vs , λs contains the variables of subsystem s.
We assume that the matrix B(t, z) is block diagonal. More precisely, there is one block for
each subsystem, which is independent of the variables of the other subsystems, i.e. B(t, z) =

T


blockdiag B1 t, z1 , . . . , Br (t, zr ) . With F(t, z) = F1 (t, z) , . . . , Fr (t, z) , the equations of
motion of subsystem s read as Bs (t, zs ) żs = Fs (t, z) for s = 1, . . . , r. A vector of coupling
variables u(t, z) is introduced, which are defined in such a way that the right hand side of each
subsystem only depends on the state variables of this subsystem and the coupling variables, i.e.
it can be written as Fs (t, z) = F̃s (t, zs , u(t, z)). Interpolating the coupling variables between
two consecutive macro-time points TN and TN +1 by a vector of polynomials p(t), the equations
of motion of the subsystems can be expressed as Bs (t, zs ) żs = F̃s (t, zs , p(t)) for s = 1, . . . , r.
The subsystems are coupled by the coupling conditions gco (TN , zN , pN ) := pN − u(TN , zN ) = 0.
The coupling conditions are not taken into account between the macro-time points. From
TN to TN +1 the subsystems are integrated independently with individual subsystem solvers
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and individual micro-step sizes. At the macro-time points, information (coupling variables) is
interchanged between the subsystems. The coupling variables at the macro-time points are
denoted by uN = u(TN , zN ), where zN terms the overall vector collecting the numerical solutions
of all subsystems at the macro-time point TN .
In section 1, two different co-simulation approaches are explained. In section 2, the equations of
motion of the multibody subsystems are described in more detail. In section 3, a co-simulation
approach for controlling the macro-step size for coupled multibody systems is introduced.

1 Two Explicit Co-Simulation Approaches
In this section, two different methods for approximating the coupling variables are explained.
The two methods are illustrated in Figure 1. The polynomial degree is denoted by k. The
approximation polynomials for the macro-time step from TN to TN +1 are indicated by the
subscript N + 1. In order to distinguish between the approximation polynomials of the two
different methods, the approximation polynomials are extended by appropriate superscripts (ext,
int).

Figure 1. Approximation Polynomials

1.1 Method 1
The first approach makes use of a classical extrapolation technique [4]. The approximation
polynomials are denoted by pext
N +1 . If the co-simulation is carried out with polynomials of degree
ext
k, the vector pN +1 (t) extrapolates u(t, z(t)) in the interval [TN , TN +1 ] by the k + 1 sampling
ext
points pext
N +1 (TN −k ) = uN −k , . . . , pN +1 (TN ) = uN .

1.2 Method 2
Using the second method, the approximation polynomials are termed by pint
N +1 . At first, a
pre
predictor vector uN +1 extrapolating uN +1 by the k + 2 supporting points uN −k−1 , . . . , uN is
computed with the help of the Neville-Aitken scheme. Then, the vector pint
N +1 (t) is constructed,
which interpolates u(t, z(t)) from TN to TN +1 by the k + 1 sampling points pint
N +1 (TN −k+1 ) =
pre
int (T
uN −k+1 , . . . , pint
(T
)
=
u
,
p
)
=
u
.
N
N
N
+1
N +1
N +1
N +1

349

MS11

Modeling, Simulation, Control and Optimization of Multi-physical Phenomena

1.3 Summary
The idea is to execute each macro-time step twice. Namely, once with the polynomials pext
N +1 (t)
and secondly with the polynomials pint
(t).
The
user
chooses
one
of
the
two
results
for
the
N +1
co-simulation. The result of the other integration only serves for the error estimation. Since the
integrations are executed in parallel, there is only little extra computation time necessary. It can
be shown that both methods have the same convergence order. Computing the error constants
of both methods, the local error can be estimated with the help of the Milne-device approach [3].
.

2 Coupling Multibody Systems with an Applied-Force Coupling Approach
Assuming that each subsystem is described by a multibody system, the equations of motion of
subsystem s (s = 1, . . . , r) read as
q̇s = Ks (t, qs ) vs ,
= f s (t, qs , vs , λs , p(t)) ,
0 = gs (t, qs , vs , λs ) ,

Ms (t, qs ) v̇s

(1)

where p(t) denotes a vector of polynomials approximating the coupling variables u(t, q(t) , v(t))
between two consecutive macro-time points. The coupling variables are assumed to be independent of the Lagrange multipliers λ, since we make use of an applied-force coupling approach. At
the macro-time point TN , the subsystems are coupled by p (TN ) − u (TN , q (TN ) , v (TN )) = 0.
The matrix Ks (t, qs ) describes the relationship between the velocity variables and the derivatives of the position variables. The matrix Ms (t, qs ) denotes the mass matrix of subsystem s.
The inner (not necessarily holonomic) constraints of subsystem s are denoted by the vector
gs (t, qs , vs , λs ). The vector f s (t, qs , vs , λs , p(t)) contains the forces and torques in subsystem s.
We assume that the accelerations can be represented by
q̈s = as (t, qs , vs , p(t)) .
The accelerations of all subsystems are collected in the vectors
q̈ = a(t, q, v, p(t)) .

3 Co-Simulation Approach with Variable Macro-Step Size
3.1 Error Analysis
For the error analysis, it is assumed that the subsystems are solved exactly between two
consecutive macro-time points TN and TN +1 . Hence, the error analysis only deals with the
error generated by the co-simulation, i.e. by the approximation of the coupling variables. The
numerical solutions at the macro-time point TN of all subsystems are collected in the vectors
qN , vN , λN . The coupling variables can be expressed by uN = u(TN , qN , vN ). We consider the
macro-time step from TN to TN +1 . In the following considerations, q(t), v(t), λ(t) denote the
exact solutions with respect to the initial conditions q(TN ) = qN and v(TN ) = vN . We assume
that the numerical solutions
qN −k−1 , . . . , qN −1 and vN −k−1 , . . . , vN −1 agree with this trajectory

k+2
with order O H
at the macro-time points TN −k−1 , . . . , TN −1 , where H = TN +1 −TN denotes
the current macro-step size. Furthermore, the constants
Z TN +1 Z τ
i
CN +1 :=
LiN +1 (t) dtdτ
(i ∈ {k, k + 1})
(2)
TN

TN

are computed by integrating the Lagrange-basis polynomials
LiN +1 (t)

=

i−1
Y

j=0

t − TN −j
TN +1 − TN −j
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twice. In a more detailed analysis, it can be shown that the local errors of the position variables
for the two co-simulation methods are given by


k+1
k+4
qext
−
q(T
)
=
C
a
∆p
+
O
H
(4)
N +1
N +1
N +1
N +1 p,N




k+1
k
k+4
qint
(5)
N +1 − q(TN +1 ) = CN +1 − CN +1 ap,N ∆pN +1 + O H

with ap,N := ap (TN , qN , vN , uN ), which denotes the Jacobian-matrix of the accelerations
a(t, q, v, p) with respect to p. Further,
int
∆pN +1 := pext
N +1 (TN +1 ) − pN +1 (TN +1 )

(6)

terms the difference between the two
point TN +1 .
 approximation polynomials at the macro-time

k
2 , C k+1 = O H 2 , and ∆p
k+1 , the local errors
Due to the fact that CN
=
O
H
=
O
H
N
+1
+1
N +1

of the position variables converge with order O H k+3 .
3.2 Error Estimation

With the help of the Milne-device approach, an error estimator is constructed. The local error
of the co-simulation approach presented in subsection 1.1 can be estimated by
ε̂ext
N +1

:=

k+1
CN
+1
k
CN
+1

int
qext
N +1 − qN +1 .

(7)

The local error of the co-simulation approach explained in subsection 1.2 may be estimated by
!
k+1
C
N +1
int
qext
(8)
ε̂int
N +1 − qN +1 .
N +1 := 1 −
k
CN
+1
Analogously, an error estimator for the velocity variables can be constructed. It should
be

k+2
pointed out that the local error of the velocity variables converges with order O H
.

Conclusions
In order to generate an error estimator for explicit co-simulation approaches, each macro-time
step is carried out with two different methods of the same convergence order. Computing the
error constants, an error estimator for controlling the macro-step size can be constructed with
the help of the Milne-device approach. With this error estimator, the macro-step size can easily
be controlled by using well-known step-size controllers, for instance, a PI-step size controller [2].
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Design of a Nonlinear Observer for a Very
Flexible Parallel Robot
Fatemeh Ansarieshlaghi1 * and Peter Eberhard1
Micro Abstract
A flexible robot in lambda configuration has been modeled and built in hardware. Since there is no
direct feedback of the end-effector, a nonlinear observer to estimate the position of the end-effector is
designed and implemented. The nonlinear observer results show that the end-effector position can be
estimated with high accuracy. Also, using results from the nonlinear observer, the model of the robot
is improved so that the maximum end-effector absolute tracking error is drastically decreased.
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Introduction
This research investigates the design of a nonlinear observer to estimate the states of a very
flexible multibody dynamic system in order to use them for the trajectory tracking and control.
The observers are widely used in order to estimate the full states of a system, e.g, state estimation
of the linear systems [11], the velocity estimation of the rigid joints [9], and the state estimation
of the minimum phase systems [7]. Hence, a lot of simulation research on the state estimation
of a single flexible link manipulator and the flexible multibody system are investigated, e.g,
design of a linear observer for a flexible multibody system without the passive joint [13], the
nonlinear observer design for a flexible beam [3] and for a flexible multibody system [14]. So far
experimental research is focused only on the observation of a flexible beam [5] to estimate the
vibration of the beam using a laser displacement sensor.
The novelty of this work is, that a high gain observer for trajectory tracking with high speed
of a very flexible parallel robot is designed and the estimates converge to measurement states.
In the proposed nonlinear observer, only the position and the velocity measurement of the
prismatic joints and the deformation of the long flexible link are required to estimate the elastic
and passive states. This nonlinear observer is simulated and implemented on the lambda robot.
Based on the observer results, the model of the very flexible multibody system is improved and
a new observer is redesigned. The new nonlinear observer estimates the system states and the
end-effector position with high accuracy. The experimental results validation verify the accuracy
of the estimation of the end-effector positions and the elastic deformation.

1 Experimental setup
A flexible robot in lambda configuration which has been modeled and built by the Institute
of Engineering and Computational Mechanics of the University of Stuttgart can be seen in
Figure 1a. This robot has highly flexible links as the long and short links. The end of the
short link is connected to the middle of the long link with the rigid bodies. The robot has two
prismatic actuators connecting the links to the ground and the control outputs apply to these
two linear actuators. Also, every link is connected to a passive revolute joint that is located on
the linear actuator. There is another revolute joint that is used to connect two links at the end
of the short link and the middle of the long link. An additional rigid body is attached to the
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free end of the long link as an end-effector.
1.1 Flexible Multibody Modeling
To model the lambda robot, the modelling process can be separated into three major steps. At
first, the flexible components of the system are modeled with the finite element method in the
commercial finite element code ANSYS. Next, to have a possible on-line control, the degrees of
freedom of flexible links should be decreased. Therefore, model order reduction is utilized in
order to reduce the long flexible link’s model [1] in the MatMorembs [4]. Then, all the bodies
such as the rigid and flexible parts are modeled as a multibody dynamic system with a kinematic
loop in the academic multibody code Neweul-M2 [8]. The equation of motion is derived by
applying the Newton-Euler equation with D’Alembert’s principle. For the nonlinear systems with
the kinematic loop constraint, the nonlinear equation of motion with the generalized coordinates
q ∈ Rn is written as
M q̈ + k(q̇, q) = g(q̇, q) + Bu + C T λ ,

(1a)

c(q) = 0 .

(1b)

The mass matrix of the flexible multibody system M ∈ Rn×n is symmetric, positive definite
and depends on the joint angles and the elastic coordinates. The vector k ∈ Rn contains the
generalized centrifugal, Coriolis and Euler forces and g ∈ Rn includes the vector of applied forces
and inner forces due to the body elasticity. The input matrix B ∈ Rn×p maps the input vector
u ∈ Rp to the system. The constraint equations are shown by c ∈ Rq , a Jacobian matrix of
constraint is shown by C ∈ Rn×q and λ ∈ Rq is the reaction force during kinematic loop. Based
on the projection of the constraint Jacobian matrix, the term C T λ can be removed [12]. The
equation of motion is rewritten as follow
M q̈ + k(q̇, q) = g(q̇, q) + Bu.

(2)

Figure 1b shows the modeling result of the flexible parallel lambda robot in Neweul-M2 . The
model of the flexible parallel lambda robot includes two active prismatic joints (s1 , s2 ) for which
control inputs are calculated, two passive revelute joints (α1 , α2 ) and some elastic coordinates.

α1

s1

end-effector
α2

s2

(a) Mechanical setup of the lambda manipulator

(b) Lambda model in Neweul-M2

Figure 1. Lambda robot in hardware and simulation

2 Nonlinear Observer
A nonlinear system in state space is presented as follow
ẋ = Ax + g(x) + H(x)u ,

(3a)

y = Cx ,

(3b)
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where x ∈ R2n , y ∈ Rm and u ∈ Rp are the states, outputs, and inputs of system that is defined
as u = Kx with constant matrix gain K ∈ Rp×2n . The number of actuated joint of flexible
multibody system is defined with p which for the lambda robot is equal to 2. Also, g(x) ∈ R2n ,
H ∈ R2n×p , A ∈ R2n×2n , and C ∈ Rm×2n respectively are the continuous nonlinear functions of
system states, constant gain of the states, and the output gain matrices. The nonlinear functions
of states f (x) ∈ R2n is defined as follow
f (x) = g(x) + H(x)u = g(x) + H(x)Kx.

(4)

The problem of the states estimation x for the system in Eq. 3 is usually referred to design a
high gain nonlinear observer [6, 10]. Here, the formulation of the observer states is written as
x̂˙ = Ax̂ + f (x̂) + L(ŷ − y) ,

ŷ = C x̂ ,

(5a)
(5b)

where x̂ and ŷ are the estimated states and outputs of the observed system. Therefore, the
observer gain L ∈ R2n×q should be designed somehow such that the observed nonlinear system
converges to the real system. The state observation error is different between the estimation and
real system states, which is calculated by e = x̂ − x. Hence, the dynamics of observed error is
ė = (A + LC)e + (f (x + e) − f (x)).

(6)

If the nonlinear dynamic error in Eq. 6 converges asymptotically to zero, it can be concluded that
the estimation state converges to real system states. To show the estimation error converges to
zero, the Lyapunov method and Lipschitz condition are used. The Lyapunov candidate function
and its derivative are defined as
V (e) = eT P e,
(7)
V̇ (e) = eT ((A + LC)T P + P (A + LC))e + (f (x̂) − f (x))T P e + eT P (f (x̂) − f (x)).

(8)

The Lyapanov candidate is defined as positive-definite function for the estimation error as Eq. 7
with an unique positive definite matrix P ∈ R2n×2n . The derivative of the Lyapunov function
should be negative to ensure the estimation error converges asymptotically to zero. Toward
this goal, an additional constraint is required. The nonlinear function f (x) should satisfy the
Lipschitz condition, too. Also, there exists a positive definite matrix Q ∈ R2n×2n that is defined
from
(A + LC)T P + P (A + LC) = −2Q.
(9)
Based on the Lipschitz condition, there exists a constant G such that
kf (x̂) − f (x)k 6 Gkx̂ − xk,

∀i = 1, .., n

(10)

for all x and x̂ ∈ R2n . Therefore, for Eq. 8, the following inequalities are valid.
V̇ (e) 6 −2eT Qe + 2GkP ekkek 6 (−2σmin (Q) + 2Gσmax (P ))kek2 .

(11)

Here, σmin (Q) is the minimum singular value of the matrix Q and σmax (P ) is the maximum
singular value of the matrix P . In order to have a negative derivative of the Lyapunov function,
this condition should be satisfied for matrices Q and P .
σmin (Q)
6G
σmax (P )

(12)

Finally, the above conditions show the estimation error asymptotically converge to zero. The
observer gain matrix L and unique matrix P are provided by satisfying Eqs. 9, 10 and 12.
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3 Experimental Results
The designed observer is used to the model improvement, states, and end-effector position
estimation. In order to compare two models and validate the estimation results for the position
of the end-effector and the elastic coordinates, a camera and a strain gauge are used. The
camera tracks the end-effector position off-line. Also, to validate the estimation results of elastic
coordinates, the deformation of a strain gauge and observer for the long link are compared.
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(b) Strain of long link

Figure 2. Experimental comparison of two model for nonlinear and linear trajectories

The nonlinear observer design conditions in Eqs. 9, 10 and 12 show the observed system states
converge to the real system states. Based on this, the observed position must converge to the
measurement position of the end-effector. While based on the model situation-1 in [2], the
observed positions did not converge to the measurement positions of the end-effector. To solve
this problem, the modeling parameters are observed. Based on the observation and measurement
height and stiffness of the flexible beam is decreased. Then, the model of the flexible parallel
manipulator is improved which are shown in Figure 2 as a situation-2. The experimental results
show that the model situation-2 decreases the maximum and oscillation error for the linear and
nonlinear trajectories.
The results of observer estimation in online processing are shown in Figure 3. The estimations of
the elastic coordinates of elastic deformations of the long link track are as accurate as the strain
gauge measurements. Comparing the off-line camera measurements and the online estimation
results, demonstrates the accuracy of the proposed observer based on the model situation-2.
This shows the position of the end-effector and the elastic states converge to the real value. The
observer based on the situation-2 of model estimates the end-effector positions with an accuracy
of about 1 millimeter maximum absolute error for a linear and about 2.5 millimeter maximum
absolute error for a nonlinear trajectory.

355

MS11

Modeling, Simulation, Control and Optimization of Multi-physical Phenomena
0.15

0.3 measurement
estimate-situation-1
estimate-situation-2
0.2

measurement
estimate-situation-1
estimate-situation-2

0.1

strain

x [m]

0.05
0

-0.1

-0.05

0

0
y [m]

0.05

-0.2
0
0.3

0.1

measurement
estimate-situation-1
estimate-situation-2

-0.05

0.5

1

1.5
t [s]

2

2.5

3

measurement
estimate-situation-1
estimate-situation-2

0.2
0.1
strain

x [m]

0
-0.1

-0.05
-0.1

0.1

-0.1

0

-0.1

-0.15

-0.2
-0.2
0

0.05

0.1
0.15
y [m]

-0.3
0

0.2

0.1

0.2

0.3
t [s]

0.4

0.5

0.6

(b) Strain of long link

(a) End-effector position

Figure 3. Compare measurement results of the camera and strain gauge with observer results based on the
model situation-1 and situation-2 for the linear and nonlinear trajectories

Conclusions
In this contribution, a nonlinear observer was designed and applied experimentally to a very
flexible multibody system. The nonlinear observer is designed based on the position and velocity
of prismatic joints and only the deformation of the long link. Also, the stability and convergence
of the dynamic error of the estimation states based on the Lyapunov candidate function was
shown. The experimental results for the very flexible parallel robot showed that the observer
successfully tracks the measurements. Also, the observer estimates the nonlinear system states
and end-effector positions with high accuracy.
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Shape optimization of wind turbine blades in a
fluid structure interaction simulation
Shahrokh Shayegan1 *, Reza Najian Asl1 , Roland Wüchner1 and Kai-Uwe Bletzinger1
Micro Abstract
This contribution presents the shape optimization of wind turbine blades in the context of a
fluid-structure interaction simulation.Vertex Morphing method,which is a node-based shape control
technique, is used to find optimal design of the blades.Gradient-based optimization together with
continuous adjoint based shape sensitivity analysis is employed to handle the large number of design
variables.The fluid-structure interaction problem is solved using a partitioned, strong coupling algorithm.
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Introduction
There is a lot of studies in the literature focusing on the design and optimization of wind turbines.
Different levels of fidelity ranging from low-fidelity to high-fidelity have been used as well as a
wide range of different design variables, objective functions and constraints. Chehouri et al. [3]
give a good Review of performance optimization techniques, objectives, design variables and
constraints used in optimization of wind turbines. Traditionally, most of the wind turbine blade
designs have been based on the low-fidelity models. In the recent years optimization of wind
turbine blades using high-fidelity models has gained attention from the researchers and proves
to be worthy. For example Dhert et al. [4] perform a shape optimization of wind turbine blades
based on high-fidelity RANS CFD.
Upscaling is a trend in the new wind turbine designs which is mostly targeting the offshore wind
sector. As the turbines grow in size and the structural components of the turbines become more
flexible and light weight, taking into account the interaction of the fluid and the structure in the
design and analysis of the wind turbines becomes increasingly more important. In recent times,
several researchers have published the result of their research on fluid-structure interaction (FSI)
simulation of wind turbines including [7] and [6].
The actual challenge is to further develop models and methods to deal with the high-fidelity
FSI optimization of wind turbine blades. This allows to optimize the blades under the true
loading conditions which introduce large blade deflections in the case of the flexible and large
wind turbines. The present work takes a step towards that goal and presents high-fidelity
aerodynamic shape optimization of wind turbine blades in an FSI simulation. A gradient-based
shape optimization technique utilizing a continuous adjoint method is used to optimize the
wind turbine blades. We use Vertex Morphing Technique, a node-based shape parametrization
technique, to control the shape of the blades. In the following sections different building blocks of
our simulation framework are introduced and finally some results from a test case are presented.

1 Vertex Morphing
Vertex Morphing Technique is a consistent approach for controlling the surface in the node-based
shape optimization. The main idea behind it is to introduce a design control space s where
the optimization problem is formulated together with a mapping operator A which relates the
design control space s to the geometry space x. After discretizing the geometry and the design
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control fields, the matrix operator A is formed and one can write:

x=A·s

(1)

In a shape optimization using the Vertex Morphing Technique, the matrix operator A is used
twice. Once to map the design update in the design control space (∆s) to the shape update in
the geometry space (∆x). This step is called forward mapping.

∆x = A · ∆s

(2)

The transpose of the A matrix is used to map the surface sensitivities ( dJ
dx ) to the design control
space in order to calculate the gradient of the objective function with respect to the design
variables (( dJ
ds ) which is used for the gradient based optimization. This step is called backward
mapping.

dJ dx
dJ
dJ
=
= AT ·
ds
dx ds
dx

(3)

Equations 2 and 3 can be interpreted as smoothing operations, which together provide a means
for arriving at smooth surface geometries throughout the optimization process even if the surface
sensitivities are not smooth. For details and properties of the Vertex Morphing Technique, the
interested reader is referred to [5] and [2].

2 Optimization and FSI framework
Figure 1 shows the schematic of the FSI optimization framework used in the current work.
OpenFOAM R is used to solve the steady state Reynolds-averaged Navier-Stokes (RANS) flow
around the blades, since performing large scale optimizations based on unsteady CFD is currently
too costly. Therefore the unsteady effects such as the tower shadow effect are neglected. The
in-house structural solver CARAT++ is used to solve for the deformations of the blades under
the aerodynamic loads. The coupling and the communication between different blocks of the
framework are realized through the coupling tool EMPIRE. The FSI problem is solved using a
strong partitioned algorithm.
After the FSI loop has converged, the steady state continuous adjoint solver of Helyx R is used
to calculate the sensitivity of the objective function with respect to the geometry parameters.
The sensitivities from the adjoint solver are mapped from the geometry to the control space of
the vertex morphing. Then the optimizer (steepest descent algorithm in this work) calculates
the design updates in the control space. The mentioned design updates are then mapped from
the control space to the geometry space using the Vertex Morphing’s forward mapping. In the
next step a new blade geometry is obtained, the mesh is updated and a new FSI loop starts.
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Converged

Yes

Adjoint
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Figure 1. Schematic of the FSI optimization procedure.

3 Simulation and Results
As a test case, the aerodynamic shape optimization of the CX-100 HAWT in an FSI simulation is
presented in this section. A steady state RANS simulation using Multi-Reference Frames (MRF)
is used to simulate the effect of the rotating blades. The CFD mesh is made using the Pointwise
mesh generation software [1]. The mesh consists of around 7.5 million hybrid (hexahedral and
tetrahedral) cells. Figure 2 shows the CFD domain.

Figure 2. The CFD domain.

The structure of the blade is modeled using beam elements. This offers very fast calculations
compared to the shell models but does not capture local surface deformations and stresses.
However it offers enough accuracy for the aeroelastic shape optimization in FSI simulations. in
order to transfer data between the surface of the blade and the beam elements a beam-surface
mapper is used [8]. Figure 3 show the structural domain of the blade.
The objective function in the optimization process is maximizing the total generated power from
a given constant wind velocity. The optimization process using the steepest descent algorithm
runs for 14 iterations using a constant step size, before the mesh is distorted up to a point
where the results are not accurate anymore. At the end of the optimization, the total generated
power from the wind turbine is improved by 4.8%. Figure 4 shows the field of the shape update
magnitude on both sides of the blade at the end of the optimization.
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Figure 3. The structural model of the blade using beam elements.

Figure 4. The field of shape update magnitude on both sides of the blade (m).

Conclusions
In this work, a framework for the FSI optimization of the wind turbine blades was successfully
implemented and tested. The framework was used to optimize the total generated power from
the CX-100 blades. In the future the framework will be extended and improved in order to
include coupled adjoint solution and multidisciplinary multi-objective optimization of wind
turbine blades under design constraints. Furthermore, the value of FSI optimization is more
prominent when used on larger wind turbines. Therefore a logical next step is to carry out design
optimization of a large offshore wind turbine e.g. the DTU 10-MW Reference Wind Turbine.
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Co-simulation in the vehicle development
process
Stefan Steidel1 * and Michael Burger1
Micro Abstract
Modern vehicles are highly complex systems consisting of many subsystems in various physical
domains that dynamically interact. In this context, co-simulation strategies are particularly attractive
as each subsystem is solved via tailored simulation tools with appropriate numerical methods.
Industrial applications induce enormous numerical challenges regarding efficiency, accuracy and stability. We present co-simulation strategies by means of selected application examples in vehicle engineering.
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Introduction
Modern vehicles are highly complex systems consisting of many subsystems in various physical
domains. For instance, in a passenger car, besides the mechanical structure, there are electric,
electronic, hydraulic and control systems that dynamically interact all together. For any
subsystem there are tailored simulation tools with specifically developed and adapted numerical
solvers and modeling techniques to address the required complexity and the strongly differing
dynamical properties (e.g. different time-scales, different eigenfrequencies). In particular, one has
to build and to simulate complex coupled models in order to analyze these multi-domain systems
in the computer. In this context, co-simulation strategies allow to simulate each submodel
within an appropriate numerical framework, the data of coupling quantities is only exchanged at
certain macro time points, while each subsystem solver is able to run with its own stepsizes. In
industrial applications, one is hereby confronted with enormous numerical challenges with respect
to efficiency, accuracy and numerical stability in order to realize acceptable simulation times;
especially in online applications. In this talk, we discuss and present co-simulation strategies as
well as administration, prediction and stabilization methods that can be used to set up and to
simulate a coupled numerical model. We illustrate these approaches by means of two application
examples from the field of vehicle engineering.

1 Coupling scheme
Within the prescribed application scenarios, we apply a parallel scheme for efficient co-simulation
by realizing a force-displacement coupling as illustrated in Figure 1. Subsystem 1 provides
kinematic states qi = qSub1 as input for Subsystem 2 which, vice versa, provides section forces
Fi = FSub2 as input for Subsystem 1. In particular, we obtain the following situation:
ẋSub1 = fSub1 (xSub1 , uSub1 = FSub2 )

(1)

qSub1 = gSub1 (xSub1 )

(2)

ẋSub2 = fSub2 (xSub2 , uSub2 = qSub1 )

(3)

FSub2 = gSub2 (xSub2 )

(4)

with states xSub1 , inputs uSub1 for Subsystem 1 and states xSub2 , inputs uSub2 for Subsystem 2.
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Figure 1. Parallel scheme for efficient co-simulation.

The data exchange takes place at each macro time point ti together with data-based prediction
q pred = πq (qi , qi−1 , . . .) for the kinematic states and F pred = πF (Fi , Fi−1 , . . .) for the section
forces, respectively. In the subsequent macro time step ti → ti+1 both subsystems operate with
the predicted coupling quantities uSub1 (t) = F pred (t) and uSub2 (t) = q pred (t). In the following, we
introduce two typical application examples and describe the respective co-simulation realizations.

2 Tire-vehicle-simulator coupling
In the first application scenario we have a developed a coupled simulation of a tire model and a
vehicle model that is integrated into Fraunhofer’s interactive driving simulator RODOS R . In
this connection, realtime capability is essential in order to achieve the motion feedback together
with the visualization with acceptable latency. The parallel co-simulation scheme allows to
simulate the vehicle model and all four tire models simultaneously, on a separate core each. With
a macro time step size of ∆t = ti+1 − ti = 1 ms, both – the tire models (CDTire/Realtime) and
the vehicle model (SIMPACK) – are realtime capable so that the entire co-simulation scenario is
also realtime capable.

Figure 2. Realization of co-simulation scheme for coupling RODOS R , tire models and vehicle model.

The multibody vehicle model (Subsystem 1 ) receives tire forces Fi = FTIRE as input data, while
vehicle kinematic states qi = qVEHICLE are provided as input for the tire models (Subsystem
2 ). The realization of the coupled simulation at the driving simulator RODOS R is depicted in
Figure 2 where the data exchange between the tire models and the vehicle model is organized by
a tailored co-simulation master algorithm. More details and numerical experiments revealing
that higher order prediction of the exchanged data is necessary to avoid unphysical oscillations
are presented in [2, 4].
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3 Material-machine coupling
In the second application scenario we have developed, in cooperation with Volvo Construction
Equipment AB (Sweden), a co-simulation framework in the construction equipment development
context that serves to simulate and analyze the interaction of construction equipment machines
with material. In particular, the communication interface involves Volvo CE’s multibody machine
models and Fraunhofer’s software package entitled GRAnular Physics Engine (GRAPE) for
modeling and simulating soft soil that is based on the discrete element method [5–7].

Figure 3. Realization of co-simulation scheme for coupling GRAPE to multibody construction equipment.

The multibody construction equipment model (Subsystem 1 ) provides kinematic states qi = qCE
as input for GRAPE (Subsystem 2 ) which provides section forces Fi = FGRAPE as input for the
multibody construction equipment model. The realization of the prescribed coupling concept
requires specific co-simulation interfaces for the multibody construction equipment model and
the GRAPE particles, as well as a co-simulation master algorithm organizing the data exchange
and the prediction strategies. In this connection, MATLAB/Simulink is chosen as the platform
for setting up the co-simulation scenario. One the one hand, we utilize the plant export to
MATLAB provided by MSC.Adams (Adams Plant) and, on the other hand, GRAPE is integrated
as an S-Function into the scheme (DEM S-Function). Additionally, the co-simulation master is
implemented in a MATLAB/Simulink subsystem (Co-Simulation Master ). The communication,
i.e. the exchange of the coupling quantities, with the GRAPE server is realized via a TCP/IP
network protocol so that it is possible to run GRAPE and MATLAB/Simulink together with
MSC.Adams on different host PC’s, as depicted in Figure 3. More details, numerical results and
a verification on the basis of real measurements are presented in [1, 3].
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Abstract:
Multidisciplinary and structural design optimization is the pursuit of the optimal in engineering design. Especially with the advance of computational technology in recent
years, multidisciplinary and structural design optimization has seen great developments,
in both academia and industry. The scope as well as size of problems has increased
drastically, which in turn has complicated both implementation and theory. Problems
have far exceeded the static structural problems of the past to include parameter uncertainty, fluid–structure interaction and nonlinear problems (including even automotive
crash cases).
In this minisymposium, the current state-of-the-research is to be presented in this ever
advancing field in search of the optimum. Contributions are welcome in the following
topics of interest:
• New algorithms for engineering optimization
• Efficient sensitivity analysis methods
• Approximation-based design optimization methods
• Novel topology and shape parametrization
• Postprocessing methods of design optimization results
• Inclusion of manufacturing aspects in design optimization, especially (but not limited to) for additive manufacturing
• Design optimization under uncertainty
• Design optimization of highly nonlinear problems, including crash
• Multibody dynamic applications
• Design optimization with fluid–structure interaction
• Structural-mechanical optimization with automotive and aerospace applications
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Industrial Design Optimization: From Research
to Industry Application
Markus Schatz1 *
Micro Abstract
Time effective product development is crucial to success. To obtain viable compromises in
aerospace applications, several arrangements with different disciplines have to be made. Those
determine the frequency of numerical studies, wherefore time is essential. Starting from a
research perspective, general design optimization will be presented. Thereafter, multiple industrial
examples will be given, where invested effort returns in performance, robustness and fewer arrangements.
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Introduction
With this conference contribution, a bridge from academic research work to actual industrial
application shall be outlined; mutually enrich each other. In industry, time effective product
development is often key to success. Project engineers are frequently working on more than one
single component, where each component involves multiple disciplines. So as to convergence to
feasible compromises in aerospace, several arrangements have to be made with mechanical, design,
thermal and even optic engineers. Those arrangements determine the frequency of numerical
studies; or in other words, span the period for not only the analysis and post-processing, but
also abstraction and model development. For deploying powerful and meaningful optimizations,
time is therefore essential. Or in other words, time being sped on optimization is often rare and
therefore needs be exploited with highest possible effectiveness. This is where academia comes
into play by providing the proper means.

1 Insights gained in academia
Design optimization is of the most use when it is applied as early as possible in the design process.
However, in those early design phases, not only mechanical but also others like economical,
thermal or techinical requirements have to be adressed as depicted in figure 1.

Ecological

Technical

Economical

Disciplines

Mechanical

...

Thermal

Figure 1. Involved Disciplines in Optimization [1]

This multitude brings forth the two prominently faced challenges: multi-disciplinarity and
conflicting goals.
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1.1 Multi-disciplinary
There are multiple occasions, where structural optimization involves the consideration of at least
another discipline. With the following figure such an example is given. The outlined A pillar not
only needed to be as light as possible while being stiff enough and withstanding external loads,
but moreover, also needed to be actually producible via braiding. Braiding is a cost effective
CFRP manufacturing technique.

Figure 2. A Pillar of a Roding roadster [1]

Manufacturing effort has been captured by emulating expert knowledge. This was realized by a
so called rule-based knowledge basis, which could be comprehended as another model covering
manufacturing aspects, i.e. technical discipline (see [3]).
Structure

Braid Experts

Critical
Region

Braid Effort Modell
Effort
Rule System

Knowledge

Figure 3. Capturing Expert Knowledge via rule-based systems

The tricky part then is, to actually incorporate this model into an optimization frame. In order
to so, the optimization engineer not only has to overcome the actual implementation, i.e. calling
of different solvers etc., but also the definition of a proper optimization task; see figure 4. The
latter is difficult because of the combination of different responses with different nature and
because of the necessity of defining an objective. Hence, which response shall serve as objective
or - in case of a combination of multiple responses in the objective function - how to weight
them. This is addressed within the field of multi-criteria optimization.
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Figure 4. Optimization task involving responses from three models

1.2 Multi-criteria optimization
Multi-criteria optimization addresses the handling of multiple objectives. Figure 5 depicts an
example, where a propeller needed to be optimized, such that it sustained all loads (air pressure,
deflecting etc.), had a specific modal performance so as to reduce tendency of flutter and of
curse, being easy to build along with low cost while still being as lightweight as possible.
(1)
(2)
(3)
ϕS , ϕS , ϕS
(1)
t(1) ϕE
(2)
t(2)
ϕE
l(1)
s

t(3)

l(2)

(3)

ϕE

l(3)

Figure 5. Design space of the propeller optimization task

Evidently, this brings forth a lot of conflicting goals. With the grey surface (Pareto Frontier in
figure 6) all optima found for the multi-criteria optimization task of maximizing first Eigenfrequency, minimizing effort and minimizing mass is given. Of course all requirements regarding
stiffness, i.e. maximum tip deflection and strength, sustaining air pressure loading are met for
each and every optima. The red points in that figure illustrate the result of a sophisticated
zero-order algorithm with proper settings and a large number of evaluations (see [4]). This shall
just highlight the difficulty in multi-criteria optimization, thus it is not only the design space
which exponentially levers the complexity but also the criteria space.

Conclusions and outlook
Within this extended abstract, only two challenges were briefly discussed. In industry, there are
more on top of that. This is mainly because, optimization in industry either needs to be applied
such that yields huge advantages at low costs and low model development times or it is simply
marking a necessity; such as topology optimization for 3D printing or inverse solution finding,
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Figure 6. Paretor frontier for the three objectives: mass, Eigenfrequency and manufacturing effort

e.g. mass operator method.
The final presentation will will first outline the challenges mentioned above and how to treat
them appropriately. While doing so, fundamental aspects of optimization such as sensitivities
and Lagrangian data will be linked to shadow prices and robustness. Those latter two will be
picked up in the second part, where industrial application is in focus. It will be shown how those
actually help to squeeze most of out a few optimization runs so as to support engineers in early
design phases of spacecraft structures.
Apart from that, optimization is gaining pace in industry; and this is partly because of 3D
printing. Latest results, as for instance given by [2], will be discussed at the end.
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Regenerating CAD Models with
OpenCASCADE and pythonOCC from
Numerical Models with Application to Shape
Optimization
Altug Emiroglu1 *, Andreas Apostolatos1 , Roland Wüchner1 and Kai-Uwe Bletzinger1
Micro Abstract
Sensitivity filtering methods are unavoidable when numerical shape optimization is considered. A
mortar based sensitivity filtering method which incorporates underlying CAD parametrization of the
numerical models is proposed. The method is combined with a software environment which utilizes the
capabilities of the opensource library OpenCASCADE and pythonOCC module respectively for the regeneration of the CAD models directly from the optimized numerical models as a result of the procedure.
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Introduction
In practice, it is often necessary to bring multi-disciplinary, multi-objective optimization problems
or their combinations to a common ”platform”, in order to advance the design towards the
optimum in a consistent and collaborative manner. The problem at this stage stems from the
possible non-matching discretizations of the numerical models and of the sensitivity fields. It was
initially proposed in [4] that the Mortar operators could be utilized to bridge this gap and that
they exhibit certain sensitivity filtering properties similar to the Vertex-Morphing method [3].
The method was demonstrated on the shape optimization of a fluid-structure interaction problem.
This study concentrates on the possibility of using the underlying CAD models as a basis for
optimization when the link between the discrete analysis models and the smooth CAD geometries
parametrized by trimmed multi-patch NURBS shape functions are constructed via a Mortar
type mapping operator. The discussed type of linking not only enables directly optimizing the
CAD model at hand but it also acts as a sensitivity filtering which is evidently necessary when
free form shape optimization problems with rich design spaces are of interest. The method
belongs to the so called explicit filtering family of methods which do not require embedding the
sensitivity filtering into the sensitivity analysis phase. Thus, it is modular and easy to adopt
in existing optimization workflows. Furthermore, the proposed method makes it possible to
reconstruct the CAD models either as a by-product of the optimization or could be applied as a
final step for the CAD reconstruction of the optimum discrete geometry. Moreover, the proposed
method is combined with the capabilities of the OpenCASCADE Community Edition [6, 7] for
handling commercial CAD file formats such as STEP, IGES as well as newly emerging JSON
type formats. In addition, the pythonOCC project [8] is utilized to enable the preprocessing for
the generation of the mentioned linking between CAD and discrete models.
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1 The Optimization Problem
Consider the following generic optimization problem:
min J (x, u) ,
x

(1)

where J denotes the objective function, whereas x, u refer to the physical surface coordinates, i.e.
the design variables, and the state variables, respectively. Explicit sensitivity filtering methods
such as [3] transfer design variables of the above optimization problem to a shape control field
without impairing the optimality condition. This field is referred as s throughout this paper.
While it is possible to define various variable transformation methods, in this study it is favoured
to employ a Mortar based transformation. Moreover, parametrization of the shape control field
is realised by the NURBS shape functions of the underlying trimmed multi-patch CAD geometry.
Therefore, the shape control parameters sare the physical coordinates of the NURBS control
points.
1.1 Variable Transformation Through Mortar Mapping
For instance, the underlying parametrization of the CAD model could be utilized as a basis
for the variable transformation and as a shape control field. In this study, the NURBS shape
functions of the CAD model are favoured for their wide applicability in CAGD programs as well
as in numerical computational fields such as isogeometric analysis. The Mortar method can be
defined as an additional minimization problem as in [2] to be solved besides the optimization
problem. Thus, the objective function is augmented with the minimization of distance between
the increments of the design and the shape control fields by modifying the optimization problem
as follows;
min J˜ := J + h∆x − ∆s, ∆x − ∆si0,Ωi ,
s

where the employed inner product is the norm of the L2 (Ω) space:
Z
hu, vi0,Ω =
u · v dΩ .

(2)

(3)

Ω

The sensitivity analysis in this context requires the computation of the objective function’s
variation:
0
Z
7
∂J
∂J
(δ∆x − δ∆s) · (∆x − ∆s) dΩ ,
δJ =  δs +
δx + 2
∂x
∂s
Ωi
Z
∂J
δJ =
(δ∆x − δ∆s) · (∆x − ∆s) dΩ .
δx + 2
∂x
Ωi

(4)
(5)

In Equation 5, it is necessary to set the second term to zero, in order to ensure the equality of
the sensitivity derivatives of the original problem and the augmented problem. Discretizing and
setting the second term to zero gives:
Z
(δ∆s · ∆s + δ∆x · ∆x − δ∆s · ∆x − δ∆x · ∆s) dΩ = 0 ,
(6)
Ωi
Z

δ∆ŝT NTs Ns ∆ŝ − δ∆ŝT NTs Nx ∆x̂ dΩ+
ZΩi

δ∆x̂T NTx Nx ∆x̂ − δ∆x̂T NTx Ns ∆ŝ dΩ = 0 ,
(7)
Ωi

where Ns and Nx refer to the shape function matrices that are used for discretizing the shape
control and the design fields respectively. By enforcing the integrals in Equation 7 individually
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to be zero and using the abbreviation C =

R

T
Ω N NdΩ:

δ∆ŝT Css ∆ŝ = δ∆ŝT Csx ∆x̂ ,
∆ŝ =

C−1
ss Csx ∆x̂

,

∆ŝ = Asx ∆x̂ .
T

δ∆x̂ Cxx ∆x̂ = δ∆x̂ Cxs ∆ŝ ,
∆x̂ =

(9)
(10)

T

C−1
xx Cxs ∆ŝ

(8)

,

∆x̂ = Axs ∆ŝ .

(11)
(12)
(13)

Equations 10 and 13 define mapping operators from the discrete design field to the discrete
control field and vice versa, respectively.
Having the additional minimization problem solved, one can transfer the sensitivity derivatives
of the objective function with respect to the design, to the shape control field and back:
∂J
δJ = Axs Asx
δx̂ .
| {z∂x̂}
|

dJ/dŝ

{z

∂J/∂x̂∗

(14)

}

Above operations map the rugged sensitivity field ∂J/∂x̂ onto the shape control field and back
to the design field to form the filtered sensitivity field ∂J/∂x̂∗ . This paves the way for two
possible uses:
1. One can apply the mapping operators individually by firstly mapping the design field
sensitivities onto the shape control field sensitivities and have the possibility to drive the
optimization process directly on the CAD model. Then, the forward mapping operator is
used to regenerate the discrete numerical analysis model. This enables the instantaneous
updates of the CAD model throughout the optimization process.
2. Alternatively, the mapping operators can be used consecutively to retrieve the filtered
sensitivity field and the optimization process can be driven on the discrete numerical
model.
1.2 Patch Coupling Constraints and Geometrical Constraints of the Optimization
Unlike the finite element discretizations where the nodal degrees of freedom could be coupled
strongly, multi-patch NURBS geometries often have non-matching discretizations along their
coupling interfaces. In practice, it is observed that this aspect causes discontinuous control field
deformations and their derivatives -namely the rotations- across the patch interfaces. In order
to overcome this, a quadratic penalty based method is adopted in the following form similar
to [2]. Here only the continuity of the shape control field is considered for brevity. One can refer
to [1, 2] for further details on the rotational coupling. Now the augmented objective function
with Mortar method and the patch coupling constraints reads:
min J˜ := J + h∆x − ∆s, ∆x − ∆si0,Ωi
s

+ αΓij h∆si − ∆sj , ∆si − ∆sj i0,Γij ,

(15)

where Γij refers to the common interface that bounds the domains Ωi and Ωj , whereas ∆si and
∆sj refer to the shape control increments at the domain boundaries along this interface. In
addition, the penalty based formulation can be extended to incorporate the defined geometrical
equality constraints on the parts of the domain regardless of being a portion of a domain
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boundary Γk ⊆ Γi or a portion of a domain Ωk ⊆ Ωi :
min J˜ := J + h∆x − ∆s, ∆x − ∆si0,Ωi
s

+ αΓij h∆si − ∆sj , ∆si − ∆sj i0,Γij
+ αΓk ⊆Γi h∆sk , ∆sk i0,Γk ⊆Γi

+ αΩk ⊆Ωi h∆sk , ∆sk i0,Ωk ⊆Ωi .

(16)

Following the procedure in equations 4-8, one can find the contributions of the coupling conditions
as well as the geometrical constraints to the mapping operators:
h
i
Γ
k ⊆Ωi
δ∆ŝT Css + Cssij + CΓssk ⊆Γi + CΩ
∆ŝ = δ∆ŝT Csx ∆x̂ ,
(17)
ss
|
{z
}
C∗ss

∆ŝ = C∗−1
ss Csx ∆x̂ ,

(18)

A∗sx ∆x̂

(19)

∆ŝ =

.

Γ

k ⊆Ωi collect the contributions related to the patch coupling
In Equation 17 Cssij , CΓssk ⊆Γi and CΩ
ss
conditions and the geometrical constraints of the optimization problem, respectively. By doing
so, the equality constraints of the optimization problem are also embedded into the sensitivity
filtering operator. Finally, the enhanced variable transformation matrix A∗sx is computed. It
is important to note that neither patch coupling conditions nor the equality constraints of the
optimization problem need to be applied on the design field, since they are already considered in
the shape control field. Thus, the shape updates follow the constrained shape control field.

2 OpenCASCADE and pythonOCC
Processing commercial CAGD formats and generating computational models require a robust
CAD Kernel. OpenCASCADE and pythonOCC offer a great opportunity for this purpose. While
OpenCASCADE is a reliable open-source software library, pythonOCC makes the usage, code
handling and visualization straightforward. Thus, the implemented method was made available
to external usage via a software library and combined with the capabilities of these tools. This
combination allows working with commercial formats, preprocessing generic CAD geometries
for optimization tasks e.g. defining constraints, and visualizing the results as well as exporting
optimized CAD models.

3 Results: Optimization and Regeneration of the CAD Models
As a demonstration case, the strain energy minimization of an elbow pipe was considered. The
initial CAD geometry and the computational mesh for the structural as well as the sensitivity
analysis can be seen in Figure 1. The structure is loaded in the global z-direction (vertically
with respect to the figure) at its red marked end as in Figure 1a and simply supported at its
other end. The optimization problem consists of equality constraints that restrict deformations
of the supported and the loaded edges. The mapping operator between the computational mesh
and the CAD geometry was constructed via the Mortar method. The mapping operator was
enhanced with the patch coupling constraints and the equality constraints of the optimization
problem. The control points of the CAD geometry were defined as optimization variables and
the steepest descent algorithm was adopted for the solution of the optimization problem. During
the optimization iterations, it could be observed that the nonsmooth sensitivity fields were
smoothened by the variable transformation through the Mortar Mapping operator. As a result,
the sensitivity filtering was achieved and the premature failure of the optimization iterations
due to infeasible shape updates was avoided. In addition, employed method facilitated the
reconstruction of the CAD geometry as a very beneficial by-product of the optimization.
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(a) CAD geometry

(b) Computational mesh
Figure 1. Initial configuration

(a) CAD geometry

(b) Computational mesh
Figure 2. Optimized configuration

Conclusions
The method to construct a sensitivity filtering operator through Mortar Mapping method is
extended to bring CAD and discrete numerical analysis models together. The method facilitates
generation of CAD models as a by-product of the optimization iterations. Moreover, due to
its explicit nature, it could be utilized to robustly regenerate CAD models making use of the
geometrical changes such as deformations or shape updates of the final discrete numerical models.
The implementation of the method is accomplished through the open-source project EMPIRE [5].
In order to extend the applicability of the method in existing optimization workflows, the
functionalities of the mapping technique are made available as a software library. In order to
enhance the versatility and applicability in industrial optimization problems, OpenCASCADE
and pythonOCC are utilized. This enables flexible and automated definition of the patch coupling
conditions and optimization constraints.
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Variational sensitivity analysis in the scope of
multiscale problems
Wojciech Kijanski1 * and Franz-Joseph Barthold1
Micro Abstract
The combination of methods for shape optimisation with different established approaches for
analysis and simulation of complex heterogeneous materials on multiple scales based on numerical
homogenisation techniques opens a remarkable range of applications introducing design variables,
objective functions and constraints on different scales. To design micro-structures, the essential
steps for sensitivity analysis on multiple scales will be outlined and accentuated by illustrative examples.
1
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Introduction
Environments for numerical homogenisation and FE2 techniques are still a challenging area.
Nevertheless, their major benefit is the ability to analyse complex mechanical problems with
heterogeneous material behaviour on different scales. During the past two decades, several
authors and groups published their long and ongoing work and their experiences on this topic in
several journals and books, see [3, 5–8] just to name a few. Within all presented frameworks, the
choice of representative volume elements (RVE), the choice of appropriate boundary conditions
and the determination of effective or homogenised parameters, i.e. of effective stresses P and
material properties A in Eq. (1), are essential
Z
Z
1
1
∂P
P=
A=
.
(1)
P dΩ =
t ⊗ X dΓ,
V Ω
V Γ
∂F
Incorporation of this powerful methods for analysis of boundary value problems (BVP) on multiple
scales (MSA) within frameworks for structural optimisation (SO) allows to design materials
and microstructures, and to tailor macroscopic applications to their special requirements. Close
attention has to be paid to the integrated design sensitivity analysis (DSA) due to its key role
for accurate and efficient simulations, and also due to its potential for predictions.

1 Numerical homogenisation
The presented work is primarily based on the approach proposed in [3,5], where the authors refer
a finite dimensional minimisation problem with an averaged energy W , cf. Eq. (2)1 , and a discrete
Lagrange functional W C , cf. Eq. (2)2 , for alternative boundary conditions C = (D), (P ), (S), i.e.
linear or periodic displacements or uniform tractions on the boundary of the chosen RVE in
terms of appropriate boundary condition matrices AC and BC
Z


1
W (u) =
W (F ; X ) dΩ, W C (F , X ) = inf sup { W (u)−λC AC u b − BC (F − I ) }. (2)
u λ
V Ω
C
This saddle point problem can be solved using a standard Newton method, where variations
with respect to state variables (u i , u b ) and the Lagrange multiplier λC are necessary. Here,
the indices (i, b) partition several quantities in inner values and values on the boundary of the
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referred domain. The obtained equilibrium state allows the computation of effective stresses P C
and tangent moduli AC in matrix form by
T
P C = ∂F W C = BC
λC ,

T
AC = ∂F2 F W C = ∂F P C = BC

∂λC
T
K BC .
= BC
∂F

(3)

Here, the condensed matrix K in terms of degrees of freedom on the boundary of the RVE is used,
see [5] for details and exact representations. The solution of the overall coupled macro-micro BVP
requires the solution of the macroscopic residual (4) in terms of resulting effective parameters P
and external macroscopic loads F (η)
Z
0
R(u, X, u, X; η) =
P : Fu (η) dΩ − F (η) = 0.
(4)
Ω

In general, the solution of the macroscopic BVP requires variations of the residual R with respect
to the state parameters (u, u) for structural analysis and with respect to design parameters
(X, X) for structural optimisation. Furthermore, the variational relation in Eq. (5) has to be
fulfilled for any arbitrary state or design variation to guarantee equilibrium
0

0

0

0

0

R = Ru + RX + Ru + RX = 0.

(5)

0

This total variation R contains variations of effective stresses P in each partial term and results
in well-known tangent operators, i.e. stiffness tangent operator for structural analysis and pseudo
load tangent operator for structural optimisation. All details on variational sensitivity analysis
on single scales, on variations of kinematical quantities or further quantities from continuum
mechanics, and explicit representations of pseudo loads matrices can be found in [1, 2, 4].

2 Sensitivity of effective stresses
The essential quantity P in the homogenisation scheme and especially its variation with respect
to state and design variables has to be investigated. It is sufficient to consider relations for
sensitivity analysis on single scales, which are presented in [1, 2, 4] in detail. In computations,
the effective stresses P C in Eq. (3)1 depend on the constant boundary conditions matrix BC
and the Lagrange multiplier λC . Therefore, the variation of effective stresses P C follows to
( P C (λC ))0 =



∂P C
T
(λC )0 = BC
(λC )0u + (λC )0X .
∂λC

(6)

In accordance to the concept in [5], the Lagrange multiplier λC corresponds to resulting reaction
forces on the boundary of the considered domain and as a consequence, relation (7)1 holds true.
The total variation of the Lagrange multiplier λC with respect to state and design parameters
results to Eq. (7)2 and requires partial variations of the residual Rb on the boundary
int
λC = Rext
b = Rb ,

0
int 0
int 0
int 0
(λC )0 = (λC )0u + (λC )0X = (Rext
b ) = (R b ) = (R b )u + (R b )X .

(7)

Remark 2.1 The total variation of a quantity f (u, s) with respect to design s is determined by


∂f
∂f
∂f
∂f
0
f =
δu +
δs =
S+
δs
(8)
∂u
∂s
∂u
∂s
with the sensitivity matrix S = −K −1 P being the sensitivity of the state variable δu = S δs.
Equal to the partition of the state, design parameters can be partitioned using indices (I, B).
Using defined subsets (i, b) and (I, B), all necessary quantities and relations can be separated
 






ui
δu i
XI
δX I
u=
, δu =
,X =
, δX =
,
(9)
ub
δu b
XB
δX B
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and a partitioned representation of the physical residual (cf. Eq. (10)1 ) and of its variation or
linearised form (cf. Eq. (10)2 ) can be stated
"
#
" # "
#
Ri (u i , u b , X I , X B ; η)
R0i
(Ri )0u + (Ri )0X
0
R(u, X ; η) =
,
R =
=
.
(10)
Rb (u i , u b , X I , X B ; η)
R0b
(Rb )0u + (Rb )0X
Here, the partial variations of the partitioned residual Ri , Rb with respect to the partitioned
state (u i , u b ) and the partitioned design (X I , X B ) are provided by the sub-matrices in Eq. (11).
"
# 
"
# 




0
0
(R
)
(R
)
K
K
δu
P iI P iB
δX I
i
i
u
ii
i
X
ib
0
0
Ru =
=
,
RX =
=
. (11)
K bi K bb δu b
P bI P bB δX B
(Rb )0u
(Rb )0X
Application of Remark 2.1 to Eq. (7)2 and referring the partitioned variations of the residual in
Eq. (11), the partial variations of the residual on the boundary can be identified by
0
(Rint
b )u =

∂Rint
b
δu = K bi δu i = K bi S i δX ,
∂u

0
(Rint
b )X =

∂Rint
b
δX = P b δX .
∂X

(12)

Finally, the explicit total variation of the Lagrange multiplier from Eq. (7)2 can be expressed by
0
int 0
(λC )0 = (Rext
b ) = (R b ) = [K bi S i + P b ] δX ,

(13)

and is used for computations of required sensitivity information of effective stresses from Eq. (6).

3 Numerical investigations
In the context of multiscale optimisation problems, the sensitivity of reaction forces couples
referred scales, i.e. it represents the sensitivity relation of the homogenisation condition. The
advantage of presented relations in Eq. (12) and Eq. (13) is, that they hold true for optimisation
problems on single scales in a similar manner, so that they can be used as constraints in usual
optimisation problems on single scales. The purpose of the following example is to motivate
the application of the sensitivity information of reaction forces from Eq. (13) and to discuss its
influence on resulting effective stresses within the sensitivity analysis of multiscale optimisation

T
problems. Therefore, the deformation mode F = 1.2 1.1 0.1 0.05 is utilised to evaluate
the microstructure in Fig. 1 for periodic boundary conditions, i.e. C = (P ), with arbitrarily
chosen design variables (a, b)ini = (0.75, 0.25) for the diameters. The target is to minimise the
volume J = V of the RVE and to control physical reaction forces g = F R ≤ F max
on the
R
l
u
boundary. Moreover, defined side constraints s = 0.1 ≤ s ≤ 0.8 = s have to be fulfilled.
The mathematical optimisation algorithm (SQP) used 28 iterations to obtain a minimum value
for the objective (reduction by approximately 27%). In parallel, the incorporation of reaction
forces as constraints gives the advantage to reduce them by approximately 25% compared to the
initial design and has a direct influence on the reduction of effective stresses, cf. Eq. (14)

T

T
ini
opt
P P = 26.14 10.32 5.59 5.36 ,
P P = 15.62 6.80 2.56 2.43 .
(14)

When it comes to local stresses in the chosen RVE as quantities of interest, Fig. 1 proves, that
in this example the maximum amplitude of local Von-Mises stresses can be reduced too, i.e.
ini = 960.85 and σ opt = 509.55. The final design parameters result to (a, b)opt = (0.80, 0.60).
σmax
max
All discussed results, i.e. for the objective, the constraint and the local stress distribution
for initial and optimised design, are shown in Fig. 1. The incorporation of the sensitivity
information for reaction forces is necessary to be able to control the homogenised and effective
parameters on the macroscale. This statement holds true for any other choice of microscopic
material representation or RVE. In this example, the possible number of design variables is small.
Nevertheless, when it comes to multiscale optimisation problems, the amount of possible design
parameters might become enormous due to arbitrary design parameters on the macroscale and
several combinations of design parameters for the design of microstructures.
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(a, b)ini

(a, b)opt

Figure 1. Left: Optimisation results (objective J and constraint g ) over iterations. Middle: Initial (top) and
optimised (bottom) design. Right: Von-Mises stress distribution for initial (top) and optimal (bottom) design.

Conclusions
Formulations of multiscale methods, based on homogenisation in terms of quantities on the
boundary of referred domains, can be enhanced by presented elements from variational sensitivity
analysis. This extension is predestinated for predictions about the behaviour on different scales,
and especially for improvements and design of underlying micro-materials and structures.
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Kriging-guided Level Set Method for Crash
Topology Optimization
Elena Raponi1 *, Mariusz Bujny2 , Markus Olhofer3 , Nikola Aulig3 , Simonetta Boria1 and
Fabian Duddeck2
Micro Abstract
Crashworthiness optimization problems are characterized by strong nonlinearities and discontinuities. Hence, gradient-based methods cannot be used and alternative approaches have
to be considered. Here, a novel, kriging-based method for level set topology optimization is
proposed and validated on a crash test case. Compared to CMA-ES, this method demonstrates
to be efficient in terms of convergence speed and promising in the context of crash topology optimization.
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Introduction
Structural Topology Optimization (TO) [5] was first introduced by Bendsøe and Kikuchi [4].
It is a well-developed discipline which aims to determine constructive solutions for component
structures through changing material distribution in a given design space so as to obtain an
optimal performance of the concept design. Since crashworthiness optimization problems are
characterized by high nonlinearities, noisiness and discontinuities of the objective functions to
be optimized, heuristics are frequently introduced in TO strategies, which are often not accepted
by the engineering community. As such, alternative approaches to the most known TO methods
(Equivalent Static Loads methods [12, 22, 28], Ground Structure Approaches [17, 29], Bubble and
Graph/Heuristic-based approaches [13,14,26], Hybrid Cellular Automata techniques [25,30]) have
to be found. Recently, a novel approach for optimization of crash problems, the Evolutionary
Level Set Method (EA-LSM) for crash Topology Optimization, was proposed [7–9]. This
approach uses Evolutionary Algorithms (EAs) [3] to handle the update process when no reliable
gradient information can be used. However, Evolution Strategies require thousands of calls to
the high-fidelity analysis codes to locate a near optimal solution. Therefore, they are substituted
in this work by an optimization strategy introducing Surrogate Modeling techniques [16]. They
replace the direct optimization of the computationally expensive model by an iterative process
that consists of the creation, optimization and updating of a surrogate model that, being orders of
magnitude cheaper to run, can be used to obtain many more evaluations during the optimization
process. The key component of any surrogate-based optimization algorithm is the approximation
model, which can be chosen among a multitude of alternatives: Polynomial Regression [11, 16],
Radial Basis Function [6, 16], Kriging [2, 16, 23], Support Vector Regression [18, 34], Artificial
Neural Networks [24, 35] and others. The results of this research were obtained by using a
Kriging-guided Level Set Topology Optimization Method (KG-LSM) [32], which couples the
Level Set Method with a Kriging-surrogate approximation model. The choice of the Kriging
surrogate is motivated by several reasons. Firstly, the high accuracy of the model was confirmed
by carrying out some testing on the different surrogates. In addition, relevant flexibility is given
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by the parameters’ estimation at each iteration of the approximating algorithm. Finally, the
model is able to furnish an estimate of the potential error in the approximation, useful in a
crucial phase of the optimization procedure, described later. The state-of-the-art Covariance
Matrix Adaptation Evolution Strategy (CMA-ES) [20] is taken as a reference to compare the
convergence properties and the optimized designs resulting from the proposed approach.
The paper has the following structure. Section 1 describes the adopted optimization strategy,
characterized by an implicit parametrization with geometric level set functions and a Krigingguided updating process. Moreover, the considered optimization problem and the techniques
to handle constraints are presented. In Section 2, the experimental test case and the obtained
results are discussed. Final conclusions are drawn at the end.

1 Optimization strategy
1.1 Level Set Method Parametrization
The great majority of structural TO methods belong to the group of density-based approaches
[1]. An alternative to these strategies is given by the Level Set Method. In the level set
framework [27], the material distribution is given by a boundary defined by a level set (isocontour ) of an embedding scalar function: the Level Set Function (LSF). During the optimization
problem, the structural boundaries move due to the changes in the embedding function. As a
result, interior and exterior boundaries may merge with each other, new holes may be created
or preexisting ones deleted. All the TO approaches share three base key concepts: the LSF
parametrization, the mechanical model and the optimization strategy.
The LSF parametrization used in this work is inspired by the definitions by Guo et al. [19]
and Bujny et al. [7]. The global LSF is defined in order to assume positive values inside the
domain areas occupied by material Ω, negative values outside (D\Ω) and to be equal to 0 on
the boundary ∂Ω. It is composed by local basis functions, representing many elementary beam
components free to move and overlap on the design domain:

φi (x) = −

h


cos θi (x−x0 i )+sin θi (y−y0 i ) m
li /2

+




− sin θi (x−x0 i )+cos θi (y−y0 i ) m
ti /2

i
−1 ,

(1)

where x = (x, y)T is a point of the bidimensional domain D = R2 and (x0 , y0 ) denotes the
position of the centre of the component with length l, thickness t, and rotation angle θ, as shown
in Fig. 1(a). m is a relatively large even integer number, usually taken equal to 6 [7, 19]. The

(a)

(b)

(c)

Figure 1. Structural components details [7]: (a) component parametrization, (b) corresponding local
level set function, where negative values are set to zero, (c) combination of local level set functions.

LSF is then mapped to the finite element mesh through a density-based geometry mapping [7,32]
and an optimization strategy by means of Kriging-guided mathematical programming is carried
out, whose basics are presented in the following section.
1.2 Kriging Optimization Algorithm
The update procedure proposed in this work is the Efficient Global Optimization (EGO)
algorithm [2,21]. The algorithm starts with a Design of Experiments (DoE) [10], which allows for
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sampling the high-fidelity function uniformly within the considered domain, and then constructs
a model to approximate the expensive function. Based on the latter, new points (infill points)
are chosen and added one at each iteration to the initial DoE samples, in order to improve
the quality of the approximation. In this research, a Kriging surrogate model starting from an
Optimal Latin Hypercube Sampling (OHLS) [15] was used and updated iteratively with the use
of Differential Evolution (DE) [33] by maximizing proposed variants of the standard Expected
Improvement (EI) infill criterion [16].
The DoE training data are seen as results of a stochastic process and denoted by using a set
of random vectors Y(x) = [Y (x(1) ), ..., Y (x(n) )]T , with mean 1µ, where 1 is an n x 1 column
vector of ones. Moreover, the correlation between each couple of random variables is described
using a squared-exponential basis function expression:
ψ(x(i) , x(l) ) ≡ cor[Y (x(i) ), Y (x(l) )] = e−

Pk

(i)
(l) 2
j=1 θj |xj −xj |

,

(2)

where the θ vector allows the width of the basis function to differ from variable to variable and
can be estimated by using the likelihood of the predicted data y, defined as:
L(Y

(1)

, ..., Y

(n)

1
|µ, σ) =
e−
n/2
2
(2πσ )

P

(Y (i) −µ)2
2σ 2

.

(3)

After appropriate substitutions and simplifications, the natural logarithm of Eq. (3) is considered.
By deriving and setting the derivative to zero, the maximum likelihood estimates (MLEs) for
the mean µ and variance σ 2 are obtained and used to predict the model response ŷ at a new
location x and the committed error in the prediction ŝ2 [16, 32]:


1 − 1T Ψ−1 ψ
T −1
2
2
T −1
ŷ(x) = µ̂ + ψ Ψ (y − 1µ̂),
ŝ (x) = σ̂ 1 − ψ Ψ ψ +
,
(4)
1Ψ−1 1
where Ψ is the correlation matrix between the random variables.
The estimation of the uncertainty on the interpolated function value is essential to define
the EI updating criterion:




(
−ŷ(x)
−ŷ(x)
(ymin − ŷ(x))Φ yminŝ(x)
+ ŝ(x)φ yminŝ(x)
if ŝ(x) > 0
E[I(x)] =
(5)
0
if ŝ(x) = 0
where Φ and φ are the Gaussian cumulative distribution function and probability density function
respectively. One major advantage of Eq. (5) is that it allows to locate new points in both
promising areas, close to the best values observed so far, and the less explored ones, characterized
by a low sampling density.
1.3 Optimization Problem and Constraint Handling
In this work, an optimization problem of the following form is dealt with:
min fobj (x),
x

s.t.

(6)

r(t) = 0,
gi (x) ≤ 0,

i = 1, ..., m,

x ∈ Rn ,

where fobj is the objective function to be minimized, r(t) = 0 is the condition which expresses
the dynamic equilibrium at time t and gi , i = 1, ..., m, are the inequality constraints. The vector
x of the design variables collects all the parameters defining the LSM basis functions. In this
work, the objective function fobj is the intrusion of an impacting pole in a transverse bending
crash scenario, where the structure is subjected to a connectivity and a volume constraint. The
first aims to ensure that the designs obtained during the optimization process make physical
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sense, while the second is necessary to meet the industrial requirements of limited mass for each
designed component. Different techniques to handle the constraints were developed.
The Expected Improvement for Connected Designs (EICD) is a proposed variant of the
standard EI that ensures the connectivity of the promising candidates in the infill procedure.
When disconnected designs are met during the maximization of EI by DE, a penalty which is
proportional to the level of infeasibility is computed:
P = γ(PS1 + PS2 + PC ),

(7)

where PS1 and PS2 are the minimum distances between the structure and the left-hand side and
right-hand side supports respectively. In case the design is split in disconnected parts, PC is the
minimum distance between those sub-structures and γ is a suitable penalty factor. A graphical
representation of the penalty distances is given in Fig. 2.

Figure 2. Example of violation of the connectivity constraint. The red solid lines represent the
extra-distances between the structure and the supports, which are equivalent due to the symmetry
condition. The red dashed line indicates the minimum distance between different connected components.

The penalty P is used to modify Eq. (5) as follows:
(
E[I(x)] if x is connected,
E[I(x)] =
−P (x) if x is disconnected.

(8)

As a result, the disconnected designs are automatically discarded in the maximization of Eq. (8).
The Constrained Expected Improvement (CEI) [16] is used to drive the infill search towards
designs which do not exceed the admitted volume limit (set to the 50% of the entire area of the
design domain). It maximizes the product between EI and the Probability of Feasibility (PF),
i.e. the probability that the volume constraint is satisfied:
xinf ill = argmax E[I(x)]P [F (x)].
x

(9)

An alternative to the CEI is the exterior penalty method [31], whose ability to guarantee the
volume requirements is tested in this work for both the proposed Kriging-guided optimization
algorithm and the CMA-ES.

2 Test case and results
The considered dynamic test is performed on a standard transverse bending case, where a
cylindrical pole impacts in the middle of a structure defined on a rectangular design domain,
fixed at both ends (Fig. 3(a)). The optimization goal is to minimize the intrusion of the pole
into the structure. The level set function is mapped on the reference LS-Dyna mesh, shown in
Fig 3(b). It is composed of 1600 eight-node solid elements, which are assigned a piecewise linear
plasticity material. The test settings are shown in Table 1.
This work presents a 6-beams 15-variables problem to evaluate the KG-LSM performance in
a constrained dynamic environment. Despite the low number of parameters, reasonably good
structures can be obtained thanks to the used parametrization. Indeed, a reference configuration
of 6 beams arranged within the design domain according to Fig. 4 is considered. A symmetry
of the design with respect to the domain vertical symmetry axis is assumed and all the beams’
parameters are allowed to change during the optimization process. Starting from a 200-samples
DoE, the following strategies have been compared (Fig. 5):
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(a)

(b)

Figure 3. Transverse Bending test case: (a) problem definition and (b) LS-Dyna FEM mesh.
Property
Beam material density
Young’s modulus
Poisson’s ratio
Yield stress
Tangent modulus
Pole velocity
Pole mass
Pole diameter

Symbol
ρ
E
ν
Re
Etan
v
m
D

Value
2.7 · 103
7.0 · 104
0.33
241.0
70.0
20
11.815
139.154

Unit
kg/m3
MPa
MPa
MPa
m/s
kg
mm

Table 1. Configuration of the considered transverse bending test case.

Figure 4. Reference 6-beams configuration for the dynamic transverse bending test case.

• CMA-ES: Covariance Matrix Adaptation Evolution Strategy initialized with the 6-beams
reference structure in Fig. 4 and volume constrain handled by the exterior penalty method;
• DoE-CMA-ES: Covariance Matrix Adaptation Evolution Strategy initialized with the best
design resulting from the DoE phase and volume constrain handled by the exterior penalty
method;
• KG-LSM-DoEsel-EICD-CEI: Kriging-guided optimization method with initial DoE selection by removing the infeasible points and the EICD coupled with CEI infill criterion to
handle both the connectivity and the volume constraint during the infill procedure;
• KG-LSM-DoEvar-EICD-volpenalty: Kriging-guided optimization method with initial DoE
selection by removing the infeasible points and the EICD coupled with an exterior penalty
method to handle both the connectivity and the volume constraint during the infill
procedure.
For both CMA-ES and DoE-CMA-ES, a population size of 6 parent and 12 offspring individuals
is considered. In the third tested configuration, the coupling between EICD and CEI is obtained
by applying the connectivity check described in Section 1.3 in the maximization of the EI·PF.
In Figure 5(a), the superiority of the Kriging-guided methods is evident throughout the
optimization process. Not only the convergence is faster at the beginning, but also CMAES strategies are not able to reach the average performance of KG-LSM methods within the
considered range of evaluations. It is worth noting that both the KG-LSM methods outperform
DoE-CMA-ES, which is initialized by choosing the first population of parent individuals as the
386

MS12

Multidisciplinary and Structural Design Optimization

Convergence averaged over 30 runs
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Figure 5. Comparison of the optimizations’ average convergence over 30 runs of the proposed KG-LSM
methods and CMA-ES for the 15-variables transverse bending test case (a) box plot after 300 evaluations
(b). The initial flat trends in (a) are obtained by replicating the best DoE fitness value for the number of
performed evaluations in the DoE phase.

best DoE sample, available from the surrogate-based procedure. Therefore, the good convergence
properties of the proposed optimization approach do not exclusively depend on the initial
DoE procedure. The intrinsic nature of the EICD infill criterion, balancing exploitation and
exploration, leads to a more efficient search than the DoE-CMA-ES one, which shows a more
exploitive behavior and converges frequently to local optima.
The boxplot in Figure 5(b) confirms the lower optimum values of the Kriging-guided
strategies. After 300 evaluations, the statistics among 30 runs illustrate a quite uniform behavior
of the KG-LSM methods, KG-LSM-DoEsel-EICD-volpenalty in particular. In fact, they show a
smaller variance value with respect to the two considered Evolution Strategies.
When it comes to the obtained topologies, even more interesting results can be observed. Fig.
6 shows the best designs obtained by the DoE-CMA-ES and the Kriging-guided optimization
strategies, compared to the best and the second best optimum available from a research by Bujny
et al. [9], where the same test case is studied. It has to be noted that the designs resulting from

(a)

(b)

(d)

(c)

(e)

Figure 6. Best designs for the intrusion minimization problem obtained with (a) DoE-CMA-ES, (b)
KG-LSM-DoEsel-EICD-CEI and (c) KG-LSM-DoEsel-EICD-volpenalty compared to the best (d) and
second best (e) optimal layouts available in the literature [9] for the same test case.

the KG-LSM strategies (Fig. 6(b)-6(c)) are not only qualitatively superior to the best layout
from DoE-CMA-ES, shown in Fig. 6(a), but also fully consistent with the ones available in the
literature [9] (Fig. 6(d)-6(e)). In particular, the KG-LSM-DoEsel-EICD-CEI is able to find the
local optimum shown in Fig. 6(e) with a much lower computational effort than needed to reach
the optimum by using Evolution Strategies. Therefore, very good results were obtained from
both the convergence and the final designs point of view. This represents a significant evidence of
the proposed method’s capabilities in providing useful indications for the practical construction
of structural components and a sufficient reason to go for further investigations.
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Conclusions
In this work, a novel KG-LSM was presented and used for identification of optimal topologies
of beam structures in a transverse bending test problem. Different techniques to handle two types
of constraints - connectivity and volume - were applied. The convergence behavior and the final
material distributions were presented to analyze the performance of the proposed Kriging-guided
Topology Optimization strategy in a crashworthiness context, where the applicability of the
standard crashworthiness optimization methods is limited due to the strong nonlinearities and
discontinuities characterizing the problem.
Every KG-LSM strategy was compared with the state-of-the-art CMA-ES in a pole intrusion
minimization problem. A DoE-CMA-ES strategy was also used for comparison purposes, due to
the high influence the DoE procedure has on the optimization process itself. Fast convergence
capabilities and a good performance of the obtained designs were found, confirming the method
to be promising in the context of crash topology optimization. In fact, since many expensive
optimization problems, such as crashworthiness ones, are limited by the available number of
iterations, a fast convergence at the initial stages of the optimization process is often desired.
The high-quality beam topologies are an ulterior evidence of the KG-LSM ability to identify
optimal concept designs in early stages of the product development process. Moreover, since no
sensitivity information is needed to carry out the optimization process, the proposed method
offers great flexibility in many applications. The promising results motivate future analyzes on
higher-dimensional crash problems and alternative objective functions.
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Advanced Optimization Methods for CFRP
Components in the Motorcycle Industry
Martin Perterer1 *, Michael Tischer1 and Mark Hölzl1
Micro Abstract
Carbon fiber reinforced plastics (CFRP) are increasingly used in the motorcycle industry due to their
good weight specific mechanical properties. Complex geometries, mechanical requirements as well as
cost issues and manufacturing influences are the main design challenges here. Therefore, advanced
optimization techniques have been developed for CFRP components in order to find an optimum
between costs, weight and manufacturing robustness. This approach is shown using selected case studies.
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Introduction
Weight is a key element for achieving good handling and driving behavior of a motorcycle.
Although there are already a couple of electronic assistance systems available for two wheelers,
it still requires active movements of the driver as well as weight shifting to ride a motorcycle.
Furthermore, the increasing number of comfort features such as grip and seat heating, navigation
and communication elements or multimedia systems present on motorcycles nowadays, add even
more weight to it, making it even harder for the driver to handle. Therefore, it is important
to reduce the weight of the structural components dramatically in order to keep the weight
constant with regards to the predecessor or even to reduce it.
Carbon fiber reinforce plastics play an important role here due to their good weight specific
properties [5]. Regardless of this advantage in comparison with metallic structures, there is
a high number of challenges to face in order to guarantee not only a light, but also a robust
design. A part from the material properties of the fiber and matrix themselves and the wrought
material [1], there are further parameters to take into account in the development of lightweight
structures, such as laminate lay-up, stacking sequence, fiber orientation, fabrication process and
parameters, draping strategies and many more. These parameters show in most cases a nonlinear
behavior, are highly connected and interfere with each other, requiring appropriate optimization
techniques to handle them. In addition to this technical consideration, these optimization
methods also have to address parameters such as costs and manufacturability. Within this work,
the approach of KTM Technologies is shown using two representative case studies.

1 Optimization method
Similar to the automotive industry, a large number of load cases have to be addressed in the
motorcycle development. Therefore, in order to get a first idea of the load paths, a topology
optimization is done, which is exemplarily shown in Figure 1 left.
Based on this information a transformation is done towards a surface dominated carbon reinforced
design taking into account the boundary conditions of the desired fabrication process. Thereafter,
a definition of appropriate fiber directions is done representing not only technical considerations,
but also cost and manufacturing parameters. As a next step a thickness optimization of
the defined accumulated layers with different fiber directions is done. A shuffle optimization
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Figure 1. Motorcycle rear frame: Results of a topology optimization (left) and robust composite designs
(right) [4]

represents the next step in the development of a lightweight and cost efficient layup, taking into
account available wrought materials, their draping behavior, appropriate layer overlaps, fiber
patches as well as their costs.
Additionally, manufacturing costs are respected using an empirically developed function, where
main parameters are the part geometry/complexity, wrought materials, fiber patches and lay-up.
Finally, a sensitivity study is performed in order to prove, whether the present design is robust
to variations in material properties and of the manufacturing process. If the design is not robust
enough a parameter variation is performed and the previously explained steps are performed
again until the design is robust. Figure 1 right shows exemplarily the results for two different
materials and manufacturing processes for a motorcycle rear frame.

2 Case Study KTM 450 Rallye Tower
Especially in off-road racing, lightweight and robust structures are essential. The first case study
illustrates one part of the above described optimization strategy, the robust design optimization
with scattering material and manufacturing parameters using degradation fields [2]. Figure 2
top left shows the front structure of the current KTM Rally 450 motorcycle together with all
functional components and fittings.
The structural components are made of fiber reinforced plastics. The roadbook base carrier is
the main load carrying element and is used to attach the IriTrack, a GPS emergency transmitter,
as well as the roadbook and the light carrier. Due to the high geometric complexity of this
structure and the manually dominated prepreg autoclave process [1] the local fiber orientation
may differ within certain boundaries from the theoretical fiber orientation. Due to the fact that
this is not a one-dimensional scatter problem, a new degradation field approach was developed
by Kellermeyer M., Perterer M. and Wartzack S. [2]. A part from the fiber orientation, the layer
thickness, material properties and failure detection probabilities are taken into account. Figure
2 top right shows three exemplary artificial created degradation fields that are used to develop
and validate the approach.
Figure 2 buttom shows exemplary results of the robustness analyses for a specific failure point.
Three main influence factors out of a high number of design parameters are identified. The
correlated scatter shapes are shown on the right side. Those scatter shapes indicate the areas of
the structure where these specific parameters are of high relevance. With other words, this new
approach not only helps to identify the critical design parameters but also helps to understand
the behavior of them for the whole structure.
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Figure 2. Front structure of the KTM Rally 450 motorcycle: assembly and exploded view with all functional
components and fittings (top left), exemplary artificially created degradation fields (top right), Scatter
influences on a specific failure point - distribution curve of the failure criterion, influence on the most
important input scatterings, translation of the most important amplitudes into degradation regions
(bottom) [2]

3 Case Study Fiber Reinforced Motorcycle Rearframe
Due to the high costs of fiber reinforced structures using endless fibers compared to metals, there
is only a small range of parts where this material can be used in series production. Therefore,
other carbon fiber wrought materials and processes such as fiber reinforced injection molding
and C-SMC (Carbon Sheet Molding Compound) are investigated here [3].
Although, these materials have lower weight specific properties compared to endless fibers,
they offer a significant weight saving potential with comparable or only slightly increased costs
compared to metallic structures. The above described optimization method is also applicable for
these kind of structures where the parts dedicated to the definition of the layers, their orientation
and shuffling are replaced by an optimization of the fiber orientation, which is connected to the
fabrication process, either injection molding or C-SMC.
Figure 3 shows the development process of a motorcycle rearframe using fiber reinforced injection
molding material. Figure 3a) shows the results of the topology optimization, figure 3b) the
final 3D geometry of the structure which is divided in three parts due to manufacturing and
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Figure 3. Development process of a short-fiber reinforced motorcycle rearframe [3]

assembly issues. Figure 3 c) shows a static simulation result during the process of evaluating the
robustness of the structure itself. Figure 3 d) shows the first prototype.

Conclusions
Fiber reinforced materials have become an important lightweight material in nearly all industrial
areas, although their potential is in most cases not used completely due to engineering and
manufacturing challenges. The fast progress in computing performance and optimization
techniques are a key contribution to increase the understanding of fiber reinforced structures by
using these methods also for serial development. In this contribution, the approach of KTM
Technologies to develop light and cost efficient motorcycle structures was explained and shown
using two case studies. Mechanical properties, costs, manufacturing issues and robustness, which
are main drivers during the development of structural components, were addressed together in
a combined way. The optimization methods here are continuously further developed as new
materials and processes for fiber reinforced plastics are coming up.
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[5] H. Schürmann. Konstruieren mit Faser-Kunststoff-Verbunden. Springer Verlag, 2007.
394

MS12

Multidisciplinary and Structural Design Optimization
Proceedings of the 7th GACM Colloquium on Computational Mechanics
for Young Scientists from Academia and Industry
October 11-13, 2017 in Stuttgart, Germany

Optimization of topology and shape, combining
phase field modelling and discrete stochastic
algorithms
Alexander Keller1 *, Ingo Münch1 and Werner Wagner1
Micro Abstract
For the design of frame structures in civil engineering we are interested in an approach to combine
topology and shape optimization. We use a phase field model to generate topology as design concept
first. However, it is not possible to estimate the overall fitness of obtained topologies concerning more
complex criteria required in civil engineering. Therefore, as a second step, shape optimization with
metaheuristic methods considering the normative constraints is performed.
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Introduction
As the slogan ’form follows function’ states, the design of a load bearing structure should be
based on its purpose, which is to balance loadings. An optimized design is ruled by an efficient
flow of forces and complies with all necessary standards. However, most real-world problems
of optimization cannot be solved analytically. Thus, numerical methods are of great practical
importance. The first step in designing a structure is to define a topology. Since the flow of
forces can be found within elasticity theory, it is not essential to account for fracture or plasticity
first. However, stress limitations should be considered in a second step, when the topology is
found and simplified, if desired. With this, the shape of this topology is optimized with another
objective function, where normative side conditions are taken into account.

1 Principle of the two step optimization
In our opinion, the most neutral conceptual design for load bearing structures is a homogeneously
filled region B of material. Then, on the basis of phase field modeling (PFM), we reduce the
filling degree of material by evolution of phases. In the second step, the final topology of the
PFM is used to set up a simplified model with single nodes and beams. The subsequent shape
optimization considers normative constraints like yield stress to determine the discrete values
of optimization parameters, e.g. the cross section of each member. Since the optimization of
framework structures with a fixed set of optimization parameters belongs to the combinatorial
problems, metaheuristic optimization methods as the Evolutionary Algorithm (EA) are used.
1.1 Topology optimization with the phase field model
Many numerical methods for topology optimization have been developed, see e.g., [3, 7], since
Bendsøe and Kikuchi [1, 2] proposed the material distribution concept instead of discrete values
for voids and material. Our approach additionally assumes that local failure is predictable by
the equivalent stress σV from the von Mises stress criterion. Nevertheless, we avoid to consider
a certain stress limit σV ≤ fy as suggested in [4, 5]. Our algorithm homogenizes σV in the
evolving structure by seeking the minimum of an energy function. The evolution is ruled by an
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Allen-Cahn equation concerning ϕ, which is the phase field parameter coupling to the density
ρϕ and stiffness Cϕ of the material:
f (ϕ) =

eαϕ
,
eαϕ + 1

ρϕ = fϕ ρ0 ,

Cϕ = f (ϕ) C0 .

(1)

Here ρ0 and C0 is the density and the elasticity matrix of the employed material. The model
evolves voids since the favorable states for ϕ are given by a well potential with minimal energy at
ϕ = −1 and ϕ = 1. Regions with Cϕ → 0 are denominated voids, whereas regions with Cϕ → C0
are filled with material. The complexity of the evolving structure is controlled by two main
parameters: the thickness of the diffuse interface zone between voids/material and the amount
of external work on γϕ during the process. It is comparable to external work for the injection
or extraction of material. Since γ(σV ) drives the evolution process, it can be interpreted as
”pressure” to adjust the material density in B. We assume the total energy of the design domain
B given by inner energy Ψ(ε, ϕ, Grad[ϕ]), and external work, reading
Z
Z
Z
Π(u, ϕ, Grad[ϕ]) = Ψ(ε(u), ϕ, Grad[ϕ]) dV − (ρϕ b · u + γ ϕ) dV −
(t · u + y ϕ) dA.
B

B

∂B

(2)

With b we denote external net forces, such that ρϕ b is a body force, e.g., to account for the
weight of material.
1.2 Shape Optimization with an Evolutionary Algorithm
This optimization method uses agents to scan the search area for feasible solutions and divides
the shape optimization process into single steps called generations. The algorithm usually
succeeds in finding acceptable solutions even for complex fitness landscapes and increased
number of optimization parameters. The process starts from a population of randomly generated
individuals, in which discrete values of the optimization parameters represent the genome of
individuals. The fitness of individuals of each generation is evaluated. The objective function
rating individuals is easy to extend and can account for arbitrary constraints.
Individuals with high fitness have increased probability to become the basis for new individuals
of the next generation. The reproduction mechanisms of the EA are inspired by the mechanisms
of evolution: cloning, mutation, recombination, and selection. Mutation is used to avoid
convergence into local minima. Cloning preserves individuals with already good fitness. By
recombining the genome of different individuals and filtering the resulting individuals with bad
fitness per generation in the selection process, convergence to a solution is guaranteed. In our
EA three parameter control the convergence rate of the algorithm: the number of individuals per
generation, the reproduction rate and the ratio of mutation to recombination. These parameters
influence computational time and quality of the optimization process.
We found that the simultaneous optimization of nodal coordinates and cross sections profits
by calculation with a low number of individuals but a high reproduction ratio of 1 : 20 per
generation. An adaptive mutation to recombination rate helps to scan the search area widely at
the beginning of the optimization. However, it reduces its spread in the final stage, when good
individuals have already been found.

2 Example with systematic investigation of topologies
In [6] we have discussed a single-span beam to explain the proposed workflow. Here we consider
the two-span continuous beam of Fig. 1a, which is statically indetermined. The optimization of
such systems is more challenging: reaction forces conduct the shape optimization, which itself
yields the stiffness of members. However, the stiffness of members conduct the reaction forces in
the system. Thus, the overall process is recursive.
Our computational model in Fig. 1b notes symmetry. As design space B we choose a rectangular
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a)

c)

b)
F

x

H
L

3
16 FL
5
32 FL

F

F

3L/11

L/2

L/2

L

Figure 1. a) Full system with loading F = 36.5 kN . b) Symmetric system and design space B. c) Bending
moment in case of EI = const.

with dimensions L = 600 cm and H = 100 cm.
First, we consider the most simple topology, which is the single beam with EI = const.
The associated bending moment is shown in Fig. 1c. Dimensioning with construction steel
(t = 1 cm, fy = 24 kN/cm2 ) yields 19224 cm3 of material to balance the load. Despite its
simplicity, it still provides knowledge about the load carrying characteristics of solutions with
more members. The bending moment changes its sign at x0 = 436.36 cm and subsequently the
required height of the cross section at this point reduces mathematically to zero. In other words,
it is obvious that a hinge at x0 not alter the bending moment in Fig. 1c. By introducing such a
hinge, the system becomes statically determined such that the stiffness of the beam is without
effect on the bending moment.

a) 19224 cm³

e) 2088 cm³

32.04

1.5

1.8

2.1

1.4

b) 12004 cm³

1.8

f) 2088 cm³

0

h=f(M)
1.5

1.8 2.1
1.8

1.4

g) 1986 cm³

c) 2898 cm³
2.4

2.4

1.8

1.7

h) 2001 cm³

2.4

1.2

3.7

1.0

1.3

1

0

1.4

0.8

1.2

1.1

1.9

1.4

2.3

d) 2898 cm³

2.5

0

0.7
1.8

2.0 1.9
1.5

Figure 2. a) - h) Optimized topological variants with rising complexity and their total material consumption.
Height of cross sections in [cm].

This allows us to verify a two-beam topology, which can be an optimized beam, where the height
is induced by the bending moment, see Fig. 2b. Therefore, the beam assimilates the bending
moment distribution as shape. It requires 12004 cm3 of material and the maximal height of the
cross section is 32.04 cm at the clamped support. However, it does not make use of the possible
effective height given by the design space B. The next level of topology is to evolve a truss
structure making use of the effective height such that the bending moments are omitted. The
cross sections of trusses are considered rectangular and each has a variable height hi .
Topologies with rising number of members are shown in Fig. 2c) - h). It is possible for the EA
to reduce the complexity of the truss structure by choosing the height h = 0 cm for members if
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desired. The topology with the least material after shape optimization is shown in Fig. 2g. The
EA reduces the number of trusses and shifts coordinates such that it reduces the effective height
at x0 similar to Fig. 2b.
The structure evolved by the phase field model, see Fig. 3d, yields a hybrid topology of Fig. 2e
and Fig. 2g as solution. It also reduces the statical height at x0 . However, it does not coincide
exactly with the investigated topologies of Fig 2 since it is a continuum model and does not
reproduce hinges. By using the PFM, the topology in Fig. 2g is automatically found after shape
optimization, such that for practical problems the efforts of comparing many different topologies
can be omitted.
a)

b)

c)

d)

Figure 3. Evolution of the load bearing structure by PFM from a) - d).

3 Conclusions
We have compared different topologies with rising complexity of a statically indetermined system
by material consumption. The example has shown, that the topology yielded by the PFM serves
as a valuable basis for the subsequent shape optimization with EA such that the time to design
an optimized structure can be reduced. An interface appears here as useful tool between both
optimization steps to simplify the continuum model to a beam model with hinges, if desired.
In the second step, stress limitations of a specified material and constraints are considered to
dimension the evolved structure using relevant standards.
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Shape optimization with application to inverse
form finding and the use of mesh adaptivity
Michael Caspari1 *, Philipp Landkammer1 and Paul Steinmann1
Micro Abstract
The aim of our novel inverse form finding approach is to determine the optimized workpiece geometry
to its given target geometry after a forming process. During the optimization procedure, deviations
between the computed and the target spatial configuration have to be minimized, whereby material
nodal positions serve as design variables. The shape optimization is applied to a notch stamping
process. As a special feature, mesh adaptivity is applied within the iterative forming simulation.
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Introduction
Typically, metal forming processes are classified as i) sheet forming with plane stress and ii) bulk
metal forming with three dimensional stress conditions. Sheet-Bulk Metal Forming (SBMF),
a novel class of forming processes, combines sheet metal forming operations with three dimensional plastic flow. Hence, SBMF intends to form local shape elements normal to the sheet
plane [7]. As usual in various fields of product development, optimization is also applied to
SBMF processes in order to reduce experimental costs. In this contribution, numerical shape
optimization aiming at inverse form finding is considered. Here, in contrast to the forming
simulation, shape optimization is an inverse problem [3].
The inverse form finding strategy [6] seeks to determine the optimal workpiece geometry based
on the forming simulation and the prescribed spatial target geometry. Nodal positions serve
as design variables and the deviations between the nodal positions of the computed spatial
configuration and the prescribed spatial target configuration enter into the objective function δ
of the optimization, which has to be minimized during the optimization. Since it dos not require
intervention to the FE code, the algorithm is non-invasive. Hence, various FE simulation tools
considering different material behavior may be employed, whereby data transfer is ensured by
subroutines.
Performing forming simulation often requires a trade-off between accuracy and computational
cost. In particular high accuracy has to be achieved despite of friction, contact and large
deformations which often lead to severe mesh distortions. Since a equal fine mesh throughout
the entire model cause high computational cost adaptive strategies are used to refine the mesh
locally according to the simulation progress and based on error estimators. Thus a sufficient
accurate and smooth mesh is ensured. In the present contribution, an h-adaptivity offered by
MSC Marc is used to refine the mesh locally in regions of severe distortions. H-adaptivity allows
for more complex geometries and high local plastic strains.
In the following, a truncated version of the inverse form finding algorithm is introduced in
Sec. 1. In Sec. 2, an example demonstrating the application of the algorithm for a notch
stamping process is discussed. Finally, essential findings are summarized in Sec. 3
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1 Inverse Optimization Approach
The shape optimization procedure is based on nonlinear continuum mechanics. The physical
body is placed into the Euclidean space E3 and its material configuration is denoted by B0 . In
contrast, its spatial configuration for time t > 0 is labeled as Bt . Position vectors X in B0 are
mapped to position vectors x in Bt by means of the deformation map ϕ as
: B0 → Bt .

x = ϕ(X, t)

(1)

A linear map from the material tangent space T B0 to the spatial tangent space T Bt is governed
by the gradient F of the deformation map with respect to material coordinates:
∂ϕ(X)
: T B0 → T Bt
(2)
∂X
For our node-based algorithm all quantitites has to be discretized in the same way as for FE
method. For a detailed description of FEM we may refer among others to [1]. Positions of
design nodes are denoted by xD , D = 1, . . . , ndsgn and subsumed in column vectors xD =
F =

⊤ ⊤

⊤

Preprocessing

Initial material configuration
Update procedure
Update: B0h
Call FE software
Optimization
No
Yes
Objective: δ(XD , xD
Exit
tg ) < tol.?

Solver
Material configuration B0h
Forming simulation
Spatial configuration Bth
Postprocessing

Opt.-Tool MATLAB

FE-Tool MSC Marc

[x1 , · · · , xdsgn ] .

Optimal material configuration

Figure 1. The iterative strategy for inverse form finding, separated into forming simulation (direct problem)
and shape optimization (inverse problem) [5].

The optimization procedure is depicted in Fig 1. To realize a non-invasive approach the optimization is separated from the forming simulation. The algorithm for the update procedure
is introduced in [6]. There, the objective function δ summarizes the local squared error of the
nodal differences between the current spatial and prescribed spatial target configuration:
ndsgn
D

δ(X

, xD
tg )

=

X

D=1


D
δ D xD
tg , ϕ(X )

(3)

1 DT
D
· dD with dD = xD
(4)
d
tg − ϕ(X )
2
The update step is motivated by a minimization of the objective function to determine the
optimal configuration XD
opt . A linear approximation by Taylor series terminated after the first
term derives an iterative Newton step as

 −1
∂δD X D , xhtg
∂ 2 δD X D , xhtg
D
D
·
.
(5)
X ←X −α
∂X D ∂X D
∂X D
Finally, further approximations lead to an update step for each design node as
δD =

D
XD
k+1 = X k − α F̃

D −1

· dD .

(6)

The linesearch parameter α introduced in Eq. (5) ensures a suited update without severe mesh
distortions and is controlled by Armijo-Backtracking [6]. A Least-Squares smoothing technique
recommended by Hinton and Campbell [4] is applied to map quantities from the Gauss points
of adjacent elements to the discretization node. The smoothed inverse deformation gradient
D −1

F̃
is used to map the nodal difference vector of the considered node from the spatial to the
material configuration in order to obtain an updated material configuration.
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replacemen

2 Example

Equivalent plastic strain

The example is motivated by a notch stamping process employed in an investigation of the
plastic flow in an incremental process of SBMF for gears [8] and has been recently discussed
in [2]. The material configuration is depicted in Fig. 2(a). The bottom is fixed in e2 -direction
and the boundary condition on the right side represents a symmetry condition in e1 -direction.
The quadratic 2D-solid body is discretized by 64 quadrilateral elements (plane stress). The
material model considers nonlinear isotropic hardening and its material parameters correspond
to the dual phase steel DP600 as investigated by [10]. The contact body of the notch is reduced
onto a horizontal and a 45◦ line. The notch penetrates at a constant velocity into the specimen
up to 25 mm depth. Between the solid body and the notch a friction coefficient of 0.07 is used
as in [9].

2.0
[−]
1.6
1.4
1.2
1.0
0.8
0.6
0.4
0.2
0.0

a

c

b

Design node
Symmetry
Boundary

e2
e1

Figure 2. The original discretized material configurations (a) and the corresponding computed spatial
configuration (b) in comparison to the target spatial configuration (c)

Equivalent plastic strain

Fig. 2(b) shows the computed spatial configuration after the first simulation run. The target
spatial configuration, depicted in Fig. 2(c), is approximated by the same number of nodes and
elements but an exact imprint of the notch into the quadratic box is applied. The distinction
between design-, symmetry- and boundary nodes is proposed by [5], for the inverse form finding
approach. It enables to restrict the inverse update procedure to nodes representing the shape
of the model. The optimization aims to reduce the deviations between the design nodes of the
computed spatial (b) and target spatial configuration (c) by updating iteratively the material
configuration (a).
a
2.0
[−]
1.6
1.4
1.2
1.0
0.8
0.6
0.4
0.2
0.0

c

b

e2
e1

Figure 3. Updated material configuration (a), computed spatial configuration by use of h-adaptivity (b)
and without refinement (c)

Fig. 3(a) depicts the optimized material configuration after four iterations. The shape is adapted
to fit the spatial target configuration. The finally obtained spatial configuration is given in
Fig. 3(b), whereby h-adaption is applied and consequently the severe distortions of the elements
close to the intended notch are reduced, cf. the detailed view in Fig. 3(b) and Fig. 2(b), 3(c).
The optimization without adaption leads to similar results of the final workpiece geometry,
however, the corresponding spatial configuration in Fig. 3(c) shows severe element distortions.
In this case plastic strains are not meaningful.
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3 Conclusions
The inverse form finding algorithm determines the optimal workpiece geometry to a given forming simulation with respect to a desired spatial target configuration. With the help of the
previous enhancements together with mesh adaptive strategies, the optimization procedure is
applicable to material models including nonlinear material behavior and contact with sharp
edges, whereby severe mesh distortions are avoided. The obtained spatial configuration fit into
the target spatial configuration and the computational results are accurate.
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Determination of optimal damping for passive
control of vibration based on the design of limit
cycles
Rafael A. Rojas1 *, Erich Wehrle1 and Renato Vidoni
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Micro Abstract
The optimal design of passive vibration control is a challenge for both application and research. These
design methods are based on of structure optimization and models are typically solved in frequency
domain. This work explores the benefits of introducing state-space methods on passive control. We
propose an optimization approach based on the design of the limit cycles of mechanical systems
under periodic forces. We exploit the analogy between damping optimization and energy harvesting
to address simultaneously both technologies. An example of energy harvesting optimization is presented.
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Introduction
Control of vibrations is common practice in both mechanical [2, 11] and civil engineering [10]
to improving the performance of mechanical structures. When such control is done by adding
passive elements as masses, springs or dampers, we speak of passive control of vibrations. Among
all the structure optimization problems related to mechanical engineering, those of energy
harvesting and damping design for passive control are of great relevance. In fact, the regulation
of the dissipated energy is the key physical phenomenon that drives both technologies. In this
paper we present a general formulation for optimization problems which allows to address both
problems, damping optimization and energy harvesting within the same framework.
Given the complexity of formulating such optimization problems, several approaches have been
proposed. We briefly classify those methods in (i) frequency domain approaches (e.g. [9]), (ii)
time domain or state space approaches (e.g. [4, 5]) and (iii) inverse eigenvalue problems (e.g. [3]).
In this paper we propose a state-space damping optimization method for linear mechanical
systems. We achieve to combine the benefits of state-space methods and frequency-domain
methods thanks to an asymptotic analysis. We formulate an optimization problem of a generic
infinite-horizon integral objective function of the form
P =

Z

∞

L(u) dt,

(1)

0

where u is the state variable of our mechanical system and L is the Lagrangian. To address
this optimization problem, we leverage on the proof that under certain assumptions, a linear
visco-elastic mechanical system under a periodic force with fundamental period T0 converges
asymptotically to a limit cycle with the same fundamental period. This allows addressing the
objective function (1) in the steady-state of the system even in cases when that integral diverges.
We derive an explicit analytical expression û(t, x) of the limit cycle, where x is the vector of
design variables and t ∈ [0, T0 ] is a time-like parameter.
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Model of the vibrating system
Consider a generic linear mechanical system with n degrees of freedom, governed by the equation
m q̈ + d(x) q̇ + k q = F (t),

(2)

where m and k are the mass and stiffness n×n matrices, respectively, F (t) ∈ Rn is the generalized
external forces vector, and q ∈ Rn is the vector of generalized coordinates of the system. The
matrix d(x) is damping matrix, which here depends on x, the design variables. To write the

T
system (2) in the state-space we introduce the state vector u ∈ R2n defined as u = q T q̇ T .
Therefore, the system (2) has the following form in the state-space
u̇ = A(x)u + f (t),
where

(3)




0
In
,
(4)
A(x) =
−m−1 k −m−1 d(x)

T
where I n is the n × n identity matrix and f = 0 F T . System (3) has the well known solution
Z t
Φ(t − s, x)f (s)ds,
u(t, x) = Φ(t, x)ui +
(5)
0

where ui are the initial condition of the system, and Φ is the state transition matrix associated
to the homogeneous solution of the linear equation (3), defined by
Φ(t, x) = eA(x)t .

(6)

This solution lacks of the simplicity of traditional analysis, where the steady state solution is
derived from the linear superposition of the normal modes, but it has the outstanding benefit of
being a general solution of (2) without any kind of suppositions on such a mechanical system.
In particular we exploit two good properties of this solution. Firstly, we are not constrained to
use a particular form of damping, e.g., proportional damping. Secondly, we can derive general
conditions for the existence of limit cycles from the stability of the system. However, at a first
glance, the expression (5) makes difficult a direct analysis of the steady-state behaviour of the
system. In the next section we prove that this is possible without the use of Fourier of Laplace
transform, remaining in the time domain.

Determination of the limit cycle
A necessary property of the mechanical system (2) to converge to a limit cycle is the asymptotic
stability of the homogeneous system associated to (3). A sufficient condition for that is the three
matrices m, d(x) and k are positive definite [6]. If, further, the matrix A(x) is diagonalizable,
the state transition matrix has the following properties:
lim Φ(t, x) = 0

(7)

t→∞

kΦ(t, x)k < 1

∀t > 0.

(8)

These two properties of the state transition matrix allow us to state the following theorem which
prove may be found in [8]:
Theorem 1 Consider the system (3) under periodic force f (t) with fundamental period T0 . If
the state transition matrix of such a system has the properties (7) and (8), for every initial
condition, the system converges to the limit cycle of period T0 described by:
"
#
Z
t

û(t, x) = Φ(t, x) û0 (x) +

Φ(−s, x)f (s)ds

0
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∀t ∈ [0, T0 ],
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where
û0 (x) =

Z

T0

0


−1
R(x) I 2n − R(x)
Φ(−s, x)f (s)ds

(10)

I 2n is the 2n × 2n identity matrix and R(x) = Φ(T0 , x).

This theorem permits the approximation of the objective function (1) in cases when the contribution made by the steady state of the system is so large that the contribution of the transitory
is negligible. In these cases, the contribution of the steady state to (1) is grasped by the contribution of the limit cycle (9). To formulate the numerical optimization problem it is sufficient to
introduce a time partition t1 , t2 , ..., tN in the limit cycle. Then, on the one hand, the objective
function is approximated by a Gauss quadrature,
P̂ (x) ≈

N
X

wi L (û(ti , x)) .

(11)

i=1

On the other hand, any constraint on the state variable gi (u) ≤ 0 is mapped to N constraints
on each point of the time partition,
gi (û) ≤ 0 =⇒ gi (û(t1 , x)) ≤ 0, gi (û(t2 , x)) ≤ 0, ..., gi (û(tN , x)) ≤ 0.

(12)

We end this section deriving an analytical expression of (9). Such equations are defined in the
interval [0, T0 ], so we can write the periodic force f (t) as a Fourier series of an odd function
f (t) =

∞
X

f̂ k sin(kω0 t).

(13)

k=0

We have to evaluate the integral in the equation (9), which has the following form:
∞ 
−1 h

i
X
kω0 I 2n − Φ(−t, x) kω0 cos(kω0 t)I 2n + sin(kω0 t)A(x) f̂ k .
k 2 ω02 I 2n + A2 (x)

(14)

k=1

Substituting (14) in (9) and (10), we get
∞ 
−1 

X
k 2 ω02 I 2n + A2 (x)
kω0 I 2n cos (kω0 t) + A(x) sin (kω0 t) f̂ k .
û (t, x) = −

(15)

k=1

An example of energy harvesting optimization
In this section, we address the problem of choosing the optimal combination of dampers which
maximize the harvested energy from the Euler-Bernoulli beam placed in a bed of dampers (c.f.
Figure 1). The beam in Figure 1 has constant section and density, and is pinned at both ends.
The position of each point of the neutral axis of the beam from the left is given by z. The
beam is under the action of a punctual periodic force p(t) at zf and each damper with damping
coefficient ci is placed at zi . The equation of motion of such a system is:
m

X
∂4w
∂w
∂2w
EI 4 + c0
+ ρA 2 = p(t)δ(z − zf ) −
ci w(z, t)δ(z − zi ),
∂z
∂t
∂t

(16)

i=0

where E, I, ρ, A, w and c0 are respectively the Young modulus, the second moment of area
about the neutral axis, the density, the cross-section of area, the vertical displacement of the
neutral axis and the internal damping of the beam’s material. The symbol δ(z) represents a
Dirac’s delta. We further introduce the following variables:
s
π 2 EI
c0 ω1
ci ω1
ω1 = 2
,
ζ0 =
,
ζi =
,
τ = ω1 t,
L
ρA
2ρA
ρA
ξ=

z
,
L

v(τ ) =

2p(τ )L3
,
EI

η(τ, ξ) =
405

w(τ, ξ)
.
L

(17)
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We solve (16) using the change of variables (17) with the Galerkin method approximating the
non-dimensional displacement as
η(τ, ξ) =

n
X

ϕk (ξ)qk (τ ),

(18)

k=1

where ϕk (ξ) k = 1, . . . , n are a set of orthonormal functions that satisfy the boundary conditions
of the problem. Then, we obtain the discretized equations of motion in the generalized coordinates
q ∈ Rn :
m


X
q̈ + d0 +
di q̇ + k q = F (τ ),
(19)
i=1

where each component of F and di are respectively F k = ϕi (ξf )v(τ ) and (di )kj = 2ζi ϕk (ξi )ϕj (ξi ),
and d0 and k are two diagonal matrices with components (d0 )kk = 2ζ0 and (k)kk = k 4 .
For m dampers we define our optimization variable x ∈ R2m as x = [ζ1 , · · · , ζm , ξ1 , · · · , ξm ]. The
total power drained by the bed of dampers is given by
!
m
X
T
L(x) = q̇
(20)
di (xi ) q̇.
i=1

Given the definition our design variable x, we have to introduce two bounds on it to preserve
its physical meaning. First, the damping coefficient of each damper must be positive, we set
0 ≤ xi ≤ ζmax i i = 1, · · · , m. Secondly, we need to constraint the position of the dampers
on the beam, so we set (i − 1)/m ≤ xi+m ≤ i/m, i = 1, · · · , m. Finally, we introduce the
constraint of limiting the displacement of the beam, i.e., |η(τ, ξ)| ≤ η0 on the limit cycle. The
p(t)

zf

c1
z1

z2

c2

c3

. . . cn−2 cn−1

cn

z3
zn−2
zn−1

Figure 1. Beam on a damper bed.

optimization was carried out using an upper bound to the dimensionless displacement η0 = 0.1
and a dimensionless force v(τ ) = 0.4 sin(τ ). We used the second-order algorithm NLPQLP [1, 7],
converging in 14 iterations and 109 evaluations from the starting point shown in the following
table. Further initial designs were investigated that all resulted in the same optimal design,
needing between 12 and 22 iterations. The results and bounds on the design variable are reported
in Table 1, where we can appreciate the symmetry of the solution. In fact, that solution reflexes
the influence of the first mode of the system and corresponds to the expected behaviour given
the dimensionless force that we have used.

Conclusion and Outlook
This paper has presented a damping optimization method based in the design of the limit cycle of
a linear mechanical system under a periodic force. We gave sufficient conditions for the existence
of such limit cycle and provide a method to formulate the objective function and the constraints
of the optimization problem. As example, a problem of energy harvesting was developed. In the
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Table 1. Optimization results of energy-harvesting beam (all measures are dimensionless)
Lower bound

Upper bound

Optimum x∗

Parameter

Initial design x0

Damping coefficient ζ1

0.5005

0.001

1.000

0.664

Damping coefficient ζ2

0.5005

0.001

1.000

1.000

Damping coefficient ζ3

0.5005

0.001

1.000

0.670

Position ξ1

0.167

0.001

0.333

0.333

L

x

xU

Position ξ2

0.5

0.333

0.666

0.500

Position ξ3

0.832

0.666

0.999

0.667

Energy harvested P

–

–

–

0.126

Maximum displacement η1

–

–

–

0.071

Maximum displacement η2

–

–

–

0.100

Maximum displacement η3

–

–

–

0.071

future, this problem may be improved to handle more general kinds of problems. For example
linear systems under quasi-periodic and stochastic excitation may be further step which may be
addressed from the actual framework. In such cases the existence of limit cycles is not assured,
but we can extent the current analysis to global attractors.
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Micro Abstract
Pedestrian safety has gathered a lot of attention in recent years among academic and industrial researchers,
promoted by the quick evolution of regulation and consumer test requirements. The current work presents
the challenges involved in pedestrian lower leg impact test and attempts to deal with them in the field of
structural optimization. A sensitivity analysis of the FlexPLI injury criteria is carried out, as motivation for
the development of a parametric simplified vehicle front-end model.
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1 Introduction
In 2013, 1.25 million fatalities worldwide were related to road traffic and the 49% of them were among
people with the least protection: motorcyclists (23%), pedestrians (22%) and cyclists (4%) [10]. In the
same year, over 5500 pedestrians were killed on European Union roads, representing the 21% of total
road traffic deaths in this region. Taking into account the time span 2002-2012, the reduction in fatalities
of vulnerable road users (-39%) has not followed the same pace of that in car occupants deaths (-53%),
pointing out the need to further improve safety precautions and vehicle design for those outside of the
vehicle [1].
The first regulation regarding pedestrian protection was enacted in 2003 by the European Commission
with the directive 2003/102/EC. The pedestrian lower leg impact test was based on the work of the
European Experimental Vehicles Committee Working Group 17, which proposed in 1998 a subsystem test
procedure using the legform impactor developed by the Transport Research Laboratory (TRL) [2]. The
lack of biofidelity of this impactor induced, since 2002, researchers of the Japan Automobile Research
Institute to develop a completely new impactor, the so-called Flexible Pedestrian Legform Impactor
(FlexPLI), which presents human-like flexible femur and tibia shafts [9]. This impactor was adopted in
2014 by the EuroNCAP consumer test and in 2015 by the UN Regulation 127, valid in Europe.
1.1 Lower Leg Impact Test
In Figure 1, the simulation of the lower leg impact test at the vehicle mid-plane on a large family car is
shown. The impactor is presented in cross-section view. According to regulation, the FlexPLI is shot
against the vehicle front-end at a speed of 40 km/h with a height of 75 mm from the ground level. The
force-time curves at the three main load levels are displayed in Figure 2. The lower load level covers
the area of the lower stiffener, the middle that of the bumper foam and the upper encloses the bonnet
leading edge. The lower load level is the first to be triggered and exerts the maximum force at about 5 ms,
inducing a large bending moment on the lower part of the tibia (Figure 1b). The bumper foam is fully
compressed at about 10 ms, followed shortly after by the impact on the bonnet leading edge (Figure 1c).
At about 30 ms (Figure 1e), the femur completes the rotation over the bonnet; the misalignment between
femur and tibia generates a significant elongation in the Medial Collateral Ligament (MCL).
Two impact positions are considered in the current work: the vehicle center-plane, i.e. y=0 mm, and one
towards the side of the vehicle, at y=450 mm, where the bumper starts to incline for styling purposes.
This characteristics sets up a force component in the y-direction, which induces a rotation of the leg
around the vertical axis, as shown in Figure 3.
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(a) t=0 ms

(b) t=5 ms

(c) t=10 ms

(d) t=20 ms

(e) t=30 ms

(f) t=40 ms

Figure 1. Lower Leg Impact Test
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Figure 3. Leg Rotation at y=450 mm

Figure 2. Load Levels Force-Time Curves

1.2 Literature Review
The stringency of regulations and consumer tests has significantly changed the way of designing vehicle
front-ends. Furthermore, the introduction of the FlexPLI has raised new challenges to be faced. Several
studies investigated methods to improve the front-end design with regard to pedestrian lower leg impact
test. Han and Lee, Nanda et al. and Neal et al. assessed the importance of stiffness and geometrical
front-end design factors through sensitivity analyses and optimization studies [3, 7, 8]. Lower stiffener,
bumper foam and bonnet leading edge were identified as key parameters concerning the legform injury
criteria. These works used the TRL impactor, whose requirements were significantly different from the
current ones. Furthermore, due to the high computational effort involved with detailed FE models, they
most often performed analyses on simplified models, whose validation may not be valid over the entire
design space defined in the parametric studies. Lv et al. investigated position and thickness of lower
stiffener and bumper energy absorber to reduce both FlexPLI and TRL injury criteria [5]. Lee et al.
focused on the positions of lower stiffener, bumper energy absorber and bonnet leading edge for minimum
MCL [4]. Mößner et al. developed an advanced simplified front-end model and showed the sensitivity
of the lower stiffener position on the FlexPLI injury criteria [6]. These studies concentrated mainly on
optimization purposes of geometrical parameters. The aim of the current study, instead, is to enhance
the understanding of the most important front-end components from a structural point of view, through
a sensitivity analysis applied to a detailed FE vehicle front-end model. Special attention is paid on the
relation between load levels and FlexPLI’s injury criteria and on the complexity of the legform kinematics
towards the side of the vehicle.

2 Sensitivity Analyses
Two sensitivity analyses with different impact positions are performed and compared. Both analyses
are accomplished with a Design of Experiments (DoE) of 50 points, sampled according to an optimized
Latin Hypercube scheme (LHS). The design variables are five: lower stiffener thickness (h), bumper foam
density (ρ), bumper fascia thickness, grille thickness and bonnet thickness, as shown in Figure 4. The
range of variation for all the parameters is ± 30 % from the initial design, as approximation of the typical
design space considered in the development phase. As the two most critical FlexPLI injury criteria for the
case at hand are the mid-lower tibia bending moment and the MCL elongation, only these two measures
are presented in the scatter plots.
2.1 First Shooting Position: y=0 mm
The scatter plots of the FlexPLI injury criteria with respect to the design variables for the first shooting
position are shown in Figure 5. Superimposed to the plots, the values of the Pearson correlation coefficient
r, which measures the linearity of the data set, are expressed. The axes ticks are reported as relative
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(a) Lower Stiffener

(b) Bumper Foam

(c) Bumper Fascia

(d) Grille

(e) Bonnet

MCL Elong [-]

Tibia Mid-Low BM [-]

Figure 4. Components Defined in the Design Variables
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Figure 5. Scatter Plots Design Variables - Injury Criteria at y=0 mm

values to the initial design.
The Mid-Low tibia bending moment presents a very strong positive linear trend with the lower stiffener
thickness (r=0.95), while the other design variables have poor correlation. The MCL elongation correlates
well with lower stiffener and grille thicknesses (respectively, r=-0.60 and r=0.53). For the other design
variables the scatters are significantly spread around the regression line, therefore the correlation is low.
In Table 1, the percentage of variation of the injury criteria due to a 10 % increase in the design variables,
estimated from the slope of the regression line, is presented. The lower stiffener thickness has the highest
influence: 2% increase in Tibia Mid-Low and 1.4% decrease in MCL. The grille thickness ensures a 0.5%
variation on Tibia Mid-Low and a 1.2% variation on MCL, both positive. The bumper fascia has a good
impact on MCL (-0.8%), though the correlation is limited (r=-0.32). Bonnet thickness and bumper foam
density seem to have little effect on both injury criteria.
In order to better understand the influence of the design variables on the FlexPLI injury criteria, the
three load levels shown in Figure 2 are evaluated, in the form of mean values. In Table 2 the Pearson
correlation coefficient between injury criteria and load levels is reported, while in Table 3 the variation
percentage of the injury criteria due to a 10 % increase in the load levels is given. The lower load level has
a strong correlation with both Tibia Mid-Low (r=0.84) and MCL (r=-0.82). The variation percentages
are opposite, yet the magnitude is comparable: 6.2% increase in Tibia Mid-Low and 6.7% decrease in
MCL. The middle load level correlates moderately with Tibia Mid-Low (r=-0.46), while the upper load
level with the MCL elongation (r=0.44).
2.2 Second Shooting Position: y=450 mm
The scatter plots of the tibia mid-lower bending moment and MCL elongation with respect to the design
variables for the second shooting point are shown in Figure 6. In Table 4, the percentage of variation of
the injury criteria due to a 10 % increase in the design variables is presented.
Injury Criteria
Tibia Mid-Low BM
MCL Elong

Lower Stiffener h
2.0 %
-1.4 %

Bumper Foam h
-0.3 %
0.4 %

Bumper Fascia h
0.2 %
-0.8 %

Grille h
0.5 %
1.2 %

Bonnet h
-0.1 %
0.5 %

Table 1. Injury Criteria Variation Percentage for 10 % Increase in the Design Variables at y=0 mm
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Injury Criteria
Tibia Mid-Low
MCL Elong

FLow
0.84
-0.82

FM id
-0.46
-0.04

Injury Criteria
Tibia Mid-Low
MCL Elong

FU p
0.32
0.44

MCL Elong [-]

Tibia Mid-Low BM [-]

Table 2. Pearson Correlation Coefficient btw.
Load Levels and Injury Criteria at y=0 mm

FLow
6.2 %
-6.7 %

FM id
-2.7 %
-0.2 %

Table 3. Injury Criteria Variation Percentage
for 10 % Increase in the Load Levels at y=0 mm

r=0.94

r=0.01
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r=-0.09
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1.10
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1.3 %
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Figure 6. Scatter Plots Design Variables - Injury Criteria at y=450 mm

The most significant correlation is obtained between lower stiffener thickness and Tibia Mid-Low (r=0.94),
associated with a large variation percentage (5.7%). The bumper fascia thickness contributes to a relevant
variation percentage of Tibia Mid-Low (2%), though the correlation is limited (r=0.32). The MCL does
not correlate strongly with any design variables.
Table 5 and Table 6 are analogous to Table 2 and Table 3, though applied to the second impact position.
Tibia Mid-Low is well correlated with both lower and upper load levels, together with large variation
percentages (respectively, 17.8% and 19%). MCL correlates moderately with the lower load level (r=-0.38).
2.3 Discussion of the Results
The lower stiffener thickness is the most relevant design variable affecting the mid-lower tibia bending
moment and the MCL elongation for both impact positions. This is directly related to the relevance of
the lower load level. The mid-lower section on the tibia shaft lies nearby the point of impact with the
lower stiffener, therefore the stiffer this component, the larger the bending moment. Furthermore, the
lower stiffener plays an important role in accelerating the tibia rebound phase, which helps to prevent an
excessive MCL elongation. Unfortunately, the influence on the two injury criteria is opposite, therefore a
compromise must be found.
Opposite trends with respect to the injury criteria are found for four design variables out of five in both
impact positions. The exception is represented, at y=0 mm, by the grille thickness and at y=450 mm,
by the bonnet thickness, whose decreases would ensure a reduction in both injury criteria. However,
only the influence of the grille thickness on MCL is supported by a good correlation coefficient and
can be considered robust. A possible explanation for this influence is that the reduction in the grille
thickness softens the area around the bonnet leading edge and, as a consequence, the legform intrudes
more, delaying the femur rotation. In support of this interpretation, the upper load level presents a very
similar trend with respect to MCL.
The lower stiffener influence on the mid-lower tibia bending moment at the outwards impact position is
almost three times that at the central one; the equivalent is obtained when comparing the lower load
level. This indicates that towards the side of the vehicle Tibia Mid-Low gets much more sensitive to the
Injury Criteria
Tibia Mid-Low BM
MCL Elong

Lower Stiffener h
5.7 %
-0.3 %

Bumper Foam h
0.1 %
-0.2 %

Bumper Fascia h
2.0 %
-0.1 %

Grille h
-0.6 %
0.1 %

Bonnet h
0.5 %
0.3 %

Table 4. Injury Criteria Variation Percentage for 10 % Increase in the Design Variables at y=450 mm

411

MS12
Injury Criteria
Tibia Mid-Low
MCL Elong

Multidisciplinary and Structural Design Optimization
FLow
0.96
-0.38

FM id
-0.36
0.03

Injury Criteria
Tibia Mid-Low
MCL Elong

FU p
0.50
0.12

Table 5. Pearson Correlation Coefficient btw.
Load Levels and Injury Criteria at y=450 mm

FLow
17.8 %
-1.2 %

FM id
-7.7 %
0.1 %

FU p
19.0 %
0.8 %

Table 6. Injury Criteria Variation Percent for
10 % Increase in the Load Levels at y=450 mm

lower load level. The MCL elongation instead experiences at this impact position a significant reduction
in both correlations and variation percentages at all load levels. A possible explanation is that the
MCL elongation here is considerably affected by the vehicle front-end geometry and only partly by the
structural characteristics of the front-end components.
The design indications coming from the load levels are in agreement between both impact positions: for
reducing Tibia Mid-Low, lower and upper load levels should decrease and the middle increase; for reducing
the MCL elongation, the lower load level should increase and middle and upper decrease. Nevertheless,
the middle load level seems to have tiny correlation and influence on MCL.

3 Conclusions
In the present work, two sensitivity analyses have been performed for the pedestrian lower leg impact test
against a large family car at two different impact positions. Five design variables related to the main
structural front-end components have been investigated with regard to their contribution to the most
critical FlexPLI injury criteria. Good correlations and trends have been identified. The lower stiffener has
proved to be the most significant component influencing both mid-lower tibia bending moment and MCL
elongation. Concerning the other design variables, the effects are often not concordant between the two
impact positions. More robust indications can be obtained by taking into account the load levels. In the
outwards impact position, the MCL elongation seems to be little sensitive to the stiffness of the front-end
components. This highlights the limitation of the current investigation, where, due to the complexity of
the detailed FE vehicle model, geometrical factors of the front-end have not been taken into consideration.
The relation between MCL and a combination of geometrical and stiffness parameters at outwards impact
positions should be investigated in a subsequent work with the help of a simplified FE model.
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Abstract:
This minisymposium is dedicated to discuss recent advances in multiscale modelling of
materials with complex microstructures. Scale transitions in space and time, involving
at least two scales, are of interest as well as computational issues and efficiency for the
simulation of complex materials such as concrete or polycrystalline metals. The main
focus of this minisymposium are the topics
• Homogenisation techniques and FE2 methods for microheterogeneous materials
• Multiscale modelling of degrading materials
• Multiphysics phenomena across the scales
• Multiscale and multiphysics modelling of cementitious materials
• Creep, shrinkage, fatigue and fracture in cementitious materials
• Coupling between atomistic and continuum models
• Reduced order modelling and other numerical techniques to reduce the computational effort within multiscale strategies
• Numerical and experimental validation of multiscale techniques
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Micro Abstract
The heterogeneous mesostructure of concreted causes local stress concentrations. Stress dependent
phenomena like damage and creep as well as their interactions are effected by those stress
concentrations. Therefore a material model’s macroscopic behavior will differ whether the mesoscale
structure is considered or not. The differences between the mesoscale approach and an homogeneous approach will be presented. The results are discussed with focus on the true materials behavior.
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Introduction
Concrete is a highly heterogeneous material composed of aggregates and the surrounding cement
paste. The varying material characteristics of the two components result in complex interactions
which influence the macroscopically observable material behavior. Stress concentrations caused
by the stiffer aggregates lead to damage initiation and crack propagation as well as increased
creep deformations in the cement paste. Additionally, the moisture transport through the porous
mortar matrix is disrupted by aggregates. The shrinkage of the cement paste is influenced by
the resulting inhomogeneous moisture content in the pore system and causes a complex stress
distribution in the material.
A mesoscale finite element approach is used to investigate the interactions between the heterogeneous material structure of concrete and the deformations caused by creep and shrinkage.
The results of the mesoscale calculation and a homogeneous approach are compared in order to
evaluate the aggregates impact on the mentioned phenomena and their interactions.

Material model
Mesoscale
The heterogeneous structure of concrete is considered during the mesh generation. The Aggregates’ size distribution is specified by the desired grading curve. An event driven molecular
dynamics algorithm [5] is used to randomly place the spherical shaped aggregates inside the
mesh’s domain. While the aggregates are assumed to behave linear elastic without any contribution to the moisture transport, the constitutive model for the cement paste considers creep,
shrinkage and moisture transport.
Moisture transport
The employed moisture transport model was proposed by Johannesson and Nyman [3]. Equations (1) and (2) describe the transport of liquid water and moist air through the pore system of
the cement paste.
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∂ηw
eq
= div (Dw (ηw ) gradηw ) + R̄(ηw
− ηw )
∂t
∂φg
∂ηw
eq
− ρsat
= div (Dg (ηw ) gradφg ) − R̄(ηw
− ηw )
ρsat
g φg
g (ηp − ηw )
∂t
∂t
ρw

(1)
(2)

The index ”w” refers to the liquid water and ”g” to the moist air. φg is the relative humidity, ρ
and D are the phase specific density and the diffusion coefficient, ρsat
g the density of saturated
moist air and R̄ the mass exchange rate between both phases. ηp and ηw are the volume fraction
of the pores and the liquid water related to the specimens total volume. The equilibrium water
eq
volume fraction ηw
can be obtained from concrete specific sorption curves and is responsible for
the mass exchange between both phases.
Shrinkage
When concrete dries, its volume decreases. This phenomena is called shrinkage. As published
in [4], several microscale processes are responsible for this kind of behavior. While it is necessary
to consider them all in order to match experimental data as exactly as possible, concentrating on
one of the major effects is still sufficient for the purpose of this paper. We will focus on capillary
shrinkage which is caused by increasing capillary pressure with decreasing water content of the
pore system.
The capillary pressure pc can be calculated in dependency of the relative humidity by the well
known Kelvin-Laplace equation (3) as written in [1].
ρw RT
ln φg
Mw

pc = pg − p0 −

(3)

pg and p0 are the pressures of the pore systems’ gas phase and the atmosphere. Most of the
times both can be assumed to be equal which further simplifies the equation. R is the ideal gas
constant, T the temperature and Mw the molar mass of water. The capillary shrinkage strains
εc are obtained by eq. (4) [4].
Sw pc
εc =
3



1
1
−
K
Ks



(4)

K is the macroscopic bulk modulus and Ks the solid phases bulk modulus. Sw is the water
volume fraction related to the specimens total pore volume. The obtained strains are directly
applied to the structure.
Creep
A Kelvin-Chain model as shown in fig. 1 is employed to describe creep as linear viscoelastic
material behavior. By using an arbitrary number of N spring-dashpot combinations, also referred
to as Kelvin-Units, experimentally obtained creep curves can be matched as exact as necessary.

Figure 1. Kelvin Chain

A ”non-aging” version of the exponential algorithm described in [2] is used to calculate the time
dependent states of each Kelvin-Unit with respect to the loading history. Each Kelvin-Unit is
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defined by two parameters. The spring’s stiffness Ei and the retardation time τi . For every
timestep the eqs. (5) and (6) are solved.

∆ε00 =

N
X
i=1

(1 − βi ) γin

(5)

∆σ = ĒDν ∆ε − ∆ε00


∆t
βi = exp −
;
τi

λi =



(6)

τi
(1 − βi )
∆t

The first equation calculates the strain increment ∆ε00 due to creep in dependency of the history
variables γin . The result is used to obtain the stress increment caused by strain variations and
creep. Dν is the linear elastic stiffness matrix calculated with a Young’s Modulus of value 1. Ē
is the effective stiffness of the Kelvin-Chain.
After the global system converged, the history variables are updated as given in eq. (7) before
proceeding with the next timestep.

γin+1 =


λi Ē
∆ε − ∆ε00 + βi γın
Ei

(7)

Numerical investigations
Mesoscale and shrinkage
The described moisture transport model and shrinkage model were used in combination with a
linear elastic constitutive law and a rectangular, two dimensional mesh. Starting with 100%
relative water content, the atmospheric relative humidity at the boundaries was reduced to
40% to start the drying process. The moisture gradient between the boundaries and the center
results in higher shrinkage strains close to the surface. This causes tensile stresses close to the
boundaries and compressive stresses at the center. While the stress distribution is symmetric
in case of a homogeneous material, the consideration of the mesostructure of concrete causes
local variations. As shown in fig. 2 the moisture transport is influenced by the position and sizes
of the aggregates. The varying moisture content further enhances the development of stress
concentrations caused by the aggregates (fig. 3). In comparison to the homogeneous calculation,
the observed maximum tensile stresses are three times higher.
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0

5

10

Figure 3. Axial stresses [MPa]

Figure 2. Relative water content
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Mesoscale and creep
A linear, viscoelastic creep law as described in section 1.4 will always converge towards the linear
elastic solution for t → ∞.
If a constant, uniaxial load is applied to a mesoscale specimen, the stress distribution does not
change during the whole simulation. Like the linear elastic case, stress concentrations arise close
to the aggregates. The strains in the cement paste grow in accordance with the calibrated creep
curve and the local stresses. But the overall shape of the strain field does not change from one
timestep to another. In case of a constant uniaxial displacement applied to the boundary the
opposite case can be observed. The strain distribution remains constant and the initially high
stresses decrease while the shape of the stress field remains constant.
However, in case of varying constraints and loads (for example caused by shrinkage or damage),
the situations are different. The previous timestep’s load case is partially ”conserved” inside the
Kelvin-Chains and therefore influences the stress and strain distribution of all further timesteps.
Because the aggregates have a significant impact on the internal stress distribution, they also
intensify the resulting creep deformations.

Conclusions
The heterogeneous material structure of concrete effects phenomena like moisture transport,
creep, shrinkage and damage. They are also interacting with each other which further enhances
the effect of the mesostructure. Some macroscopically observable effects like drying creep or
irreversible shrinkage might be direct results of those mesoscale interactions. Further numerical
investigations on this subject are necessary to verify this assumption.
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Obtaining macroscopic properties from a
mesoscale thermomechanical model of concrete
Christoph Pohl1 * and Jörg F. Unger1
Micro Abstract
A coupled thermomechanical mesoscale model for concrete under heating is presented. When
considering the heterogeneous structure under coupled loads, complex macroscopic material properties
can be modelled using simple constitutive relations. For instance, damage evolution is directly
driven by the incompatibility of thermal strains between matrix and aggregates. Without prescribing
𝑓𝑐 = 𝑓(𝑇 ), a decline in compressive strength with rising temperatures will be shown.
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Introduction

Relative strength in %

To assess the strength of concrete under high temperatures, a common experiment is the
heat-then-load (HTL) steady-state test, where the specimen is first heated to a pre-defined
temperature and then mechanically loaded. This way, a relation between temperature and
compressive strength 𝑓𝑐 = 𝑓(𝑇 ) can be obtained. For most test setups and concrete mixes, the
strength decreases with rising temperatures [1].
100
80
60
firebrick concrete
Lytag concrete
silica-fume paste

40
20
0
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200
400
Temperature 𝑇 in ∘C

600

Figure 1. Residual strength of different concretes with temperature (adapted from [9])

The resulting curves can be used in material models for numeric simulations, but this comes with
some disadvantages. The calibration of these curves is difficult and thermodynamic consistency
can not be ensured. Additionally, there is an inherent size effect for concrete experiments that is
laborious to quantify, making the curves limited in applicability.
Once the coupling between thermal behaviour and mechanical performance is taken into account,
the resulting model is more accurate and more widely applicable. Here, a constitutive relation
with only one value for the compressive strength 𝑓𝑐 |𝑇0 will be used, but the specimen will
experience failure as if the strength reduced. Or to put it another way: the material has a
constant compressive strength, but the specimen acts as if 𝑓𝑐 = 𝑓(𝑇 ), yet without prescribing it.
In this contribution, the influence of thermal strains and material damage on the reduction
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in macroscopic strength will be shown. The damage is computed using the gradient enhanced
damage model proposed by [7] see section 2. The whole model has been implemented in the
finite element code NuTo.
Other work in this area often looks at more complex interactions, particularly taking the hygral
component into account, yet often refrains from projecting the results back on the compressive
strength. In [12], the authors use a coupled thermo-hygro-mechanical (THM) model for each
constituent of the concrete, i.e. the aggregates, the hardened cement paste and the ITZ. The
damage model used was proposed by [5] and is a strongly nonlocal model using a nonlocal
equivalent strain as the driving variable behind the damage evolution. In addition, the B3
model [2] is used to describe creep and shrinkage strains as functions of loading and humidity.
While the model is more comprehensive, it only investigated the mesoscale interactions without
projecting the results back onto the macroscopic behaviour. Additionally, strongly nonlocal
formulations can exhibit numerical difficulties.
Another THM model presented by [3] also takes the dehydration of the cement paste at higher
temperatures into account. They apply a local isotropic damage model, which exhibits no
permanent strain after unloading and is therefore only accurate for pre-peak and early post-peak
stages [4]. The influence of the heterogeneous structure of concrete has not been investigated
and no observations on the macroscopic mechanical behaviour that results from the model were
made.

1 Nonlinear Thermal Expansion
As with most materials, concrete and its constituents expand as they are heated. The matrix
material and the aggregates expand at different rates, incurring strains that drive damage growth.
The resulting internal stresses than further reduce the load bearing capacity of the specimen.

Thermal expansion 𝜀th

⋅10−2
1

0

−1

matrix
aggregates
0

200
600
400
Temperature 𝑇 in ∘C

800

Figure 2. Thermal expansion of concrete constituents (adapted from [8])

As can be seen in fig. 2, the expansion of aggregates and hardened cement paste are similar up
to temperatures of about 200 ∘C. Beyond that, the matrix materials undergoes a substantial
contraction. This phenomenon is called shrinkage and is caused by the reduction of water in the
specimen at higher temperatures. The influence of the moisture distribution will not be explicitly
considered here. Using a nonlinear 𝜀th = 𝑔(𝑇 ) will approximate the behaviour described here,
but is unable to capture any hysteresis should the specimen undergo cyclic heating.
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2 Gradient Enhanced Damage Model
Concrete failure happens in a quasi-brittle fashion, which leads to strain softening. This mechanism incurs the local loss of ellipticity of the governing PDE, making the resulting problem
ill-posed. Most models for concrete damage deal with this by considering the vicinity of the
material point under consideration. Strongly nonlocal approaches, which integrate over a finite
neighbourhood, suffer from certain disadvantages, such as difficulties when dealing with edges
and requiring drastic changes to finite element codes.
The Gradient Enhanced Damage Model is a weakly nonlocal model proposed by [7]. By using a
Taylor series expansion, the governing differential equation is derived from the nonlocal model.
Damage is assumed to be isotropic and is represented by the scalar quantity 𝐷 ∈ [0, 1], so that the
stress-strain relation becomes 𝝈 = (1 − 𝐷) C ∶ 𝜺. With growing damage, the load bearing capacity
of the material is reduced. This damage variable is a function of a scalar history parameter 𝜅,
which is governed by the Karush-Kuhn-Tucker conditions
𝜅̇ ≥ 0,

̄ − 𝜅 ≤ 0,
𝜀eq

̄ − 𝜅) = 0,
𝜅(̇ 𝜀eq

i.e. 𝜅 can only grow, the nonlocal equivalent strain is always smaller or equal to the history
̄ = 𝜅.
parameter, and 𝜅 grows only when 𝜀eq
The use of the gradient enhanced damage model will result in an additional independent variable:
̄ . The associated PDE
the nonlocal equivalent strains 𝜀eq
̄ − 𝑐∇2 𝜀eq
̄ = 𝜀eq .
𝜀eq
connects this new degree of freedom with the equivalent strains 𝜀eq , a norm of the strain tensor.
The parameter 𝑐 is the nonlocal radius and relates to the length scale of the nonlocal zone being
approximated.
̄ or ∇𝜀eq
̄ · n is
Naturally, there is a need for additional boundary conditions. Imposing either 𝜀eq
possible, but the physical interpretation of both these additional conditions is difficult. Often,
̄ · n = 0 is used.
simply ∇𝜀eq

3 Concretes Mesoscale Structure
Concrete is a composite material with complex internal structure that influences its behaviour. In
numerics of concrete, a common approach is to use a homogenized model that smears individual
components to a homogeneous material. This necessarily leads to complex constitutive models to
capture the observed behaviour. Additional parameters without physical meaning are introduced
and experimental data are fitted to them, restricting the validity of these constitutive relations
to certain load cases or specimen sizes. This complexity also makes discerning the influences and
interactions of the different simultaneous phenomena more difficult.
Concrete is a composite material of multiple phases. These are the hardened cement paste, the
coarse and fine aggregates, and—in a sense—the interfacial transition zone (ITZ). This thin
layer of matrix material around the aggregates has a lower density and higher permeability [6]. It
is the weakest region in the concrete, with experiments having shown that the Young’s modulus
of concrete is strictly related to the Young’s modulus and volume fraction of the ITZ.
Mesoscale modeling allows resolution of this inner structure [11], allowing the use of simpler
constitutive models for each component. Together with the resulting complex geometry, the
macroscopic behaviour can be represented. In addition, small scale information, such as stress
concentration around aggregates and microcrack distribution, can be resolved. The main disadvantages are the high computational costs and memory consumption, due to the fact that the
discretization needs to capture the mesoscopic structure.
The mesoscale geometries in this work have been generated using the algorithm from [10].
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4 Results
4.1 Size Effect
The temperature distribution inside a specimen during heating is heterogeneous, causing thermal
stresses. The magnitude of these stresses depend on material parameters, such as diffusivity
and expansion coefficient, but also on the specimen size and heating rates. One advantage of
numerical simulations is the possibility of easily ”turning off” the different influences. To look
closer at the influence of the size effect on thermal stresses, a homogeneous, macroscale model
has been used.
For cylindrical specimen, the thermal stresses on the outer surface are tensile stresses quickly
leading to concrete damage. As the stresses rise with higher radii, the remaining strength
decreases, which is corroborated by the results seen in fig. 3.

𝑓𝑐 in MPa
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Figure 3. Compressive strength at 500 ∘C for varying radii

4.2 Influence of Mesoscale Structure
While the size effect is an important phenomenon that should not be neglected, it does not
explain the large decline in load bearing capacity seen in experiments. The incompatible thermal
expansions of matrix and aggregates lead to further stresses and damage; for typical setups often
an order of magnitude larger than those caused by the heterogeneous temperature field. Modeling
the mesoscale structure explicitly, with nonlinear expansion functions as seen in section 1, the
computations show a much larger decrease in macroscopic compressive strength (fig. 4).
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Figure 4. Remaining compressive strength of specimens after being heated to temperature 𝑇

The reduction of compressive strength that the specimen exhibits has been obtained with a
damage model that is temperature-independent. This result demonstrates the usefulness of
numerical calculations in general, and specifically coupled approaches, in the prediction of
concrete performance.
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Conclusions
The approaches presented here reduces the number of necessary experiments to characterize a
concrete mix. Particularly, there is no need to supply a time-dependent strength function for
each concrete anymore. Sensitivity calculations and checks for thermodynamic consistency are
simplified by avoiding an unnecessarily complex material model. This comes, however, at the
price of having to explicitly consider the interactions between thermodynamics and mechanics.
While this model omits important phenomena, most notably the moisture changes during heating,
it is an important step towards solving more complicated problems. As the number of additional
phenomena under consideration rises, for example water content, shrinkage and creep, the need
to apply simpler material laws, while handling the intricacies numerically, increases.
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Validation of a synthetic model of hot mix
asphalt
Johannes Neumann1 *, Jaan-Willem Simon1 and Stefanie Reese1
Micro Abstract
We have recently extended a method to obtain 3D synthetic models of hot mix asphalt by capturing
the particle size distribution. The model is applied in the context of first-order strain driven
homogenisation. The morphological accuracy of the model is compared to XRCT data by means
of several common shape measures. Furthermore, the usefulness of the homogenised mechanical
properties is assessed by comparing to master-curve data of the mixture scale.
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Introduction
A versatile framework for synthetic 3D mesoscale models of hot mix asphalt has recently been
proposed [7]. There, different particle size distributions can be matched by a nested Voronoi
tessellation algorithm. The mortar phase of a German standard hot mix asphalt is modelled
in the linear viscoelastic regime. Effective macroscale properties are derived using first order
numerical homogenisation.
Synthetic microstructural modelling of asphalt concrete offers an attractive alternative to image
based modelling since its flexibility allows to change geometric properties and run parametric
studies without the need to repeatedly prepare and digitise real samples. Some researchers
concluded that image based approaches do not deliver more insight into the mechanics of
asphalt concrete than synthetic methods do [6]. However, the accuracy of the particle shapes is
critical [9].

(a)

(b)

Figure 1. Real real mineral aggregate obtained by CT-scanning (a), and synthetic particles from nested
Voronoi tessellation (b).

Here, CT-scanned real particle data is compared to data from nested Voronoi tessellation, see
Figure 1. Furthermore, the effective properties for a loading frequency of 1 Hz are compared to
data available in the literature.
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1 Geometric modelling
Being a meso-model, it is necessary to set a size threshold between explicitly modelled geometric
entities and smaller particles smeared out in a so called mortar phase. Further uncertainties
stem from the volumetric composition of the mortar which severely influences the effective
response. A reasonable size-threshold for geometric modelling in Europe is a sieve size of 2 mm.
Thus, all particles > 2 mm are modelled explicitly and smaller particles are assumed to form a
homogeneous mortar phase together with bitumen, voids, and fibres (mixture dependent), cf.
Figure 2.

Figure 2. Scale separation used in the present work. Taken from [7].

A 3D Voronoi tessellation is employed to deliver synthetic shapes. Unfortunately, an unmodified
VT is rather monodisperse and does not follow any typical asphalt PSD. Therefore, the VT has
been nested in order to increse the size spectrum. However, it is yet unknown whether VP are a
good approximation of real mineral aggregate used in road construction. In order to assess the
suitability of VP, first, real particles are analysed using a CT scan.
1.1 Analysis of CT-scanned real particle data
98 particles could be segmented from a CT scan of a mixture with a nominal maximum aggregate
size of 13 mm and imported to Matlab in VRML format. The inertia tensor of each particle
is computed using a tetrahedral mesh of the particle domain. After performing principal
component analysis (eigenvalue decomposition) of the inertia tensor, the linear dimensions
L, W, T are sampled in the directions of the principal axes. The linear dimensions are used as
shape descriptors on their own in road engineering [1–3], but they also form a basis for more
sophisticated shape measures like the intercept sphericity [5]

Ψ=

r
3

WT
.
L2

(1)

A histogram of Ψ is depicted in Figure 3(a). The mean sphericity is found to be Ψ̄ = 0.6782.
Zingg’s shape classification diagram [10] is used to categorise the occurring particle shapes by
means of dimensional ratios, see Figure 3(b). There, it can be seen, that all shape classes are
present in the current sample. Hence, synthetic geometries must exhibit a similar shape diversity.
1.2 Analysis of synthetic particle data
Using the nested VT algorithm, 129 VP are created for the same standard and analysed. Here,
the mean sphericity is calculated as Ψ̄ = 0.6658, which is pretty close to the value reported for
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(a) Histogram of Ψ.

(b) Zingg’s shape classification diagram.

Figure 3. Histogram of Ψ (a), and Zingg’s diagram (b) of 98 CT-scanned aggregates.

the real data. Again, the histogram of Ψ and Zingg’s diagram are given in Figure 4. It can be
seen, that the synthetic shapes are a little more extreme than the real ones, but are generally
similar. Furthermore, all shape classes are present in both data sets to a similar extent.

(a) Histogram of Ψ.

(b) Zingg’s shape classification diagram.

Figure 4. Histogram of Ψ (a), and Zingg’s diagram (b) of 129 synthetic polyhedra created through nesting
the Voronoi tessellation.

2 Validation of effective properties
Periodic unit cells are generated from the nested VT and first order strain driven numerical
homogenisation is performed. Mesh convergence has been confirmed and required domain size for
representativeness has been assessed. The mineral aggregate phase is assumed to be linear elastic
and the bituminous mortar phase is modelled in a linear viscoelastic fashion. Experimental
mortar data has been obtained from dynamic shear rheometry. However, the bitumen content
is probably overestimated in the mortar mixture since the amount of adsorbed binder has not
been taken into account, cf. [8]. Furthermore, the void content is unknown. In order to assess
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the validity of the predicted effective properties, our results are compared to other researcher’s
data, namely that of Karki, Kim et al. [4]. Although their mortar (or fine aggregate matrix)
represents a different mixture, effective properties should roughly coincide, see Figure 5.

Figure 5. Comparison of our mortar data and the macroscale prediction for 1 Hz to the FAM and AC data of
Karki, Kim et al. Data reproduced with permission.

Although our mortar is significantly softer than the one used by Karki, Kim et al., our prediction
of macroscale modulus is only slightly below the experimental AC data. It is assumed, that this
surprising finding is a result of the different aggregate moduli, EA , used in the respective studies.
We used EA = 80 GPa, whereas Karki, Kim et al. used EA = 68.4 GPa.

Conclusions
Regarding particle shape, it is concluded that nested Voronoi tessellations offer a suitable
alternative to image based modelling. The shape diversity is similar and a similar sphericity is
found. Further research should deal with the non-convexity of real mineral aggregate.
In general the agreement in effective macroscale properties looks promising. However, further
simulations are needed to validate the results. It is hypothesised that deviations stem mostly
from different material data of the involved phases.
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A two-scale homogenization scheme for the
simulation of micro-heterogeneous
magneto-electric composites
Matthias Labusch1 * and Jörg Schröder1
Micro Abstract
We present the simulation of two-phase composites, consisting of a ferroelectric and a magnetostrictive
phase, which generate a magneto-electric coupling. A two-scale finite element homogenization approach
is performed. The typical hysteresis loops of the phases are approximated by considering the switching
behavior of the spontaneous polarizations and the implementation of a Preisach operator.
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Introduction
Ferroic materials are characterized by particular coupling behaviors, such as electro-mechanical
interactions in ferroelectric materials or magneto-mechanical interactions in magnetostrictive
materials. They provide many applications in modern technical devices, which are used for
sensors, actuators or data storage media. A further special phenomenon, which could improve
these technical devices is the magneto-electric (ME) coupling. It is denoted by an interaction
between magnetic fields and electric polarization or electric fields and magnetization. Such
ME multiferroics enable Magneto-Electric Random Access Memory (MERAM) devices, see
e.g. [1,5]. However, due to physical reasons, only very few natural materials with magneto-electric
properties exist. They show their weak ME coupling far below room temperature. Magnetoelectric two-phase composites, consisting of a ferroelectric matrix material with magnetostrictive
inclusions, are a promising alternative. Figure 1 depicts the design of such composites. The idea
of such composites is to generate the desired ME effect as a strain-induced product property,
see [6]. In the case of ME composites, we distinguish between the direct and converse ME effect.
The direct effect characterizes magnetically induced electric polarization, where an applied
magnetic field yields a deformation of the magnetostrictive phase. These deformations are
transferred to the ferroelectric phase, which result into a strain-induced polarization due to
its electro-mechanical properties. The converse effect characterizes an electrically activated
magnetization.

1 Two-scale Homogenization Scheme
The main idea of the FE2 -Method is the homogenization of microscopic quantities to obtain
macroscopic constitutive equations instead of defining a macroscopic material model. Therefore,
the macroscopic strains, electric and magnetic fields at each macroscopic integration point are
localized to an underlying representative volume element (RVE). The microscopic weak forms
of the balance equations have to be solved. A following homogenization step determines the
macroscopic quantities which are transferred to the associated points on the macroscale. Finally,
the macroscopic boundary value problem is solved, whereby the entire procedure is repeated
until an equilibrium state on both scales is reached, see [4].
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Figure 1. Design of magneto-electric two-phase composites. The typical polarization, magnetization and
strain hysteresis curves of the corresponding phases as well as the resulting ME behavior are depicted.

1.1 Two-scale transition approach
The macroscopic body B ⊂ R3 is parameterized in the Cartesian coordinates x. The fundamental
balance laws are the balance of momentum and the Gauß’s laws of electro- and magneto-statics
divx [σ] + f = 0 ,

divx [D] = 0

and

divx [B] = 0

(1)

where • denotes the macroscopic quantities, σ the stresses, f the body forces, D the dielectric
displacement and B the magnetic induction. The macroscopic strain ε, electric E, and magnetic
field H depend on the displacements u, the electric φ and magnetic potential ϕ as
E = −∇x φ

ε = sym[∇x u] ,

and H = −∇x ϕ

(2)

with the macroscopic gradient operator ∇ with respect to

 
∆σ
C −eT −q T

 
 −∆D  =  −e − −αT
−∆B

|

−q

−α
{z
Z

x. The constitutive equations are


∆ε


(3)
  ∆E 
−µ
∆H
}

where the quantities on the left hand side are defined as volume integrals over the RVE. The
macroscopic fields of each integration point are localized on the RVEs, where we have to
apply suitable boundary conditions on the microscopic level. Therefore we assume that the
individual parts of a generalized magneto-electro-mechanical Hill-Mandel condition have to be
fulfilled independently [4]. Possible periodic boundary conditions can be obtained by assuming a
decomposition of the microscopic strains, electric and magnetic fields in a macroscopic part and
a fluctuation field. The overall tangent moduli Z are calculated by a homogenization approach,
with the generalized right-hand-sides L and the global stiffness matrix K as
Z
1
1
Z=
Zdv − LT K −1 L .
(4)
V
V
RVE

For a more detailed derivation of the macroscopic material tangent we refer to [4].
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1.2 Ferroelectric material model
To characterize the ferroelectric phase, we use a magneto-electric enthalpy function which
represents the tetragonal symmetry of barium titanate, see [3]. The total strains and the electric
displacement are decomposed into an elastic and a remanent part as
ε = εe + εr

and D = D e + P r

with P r = Ps c

3
and εr = εs dev(c ⊗ c)
2

(5)

with the spontaneous polarization Ps and strains εs . Depending on a switching criterion
E · ∆P r1
≥1
diss
We,180
◦

and

E · ∆P ri
σ : ∆εri
+
≥1
diss
diss
We,90
Wm,90
◦
◦

(6)

based on [2], the preferred direction can change its direction. Thereby, the switching criterion for
i = 2, ..., 5, checks if the change of free energy for possible switching options is larger than the
dissipated work during a switching process. In each microscopic integration point an orientation
distribution function representing the ferroelectric domain structure is attached.
1.3 Magnetostrictive material model
The magnetostrictive material behavior is described with a three-dimensional Preisach model.
Therefore, we additively decompose the magnetic induction and the strains into an elastic part
(•e ) and a remanent part (•r ), where the linear part is described by a transversely isotropic
linear material law. The nonlinear remanent magnetization is described by the Preisach operator
and the remanent strains depending on the current magnetization state are defined as


3
1
1
sof t
sof t
M r = p(H)a and εr = εs 2 dev(M r ⊗ M r ) − dev(M r ⊗ M r ) ,
(7)
2 Ms
2
with the saturation magnetization Ms and the saturation strain εs . Since the butterfly hysteresis
curve of cobalt ferrite shows a softening behavior for higher magnetic fields, as can be seen
in Figure 1, the remanent strains depend additionally on a virtual softening magnetization
t
M sof
= psof t (H)a. The remanent magnetization M r is determined through the Preisach
r
operator as
Z Z
lphaω(α, β)γ(α, β)H(t) · adαdβ .
(8)
p(H, a) =
β

a

In this model the preferred direction aligns with the direction of the microscopic magnetic
field. This involves an update of the material tangent moduli as well as a switching of the
corresponding Preisach relays. However, a direct switching of the orientation could lead to a
back-and-forth switching of the preferred direction and the Preisach relays. In order to prevent
this numerical instabilities a time dependent rotation process is implemented, where a fraction
of the total angle θtotal , between the local microscopic magnetic field and the orientation, defines
the rotation angle θrot during one load step with


an · H
θtotal = acos
, θrot = −tanh[κθ · e
t] · θtotal and an+1 = R(θrot )an (9)
||an || · ||H||

where κθ = x/dt denotes the rotation speed depending on the time step dt and R the rotation
matrix for the transformation of the direction of the last time step an into the new direction
an+1 . In order to adjust the magnetostrictive hysteretic behavior the piezomagnetic modulus
depends on the current magnetization state as
"
"
#!

 #

t 2
||M r || 2
||M sof t ||
||M sof
||
||M r ||
r
q= 2
1−
−
1−
q̂
(10)
Ms
Ms
Ms
Ms
with the piezomagnetic coupling parameters in q̂
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Simulations of magneto-electric composites
For the simulation of the magneto-electric coupling a composite consisting of a ferroelectric matrix
with cylindrical magnetostrictive inclusions is considered. In a first step the matrix material is
loaded with an electric field in order to polarize the material and to obtain electro-mechanical
coupling properties. Several simulations with different electric field strengths demonstrate the
dependence of the piezoelectric properties on the overall magneto-electric coupling. After this
pre-polarization, an alternating magnetic field is applied on the composite, which causes the
nonlinear deformations of the magnetostrictive inclusions. Due to the strain-induced interaction
the magneto-electric coefficients for different polarization states are investigated, see Figure 2.
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Figure 2. Resulting a) dielectric displacement (E 3 kV/mm vs. D3 /Ps ), b) magnetostriction (H 3 kA/mm vs.
ε33 /εs ), and c) ME coupling (α33 vs. H 3 kA/mm) of a two-phase magneto-electric composite.

Conclusions
The FE2 -method is used to determine the effective properties of a two-phase magneto-electric
composite. The desired magneto-electric coupling depends significantly on the the piezoelectric
and magnetostrictive properties of the corresponding phases. Therefore, two nonlinear material
models are implemented, which describe the hysteretic behaviors of the phases. Numerical
simulations demonstrate that this approach is capable of describing the magneto-electric coupling
in such composites. An accurate fitting of the material parameters and the investigation of
different microstructures could lead to promising predictions of the ME coefficient.
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Stress simulation in lithium-ion batteries
Tobias Hofmann1 *, Heiko Andrä1 , Ralf Müller2 and Jochen Zausch1
Micro Abstract
Phase separation during the intercalation of lithium ions can lead to degradation effects in some
cathode materials. A model describing lithium ion diffusion, electric potentials and small deformations
is introduced on the microscale. The Cahn-Hilliard equation is used in an electrochemical model.
coupled to linear elasticity of small strains in the electrode material. An immersed boundary
method is used with adapative time steps. Charging of porous microstructures is numerically simulated.
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Introduction
Some cathode materials in lithium-ion batteries show phase-separation during usage. The
imbalanced intercalation of the lithium ions into the lattice causes large concentration gradients.
The stresses resulting from these gradients can damage and destroy the battery cell. The computer
simulation of the stresses during charging and discharging can support the development of battery
cell structures.
A micromodel coupling lithium-ion diffusion to the electric potential and Butler-Volmer interface
currents and linear elasticity is applied [3]. It is extended by a phase-field model for the
phase-separation of lithium-rich and lithium-poor phases in lithium iron phosphate [2]. This
enables the resolution of a complex three-dimensional porous microstructure of the anode and
cathode material in the liquid electrolyte. Additionally mechanical stresses resulting from strains
depending on the concentration are computed [6].
The Cahn-Hilliard equation resulting from the phase-field model requires fine spatial resolutions.
A domain decomposition algorithm is introduced that allows for an efficient numerical solution
in each of the domains separately such that extensive numerical effort is constricted to the
cathode domain. The immersed interface method, first introduced in [4], is extended for diffusion
equations and the Cahn-Hilliard equation. By this, large, adaptive time steps are possible in
arbitrary complex domains [1].
Numerical examples demonstrate the coupling effects between the electro-chemical model and
the mechanical model. The lithium ion concentration results in an isotropic expansion of the
cathode material and stress residuals in the material. Also, the hydrostatic stress changes the
Nernst overpotential and the cell voltage is changed. Stress invariants and their maxima are
calculated depending on the microstructure during a charge cycle. Based on this, the damage
inside the electrode domain is predicted.

1 Electro-chemo-mechanical model
A cuboid domain Ω = (0, L1 ) × (0, L2 ) × (0, L3 ) ⊂ R3 denotes the microstructure of a battery
cell and consists of the two solid electrodes, anode Ωa and cathode Ωc , and the liquid electrolyte
Ωe . A time-dependent problem is posed on the domain T = (0, t0 ). For concentration, electric
potential and displacement, partial differential equations equations are given on each of the
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three domains anode, cathode and electrolyte.
Transport equations in the electrolyte domain, the anode domain, and the cathode domain are
introduced separately based on [3] and [5]. The transport equations for ion concentration ce and
the electric potential φe in a liquid electrolyte, see [3], are considered as



κe t+
κe t+ (t+ − 1)
De
∇µe (ce ) +
ce +
∇φe ,
∂t ce = div
RT
F2
F


(1)
(t+ − 1)
0 = div κe
∇µe (ce ) + κe ∇φe .
F
Depending on the transference number t+ , the transport of positive lithium ions is coupled to
the transport of additional negative anions. Inside the anode material the lithium ion diffusion
and the electric potential are decoupled by the equations




ca
Da
∇µa (ca ) ,
∂t ca = div
ca 1 −
RT
cmax,a
(2)
0 = div (κa ∇φa ) .

The stress-strain relationship model presented in this work is based on a linear-elastic model [6].
The strain ε is modified to include a chemical part, εel ..= ε − εch . The stress-strain relationship
is then given as
1
θ
εel = (∇u + ∇uT ) − cI,
2
3
(3)
σ = λ Tr(εel )I + 2µεel ,
By this, the electrochemical model and the mechanical model are coupled as
θ
θ
µel = tr(σ) ⇔ εch = cI,
3
3

(4)

where θ is the partial molar volume coefficient.
In the cathode, a phase-field model for the concentration cc is considered. The phase-field
c
parameter is here the normalized lithium ion concentration p = cmax,c
. A free energy with a
penalty gradient term is assumed as
F (p, ∇p) = αL20

G
βGL
F0 (p) +
(∇p)2 ,
L
2

(5)

where the parameters G and L are used to describe the phase-field model. They represent energy
density and the width of the interface region, respectively. The chemical potential µ is now
given as the variational derivative by


µ(cc )
cc
cc
2G 0
= αL0 F0 (
) − βGL∆
.
(6)
RT
L
cmax,c
cmax,c
Combining (2) and (6), the equations governing the lithium ion concentration cc , the electric
potential φc and the chemical potential µ in the cathode material are given by




Dc
cc
∂t c = div
cc 1 −
∇µ ,
RT
cmax,c
0 = div (κc ∇φc ),

µ = RT αL20

G 0 cc
F (
) − RT βGL∆
L 0 cmax,c



cc
cmax,c



(7)

.

On the electrode-electrolyte interfaces, interface conditions are defined by the Butler-Volmer
conditions as


F
ise
µs
ise = i0 (cs , ce ) sinh
η .fse =
.η = φs − φe −
+ Ūs ,
(8)
2RT
F
F
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The function i0 is called the exchange current density, possibly defined as
r
cmax,s
i0 (cs , ce ) = 2k ce cs
.
2

(9)

The electric current ise is used to define Neumann boundary conditions for the Poisson equations
for the electric potential while the concentration flux fse is used to define Neumann boundary
conditions for the diffusion equations of the lithium ion concentration. The Faraday constant
F acts as a coupling factor. By the positive lithium ion charge, diffusion is coupled to the
electric current. A fixed electric current is defined by the C-rate, usually specified in the unit
1
per hour, 3600s
= h1 . C-rate 1 defines a charging current iin such that it takes one hour to charge
the battery cell from empty to full state of charge. For the diffusion equations and the elastic
equations valid boundary conditions are considered. A discharged battery is considered for the
numerical simulation test case.

2 Numerical methods
First the governing equations of the electro-chemical model are separated into six smaller initialboundary-value-problems (IBVPs). The focus is on the coupling of those six different IBVPs in
anode, cathode and electrolyte for both lithium ion concentration and electric potential. The
coupling by the non-linear Butler-Volmer equations is solved by iteration. The convergence
order of the domain decomposition algorithm is one.
Next the immersed interface method (IIM) is introduced for the Poisson equation, the diffusion
equation, and the Cahn-Hilliard equation. For the solution finite difference stencils and implicit
Runge-Kutta schemes are applied. Methods with convergence order two, four and six are
defined for the periodic Poisson equation and the periodic diffusion equation. For the periodic
Cahn-Hilliard equation a method with convergence order two is defined.
Assume the diffusion equation on an arbitrary domain Λ. Then a discretization in time with
an implicit Euler method and in space with a symmetric finite difference stencil results in the
equation
(Ih + τ ∆h )ch = čh ,

(10)

where ch and čh denote the concentration field for the current and previous timestep, respectively.
This equation is extended to include additional jump variables gh on the boundary ∂Λ that
allow for am embedding of the equation onto a larger cuboid domain Ω,

   
Ih + τ ∆h Ψ
ch
č
= h ,
D
Ih
gh
fh

(11)

where fh denotes arbitrary Neumann boundary conditions on ∂Λ ⊂ Ω. The enlarged block
system is then reduced by Schur’s complement to

Ih − D(Ih + τ ∆h )−1 Ψ = fh − D(Ih + τ ∆h )−1 čh .

(12)

This allows for an efficient numerical solution as the number of variables is significantly reduced.
Given a regular voxel mesh discretization with width h, the number of degrees of freedom inside
Λ is in O( h13 ), while the number of degrees of freedom on the boundary domain ∂Λ is in O( h12 ).
For the Poisson and the diffusion equation, second-order formulation for the immersed interface
methods can be given. For the Cahn-Hilliard equation, the linear operator resulting from the
discrete partial differential equation is more complex and only a first-order convergence can be
achieved.
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Figure 1. Left: Phase-separating cathode microstructure of three spherical particles. Depicted is the
concentration inside the electrode and the lithium ion current in the electrolyte. Right: Cell voltage and
maximum non-dimensionalized stress invariants occuring in the electrode during a charge cycle.

3 Numerical examples
Figure 1 shows on the left the phase separation in a cathode microstructure made from three
spherical particles. On the right, the cell voltage and non-dimensionalized maximum stress
invariants occuring in the electrode during a charge cycle are depicted. The simulation results
of the phase separation are interpreted to allow for qualitative and quantitative prediction of
damage and fracture resulting from multiple charge cycles by extension of the linear elastic
model to e.g. include large deformations.

Conclusions
Currently, the evaluation of maximum stress invariants inside the battery electrode particles allow
only for rough qualitative prediction of time and point of failure. Different microstructures can
be analyzed and their advantages compared. Depending on material parameters the maximum
C-rate and cycling effects can be evaluated. In the future, additional damage or fracture models
allow for a more precise prediction of the aging under realistic load cases.
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Macroscopic yield curves based on RVE-based
polycrystal simulations
Lisa Scheunemann1 * and Jörg Schröder1
Micro Abstract
In multiscale modelling, an appropriate description of microheterogeneous materials is inevitable
for realistic simulations. Materials governed by texture require its consideration for an appropriate
description of the material’s yield behavior. Therefore, macroscopic yield curves resembling the polycrystalline microstructures of the material are constructed using RVE-based polycrystal simulations
in the framework of the FE2 -method.
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Introduction
Microheterogeneities in materials often contribute to the distinct behavior of the material and
are the source of phenomena observed at a larger scale. As an example, in dual-phase steels (DP
steels), which consist of ferritic inclusions embedded in a martensitic matrix, an increased yield
strength combined with good formability can be observed. Considering the microstructure in
the simulation directly leads to a micromechanical motivation of the modelling and eliminates
the need for a macroscopic material model which captures the complex phenomena in the
material behavior resulting from the microstructure. The FE2 -method is a suitable method
to achieve such a multiscale model, see e.g. [9], [7], [5]. Therein, a microscopic boundary
value problem (bvp) at each Gauss point of the macroscopic bvp and is solved instead of the
evaluation of a macroscopic phenomenological material model. The microscopic bvp considers
the microstructure of the material using a representative volume element (RVE), which however
leads to high numbers of degrees of freedom (dof) if realistic microstructures are considered.
The concept of statistically similar RVEs (SSRVEs), cf. [2], [3] provides an alternative which
allows for a drastic reduction of computational costs. These SSRVEs show similar mechanical
behavior as well as statistical properties regarding the microstructure morphology but consist
of much simpler periodic microstructures and a lower number of dof. For a more realistic
description of the material behavior of DP steel, a consideration of the polycrystalline texture
of the individual phases is necessary. The behavior of the individual grains is described using the
framework of single crystal plasticity, which then contributes to the plastic anisotropic behavior
of the polycrystalline structure. Macroscopic yield surfaces which describe the overall plastic
behavior of a material are simulated here using SSRVEs and polycyrstalline microstructures.

1 Macroscopic yield curves based on SSRVEs
SSRVEs are governed by a less complex microstructural morphology compared to real microstructures, however they show a similar mechanical behavior. The construction of SSRVEs
involves the minimization of the deviation of statistical measures between the real microstructure
and the SSRVE which is considered using least-square functionals. The subsequent objective
function reads

2
X
EG (γ i ) :=
ωL LL (γ i ) with LL (γ i ) := PLreal − PLSSRVE (γ i ) .
(1)
L∈G
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Therein, the inclusion morphology, which is modified during the optimization, is described by
γ i , weighting factors are denoted by ω and the individual least-square functional by L for a
statistical measure L. G denotes the set of considered statistical measures. In the least square
functional, the statistical measure L is evaluated for the real microstructure and the SSRVE in
PLreal and PLSSRVE , respectively. The choice of statistical measures for the construction process
is extremely important for the quality of the SSRVE. Discussions about different measures can
be found in [2] and [8]. The SSRVE is obtained from the minimization of the objective function
in a staggered optimization process, which considers a comparison of the mechanical behavior
additionally to the statistical properties. Details on the construction process and the obtained
SSRVE can be found in [3].
A comparison of the macroscopic yield surface is carried out for the real microstructure and the
SSRVE. For comparative purposes, a third microstructure, RVEsphere , is constructed, which only
cosists of a spherical inclusion and possesses the same phase fraction as the real microstructure.
The structures can be seen in figure 1. The macroscopic yield surfaces are obtained from
simulations of monotonic uniaxial and biaxial tension and compression tests. These loading
scenarios are applied in an FE2 scheme using one macroscopic gauss point only for each of the
three microstructures.

Figure 1. Left: Reconstruction of real DP steel microstructure. Center: SSRVE with three ellipsoidal
inclusions based on volume fraction, spectral density and lineal-path function. Right: RVEsphere with
spherical inclusion which matches volume fraction of real microstructure.

From the simulations, stress states at similar states of plastic acitivity have to be identified.
Since the computation of the macroscopic equivalent plastic strains is not straight forward, the
volume average of microscopic equivalent plastic strains is used for the comparison alternatively,
i.e.
Z
1
εpl,v dV .
(2)
hεpl,v i =
V V
Please note that this measure is not equal to the macroscopic equivalent plastic strain. The
obtained yield surfaces are shown in figure 2, where an ellipsoidal function is fitted to the data
points in the principal stress space. It can be seen that the SSRVE is able to describe the yield
surface of the real microstructure well, while the more simple RVE shows large deviations.

2 Macroscopic yield curves based on polycrystalline microstructures
A more realistic description of the microstructure can be achieved by taking into account the
polycrystalline nature of the individual phases in the DP steel. Both, ferrite and martensite,
are present as polycrystalline materials with body centered cubic (bcc) lattice structure. Figure
3 illustrates the microstructures and texture properties across the scales.
For a first consideration of the influence of texture on the macroscopic yield surface, polycrystalline microstructures are considered based on simulations using periodic polycrystalline
unitcells. Such a unitcell is shown in figure 4, which contains 15 grains. Each grain is assigned a
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Figure 2. Comparison of yield surfaces computed for the real microstructure, RVEsphere and SSRVE for (a)
hεpl,v i = 0.01 and (b) hεpl,v i = 0.05.

distinct orientation such that an overall isotropic orientation is achieved. Using the framework
of single crystal plasticity, see e.g. [1], [6], with a rate dependent formulation for small strains
for face centered cubic lattice structures, several monotonic loading scenarios are computed in
an FE2 sense with the polycrystalline microstructure on the microscale. Again, the volume
average of equivalent plastic strain is used to identify stress states of equivalent states of plastic
deformation. Figure 4 shows the macroscopic yield surface for two different values of hεpl,v i,
representing the initial yield surface and a yield surface at higher plastic deformation. It can
be observed that initially, the yield surface has an angular shape with distinct corners, similar
to a Tresca-type yield surface, and evolves to a yield surface of round shape, similar to a von
Mises type ellipsoidal yield surface. This is in accordance with the findings in [4].

Conclusions
It can be shown that for DP steel microstructures, SSRVEs are able to approximate the macroscopic yield surface of the real microstructures well. Furthermore, a first step for a consideration
of polycyrstalline microstructures was made and the change of shape of yield surface in the evlution of plastic deformation is captured. For a realistic description of a DP steel microstructure,
the presented framework will be extended to large deformation and bcc crystals in the future.

Figure 3. From macroscale to grain level: illustration of the properties of the microstructure of DP steel.
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Figure 4. Schematic sketch of inital and evolved yield surface (top left) and simulated initial yield surface
at hεpl,v i = 3.3 · 10−8 , blue, and evolved yield surface at hεpl,v i = 4.7 · 10−4 , orange, (right) for periodic
polycrystalline unitcell with 15 grains (bottom left).
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Cycle-by-cycle fatigue damage model for
concrete
Thomas Titscher1 *, Jörg F. Unger1 and Javier Oliver2
Micro Abstract
Damage caused by stress concentrations in the complex mesoscopic geometry of concrete leads to
continuous stress redistribution over the material’s life time. The presented fatigue damage model
captures this by resolving each load cycle in a cycle-by-cycle time integration. The model extends a
static damage model to failure caused by the (time dependent) strain amplitudes and, thus, allows
calibrating the majority of the material’s parameters in static experiments.
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Introduction
Lifetime aspects including fatigue failure of concrete structures were traditionally only of minor
importance due to the limited amplitude of the applied cyclic loads compared to the constant
dead load. However, because of the growing interest in maxing out the capacities of concrete, its
fatigue failure has become an important issue. Typical examples are oﬀshore wind energy plants,
which undergo extreme loading conditions of non-uniform amplitudes arising from wind and
waves or fatigue loading of bridges with a steady increase of traffic load. However, a variety of
interacting phenomena, such as the loss of prestress, the degradation due to chemical reactions
or creep and shrinkage, influence the fatigue resistance. As a consequence, it is difficult to
estimate the lifetime using only experimental techniques. Furthermore, failure due to cyclic loads
is generally not instantaneous, but characterized by a steady damage accumulation. Therefore,
a reliable numerical model to predict the performance of concrete over its lifetime is required.

1 Fatigue damage model
Fatigue behavior is usually divided into two categories, high-cycle fatigue and low-cycle fatigue.
High-cycle fatigue involves the application of a large number of cycles (≈ 106 ) at low load
levels. Many numerical models employ Paris law [7]. A damage equation is formulated including
the number of cycles N as a model parameter [8, 9]. This approach cannot capture stress
redistributions during the loading history.
Low-cycle fatigue aims at capturing few loading cycles at high amplitudes. A stress-strain
relationship is integrated in a cycle-by-cycle integration, requiring O (10) time steps by cycle.
One approach, followed in this paper, is Marigo’s formulation [4]. A static damage model - that
only accumulates damage if its driving variable reaches a historic maximum - is extended to allow
damage growth well below this value. This approach is little invasive and allows straightforward
coupling in a multiphysics context, e.g. including temperature strains, creep phenomena or
plasticity.
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1.1 Definition of a static local damage model
The local damage model is a combination of a linear elastic model and the damage variable ω,
ranging from ω = 0 (virgin material) to ω = 1 (complete loss of stiﬀness)
∇ · σ = ∇ · ((1 − ω(κ)) C : ε) = 0

(1)

with the isotropic stiﬀness tensor C, the Cauchy stress σ and the infinitesimal strain ε. The
damage is driven by the strain-like history variable κ through the damage law [5, 6]
(
0

 κ < κ0
ω(κ) =
(2)
fct
κ0
1 − κ exp − gf (κ − κ0 )
otherwise
with the material parameters k0 = ft /E, Young’s modulus E, tensile strength ft and the fracture
energy parameter gf . The Karush-Kuhn-Tucker conditions
κ̇ ≥ 0, εeq − κ ≤ 0,

κ̇ (εeq − κ) = 0

(3)

determine κ by a scalar equivalent strain measure εeq . The strain-based modified von Mises definition [1] is used here. It is capable of capturing the diﬀerence of tensile strength to compressive
strength of concrete.
Equation (3) is transformed equivalently into the evolution equation
(
ε̇eq if εeq = κ
κ̇ =
0
otherwise,

(4)

meaning that κ only grows (and damage ω increases) if the equivalent strains exceed their
historic maximum. This relates to the static loading case in fig. 1.
1.2 Extension to cyclic loading
Equation (4) is extended to allow damage growth below the historic maximum κ = εeq .
(
ε̇eq
if εeq = κ
κ̇ =
|ε̇eq |f otherwise

(5)

The scaling function f has to be chosen empirically. Here it is defined as
f (σ) = A

σeq (σ) − σ∞
ft

+

,

(6)

where σeq is the Rankine stress norm. The combination of the fatigue limit σ∞ and the Macaulay
brackets hi+ prevents damage growth below σ∞ . The scaling parameter A allows further
calibration of the model. Equation (5) is discretized in each global time step n. An implicit
Euler backward requires a solve for κ for each integration point. This is avoided by using the
explicit Euler scheme.

2 Integration point results
Uniaxial stress/strain curves are plotted for various loading cases in fig. 1. A monotonic increase
of the strain results in the static loading. Stress increases with the elastic stiﬀness until the
tensile strength ft is reached. The post-peak behavior is controlled by the damage law (eq. (2)).
The strain controlled curve is created with two cyclic loading phases. The very first cycle follows
the static curve. Each subsequent unloading/loading cycle increases the damage and reduces the
materials stiﬀness. During the transition to the second loading phase (cyclic loading at a higher
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Figure 1. Stress and strain controlled low-cycle fatigue experiments.
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0
100

101
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Figure 2. Parameter study based on Wöhler lines with cyclic loading between 0 and σmax

mean strain), the static limit is reached again. Further loading, again, reaches the static envelop
curve and follows it.
The two stress controlled experiments with the same stress amplitude at diﬀerent mean stresses
are also shown. Once the static curve is reached, the desired stress can no longer be reached,
which corresponds to material failure. The definition of the scaling function f (eq. (6)) includes
the current stress σ. Thus, the material endures less loading cycles at high stresses compared to
loading at a lower mean stress.
The fatigue behavior can be characterized by σ − N curves, also known as Wöhler curves that are
shown in fig. 2. The endurable number of stress cycles Nf for a cyclic sinusoidal loading between
0 and σmax is shown. Cycles below the endurance stress σ∞ do not lead to material failure.
Additionally, this parameter influences the slope of Wöhler curves. The scaling parameter A
shifts the curves.

442

MS13

Multiscale Methods for Complex Materials

3 Computational cost
The application of the cycle-by-cycle integration to high-cycle fatigue requires sophisticated time
integration schemes to handle the computational cost. Temporal multi-scale schemes [2, 3] or
jump-in-cycle techniques [8] assume an almost linear evolution of the damage variable over a
wide range of cycles. The damage increment of a few explicitly integrated cycles is extrapolated
to a large number of cycles. The computational cost can be reduced to a fractional amount of
the full cycle-by-cycle analysis and the approach becomes feasible.

Conclusions
The presented fatigue model is a little invasive extension of an isotropic static damage model.
The evolution equation of the damage driving variable is enhanced to allow damage growth
below the static limit. Since the damage law remains untouched, most of the models parameters
can be calibrated in static experiments.
Wöhler curves on an integration point level are obtained from a cycle-by-cycle time integration
of the model. As shown in the parameter study, the two fatigue parameters allow calibration to
experimental data.
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Domain decomposition methods for fracture
mechanics problems and its application to fiber
reinforced concrete
Philip Huschke1 * and Jörg F. Unger2
Micro Abstract
A finite element tearing and interconnecting (FETI) approach for phase-field models and gradient
enhanced damage models is presented. These diffusive crack models can solve fracture mechanics
problems by integrating a set of partial differential equations and thus avoid the explicit treatment of
discontinuities. However, they require a fine discretization in the vicinity of the crack. FETI methods
distribute the computational cost among multiple processors and thus speed up the computation.
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Introduction
Strain hardening ultra high performance fiber reinforced cementitious composites (UHPFRCC)
exhibit increased strength, ductility, and energy absorption capacity when compared to their
quasibrittle, unreinforced counterparts [10]. A mesoscale finite element model can depict the
underlying causes for the structural response of UHPFRCC and thus help to optimize the fiber
content, the fiber dimensions, and the fiber orientation. The mesoscale model can either be
used directly or as a representative volume element for a macroscopic model. We present a twodimensional and a threedimensional mesoscale finite element model to simulate the structural
response of strain hardening UHPFRCC. The mesoscale model employs an implicit gradient
enhanced damage model [8] for the cement matrix and a local bond stress-slip model for the
bond between the cement matrix and the steel fibers. The steel fibers are modeled discretely as
one-dimensional truss elements that are coupled to the cement matrix via bond elements. The
tensile stress-strain response of UHPFRCC is a consequence of local matrix cracking and bond
failure. Both phenomena can be depicted when modeling the cement matrix, the steel fibers,
and the fiber-to-matrix bond explicitly.
phase-field models [7] and gradient enhanced damage models are adopted to model fracture and
to predict crack initiation, propagation, merging, and branching through the computational
domain. They integrate a set of partial differential equations for the system and thus avoid
the explicit treatment of discontinuities. The main attributes of these approaches are their
simplicity and generality. However, they require a fine discretization in the region where the
crack evolves. A finite element tearing and interconnecting (FETI) [5] approach for the diffusive
crack models is presented to distribute the computational cost among multiple processors and
thus speed up the overall computation.
Section 1 introduces two approaches to model fracture in concrete, the implicit gradient enhanced damage model in section 1.1 and the phase-field model for brittle fracture in section 1.2.
Section 2 describes the proposed mesoscale model for UHPFRC and section 3 introduces the
FETI method.
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1 Modeling fracture mechanics problems with PDEs
1.1 Implicit gradient enhanced damage model
An implicit gradient enhanced damage model [8] is implemented to model the progressive degradation of material stiffness in the cement matrix. The problem can be described by a set of two
differential equations, the static equilibrium in eq. (1) and an evolution equation in eq. (2)
∇·σ =0

x∈Ω

2

e − l∇ e = εeq

x∈Ω

(1)
(2)

where σ is the Cauchy stress tensor, e is the nonlocal equivalent strain, l is a length-scale
parameter, and εeq is the local equivalent strain. In this isotropic damage model, an exponential
damage function d describes the propagation and coalescence of microcracks in the material.
The stress-strain relation reads
(3)

σ = (1 − d)Cε

where ε is the infinitesimal strain tensor and C is the fourth order material stiffness tensor.
The damage function d depends on a history variable κ that characterizes the maximum strain
in the loading history of the material, i.e.
κ(t) = max εeq (τ )
τ ≤t

(4)

A damage function that is commonly used in conjunction with this model is
d(κ) = 1 −

κ0
[1 − α + α exp (−β(κ − κ0 ))]
κ

(5)

where κ0 is the threshold for damage initialization, α influences the residual damage, and β the
initial slope of the exponential function.
The local equivalent strain εeq is the right hand side of eq. (2) and couples the equilibrium
equations with the inhomogeneous Helmholtz equation. The choice of the equivalent strain
definition influences the result significantly. The modified von Mises definition [2] is often
applied for concrete.
√(
)
k−1
1
k−1 2 2
12k
εeq =
I1 +
I1 +
J2
(6)
2k(1 − 2ν)
2k
1 − 2ν
(1 + ν)2
In eq. (6), I1 is the first invariant of the strain tensor, J2 is the second invariant of the deviatoric
strain tensor, k is the ratio of compressive strength to tensile strength of the cement matrix,
and ν is the Poisson’s ratio of the cement matrix.
1.2 Phase-field models for brittle fracture
In many phase-field approaches to model brittle fracture, the process of crack initiation, propagation, and branching is governed by a minimization problem of the energy functional [1]
∫
∫
E=
ψdΩ + Gf
dΓ
(7)
Ω

Γ

where ψ is the elastic energy density function and Gf is the material fracture toughness. Equation (7) can be regularized by introducing a crack phase-field parameter d ∈ [0, 1]. The crack
phase-field parameter indicates the degradation of the material stiffness, hence we use the same
445

MS13

Multiscale Methods for Complex Materials

force vs displacement

force in kN

6
4
2
0

experiment with 1 % FVC
simulation
0

0.2

0.4
displacement in mm

Figure 1. Experimental and numerical results of a uniaxial tension test on a dogbone specimen.

notation as for the damage function in the implicit gradient enhanced damage model, although
they are two distinct quantities. The regularized energy functional is
∫
)
Gf ( 2
E(u, d) =
d + l2 ∇d · ∇d dΩ
(8)
ψ(ε(u), d) +
2l
Ω
where l is a length-scale parameter. The variation of eq. (8) yields the strong form of the
minimization problem
∂ψ
=0
∂ε
) ∂ψ
Gf (
d − l2 ∇2 d =
l
∂d
∇·

x∈Ω

(9)

x∈Ω

(10)

In [7] the authors proposed the introduction of a history parameter κ and an additive split of
the elastic energy density ψ = (1 − d)2 ψ+ + ψ− for the right hand side of eq. (10) to ensure
irreversibility and to inhibit crack initiation and propagation under compression.
∂ψ
⇒ 2(1 − d)κ
∂d
κ(t) = max ψ+ (τ )
τ ≤t

(11)
(12)

2 A mesoscale model for UHPFRC
The bond between steel fibers and cement matrix is significant for the postcracking behaviour
of UHPFRC. A bond element is implemented to model the interaction between steel fibers and
cement matrix. The cement matrix is meshed independently from the discrete steel fibers as
proposed in [9]. The fibers are connected to the cement matrix via bond elements whose nodes
are constrained to an element of the background mesh as shown in fig. 2.
The tensile strength of UHPFRC is influenced by the tensile strength of the steel fibers and
the strength of the fiber-matrix bond. For short steel fibers, the latter is more important. The
bond element proposed by [6] uses one-dimensional shape functions to calculate the relative
displacement (slip) s between cement matrix and steel fibers. The Bertero-Popov-Eligehausenmodel proposed by [3] defines the state of the bond as a function of the slip and can depict
bond softening and fiber pullout. Figure 1 shows the force-displacement curve for a dogbonespecimen with 1 % fiber volume content under uniaxial loading conditions. After the linear
elastic response, the concrete matrix starts to fail. Simultaneously, the steel fibers that bridge
the damaged zone in the matrix are loaded until the fiber-matrix bond weakens and the fibers
get pulled out of the matrix.
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Figure 2. Bond between steel fibers and concrete matrix via an interface. The discretization of the concrete
matrix is independent of the position and orientation of the fibers.
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(a) Domain decomposition of a four point (b) Coupling of subdomains 3,4, and 5 using Lagrange
multipliers λ and by enforcing the displacements at the
bending test into 5 subdomains. The
subdomain interface to be zero.
local problem is fully parallelizable.
Figure 3. Finite element tearing and interconnecting method for a four point bending test.

3 Finite element tearing and interconnecting method
The original finite element tearing and interconnecting (FETI) method [4] and its extensions
are numerically scalable domain decomposition methods. All FETI methods use Lagrange
multipliers to connect the subdomains at their corresponding interfaces. As shown in fig. 3,
the idea is to split the domain into a number of subdomains and solve the local problem for
each subdomain in parallel. To satisfy the continuity of the displacement, Lagrange multipliers
are introduced that enforce the connection between neighboring subdomains. This method can
significantly speed up the simulation. Figure 4 shows how the FETI method can be used to
simulate a single edge notched tension test using the phase-field model from section 1.2.

Conclusions
A mesoscale model for UHPFRC can depict the underlying causes for the structural response.
However, a very fine discretization is necessary in the vicinity of the crack path and thus a high
computational effort and memory requirement. Domain decomposition methods are a promising
solution for this problem.
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Figure 4. Crack phase-field at and uy = 7.5 µm. Subdomain Ω1 opacity = 1.0. Subdomain Ω2
opacity = 0.5.
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Abstract:
A variety of durability issues in cementitious materials result from the interaction of
transport processes combined with chemical reactions, e.g. the attack of chloride and
sulphate ions as well as alkali silica reaction (ASR). Two major topological factors mainly
influence transport processes in fracturing cementitious materials: (i) the complex microstructure of the pore-space spanning multiple length scales (ii) the formed micro-cracks
and macro-cracks by providing new pathways and enhancing the existing connectivity of
the pore-space. Hence, modeling of transport processes and fracture of concrete structures is crucial for life-time prognosis and preventive maintenance of concrete structures.
However, this is a non-trivial task as concrete is an extremely complex heterogeneous
material with a random microstructure at different length scales. The objective of this
mini-symposium will focus on recent advances, challenges, and on going research in multiscale computational models for describing transport processes, fracture and their mutual
interactions within the context of the durability of concrete structures.
Among others, the following topics will be covered by the minisymposium:
• Modeling of fracture through novel numerical approaches (phase-field model, gradient (non-local) damage model, cohesive zone model, XFEM etc),
• Micromechanics models for permeability and diffusivity (tortuosity, percolation) in
intact and microcracked concrete,
• Analytical and numerical modeling of the effect of cracks on permeability and diffusivity of concrete,
• Modeling of fracture induced by transport-driven chemical reactions, e.g. sulphate
attack, ASR etc),
• Novel approaches of obtaining micro- and mesostructure of concrete,
• Multiscale modeling of transport processes and fracture linking micro- and macroscale.
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Transport properties of microcracked porous
materials: Micromechanics models and
mesoscale simulations
Jithender Jaswant Timothy1 *, Tagir Iskhakov1 and Günther Meschke1
Micro Abstract
In the presentation, using a combination of analytical micromechanics models and direct numerical
simulations, the effective diffusivity of microcracked porous REVs for various isotropic and
anisotropic microcrack configurations are investigated. Furthermore, the level of applied external
loading on the effective diffusivity of a fracturing material is simulated by an element-erosion
based mesoscale pixel-FE model for fracture coupled with diffusion using selected numerical experiments.
1

Institute for Structural Mechanics, Ruhr University Bochum, Bochum, Germany

* Corresponding author: timothy.jithenderjaswant@rub.de

Introduction
The degradation of porous materials, namely the reduction of strength and stiffness characterized
by distributed microcracking and its influence on the overall transport properties of such materials
are of relevance in a number of engineering problems. In concrete structures, the diffusion of
water and hazardous ionic substances into the material adversely affect the integrity of the
material. In subsurface engineering, the knowledge of the overall transport properties of rocks is
required for the design and construction of tunnels, caverns or underground storage systems and
for the exploitation of oil, gas and geothermal energy.

1 Characteristics of diffusion in microcracked porous materials
Let ΩREV be the domain of a Representative Elementary Volume (REV) of a microcracked
porous material whose characteristic size is much larger that of the microcracks and the pores.
Microscopic diffusion in the REV can be described by the Fick’s law as j (z) = −D (z)·g (z) ∀z ∈
ΩREV . Here, j and g are the microscopic flux and the microscopic concentration gradients
respectively and D(z) is the inhomogeneous microscopic diffusivity that is characterized by the
microstructure of the microcracked porous material. The corresponding macroscopic flux J
is related to the macroscopic concentration gradient G as J = −Def f · G. Using mean-field
homogenization, the macroscopic diffusivity Def f of a microcracked porous REV idealized as
a material with penny-shaped microcracks with diffusivity Dc embedded in a homogeneous
material with diffusivity Dint (representing the homogenized porous material) has the form
Def f = f (Dc , Dint , Ai , ϕc , X). The tensors Ai are the so-called localization tensors [2, 4]
that can be obtained by solving the classical Eshelby problem, ϕc is the volume fraction of
microcracks and X is the aspect ratio of the microcracks. The function f is characterized by
the homogenization scheme. For porous materials with a high density microcrack morphology,
the prediction by the recursive cascade continuum micromechanics model (see [3] for a lattice
description of a microcracked porous material) at the self-similar limit is equivalent to the selfconsistent solution. For isotropically distributed penny-shaped microcracks of half-length/radius
a and half-width w, the model also predicts that the critical microcrack density N ? at which
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the distributed microcracks in the material would form a continuous network is [5]:
N? =

4
π(a2 + 6aw + w2 )

(1)

As one would expect, according to the above equation, longer the microcracks, smaller is the
microcrack density required to form a connected microcrack network. The significance of
this number can be illustrated using the following computational experiment. Consider the 5
microcracked porous specimens shown in the top row of Fig.1 with microcrack densities of 100,
200, 300, 400 and 500 microcracks of width 2w = 25µm and length 2a = 1000µm distributed
in a domain of size 1cm × 1cm. The matrix material is almost impermeable. This diffusivity
is assumed to be 100000 times smaller than that of the diffusivity in the microcracks. The
right hand side of the specimens is in contact with a reservoir of a constant concentration of a
particular species. The initial concentration of the species in all the specimens is assumed to be
zero. Due to the difference in the concentration, the species will diffuse into the microcracked
porous specimens. Shown in the lower row of Fig.1 is the depth of ingress of the diffusing species
in all the 5 different specimens after a certain period of time. According to the computational
simulations, there is a larger depth of ingress of the diffusing species in the specimen with
500 microcracks. This is a consequence of a large flux due to a connected microcrack network
that spans the specimen. Here, transport is mainly driven by the microcrack network. For the
specimens with 400 microcracks and less, the depth of ingress of the diffusing species is not
significant as the overall flux is in comparison small. Even though the microcrack distribution in
the specimens with 400 and 500 microcracks looks very similar, only one of them has a connected
microcrack network that spans the specimen. If the prediction according to Eq.1 is correct,
the value for N ? must lie between 400 and 500 microcracks. Substituting for a = 500µm and
w = 12.5µm in Eq.1 gives a value of 442 microcracks !

Figure 1. Pixel-FE simulation of diffusion in a porous specimens of size 1cm × 1cm with 100, 200, 300, 400
and 500 microcracks of length 1000µm and width 25µm. Upper row: morphology of the microcracked
material. Lower row: depth of ingress of a diffusing species in all the specimens after a certain period of time

2 Modeling material degradation and its influence on diffusion
In the previous section, the origin of distributed microcracking was not relevant. In this section,
we model initiation and evolution of distributed microcracking upto catastrophic failure of the
material. We assume that the the definition of strength on the scale of observation. At the
microscale, the material is assumed to have a heterogeneous distribution of strength due to
the disorder in the material. The consequences of such a description of the strength at the
microscale on the overall macroscopic failure of the material can be illustrated using the fiberbundle analogy [1]. Consider a bundle of fibers assumed to have different breaking thresholds
451

MS14

Multiscale Modeling of Transport Processes and Fracture in Concrete

(strengths). This distribution of strengths is described by a probability density function p(σ).
When this bundle is subjected to an applied stress σ, the weakest fibers in the bundle will fail.
The stresses released on breakage of these fibers are assumed to be distributed equally among the
rest of the intact fibers. However after redistributing the loads, the local fiber stresses increases
and thus leads to a cascade of fiber breaking that leads to catastrophic failure of the whole fiber
bundle. For a uniform distribution with p(σ) = 1/σmax , the recursion equation for the fraction
of intact fibers in the bundle is given by φ(n+1) = 1 − σ/(σmax φ(n) ) and can be written as a
differential equation φ̇(t) = 1 − φ(t) − σ/(σmax φ(t)). This differential equation can be solved for
φ(t) from which, the time to catastrophic failure of the whole
 bundle tc can1 be computed by
− 1

−2
2
σ
σ
tan−1 4 σmax
−1
−1
solving φ(tc ) = 0 for tc that reads tc = 2 4 σmax
. This simplified

Figure 2. Left: Critical time to failure tc vs the applied stress level
function of the normalized time to failure

σ
σmax .

Right: Evolution of damage d as a

1D model for characterizing macroscopic damage of a material with a disordered distribution of
microscale strengths shows that any stress less than 14 σmax will take infinite time to fail (see
Fig.2 - left). Fig.2 - right shows the evolution of macroscopic damage d(t) = 1 − φ(t) for two
different applied normalized loads σ/σmax = 0.26 and 0.6, i.e the applied stress is 26% and 60%
of the maximum microscale strength. It must be noted that this macroscopic behavior is a
characteristic of the material and is described by the microscale strength distribution. In order
to estimate the effective transport properties of a cementitious material (Dint = 0.001Dc ) during
degradation, the aforementioned mechanics of failure is implemented withing a numerical FE
framework in which deterioration is characterized by the erosion of finite elements (represented
in terms of pixels) whose stresses are larger than the strength associated with that pixelfinite-element. Fig.3 shows the results of the overall macroscopic mechanical and transport
properties of a material with a Weibull distribution of strength at the microscale described
 α−1
α
by f (σ ≥ 0; α, β) = αβ βσ
e−(σ/β) with shape parameter α and scale parameter β. The
mechanical behavior is shown in terms of the macroscopic strength normalized stress Σ and
strain E. The material degradation is characterized first by an isotropic distribution of defects
and microcracks (the white pixels) (Fig.3 Right (b)) that evolve into microcracks oriented normal
to the direction of loading and finally the percolation of microcracks that lead to localization
and macroscopic failure.

Conclusions
In this extended abstract, we have investigated the influence of material degradation on diffusion
in porous materials. In the first part of the paper, the critical microcrack density for establishing a
continuous network of microcracks was characterized using the cascade continuum micromechanics
model. Model predictions have been confirmed by explicit Pixel-FE simulations. In the second
part of the paper, the mechanics of material degradation in disordered porous materials has been
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Figure 3. Pixel-Erosion simulation of material degradation and diffusion. Left-top: Macroscopic strength
normalized stress vs macroscopic strength normalized strain for a specimen under uniaxial tension. Left bottom: Evolution of the effective diffusivity of the material during material degradation (the colored symbols
correspond to the 5 random realizations). Right: Evolution of microcracking in the specimen subject to
tension upto localization.

investigated by characterizing the material at the microscale using a heterogeneous strength
distribution. This degradation mechanism and its influence on the overall diffusivity of the
material has been simulated using Pixel-FE computations.
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Multiscale model of ASR-induced damage in
concrete
Tagir Iskhakov1 *, Jithender J. Timothy1 and Günther Meschke1
Micro Abstract
A multiscale micromechanical model for the prediction of the deterioration of concrete caused by
Alkali Silica Reaction is presented. The gel pressure results in microcrack growth in the reactive
aggregate and the surrounding cement paste. This damage process is formulated in the framework of
linear elastic fracture mechanics applied at the scale of the aggregate and the cement paste. The
model predictions are compared with selected experimental data.
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Introduction
Concrete structures such as pavements, dams and bridges, which contain reactive aggregates
and sufficient moisture in the pore space, are susceptible to damage caused by the AlkaliSilica Reaction (ASR) [1]. ASR is a chemical reaction between alkali ions and silica in the
aggregates leading to the formation of an expansive gel. This ASR gel swells in the presence of
moisture, applying internal pressure in the voids and flaws existing in concrete. As a consequence,
microcracking of concrete at the microscale is observed that manifests itself as overall material
degradation and expansion at the macroscale [10]. In this extended abstract we present an
overview of a micromechanics model for ASR degradation and expansion recently developed
in [3], focusing on the role of internal pressure generated by ASR gel expansion in the pre-existing
microcracks in aggregates and cement paste (see Figure 5 right).

c
w w

a)

b)

c)

d)

Figure 1. Multiscale characterization of concrete: a) Laboratory specimen; b) REV of concrete with
distributed spherical aggregates; c) REV of cement paste and aggregate containing distributed microcracks; d)
geometry of a penny-shaped microcrack.

1 Multiscale micromechanics model
The model is based on a multiscale approach (Figure 1). We consider REVs (Representative
Elementary Volume) at two scales of observation: At the concrete level, characterized by
distributed spherical aggregate particles embedded in the cement paste matrix, and at the
level of individual aggregates and cement paste, characterized by microcracks embedded into
the intact homogeneous aggregate and cement paste material. The microcracks are assumed
to be penny-shaped with crack radius w and crack width c (c  w) that evolve due to an
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internal pressure induced by ASR gel. The relation of the rate of growth of microcracks in the
aggregates and the cement paste is assumed to be governed by a gel distribution coefficient α,
which represents the distribution of the ASR gel in the concrete composite.

a)

b)

c)

d)

e)

f)

Figure 2. Crack initiation and propagation around an expanding aggregate subjected to uniaxial tension
(a-c) and uniaxial compression (d-f). Figures a) and d) show the geometry and loading conditions, b) and e)
show the micromechanical model predictions of the position of crack initiation while c) and f) show the crack
path obtained from a numerical crack analysis using an interface fracture model [4]. Green points and lines
denote the location of crack initiation.

The internal pressures are computed from the Griffith energy balance [2] and then are inserted
into the microporomechanics state equations [2] in order to obtain the volumetric expansion of
the aggregates and the cement paste caused by growth of pre-existing microcracks. Considering
the absence of external loading, these expansions can be viewed as Eigenstrains of the aggregate
particles and the cement paste, which can be upscaled using Levin’s theorem to obtain the
overall stress-free expansion of the concrete at the macroscale. The stiffness of concrete at the
structural level can be determined using the framework of mean field homogenization [2, 9]
assuming spherical aggregates with stiffness Ca embedded in the cement paste matrix with
stiffness Cc . Tensors Ca , Cc take into account the distribution and density of microcracks in the
aggregate and the cement paste, respectively.

a)

b)

c)

d)

e)

f)

Figure 3. Crack initiation and propagation around a non-expanding aggregate subjected to uniaxial tension
(a-c) and uniaxial compression (d-f). Figures a) and d) show the geometry and loading conditions, b) and e)
show the micromechanical model predictions of the position of crack initiation while c) and f) show the crack
path obtained from a numerical crack analysis using an interface fracture model [4]. Green points and lines
denote the location of crack initiation.

1.1 Aggregate expansion induced damage of cement paste
In addition to concrete deterioration due to growth of pre-existing microcracks, the aggregate
expansion induces additional tensile stresses in the cement paste that could further lead to
formation of new cracks in the cement paste. The tensile stresses around the aggregates can
be computed using the exterior point Eshelby tensor. For the case of expanding spherical
aggregates without applied external loads or constraints, the stresses in the cement paste matrix
around the aggregates are uniform. For now we will consider an applied load in order to
determine the initiation point and shape of the crack which could form around the expanding
aggregate. Imagine one expanding spherical particle embedded in the cement paste matrix. On
the boundaries of the matrix, tensile (Figure 2a) and compressive (Figure 2d) loads are applied.
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The location of maximum principal stresses, i.e., the presumable location of crack initiation,
is shown in Figures 2b and 2e. Comparison of the micromechanical predictions with explicit
numerical simulations (Figure 2c and 2f), using a variational interface model [4], are in agreement.
Moreover, the results obtained numerically suggest an annular crack morphology forming around
the expanding aggregates. Without any external loads or constraints, the annular cracks can
form at any point around the aggregate since the stress state is theoretically uniform as was
mentioned before. For simplicity, we assume the annular cracks to be aligned along the three
orthogonal directions x, y, z. Here it should be noted that crack formation mechanisms around
expanding and non-expanding aggregates are different. As an example, the location of crack
initiation and crack path around non-expanding aggregate are shown in Figure 3.
1.2 Formation and propagation of annular crack
The aforementioned concept of annular cracking is employed in the proposed micromechanics
model as follows: Firstly, the tensile stresses in the cement paste caused by aggregate expansion
(Figure 4a) are calculated using the exterior point Eshelby tensor. These tensile stresses lead
to the formation of annular cracks of size s (Figure 4b) which can be found by calculating the
stress intensity factor for annular crack propagating from the aggregate surface into the cement
paste matrix. Thereafter, the ASR gel is assumed to i) fill the formed annular crack, ii) swell
and iii) generate an internal pressure which drives annular cracking (Figure 4c). Finally, given
the size of the annular crack, the additional expansion and additional degradation [7] of cement
paste matrix are computed.

σ

s
a)

b)

c)

Figure 4. Formation and growth of an annular crack: a) tensile stresses in the cement paste around the
aggregate due to its expansion; b) initiation of annular crack of size s; c) ASR gel fills and pressurizes the
annular crack.

1.3 Comparison with experimental data
The model predictions for concrete behavior at the macroscopic scale are compared with the
experimental findings [5, 6, 8, 10]. Figure 5 presents the relation between ASR-affected concrete
expansion and degradation: experimental point data and model predictions of the upper and lower
bounds obtained using a realistic range of material parameters and microstructural geometrical
properties [3]. As can be observed, the ranges of experimental and model results coincide. The
parametric study and complete comparative analysis of experimental and simulation data can
be found in [3].

Conclusions
In this work, a multiscale micromechanics model for concrete deterioration and expansion due
to ASR gel induced microcracking in the aggregates and cement paste is discussed. Additional
deterioration of cement paste due to aggregate expansion is accounted for by adopting the
annular crack concept, which has been investigated analytically and numerically. Experimental
observations lie within the theoretical bounds predicted by the micromechanics model.
456

MS14

Multiscale Modeling of Transport Processes and Fracture in Concrete
1.4

upper and lower bounds
of model predictions

1.2

Y [-]

1

a)

b)

c)

d)

exp. point data

0.8
0.6
0.4
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0

0
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E [-]
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0.008

Figure 5. Left: Experimental predictions [5, 6, 8, 10] (denoted by orange, green, red and blue colors
respectively) and model bounds for the expansion E vs. the normalized elasticity modulus Y of concrete at
the macroscale. Right: Mechanics of the damage model of concrete due to ASR induced gel expansion: a) gel
fills the microcracks in aggregates and cement paste; b) ASR gel swelling induces internal pressure, and
microcracks grow; c) aggregate expansion causes formation of new cracks in the cement paste; d) newly
formed cracks are filled with ASR gel and propagate due to its swelling.
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A Lattice Boltzmann approach for
advection-diffusion problems in porous media
including dissolution
Hussein Alihussein1 *, Manfred Krafczyk1 , Konstantin Kutscher1 and Martin Geier1
Micro Abstract
A LB model is presented to simulate advection-diffusion processes in porous media. Chemical reactions
occurring on the pore surfaces causing dissolution require continuous surface adaptation. The approach
utilizes the Cumulant LB model to model advection, a second LBM for the concentration of the chemical
species, and an explicit surface dynamics solver governing the transient evolution of the surface geometry.
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Introduction
Reactive transport processes are dominant in natural and man-made porous material like concrete
(or more generally cementitious materials). Chemical processes that occur in such materials
include the hydration of cement, alkali-aggregate reactions, the corrosion of steel reinforcement
or the degradation of hardened cement pastes due to the attack of chemical species on the solid
phases produced by the cement hydration process. The latter will eventually lead to a gradual
degradation of the solid phases either by dissolution or by precipitation. In dissolution reactions,
chemical species force some of the solid phases to leach (e.g. decalcification and external sulphate
attack) [1]. On the other hand, precipitation causes the formation of salt crystals inside the
pores of the cementitious materials and due to their increased volume, this may induce internal
stresses on the inner surfaces of the pores causing cracking ultimately leading to a loss of material
strength (e.g., the reaction of de-icing salts with the monosulphate phase producing Friedels’s
salt) [3]. The aforementioned dissolution/ precipitation reactions mainly occur at the surface of
the pores and they typically alter the position of the interface between the solid and the fluid /
gas phases and thus modify the mechanical and transport properties of the material giving rise
to a non-linear reaction process in turn. The importance of studying such chemical reactions
stems from its relationship to cementitious materials’ durability, which is considered a measure
of the service-life of the concrete structures. Since, as mentioned above, cementitious materials
are vulnerable against chemical attacks, and before any attempt is to be made to optimize the
material in a way that reduces its vulnerability i.e., attempts to increase the life-time of the
structure, a thorough understanding of the phenomena which occur in the micro pores is required.
Although, the problem domain takes place in the macro-scale (continuum scale) from a practical
point of view, it is rooted at the smallest pore (micro-scale) and spreads among a hierarchy of
length and time scales. Thus, the motivation of this study is the development of a framework
for predicting degradation of cementitious materials exposed to chemical attack. Enhancements
of existing numerical models are being taken into consideration while building the framework to
guarantee correct predictions of transport and reaction in cementitious materials. Moreover, a
potential outcome from such a study would be a durability assessment tool that assists engineers
in e.g. mitigating ineffective repair solutions for existing structures, or effectively motivate
modifications of reinforced concrete design codes requirements for durability.
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1 A Brief historical view
For a quite long time, simulations have been in use to model transport phenomena within the
concrete materials research community [1]. At the start was the chloride ingress modelling as its
transport is related to the steel reinforcement corrosion. A simple Fick-type diffusion was used
in [2] shown below, where diffusion was the only mechanism that had been accounted for:
∂c
∂2c
− D∗ 2 = 0
∂t
∂x

(1)

Here c(x,t) is the concentration field and D* is the diffusion coefficient. Fick’s diffusion model
was used afterwards for a long time until it has been then realised that the predictions of Fick’s
model were not in agreement with the measured chloride profiles due to the exposure of the
samples to intermittent wetting/ drying cycles. A careful study [6] assessed the validity of
Fick’s law and concluded that Fick’s model is based on assumptions that do not reflect the
behaviour of the cementitious materials and hence the model lacks reliability e.g. it does not
account for chemical interactions between the solid phases and the pore solution. A more
sophisticated advection-diffusion with reaction model is used for simulating reactive transport
processes. There is a variety of approaches using conventional numerical methods like [7] or
hybrid methods combining e.g. FDM and LBM as in [11]. Recently Lattice Boltzmann models
(LBM) have demonstrated their suitability for such problems due to its data locality implying
parallel scalability, its computational efficiency and its conservation properties for flows in
complex geometries such as porous media as well as its ability to simulate multiphase and
multicomponent flows [9]. A twofold homogeneous heterogeneous approach for simulating pore
scale reactive flow was proposed in [8] and Ion exchange model coupled with LBM is proposed
in the work of [5].

2 Theory and numerical model
2.1 The physicochemical model
The physicochemical model incorporates the governing equations for fluid flow, mass transport
namely, Navier-Stokes equations, the advection-diffusion equation, and dissolution/ precipitation
heterogeneous reaction. The dimensionless form of the model is given by
∇·u=0

(2)

∂u
1 2
1
+ ∇ · (uu) = −∇p +
∇ u+
g
∂t
Re
Fr

(3)

1 2 j
∂cj
+ u · ∇cj =
∇ c +R
∂t
Pe

(4)

n · (∇cj )|Interface = Da · cj

(5)

Where u is the velocity vector field, cˆj is the concentration field of the jˆth species and R
represents the sink-sorce term due to the chemical reactions for the jˆth species. The nondimensional parameters used include the Reynolds number,Re = UνL , the Froude number,
2
F r = UgL , the Peclet number P e = UDL , and the Damköhler number Da = kL
D . Where U and L
is a characteristic fluid flow velocity and characteristic length respectively, ν is the kinematic
viscosity, g is the gravitational acceleration, D is the diffusion coefficient and k is the reaction
rate. These four independent non-dimensional numbers characterize the flow, solute transport
and chemical reaction.
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2.2 Lattice Boltzmann Method
Lattice Boltzmann Methods can be described as a family of numerical schemes based on kinetic
theory used for solving a general class of advection-diffusion partial differential equations. This
is done by solving Boltzmann-type equations with discrete velocity stencils instead of discretising
and solving the original transport PDE directly as done in most CFD methods. In LBM, the
PDEs’ degrees of freedom are represented in terms of a single-particle density distribution
function fi (r, t), which describes the mass density of particles moving with a velocity ei at some
position r and time t. The observable quantities e.g., the hydrodynamic fields in case of solving
for flow are the moments of the distribution. The discretised density distribution is transported
over a regular spatial lattice. The basic evolution ansatz for LBM reads
BGK/M RT /CU M

fi (r + ei ∆t, t + ∆t) = fi (r, t) + Ωi

(r, t)

(6)

Where r is the position vector of a given grid node of a Cartesian Lattice and ∆t is the time
step. The complexity and accuracy of the so-called collision term Ω appearing in the above
equation strongly depends on the use of either a single (as in the so-called BGK model) or
multiple relaxation times (MRT and the so-called cumulant approach [4]). All the components of
the distribution functions or moments are typically relaxed towards an equilibrium distribution
and the hydrodynamic (i.e. macroscopic) quantities are obtained as algebraic moments of the
spatiotemporal distribution function. For simulating the fluid flow, we are using the Cumulant
LBM, which by relaxing cumulants instead of raw or central moments overcomes some problems
such as the lack of Galilean invariance [4]. A model with seven microscopic velocities proposed
by [10] is used for solving the advection-diffusion equation.

3 Results
The cumulant LBM is benchmarked in [4] and our results for the permeability of a porous
medium based on a µ-CT geometry reproduces a value within the range of previous numerical
and experimental studies. As an additional preliminary validation study, the MRT-LBM [10] is
used to solve what is known as the Taylor-Aris dispersion problem, where the dispersion of a
concentration φ is considered under the background flow between two parallel plates. In the
long time regime, the section-averaged distribution of the concentration is supposed to have
an approximate Gaussian distribution irrespective of the initial condition. A coefficient that
characterizes the solution called the longitudinal dispersion coefficient DL measures the temporal
growth of the variance of the section-averaged concentration. A set up for the test is conducted,
DnL is computed and compared to its analytical counterpart DaL . A very good agreement found
between both for different Pe numbers as observed in Table 1.

4 Conclusion
The objective of this work is to develop a state-of-the-art model for multicomponent reactive
flow in cementitious materials. The next step is the implementation of a mass-conserving scheme
to take into account the surface dynamics due to chemical reaction. Differently from previous
approaches dealing with surface reaction, we are aiming at explicitly capturing a sharp interface
while at the same time maintaining local mass conservation. To the best of our knowledge

Pe

L
Dn
D

DaL
D

Error(%)

25

4.018

3.976

1.053

50

13.154

12.905

1.929

Table 1. Taylor-Aris dispersion
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previous schemes are either pixel/voxel-based implying first order accuracy or lacking mass
conservation.

5 Acknowledgement
The authors would like to thank the Deutsche Forschungsgemeinschaft (DFG) for funding the
Research Training Group 2075 (GRK 2075) “Models for the constitutional evolution during
aging of materials and structures”.

References
[1] M. Alexander, A. Bertron, and N. De Belie. Performance of Cement-Based Materials in
Aggressive Aqueous Environments: State-of-the-Art Report, RILEM TC 211 - PAE. RILEM
State-of-the-Art Reports. Springer Netherlands, 2012.
[2] M. Collepardi, A. Marcialis, and R. Turriziani. Penetration of Chloride Ions into Cement
Pastes and Concretes. Journal of the American Ceramic Society, 55(10):534–535, 1972.
[3] Y. Farnam, S. Dick, A. Wiese, J. Davis, D. Bentz, and J. Weiss. The influence of calcium
chloride deicing salt on phase changes and damage development in cementitious materials.
Cement and Concrete Composites, 64:1–15, 2015.
[4] M. Geier, M. Schönherr, A. Pasquali, and M. Krafczyk. The cumulant lattice Boltzmann
equation in three dimensions: Theory and validation. Computers & Mathematics with
Applications, 70(4):507–547, 2015.
[5] A. Hiorth, E. Jettestuen, L. M. Cathles, and M. V. Madland. Precipitation, dissolution,
and ion exchange processes coupled with a lattice Boltzmann advection diffusion solver.
Geochimica et Cosmochimica Acta, 104:99–110, 2013.
[6] J. Marchand and E. Samson. Predicting the service-life of concrete structures – Limitations
of simplified models. Cement and Concrete Composites, 31(8):515–521, 2009.
[7] S. Molins, D. Trebotich, C. I. Steefel, and C. Shen. An investigation of the effect of pore
scale flow on average geochemical reaction rates using direct numerical simulation. Water
Resources Research, 48(3), 2012.
[8] R. A. Patel, J. Perko, D. Jacques, G. D. Schutter, K. V. Breugel, and G. Ye. A versatile
pore-scale multicomponent reactive transport approach based on lattice Boltzmann method:
Application to portlandite dissolution. Physics and Chemistry of the Earth, Parts A/B/C,
70:127–137, 2014.
[9] X. Yang, Y. Mehmani, W. A. Perkins, A. Pasquali, M. Schönherr, K. Kim, M. Perego, M. L.
Parks, N. Trask, M. T. Balhoff, M. C. Richmond, M. Geier, M. Krafczyk, L.-S. Luo, A. M.
Tartakovsky, and T. D. Scheibe. Intercomparison of 3D pore-scale flow and solute transport
simulation methods. Adv. Water Resour., 95:176–189, 2016.
[10] H. Yoshida and M. Nagaoka. Multiple-relaxation-time lattice Boltzmann model for the convection and anisotropic diffusion equation. Journal of Computational Physics, 229(20):7774–
7795, 2010.
[11] D. Yu and A. J. C. Ladd. A numerical simulation method for dissolution in porous and
fractured media. Journal of Computational Physics, 229(18):6450–6465, 2010.

461

Mini-Symposium 15:
Non-standard Formulations and Discretization
Methods for Thin-walled Structures
Organizers:
Bastian Oesterle (Institute for Structural Mechanics, University of Stuttgart)
Wolfgang Dornisch (Chair of Applied Mechanics, University of Kaiserslautern)
Michael Breitenberger (Chair of Structural Analysis, Technical University of Munich)
Josef Kiendl (Department of Marine Technology, Norwegian University of Science and
Technology)

Abstract:
In recent years, an increased activity in the scientific field of formulations and discretization methods for plate and shell structures can be observed. The topic has received a
major boost due to the popularity of the isogeometric concept along with finite element
methods using NURBS or B-Splines as shape functions. Here, one of the decisive features
is a relatively easy control of continuity of shape functions, facilitating discretization of
problems for which the weak form has a variational index of 2 or larger. This applies, for
instance, to the classical Kirchhoff-Love thin shell model, which currently experiences a
renaissance.
The proposed mini-symposium invites all contributions from the field of non-standard
formulations and discretization methods for thin-walled structures, both from method
development and application. Typical topics are expected to be, but not restricted to:
spline-based discretizations, formulations based on subdivision surfaces, non-local (patchbased) or smoothed finite elements, meshless methods, finite cell methods, isogeometric
analysis and integration of CAD and CAE, rotation-free formulations for plates and shells,
non-linear analyses, treatment of boundary conditions or trimmed surfaces as well as
multi-layer and solid shell elements.
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Smooth spline spaces on unstructured
quadrilateral meshes for isogeometric analysis
Hendrik Speleers1 *, Deepesh Toshniwal2 and Thomas J. R. Hughes2
Micro Abstract
We present a framework for isogeometric analysis on unstructured quadrilateral meshes. Acknowledging
the differing requirements posed by design and analysis, we propose the construction of a separate,
smooth spline space for each, while ensuring isogeometric compatibility. A key ingredient in the
approach is the use of singular parameterizations at extraordinary vertices. We demonstrate the
versatility of the approach with applications in design and analysis.
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Introduction
Modeling arbitrary genus geometries with a finite number of tensor-product patches invariably
leads to surface representations over unstructured quadrilateral meshes containing extraordinary
points, i.e., internal vertices where µ 6= 4 edges meet. On regular parts of the mesh, where the
quadrilateral elements are arranged in a locally-structured fashion, smooth splines can be easily
built. However, there is no canonical way of doing the same on an unstructured arrangement of
quadrilateral elements. Application of smooth splines over unstructured meshes is of considerable
interest within the field of isogeometric analysis [1], and a myriad of approaches have been
explored that focus on the design and analysis of geometries built over such meshes; see, e.g., [4].
Taking inspiration from [2, 3], we present a novel framework for construction of smooth splines
on unstructured quadrilateral meshes, providing a solution in the context of both geometric
modeling and isogeometric analysis. Geometric modeling is a highly visual process and is driven
by practical considerations. It is important to have simple, intuitive modeling tools that can be
used to build visually pleasing geometries. Computationally analyzing the designed geometric
objects, on the other hand, is very much motivated by accuracy and stability considerations.
Keeping the above in mind, we acknowledge the differing requirements posed by design and
analysis and propose a two-pronged solution. We aim to construct two spline spaces, called the
design and analysis spaces, for the purposes of geometric modeling and isogeometric analysis,
respectively. The general requirements imposed on the functions that span each space are
summarized in Figure 1. We refer the reader to [6] for full details on the complete framework.

1 Construction of Unstructured Spline Spaces
We will build spline spaces suitable for design and analysis over a mesh M that is standardized,
i.e., for any given extraordinary point, its spoke edges have the same knot spans. We focus on
the construction of smooth, linearly independent, locally supported spline functions over M.
The design and analysis spline spaces are then defined as the spans of these splines. For the sake
of simplified exposition, we restrict ourselves to bi-cubic splines, but the ideas can be extended
to higher degrees. The construction of smooth spline basis functions over M is essentially done
in a two-step process [6]:
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Spline basis
Non-negativity1
Partition of unity
Linear independence
Local support

Geometric representation

Analysis-suitable representation

1

At least C 1 smoothness

At least C smoothness
Finite representation
Intuitive control net

SD ⊆ SA

Finite representation
Optimal approximation
Nestedness1

Small consistency error

Compatibility with CAD technology (T-splines,. . . )

Figure 1. A summary of the properties achievable within our unstructured spline framework. For the specific
task of building geometric models, the spline basis (spanning the design space, SD ) is, in particular, associated
with an intuitive control net and maximizes the regions of C 2 smoothness; this necessarily entails non-nested
geometries under refinement during geometric modeling. Once the geometric model has been built, an analysis
space, SA , is built on the same mesh ensuring isogeometric compatibility, SD ⊆ SA . Thereafter, for performing
analysis on the geometry, it is possible to build a nested sequence of spaces such that the geometric model
stays invariant.

1. Macro extraction: For each element ω ∈ M, we construct a linear map from spline
degrees of freedom to ω-local Bézier degrees of freedom. Such a linear map is called the
Bézier extraction operator, and its transpose the macro spline extraction operator.
2. Micro extraction: Spline basis functions defined using the macro extractions on each
element will be C 2 smooth except on the 1-ring elements around the extraordinary point,
called irregular elements. We will rectify this using the split-then-smoothen approach:
(a) split each irregular element into 2 × 2 sub-elements using de Casteljau’s algorithm;

(b) transform the inner Bézier sub-elements adjacent to the extraordinary point into
singular but smooth D-patches, using a so-called smoothing matrix.
This will yield spline basis functions that are linear combinations of Bernstein basis functions
defined on the 2 × 2 sub-elements of the split 1-ring elements, and the corresponding linear
map is called the micro spline extraction operator.
A single spline function is thus built for each spline degree of freedom. For geometric modeling, conforming with the norm, the degrees of freedom are vertex-based control points. For
isogeometric analysis, some of the vertex-based control points are excluded and new ones on
element interiors are introduced. Note that macro extractions depend on the particular choice
of spline degrees of freedom; details can be found in [6]. The corresponding control structures
are illustrated in Figures 2a and 2b, respectively, and the associated spline functions lead to the
so-called design and analysis spaces, respectively. Moreover, the construction of SD and SA are
such that isogeometric compatibility, SD ⊆ SA , is ensured.
The framework is enacted as follows: geometric models are built using SD and, once finalized,
are represented as members of SA ; this representation is exact since SD ⊆ SA . Subsequently,
1

Contingent upon the properties of the smoothing matrix [6].
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(b) Analysis degrees of freedom

(a) Design degrees of freedom

Figure 2. These figures illustrate spline control nets (near extraordinary points) used for geometric modeling
and isogeometric analysis. Active control points have been plotted in black and inactive ones in red. For
design only vertex-based control points are used, while for analysis we introduce face-based control points near
extraordinary points and forgo reliance on traditional control nets in favor of creating nested spaces.

since nested spaces can be built in the analysis phase, the geometry can be exactly preserved
when refining during the analysis phase. Other features of the design and analysis spaces are
shown in Figure 1.

2 Application in Design and Analysis
We now consider a Cahn–Hilliard problem over the surface of a double-doughnut Ω. The problem
models spinodal decomposition of a binary fluid and is governed by a fourth-order non-linear
PDE. The surface, modeled using the design space, has been illustrated in Figure 3. For solving
the PDE, we switched to the analysis space and performed a few steps of global refinement in
order to satisfactorily resolve the evolving interface. The following non-dimensional form of the
problem was solved:
∂c
= ∇Ω · (c(1 − c)∇Ω (N2 µc − ∆Ω c)) on Ω × [0, T ] ,
∂t
c(x, 0) = c0 (x) on Ω ,
where ∇Ω and
 ∆Ω are the surface gradient and Laplace–Beltrami operators, respectively, and
c
µc := 13 log 1−c
+ 1 − 2c. The analysis mesh had 12, 382 degrees of freedom, and the initial
value c0 was determined by randomly perturbing the chosen initial volume fraction c̄ = 0.5; the
corresponding value of N2 was 3, 282.5. The results are shown in Figure 4. Steady state was
reached for the configuration in 650 time-steps.
Further examples in design and analysis are described in [6].

Conclusions
We presented a C 1 construction of bi-cubic splines on unstructured quadrilateral meshes containing extraordinary points. Appreciating the differing requirements posed by geometric modeling
and isogeometric analysis, separate spline spaces for both fields were built, and their suitability
for applications in these fields was demonstrated.
A key feature of our construction is its locality, making it highly portable. For example, it
would be straightforward to combine the construction here with the one in [5] for smooth polar
splines. Additionally, performing such a construction in the context of locally refinable spline
technologies (based on local tensor-product structures) should be straightforward; see [6] for its
integration in the T-spline framework.
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Figure 3. The surface of a double-doughnut, modeled in the design space, is the domain of interest for the
Cahn–Hilliard problem. The iso-parameter lines and colors indicate the locations and valences (6) of the
extraordinary points.

(a) t = 0

(b) t = 4.3197 × 10−5

(c) t = 1006.4156

Figure 4. The initial volume-fraction distribution is shown together with its time-evolution for the Cahn–
Hilliard problem over the surface in Figure 3. The meshes used for the computation contained 12, 382 degrees
of freedom.
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Recent advances in isogeometric dual mortar
patch coupling
Wolfgang Dornisch1 *, Joachim Stöckler2 and Ralf Müller1
Micro Abstract
Isogeometric analysis fosters the integration of design and analysis by using the geometry description
of the CAD system also for the numerical analysis. Hereby, the use of NURBS surfaces is common
but entails the need for a coupling of non-conforming patches. The use of mortar methods allows a
coupling which requires neither additional variables nor empirical parameters. In this contribution
dual basis functions are used in order to obtain an accurate and efficient mortar method.
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1 Introduction
A tighter integration between design and analysis is fostered by using the same basis functions
for both processes. This idea, which is commonly referred to as isogeometric analysis, has
been proposed in [11]. A huge share of works in this field use Non-Uniform Rational B-splines
(NURBS), which are also the prevailing standard in the Computer-Aided Design (CAD) industry.
NURBS surfaces are able to exactly represent the most common geometrical shapes and their
widespread use has led to a multitude of open-source routines which abet a straight-forward
integration of NURBS basis functions into existing finite element analysis (FEA) frameworks.
NURBS surfaces are defined by a tensor product structure with rectangular parametric spaces.
Thus, general structures cannot be described by a single patch but are defined by a multitude of
patches which are in general non-conforming along their interfaces. Methods for the handling of
non-conforming meshes are required in order to avoid unnecessary mesh refinement. Several
methods which enrich the variational formulation have been proposed, e.g. [1, 4, 5, 8]. All these
methods either lack universal applicability, robustness or efficiency. This hinders the use of
NURBS-based isogeometric analysis in practical applications. The use of mortar methods with
constrained approximation spaces [2, 3, 10] or similar constraint formulations [7] is promising due
to its universal applicability and robustness. However, the use of standard mortar formulations
is inefficient due to an arising global support of nodes along the interfaces. In order to overcome
this issue, the use of dual basis functions and approximate dual basis functions has been proposed
in [9, 13]. Different approaches for dual basis functions for NURBS are discussed in this work.

2 Isogeometric analysis
The main difference between isogeometric analysis and conventional finite element analysis
is the basis functions. NURBS basis functions are computed from B-spline basis functions
by introducing an additional weight factor for each control point i = 1, . . . , n. B-spline basis
functions Nip (ξ) are defined by their order p and a knot vector Ξ = [ξi ] with i = 1, . . . , n + p + 1.
They can be computed using the Cox–de Boor algorithm (see e.g. [11]). The support of B-spline

T
basis functions is confined to the interval [ξi , ξi+p+1 ). The control points B i = X Ti , wi with
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i = 1, . . . , n are used to interpolate the physical location of a NURBS curve by
Xh =

nen
X

NI X I

with

I=1

N p (ξ)wi
NI (ξ) := Pneni p
N (ξ)wî
î=1 î

and nen = p + 1 .

(1)

Multidimensional extensions for surfaces and volumes can be found e.g. inP[11]. The NURBS
en
basis functions NI are used as
basis functions for the displacements uh = nI=1
NI uI and the
P
nen
h
virtual test functions δu = I=1 NI δuI .

3 Dual basis functions and related concepts

R
The properties of dual basis functions λi are defined by the functional fi (Nj ) := Ξ Nj λi ds = δij ,
where δij is the Kronecker delta. Chui et al. [6] introduced the notion of approximate dual basis
functions which fulfill the Kronecker delta property only approximately by fiapprox (Nj ) ≈ δij .
Dual basis functions for NURBS can amongst others be computed from the inverse of the
global Gram matrix, from a local Gram matrix [13] or explicitly using polynomials and a jump
function [12]. The ability to exactly reproduce polynomials of degree r = 0, . . . , p by
xr =

n
X

crj λj

with

crj =

j=1

Z

xr Nj ds

(2)

I

is a prerequisite for optimal convergence of the mortar method if dual basis functions λi are used
as test function; see [9] for more details. The reproduction property stated in Eq. (2) is fulfilled
by the global Gram dual basis functions and by the approximate dual basis functions, but not by
the the approaches proposed in [12, 13]. In terms of support the situation is different. The local
Gram duals and the explicitly defined duals have support in p + 1 elements, the same as the
NURBS basis functions. The approximate dual basis functions have support in 3p + 1 elements
and the global Gram dual basis functions have support in all n interface elements. More details
and justifications for this can be found in [9]. For a better comparison all four approaches are
compared in Tab. 1.

4 Mortar-based patch coupling applied to linear elasticity
In this work the mortar method with constrained approximation spaces [2] is used due to its
universal applicability. In this method neither the variational formulation is altered nor empirical
parameters or additional unknowns are required. It can be used without alterations for more
complicated settings and the resulting stiffness matrix is positive definite. Linear elasticity is
chosen here as a proof of concept for the sake of compactness. The application of this method in
an isogeometric framework in order to couple non-conforming NURBS patches has been proposed
in [10].
The domain Ω is decomposed into complementary subdomains Ωi with i = 1, . . . , np . Without
loss of generality we restrict ourselves to a two patch setting (np = 2) with a classification into
Approach

Proposed in

fulfills Eq. (2)

support

efficiency

accuracy

Global Gram dual

[2, 9, 10]

yes

n

−−

++

Local Gram dual

[13]

no

p+1

++

−−

Explicit dual

[12]

no

p+1

++

−−

Approximate dual

[6, 9]

yes

3p + 1

+

+

Table 1. Comparison of different approaches for the computation of dual basis functions

468

MS15

Non-standard Formulations and Discretization Methods for Thin-walled Structures

a master patch (ma) and a slave patch (sl), where Ω = Ωma ∪ Ωsl and Γc = Ωma ∩ Ωsl holds.
Equilibrium of forces, Neumann and Dirichlet boundary conditions are defined by
Div S + b = 0

in Ω ,

t=t

sl
on ΓN = Γma
N ∪ ΓN

and u = 0

sl
on ΓD = Γma
D ∪ ΓD ,

(3)

respectively. The interface condition uma = usl on Γc is not fulfilled in a strong way, but by
choosing the constrained solution space
(
)

Z 

 0 2

1
2
u = 0 on ΓD ,
usl − uma · λ ds = 0 ∀ λ ∈ H 2 Γsl
S := u ∈ H 1 (Ω)
(4)
c
Γc

which enforces the interface condition in a weak manner. The weak form of the boundary value
problem stated in Eq. (3) is referred to as G(u, δu). It is solved by the value u ∈ S which fulfills
∀δu ∈ S .

G(u, δu) = 0

(5)

The discretization using the finite element method and details on the computation of the dual
basis functions can be found in [9].

5 Numerical example
Studies of the convergence behavior of the global Gram duals, the explicit duals and the
approximate duals can be found in [9], whereas for results for the local Gram duals we refer
to [13]. In both works the convergence of the global stress error of computations of nonconforming discretizations of the elastic plate with hole is assessed, whereby different kinds of
test functions are used for the mortar method. In [9] it is shown, that the global Gram duals
and the approximate duals yield nearly optimal convergence behavior, while the explicit duals
introduce a considerable interface error which degrades the global stress convergence behavior.
In [13] is is shown that also the local Gram duals introduce a considerable interface error. Thus,
in the following only the approximate duals and the global Gram duals are considered and the
focus is set on efficiency. This is assessed with the help of a curved shell structure. Computations
are performed with conforming meshes as shown in Fig. 1a, and with non-conforming meshes
with a refinement ration of 15 : 12 along the interface, which is the straight line between the point
A and the lower edge. The deformation convergence behavior of point A is shown in Fig. 1b and
here all computations agree very well. The related computational costs are given in Fig. 1c. The
computational costs for the solution of the global system of equations are very similar for the
two non-conforming approaches and only slightly higher than for the conforming mesh. The
situation is different for the formation of the stiffness matrix. Here the approximate duals yield
only slightly higher costs than the conforming discretization. But due to their global support,
the global Gram duals yield several times higher costs than the conforming discretization. This
shows that out of the four considered concepts in Tab. 1 only the approximate duals yield both
accurate and efficient computations.
3

z
y
x

(a) System sketch

10
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CPU time per iteration [s]

A

Normalized deformation at point A

1.02

1.00
0.99
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Global Gram dual
Approximate dual
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0.94
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Solution global Gram dual
Solution approximate Dual
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(b) Deformation convergence

100000
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Figure 1. Comparison of deformation convergence behavior and computational costs between the global
Gram dual basis functions and the approximate dual basis functions for computations of non-conforming
meshes with 15j : 12j-refinement along the interface
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6 Conclusion
This work gives an overview on different concepts for the computation of dual basis functions for
NURBS and the implications on the efficiency and accuracy of the isogeometric mortar method.
The numerical results show that the approximate dual basis functions are the best compromise
between accuracy and efficiency.
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[6] C. K. Chui, W. He, and J. Stöckler. Nonstationary tight wavelet frames, I: Bounded
intervals. Appl. Comput. Harmonic Anal., 17(2):141–197, 2004.
[7] L. Coox, F. Greco, O. Atak, D. Vandepitte, and W. Desmet. A robust patch coupling
method for NURBS-based isogeometric analysis of non-conforming multipatch surfaces.
Comput. Meth. Appl. Mech. Engrg., 316:235–260, 2017.
[8] W. Dornisch and S. Klinkel. Boundary Conditions and Multi-Patch Connections in Isogeometric Analysis. Proc. Appl. Math. Mech., 11(1):207–208, 2011.
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Strain gradient elasticity theories in lattice
structure modelling
Jarkko Niiranen1 *, Sergei Khakalo1 and Viacheslav Balobanov1
Micro Abstract
The first and second strain gradient elasticity theories, resulting in higher-order governing equations,
are studied in the framework of continualization, or homogenization, of lattice structures such
as trusses in plane and space, with auxetic metamaterials as a special application. In particular, the role of length scale parameters and classical dimensions, such as the beam thickness, is
addressed by parameter studies. Finite element and isogeometric methods are utilized for discretizations.
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Introduction
Generalized continuum theories have been developed in order to widen the range of applicability
or to increase the accuracy of the theories of the classical Cauchy continua. Surprisingly, the
history of generalized continuum theories dates back to the birth of the classical theories. In short,
generalized (multi-scale) continuum theories aim at bringing in some length scale information
lacking from the classical (single-scale) continuum theories. New information is brought into the
continuum models by enriching the classical strain energy expressions essentially by either new
independent variables of local nature (e.g. micro-rotations in micro-polar theories) or gradients
of the classical variables of global nature (e.g. strain gradients in strain gradient theories). In
both types of approaches, length scale parameters – related to the new variables or the gradients,
respectively – are introduced, basically implying new constitutive relationships.
This contribution focuses on applying the first and second strain gradient elasticity theories for
modeling the size-dependent mechanical response of lattices structures: bending, buckling and
vibrations of triangular lattices are analyzed by beam and plane stress/strain models of strain
gradient elasticity.

1 First Strain Gradient Elasticity Theory for Modeling Planar Trusses
This section first recalls the strain energy of the first strain gradient elasticity theory and its
application to engineering beams via the classical dimension reduction assumptions of Euler and
Bernoulli. Then the strain gradient beam model is applied for modeling planar trusses having a
uniform triangular microarchitecture.
1.1 Strain Energy in the First Strain Gradient Elasticity Theory
Let us consider Mindlin’s strain gradient elasticity theory of form II [5] with the strain energy
density written in the form
1
WII = λεii εjj + µεij εij + g1 γiik γkjj + g2 γijj γikk
2
+ g3 γiik γjjk + g4 γijk γijk + g5 γijk γkji ,
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where the (third-order) micro-deformation tensor is defined as the strain gradient
γ = ∇ε,

(2)

with operator ∇ denoting the third-order tensor-valued gradient and with the classical linear
strain tensor written as
ε = ε(u) =


1
∇u + (∇u)T ,
2

(3)

where the nabla operator now denotes the second-order tensor-valued gradient. The (thirdorder) double stress tensor is defined by a set of five additional material parameters g1 , ..., g5 as
τijk = ∂WII /∂γijk = τjik with indices i, j, k getting values x, y, z within a Cartesian coordinate
system. The constitutive relation between the strain tensor and the classical Cauchy stress
tensor σ follows the generalized Hooke’s law as in the classical elasticity theory:
σ = 2µε + λtr εI,

(4)

with the Lamé material parameters µ and λ. The displacement field of body B is denoted by
u : B → R3 .
Finally, the virtual internal work is written in the form [5]
Z
Z
.
δWint =
σ : ε(δu) dB +
τ .. γ(δu) dB,
B

(5)

B

.
where : and .. denote the scalar products for second- and third-order tensors, respectively.
A one-parameter simplified strain gradient elasticity theory proposed originally by Altan and
Aifantis [1] reduces the strain energy density (1) to the form

1
1
WII = λεii εjj + µεij εij + g 2 λεii,k εjj,k + µεij,k εij,k ,
2
2

(6)

where the non-classical material parameter g describes the length scale of the micro-structure of
the material. Double stresses
τijk =

∂WII
= g 2 (λεll,k δij + 2µεij,k ) = τjik
∂εij,k

(7)

are related to the partial derivatives of the strain components by the Lamé parameters and the
gradient parameter g. For constant Lamé parameters, the double stress tensor takes the form
τ = g 2 ∇σ, and the virtual work expression can be written as
Z
Z
.
g
δWint
=
σ : ε(δu) dB +
g 2 ∇σ .. ∇ε(δu) dB.
(8)
B

B

1.2 Euler–Bernoulli Beams within the First Strain Gradient Elasticity Theory
Let us consider a three-dimensional beam structure occupying the domain
B = A × Ω,

(9)

where Ω = (0, L) denotes the central axis of the structure with L standing for the length of the
structure. The x-axis of a Cartesian coordinate system is assumed to follow the central axis of
the beam. A ⊂ R2 denotes the cross section of the beam, which requires that diam(A)  L.
Let us assume that the material properties and the cross section of the beam as well as surface
and body loads, and both static and kinematic boundary conditions on the end point cross
sections, are of such a form that one can focus on uni-axial bending in the xz-plane governed
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by displacement field u = (ux , uz ). The dimension reduction hypotheses of Euler and Bernoulli
then imply the displacement components of the form
ux = −z

∂w(x)
,
∂x

uz = w(x),

(10)

leaving the transverse deflection w : Ω → R as the only independent unknown of the problem.
Inserting the kinematical descriptions in the virtual work expression (8) and defining the force
resultants, the classical Cauchy type bending moment and a generalized moment, respectively, as
M (x) =

Z

σx (x, y, z)z dA,

R(x) =

A

Z

A

∂σx (x, y, z)
dA,
∂z

(11)

results in an energy expression over the central axis of the beam and finally gives, with the
principle of virtual work, the governing equation of the problem in terms of bending moments in
the form [7],
(M + g 2 R − (g 2 M 0 )0 )00 = f

in Ω.

(12)

In terms of deflection, the governing equation reads as
(EI + g 2 EA)w00 − (g 2 EIw000 )0

00

=f

in Ω.

(13)

With constant material parameters, this equation still reduces to the form
(EI + g 2 EA)w(4) − g 2 EIw(6) = f.

(14)

The boundary conditions of the problem are able to describe the three standard types: clamped,
simply supported and free. The clamped and simply supported boundaries can be distinguished,
however, into two different types according to the curvature κ = −w00 (x) of the beam axis. In
this way, five different boundary condition types can be defined [7]: doubly clamped and singly
clamped boundaries, respectively,
w = w and w0 = β and − w00 = κ

on ΓCd ,

(15)

w = w and w = β and g M = G on ΓCs ,

(16)

0

0

2

g

doubly simply supported and singly simply supported boundaries, respectively,
w = w and (M + g 2 R − (g 2 M 0 )0 ) = M

w = w and (M + g 2 R − (g 2 M 0 )0 ) = M

g
g

and − w00 = κ on ΓSd ,
g

and g 2 M 0 = G on ΓSs ,

(17)
(18)

and free boundaries,
g

(M + g 2 R − (g 2 M 0 )0 )0 = Q and
(M + g 2 R − (g 2 M 0 )0 ) = M

g

g

and

g 2 M 0 = G on ΓF ,

(19)

Finally, we note that setting g = 0 results in the classical boundary conditions of Euler–Bernoulli
beams. For gradient-elastic Timoshenko beams, we refer to [2, 3], whereas higher-order beam
models including material unisotropy have been studied in [8], for instance.
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1.3 Numerical Tests for Trusses
Let us consider a uniform triangular lattice structure in plane formed by equilateral triangles
made of bulk material with Young’s modulus E as depicted in Figure 1 (left). A series of
trusses of length L = N l and thickness T = N t, with N = 1, 2, 3, . . . , are extracted from the
triangular lattice such that t denotes the thickness of one layer of triangles and l denotes a
chosen fundamental length such that assumption t  l is valid (implying that the fundamental
truss with N = 1 can be considered as a thin beam and, accordingly, the subsequent trusses of
the series as well). It should be noticed that the (thick) internal and (thin) surface bars of the
lattice are of constant thickness, say, d and d/2, respectively (see Figure 1).
The lattice beams of the series are homogenized as straight beams following the strain gradient
theory and it is shown by numerical results that the generalized beam model is able to take
into account the size dependency caused by the lattice microstructure of the beams in bending
and buckling by two material parameters: the effective Young’s modulus and the length scale
parameter g (one more parameter is needed for free vibrations) [3]. In auxetic metamaterials,
in particular, the size dependency plays a key role due to the bending dominance of internal
deformations of the material. Isogeometric Galerkin methods have been used for discretizing
the generalized beam model, whereas for fine scale validation models standard finite element
methods have been utilized.

Figure 1. Left: A piece of a uniform triangular lattice structure formed by equilateral triangles made of
straight bars of bulk material depicted by (grey) solid lines. Right: A piece of a triangular lattice structure
with the basic bars depicted by (blue or grey thick) solid lines and (red and green thin) springs indicating two
types of distant bars.

2 Second Strain Gradient Elasticity Theory for Modeling Spring Lattices
Models of the second strain gradient elasticity theory can be formulated by extending the basic
principles of the first strain gradient elasticity theory; see [4, 6] providing the general descriptions
and a simplied model with a thorough analysis.
A triangular lattice structure of multiple bars or springs, depicted in Figure 1 (right), can be
shown to behaves as a second strain gradient continuum [4]. In particular, it can be shown that
initial stresses prescribed on boundaries can be associated to one of the higher-order parameters,
the so-called modulus of cohesion, giving rise to surface tension.
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Conclusions
This contribution has focused on applying the first and second strain gradient elasticity theories
for modeling the size-dependent mechanical response of lattices structures. First, the strain
energy of the first strain gradient elasticity theory has been recalled and then applied to
Euler–Bernoulli beams. Then the strain gradient beam model has been applied for modeling
planar trusses having a uniform triangular microarchitecture. In particular, the mechanical
response of the lattice beams in bending, buckling and free vibrations have been reported to be
microstructure-dependent, i.e., size-dependent. It has been finally reported as well that a more
complex triangular lattice structure behaves as a second strain gradient continuum possessing
size-dependent surface tension effects, in particular.
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A homogenization approach for beam-like
structures with arbitrarily shaped and
deformable cross-sections
Simon Klarmann1 * and Friedrich Gruttmann1
Micro Abstract
Beam elements demonstrate an efficient way of modeling large, thin structures if the assumed
kinematics are reasonable. Regarding arbitrarily shaped cross-sections and varying material
properties, difficulties arise in describing their behavior. A homogenization approach for a simple
Timoshenko beam using a representative volume element circumvents this problem. In addition to
that cross-sectional deformations can be taken into account.
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Introduction
Recently numerical homogenization schemes are widely used to model large structures while
taking the behavior of the micro structure into account. The calculation is then carried out with
the so called FE2 approach, meaning a second FE calculation is performed to get homogenized
material properties as well as stresses. Regarding the homogenization theory the Hill condition
is the most common approach and is well investigated when coupling scales with a full 3D stress
and strain state. However, the resulting workload is massive because even with the lowest order
3D element, eight RVEs per element need to be evaluated. A drastic reduction of this workload
can be achieved by using degenerated elements like beams, plates or shells. In this work beam
elements are considered, which leads to an evaluation of only one RVE per element. The main
goal is to recover the 3D stress state. This approach has already been used, mainly for shell
elements, but there is still a severe problem considering the shear deformation state. Here, the
coupling between shear force and bending moment distribution leads to a length dependency of
the RVE. This problem will be investigated and a possible solution is given as well as tested on
appropriate numerical examples.

1 Homogenization scheme
In order to perform the homogenization, macro strains have to be applied onto the micro scale.
Since homogenized values contain information about the cross-section, it is more appropriate to
talk about a meso scale. Here, coupling is performed for the Timoshenko beam assumptions
with the strain tensor ε = [ε, γy , γz , κx , κy , κz ]. These strains have to be transferred onto the
RVE, therefore it is necessary to look at the equation system of one RVE
 

 

N 
 1X
1
δva
kaa kab
∆va
fa
T
L
L
δVi Ki ∆Vi + Fi =
+
.
(1)
δvb
kba kbb
∆vb
fb
li
li
e=1

Degrees of freedom are already separated into free (va ) and fixed (vb ) ones. Then the macroscopic
strains are related to vb with
vb = Aε

δvb = Aδε
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For the Timoshenko beam theory the matrix A reads



x 0 0
0
xz −xy
0 .
A =  0 x 0 −xz 0
0 0 x
xy 0
0

(3)

Further details regarding evaluation of stresses and linearized stresses can be found in [2].

2 Boundary Conditions
As outlined in sec. 1, two scales, macro and meso scale, are coupled by transferring the beam
strains onto the latter. These strains are an average of the cross-sectional ones. Therefore suitable
boundary conditions (b.c.) need to be found to allow a deviation from a plane cross-section.

z

Shear correction factor

2.1 Problem: Shear deformation

z
x

x

(a) Linear disp. b.c.

(b) Periodic b.c.

1

LDBC

0.5

PBC
Analytical

0

0

5

10

15

RVE Length to Height

(c) Influence RVE length

Figure 1. Shear deformation of the RVE and length dependency

At this point it is worth mentioning that periodic b.c. (PBC) lead to perfect results regarding
tension, bending and torsion (applied to the center of shear). But fail to give any results for the
shear stiffness, see fig. 1b. One way to circumvent this problem is to apply linear displacement
b.c. (LDBC) in length direction of the RVE, see fig. 1a. With these, two problems arise. The
first one is that the cross-section stays plane, which leads to some boundary effects. But as
long as the RVE is long enough, it has no impact on the results. A more severe problem is
depicted in fig. 1c. The diagram shows the resulting shear correction factor when varying length
with respect to height of the RVE ( hl ). As mentioned before, PBC lead to a shear correction
factor of zero. And in case of LDBC the shear correction factor is length dependent converging
against the solution of PBC with increasing ratio hl . Therefore a conflict in choosing the correct
length for the RVE arises between a high value of hl to reduce the influence of boundary effects
and a low ratio hl to get a suitable shear correction factor (in fig. 1c hl ≈ 0.5 for the analytical
solution). The reason for the length dependency of the shear stiffness can be found in fig. 2. In
this case a shear deformation leads to a constant shear force and a linear moment distribution.
γ·l
l

Shear force

Figure 2. Beam shear deformation and stress resultant
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2.2 Additional constraints
The objective is to remove the length dependency and make PBC usable. Regarding the length
dependency it is necessary to let the linear moment distribution vanish. Here, two possibilities
are regarded. The first one is to set the warping displacements constant over the length, which
can be achieved by linking all displacement increments in x-direction onto one surface. This
requires that each node must have one corresponding node on the surface. The second possibility
is to remove the linear distribution of moment in an average sense, leading to a constraint
Z
σ n · (y · λz + z · λy ) dV = 0,
(4)
RV E

where σ n = [σx , σy , σz ], λy = [λy1 , λy2 , λy3 ] and λz = [λz1 , λz2 , λz3 ]. All λ are functions of
the length direction x and equal, in shape, the moment distribution resulting from a shear
deformation with respect to the boundary conditions. In total these are additional 6 constraints.
To make PBC usable the second constraint has to remove rigid body rotation in case of shear
deformation. The idea is to apply an interface element in the center of the RVE and set its
rotation to zero in an average sense. This leads to
Z
(5)
(σx − σ x ) (y · µz + z · µy ) dV.
V

For both, σx and σ x , linear elasticity is assumed. The difference between them lies in the
evaluation of the strains. Here, σx is evaluated in a standard manner, while for σ x , diplacements
uSx of the surface are replaced by the product of two angles and the distance to the center of
gravity, uSx = ϕy · z + ϕz · y. The Lagrangian parameter µy and µz enforce this balance in an
average sense. With the above given additional constraints, the RVE is structured like in fig. 3.
Interface

xmax
0
xmin

λy , λz – LDBC:
∂Ωr

∂Ωl

x
λy , λz – PBC:

lRV E /2

xmax
0
xmin

lRV E /2
Figure 3. RVE and functions for λ in eq. (4)

The boundaries ∂Ωl and ∂Ωr can be either clamped (LDBC) or linked (PBC). In case of LDBC
the interface is not present. Evaluating the moment distribution when shearing this system leads
to the two different functions for λ.

3 Numerical Examples
The introduced additional constraints are tested on an U-shaped profile. Geometrical information
are given in fig. 4a with h = b = 10 cm, s = 0.6 cm and t = 1.2 cm. To test the constraints, four
types of RVE boundary conditions are chosen, namely PBC with a linked domain (PBCLink),
PBC with the above given constraints eq. (4) (PBCConst), LDBC and LDBC with the constraint
(LDBCConst). Figures 4b and 4c show the resulting shear correction factor over a varying length
of the RVE. Here, PBCLink and PBCConst are truly length independent while LDBCConst
converge against the same shear correction factor with increasing length. As in the previous
example the shear correction factor for LDBC converges to zero and is unusable. The evaluation of
the RVE leads to shear correction factors κy = 0.6605 and κz = 0.1512 compared to κy = 0.6595
and κz = 0.1509 calculated with the element in [1]. Regarding the cross sectional deformation,
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b

PBCLink
0.8

0.6
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s
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0.6
PBCConst
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0.2

LDBCConst
0

0
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0
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0
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RVE Length [cm]

(a) Geometry

100

RVE Length [cm]

(b) κy over RVE length

(c) κz over RVE length

Figure 4. Shear correction factor – U-shaped profile

λ · F MS
L

λ

6
Reference

4

PBCConstNl
2

PBCConstLin
Euler buckling

ϕ

0

0

5 · 10−2

(a) System

0.1

0.15

ϕ

(b) Results

Figure 5. Example – Torsional buckling

the next example deals with torsional buckling. For this case material parameters are chosen
as E = 21000 kN/cm2 and Poisson’s ratio ν = 0.3 while the cross-section stays the same as
above. Figure 5a shows the system with L = 150 cm, load F = 100 kN and a small imperfection
MS = 0.1 kN m. The rotational degree of freedom ϕ is observed and results are depicted in fig.
5b. Geometrical non-linearity for the macro system is assumed, while the RVE is evaluated
geometrically linear (PBCConstLin) and non-linear (PBCConstNl). Euler buckling is the critical
load for the weak axis and the reference solution is evaluated with a geometrically non-linear 3D
brick element. The results in case of a geometrically non-linear evaluation of the RVE agree
very well with the reference solution, while the geometrically linear RVE is not able to represent
torsional buckling. The reason for the overestimation of the Euler buckling case is the wrong
imperfection.

Conclusion
A homogenization approach for the Timoshenko beam theory is presented with focus on shear
stiffness. The introduced additional constraints make it possible to use pure periodic b.c. and
get results independent of the RVE length. The resulting shear correction factors, and all other
cross-sectional values, are length independent and agree with the reference solution. With
a geometrical non-linear evaluation of the RVE the cross-sectional deformation is taken into
account and it is possible to recognize the torsional buckling case.
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Shell models in the framework of generalized
continuum theories: isogeometric
implementation and applications
Viacheslav Balobanov1 *, Sergei Khakalo1 , Josef Kiendl2 and Jarkko Niiranen1
Micro Abstract
Physico-mathematical models of shells in the framework of couple stress and strain gradient elasticity
theories with variational formulations are developed. The models derived are embedded into a
commercial finite element software as user subroutines following the isogeometric paradigm. Practical
applications such as modelling of microarchitectured materials and materials with microstructure, or problems of fracture mechanics, illustrate the advantages of the non-classical continuum theories.
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Introduction
Commercial software for computational structural engineering and applied mechanics are based
on classical theories, such as theory of elasticity, which rely on classical continuum mechanics and
does not take into account the material microstructure. However, materials with microstructure
are the future direction of material design (cf. architectured materials, micro- and nanoelectromechanical systems MEMS and NEMS, topology optimization, 3D-printing). Generalized continua
theories, incorporating length scale parameters related to additional energy terms, have shown
to be appropriate for (1) modelling materials with microstructures of different scales [7], or (2)
for homogenisation models of structures with substructures [8]; as well as (3) for smoothening
unphysical macro-scale singularities in crack tips or sharp corners [2]. With this background,
the importance of developing efficient and reliable numerical methods for these models becomes
unquestionable.
In the current contribution, we consider one of the most complex representatives from a family of
generalized continua theories, namely, gradient elasticity (introduced in [6]). Models and methods
for some others, for example, modified couple-stress theory, can be obtained by simplifications
and minor changes of the presented derivations.
Numerical methods for gradient-elastic structural models such as bars, beams or plates are
well-developed and extensively covered in the literature. However, there are no contributions on
numerical methods for gradient-elastic shells.

1 Energy expressions for the gradient-elastic Kirchhoff-Love shell model
The core concept of the strain gradient elasticity theory is the introduction of a new term into
the internal energy of elastically deformable continuum:
Wint

1
=
2

Z

1
S : E dV +
2

V

Z

V

480
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τ .. µ dV,
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where E and S stand for the energy conjugated Green-Lagrange strain and second PiolaKirchhoff stress tensors respectively, µ and τ are the strain and stress tensors of third rank, and
body volume is denoted by V . The third-rank strain tensor µ is defined as the gradient of the
Green-Lagrange strain tensor:
µ = ∇E = Eij;k Gk ⊗ Gi ⊗ Gj ,

(1.2)

where indices denoted by Latin letters take values from set {1,2,3}, Gi are the local contravariant
basis vectors of the reference configuration, Eij;k denotes the covariant derivative which in a
general case of curvilinear coordinates is expressed as follows [3]:
Eij;k = Eij,k − Elj Γikl − Eil Γjkl = Eij,k + Eij|k ,

(1.3)

with Γikl standing for the second kind Christoffel symbols, ”,k ” denotes the k-th partial derivative
and ”|k ” is just the covariant derivative without the partial derivative. Note that here and below
the Einstein summation by repeated indices is applied.
Taking into account the plane stress assumption – one of the basic shell theory assumptions –
we can neglect out-of-plane components of stress tensor S = S αβ Gα ⊗ Gβ (Greek letters are
used for indices taking values 1 and 2). By ”plane” we mean here the vectors lying in the plane
tangential to the middle surface of a shell.
The constitutive laws – generalized Hooke’s law and its analogue for the third-rank tensors have
the following form:
S αβ = C αβγρ Eγρ ;

τ iαβ = Aiαβjγρ µjγρ ,

(1.4)

where C αβγρ and Aiαβjγρ denote the components of the tensors of elastic moduli; upper and
lower indexes relate to covariant and contravariant local bases accordingly. For the isotropic
case, the following expression can be established:
C αβγρ = λδ αβ δ γρ + µ(δ αγ δ βρ + δ αρ δ βγ ),

(1.5)

with λ and µ being the Lame parameters and δ αβ denoting the Kronecker delta symbol.
For the isotropic strain gradient elasticity theory, the introduction of five new material parameters
for strain-stress relations is required. In a simplification by Aifantis and his co-authors (see [1],
for example), the number of constants for the static case is reduced to one, denoted by g with
dimension of length. With this, the components of the six-order tensor of material constants for
the isotropic case can be written :
h
i
Aiαβjγρ = g 2 δ ij λδ αβ δ γρ + µ(δ αγ δ βρ + δ αρ δ βγ ) = g 2 δ ij C αβγρ .
(1.6)
Let us recall some expressions of the classical shell theory derived with the aid of differential
geometry (see [5] for explanations). Thus, strain tensor can be decomposed into the membrane
and bending parts εαβ and καβ with the use of a straight cross section assumption:
Eαβ = εαβ + θ3 καβ ,

(1.7)

where θ3 is the coordinate along the thickness direction of a shell.
Similarly, stress resultants can be divided by two parts, namely, normal forces nαβ and bending
moments mαβ (with an assumption about a linear stress distribution along thickness t):

n

αβ

=

Zt/2

S

αβ

3

dθ = t C

αβγρ

εγρ ;

αβ

m

−t/2

=

Zt/2

−t/2
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In view of the above, the variation of the internal strain energy can be written in the following
form:
Z
Z
.
.
δWint = (n : δε + m : δκ) dA + g 2 (∇S n .. δ∇S ε + ∇S m .. δ∇S κ) dA
A

+ g2

Z

A

(

12
m + n|3 ) : δ(κ + ε|3 ) dA + g 2
t2

Z

(1.9)

m|3 : κ|3 dA,

A

A

where ∇S stands for the surface gradient: ∇S ε = εαβ;γ Gγ ⊗ Gα ⊗ Gβ , and bold letters stand
for tensor notations of the strains and stress resultants.
By substitution of expression (1.9) into the variational principle
δ(Wext − Wint ) = 0

(1.10)

and adoption of the appropriate form for the variation of work done by external forces Wext ,
one can obtain the governing differential equations of the gradient-elastic shell model.

2 Numerical solution
All the expressions presented in the previous section are valid in the framework of non-linear theory
of elasticity. For simplicity, in the following section we restrict ourself to linear formulations.
2.1 Finite-element formulation, stiffness matrix and force vector
The discretization of the displacement vector is the starting point for any finite-element formulation:
u=

n
X

N i ûi ,

(2.11)

i

where n is the number of nodes, N i are basis functions, vector ûi contains 3 components of
the displacement at each node. Therefore there are 3n degrees of freedom ur , r = 1, ..., 3n .
Equilibrium equation (1.10) must be fulfilled for any arbitrary variation of the displacement
variable (degree of freedom) δur :
δ(Wext − Wint ) =

∂(Wext − Wint )
δur = 0,
∂ur

(2.12)

which means that
∂(Wext − Wint )
= (Wext − Wint ),r = 0
∂ur

(2.13)

and leads to the following standard finite element matrix equation:
K û = F ,

(2.14)

where the components of stiffness matrix K are written as
Z
Z
.
.
Krs = (Wint ),rs = (n,s : ε,r + m,s : κ,r ) dA + g 2 (∇S n,s .. δ∇S ε,r + ∇S m,s .. δ∇S κ,r ) dA
A

+g

2

Z

A

12
( 2 m + n|3 ),s : δ(κ + ε|3 ),r dA + g 2
t

Z

µ|3,s : κ|3,r dA,

A

A

(2.15)
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and the the components of force vector F are written as
Fr = (Wext ),r .

(2.16)

Equation (2.15) contains the partial derivatives of the stress and strain tensor components.
In order to calculate them, it is necessary to know how the stresses and strains depend on
displacements. Interested readers are advised to see section 3 of [5].
The derivations above are not specific to any certain type of basis functions N i . However, we
prioritize the isogeometric paradigm (IGA) [4] with NURBS basis functions. There are two
main reasons for this choice. First, the main idea of IGA is the use of the exact CAD geometry
directly for analysis, and for obvious reasons this is exceptionally beneficial for curved shells
with complex geometries. Second, NURBS basis functions of order p provide C p−1 continuity
across the element boundaries and this is especially crucial in the context of gradient elasticity
for Kirchhove-Love shells requiring third-order derivatives of basis functions and, accordingly, at
least C 2 continuity.
2.2 Benchmark problem: bending of a cantilever strip
For the verification of the method and its implementation accomplished as Abaqus User Element
subroutines, let us consider a bending problem of a cantilever slab. The problem setting is
depicted tn Figure 1.

Figure 1. Problem setting.

For small strip width, the Bernoulli-Euler gradient-elastic beam model can be used as reference,
giving the normalized bending rigidity expression for g = t in the following form [7]:
D∇
g2
≈ 1 + 12 2 = 13.
class
t
D

(2.17)

The result obtained in Abaqus for the implemented gradient-elastic user shell element show
a good correlation with the analytical estimation of (2.17). Thus, the ratio of the calculated
maximal deflections of the shell slab for the gradient and classical theories is (almost equal to
(2.17))
D∇
w∇ (L)
12.8
=
=
= 12.998.
(2.18)
class
class
0.984
D
w
(L)

Conclusions
An isogeometric Galerkin method for gradient-elastic linear Kirchhoff-Love shells is implemented
as Abaqus User Element subroutines. First tests show that the implementation performs
correctly but further verifications such as comparison with full-scale 3D modelling need to be
accomplished as well. The realized method can be easily extended to solving problems with
geometrical non-linearities and can be used for some other generalized continua models without
major changes.
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The theoretical background and examples in literature allows conclude that the developed
method can be used in many industrial applications for more reliable modelling the mechanical
behaviour of micro- and nano- objects as well as macro-objects with complex micro-architecture.
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A Discretization Independent Methodology for
Mixed Methods
Simon Bieber1 *, Bastian Oesterle1 , Ekkehard Ramm1 and Manfred Bischoff1
Micro Abstract
Nowadays a broad range of different discretization methods, such as (isogeometric) spline based finite
element approaches, collocation or meshless methods are available to compute approximate solutions
for boundary value problems. Locking is a common issue for primal formulations in all these schemes
and formulations based on mixed methods may be favorable. A general methodology will be presented
to construct necessary strain/stress ansatz spaces, independent of the discretization method.
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Introduction
Numerical methods to solve problems in the field of structural mechanics are often characterized
by locking effects and special formulations have to be developed to overcome this issue. There
exist a vast amount of publications on this topic dealing with formulations to avoid locking.
However, the majority of these ideas depend on the discretization and are only valid for very
specialized formulations, e.g. four-node 2D elements in the context of the finite element method,
dealing with one specific locking phenomenon, e.g. shear locking.
Mixed methods are a common approach to overcome the issue of locking but they usually require
proper choices of function spaces, e.g. for stress or strain variables, to remove locking and
avoid artificial oscillations. Thus for each discretization scheme proper (lower) function spaces
have to be constructed. The present concept, however, does not require specific construction of
feasible spaces. Instead, all variables are discretized by equal-order interpolation and the same
function space may be used for all variables. Due to the specific construction of the principle, the
result is automatically locking-free and does not exhibit any spurious oscillations. The present
contribution is based on the work of [2].

1 Variational Framework
In order to explain the basic idea of the proposed method we introduce the modified HellingerReissner functional

Z 
1 T
T
ΠHR (u, E) =
E CE − Eu CE dΩ + Πext
(1)
HR (u)
2
Ω
with displacements u and Green-Lagrange strains E as two unknown fields. C denotes the
linear elasticity material tensor and Eu the Green-Lagrange strain tensor derived from the
displacements u via a differential operator
Eu = Lu.

(2)

The main idea of the proposed method is to introduce displacement–like variables ū and a new
differential operator L̄, defined below. The independent strain field E can now be derived via
E =: Eū = L̄ū
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and we can rewrite the internal parts of equation (1) as

Z 
1 T
int
T
ΠHR (u, ū) =
Eū CEū − Eu CEū dΩ
Ω 2
with u and ū as independent variables. The variation of equation (4) yields
Z

int
T
δΠHR (u, ū) =
δEūT CEū − δET
u CEū − Eu CδEū dΩ.

(4)

(5)

Ω

Since two displacement(–like) variables appear in the functional (5), we denote this concept as
“mixed displacement” (MD) method. The essential advantage of the method proposed herein
reveals for a discretization of equation (5). The typical challenge in the context of mixed finite
elements of identifying proper ansatz spaces for the newly introduced fields, e.g. strain or stress
fields, is obsolete. A discretization on the basis of equation (5) is locking-free a priori and equal
order interpolation can be used for all displacement fields u and ū
uh =

n
X

N i di ,

ūh =

i=1

di

d̄i

n
X

N i d̄i .

(6)

i=1

Ni

Here, and denote the nodal degrees of freedom and
are the shape functions. Equation (6)
with (3) effectively establishes a method where the physical entities of the discretized variables
do not coincide with the entities of the additionally introduced field. For this particular case we
have Eh = L̄Nd̄, i.e. an independent strain field is interpolated from nodal quantities with the
physical unit of displacements.
Remaining issues are the selection of the new variables ū and the definition of the corresponding
differential operator L̄. This can be achieved considering the DSG method introduced in [3], from
which the idea of this formulation was inspired. The additional displacement-like field ū is chosen
as primitive of those strains that are the source of locking. Thus, the field ū can be interpreted
as the shear/strain gaps from the DSG method. Note that the introduced displacement field ū
is not unique and proper constraint conditions have to be applied, in order to remove the modes
for which L̄ū = 0. The procedure is practically identical to the one described earlier in [5].

2 Model Problem: Timoshenko beam
The variational method proposed herein is first be explained for a simple 1-D Timoshenko beam.
The primary variables and the kinematic equations to derive the curvature and shear angle for a
standard Timoshenko beam formulation with vertical displacement v and the total rotation of
the cross section ϕ read
 
  d
  

v
v
+
ϕ
v
γ
1
,x
=
.
(7)
u=
and
Eu =
= dx d
ϕ,x
ϕ
κ
0 dx ϕ
| {z }
L

Here, the unbalance in the kinematic equation to derive the shear angle is responsible for the well
known transverse shear locking effect. Following the idea of section 1 we introduce an additional
displacement field ū and define the new kinematic equation as
 
  d
   
v̄s
γ̄
0
v̄s
v̄
dx
= s,x
(8)
ū =
and
Eū =
=
d
ϕ
κ
ϕ
ϕ,x
0 dx
| {z }
L̄

Note that κ is not treated in a special way, since there is no unbalance present that would cause
any locking. Inserting equation (7) and (8) into (5) yields
Z
int
δΠHR (u, ū) =
[δv̄s,x GA (v̄s,x − v,x − ϕ) − (δv,x + δϕ)GAv̄s,x − δϕ,x EIϕ,x ] dΩ
(9)
Ω
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vz = 0

qz = 0.1t3

E = 1000

vz = 0

t

ν = 0.0
y

x
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=

=1

L

y

Lx

z
Figure 1. Uni-axial plate bending, problem setup (NURBS mesh with 6 elements and 8 control points).

Using the Euler-Lagrange equations of the weak form (9) we can eliminate ϕ,x and exactly
reproduce the hierarchic displacement formulation from Oesterle et al. [6], where vs (here denoted
as v̄s ) is introduced as extra primary variable in addition to v.
In general, the construction of the differential operator L̄ follows this rule: Each strain component
has its own “strain displacement” and the strains are obtained by a first derivative of the
corresponding displacement variable.

3 Numerical Examples
A simple uni-axial plate problem as shown in Figure 1 is presented in order to show that the
proposed variational formulation effectively removes shear locking-phenomena, stress resultants
are free from oscillations and the method is independent of the discretization. To do so, three
different discretization schemes are utilized:
• Quadrilateral standard finite elements with bilinear shape functions (Q1).
• Isogeometric, quadratic NURBS-based finite elements as introduced in [4].
• A meshless discretization scheme based on maximum entropy (max-ent) approximants
introduced in [1].
With these schemes, three different formulations are discretized.
• Mindlin–u: Standard displacement based (primal) Mindlin plate formulation, utilizing
one mid-surface displacement v and two rotations ϕx and ϕy .
• Mindlin–MD: Mindlin plate formulation based on the mixed displacement (MD) concept,
as described in Section 2.
• Mindlin–u-E: Mindlin plate formulation based on the two-field formulation with displacement and strain ansatz according to equation (1). Note that for the sake of comparability
we utilize equal order interpolation for all displacement and strain parameters, although
lower order spaces for the strains may be found for some of the applications shown here
that would exhibit better properties.
Figures 2 shows numerical results obtained with the different discretization schemes mentioned
before. All discretizations use the same number of nodes or control points in x-direction. On
the left side of Figure 2 typical locking diagrams are shown in which the maximum displacement
is plotted versus a critical parameter, here the slenderness Lx /t. The results are compared to
the exact thin beam solution, labelled as “Bernoulli”. On the right hand side of the mentioned
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Figure 2. Uni-axial plate bending, different discretization schemes, 8 nodes/control points in x-direction; left:
maximum displacement vmax vs. slenderness; right: transverse shear force q1 along x-direction for slenderness
Lx
t = 100.

figures the shear force distribution is shown for a specific, moderate slenderness of Lx /t = 100 in
order to display the influence of locking on the quality of the corresponding stress resultant.
The standard formulation Mindlin–u suffers severely from transverse shear locking, which reveals
in a significant underestimation of the displacements in the thin regime. The effect is most
pronounced for linear standard finite elements (not shown), but it is present also for isogeometric
analysis with quadratic NURBS and the meshless approach using max-ent exponential functions.
The shear forces obtained with the standard displacement formulation Mindlin–u oscillate
in an unacceptable manner for all discretization schemes. This highlights the importance of
investigating stress quality and not only displacements when assessing the performance of
discretization schemes with regard to locking.
Both mixed formulations Mindlin–u-E and Mindlin–MD show accurate results for displacements,
independent of the slenderness and the discretization scheme. Concerning the shear forces,
Mindlin–MD shows superior quality for the isogeometric and the meshless discretization. The
reason is that for equal order interpolation the strain spaces of the Mindlin–u-E method are too
rich and thus oscillations in the stress resultants still show up.
For further numerical examples including the issue of membrane locking in geometrical linear
and non-linear shell problems we refer to [2].
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Conclusions
In this contribution a unified concept to tackle all geometrical locking effects in solid and
structural mechanics, independent of the discretization scheme and the underlying structural
model, has been presented. The method is denoted as mixed displacement (MD) method, as it
involves displacement degrees of freedom u as well as additional “displacement-like” degrees
of freedom ū. The latter are used to discretize strains (stresses, respectively) in a two-field
Hellinger-Reissner principle.
Due to its generality, the MD method has the potential to be applied in cases with highly
unstructured function spaces, e.g. when using T-splines within isogeometric analysis. In such
cases, appropriate function spaces for standard mixed methods or assumed strain methods may
be hard to find. The fundamental motif of using discrete values with a different physical unit
than the actual field that they represent may be interesting also in other fields outside solid and
structural mechanics.
Current investigations focus on the observed relationship of the method to hierarchic displacement
formulations, the appropriate treatment of the additional constraint conditions for the ū-field as
well as a thorough study of the mathematical background of the method.
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Hierarchic Isogeometric Large Rotation Shell
Elements Including Linearized Transverse Shear
Parametrization
Renate Sachse1 *, Bastian Oesterle1 , Ekkehard Ramm1 and Manfred Bischoff1
Micro Abstract
Two novel hierarchic isogeometric formulations for geometrically nonlinear shell analysis including
transverse shear effects are presented. Both concepts combine a fully nonlinear rotation-free
Kirchhoff-Love shell model with hierarchically added linearized transverse shear components. An
additive split of Green-Lagrange strains dramatically facilitates representing large rotations in shell
analysis while the proposed hierarchic concepts are intrinsically free from transverse shear locking.
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Introduction
The development of shell formulations with transverse shear effects is a broadly investigated topic
for the last decades and also in the present there are still some open questions. The development
of the isogeometric concept by Hughes and co-workers [6] enables an easy construction of
C 1 -continuous approximation spaces with NURBS (Non-Uniform Rational B-Splines) shape
functions. In the contribution Kiendl et al. [7] this feature was used to formulate an isogeometric
rotation-free Kirchhoff-Love type shell, where large rotations can be easily handled. For thicker
shells, shear deformable Reissner-Mindlin type isogeometric shell elements have been proposed
by [1–4]. Compared to rotation-free thin shells, handling large rotations is more complicated and
(additional) transverse shear locking is introduced. This contribution presents two novel ReissnerMindlin type shell formulations inspired by hierarchic parameterizations [5, 8]. Transverse shear
effects are hierarchically included in an additive way, dramatically facilitating the representation
of large rotations, while being intrinsically free from transverse shear locking [9, 10].

1 Hierarchic concept for a Timoshenko beam formulation
The hierarchic concept and the reason for shear locking can be explained in a picturesque way
on the example of a two-dimensional Timoshenko beam, which is based on a Bernoulli model
with hierarchically added shear components. Standard Timoshenko beam formulations use the
vertical displacement v and the total rotation of the cross section ϕ as primal variables, leading
to the following kinematic equations, where the curvature is denoted by κ and the shear angle
by γ:
κ = ϕ0 ,

γ = v 0 + ϕ.

(1)

The shear angle γ is a combination of the angle due to the vertical displacement and the total
rotation ϕ of the cross section. In the internal forces for this model problem locking can be
observed. With increasing slenderness L/t the approximation of the bending moment deteriorates
and shear forces exhibit strong oscillations. The reason for this locking behavior lies in the
unbalance of function spaces within the kinematic equation of the shear angle γ in the case of
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equal order interpolation. Using quadratic shape functions, the sum of a linear and a quadratic
function can not lead to a constant shear angle of zero, which is required to represent pure
bending. Following the hierarchic concept of [5], Timoshenko kinematics can also be formulated
with the Bernoulli beam theory as base and additional shear components. One possibility is
to set the vertical displacement v and the shear angle γ as primal variables, leading to the
kinematic equations
κ = −v 00 + γ 0 ,

γ = γ.

(2)

In those equations the shear angle is now decoupled from the midsurface displacements and
therefore, pure bending can be represented and shear locking is eliminated. As the unbalance
of the derivatives moved to the curvature, oscillations still occur in the shear forces. Second
derivatives of the midsurface now appear in the curvature term, like in the Bernoulli beam
formulation. This results in a necessity of an inter-element C 1 -continuity. Under the same
conditions, a full balance of the kinematic equations can be achieved by a split of the total
displacement v = vb + vs into two components due to shear vs and bending vb . For an easier
treatment of boundary conditions, v and vs are used as primal variables. The shear angle is now
included as a derivative of the “shear displacement”. In the resulting kinematic equations
κ = −v 00 + vs00 ,

γ = vs0 ,

(3)

the same additive split of Bernoulli beam solution and additive shear component can be identified.
This split removes the unbalance in the kinematics and therefore all phenomena of shear locking,
namely the underestimation of displacements and oscillations in the shear forces are avoided
while retaining equal order interpolation.

2 Hierarchic concept for a Reissner-Mindlin shell
The hierarchic concept can be transferred to shell formulations. The Bernoulli beam kinematics
is equivalent to a Kirchhoff-Love (KL) shell with the same C 1 -continuity requirement, whereas a
Reissner-Mindlin (RM) shell includes transverse shear effects. Those effects can be parameterized
by rotational degrees of freedom where a C 0 -continuity is sufficient.
For the shell formulation, two configurations are defined: the reference and the current configuration with the position vectors X and x on a point in the shell body and R and r on a point
in the shell midsurface. Upper case letters indicate the reference configuration and lower case
letters the current configuration, see Figure 1. The covariant base vectors of the midsurface are
denoted by Ai and ai , respectively. The two configurations are connected by the displacement
vectors u of the shell body and v of the shell midsurface.
Reference configuration

Current configuration

A3
A1

u

a3

v

A2

a2

a1
R

x
r

X

Figure 1. Reference and current configuration of a shell

2.1 Small rotations
The standard formulation of a Reissner-Mindlin shell model incorporates transverse shear effects
by a rotation of the director by the total rotation including the shear rotations. For a hierarchic
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formulation of the Reissner-Mindlin shell model, a Kirchhoff-Love shell formulation is taken as a
basis, see Figure 2 (left). In the latter, the director is rotated by the linearized rotation vector Φ,
which only depends on the midsurface displacements v. To obtain a Reissner-Mindlin formulation,
a hierarchic difference vector w, which considers transverse shear effects, is superimposed to
the rotated Kirchhoff-Love type director a⊥
3 . The additive split in the formulation can also be
observed in the linearized Green-Lagrange strain components.
KL
3
εRM
11 = ε11 + ξ (w,1 · A1 )

(4)

KL
3
2εRM
12 = ε12 + ξ (w,1 · A2 + w,2 · A1 )

εRM
22
2εRM
13
2εRM
23

=

εKL
22

(5)

3

+ ξ (w,2 · A2 )

(6)

= w · A1

(7)

= w · A2

(8)

This decouples the shear terms in the strain components from the midsurface displacements and
shear locking is eliminated. For a difference vector of zero (w = 0), the Kirchhoff-Love solution
is recovered.
2.2 Large rotations
In the nonlinear case, the treatment of rotations requires further considerations. The standard
parameterization with total rotations as a degrees of freedom requires a feasible parameterization
of the rotation space (SO3). Furthermore, the unbalance in the kinematic equations, and
therefore shear locking, is still present. On the other hand, a Kirchhoff-Love formulation does not
use any rotational degrees of freedom as the rotation is described by the partial derivatives of the
midsurface displacements and the director always stays perpendicular to the current covariant
base vectors a1 and a2 . To apply the hierarchic concept to large rotations, a hierarchic difference
vector w is added to the Kirchhoff-Love type director, as illustrated in Figure 2 (middle). The
resulting vector still needs to be normalized to fulfill the inextensibility condition.
aRM
=
3

a1 × a2 + w
ka1 × a2 + wk

(9)

With this normalization, the additive characteristics of the hierarchic formulation are lost for
large rotations. However, typical applications for Reissner-Mindlin shell formulation include
large rotations, but the shear parts of the rotations are mostly very small. With this observation,
the transverse shear components may be introduced in a linearized fashion, neglecting small
elongations of the director aRM
3 , see Figure 2 (right).
aRM
=
3

a1 × a2
+w
ka1 × a2 k

a1 × a2
A3
a2
aRM
γ
3

w
w
aRM
3 γ
A1

Φ × A3
A3
a⊥
3

A2

a1

Small rotations

(10)

⊥
w a3 A3
a2
aRM γ
3

a1

Large rotations

Figure 2. Hierarchic formulation for a Reissner-Mindlin shell for small and large rotations
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The linearization of the shear components restores the additive property for the hierarchic
Reissner-Mindlin shell, even for the nonlinear case. It also shows a similar structure for the
Green-Lagrange strains compared to the linearized strains.
RM
KL
E11
= E11
+ ξ 3 (w,1 · A1 )

RM
2E12
RM
E22
RM
2E13
RM
2E23

=

=

KL
E12
KL
E22

(11)

3

+ ξ (w,1 · A2 + w,2 · A1 )
+ ξ 3 (w,2 · A2 )

= w · A1

(12)
(13)
(14)

= w · A2

(15)

The framework so far for small and large rotations can be applied to both formulations with
hierarchic shear parameterizations, namely hierarchic rotations and hierarchic displacements.
They only differ in the components of the hierarchic difference vector w. In the formulation
with hierarchic rotations, the hierarchic difference vector
w = w 1 a1 + w 2 a2

(16)

contains the components w1 and w2 that include the shear angles. On the other hand, the parameterization with hierarchic displacements uses the partial derivatives of the shear displacements
as components of the hierarchic difference vector
s1
s2
w = v,1
a1 + v,2
a2 .

(17)

The structure of the Green-Lagrange strains and the construction of the current director for
linear and nonlinear kinematics is similar for both formulations.

3 Numerical example
A single span beam, see Figure 3, serves as a numerical example to validate the assumption of
small shear angles for geometrically nonlinear analyses. It is loaded by a uniform load, which is
scaled by the thickness to the power of 3. The reference solution is calculated with the commercial
software ANSYS and the shear-deformable shell element SHELL181, which avoids locking by
assumed natural strains. The displacement values were calculated with a discretization of 160
elements. For a thick beam (L/t = 10), where the transverse shear can not be neglected, the
converged values of the maximum vertical displacement between the hierarchic formulations
(uz = 2.3238 both) and the reference solution (uz = 2.3262) differ only by approximately 0.1%
despite the linearized shear components. In the case of a thin beam (L/t = 100), no significant
difference can be recognized. Additionally, for the hierarchic displacement formulation, no
oscillations occur in the shear forces for the thick as well as for the thin beam.
ux = uy = uz = 0

ν = 0.0

10

L

p=2

t
Lx =

uy = 0
uz = 0

y

t = 1.0/0.1

λqz

2

qz = 2.0t3

=

E = 1000

Figure 3. Single span beam problem as a numerical example

Conclusions
In this contribution two different hierarchic finite element formulations for large rotation ReissnerMindlin shell analysis are presented. Both formulations include hierarchically added linearized
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transverse shear components although the total rotations may be arbitrarily large. It was shown,
that even for a significant thickness, displacement values and internal forces resemble the results
from a fully nonlinear formulation, despite the linearization of the shear components. As the
unbalance in the kinematic equations is completely removed, the formulations are intrinsically
free from shear locking by construction, independent of the discretization. Due to the additive
characteristics of the Kirchhoff-Love and Reissner-Mindlin shell formulations, C 1 -continuity
is required, which can also be satisfied by alternative discretization, like subdivision surfaces.
Additionally, model adaptivity is facilitated since a switch between a Kirchhoff-Love and ReissnerMindlin formulation is possible without any changes in the parameterization. Future research
deals with a more thorough investigation of patch coupling schemes, extension to trimmed
NURBS or further advanced discretization schemes.
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Generalized local B-bar method for locking
phenomenon in Reissner-Mindlin shell and
skew-symmetric Nitsche method for boundary
conditions imposing and patch coupling in IGA
Qingyuan Hu1,2 *, Franz Chouly3 , Andreas Zilian2 , Gengdong Cheng1 and Stéphane Bordas2
Micro Abstract
We adopt the generalized local B-bar method to deal with the locking phenomenon in Reissner-Mindlin
shell. The local element-wise projection saves computational effort, and projected basis functions of
different orders are used to achieve good accuracy. The skew-symmetric Nitsche method is introduced
for boundary conditions imposing and patch coupling. It has an advantage of unconditional stability
wrt the stable parameter, i.e. parameter-free.
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Introduction
It is possible to construct Kirchhoff shells [10] thanks to the C 1 -continuity of NURBS basis
functions in isogeometric analysis (IGA). However due to the fact that Kirchoff shells can only
simulate thin structures, it is worthwhile to investigate locking in Reissner-Mindlin shells [5] to
address both thick and thin structures. The B̄ method was introduced into IGA in [6]. Thanks
to contributions about the local B̄ concept [2], the computational expense is decreased for a
given accuracy level. We proposed the generalized local B̄ method for Timoshenko rods [8] and
achieved excellent locking alleviation. Rich of this experience we extended the generalized local
B̄ method for Reissner-Mindlin shells [9].
Nitsche’s method plays an important role in IGA, especially in applications of boundary conditions
imposing and multi-patch coupling [11, 12]. However numerical stability of (symmetric) Nitsche’s
method relies upon the appropriate choice of Nitsche’s parameter, which can be determined
by solving a generalized eigenvalue problem along the interface. Here we introduce the skewsymmetric Nitsche method [4, 7], which is unconditionally stable with respect to the stabilisation
parameter, i.e. parameter-free.

1 The generalized local B̄ method
1.1 Classical B̄ formulation
We construct lower order B-spline basis functions N̄ and by the help of which we build a new
strain in the discretized form
n̄m̄
X
h
ε̄εh =
N̄Āε̄εĀ .
(1)
Ā=1
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We then perform the L2 projection on the physical domain as
Z


N̄B̄ ε h − ε̄εh dΩ = 0, B̄ = 1, . . . , n̄m̄.

(2)

Assuming the bilinear term in the weak form as
Z
ε (U ∗ )T D gε (U )dΩ,
b(U , U ∗ ) =

(3)

Ω

h

By solving the above equations we obtain the unknowns ε̄εĀ .

Ω

we use the new strain, instead of the locking strain to formulate the bilinear term
Z
∗
ε̄ε∗T Dε̄εdΩ.
b̄(U , U ) =

(4)

Ω

1.2 The generalized local B̄ formulation
The local type of B̄ formulation constructs the new strain locally as
(p̄+1)(q̄+1)

ε̄εhe =

X

h

N̄Āε̄εĀ
e ,

(5)

Ā=1

and projects the locking strain locally as
Z


N̄B̄ ε h − ε̄εh dΩ = 0,

B̄ = 1, . . . , (p̄ + 1)(q̄ + 1).

(6)

Ωe

The generalized B̄ formulation allows to use various orders of N̄Ā for different elements.
1.3 Numerical examples
1.05
1

L
y

F
A

0.95
ref
wA /wA

E = 200 × 109
ν = 0.3
L=1
x

IGA, h = 1 × 10−3
IGA, h = 1 × 10−5
LBM, h = 1 × 10−3
LBM, h = 1 × 10−5
GLBM, h = 1 × 10−3
GLBM, h = 1 × 10−5

0.9
0.85
0.8
0.75
0.7

L

0.65

z
(a) Model.

0

200

400
600
800 1,000
Number of control points

1,200

(b) Results.

Figure 1. Square thin plate under concentrated load, only 1/4 of the plate (blue area) is modeled.
Normalized center displacement wA with various thickness h is plotted. LBM stands for local B̄, GLBM
stands for the generalized local B̄. IGA of order 2 suffers from locking. GLBM achieves good accuracy.

Consider a square plate with simply supported edges and subjected to a point load F at the
center, as shown in Figure 1. Denote its thickness by h. This problem is computed using
degenerated Reissner-Mindlin plate/shell elements. Results show that for thickness h = 10−3
IGA gets inaccurate results for coarse meshes but the results tend to improve upon refinement.
However, IGA suffers from shear locking when h = 10−5 , indicating that the elements lock.
GLBM provides good results when h = 10 −5 . Thus, the proposed formulation alleviates shear
locking and yields accurate results even for thin plates with coarse meshes.
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2 The skew-symmetric Nitsche method
2.1 Formulation
Denote the JuK and hσN i as displacement jump and average stress resultant along the interface.
For boundary conditions imposing the jump and average operators writes
JuK := u − ū,

(7)

hσN i := σN ,

where ū denotes the boundary conditions. For patch coupling the jump and average operators
are defined as
JuK := u1 − u2 ,
1
hσN i := (σ 1 N + σ 2 N ),
2

(8)

in which the superscripts 1, 2 are used to mark the corresponding variables of the partitioned
domain.
We introduce the Nitsche’s formulation as
Z
Z
Z
a(u, v) − hσ(u)N iJvKdΓ − θ JuKhσ(v)N idΓ + α JuKJvKdΓ = L(v),
Γ

Γ

(9)

Γ

where the parameter α is the stabilization parameter, and the value of θ can be chosen to obtain
various symmetry properties:
• For θ = 1, the standard symmetric Nitsche’s method is obtained. In order to make the bilinear
form coercive a suitable choice for α is necessary [1];
• For θ = −1, the skew-symmetric Nitsche method is obtained. The stability parameter can be
chosen as α = 0, resulting in a parameter-free formulation [3].
2.2 Numerical examples
10−2

1.93
1.98

h − w ref |/|w ref |
|wA
A
A

10−3
10−4
10−5
10−6
10−7
10−8 0
10

2.91

2.07
3.21 1.54

2.81

1.91
1.87

Skew-symmetric Nitsche, p = q = 2
Skew-symmetric Nitsche, p = q = 3
Standard Nitsche, p = q = 2
Standard Nitsche, p = q = 3
101
Number of elements per side

102

(a) Symmetric boundary conditions imposing.

(b) Patch couping.

Figure 2. Left figure: results for the 1/4 Kirchhoff plate, in which the symmetric rotational boundary
conditions are imposed by Nitsche’s method. Right figure: patch coupling of thick plate modeled by two
patches of non-matching meshes.

By using work-conjugate pairs, such as displacement-force or rotation-moment, the Nitsche’s
method is suitable for applying not only Dirichlet displacement boundary conditions but also
the rotational boundary conditions, as shown in the left figure. The right figure shows that
Nitsche’s coupling is effective for gluing displacement fields from two non-matching meshes.
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Conclusions
The generalized local B̄ method was developed to tackle locking in Reissner-Mindlin shells. The
local B̄ method saves computational time by projecting the standard strains locally (elementwise), and the generalized B̄ method introduces flexibility and achieves good accuracy.
The skew-symmetric Nitsche method was used to apply boundary conditions and to couple
multi-patches. This formulation is free of stability parameters and preserves good accuracy and
convergence performance.
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[12] M. Ruess, D. Schillinger, A. I. Özcan, and E. Rank. Weak coupling for isogeometric analysis
of non-matching and trimmed multi-patch geometries. Computer Methods in Applied
Mechanics and Engineering, 269:46–71, 2014.

499

MS15

Non-standard Formulations and Discretization Methods for Thin-walled Structures
Proceedings of the 7th GACM Colloquium on Computational Mechanics
for Young Scientists from Academia and Industry
October 11-13, 2017 in Stuttgart, Germany

A method for the elimination of shear locking
effects in an isogeometric Reissner-Mindlin
shell formulation
Georgia Kikis1 *, Wolfgang Dornisch2 and Sven Klinkel1
Micro Abstract
Shell elements for slender structures based on a Reissner-Mindlin approach struggle in pure bending
problems. The stiffness of such structures is overestimated due to the transversal shear locking effect.
Here, an isogeometric Reissner-Mindlin shell element is presented, which uses adjusted control meshes
for the displacements and rotations in order to create a conforming interpolation of the pure bending
compatibility requirement. The method is tested for standard numerical examples.
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Introduction
Isogeometric analysis (IGA) has many benefits due to the, in CAD commonly used, NURBS shape
functions. The high continuity of these functions reduces the computational effort for complex
structures and unifies the design and analysis process. However, IGA formulations suffer from
locking which adds artificial stiffness and leads to an underestimation of the deformations. The
use of higher order shape functions and reduced integration only alleviates the problem. Other
methods have been adopted from FEM, such as the Discrete Strain Gap method (DSG), the
enhanced assumed strain method (EAS) and the B-bar method. Here, the focus is on a method
proposed by Beirão da Veiga [1] for the elimination of transverse shear locking in Reissner-Mindlin
plates. The approach is extended to the Reissner-Mindlin shell from Dornisch [2].

1 Isogeometric Reissner-Mindlin shell analysis
1.1 Reissner-Mindlin shell formulation
The Reissner-Mindlin shell which was proposed by Dornisch [2] is derived from continuum
mechanics and described only by its midsurface. The thickness direction is defined by the
director vector. The reference director vector D coincides with the normal vector of the shell
surface and has the length |D(ξ α )| = 1. Since the shell element is linear, a difference vector
formulation can be applied for the definition of the deformed director vector d = D + b. The
difference vector b = ω × D is constructed by the vector cross product between the rotational
parameter of the shell midsurface ω and the reference director vector. Its derivative with respect
to the parametric coordinates ξα is given as follows
b,α = ω ,α × D + ω × D ,α

(1)

The shell strains that result from the linearized Green-Lagrange strain tensor are sumed up in

T
the vector ε = ε11 ε22 2ε12 κ11 κ22 2κ12 γ1 γ2 where εαβ are the membrane strains,
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καβ the curvature of the shell and γα the shear strains:
1
εαβ = (X ,α · u,β + X ,β · u,α )
2
1
καβ = (X ,α · b,β + X ,β · b,α + D ,α · u,β + D ,β · u,α )
2
γα = X ,α · b + u,α · D
The weak form of equilibrium which is used for the shell formulation is given as:
Z
Z
Z
T
T
G(υ, δυ) =
δε · σ dA −
δυ p̄ dA −
δυ T t̄ ds = 0
Ω

Ω

(2)
(3)
(4)

(5)

Γt


T
with p̄ the surface loads, t̄ the boundary tractions and υ = u1 u2 u3 β1 β2 the solution
variable. The stress resultants σ are later replaced in the weak form using Hookes Law σ = C · ε.
1.2 NURBS-based isogeometric analysis
The shell surface is described using Non-Uniform Rational B-Splines NI . The position vector X
of an arbitrary physical point on the NURBS surface and its derivative is interpolated as follows
X(ξ1 , ξ2 ) =

nen
X

n

NI (ξ1 , ξ2 )X I

I=1

en
X
∂
∂NI (ξ1 , ξ2 )
X(ξ1 , ξ2 ) =
XI
∂ξα
∂ξα

(6)

I=1

Analogously, the interpolation of the nodal director vectors D and its derivative D ,α is
D(ξ1 , ξ2 ) =

nen
X

NI (ξ1 , ξ2 )D I

D ,α (ξ1 , ξ2 ) =

nen
X

NI,α (ξ1 , ξ2 )D I

(7)

I=1

I=1

The difference vector b and its derivative are described using the rotational parameter ω, see
(1). Furthermore, there exist a connection between ω and the nodal rotations β I
ω(ξ1 , ξ2 ) =

nen
X

T 3I NI (ξ1 , ξ2 )β I

ω ,α (ξ1 , ξ2 ) =

I=1

nen
X

T 3I NI,α (ξ1 , ξ2 )β I

(8)

I=1

For a smooth surface the transformation
 matrix T 3I includes only two nodal basis sytem vectors
of the reference configuration T 3I = A1I A2I . The third one A3I is not included in order to
avoid zero energy modes from drilling rotations. The basis is computed using the method of
optimal nodal basis system from Dornisch [2].
1.3 Adjusted approximation spaces against transverse shear locking

=

+

+
1

u 1 , u 2 ,u 3

2

Figure 1. Adjusted approximation spaces for ui and βα and the resulting global mesh.

The root of the transverse shear locking in pure bending problems lies in the compatibility
requirements, which are for instance for plane surfaces as follows
u3,1 + β1 = 0

u3,2 + β2 = 0
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and must be fullfilled, especially for Kirchhoff-Love like shells. The use of the same shape
functions for the displacements ui and the rotations βα leads to a mismatch in (9) which creates
the locking effect. Thus, transverse shear locking is a numerical error not a physical error.
Beirão da Veiga et al. [1] proposed a simple but effective method for treating this discrepancy,
which uses different shape functions for ui and βα with compatible polynomial degrees. This
neccesitates seperate control meshes for the displacements and the rotations, see Figure 1. The
meshes of the rotations β1 and β2 have a ploynomial degree less than ui in the relevant direction.
It is important to mention that the starting geometry is the same for all three meshes. Only by
applying different levels of refinement, the new control meshes are created. Thus, the isogeometric
concept still holds. The solution of the weak formulation requires the implementation of a global
mesh, which includes the control points from all three meshes. In this manner, the new mesh
has control points with three, four or five degrees of freedom. The shell strains of the new global
mesh can be devided in three parts, each of which arises from one of the three control meshes:
βT

T

βT

δεI = B uI · δuI + B I 1 · δβ1I + B I 2 · δβ2I

(10)
βT

B uI is a 3x8 Matrix which includes the shape functions NIu from (6) and (7) whereas B I 1 and
βT

B I 2 have the dimension 1x8 and contain the shape functions NIβ1 , NIβ2 and the discrete nodal
basis systems Aβ1I1 , Aβ2I2 from (8). The new weak form based on the global control mesh reads

G(υ, δυ) =

numel
X
e=1

nges mges

XX
I

δυ TI

J

Z



T

B uI · C · B uJ

 β1T
B I · C · B uJ
βT

T

B uI · C · B βJ1
βT

B I 1 · C · B βJ1
T

B I 2 · C · B uJ B I β2
  u
NI
0
0 0
Z  0 N u 0 0
I
 
 0
0
NIu 0
− δυ Te · 
 
  0
0
0 0
0
0
0 0

T

B uI · C · B βJ2




βT
B I 1 · C · B βJ2  dA · υ J
βT

· C · B βJ1 B I 2 · C · B βJ2
  

qx
0
 

0
  qy 

ext 



0 · qz  dA − f boun  = 0 (11)

0  0 
0
0

2 Numerical examples
2.1 Skew plate
simply supported
t = 0.1
E = 10 6
= 0.31
qz = 1

IGA Plate

IGA Plate

AAS

FE Bathe/Dvorkin

1,0E+00
10

100

1000

10000

1,0E‐01
60°

1,0E‐02

simply supported

1,0E‐03

Figure 2. Razzaque’s skew plate
subjected to a uniformly distributed
load.

Figure 3. Error for center deflection with neq the number of
equations for the solution.

The skew plate, see Fig. 2, examines the sensitivity of an element to mesh disortions. For high
slenderness it exhibits transverse shear locking. Fig. 3 shows the relative error of the deflection
at the center of the plate. The proposed element with adjusted approximation spaces (AAS)
is compared to an isogeometric Reissner-Mindlin plate (IGA Plate) and the Bathe/Dvorkin
4-node thin plate bending element (FE Bathe/Dvorkin) which already includes an anti locking
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mechanism. The standard IGA plate element clearly exhibits transverse shear locking for a low
number of elements. The higher the number of elements get, the more the effect is alleviated.
On the other hand, the AAS element is not affected by locking even for a low number of elements
and shows a constant convergence rate. This rate is the same as for the FE Bathe/Dvorkin
element. However, AAS compared to FE Bathe /Dvorkin has slightly better results due to the
use of a higher polynomial degree for the displacements.
2.2 Partly clamped hyperbolic paraboloid
e
dg
de
pe

m
Cla

t=0.0001
E=10 11

ν=0.3

u

u

u

u

u

u

u

qz =0.8

X

Y

Figure 4. Partly clamped hyperbolic
paraboloid.

Figure 5. Error for deflection at X = L2 , Y = 0 with neq
the number of equations for the solution.

The partly clamped hyperbolic paraboloid is bending dominated and a good example for the
investigation of locking effects in shells. The problem consists of an partly clamped surface
defined as Z = X 2 − Y 2 ; (X, Y ) ∈ [(−L/2; L/2)]2 which is loaded by self-weight, see Figure 4
The reference solution was adopted from [3] for a 48x24 mesh of MITC16 elements. In Figure 5
the L∞ error norm of the deflection at point X = L2 , Y = 0 is given. The AAS element with
pu always shows a higher accuracy than its equivalent IGA element with p = pu . Interesting is
that the resulting convergence rates are almost the same for AAS and IGA, resulting in almost
parallel error lines. The higher the polynomial degree the smaller the difference between the two
lines, due to the alleviation of locking effects with higher order shape functions. It is important
to mention that for curved shells, transverse shear locking usually occures simultaneously with
other locking effects, such as membrane locking. These effects are not treated with this method.

Conclusions
In this work a method for the treatment of transverse shear locking effects in shell elements was
proposed. The method uses adjusted approximation spaces for the displacements and rotations
in order to fullfil the two compatibility requirements for pure bending. The method showed
higher accuracy compared to the standard IGA element, even for skew geometries. Furthermore,
it can compete with the element formulation of Bathe and Dvorkin.

References
[1] L. Beirão da Veiga, A. Buffa, C. Lovadina, M. Martinelli and G. Sangalli, An isogeometric
method for the Reissner-Mindlin plate bending problem. Comput. Meth. Appl. Mech. Engrg.,
Vol. 209-212: p.45-53, 2012.
[2] W. Dornisch, R. Müller and S. Klinkel, An efficient and robust rotational formulation for
isogeometric Reissner-Mindlin shell elements. Comput. Meth. Appl. Mech. Engrg., Vol. 303:
p.1-34, 2016.
[3] K.J. Bathe, A. Iosilevich and D. Chapelle, An evaluation of the MITC shell elements.
Computers and Structures, Vol. 75: p.1-30, 2000.
503

MS15

Non-standard Formulations and Discretization Methods for Thin-walled Structures
Proceedings of the 7th GACM Colloquium on Computational Mechanics
for Young Scientists from Academia and Industry
October 11-13, 2017 in Stuttgart, Germany

Analysis of axisymmetric shells based on the
scaled boundary finite element method
Milan Wallner1 *, Carolin Birk1 and Hauke Gravenkamp1
Micro Abstract
In this contribution the SBFEM is used to analyse axisymmetric shell structures. A simplified plane
strain arch formulation to approximate a cylindrical shell will be presented. This approximation
already shows a high correlation with the membrane theory of shells. Furthermore, first results
obtained for a 3D shell formulation used to analyse an axisymmetric spherical shell will illustrate the
potential of the SBFEM to minimize locking effects when modelling shell structures.
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Introduction
Numerical modelling of shell structures is still a subject of high interest to this day. This
sustained interest is due to a variety of reasons. Firstly, shell structures can be found in many
structural engineering applications. In general, the structural behaviour of shells is analysed
numerically, since complex shell geometries limit the applicability of analytical solutions. The
primary reason, however, is the occurrence of locking effects when using conventional finite
elements. Shell elements are affected by membrane locking as well as shear locking, with
membrane locking being more dominant. These locking effects result in an overly stiff behaviour
of the numerical model. Shear locking means zero transverse shear strains cannot be accurately
represented. On the other hand, membrane locking is associated with failure to represent the
state of zero membrane strains in curved structures. Both locking effects increase as the shell
thickness decreases. Approaches to avoid locking of shell structures include reduced integration,
discrete strain gap formulation, assumed natural strain approaches and enhanced assumed strain
methods.
The scaled boundary finite element method (SBFEM) combines the advantages of the finite
element method and the boundary element method. In this semi-analytical approach, the
spatial dimension is reduced by one through only discretizing the boundary of the domain. This
semi-discretization process results in a set of ordinary differential equations which can be solved
analytically in order to obtain the static stiffness matrix. Plate elements based on the SBFEM
have already been developed and been shown to successfully avoid shear locking completely
[1, 2]. The principal approach for these elements is to discretize only the mid-surface and to solve
analytically in the through-thickness direction. Locking effects of shells are heavily dependent on
the thickness of the structure, therefore the SBFEM seems to be a promising method to develop
elements that show reduced locking effects for shells since the through-thickness direction is
handled analytically. The present work reports first studies on the development of SBFEM-based
shell elements in the form of a numerical example for a spherical zone shell under constant
pressure.

1 The scaled boundary finite element method
The derivation of the scaled boundary finite element method starts with the choice of the
so-called scaling center O, from where the whole boundary must be visible. The dimensionless
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Figure 2. Spherical zone shell

local coordinates η,-0.4ζ and ξ are introduced to describe the domain. Here, the local coordinates
η and ζ describe the circumferential directions of the boundary. The coordinate ξ points from
-0.6
the scaling center O in radial direction towards the boundary, with ξ = 0 at the scaling center O
and ξ = 1 on the boundary (see Figure 1). Interpolating the nodal coordinates {xn }, {yn } and
2
{zn } using the shape functions
[N (η, ζ)] and
of the boundary, the geometry
1.5 scaling the geometry
1
0.5
0
of the domain is mapped from Cartesian coordinates to local scaled boundary coordinates. This
process is called the scaled boundary coordinate transformation.
x̂(ξ, η, ζ) = ξ[N (η, ζ)]T {xn },

ŷ(ξ, η, ζ) = ξ[N (η, ζ)]T {yn },

ẑ(ξ, η, ζ) = ξ[N (η, ζ)]T {zn }. (1)

The scaled boundary finite-element equation in displacement can be derived using the weighted
residual technique [4] or the principle of virtual work [1]. For 3D problems the scaled boundary
finite-element equation in displacement (2) reads


[E 0 ]ξ 2 {u(ξ)},ξξ + 2[E 0 ] + [E 1 ]T − [E 1 ] ξ{u(ξ)},ξ + [E 1 ]T − [E 2 ] {u(ξ)} = 0,
(2)

with the coefficient matrices [E 0 ], [E 1 ] and [E 2 ] (3)-(5). The coefficient matrices are obtained
by numerical integration along the circumferential directions η and ζ and depend on the scaled
boundary transformation of the elastic strains [B 1 ] and [B 2 ] as well as on the elasticity matrix
[D].
Z
0
[E ] = [B 1 ]T [D][B 1 ]|J| dη dζ
(3)
ZS
[E 1 ] = [B 2 ]T [D][B 1 ]|J| dη dζ
(4)
ZS
[E 2 ] = [B 2 ]T [D][B 2 ]|J| dη dζ
(5)

1

S

The scaled boundary finite-element equation in displacement (2) can be transformed into a
system of first-order ordinary differential equations


[E 0 ]−1 [E 1 ]T − 0.5[I]
−[E 0 ]−1
ξ{X(ξ)},ξ = −[Z]{X(ξ)}, [Z] =
, (6)
−[E 2 ] + [E 1 ][E 0 ]−1 [E 1 ]T −([E 1 ][E 0 ]−1 − 0.5[I])
where {X(ξ)} contains the nodal displacements {u(ξ)} and nodal forces {q(ξ)} on the boundary,
 0.5

ξ {u(ξ)}
{X(ξ)} =
.
(7)
ξ −0.5 {q(ξ)}
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The general solution of the system of first-order ordinary differential equations (6) can be written
as [3],
{X(ξ)} = [Ψ]ξ −[S] {c},

(8)

with [S] being the block diagonalized Schur decomposition of the matrix [Z] containing the
eigenvalues of [Z] on the main diagonal. [Ψ] is a transformation matrix which also results from
the Schur decomposition of the matrix [Z] and {c} are integration constants. Separating the
solutions for the nodal displacements {u(ξ)} and forces {q(ξ)} leads to the expressions


u(ξ) = ξ −0.5 [Ψu1 ]ξ −[Sn ] {c1 } + [Ψu2 ]ξ −[Sp ] {c2 } ,
(9)


q(ξ) = ξ 0.5 [Ψq1 ]ξ −[Sn ] {c1 } + [Ψq2 ]ξ −[Sp ] {c2 } .
(10)
In order to describe a thin shell structure, we now introduce the inner and outer boundaries of
the shell structure. The radial coordinate at the inner boundary is denoted as ξ1 and satisfies
0 ≤ ξ1 < 1, depending on the ratio between shell thickness and radius, while the outer boundary
is described by ξ2 = 1. Substituting the values ξ1 and ξ2 into the solutions for the nodal
displacements and forces (9)-(10), these can be expressed as
#

 " −0.5[I]

−[S ]
−0.5[I]
ξ1
[Ψu1 ]ξ1 n ξ1
[Ψu2 ]
{u1 }
{c1 }
=
,
(11)
[S ]
{u2 }
{d2 }
[Ψu1 ]
[Ψu2 ]ξ1 p
#
 " 0.5[I]


−[S ]
0.5[I]
ξ1
[Ψq1 ]ξ1 n ξ1
[Ψq2 ]
{q1 }
{c1 }
=
.
(12)
[S ]
{q2 }
{d2 }
[Ψq1 ]
[Ψq2 ]ξ1 p
Due to numerical difficulties when evaluating the expression ξ −[Sp ] for large eigenvalues, the
integration constant {c2 } is substituted with {d2 } = ξ −[Sp ] {c2 } leading to {c2 } = ξ [Sp ] {d2 }. The
static stiffnes matrix relating nodal displacements and external forces is defined as




{fi }
{ui }
= [K]
.
(13)
{fe }
{ue }
Rearranging (13) and using the relation between internal and external forces {fi } = −{qi }
results in the static stifness matrix
"
#"
#−1
0.5[I]
−[S ]
0.5[I]
−0.5[I]
−[S ]
−0.5[I]
−ξ1
[Ψq1 ]ξ1 n −ξ1
[Ψq2 ] ξ1
[Ψu1 ]ξ1 n ξ1
[Ψu2 ]
[K] =
.
(14)
[S ]
[S ]
[Ψq1 ]
[Ψq2 ]ξ1 p
[Ψu1 ]
[Ψu2 ]ξ1 p

2 Numerical example
The proposed technique was tested for an axisymmetric spherical zone shell under constant
pressure (see Figure 2). The opening angle is 45◦ with a radius of 1.5 m while the thickness
is varied between 0.3 m and 0.0001 m. Only one-quarter of the shell was modelled while the
remaining three-quarters were taken into account by symmetry boundary conditions. The radial
deflection at the bottom of the shell was calculated. The numerically obtained results are
evaluated with respect to the analytical solution for the membrane state of stress for the present
example. The spherical zone shell was examined with respect to several aspects. The system
was modelled using different methods: e.g. the SBFEM, solid elements as well as linear and
quadric shell elements in Ansys.
Figure 3 shows the relative error with respect to the analytical solution (for the membrane state
of stress) of the radial deflection of the spherical zone shell at the bottom. The system has been
analysed using shell and solid elements in Ansys as well as p- and h-refinement for the SBFEM.
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The results demonstrate that the SBFEM solutions based on high-order approximations converge
closer to the analytical solution with fewer degrees of freedom than the elements provided by
Ansys. The strong influence of the thickness on the accuracy of the different methods can be seen
in Figure 4. The Ansys shell elements yield a smaller error than the other methods for higher
thicknesses. This is due to the fact that none of the other approaches is based on the assumption
that stresses in the through-thickness direction are equal to zero, which is an essential part of
the thin shell theory. With reducing thickness this effect is minimized and the other methods
yield smaller errors. However, all the methods used yield less accurate results as the thickness is
decreased further, to a point where its physical reasonability can be questioned. Investigations
of this effect are ongoing. One possible explanation could be that the assumption of small
deformations used in the thin shell theory is no longer applicable for very low thickness-radius
ratios.
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Conclusions
The proposed technique shows promising results by reaching higher accuracy compared to
conventional FEA. Additional studies regarding linear shape functions are ongoing. Further, a
numerical example including bending will be studied in order to investigate membrane locking
since the latter effect mainly occurs when membrane and bending action are coupled.
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Forming simulations with NURBS shells in
LS-DYNA
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Micro Abstract
LSTC (Livermore Software Technology Corp.) has started to implement NURBS based finite elements
into their widely used commercial simulation package LS-DYNA. This work will give a short overview
about the general possibilities of isogeometric shells in LS-DYNA and focus on the recent advances for
the analysis of Sheet Metal Forming Applications. A benchmark example from the Numisheet 2005
conference is analyzed and compared with the results achieved with state-of-the-art methods.
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Introduction
Within the scope of Isogeometric Analysis (IGA) various types of basis functions are investigated
by the researchers. Amongst them, Non-Uniform Rational B-Splines (NURBS) represent the
most widely used geometry description in Computer-Aided-Design (CAD) and is currently the
best understood spline technology for the use of finite element analysis (FEA). Therefore LSTC
has started to implement NURBS based finite elements into LS-DYNA.

1 Finite Element Analysis with NURBS surfaces in LS-DYNA
This section describes some fundamental features and possibilities using NURBS surfaces for
FEA in LS-DYNA. Due to space requirements, an introduction to NURBS is skipped here and
the interested reader is referred to the literature.
1.1 A NURBS-patch
Doing FEA with NURBS surfaces in LS-DYNA requires the definition of NURBS patches
using the keyword *ELEMENT SHELL NURBS PATCH. In here, the geometric surface (control points,
knot-vectors, ...) as well as the associated part and section properies are defined.
1.2 Interpolation Elements
On top of the NURBS patches, LS-DYNA automatically creates bi-linear shell elements (interpolation elements), whose nodes (interpolation nodes) are placed on the real surface. The
interpolation elements may be used to apply boundary conditions (i.e. contact) and for postprocessing. Its resolution can be defined using the parameters NISR and NISS (see Figure 1).
It is important to notice, that the interpolation nodes are fully constrained to the underlying
NURBS patch. For instance, contact forces are in fact first evaluated at the interpolation nodes,
but then transferred to the primary degrees of freedom (DOF) at the control points. The actual
analysis is exclusively performed using the NURBS elements and their correspondig DOFs. For
post-processing, results at the integration points of the NURBS elements are mapped onto the
interpolation elements, such that standard post-processing tools can be used.
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Figure 1. Bi-quadratic NURBS patch and interpolation elements dependent on the parameter NISR and NISS

1.3 Analysis capabilities
1.3.1 Shell formulations
Basically three different shell formulations are available. The first one is based on the ReissnerMindlin shell theory and uses three translational and three rotational DOFs, similar to classical
shell elements in LS-DYNA. As second choice a rotation free shell formulation based on the
Kirchof-Love theory is available, that makes use of the higher continuity of the NURBS basis
functions along the element boundaries. The third shell formulation is a mixture of both,
leading to a hybrid formulation. It permits to individually define control points with or without
rotational DOFs. As the continuity of the shape functions in a NURBS patch drops to C0 at the
patch boundaries, the hybrid shell formulation provides the possibility to couple regular NURBS
patches along their patch boundaries by locally introducing rotational degrees of freedom while
still exploiting the higher continuity in the interior of the patch.
1.3.2 Integration rules
Different integration rules can be defined using the parameter INT. A uniformly reduced (default)
and a full Gauss integration scheme is available for all NURBS shells, irrespective of the order of
their shape functions. For C1 -continuos bi-quadratic NURBS an additional, reduced patch-wise
integration rule based on the work of Adam et al. [?] is implemented, which is characterized by
the least amount of necessary integration points.
1.3.3 Trimmed NURBS
Based on the work of Nagy and Benson [?], the support of FEA on trimmed NURBS surfaces has
been added to LS-DYNA. An unlimited number of trimming loops can be added to the general
patch description to define the outer boundary of the desired surface and to cut out various
holes in the interior. In Figure 2 a plate with a circular hole has been analyzed to compare the
trimmed NURBS with respect to the standard well-established bi-linear shell elements. Both
simulations give very similar results and given the fact that using trimmed NURBS allows the
use of a regular spaced grid of control points, the displacement field can be represented a little
smoother than with standard FEA.
1.3.4 Miscellaneous
Besides the already mentioned possibilities, the NURBS-based shells can be used in explicit
as well as in implicit analysis. They are availabe in SMP (shared memory parallel) and MPP
(massively parallel processing), a NURBS contact is implemented, boundary conditions can be
either applied directly to the control points or to any location on the surface by constraining a
massless node onto a NURBS patch. Many material models from the LS-DYNA material library
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Figure 2. Plate with hole: Comparison of trimmed NURBS (left) vs. standard Shell-Elements (right)

Figure 3. Numisheet 2005 - BM2 setup [?]

are available. Furthermore, regular mass scaling and rigid bodies are supported.

2 Example: Underbody Cross Member - then and now
The Numisheet 2005 Benchnmark on ”Forming of an Automotive Underbody Cross Member”
(BM2) [?], which was already analyzed by Hartmann et al. [?] in 2011 with one of the very first
versions of IGA in LS-DYNA is reanalyzed and compared with respect to the first attempts.
2.1 Example setup
The setup of the forming process is shown in Figure 3. Only the deep drawing process is
simulated, where the tools (upper die, binder and lower punch) are modelled with rigid elements.
For all analyzed models, only the discretization of the blank was varied, while all remaining
settings remained unaffected.
2.2 Results
The study by Hartmann et al. [?] has shown, that for qualitatively good results, an average
mesh size of 2mm for the blank is needed when using standard, fully integrated bi-linear shell
elements (ELFORM=16) and an average mesh size of 4mm when using bi-quadratic NURBS
elements. Therefore the example has been re-computed with these two element formulations
and their necessary level of discretization. In Figure 4 the equivalent plastic strain distribution
at the end of the forming step is shown. Both element formulations lead to very similar results,
which is also true for other important forming results like thinning.
2.3 Numerical performance
In the study from 2011 [?], the analysis could only be done using a SMP version of LS-DYNA,
without having the possibility of computing the thickness change nor using mass scaling.
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Figure 4. Comparison of equivalent plastic strain - standard FE (left) and NURBS (right)

Figure 5. Comparison of computing time: 2011 [?] vs. 2016

Figure 5 shows the comparison of the computing time. It reduces significantly and in the same
range for both element formulations. A further computing time reduction can be achieved by
switching from uniformly reduced integration (P2-4mm i0, INT=0) to the patch-wise reduced
integration scheme (P2-4mm i2, INT=2). In this example, the analysis with bi-quadratic NURBS
shells (4mm) needs less than 60% than that with standard shell elements (2mm). Although the
computational cost per NURBS element is significantly higher than per standard element, the
larger mesh size, leading to less elements and a larger timestep size can easily compensate this
extra effort.

Conclusions
NURBS shells in LS-DYNA and their performance in a forming example have been presented.
The comparsion of the results with well-established bi-linear standard shell elements has shown,
that the same qualitiy of results can be achieved with larger mesh sizes for bi-quadratic NURBS
shells, which finally leads to a reduction of the computational cost.
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A scaled boundary NURBS approach for
nonlinear solid analysis
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Micro Abstract
In this contribution, the scaled boundary formulation is proposed as a discretization technique which
is based on the isogeometric concept. By this means, the representation of a solid body is given
by the boundary surface of the body and a radial scaling parameter which is used to describe the
interior. NURBS shape functions are employed to define the geometry as well as to approximate
the solution field. The numerical examples are given for elasto-plastic material behavior at small strains.
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1 Introduction
In computer aided design (CAD), geometrical 3D models can be represented through a set of
bounding surfaces as shown in Figure 1. By this means, a scaling center C is chosen in the
interior domain which allows a decomposition of the 3D model in several subdomains known
as sections. The same concept is also applicable to 2D geometries as shown in the examples
of this contribution. A further property of CAD is the parametric description of surfaces and
curves with NURBS functions. In the context of numerical mechanics, this property is exploited
by isogeometric analysis (IGA) which was first introduced in [2]. In this analysis method, the
solution field is interpolated by NURBS and CAD knot insertion serves as the discretization
method. Based on the previously mentioned domain decomposition and the application of IGA
for the numerical simulation, the scaled boundary approach [4] is introduced and applied in this
contribution, see [3] and [1]. For the sake of simplicity, the method is studied for the case of 2D
problems. For the same reason, the linear elastic context is given in the first formulations which
is afterward extended to plasticity at small strains.

Figure 1. CAD modeling of a solid with boundary representation.

2 Parametrization
A 2D geometric CAD model can be decomposed in subdomains Ωs by prescribing a scaling
center C as shown in Figure 2. In a carthesian coordinate system (x̂-ŷ), the position of C is
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given by x̂0 .

Figure 2. Parametrization of geometry.

Similarly to the geometric interpolation scheme used in FEM analysis, the boundary curve ∂Ωs
of a subdomain is given as a linear combination of shape functions and nodal coordinates,
xs = Nb (η)Xs .

(1)

Here Nb (η) is a matrix containing NURBS functions while Xs is a vector which contains the
coordinates of the CAD control points. The parameter η is generally chosen to be 0 ≤ η ≤ 1. For
a point x̂s in the interior of the domain Ωs a scaling parameter ξ with 0 ≤ ξ ≤ 1 is introduced.
Accordingly, the position of a point in Ωs is given by
x̂s = x̂0 + ξ(xs (η) − x̂0 ).

(2)

It should be noted that for ξ = 0 the point x̂s coincides with the scaling center x̂0 , while for
ξ = 1 a boundary point xs is addressed. All remaining kinematic relations, as e.g. the Jacobi
matrix, which are necessary for the formulation of the boundary value problem (BVP) are basicly
derived from (1) and (2).

3 Numerical approximation
NURBS basis functions are provided by the CAD model in order to represent boundary surfaces
in 3D or boundary curves in 2D. For the boundary (circumferential) direction they are defined
by
Ni,p (η)wi
Ri,p (η) = Pnbc
.
(3)
k=1 Nk,p wk

The functions Ni,p (η) are recursively defined B-Spline functions of order p while wi are corresponding weight factors for the control points. The number of control points of the boundary
of a specific subdomain (grey area in Figure 3) is denoted by nbc . They are represented by an
orange surrounding in Figure 3. The NURBS functions in scaling (radial) direction are defined
in the same manner,
Nj,q (ξ)wj
Rj,q (ξ) = Pncp
,
(4)
m=1 Nm,q wm
in which ncp is the number of control points in scaling direction (blue points in Figure 3). The
boundary curve of a 2D geometry is obtained by the linear combination of NURBS and the
coordinates X̂i of the control points,
x̄s =

nbc
X

Ri,p (η)X̂i .

(5)

i=1

The same ansatz, which represents the backbone of IGA, is also applicable to the displacement
field of the boundary, thus
nbc
X
ūs =
Ri,p (η)Ûi ,
(6)
i=1
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Figure 3. Description of geometry with NURBS.

in which Ûi are the displacements associated to the control points of the boundary, however
they are functions of the scaling parameter ξ. Accordingly, the vectors Ûi are arranged in the
vector Us which is given as
Us (ξ) = Ns (ξ)Uj

(7)

The displacement response of a given subdomain is approximated by,
u(ξ, η) = Nb (η)Us (ξ).

(8)

Substituting (7) in (8) provides the displacement field in dependency of the basis functions in
both directions,
u(ξ, η) = Nb (η)Ns (ξ)Uj ,

(9)

in which Nb (η) and Ns (ξ) are matrices containing the NURBS shape functions.

4 Numerical examples
4.1 Linear analysis
The first example regards the benchmark of the infinite plate with circular hole under uniaxial
loading. For the numerical simulation, the geometry of the plate is defined as shown in Figure 4.
The stress fields from the analytical solution in are applied on the Neumann boundary while

a)
Figure 4. Plate with circular hole.

b)

Figure 5. Convergence rates, a) L2 Norm and b) H1 Norm.

symmetry conditions are prescribed on the displacement boundary. The polynomial order of
the NURBS functions are set identical in scaling and circumferential direction, p = q. The
results of the L2 and H1 error norm from the comparison of the analytical and numerical
displacement field are shown in Figure 5. The results shown the convergence behavior of the
mesh by h-refinement as the number of control points increases. Furthermore, a p-refinement
leads to higher convergence rates.
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4.2 Nonlinear analysis
The nonlinear analysis considers a plate with circular hole for elasto-plastic material behavior
at small strains, σ = C(ε − εp ). The boundary conditions are identical to the ones of the
linear analysis in section 4.1, see Figure 6 (left). The material parameter are: Young’s modulus
E = 100, Poisson’s ratio ν = 0.3, thickness h = 1, yield stress σy = 5 and linear hardening
H = 10. The polynomial orders are set for both directions to p = q = 6. The total number of
control points for the boundary is defined as NB and the control points per line in the scaling
direction as NC . The number of radial control points is set as NC ≥ ceil(NB /4) + pC as suggested
in [1]. Elasto-plastic analysis is performed for a fixed discretization with NB = 50 and NC = 20.
For the comparison of the results, a standard FEM simulation is considered. A finite element
mesh with linear isoparametric elements and the same degrees of freedom is employed for the
comparison. The deformed meshes for the FEM analysis and the proposed scaled boundary
NURBS approach are depicted in Figure 6 (middle). To compare the results of both simulations,
the horizontal displacement at the upper left corner is evaluated. The displacement of the
considered point in dependency of the applied load are shown in Figure 6 (right). The result of
the proposed approach is in very good agreement with the solution of the finite element method.
Further studies on the choice of p, NB , q and NC for optimal convergence with respect to FEM
are subject of future research.
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Figure 6. Left: Problem geometry and loading. Middle: Deformed plate. Right: Load displacement curve.

5 Conclusions
It has been shown that the proposed formulation is perfectly suitable for the boundary representation modeling technique in CAD. It combines the isogeometric analysis with the scaled-boundary
finite-element formulation and it is extendable for nonlinear material behavior. Further developments include the extension to geometrical nonlinearity and 3D analysis.
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Micro Abstract
We present a phase-field approach to model brittle fracture in plates and shells. For structural analysis,
the discretization of the geometry is performed using an isogeometric Kirchhoff-Love shell formulation,
extended to local refinement with LR B-splines in order to properly resolve the mesh in the cracked
regions, improving the accuracy and efficiency of the analysis.
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Introduction
The simulation of fracture of structural members plays an important role in many engineering
applications, both at the design step and during inspections of in-service structures. In this
contribution we focus on thin parts like plates and shells.
The structural model employs Isogeometric Analysis (IGA), a very promising technique introduced
by Huges et al. [3]. This method uses Non Rational B-Splines (NURBS) for the description of
the geometry, as CAD commercial programs do, making the approach very favourable because
meshing of the model for the structural analysis is not required. The smoothness of the basis
functions and the continuity across the element boundaries make the implementation of a
rotation-free isogeometric Kirchhoff-Love formulation for shell elements highly favourable [7].
In the last years, the phase-field approach for the description of brittle fracture has been
developed. With this method, it is possible to approximate sharp cracks with a continuous field
in which the discontinuity is represented by a smeared transition of the parameter between the
values referred to broken and unbroken material.
The phase field approach to brittle fracture was recently coupled with the isogeometric rotationfree formulation for plates and shells by Kiendl et al. [6]. In order to properly resolve the phase
field in the cracked regions, fine meshes are required. Due to the tensor product properties of
NURBS, local refinement of the mesh is not possible in traditional Isogeometric Analysis. In
order to improve the efficiency of the analyses in terms of computational costs, we employed local
refinement (LR) of the mesh using B-splines as basis functions, as described by Johannessen et
al. [5].

1 Modelling and implementation aspects
The model used for the analyses employs a discretization of the geometry using an isogeometric
Kirchhoff-Love shell formulation [7] with LR B-splines [5]. For the characterization of brittle
fracture, we follow a variational formulation with the phase field discretized by the same basis
functions as the geometry, assuming geometrical linearity (small strains and small deformations).
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1.1 Phase field formulation of fracture for shells
The evolution of the crack is controlled by the minimization of the functional of the free energy
over the body, as defined by Francfort and Marigo [4]:
Z
Z
E(ε, Γ) =
ψe (ε)dΩ +
ψs (s, ∇s)dΩ
(1)
Ω

Ω

where the first integral expresses the elastic strain energy. The second one computes the fracture
energy by approximating and replacing the traditional integration computed over the set of
crack surfaces [2]. In the adopted formulation, the fracture energy density ψs (s, ∇s) depends on
the phase field parameter s:


1
2
2
ψs (s, ∇s) = Gc
(2)
(1 − s) + `0 |∇s|
4`0

in which Gc is the fracture toughness of the material. The approximation of the crack topology
by the continuous field s is governed by the length scale parameter `0 that defines the amount
of smearing of the phase field around the fracture surface. For `0 → 0, the solution converges
to sharp crack topology and Griffith’s linear elastic fracture mechanics solution [8]. Other
than being a regularization parameter for the model, `0 depends also on the properties of the
considered material, in particular the fracture stress/strain and the fracture toughness [1]. Thus,
the choice of the length scale parameter is crucial for the simulation. The mesh of the model has
to be sufficiently fine in the crack region in order to resolve `0 , so a reduced size of the elements
is often required in this area.
The strain tensor ε can be split into its tensile and compressive contribution. This is required for
a correct characterization of the fracture process, preventing cracking to occur in compression.
ε = ε+ + ε− .

(3)

Consequently, also the strain energy density and the stress tensor can be split in the same
components. Characterization of the fracture occurs by degradating the tensile terms according
to a degradation function:
g(s) = (1 − η) s2 + η,
(4)

where 0 < η  1 for numerical stability of the model in fully cracked situation.
The strong form of the problem is so obtained as momentum and phase field equations:


4 `0 (1 −
Gc

η)ψe+

+1



div σ = 0,

(5)

s − 4 `20 ∆s = 1.

(6)

Irreversibly of the cracking process is guaranteed by replacing ψe+ whit the so-called history field
H, which expresses the maximum of the positive strain energy density over time [8].
In the rotation-free shell formulation a curvilinear coordinate system is used, with θ1 , θ2 referring
to the midsurface, and θ3 to the thickness direction. At any point of the shell continuum, the
two-dimensional strain tensor can be retrieved by:
ε(θ3 ) = εm + θ3 κ.

(7)

For determining this quantity, membrane strains εm and curvature changes κ are required,
which depend only on the midsurface displacement field. The stress tensor (σ(ε)) and strain
energy density (ψe (ε)) can be obtained from the strain tensor applying linear elasticity, under
the assumption of plane stress.
In the adopted shell formulation, the split of the strain energy surface density (strain energy per
unit area of the midsurface) is performed by integrating along the thickness:
Z h/2
±
Ψe =
ψe± (θ3 )dθ3 .
(8)
−h/2
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The integral is computed numerically and, at every thickness integration point, the strain tensor
is decomposed into compressive and tensile components, in order to degradate the positive
component according to g(s) [6]. The energy functional from Equation 1 is so computed,
integrating over the shell midsurface:
Z

m
− m
E`0 (εm , κ, s) =
g(s) Ψ+
(9)
e (ε , κ) + Ψe (ε , κ) + Ψs (s, ∇s) dA.
A

1.2 Local Refinement of B-splines
By the traditional NURBS (Non Uniform Rational B-Splines) discretization, surfaces can be
modelled using two parameters (ξ, η), two sets of knot vectors (Ξ = {ξ1 , ξ2 , ..., ξn+p+1 } and
H = {η1 , η2 , ..., ηm+q+1 }) and a net of control points Pi,j , as a tensor product of unidimensional
B-splines base functions (Ni,p and Mj,q ) of degree p, q:
S(ξ, η) =

n X
m
X

Ni,p Mj,q Pi,j .

(10)

i=1 j=1

The global knot vector net of lines defines the so-called mesh of the geometry. The tensor product
property of traditional B-Splines surfaces allows only a global refinement of the geometry by
knot insertion. This means that, if a finer mesh is required only in one part of the patch, the
refinement will affect all the geometry and the number of elements will increase considerably,
causing an high usage of computational resources (Figure 1b).

(a) Initial mesh

(b) Tensor product refinement

(c) Truly local refinement

Figure 1. Lack of local refinement of tensor B-splines [5]

Employing the approach of Johannessen et al. [5], we switch to a formulation in which ”weighted”
B-splines are taken as base functions. The ith weighted B-Spline for surface geometries is defined
as the product of two univariate B-splines Bp,Ξi (ξ), Bq,Hi (η) of degree p, q :
γ
BΞi
= γi Bp,Ξi (ξ)Bq,Hi (η).

(11)

The univariate local knot vectors Ξi , Hi define the local knot vector Ξi on which the B-spline
has support. The scalar weight γ simply multiplies the B-splines and it is used for maintaining
the partition of unity property during the splitting procedure.
After defining the weighted B-splines, that can be considered as the base functions of the
geometry, a LR surface object (referring to the midsurface of the analysed shell) can be expressed
as the linear combination of weighted B-Splines and control points:
S(ξ, η) =

n
X

γ
BΞi
Pi ,

(12)

i=1

in which n is the number of control points, corresponding with the number of B-Splines. It is
important to note that, with this definition, there is only one global index i running over the
base functions, excluding the global product properties (that are instead maintained only at
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level of the single B-spline). This is extremely useful for allowing the local refinement of the
mesh.
Without entering into the details of the algorithm, a weighted B-spline can be split into two
new base functions, generating each a new couple of control points and weights (in order to
maintain partition of unity) that will replace the precedent structure. The splitting procedure is
performed inserting a line that completely traverses the local knot vector of the original B-spline,
dividing in two halves the crossed elements, in order to generate new local knot vectors. The
application of this procedure allows the local refinement of the mesh (as for example in Figure
1c).

2 Numerical example: simply supported plate
Some potentialities of the LR B-splines and the phase field approach for shells are shown in the
numerical example below. A square plate (size=2×2 mm, thickness=0.02 mm), simply supported
at all the four sides, is subjected to an uniform transversal pressure. Material parameters are:
E = 190 × 103 N/mm2 , ν = 0.29, Gc = 0.295 N/mm and `0 = 0.02mm. The crack is expected to
initiate in the plate centre and than to branch and propagate towards the corners, so the local
refinement of the mesh was performed in these regions. Full span strategy for local refinement
was used (meaning that, once an element is selected for being split, all the base functions
supported by the element are split), in order to obtain a larger footprint of the refinement and a
more regular grid.
The simulation was run with arc-length control method until failure. For solving the coupled
problem, we employ a staggered approach in which, for every time step, the weak forms of the
phase field and the momentum equation are solved.

(a)

(c)

(b)

Figure 2. Plate model: locally refined mesh and phase field evolution

Figure 2 shows the LR B-splines mesh and the crack evolution by the phase field, where s = 1
indicates undamaged and null value refers to fully cracked material. For the complete model,
8640 elements are used and the minimum size in the refined region is 0.0139 mm. The same
numerical test was previously run with a uniformly refined NURBS grid that consisted of 7225
elements, for modelling one quarter of the plate, and a constant element size of 0.0117 mm [6].
The load-displacement curve obtained using the LR B-splines mesh is shown in Figure 3. The
pressure required for the failure of the plate is in agreement with the results reported in [6].

Conclusions
A phase-field approach for modelling brittle fracture in plates and shells, discretized by using an
isogeometric Kirchhoff-Love element formulation, was presented. The implementation of LR
B-splines is a tool that allows the refinement of the mesh in the cracked regions, improving the
accuracy and efficiency of the analysis by reducing the total number of elements needed. Good
agreement was found with results already obtained using NURBS on equivalent experiment.
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Further work will include an extension of the model towards adaptive local refinement of the
mesh, in order to be able to describe crack patterns not known in advance.

Pressure [MPa]

0.4
0.3
0.2
0.1
0.0
0.00

0.05
0.10
0.15
Displacement norm Unorm [mm]

Figure 3. Plate model: load-displacement curve
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A shell element for the analysis of interlaminar
stresses and delaminations of layered
composites
Gregor Knust1 * and Friedrich Gruttmann1
Micro Abstract
In this contribution a mixed hybrid shell element for the calculation of interlaminar shear and normal
thickness stresses of layered composite structures is presented. These stresses are decisive factors
for delaminations. The element formulation is based on the Reisser-Mindlin kinematics with an
inextensible director field. After static condensation the element has the standard shell degrees of
freedom. The numerical examples focus on failure caused by delamination.
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Introduction
Composite materials become more important in a wide range of industrial manufacturing.
Therefore effective numerical models are essential for the simulation of such materials. Especially
failure modes of laminates are of great interest. Here, interlaminar stresses, such as shear and
normal thickness stresses, are decisive factors for delamination. There are different possibilities
to compute these stresses. The use of solid or solid-shell elements [3], which model a full 3D
stress state are an obvious approach. In order to obtain interlaminar stresses with solid elements,
a minimum of 3 to 5 elements per layer are required. This leads to high numerical costs for the
computation of large multi-layered structures. Higher order shell elements are another possibility,
but they lead to problems when defining the boundary conditions of complex geometries. The
proposed shell formulation overcomes these problems. Based on [2], the element formulation
is expanded to geometrical non-linearity and the calculation of normal stresses in thickness
direction, see [1].

1 Shell kinematics and interpolation in thickness direction
The underlying shell kinematics are based on the Reissner-Mindlin theory with an inextensible
director field. Derived from the Green-Lagrangian strain tensor, the membrane strains ε,
curvatures κ and transverse shear strains γ are introduced and summarized in the vector
εg (v) = [ε11 , ε22 , 2ε12 , κ11 , κ22 , 2κ12 , γ1 , γ2 ]T .

(1)

The superposed displacement field ũ = ũi ti is introduced, with components relating to a local
base system ti . The vector ũα with α = 1, 2 describes the out of plane warping displacements
and ũ3 the relative thickness displacements. The shape of ũ through the thickness is chosen as
ũ(ξ 3 ) = Φ(ξ 3 ) α .

(2)

The vector α contains displacements at the nodes through the thickness of the laminate, see Fig.
1. The number of the components of α depends on the number of layers N . The warping and
521

MS15

Non-standard Formulations and Discretization Methods for Thin-walled Structures

standard
shell kinematics
u

a)

b)

Figure 2. a) wrong and b)
correct shape of warping
displacements

Figure 1. Interpolation functions
for laminate with N layers

relative thickness displacements are elementwise constant and interpolated by cubic hierarchic
functions
Φ(ξ 3 ) =
φ1 =



φ1 13 φ2 13 φ3 13 φ4 13

1
(1 − ζ)
2

φ2 = 1 − ζ 2



φ3 =

ai
8
ζ (1 − ζ 2 )
3

φ4 =

1
(1 + ζ) ,
2

(3)

where −1 ≤ ζ ≤ 1 is a normalized thickness coordinate of layer i. Furthermore, ai is an assembly
matrix, which relates the 12 degrees of freedom of layer i to the components of α, while 1n
refers to the unity matrix. The total displacements of the shell
û = u + ξ 3 (d − D̄) + ũ

(4)

are obtained by superposition of the averaged displacements of the Reissner–Mindlin theory with
the fluctuation field (2). In (4) D̄ and d denote to the normal vector in reference and current
configuration respectively. The layer strains of a point in shell space with coordinates ξ 3 are
obtained from
E = A1 ε + A2 α = [E11 , E22 , E33 , 2E12 , 2E13 , 2E23 ]T
(5)
where the matrices A1 and A2 contain the thickness coordinate and the differentiation of the
cubic interpolation functions respectively. The first part A1 ε refers to the physical shell strains
and the second part A2 α to the superposed displacement field ũ.

2 Weak form of boundary value problem
The equilibrium of stresses and higher order stress resultants leads, with admissible variations
δθ := [δv, δσ, δε, δα, δλ]T with δv := [δu, δϕ]T to the weak form of the boundary value problem
g(θ, δθ) =

Z

[δεTg σ + δσ T (εg − ε) + δεT ∂ ε W − σ

Ω




+δαT ∂ α W + D23 λ − q̄ + δλT g] dA + gext = 0

gext = −

Z

Ω

T

δu p̄ dA −

Z

(6)

δuT t̄ ds ,

Γσ

where λ containing the derivatives of strains and curvatures, In (6) σ refers to the vector of
stress resultants, ∂ ε W and ∂ α W to the differentiation of the strain energy density with respect
to shell strains and the additional through thickness displacements α respectively. The weak
form contains the constraint g(α) = D23 α, which enforces the correct shape of warping, Fig. 2.
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Figure 3. Sandwich beam with constant loading

Material

Geometry

Ec = 70 N/mm2
νc = 0.3
Ef = 70000 N/mm2
νf = 0.3 N/mm2
y0 = 100 N/mm2
ξ = 1000 N/mm2

p = 1.0 N/mm2
L = 2000 mm
tc = 30 mm
tf = 0.5 mm
b = 60 mm
b = 60 mm

Figure 4. Material and
geometrical properties

Because of the later use of the Newton interation, the weak form in Eq. 6 must be linearized.
This leads to a set of equations

L [g(θ, δθ), ∆θ] := g(θ, δθ) + Dg · ∆θ = gext +

T 
σ



 



εg − ε

Z  δσ  

 



∂εW − σ
+
 δε  

 


Ω  δα  
 ∂ α W + D23 λ − q̄



δλ
g


δεg





R

Ω

0

∆δεTg σ dA
1

0

0

Dαβ =

Zh+

 
0
0
  1 0 −1
 
 +  0 −1 D11 D12
0
 
 
  0 0 D21 D22 D23
0 0
0 D32
0

where



∆ ∂εW
∆ ∂αW



=



D11 D12
D21 D22

0



∆ε
∆α









  ∆σ 



  ∆ε  dA





  ∆α 



∆λ
(7)


∆εg

ATα C Aβ µ̄ dξ 3

(8)

h−

which is the basis for the further FEM formulation. Matrix C refers to the material matrix for
the assumption of orthotropic material behavior.

3 Finite element formulation
The finite element formulation is based on the isoparametric concept for quadrilateral shell
elements with bilinear form functions. Interpolation functions for displacements and independent
quantities are chosen. Latter are eliminated by static condensation, which leads to the standard
shell degrees of freedom. Nodes at intersection have 6 DOFs (3 displacements, 3 rotations), all
other nodes have 5 DOFs (3 displacements, 2 rotations).

4 Examples
4.1 Sandwich strip
In the first example the results of a sandwich strip with constant loading on the upper and
lower surface are shown, see Fig. 3 The material properties are summarized in Fig. 4. A
geometrically and physically non-linear computation is carried out and the results for normal
thickness stresses Fig. 5 and transverse shear stresses Fig. 6 are shown for load factor λ = 4,
where plastification occurred. Further Fig. 7 shows the load-displacement curve at x = 0 for
the loading and unloading of the sandwich strip. The results show good agreement with the
reference solution, computed with 3d solid shell elements.
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4.2 Delamination
This example shows a beam with constant load with 10 isotropic layers, where E = 105 N/mm2 ,
ν = 0.4, fracture energy Gf = 10−4 N/mm and the ultimate stress Y0 = 10−5 N/mm2 , see Fig. 8.
While the load factor λ is increased, delamination due to shear stresses occurs in the middle layer
and spreads along the beam. This leads to a decrease of stiffness and a jump of interlaminar
normal stresses, see Fig. 9. The load-displacement curve is shown in Fig. 10, as well as the
reference functions for the beam without (Linear) and with full delamination (Delam.).

Conclusions
In this abstract a finite element shell formulation for the computation of layered structures is
shown. Interlaminar shear and normal stresses are obtained for linear, as well as geometrically
and physically non-linear problems. The presented shell element shows good agreement with the
solution of 3d models and overcomes the problems of these numerical expensive computations.
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Abstract:
The minisymposium addresses computational aspects of challenging engineering applications in technology and science. It is dedicated to strongly heterogeneous materials with
multiple length scales and multiple interacting phases. The computational complexity
of those problems may be driven by the consideration of real-data, for example arising
from a X-Ray Computed Tomography or Field Ion Beam Tomography analysis, and/or
by electro-, magneto-, hydro- or chemo-mechanical coupling phenomena.
Computational two-scale approaches employing a FE model at the RVE level for each
point of the macroscopic problem have several limitations. First, the computing time is
intense and the memory requirements are enormous. Second, systematic short-comings
for nonlinear problems such as high number of iterations can occur and the robustness
requirements for the RVE solver in nested finite element methods are demanding.
Reduced order models can help in several of the aforementioned aspects. They can reduce
the computing time and the memory requirements on the one hand while they can also
lead to new problem formulations on the other hand. Thereby, novel solution schemes
can emerge as well as physical coupling can sometimes be understood in better way in
the reduced framework.
Other promising applications for reduced order models are found in the many query context, e.g. for uncertainty quantification (UQ). The minisymposium welcomes contributions from various domains of model order reduction related to multiscale and multiphysics
problems.
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Partial mechanics of far fields in elastoplastic
structures
David Ryckelynck1 *
Micro Abstract
We propose a reduced-modeling protocol that accounts of topological modifications in elastoplastic
structures. We assume that topological modifications and mesh adaptations are restricted to a
subdomain termed the zone of interest. This zone of interest is surrounded by an hyper-reduced order
model that propagates boundary conditions by using empirical modes.
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Introduction
This paper presents a reduced-modeling protocol that accounts of morphological modifications
in structures submitted to elastoplastic transformations. We assume that the morphological
modifications and the related mesh adaptations are restricted to a subdomain termed the
region of interest (ROI). In the proposed protocol, a domain decomposition in two subdomains
is performed: one subdomain is the region of interest, the remaining part of the domain is
termed the surrounding domain. A recent numerical approach that couples hyper-reduced
approximations and finite element approximations, proposed in [2] for the solution of NavierStokes equations, is extended to elastoplasticity. Here, we take advantage of the finite-elements
versatility to account for the morphological modifications. An hyper-reduced approximation
is set up over the surrounding domain. It aims at propagating boundary conditions towards
the region of interest. In this subdomain, both approximations interact. The propose protocol
enables to develop approximations for fields that surround a region of interest. The equations
fulfilled by theses fields are set up on a reduced integration domain, by following a usual
hyper-reduction method. Since only few elements of the surrounding domain are involved in the
reduced order model, this approach is named partial mechanics of far-fields (PMFF). It is very
versatile regarding morphological modifications. Offline and online phases are proposed for the
construction and the incorporation of the far-fields approximations. The novelty of this work
is the modeling of morphological and nonparametric modifications in plasticity, enabled by an
hybrid full-order/reduced-order model.
Hybrid full-order/reduced-order models have been proposed in the literature to circumvent the
lack of accuracy of reduced-basis approximations for specific problems. Hybrid modeling has
been proposed in [4] for nonlinear problems having nonlinear terms restricted to a subdomain.
Here, we do not assume localized nonlinearities. In [1, 5, 6] empirical modes have been coupled
to finite element approximations for nonlinear structural problems involving heat conduction or
plasticity or damage. Critical damages are known to generate morphological modifications in
damage simulation. Here, equilibrium equations in the surrounding domain are setup by the
recourse to a reduced integration domain (RID).
The proposed equations sound like Hyper-reduced equations, but attention must be paid to
coupling terms in the region of interest in order to strongly couple the local finite element (LFE)
approximation and the reduced basis approximation related to far fields.
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Matrix and second-order tensors are denoted by a bold capital letter A. Vectors are denoted
by a small bold letter a. Entries of a matrix A are denoted by aij . The 2-norm for vectors
is denoted by k · k2 . In the remainder, the vector containing the entries selected by a set of
row indices denoted by H, reads r[H] ∈ RCard(H) . The row selection applied to all columns
of V ∈ RN ×N reads V[H, :] ∈ RCard(H)×N . We denote u(·, t) the displacement field at time t.
The usual residual of the finite-element equilibrium-equations is denoted by r(u) ∈ RN . The
finite element shape functions are (ϕi )N
i=1 .

1 Partial mechanics of far fields
Let’s assume that a reduced basis is available for the approximation of the displacements over
the entire domain, denoted by Ω. This reduced basis is termed the far field reduced basis. The
far field modes of this reduced basis are denoted by ψ R
k such that:
ψR
k (x)

=

N
X

R
ϕi (x) vik
,

i=1

k = 1, . . . , N, VR ∈ RN ×N ,

N < N , rank(VR ) = N

(1)

In practice, this reduced basis is obtained by the usual proper orthogonal decomposition of
solutions generated during an unsupervised machine learning stage. The ROI, denoted by ΩF , is
defined by a given set of degrees of freedom F where the LFE approximation is setup:
ΩF = ∪i∈F supp(ϕi )

(2)

For the sake of simplicity, degrees of freedom are ordered such that F = {1+N −Card(F), . . . , N }.
Then the empirical modes of the hybrid approximation are:
ψ k (x) =

N
X

ϕi (x) vik ,

k = 1, . . . , N + Card(F),

i=1

V=



0
VR
I



(3)

Here I ∈ RCard(F )×Card(F ) is the identity matrix related to the degrees of freedom in F.
Formally, when the mesh on ΩF is modified to account for morphological changes, the modes in
VR have to be projected by using the finite element shape functions. In the sequel, we assume
that rank(V) = N + Card(F).
Here, an hyper-reduced order model is a boundary value problems restrained to a reduced
b whose extent is the union of few shape-function supports
integration domain [7], denoted by Ω,
such that:
b = ∪i∈H supp(ϕi )
Ω
(4)

We adopt the last approach because it preserves the usual assembly loop on the elements involved
in finite element simulations. Then all local constitutive equations can be considered, especially
elastoplastic models.
b by using an HROM, an
When the boundary value problem is restrained to a subdomain Ω
additional boundary condition is introduced in order to obtain a well posed problem. The
additional boundary condition is set up on the interface between the RID and the remaining
b ∩ Ω,
e
e = Ω\Ω
b where Ω\Ω
b is the complement
part of the domain. This interface reads: Γ = Ω
Ω
b
of Ω extended to its boundary. By following [7], the additional boundary condition is similar to
b such that the
a Dirichlet boundary condition. It requires a proper restriction of the modes to Ω,
restrained modes are kinematically admissible fields with respect to an homogeneous Dirichlet
b ,
boundary condition on Γ. The convenient restriction of the modes to the RID is denoted by ψ
k
such that:


Z
X
2
b (x) =
ψ
ϕi (x) vik , k = 1, . . . , N, L = i ∈ {1, . . . , N }| ϕi (x) dx = 0
(5)
k
i∈L
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where L is the set of degrees of freedom that are not on the interface Γ and neither in the outer
part of the RID. By construction we have: H ⊆ L. The hyper-reduced equilibrium equations
read:
N +Card(F )
X
T
V[L, :] r(u)[L] = 0, with u =
ψ k (x) γk (t)
(6)
k=1

By following the HR method proposed in [7], H contains the interpolation indices generated by
the discrete empirical interpolation method (DEIM) [3] applied to V. There is various way to
extend H in order to include more indices. More details about this extension are given in [7].
Here, interpolation indices are also extracted from a POD basis related to stress. These indices
are then connected to indices of degrees of freedom, through the mesh, and included in H.
Here, because of the shape of the hybrid matrix V, the first interpolation indices computed
by the DEIM are all the indices in F. Then the RID contains the ROI and L = LR ∪ F with
LR ∩ F = ∅.

2 Coupling terms
The domain Ω is split into ΩF and the remaining part ΩR . The interface between ΩR and ΩF is
denoted by Φ, Φ = ΩF ∩ ΩR . The set of degrees of freedom on Φ is denoted by I:


Z
2
I = i ∈ {1, . . . , N } |
ϕi (x) ds > 0
(7)
Φ

Attention must be paid to the construction of the RID, in order to preserve coupling terms
between the LFE and far field modes. Same considerations can be found in [2] for Navier-Stokes
equations. This point is essential because the far field modes aim at propagating boundary
conditions toward ΩF .
b the indices of I can be supported by nodes either on Γ or inside Ω.
b This affect
Since ΩF ⊂ Ω,
the coupling terms in the setting of momentum equations for PMFF.
Let’s consider the Jacobian matrix of the FE approximation. It has the following block shape:


JRR JRF
∈ RN ×N , JF F ∈ RCard(F )×Card(F )
(8)
J=
JF R JF F
such that:
jRF ip = 0 ∀ i ∈
/ I, i ≤ N − Card(F), p ∈ {1, . . . , Card(F)}

(9)

The hyper-reduced setting of the Newton Raphson’s linear step reads: find δγ ∈ RN +Card(F )
such that
V[L, :]T r[L] + V[L, :]T J[L, :] V δγ = 0
(10)
Attention must be paid to the first row block in J. In this first row block the contribution of the
coupling terms reads:
V[LR , :]T JRF [LR , :] V[F, :]
(11)
We propose to include I to H after the selection of interpolation indices, during the RID
construction, in order to have non zero terms in JRF [LR , :]. This preserves a strong coupling
between le LFE approximation and the far field modes.

3 Numerical example
We consider a cantilever beam with perfect plasticity and a spherical pore in it, as shown in
Figure 1. The far field modes have been computed without any pore. The error on the prediction
of the cumulated plastic strain is shown on Figure 1, over the RID only. The maximum error
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Figure 1. On the left, the von Mises stress predicted by the finite element method; on the right, the relative
error on the cumulated plastic strain over the reduced integration domain related to the partial mechanics of
far fields.

is 5%. The simulation speedup is 4. Obviously, the larger the pore’s volume fraction the less
accurate the prediction.
Plasticity under non parametric morphological modifications is accurately predicted by the
hybrid-hyper-reduced order model. This open a new route to consider defects in materials such
as pores or inclusions. It is termed the partial mechanics of far fields.
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Viscoplastic reduced order homogenization
using mixed formulations
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Micro Abstract
The effective response of viscoplastic composites is studied by means of two reduced order models
that use a mixed variational formulation developed in the framework of the Transformation Field
Analysis : the pRBMOR and the MxTFA. The MxTFA is based on a mixed variational formulation of
viscoplasticity involving stress and plastic multiplier as independent variables, while the pRBMOR
assumes non uniform inelastic strain and hardening modes. Examples show the capabilities of the two
approaches.
1

Department of Civil, Chemical, Environmental and Material Engineering, University of Bologna, Bologna, Italy

2

EMMA - Efficient Methods for Mechanical Analysis, Institute of Applied Mechanics (CE), University of Stuttgart,
Stuttgart, Germany

3

Department of Civil and Mechanical Engineering, University of Cassino and of Southern Lazio, Cassino, Italy

* Corresponding author: federica.covezzi3@unibo.it

Introduction
The use of composite materials has significantly increased in the last decades thanks to their
mechanical properties. When it comes to the design of a composite structure, a multiscale
problem needs to be solved, where at the macroscale (i.e. the design scale) the material can
be considered as homogeneous, while at the microscale it is characterised by a heterogeneous
microstructure. The latter has a significant influence on the mechanical behaviour of the material
at the macroscale, especially in case of nonlinear behaviour of the constituents. The non linear
phenomena that characterize the constituents (e.g. damage, viscoelasticity and fracture) need
to be properly modelled in order to have an accurate description of the material behaviour.
For this reason a reliable design tool is required. The so-called two-scale finite element method
or FE2 (e.g. [4]) is a possible solution, where both the microscale and macroscale problems
are solved employing nonlinear finite elements. This leads to high computational costs due to
the number of internal variables. Model order reduction techniques are an alternative to this
method, since they allow for the solution of the problem by reducing the number of internal
variables. Among them, the Transformation Field Analysis (TFA) [3] is an interesting approach.
Nonlinearities within the heterogeneous microstructure are described by means of the inelastic
strain. Other TFA-based schemes were proposed, differing mainly in the assumption on the
inelastic strain distribution and in the evolution of the internal variables. Within this framework,
the aim of this study is to compare two TFA-based reduced methods for the analysis of nonlinear
composites: the pRBMOR cf. [6,7] and the MxTFA cf. [2]. Both techniques employ nonuniform
transformation fields [8] and are based on a mixed variational formulation. The differences
between these techniques will be analyzed in terms of mode selection, pre-analyses, evolution of
reduced DOFs and effective stress computation.

1 Reduced order models: pRBMOR and MxTFA
In the following two mechanical homogenization procedures are presented that start from a
parameterization of either internal state variables and/or stress fields.
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1.1 Mode selection
As stated before, the techniques are all NTFA-based, i.e. they assume nonuniform inleastic
strain distribution over the domain. Intuitively, the choice of the approximating modes will have
a significant impact on the accuracy of the solution. A first difference in the choice of the modes
is that the MxTFA assumes a domain partitioning into subsets, and defines the inelastic strain
distribution subset-wise, while pRBMOR defines the inelastic modes on the whole RVE. The
MxTFA defines self-equilibrated stress fields and a plastic multiplier approximation, and the
inelastic strain approximation is consequently derived. A different approach is adopted by the
pRBMOR that defines the inelastic modes by simulating the nonlinear response of the UC along
prescribed loading conditions.
1.2 Pre-analyses
The pre-analyses are the offline-phase analyses required to obtain all the operators that are
necessary for the nonlinear homogenization analysis. The mode selection has a direct impact
on these analyses, since the number of modes is one of the parameters affecting the number of
pre-analyses. Thanks to the choice of analytical strain modes, the MxTFA requires linear elastic
pre-analyses aimed at computing the strain localization operators only. The number of analyses
depends also on the number of subsets. The pRBMOR requires nonlinear pre-analyses in order
to pre-compute the inelastic modes and to obtain the strain localization operators: the number
of analyses in this case is affected also by the choice of the numerical training.
1.3 Evolution of reduced DOFs
Another difference relies in the resolution of the evolution problem. In fact, although the investigated homogenization strategies have large parts in common (for instance the self-equilibrated
stress fields inspired by the TFA/NTFA), the biggest difference is found in terms of the evolution
of the reduced degrees of freedom. The evolution of the reduced vectors of the pRBMOR is
motivated from a mixed variational formulation that leads to a saddle-point problem (see [5, 6]
for details). As for the MxTFA, the independent variables of the problem (i.e. the stress and
plastic multiplier parameters) are obtained by enforcing the weak fulfillment of the compatibility
equation and of the evolution of the plastic multiplier for every subset. More details regarding
the numerical procedure can be found in [2].
1.4 Effective stress
The effective stress describes the material response at the macroscale. This quantity can be
computed only once the evolution problem is solved at the microscopic scale in terms of internal
variables. The latter are different among the techniques: for the pRBMOR they are the inelastic
strain and hardening coefficients and for the MxTFA the stress and plastic multiplier parameters.
For this reason, the effective stress is computed differently. According to pRBMOR, this quantity
is recovered from the strain and inelastic strain fields. Likewise in mixed-stress finite elements
approaches, the MxTFA computes the effective stress directly from the stress parameters.

2 Numerical results
The UC consists in a spherical ceramic inclusion embedded in a viscoplastic matrix, with
volume fraction equal to 17.3%. The material properties as well as the details regarding the
homogenization analyses are reported in [1]. The UC is subjected to a loading/unloading
involving both normal and shear strains as detailed in Table 1. Figures 1 and 2 shows the
comparison of the results between the FE analysis and the reduced model analyses. Both models
are able to reproduce the overall response of the UC for both the normal and the shear stress
components.
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Table 1. Load case.

Time [s]

ε̄xx

ε̄yy

ε̄zz

2ε̄xy

2ε̄yz

2ε̄xz

0
1
2
3
4

0
0
0.01
0.01
0

0
0
0.01
0.01
0

0
0
0.01
0.01
0

√ 0
√2 · 0.01
2 · 0.01
0
0

0
0
0
0
0

0
0
0
0
0

Figure 1. Numerical results: normal stress.

Conclusions
Two different homogenization techniques for the analysis of viscoplastic composite media were
compared: the pRBMOR, the and the MxTFA. These techniques developed in the framework
of the NTFA [8]. Moreover, both employ a mixed variational formulation for the resolution
of the micromechanical problem. The key features as well as the differences of the techniques
are described. The numerical results show the ability of the two reduced models to predict the
effective behavior of 3D periodic composites characterized by nonlinear behavior under complex
loading/unloading histories.
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Figure 2. Numerical results: shear stress.
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problems
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Micro Abstract
In this work presents a strategy to diminish the computational cost of a hierarchical (FE2) multi-scale
computational homogenization approach for fracture problems is presented. Focusing on concepts
as Reduced Order Modeling (ROM) based on the POD and optimal integration quadrature
techniques, a hyper-reduced order modeling (HPROM) method is specifically derived. This model
departs from the multi-scale framework developed in (Oliver/2015) for the numerical modeling of failure.
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Introduction
Multiscale modeling appears as an excellent potential setting to account for the physical links
between the different lower scale components, within the material (grains, particles, defects,
inclusions, etc.), and the overall large scale properties. However, this modeling concept, coined
by the scientific community some decades ago, is not yet part of the routinely engineering
analysis and design methods. Certainly, and focusing on the specific case of computational
homogenization-based multiscale techniques, they can hardly be applied beyond some simple and
academic purposes. Reasons for this arise from the multiplicative character of the algorithmic
complexity and the corresponding computational cost, for hierarchical micro/macro computations
in multiscale analyses. On the other hand, model order reduction (data compression) techniques
have become an intensive research field in the computational mechanics community, because
of the increasing interest on computational modeling of complex phenomena in large scale
multiphysics problems.
This work deals with a combination of both subjects by focusing on the reduced order modeling
of computational multiscale modeling of fracturing materials. In this work, the multiscale
framework for numerical modeling of structural fracture in heterogeneous quasi-brittle materials,
described in [2]. In this work, a number of techniques are combined to optimize the HPROM
performance of FE2 multiscale modeling algorithms for multiscale propagating fracture. They
are: (1) A domain separation strategy. The RVE is split into the regular domain (made of the
elastic matrix and possible inclusions) and the singular domain (the cohesive bands exhibiting a
softening cohesive behavior), (2) The ROM boundary problem for the RVE is formulated in an
unconventional manner i.e.: in terms of the strain fluctuations. (3) A specific Reduced Optimal
Quadrature (ROQ) is used as a key technique to obtain relevant computational cost reduction
from the ROM. The above techniques are combined to provide the proposed HPROM strategy
for the RVE, using a standard two-stage (off-line/on-line) strategy.
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Generalities of FE2 method applied to multiscale fracture problems:
This approach is developed under a small strain framework, the equality of internal power at
both scales is guaranteed via Hill-Mandell Macro-Homogeneity principle. In this approach, the
macroscopic constitutive response is proven to be point-wise equivalent to an inelastic law (in
an incremental fashion) as a function of the homogenized elastic tangent tensor, Chom , and the
incremental homogenized inelastic strain rate ε̇(i) i.e.:
σ̇ = Chom : (ε̇(x) − ε̇(i) )

ε̇(i) =

1
(n ⊗ β̇)
lµ

(1)

Where, the inelastic strain component ε̇(i) is expressed as a function of the homogenized variables
taken from the RVE, and represent the average value of the symmetric tensor product between
the strong discontinuity normal n, and the rate of displacement jump β̇ of each cohesive band,
belonging to the manifold of the mesoscopic failure mechanism Sµ , i.e. the mesoscopic crack.
In addition, the so-called material characteristic length lµ is defined as the ratio between the
measure (volume or area) of the representative volume and the measure (surface or length) of
the mesoscopic failure mechanism. The equations that govern the RVE, rephrased in terms of
micro-strain fluctuations, are the next:
PROBLEM A: Given a macroscale strain ε, and the spaces of kinematically compatible strain
fluctuations Uµε̃ , and admissible strain fluctuations, Vµε̃ , find ε̃µ ∈ Vµε̃ , being εµ = ε + ε̃µ , such
that:
Z
Z
ε̃
ε̃
σ µ (εµ , dµ ) : b
εµ dB = 0 ; ∀b
εµ ∈ Vµ = Uµ := {ε̃µ |
ε̃µ dBµ = 0 and ε̃µ ∈ Eµ }; (2)
Bµ

Bµ

d˙µ (y, εµ ) = g(εµ , dµ )

being Eµ = {ζ ∈ Sndim ×ndim

|

emjq enir ζ ij,qr = 0}

PROBLEM A is completely equivalent to the classical equilibrium problem stated in terms of
micro-displacement fluctuations, the original displacement fluctuations, ũµ , can be recovered, if
necessary for the deformed RVE visualization purposes, through an additional spatial integration
of the equation ε̃µ = ∇s ũµ . However, PROBLEM A could be also rephrased as the minimization
of the potential of microscale free energy Π(ε̃µ , λ), in which the boundary conditions can be
applied via Lagrange multipliers, it can be shown that this format is suitable for reduction
purposes.
PROBLEM B (HF): (RVE saddle point problem) Given a macro-scale strain ε, find ε̃µ and
λ satisfying:
(ε̃µ (ε, dµ ), λ(ε, dµ )) = arg{minε̃µ

max Π(ε̃µ , λ)};

λ∈Sn×n

such that

d˙µ (y, εµ ) = g(εµ , dµ )

(3)

Model Order Reduction techniques:
The reduction process is divided into two sequential steps. The first step consists of a Galerkin
projection, via Proper Orthogonal Decomposition POD of the micro-strain fluctuations field,
onto a small space (reduced-order space). We seek for a reduced vectorial space of dimension
nε , with nε  Ng , for computing the micro-strain fluctuations. This low-dimension space is
obtained as the linear expansion of an orthogonal basis of nε spatial functions:
ε̃µ (y, t) =

nε
X

Ψi (y)ci (t) = Ψ(y)c(t)

(4)

i=1

where each element Ψi , of the basis [Ψ], is recognized as a micro-strain fluctuation mode and
the vector of time dependent coefficients c(t) = [c1 , . . . , cnε ] (c ∈ Rnε ) represents the amplitude
of these modes, the variations of the micro-strain fluctutations are adopted wth an identical
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approach to (4). Now, introducing (4) into the PROBLEM B, and after some manipulations, a
new model Reduced Order Model (ROM) written in terms of the micro-strain reduced basis has
been obtained:
PROBLEM C (ROM): Given a macro-scale strain ε, find c ∈ Rnε and λ ∈ Rnσ satisfying:


(c(ε, dµ ), λ(ε, dµ )) = arg minc max Π(Ψc, λ)
(5)
λ∈Sn×n
(
! )
Z
Z
T
= arg minc max
ψµ[ε,dµ ] (ε + Ψc) dBµ + λ
ΨdBµ c (6)
λ∈Sn×n

such that:

Bµ

Bµ

d˙µ (y, εµ ) = g(εµ , dµ )

In many cases, it is an accepted fact that, although ROM markedly reduces the number of
unknowns in the problem (in the present case, the dimension nε of the vector c in Eq. 4), this
does not translate into an actual reduction of the computational cost and, consequently, in a
problem speedup. Therefore, further actions should be taken. These actions are known in the
literature with the term hyper-reduction [1], which gives rise to the HyPer-Reduced Order Model
(HPROM), the main goal is to reduce the number of integration points given by the standard
Gauss quadrature, by defining a new scheme that efficiently determines optimal integration
points and its corresponding weights so that the error in the integration of the reduced model is
minimized. More specifically, the integral term involving the free energy ψµ[ε,dµ ] is evaluated as:
Z
Z ∗
Nr
X
ψµ[ε,dµ ] (ε + Ψ(y)c) dBµ ≈
ψµ[ε,dµ ] (ε + Ψ(zj )c)ωj :=
ψµ[ε,dµ ] (ε + Ψ(y)c) dBµ (7)
Bµ

Bµ

j=1

Taking PROBLEM C, Eq. (7) can be utilized to evaluate the derivatives in the optimality
condition (Euler equations), yielding the following set of equations, from now on termed HPROM:
PROBLEM D (HPROM): Given a macro-scale strain ε, find c ∈ Rnε and λ ∈ Rnσ satisfying:
!
!
Z ∗
Z
Z
∂Π
∂Π
T
=
Ψ(y)σ µ (y, c) dBµ +
Ψ(y) dBµ λ = 0;
Ψ(y) dBµ c = 0 (8)
=
∂cT
∂λT
Bµ
Bµ
Bµ
A similar procedure could be also used for the other integral terms in PROBLEM D, but, these
being constant terms (not depending on the unknowns of the problem) they can be integrated
once for all (presumably in the off-line stage), using the standard Gauss quadrature, the result
being stored and used, when necessary, in the on-line stage.

Numerical Results: Application to simulation of fracture in cementitious materials
The macro-scale will be splitted into two subdomains, the dark gray domain will be modeled
using an elastic monoscale constitutive law, taking the elastic homogenized constitutive tangent
tensor, and, in the green domain the Hiper-Reduced Order Model (HPROM). The finite element
mesh of the meso-scale is also depicted in figure (1-b), Material properties have been taken
from [3]. The figure (2-a) shows the structural response in terms of load-displacement (P − δ)
curve (vertical load of the bottom, rightmost corner node versus displacement at the same place)
for each set of strain modes nε and integration points nr . It is also shown the sensitivity in
the convergence of the structural behavior as nε increases. In figure (2-b), it can be observed
the convergence results for the meso-scale tests using the HPROM; fixing a number of strain
modes nε , we get an optimal number of integration points. In addition, it can be immediately
noticed that, as the number of strain modes nε increases, the error decreases monotonically.
The imposition of a judicious equilibrium between error and number of integration points plays
an important role in the good performance of the method.
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(a) Macroscale FE discretization

(b) Meso-scale FE discretization

(c) Material properties

Figure 1. Finite element discretization and material properties

(a) Macro-structural response - L Shape Panel

(b) Convergence analysis of the meso-scale

Figure 2. Convergence error in macro and meso scales

Conclusions
The result of this work is a reduced model based on a hierarchical FE2 multiscale approach
for material failure in cementitious materials, that preserves all features of the standard FE
model [2]. Furthermore, the two presented simulations show the convergence of the meso-scale
and the sensitivity of the macro-structural behavior, as a function of the amount of strain
modes, nε , and the number of integration points, nr . The reduced model solves the problem of
unafordable computational cost.
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Two-scale Reduced Basis Homogenization
under Large Deformations
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Micro Abstract
In this work, the first aim is to solve the task of two-scale homogenization of nonlinear materials for
large deformations. We propose a model with a reduced basis for the deformation gradient. The
accuracy of the predictions is evaluated online. The main benefit of this approach is the reduction of
both CPU time and memory requirements. It also opens opportunities for generalization and further
acceleration which are also discussed, e.g. data-driven techniques.
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Introduction
In mechanics of microstructured solids, the question of how to determine or at least approximate
homogenized properties under the assumption of scale-separation has been addressed for decades.
We focus on strain-driven hyperelasticity for the moment as it can serve as a first step towards
more general materials. Hyperelasticity for the geometrically linear description has been intensely
investigated by (among others) the authors already [2] and is now adapted to the geometrically
nonlinear case.
Previous works on this type of problem include the computational “material map” [3], where
the coefficients of a proposed macroscopic constitutive law are linearly interpolated between
reference points. Another approach called “R3M” [4] reduces the number of degrees of freedom
on the micro-scale by projecting the displacements onto a small-dimensional subspace. In [5],
a database of Cauchy-Green tensors and their corresponding free energy function values is
constructed using a tensor product approximation of univariate component functions. All of
these publications have in common that their numerical sections assume a (quasi) 2D setting.
An approach to tackle 3D microstructures was recently published in [1], where neural networks
and an approximation of the (inverse) Isomap are combined to yield approximations to the local
deformation gradient. The quantities of interest – namely the effective stress and the effective
stiffness – then have to be determined outside the reduced order model (ROM).
The key feature of the method proposed here is a ROM with a reduced basis (RB) for the
deformation gradient. The basis coefficients are the remaining degrees of freedom. Their
computation also provides quantities that are reused for the calculation of the effective response.
The second main contribution is an investigation of a sophisticated sampling strategy. It is
expected to significantly reduce the amount of pre-computations necessary during the offline
phase whilst preserving the accuracy of the ROM. As an additional feature we propose a straightforward way to evaluate (not just approximate) a posteriori the error introduced by the reduced
basis model.
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1 Notation, problem statement
Let Ω0 and Ω denote the initial and the current configuration of the solid under investigation,
respectively. Positions describing material points are labeled X, those with respect to the
current state are marked x(X, t). Further kinematic quantities are the deformation gradient
∂x
F = ∂X
and its determinant J = det(F). We make use of Flory’s multiplicative decomposition
−1/3
F̃ = J
F. Many physical observations suggest an additive split of the hyperelastic energy
(density) function W (F) = U (J)+ψ(F̃) allowing for independent modeling of the dilatational (U )
and the deviatoric (ψ) material properties. The material response to a prescribed deformation
gradient will be described in terms of the first Piola-Kirchhoff stress tensor P(F) = ∂W∂F(F)
2

W (F)
and its corresponding fourth-order stiffness tensor C(F) = ∂∂F∂F
. We assume to know these
relationships on the micro- but not on the macro-scale. Discrete descriptions of fourth- and
second order tensors will be marked by double (matrix) and single (vector) underlined letters
respectively, e.g. C ↔ C, P ↔ P , . . . . The transition from microscopic (•) to macroscopic
(¯•)
R
additive quantities is performed through the volume-averaging operator ¯
• = h•i = Ω0 • dV .
Equilibrium of linear momentum on both scaled is coupled through

DivX̄ P̄ + b̄ = 0
+ macroscopic bc

hFi = F̄

DivX (P) = 0

(1)

with the volumetric forces b̄ and, on the micro-scale, periodic fluctuation boundary conditions.

2 Reduced Order Model
The ROM is set up in several steps: first, the RB needs to be introduced, then its coefficients
depending on F̄ need to be determined (section 2.1). The effective material response (P̄, C̄)
has to be computed as output (section 2.2). To gain confidence in the model, we propose an
online error evaluation (section 2.3). We close this section by some notes on computational
issues (section 2.4).
2.1 Reduced basis and its coefficients
We introduce an additive split of the local deformation gradient as
hLi = 0

F(x, t) = F̄(t) + L(x)ξ(t)
| {z }

(2)

fluctuation

where the fluctuations are the application of a temporally constant, linear, zero-average localization operator L to the spatially constant (“global”) coefficients ξ. The space of all kinematically
admissible fluctuations is spanned by L, thus any ξ satisfies the microscopic boundary conditions,
cf. (1). The operator L will be determined offline (section 3), thus, in order to evaluate the local
material law for a prescribed F̄, only ξ is unknown.
The next ingredient is an effective potential
Π̄ = W̄ − Wext →

min !

hFi = F̄

(3)

which we seek to minimize with respect to all admissible F. This is physically motivated
(principle of minimum energy) at this stage but can be easily related to the weak form of (1),
see poster. Due to (2), Π̄ is to be minimized with respect to ξ.
The order reduction enters this context when we seek the fluctuations within a low-dimensional
subspace of the FE space VFE ,
dim (span (L)) = N  NFE = dim (VFE ) .
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In a discrete setting, (2) becomes
ξ(t) ∈ RN , L(x) ∈ R9×N , L = 0

F (x, t) = F̄ (t) + L(x) ξ(t)

where the columns of the matrix L(x) are N reduced basis vectors which are yet to be determined.
Straight-forward differentiation of (3) leads to the residual


D
E
∂ hW i
∂W ∂F
!
r=
=
= P T L = 0 ∈ RN
(4)
∂ξ
∂F ∂ξ
and its Jacobian
∂ 2 hW i
J=
=
∂ξ∂ξ

*

∂F
∂ξ

T

∂ 2 W ∂F
∂F ∂F ∂ξ

+

=

D

E
LT C L ∈ RN ×N

(5)

which suffice for the application of many optimization routines, e.g. Quasi-Newton schemes.
2.2 Homogenized material response
Given F̄ as an input, the presented model first finds the corresponding, unique coefficients ξ for
the deformation gradient fluctuations minimizing (3) in the discrete chosen setting. With these
at hand, the outputs of interest can be computed:


D
E
∂W
,
C̄ = C − C L J −1 LT C
P̄ =
∂F F (ξ)
Note that ∂W
∂F F (ξ) = P (ξ) can be reused from (4), and J from (5) might also not need to be
reassembled. It is further noteworthy that the effective stiffness tensor’s matrix representation
C̄ is inherently symmetric.
2.3 Error evaluation
The quality of any ROM with output P can be assessed, e.g., by computing the vector of nodal
residual forces f as in the FEM, i.e.
Z  
ne
X
T
e
L
f=
B eF
P dV
e=1

Ωe0

where (as in standard FE literature) B eF denotes the eth element’s B-matrix corresponding to
F and Le is the element’s local to global node mapping matrix. Then the accuracy can be
judged the same way as in the FEM, e.g. by the same tolerances, without actually solving an
FE problem. This also highlights that no additional discretization error is introduced by the
ROM. One could relate f to the error in the displacements x − X using the theorem of Lax and
Milgram. Crucial at this point is the generally unknown coercivity constant.
2.4 Algebraic constraint
The minimization problem (3) neglects the algebraic constraint J > 0 which is a physical
restriction on the deformation. Violation of this must be avoided by all means since it would
mean unphysical self-penetration of matter and cause numerical failure. Unfortunately this is
sometimes the case. While there is a range of methods to solve this problem for the FEM (of
which mixed finite elements and a decrease of the load increment are most prominent), such
methods need to be adapted to or developed newly for the ROM. As a first step, we investigate
the influence of simply excluding all integration points with J < 0 from Ω0 , i.e. restrict the
volume averaging operator:
Z
1
h•i |J>0 =
• dV
with ΩJ>0 = {X ∈ Ω0 | J(X) > 0}
|ΩJ>0 | ΩJ>0
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3 Sampling and the offline phase
Until now the RB was assumed to be given in the form of L. In this work, it is identified by means
of a classic POD on a set of M  N FEM-precomputed snapshots of the deformation gradient
(i)
(i)
fluctuations F fluct = F (i) − F̄ , i ∈ 1, . . . , M (in the “offline” phase). The crux at this stage is
(i)
how to choose the prescribed macroscopic loads F̄ ↔ F̄(i) in order to both sample as much as
possible of the F̄-space and not invest overly large amounts of computational resources. The
latter point can easily render a whole ROM unrealistic for real-world problems, e.g. a uniform
nine-dimensional “grid” of the components of F̄ is out of question. Inspired by many classic works
on Lie-groups and their relationship to continuum mechanics, and by the additive decomposition
of the hyperelastic energy W (F) = U (J) + ψ(F̃) for the microscopic constituents, we propose to
sample the space of symmetric, isochoric, positive definite, macroscopic deformation gradients
“centered” around the identity matrix by means of the matrix exponential map:
exp : {T ∈ R3×3 | T = TT , tr (T) = 0} = T 3 T 7→

∞
X
Tk
k=0

k!

Here, T is the five-dimensional tangent space of the nonlinear manifold of symmetric and
˜ . Some samples are chosen along certain directions T ∈ T by exp(t T) = F̄
˜ (i) ,
positive definite F̄
i
ti ∈ [0, tmax ]. Additionally, the remaining dimensions of the space of all possible F̄ need to be
treated. For instance pure volumetric F̄ = diag(J¯ 1/3 ) boundary conditions need to be included
in the sampling set. This procedure has already yielded promising results and is also subject to
ongoing research.

Conclusions
An evidentially efficient ROM is introduced, showing speedups in the order of 101 -102 compared
to the FEM. The accuracy is competitive, increases monotonically if the RB is enlarged, and can
be quantified online. Modifications of the error indication are discussed. In order to decrease
the computational offline costs to a manageable level, a new sampling strategy is proposed.
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Two-Phase Model-Reduction for Two-Scale
Simulations of Components
Matthias Kabel1 *
Micro Abstract
The Nonuniform Transformation Field Analysis (NTFA) has been introduced by Suquet et al.
to make two-scale simulations of components feasible for industrial sized problems. To reduce
the computational complexity of the ”offline” phase of the NTFA, the micro-solver applies the
recently introduced composite voxel technique. The predicted effective response will be compared
to both the original NTFA method using micro-scale simulations at full resolution and direct simulations.
1

Flow and Material Simulation, Fraunhofer Institute for Industrial Mathematics ITWM, Kaiserslautern, Germany

* Corresponding author: matthias.kabel@itwm.fraunhofer.de

Introduction
For the simulation of industrial components made of composite materials, model order reduction
(MOR) methods are commonly applied. These methods can be split into an ”offline” and
”online” phase. In the ”offline” phase an effective material law for the macro-scale is derived
by micro-scale simulations. In the ”online” phase only ordinary differential equations for the
reduced variables need to be solved to obtain the stress response of the composite material at
each integration point of the component simulation.
Since the microstructure is different at each integration point the necessary precalculations in the
”offline” phase depend linearly on the number elements in the mesh of the component. If plastic
effects are to be taken into account for the component simulation, the computational effort for
the ”online” phase of the hybrid model order reduction method of Fritzen and Leuschner [1]
also scales cubically with the resolution of the micro-scale.
In this article the composite voxel technique will be combined with the NTFA-TSO model of
Michel and Suquet [5] a well as the hybrid model of Fritzen and Leuschner [1] to accelerate
two-scale simulations of components with elasto-viscoplastic deformations.

1 Combining MOR methods with the composite voxel technique
To combine the composite voxel technique for nonlinear material behavior [4] with the above
mentioned model order reduction methods, the precalculations are performed at quarter resolution
by combining the FFT-based method of Moulinec and Suquet [6] with the discretization of
Willot [7, 8] (trilinear hexahedral elements with reduced integration) and laminate composite
voxels or stress volume averaging.
As test example we reproduce the metal-matrix composite example in Section 7 of [5] where the
constituents are modeled as generalized standard materials (GSM) [2, 3]. To assess the potential
of the composite voxel technique for accelerating the MOR methods, the microstructure was
drastically simplified, see Figure 1.
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Figure 1. Geometry for single endless fiber.

1.1 Results
In the example of Michel and Suquet the reproducibility of the Hybrid MOR method as well
as their NTFA-TSO method is checked for an uniaxial tensile test. To be more precise, the
loading curve for the reduced model is part of the snapshots performed in the precalculations.
In Figure 2 and 3 the same validation is done for the combination of both MOR methods with
laminate composite voxels and stress volume averaging at quarter resolution.
In the first line of Figure 2 the predictions of the original MOR methods are compared with
direct simulations. In the left column the stress response in loading direction is shown whereas
the right column shows the strain orthogonal to the loading direction. Both MOR methods
reproduce the direct simulations almost perfectly. The second line shows the prediction of the
MOR methods, when using precalculations at quarter resolution with stress volume averaging. In
this case the effective stress response predicted by both MOR methods is not even qualitatively
correct. By switching to laminate composite voxel the Hybrid MOR method gives the correct
effective strain response but underestimates the stress response. Surprisingly, the NTFA-TSO
predicts both the effective strain as well as the effective stress very good.
Figure 3 shows the predicted evolution of the plastic strains for both MOR methods. As for
the effective strain and stress the prediction of the original MOR methods are almost perfect.
In combination with volume stress averaging at quarter resolution the Hybrid MOR method
overestimates the equivalent plastic strain by a factor of three and slightly overestimates the
effective backstress. On the other hand the NTFA-TSO method predicts both the equivalent
plastic strain as well as the effective backstress quite good. In combination with laminate
composite voxel both MOR methods give better predictions. While the Hybrid MOR still
overestimates the equivalent plastic strain by a factor of two, the NTFA-TSO shows the same
solution quality as when using micro-scale simulations at full resolution.

Conclusions
Combining MOR methods with composite voxels at quarter resolution reduces the computational
effort during the ”offline” phase approximately by a factor of 4 ∗ 4 ∗ 4 = 64. Only for the Hybrid
MOR method the same holds true for the ”online” phase. Combining the NTFA-TSO with
laminate composite voxel does not deteriorate the quality of the predicted effective response (for
this reproducibility test). Surprisingly, this does not hold true for the Hybrid MOR method.
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Figure 2. Comparison of MOR methods with direct simulations for endless fibers. First line: Full resolution.
Second line: Stress volume averaging at quarter resolution. Third line: Quarter resolution with laminate
composite voxel.
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Figure 3. Comparison of MOR methods with direct simulations for endless fibers. First line: Full resolution.
Second line: Stress volume averaging at quarter resolution. Third line: Quarter resolution with laminate
composite voxel
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Reduced Order Modelling for the Simulation of
Quenches in Superconducting Magnets
Sebastian Schöps1 *, Idoia Cortes Garcia1 , Michal Maciejewski2 and Bernhard Auchmann2,3
Micro Abstract
This contributions discusses the simulation of magnetothermal effects in superconducting magnets as
used in particle accelerators. An iterative coupling scheme using reduced order models between a
magnetothermal partial differential model and an electrical lumped-element circuit is demonstrated.
The multiphysics, multirate and multiscale problem requires a consistent formulation and framework
to tackle the challenging transient effects occurring at both system and device level.
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1 Introduction
The LHC (Large Hadron Collider) at CERN, Geneva uses superconducting magnets for focussing
and bending particle beams. To ensure their superconductivity, they are cooled to very low
temperatures (1.9 K). However, in the case of a malfunction the superconducting material
becomes resistive and quenches. The quenched area quickly overheats, the heat propagates
within the magnet and from one magnet to another causing more magnets to quench. Eventually,
the whole network of magnets can be damaged. This is avoided by quench detection and
protection systems, e.g. Quench heaters [3] or CLIQ (Coupling-Loss Induced Quench), [11].
Quench protection analysis can be further improved by coupling controller and circuit models [9].

2 Magnet Models
The electromagnetic field inside each magnet is described by Maxwell’s equations [8], i.e.,
∇×E=−

∂B
,
∂t

∇×H=

∂D
+J,
∂t

∇·D=ρ,

∇·B=0

(1)

on a bounded domain Ω ⊂ R3 and time interval I = (t0 , tend ] with specified boundary and initial
conditions on ∂Ω and t0 . They are interlinked by the material relations
D = εE ,

H = νB ,

J = σE + Js .

(2)

Here, E is the electric field, D the electric flux density, H the magnetic field, B the magnetic
flux density, J, Js are the total, source current densities and ρ is the electric charge density. The
positive (semi-)definite material tensors σ  0, ε  0 and ν  0 define the electric conductivity,
the electric permittivity and the magnetic permeability, respectively. For simplicity of notation,
we consider only the case of linear material laws, see e.g. [2] for a generalization.
∂
Assuming a magnetoquasistatic approximation with ∂t
D = 0 and introducing the magnetic
vector potential B = ∇ × a, the parabolic, semi-elliptic partial differential equation

σ

∂a
+ ∇ × (ν∇ × a) = χim
∂t
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is obtained, where the current density Js (r, t) = χ(r)im (t) is expressed in terms of scalar currents
im . In practice, one often replaces the term σ ∂a/∂t by a homogenized model to avoid the
resolution of small geometric details in the discretization, e.g. single strands within cables [1].
Following [2], equation (3) is coupled via the voltage vm to a circuit using the flux linkage
Z
Φ(t) =
χ(r) · a(r, t) dΩ.
(4)
Ω

The temperature in the domain Ωs can be obtained from the heat balance equation
ρCp

∂T
− ∇ · (k∇T ) = Ps + PJoule ,
∂t

(5)

with suitable boundary and initial conditions, where ρ is the mass density, Cp the heat capacity,
k the thermal conductivity and T the temperature. The Joule losses PJoule are defined as
PJoule = qflag σ −1 kJs k2 and are activated in case of a quench by the sigmoid-type activation
function qflag that depends on time, the magnetic flux density B = ∇ × a and current density
Js . The power density Ps in Ωs relates the heat equation with the field solution [2]. In case of
quenching, i.e., qflag > 0, the superconducting coils have a resistance with the voltage drop
Z
d
vm = Φ + Rt im with Rt = qflag
χ > σ −1 χ dΩ.
(6)
dt
Ωs
The resistance Rt inherits the dependencies on t, B and Js . As temperature increases, thermal
stress is caused which leads to displacement. The problem of linear elasticity reads
∇ · (C : ) = F(T, J, B)

(7)


where  = 12 ∇u + (∇u)> denotes the strain tensor and u the displacement vector. Boundary
conditions still to be defined. The right hand side F depends on the thermal stress and Lorentz
forces. In turn, the computed displacement deforms the computational domain Ω.

3 Networks of Magnets
Let us assume that we have Nm magnets connected within a network. Then each magnet
n = 1, ..., Nm is given by the same multiphysical model which is described by the coupled
system of partial differential equations (3)-(7) defined above. We address the solution of each
model abstractly by the operator Ψn , such that vm,n = Ψn (im,n ) (n = 1, ..., Nm ), where the
internal variables an , Tn , un are suppressed as the electrical coupling to neighboring magnets is
established only via currents im,n and voltages vm,n . Let us collect all solution operators as
vm = Ψ(im )

(8)

with currents i>m = [im,1 , im,2 , ..., im,Nm ] and voltages v>m = [vm,1 , vm,2 , ..., vm,Nm ]. Let an electrical
network consist of simple elements and described by the modified nodal analysis [7], i.e.,
AC CA>C

d
ϕ + AR GA>R ϕ + AL iL + AV iV +Am im = −AI is (t) ,
dt
d
L iL − A>L ϕ = 0 ,
dt
A>V ϕ = vs (t) ,
A>m ϕ = vm (t) .

(9)
(10)
(11)
(12)

The position of each device in the network is encoded by a sparse incidence matrix A? which
consists only of entries from the set {−1, 0, 1}. The corresponding branch voltage is denoted by
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v? = A>? ϕ and the current through the device is i? . The simplest network elements are inductors,
capacitors and resistors; they are determined by lumped constitutive parameters, collected in the
matrices of capacitances C, inductances L and conductances G. Time dependent voltage and
current sources are given as vector-valued functions vs (t) and is (t). The unknowns of the system
are the scalar potentials ϕ and a few currents, i.e. iL and iv . More complicated devices can be
modeled by controlled sources, see e.g. [4]. Finally, the terms enclosed in the two boxes indicate
the additional (non-standard) contributions due to the field/circuit coupling via equation (8).

4 Iterative Coupling Accelerated by Reduced Models
Instead of solving the large coupled system (8)-(12) monolithically, we propose an iterative
scheme that fits into the framework of waveform relaxation or dynamic iteration, [5, 13]. This
allows us to use a different discretization in time for each system and more importantly, even
different software packages can be used.
(k)

Let us assume that we have an initial guess of the time-transient behavior of the voltages vm (t)
for t ∈ I and k = 0. Then, in the simplest case, the following scheme can be performed
(k)

1. solve the electric network equations (9)–(12) by considering the voltages vm to be known
(k+1)
and extract the currents im
(k)

2. solve n = 1, ..., Nm electrothermal problems (3)-(6) in parallel, each on domain Ωn excited
(k+1)
(k+1)
(k+1)
by the current im,n . Extract voltages vm,n and temperatures Tn
.
(k)

3. solve n = 1, ..., Nm elasticity problems (7) in parallel, consider the temperature Tn to be
(k+1)
(k+1)
known, compute displacements um,n and deform the computational domains Ωn
.
4. if not converged: increase counter k = k + 1 and return to step 1.
Due to the smallness of the displacements it is common practice to exclude the computation
of the deformations from the iteration and solve the elasticity problem (7) only once in a
post-processing step, i.e., after the iteration of steps 1-2 and 4 has converged. Convergence
for the remaining electrothermal scheme is well understood and has been discussed based on
Banach’s fixed point theorem and an analysis of the contraction factor in [12], [2].
The iterative method simulates each magnet in parallel but the computational burden might
still be heavy. This can be mitigated by using reduced order models to decrease the number of
iterations and eventually to reduce simulation costs, [10]. Let us assume that there is a reduced
order model available that approximates the multiphysical problem (3)-(7). Then, the solution
of the n-th magnet can be rewritten as
vm,n = Ψn (im,n ) + ∆vm,n

(13)

where ∆vm,n is the deviation between the reduced model and the full one. This additional
reduced model allows us to define a waveform relaxation in terms of voltage differences, i.e.,
AC CA>C

d (k+1)
(k+1)
(k+1)
(k+1)
ϕ
+ AR GA>R ϕ(k+1) + AL iL
+ AV iV
+Am im
= −AI is (t) ,
dt
d (k+1)
L iL
− A>L ϕ(k+1) = 0 ,
dt
A>V ϕ(k+1) = vs (t) ,
(k)
A>m ϕ − Ψ(i(k+1)
) = ∆vm
.
m

(14)
(15)
(16)
(17)

This scheme still requires the simulation of the full model Ψ but may significantly reduced the
number of evaluations. On the other hand, sophisticated reduced models Ψ may also increase
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the computational costs (particularly in the offline stage). However, in the simplest case the
reduced model is given by an improved transmission condition in terms of the optimized Schwarz
waveform relaxation [6] [2].

5 Outlook
The full contribution will show simulations of the mechanical response of a magnet during quench
protection and magnet discharge. For CLIQ-protected magnets, there are two phenomena in
the coil: an imbalanced current profile leading to inhomogeneous Lorentz forces and an almost
homogeneous temperature profile [11]. We quantify the impact of Lorentz forces and temperature
gradients during a discharge as large stresses may lead to cable degradation over time.
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Computational homogenization and model
order reduction of pressure diffusion in
fractured rock
Ralf Jänicke1 *, Fredrik Larsson1 and Kenneth Runesson1
Micro Abstract
Pressure diffusion in fracture networks is the dominating physical process that causes attenuation of
mechanical waves traveling trough fluid-saturated rock. We simulate this process in a multi-scale
approach where pressure diffusion occurs on the sub-scale and the related seismic attenuation is
observed on the macro-scale. We introduce a computational homogenization scheme and develop a
NTFA-type model order reduction technique which allows to derive the macroscopic properties of
fractured rock.
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Introduction
Attenuation of seismic waves in fluid-saturated porous and fractured rock is of enormous
interest for the exploration of geothermal and hydrocarbon reservoirs. Attenuation is caused
by local pressure gradients and, therefore, local fluid transport induced by the seismic wave.
This transport is dissipative, and part of the wave energy is lost. In this paper we develop
computational homogenization and order reduction techniques to simulate pressure diffusion
processes in fracture networks. We derive a macroscopic substitute model and investigate the
seismic attenuation observed in a simple 3D network. Moreover, we show that the macroscopic
model is of the generalized Maxwell-Zener type.

1 Pressure diffusion in fractured rock
We introduce a periodic Representative Volume Element (RVE) occupying the cubic volume
V = l3 . The RVE contains n fluid-filled thin fractures described as two-dimensional interfaces
surrounded by a three-dimensional matrix occupying VM . The fractures are represented by the
interfaces ∂Fk , k = 1, 2, . . . , n, and may cross the RVE surface ∂V in a periodic manner. The
one-dimensional intersection of the fracture ∂Fk with the RVE surface ∂V is called ∂∂Fk . The
fractures are considered to be mechanically and hydraulically open. To compute the current
fracture opening τk (x, t) of ∂Fk , k = 1, 2, . . . , n, we evaluate the displacement u of the matrix
material surrounding the fracture. We can write τk (x, t) = τ0,k + JuKF,k · nF,k ∀ x ∈ ∂Fk , where
τ0,k (x) = τk (x)|t=0 and nF,k ⊥ ∂Fk . Here, we use the jump condition to connect the opposite
fracture surfaces as JKF,k (x) = (x+ ) − (x− ) ∀ x± ∈ ∂Vi,± and call the internal surface of
the matrix material ∂Vi . We consider the case of a linear-elastic and impermeable rock matrix.
Hence, the fluid stored in the fractures can not migrate into the rock matrix (leak-off). Hence,
we write the equilibrium condition for the rock matrix as
σ·∇=0

∀ x ∈ VM

with σ = 2 G εdev + 3 K εsph .

(1)

Here, G and K are the shear and the bulk modulus of the rock matrix. The linear strain
tensor computes as the symmetric displacement gradient ε = (u ⊗ ∇)sym and constitutes the
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stress tensor σ according to Eq. (1)2 . The spherical and deviatoric strains are defined as
εsph = (tr ε) I/3 and εdev = ε − εsph .
The fluid pressure diffusion in ∂Fk , k = 1, 2, . . . , n, is described by the continuity equation
ṗk
q̂k
τ̇k
+ f −
∇ · qk + Φ̇k = 0 with Φ̇k =
τk,0 K
τk,0

and qk = −

2
τ0,k

12 η f R

∇pk .

(2)

We introduce the fluid pressure pk in ∂Fk , the fluid velocity qk along ∂Fk and the fluid mass
exchange between ∂Fk and further intersecting fractures ∂Fm , m = 1, 2, k − 1, k, . . . n. Φ̇k
describes the change in the amount of fluid stored in ∂Fk . K f is the fluid bulk modulus. We
suppose a quadratic fluid velocity profile in thickness direction of the fractures. The Poiseuille
flow assumption allows us to compute the effective seepage velocity qk of the fluid in ∂Fk
according to Darcy’s law (2)3 where η f R is the effective dynamic fluid viscosity.
The model coupling between the matrix material in VM and the interfaces ∂Fk is effectuated on
the one hand by the term τ̇k /τ0,k in Eq. (2). On the other hand, the fluid pressure pk in ∂Fk
i of the rock matrix in terms of the Neumann-type condition
acts on the internal surface ∂VM
i
σ · n = −pk · n ∀ x ∈ VM .

2 Computational homogenization and reduced order modeling
We aim to derive a macroscopic substitute model for the heterogeneous biphasic subscale problem
by computational homogenization. To this end, we impose separation of scales (L  l). Moreover,
we assume that fluid pressure diffusion is a local process taking place on the subscale, only. Thus,
we exclude any macroscopic transport processes. This assumption is particularly reasonable for
wave induced fluid pressure diffusion in the seismic frequency range. The consequence of this
locality condition is that the amount of fluid stored in the RVE remains constant during excitation.
We assume the RVE to be periodic and apply periodic boundary conditions [3,4]. The consequence
of the locality condition for fluid pressure diffusion is that the macroscopic substitute model is
one-phasic. However, the wave induced fluid pressure diffusion and, therewith, fluid redistribution
on the subscale is dissipative by nature. Hence, part of the wave energy is lost. From the
macroscopic view point the overall one-phasic substitute model feels a hidden (since the related
process occurs on the much smaller subscale) dissipation mechanism of viscoelastic nature [2]. We
put into practice the scale
to macroRscale defining the volume averaging
R subscale P
P transition from
operator ¯
 := hiM + nk=1 hi∂Fk = V1 VM  dv + nk=1 V1 ∂Fk  τ0,k da. Here, ¯
 represents the


macroscopic counterpart of an appropriate subscale quantity . VM = V \ {Vk , k = 1, 2, . . . , n}
is the volume covered by the rock matrix. It is important to remark that the volume fraction
of the fractures is small compared to the volume fraction of the matrix. Hence, we can
state that VM ≈ V and hiM ≈ hi . We impose periodic boundary conditions on the
RVE, solve the
boundary value problem and compute the macroscopic stress response as
PRVE
n
σ̄ := hσiM − k=1 hpk i∂Fk I.
We can conclude so far that the balance laws in (1)1 , (2)1 together with the periodic boundary
conditions and the stress averaging rule enable us to compute the stress response of the RVE under
the excitation ε̄(t). We now aim to enhance the procedure in order to derive the macroscopic
viscoelastic constitutive relation explicitely. We introduce a model order reduction technique
in terms of a Nonuniform Transformation Field Analysis (NTFA) [1, 5] of the underlying fluid
pressure diffusion problem. To this end, we apply a series expansion of the pressure field pk (x, t)
in ∂Fk , k = 1, 2, . . . , n, and state
pk (x, t) ≈

N
X

ξa (t) pa (x)

a=1

∀ x ∈ ∂Fk .

(3)

The pressure modes pa form a set of linearly independent pressure distributions and can be gained,
for example, by a Proper Orthogonal Decomposition from appropriate training computations of
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the RVE problem. For practical applications it is the aim to reduce the amount of modes to
a reasonably small number N . We call the scalar parameters ξa (t) mode activity coefficients.
Indeed, these mode activity parameters can be interpreted as the viscoelastic internal variables
of the macroscopic substitute model. To prove this, we decompose ε(x, t) and σ(x, t) in VM
accordingly and insert the decomposed fields into the weak representations of the continuity
equation (2)1 . In [3], the procedure is presented in detail. The outcome of this operations is
the macroscopic constitutive relation describing the material response of the underlying RVE
problem. We obtain the macroscopic equation system and write in Voigt notation
∇ σ̄ = 0,

˙
M ξ˙ + A ξ = B ε̄,

(4)
ξ(t = 0) = 0.

We define the macroscopic stress in Voigt notation as σ̄ = C̄

eff

(5)
ξ

ε̄ + C̄ ξ, where C̄

eff

is the Voigt
ξ

representation of the effective stiffness tensor of the dry solid RVE with empty fractures, and C̄
P
is the matrix form of Cξa = hσ a iM − nk=1 hpk i∂Fk I. The stress and strain vectors are given
as σ̄ = [σ̄11 , σ̄22 , σ̄33 , σ̄12 , σ̄13 , σ̄23 , ]T and ε̄ = [ε̄11 , ε̄22 , ε̄33 , 2 ε̄12 , 2 ε̄13 , 2 ε̄23 , ]T . The coefficient
matrices in (5) are defined as
*
+

n
n 
2
X
X
τ0,k
pa Ti0
,
Bai = −
Aab =
∇pa · ∇pb
,
τ0,k ∂Fk
12 η f R
k=1

Mab = hσ a : εb iM +

∂Fk

N D
X
k=1

pa pb E
,
K f ∂Fk

k=1

(6)

a, b = 1, 2, . . . , N , i = 1, 2, . . . , 6. The parameter Ti0 represents the fracture opening under
the unit deformation mode ε̄i . Finally, we execute a basis shift {ξ} → {χ = R−1 ξ} in order
to diagonolize the system of evolution equations (5). Hence, we evaluate the generalized
eigenvalue problem for A and M, compute the matrix R of eigenvectors and the spectral
matrices A∗ = RT A R and M∗ = RT M R. This allows us to rewrite (5) in form of a system
˙ χ(t = 0) = 0, with σ̄ = C̄ eff ε̄ + C̄ χ χ
of decoupled ordinary differential equations χ̇ + C χ = D ε̄,
χ

ξ

and C̄ = C̄ R. Moreover, we compute C = (M∗ )−1 A∗ and D = (M∗ )−1 RT B. It is important
to remark that the structure of this evolution equation is identical to that one of a generalized
Maxwell-Zener model with N Maxwell chains parallel to a linear spring. Hereby, the coefficients
Caa , a = 1, 2, . . . , N , (C is a diagonal matrix) represent the characteristic frequencies of the
particular Maxwell chains. The coefficients Dai , a = 1, 2 . . . , N , i = 1, 2, . . . , 6, define the
sensitivity of the internal variable χa for a stimulation ε̄i .

3 Numerical example
We use the proposed computational homogenization and model order reduction technique to
investigate pressure diffusion in a simple 3D fracture network consisting of two perpendicular
fractures as shown in Fig. 1. We impose the uniaxial compression ε̄11 (t) in terms of a jump
function. The resulting stress relaxation data is transformed into frequency domain where we
evaluate the complex elastic modulus H̄11 (ω) = dσ̄11 (ω)/dε̄11 (ω). The storage modulus Re(H̄11 )
and the inverse quality factor 1/Q(H̄11 ) = −Im(H̄11 )/Re(H̄11 ) are plotted in Fig. 2. Hereby, the
reduced basis is enriched successively by additional modes. For n = 6, a very good agreement
with the reference solution, which is computed with full resolution on the subscale, is reached.

Conclusions
We have introduced a computational homogenization scheme that substitutes a poroelastic model
accounting for local pressure diffusion in discrete fracture networks by a viscoelastic substitute
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Figure 1. Cubic unit cell with two perpendicular fractures in the x1 -x2 -plane (fracture 1) and in the
x2 -x3 -plane (fracture 2), l = 10 m, a1 = 8 m, τ0 =1e-5 m. The material parameters are chosen as: l = 10 n,
a1 = 8 m, τ0 = 1e-5 m, G = 16 GPa, K = 16 GPa, K f = 2.4 GPa, η f R = 3 mPas.
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Figure 2. a) Real part and b) inverse quality factor of the P-wave coefficient H̄11 (ω) using n internal
variables.

model of the Maxwell-Zener type. The underlying model order reduction technique represents
a significant enhancement of the NTFA method towards diffusion processes on interfaces. We
could show that a sufficiently enriched basis of pressure modes is able to describe the macroscopic
structural response with very high accuracy.
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Numerical Model Reduction in Computational
Homogenization of Transient Heat Flow
Fredrik Ekre1 *, Fredrik Larsson1 and Kenneth Runesson1
Micro Abstract
We present a two-scale finite element (FE2 ) formulation for transient linear heat flow. For the sub-scale
problem, we use spectral decomposition in order to to establish a reduced basis. We discuss a few
methods to estimate the error introduced by the reduction, and in particular we aim for explicit
bounds on the error in (i) energy norm and (ii) an arbitrary “quantity of interest”. Numerical results
confirm the validity of the computed error bounds.
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Introduction
Multiscale methods are of high interest in the engineering community due to their ability to
predict the overall response, while accounting for heterogeneities on the underlying scales. One
standard approach is the so-called FE2 procedure, where the classical constitutive relation is
replaced by a boundary value problem on a Representative Volume Element (RVE). In practice
this means that a new finite element problem is solved in each macroscale (quadrature) point.
For fine scale macroscale meshes this methods can be computationally intractable, because of
the numerous RVE problems, and it is therefore of interest to reduce the computational cost.
We here present a method for Numerical Model Reduction (NMR) for the solution of the RVE
problems.

1 Two-scale Formulation Based on Computational Homogenization
Consider the transient heat flow problem, with linear constitutive relations, in terms of finding
the temperature field u(x, t) ∈ Ω × [0, T ] governed by
cu̇ − (k∇u) · ∇ = 0

in Ω × (0, T ],

p

on ∂Ω × (0, T ],

u = u (t)
u = u0 (x)

in Ω at t = 0,

(1a)
(1b)
(1c)

where c = c(x) is the volume-specific heat capacity and k = k(x) is the thermal conductivity.
We also introduced standard boundary1 and initial conditions; prescribed temperature up on ∂Ω
and u(t = 0) = u0 (x). The standard weak space-time format of (1) reads: Find u ∈ U such that
Z Z h
Z
Z
i
vcu̇ + ∇v · k∇u dΩ dt + [vcu]|t=0 dΩ = [vcu0 ]|t=0 dΩ ∀v ∈ V,
(2)
I

Ω

Ω

Ω

where v is the test function and where U, V are appropriate trial and test spaces, respectively.

To obtain a two scale formulation of (2) we introduce (i) running averages2 and (ii) scaleseparation via first order homogenization, cf. Larsson et al. [3]. In each macroscale (quadrature)
1
2

For simplicity we consider the
R case where the full boundary is subjected to Dirichlet boundary conditions.
We introduce h•i = |Ω |−1 Ω • dΩ for averaging the quantity • over an RVE with volume |Ω |.
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point x̄ we thus decompose u such that
u(x, t) = ū(x, t) + ∇ū(x, t) · [x − x̄] +uµ (x, t),
|
{z
}

(3)

=Aū

uµ

where ū is the homogenized field, and
the fluctuation field. The test function is decomposed
µ
similarly, e.g. v = v̄ + ∇v̄ · [x − x̄] + v . By only considering the homogenized test function (i.e.
setting v µ = 0) we obtain the homogenized macroscale problem: Find ū ∈ Ū such that
A(Aū + uµ , Av̄) = L(Av̄)

∀v̄ ∈ V̄,

(4)

where Ū, V̄ are appropriate function spaces for the homogenized field, and where A(•, •) and
L(•) are defined by
Z Z h
Z
i
A(u, v) =
hvcu̇i + h∇v · k∇ui dΩ dt + hvcui |t=0 dΩ
(5)
Ω
ZI Ω
L(v) = hvcu0 i |t=0 dΩ.
(6)
Ω

For each point x̄, we set v̄ = 0 and obtain the microscale problem: Find uµ ∈ U µ such that
A (Aū + uµ , v µ ) = L (v µ )

∀v µ ∈ V µ ,

(7)

where U µ , V µ are appropriate function spaces for the trial and test function of the fluctuation
field and where the two RVE space-time forms are defined by
Z h
i
A (u, v) =
hvcu̇i + h∇v · ∇ui dt + hvcui |t=0 ,
(8)
I

L (v) = hvcu0 i |t=0 .

(9)

2 Numerical Model Reduction (NMR)
With the goal of simplifying the microscale computations we will introduce Numerical Model
Reduction (NMR) of the fluctuation field. We first introduce an alternative decomposition of u
u(x, t) = ustat {x; ū(t), ∇ū(t)} + utrans (x, t),

(10)

where ustat is the stationary part, and utrans the transient fluctuation part. We now introduce a
reduction of utrans
NR
X
utrans (x, t) ≈ utrans,R (x, t) =
ϕa (x)ξa (t),
(11)
a=1

R
{ϕa }N
a=1

where
are a set of linearly independent spatial modes, and ξ are time dependent “mode
activity” coefficients. In this work - since this is a linear problem - we use Spectral Decomposition
to compute the modes and follow closely to Aggestam et al. [1]. Hence, we obtain the modes
from the generalized eigenvalue problem
h∇δu · k∇ϕa i = λa hδucϕa i
hϕb cϕa i = δab

a = 1, 2, . ., NR ,

(12)

a, b = 1, 2, . ., NR ,

(13)

where δu is a spatial test function on the RVE.
The result of introducing (11) in the microscale problem (7) is a set of NR ordinary differential
equations
)
˙ ∇ū)
˙
ξ˙a + λa ξa = fa (t; ū,
a = 1, 2, . ., NR ,
(14)
ξa (0) = ξa,0
which can be solved in an efficient manner. When the mode coefficients are solved for the
effective response can be evaluated and used for the macroscale computation.
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3 Estimation of NMR Error
It is of interest to estimate the introduced solution error. Here we will focus solely on the error
due to NMR and ignore other error sources (such as time and space discretization). We define
the (two-scale) error as
(ē, eµ ) = (ū − ūR , uµ − uµR ),
(15)
where u is the exact solution and uR the solution to the reduced problem. We define a
corresponding error equation, given by
A(e, v) = L(v) − A(uR , v) = R(v).

(16)

In order to define a norm, we introduce the symmetric form As , cf. Parés et al. [4], as
Z Z
Z h
i
1
1
s
h∇v · k∇ui dΩ dt +
A (u, v) = [A(u, v) + A(v, u)] =
hvcui |t=0 + hvcui |t=T dΩ.
2
2 Ω
I Ω
(17)
We now define the norm of the error
kek2 = As (e, e),

(18)

and by using Cauchy-Schwartz inequality we obtain the upper bound kek ≤ kes k where es solves
the symmetric error equation
As (es , v) = R(v) ∀v ∈ V.
(19)
Utilizing that the symmetrized error equation (19) is localizable in time, and using properties of
the reduction technique, (in particular orthogonality,) we can obtain the explicit error estimate,
cf. Jakobsson et al. [2],

Z 
Z
Z
1+γ
2
s 2
2
kek ≤ ke k ≤
hc(ΠC u̇stat,R ) i dΩ dt + 4 hc(ΠC [u0 − ustat,R (0)])2 i dΩ, (20)
λNR Ω
I
Ω
where ΠC v = v − ΠR v and ΠR v is the projection of v on to the reduced space. The constant
γ connects the alternative decomposition (10) to the standard decomposition (3). We note, in
particular, that the estimates do not (explicitly) depend on the microscale solution, and that no
extra modes are needed for estimating the error.

4 Goal Oriented Error Estimation
It is also of interest to estimate the error in pre-determined Quantities of Interest (QoI). To this
end we define a general linear functional to represent the QoI
Z Z h
Z
i
?
L (u) =
hucXi + h∇u · k∇Y i dΩ dt + hucZi |T dΩ,
(21)
I

Ω

Ω

where X, Y , Z are a priori chosen functions which can be adapted for different QoI. We also
define EQoI = L? (e) as the error in the QoI. To estimate the NMR error, EQoI , we introduce the
dual problem: Find the dual solution u? ∈ U ? such that
A(v, u? ) = L? (v)

∀v ∈ V ?

(22)

where U ? , V ? are suitable function spaces. We finally use the parallelogram law to set up the
following upper and lower bounds
−
+
EQoI
< EQoI < EQoI
,
−
+
where EQoI
, EQoI
can be obtained explicitly in terms of the reduced solutions, uR and u?R .
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Figure 1. Left: Exact (E) and estimated (Eest
) energy norm of the error. Right: Corresponding effectivity
s
index η = Eest /E.

5 Numerical Example
We consider a simple two-scale problem as an example. The macroscale problem is a 1D heat flow
through a wall with instantaneous heat increase at one boundary, and the microscale problem
is a 3D RVE with a spherical inclusion. The inclusion has 5 times lower heat conductivity
compared to the surrounding material. In Figure 1 the exact and estimated error is plotted
together with the corresponding effectivity index. We note that the error estimation performs
well in the region where NR <≈ 0.4N .

Conclusions and Future Extensions
In this work we have presented a NMR approach to multiscale modeling. We obtain guaranteed
bounds of the error at very low cost. It is important to note that the method is limited to linear
problems; for non-linear problems it is necessary to resort to other model reduction techniques,
such as Proper Orthogonal Decomposition. This will also mean that we abandon guaranteed
bounds, and will instead aim for good approximations of the resulting error.
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Substituting FE analysis of cyclic processes by
a space-time reduced order model
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Micro Abstract
The huge computational costs make classical Finite Element (FE) simulations of nonlinear structural
problems subjected to long-term or e.g. cyclic loading a challenging task. One approach to tackle this
is through Model Order Reduction (MOR). Space-time MOR leads to a low-dimensional nonlinear
system of equations which is solved in coarse time intervals, e.g. for each load cycle. Thus, remarkable
computational saving in terms of CPU time and memory space are attained.
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Introduction
Viscoelastic materials are widely used in industry, e.g. in aerospace, automotive and civil
engineering. In many applications viscoelastic materials are exposed to long-term loading conditions. More precisely, rather slow creep processes and fast (generally cyclic but not necessarily
harmonic) processes with many repetitions are found.
It is challenging to perform classical finite element (FE) simulations of time-dependent nonlinear
problems in the presence of long-term loading: Overly many time increments may be needed
and the amount of information that needs to be stored can be substantial. In order to reduce
the computation time of long-term processes in the presence of (strongly) nonlinear viscoelastic
effects and for rather general boundary conditions (i.e. not limited to cyclic loadings) , the
authors propose the use of reduced order models, more precisely of a reduced basis (RB). While
RB methods are often used to compress spatial information at given time instances (e.g. the
displacement field and the internal variables at time t) [e.g., 2, 3], our current approach seeks
ansatz functions that work directly in the space-time domain. Each basis function of the RB
gives the full time-dependent field information on the entire spatial domain. The idea of using
space-time solution techniques is certainly not new in nonlinear solid mechanics and reference to
a long and rich history can be made. Noteworthy contributions have been developed under the
umbrella term LATIN (LArge Time INcrement) developed by Ladevèze and co-workers [e.g. 4,
to mention only few of the earlier references]. The relation between the proposed method and
LATIN-PGD approach will be disscussed in the talk.

1 Modeling
A nonlinear version of the Zener or Maxwell composed of a linear base elasticity in parallel to
several nonlinear Maxwell elements that exhibit a power-law creep behavior under isochoric
loading is used while the volumetric response is assumed linear (see Fig.1). In the current
work the constitutive modeling of the nonlinear viscoelastic solid is realized via internal state
variables within the framework of Generalized Standard Materials[GSM, e.g. 1]. The viscoelastic
materials are modeled via quadratic free-energy and nonquadratic dissipation potential. Although
this might appear restrictive, the framework contains also viscoplasticity and extensions to
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Figure 1. Schematic representation of the nonlinear viscoelastic model under consideration

nonquadratic potentials and to kinematically nonlinear settings without major modifications
of the underlying methodology. Notably the considered formulation is almost identical to
Perzyna-type viscoplasticity of plastically incompressible materials.[e.g. 5]

2 Space-time reduced order model
In the considered framework the total and viscous strain fields defined as functions of space-time
are the unknowns that should be reduced. The snapshot Proper Orthogonal Decomposition
(POD) can be used in order to obtain a reasonable reduced basis (RB) for parameter-dependent
problems: first, “snapshots” are gained from the solution of high-fidelity (i.e. unreduced)
problems at given parameters (here: different loadings). Second, the obtained data is processed:
a correlation matrix is constructed and the leading eigenpairs are used to recombine the snapshots
in order to construct the RB. Here the focus is on the methodology for the computation of the
reduced coefficients in a space-time reduced setting and not on the construction of the RB.
2.1 Reduced basis ansatz for space-time problems
Consider that a long-term process with a time-dependent vector-valued variable ξ(t) ∈ Rd is
of interest. Our strategy is two-fold: first, the natural time (t) is partitioned into intervals or
cycles of variable length (see Fig.2). For simplicity the time discretization is assumed equidistant

Figure 2. Natural time t and microscopic time τi in the ith time interval (left: natural time; right: related
micro-time)

within each of the intervals. Then the natural time coordinate t within the i−th time interval is
expressed via a new “micro-time” τ via
t = t0i + τ

τ ∈ [0, Ti ).

(1)

We do not intend to predict the structural behavior over the entire simulation time (i.e. over
thousands of load cycles) via a single reduced computation. Instead the problem is recast into
interval- or cycle-wise defined micro-problems and a space-time reduced model for the solution
on the individual intervals/cycles with appropriate transition conditions guaranteeing continuity
of the state variables is proposed [6]. This is a difference to several proposals related to the
proper generalized decomposition, where the full space-time solution is usually predicted in
single computation. In our reduced model we explicitly permit for variable loading conditions.
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We assume that the RB and the reduced approximation of ξ(t) in a single load cycle i (t ∈ [t0i , t0i+1 ))
are given by the linear relation
ξ (i) (t) = L(i)
(τ ) y (i) ,
ξ
(
[0, Ti ) → Rd×m ,
L(i)
:
(i)
ξ
τ
→ Lξ .

τ = t − t0i ,

y (i) ∈ Rm ,

(2)
(3)

(i)

In the above definitions Lξ is the RB in time and y (i) is the vector of reduced coefficients. In
order to avoid the dependency of the RB on the time interval counter i while preserving variable
interval (or cycle) length Ti , the rescaled time coordinate τe is introduced via
τe =

τ
,
Ti

τe ∈ [0, 1).

2.2 Continuity of the reduced fields

(4)

As schematically shown in Fig.2 the function ξ(t) is assumed to be time-continuous. This implies
that the approximation via the RB approach should also be time-continuous, i.e.
!

ξ (i) (τ → Ti ) = ξ (i+1) (τ = 0).

(5)

Therefore two modifications of the RB approximation are suggested [6]:
• The modes are zero at the beginning of the time interval:
(i)

τ = 0) = 0.
Lξ (τ = 0) = L0ξ (e

(6)

• The reduced approximation is obtained from (i) the time-dependent RB approximation
and (ii) a constant offset, i.e. via the affine relation
(i)

ξ (i) (τ ) = Lξ (τ ) y (i) + ξ (i−1) (Ti−1 ).

(7)

2.3 Reduced equilibrium conditions for the space-time reduced model
The reduced basis represents the behavior during a complete time interval/cycle through the
reduced unknowns. Once the reduced ansatz is established, it remains to define mechanically
motivated conditions for these reduced unknowns. These missing relations are found by enforcing
the stationary conditions of the time-continuous system in the weak sense over the current time
interval.

3 Validation methodology
In order to investigate the accuracy and performance of the proposed method different discrete
problems subjected to various types of loading conditions are considered. Two important points
are investigated:
• reproduction capability
Can the reduced computations reproduce the snapshot data up to the expected degree of
accuracy?
• prediction capability
What is the accuracy for loading conditions different from the offline phase (i.e. different
from the training data)? This concerns load frequencies (or loading/unloading times),
the sequence of frequencies, the shape of the loading and the load amplitudes, i.e. the
generalization of the load spectra from the offline phase.
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Conclusions
A framework for nonlinear viscoelasticity is proposed . Other than within classical FE discretizations the internal variables are considered as additional unknowns of the (unreduced) FE
problem. The related discretization remains nonstandard and has several implications:
• The local constitutive model reduces to a straight-forward function evaluation.
• In contrast to standard FE problems the nodal displacements and the internal variables
are iterated simultaneously.
• No algorithmic tangent must be computed and most of the stiffness matrix is constant
which allows for fast assembly procedures.
The space-time reduced order model is established through the following steps:
• a subdivision of the natural time into intervals (or cycles);
• time re-scaling of the RB in order to account for the true rate of the state defining variables;
• the careful consideration of the continuity of the reduced ansatz across time intervals;
The developed method is applied to discrete mechanical systems consisting of networks of springs
and nonlinear dashpots. It is found that the reduced model using velocity-type test functions
has better accuracy and, at the same time, need less iterations to converge. With respect to the
numerical performance, the number of Newton Raphson iterations is low although all mechanical
and constitutive variables during the entire time interval/cycle are iterated simultaneously by
updating the reduced unknowns.
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Reduced order modeling of the viscoelastic
properties of asphalt concrete
Dennis Wingender1 *, Felix Fritzen2 and Ralf Jänicke3
Micro Abstract
Mastic asphalt is a highly heterogeneous mixture consisting of elastic mineral aggregates and of a
viscoelastic bituminous binding agent. To obtain the mixture’s overall material behavior, we apply
computational homogenization and order reduction. We computationally generate statistical volume
elements based on real-data from X-Ray Computed Tomography. The resulting macroscopic material
model is used to verify the method in comparison to laboratory experiments.
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Introduction
In this study, we computationally investigate the material properties of biphasic asphalt concrete
which appears as a complex mixture containing mineral aggregates and a bituminous binding
agent [5]. The mineral aggregates can be seen as linear-elastic particles that are surrounded by
a visco-elastic bituminous suspension so that the geometry is highly heterogeneous. Because the
overall material behavior depends on the microstructural geometry, it cannot be predicted by
only knowing the material properties of the two components. As a consequence, we generate the
microstructure computationally based on structural parameters extracted from X-ray computed
tomography (XRCT) scans like volume fraction and particle size distribution of the mineral
aggregates to obtain statistical volume elements (SVEs). These SVEs are assumed to be
sufficiently representative for the overall viscoelastic material behavior of the asphalt concrete [5].
For the computational homogenization of the asphalt concrete, we apply the nonuniform
transformation field analysis (NTFA) to obtain the overall material behavior of these SVEs [2].
The effective viscoelastic material model is validated with laboratory experiments.

Computational generation of the SVEs
This section provides information about the computational generation procedure to generate
artificial microstructures of asphalt concrete. The generation process starts with the LubachevskyStillinger algorithm [1] to determine the allocation of the mineral aggregates in the cubic SVE.
This algorithm derives a dense sphere packing by calculating the motion of spheres with random
initial positions and random initial velocities within a periodic cube. The spheres grow with a
certain growth rate according to the final particle size distribution and collide fully elastically
with each other. This algorithm stops when the time between the collisions falls below a certain
limit so that we obtain the allocations and the radii of densely packed spheres [1]. Afterwards,
we apply the weighted Voronoi tessalation as seen in [2] to generate particles that represent
the mineral aggregates. Therefore, we take the allocation of the spheres as seed points for this
calculation and the radii as the weighting factors to adjust the particle sizes. The points of
the triangulated surface of the resulting particles are statistically shrunk towards their centers
562

MS16

Reduced Order Models for Multiscale and Multiphysics Problems

Figure 2. Standard deviation of
particle size distributions of an
ensemble consisting of 10
microstructures

Figure 1. SVE containing
mineral aggregates (grey) and
bituminous binding agent (blue)

of mass with a scale factor that varies between two chosen values to obtain the wanted mass
fractions. To generate a periodic geometry, we arrange this set of particles of one unit cell 27
times to a 3 × 3 × 3-sized cube. Afterwards we intersect this new arrangement with a cubic
unit cell in the center of it to obtain the geometry of the mineral aggregates within the SVE [5].
The rest of the unit cell is assumed to contain the bituminous binding agent as seen in Fig. 1.
Due to the statistical variance of the results from the Lubachevsky-Stillinger algorithm and
the stochastic shrinking procedure, the resulting geometries and their characteristic particle
size distributions and volume fractions vary as well, even if the same input parameters for the
whole generation process have been chosen as seen in Fig. 2. To use these structures for the
computational homogenization process, we mesh the SVEs periodically [5].

Material properties
This section describes the material properties of the two constituents of the investigated biphasic
asphalt concrete. The concrete particles are assumed to be linear-elastic with a bulk modulus
K s = 56 GPa and a shear modulus Gs = 32 GPa as seen in Fig. 4, which are investigated
material constants for Diabas rock [5]. The binding agent behaves visco-elastically and is
described with the generalized Maxwell-Zener model which presumes a linear spring with a bulk
modulus K 0 and a shear modulus G0 and multiple Maxwell chains with the shear moduli Gi
and relaxation times τ i ordered in a parallel manner. We identify these material parameters
in Fig. 3 by fitting the master curve [6] of the Maxwell model to the results from dynamic
shear rheometer tests under the assumption that bitumen behaves almost fluid-like. Hence, we
consider the equilibrium shear stiffness G0 to be small compared to the non-equilibrium shear
stiffness Gi with i 6= 0 of each Maxwell chain [5]. Additionally, the bituminous phase can be seen
as nearly incompressible because of the high bulk modulus K 0 compared to the shear stiffness.
i
[MPa]
K i [MPa]
τ i [s]
Gi

0
0.0282
17321
—

1
2.822
0
6.341

2
17.98
0
0.6341

3
77.76
0
0.06341

Figure 3. Material data of the Maxwell-Zener model
for bituminous phase
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Nonuniform transformation field analysis
For the computational order reduction process, the nonuniform transformation field analysis [2–4]
is applied. Therefore, several load cases of the SVEs under periodic boundary conditions (PBC)
are simulated with the finite element method (FEM) as seen in Fig. 5. These training
computations serve to generate snapshots of the observed viscous strains. We use these snapshots
to derive a reduced basis of n viscous strain modes via Proper Orthogonal Decomposition (POD).
According to the NTFA algorithm proposed in [3], we compute the linear-elastic response for zero
viscous eigenstrains. Moreover, we solve n eigenstress problems controlled by the viscous strain
modes at zero overall deformation. Thus, we are able to determine the microscopic constitutive
model including the effective viscoelastic evolution equation of the biphasic mixture. All Finite
Element computations are executed in ABAQUS/STANDARD.

Figure 5. Deformed SVE with an average shear ε̄12 = 0.01

Indirect tension tests
For the verification of the homogenized material properties, we execute indirect tension tests on
the macroscale as seen in Fig. 6 and simulate them using the output of the discussed NTFA
analysis. Therefore, cylindrical asphalt concrete specimens with known sieve curves of the
mineral aggregates and known volume fractions are produced physically and computationally.
The specimens undergo a displacement controlled inhomogenous stress relaxation test. The
resulting forces of the loading surfaces as well as the lateral displacements are evaluated as
shown in Fig. 6.

Conclusion
This study shows the computational generation and homogenization of asphalt concrete structures.
Statistical volume elements based on geometric data from XRCT scans could be produced within
a statistical variance. These structures were homogenized to obtain their overall material
behaviors. Therefore, a NTFA-technique for viscoelastic composites is employed. The resulting
macroscopic constituent relations of the mixture are used to simulate an indirect tension test.
The simulation based on statistically generated volume elements and viscoelastic NTFA-technique
are validated with corresponding laboratory experiments.
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Figure 6. Indirect tension test with prescribed displacement ū
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Abstract:
This Mini-Symposium will particularly focus on the experimental characterization, modelling, and simulation of coupled-field material behavior under electric and magnetic excitations. Such field-responsive functional materials can be used for actuation and sensing
in smart and active materials. These fast growing smart materials include magnetorheological elastomers, electro-active polymers, ferroelectrics, dielectric elastomer composites, and multi-ferroic composite materials. Experimental, numerical and theoretical
methods that will be covered by the Mini-Symposium are advanced constitutive modelling,
micro- and nano-characterization, phase field modelling, multi-scale and multi-physics
material models, finite element implementations. The aim of the colloquium is to bring
together researchers from the materials science, mechanics, and physics communities with
common interests in coupled material properties and multi-functional materials. Hence,
this will offer a platform for the presentation and discussion of advanced experimental
methods, modelling and simulation techniques for multi-field-coupled phenomena.

566

MS17

Smart and Active Materials: Experiments, Modelling, and Simulation
Proceedings of the 7th GACM Colloquium on Computational Mechanics
for Young Scientists from Academia and Industry
October 11-13, 2017 in Stuttgart, Germany

Constitutive modeling of shape memory alloys
incorporating transformation-induced plasticity
and damage
George Chatzigeorgiou1 *, Long Cheng1 , Yves Chemisky1 and Fodil Meraghni1
Micro Abstract
Shape memory alloys (SMAs) are exploited in several innovative applications such as biocompatible
actuators experiencing up to large number of cyclic loads. However, the description of the SMA
cyclic response is still incomplete. The present work is devoted to propose a 3D model based on
the thermodynamical coupling of different strain mechanisms such as the forward and reverse phase
transformation, the martensitic reorientation, the transformation-introduced plasticity and fatigue
damage.
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Introduction
Shape memory alloys (SMAs) are metallic materials with the unique capability of undergoing
significant amount of deformation upon mechanical loading and retrieving their original shape
through temperature increase. This characteristic is the result of the transformation at the
scale of crystals between the two solid phases that the material adopts, the austenitic and the
martensitic. The difference between these phases is due to the architecture of the crystalline
structure, which varies between a cubic-like configuration in austenite and a less symmetric
configuration in martensite [4, 5]. Under cyclic loading the phase transformation mechanism is
often accompanied by plastic and damage phenomena.
The present paper proposes a new 3D fully coupled thermomechanical phenomenological model
for shape memory alloys, incorporating the irreversible mechanisms of transformation-induced
plasticity (TRIP) and damage upon cyclic loading. A physical interpretation of the processes
occuring inside a SMA grain is achieved by redefining the principles of the reorientation,
the forward and the reverse transformation. This leads to the introduction of independent
scalar variables that drive each of the three strain leading, reversible mechanisms of SMAs
[1]. Both TRIP and damage mechanisms are considered to evolve during the forward or the
reverse transformation. Accounting for these effects, a robust formalism is presented within
a thermodynamical framework, and a proper Gibbs free energy potential is designed. The
current model has been implemented in an open-source numerical simulation library [6] and the
simulation of a complex thermomechanical loading path is conducted.

1 Description of deformation and damage mechanisms for SMAs
The various existing models that describe the phase transformation response of SMAs introduce,
at least, two important internal variables: The martensitic volume fraction (MVF) ξ and the
transformation stain εT [3]. The proposed model, taking into account the three different SMA
mechanisms (forward - reverse transformation and reorientation), splits these two initial variables
in the following manner:
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initial state

forward
+reverse

forward

forward
+reorientation

reverse

reverse
+reorientation

reorientation

forward+reverse
+reorientation

Figure 1. Schematic representation of possible states for a SMA macroscopic material point.

1. The rate of the total MVF ξ˙ is assumed to be the result of two contributions, the rate
of change of the MVF induced by forward and by reverse transformation, ξ˙F and ξ˙R
respectively,
ξ˙ = ξ˙F − ξ˙R .

(1)

The minus in the right hand side of the last expression is due to the natural tendency of
the MVF to be reduced during reverse transformation (transformation from martensite to
austenite). Of course, ξ is restricted between the values of 0 and 1.
2. The rate of the total MVF transformation stain ε̇T is decomposed in three terms, a forward
ε̇T F , a reverse ε̇T R and a reorientation strain rate ε̇RE ,
ε̇T = ε̇T F + ε̇T R + ε̇RE .

(2)

3. The reorientation is considered as a mechanism similar to the kinematic hardening in
plasticity. Thus, an additional variable v RE is defined, which describes the hardening
strain for reorientation.
The introduction of these volume fractions and strains permit significant freedom for the model to
describe the various states that a SMA material point can obtain: pure forward transformation,
reverse transformation and reorientation or different combinations (Figure 1).
The presence of TRIP and damage during the phase transformation mechanism (forward or
reverse) introduce permanent irrecoverable deformation and stiffness reduction.
• The strain due to TRIP is accounted for by the following split of the rates of εT F and εT R
is postulated,
ε̇T F = ε̇T F T + ε̇T F P ,

ε̇T R = ε̇T RT + ε̇T RP .

(3)

In the above expressions, εT F T is the reversible transformation strain and εT F P is the
TRIP strain during forward transformation. The terms εT RT and εT RP represent similar
strains for the reverse transformation. In addition to the strain tensors, scalar quantities
similar to those of regular plasticity are introduced. Thus, ṗF and ṗR are the rates of the
plastic strain accumulation during forward and reverse transformation respectively.
• The stiffness reduction is taken into account by the introduction of a damage variable d.
To separate the damage accumulated during forwarn and reverse transformation, one can
introduce two damage scalars, dF and dR with d˙ = d˙F + d˙R .
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2 Thermodynamics based SMA model
The constitutive law of a material can be described using thermodynamic principles. A well
designed thermodynamic potential requires the identification of proper observable and internal
variables. For the SMA model proposed here, the designed Gibbs free energy potential is a
function of the stress σ, the temperature θ, the MVF ξ, the total transformation strain εT , the
damage variable d, the hardening strain for reorientation v RE , the transformation hardening
function g T T and the TRIP hardening function g T P . Its form is
with Gr = (1 − ξ)GA + ξGM + Gmix

G = Gr + Gir ,

and Gir = g T P ,

(4)

where each term of the reversible part Gr respectively reads
Gir

=U0i

−

si0 θ

+C

i



(θ − θ0 ) − θ ln



θ
θ0



−

1
σ : S i : σ − σ : αi (θ − θ0 ),
2(1 − d)

Gmix = − σ : εT − σ : +(1 + λRE )X : v RE + g T T .

(5)
(6)

In the above expressions, i stands for martensitic (M ) or austenitic (A) phase. For each phase,
C i is the specific heat, S i is the compliance tensor, αi is the thermal expansion coefficients
tensor, U0i is the initial internal energy and si0 is the initial entropy. Moreover, X denotes the
back stress of reorientation, λRE is a limiting cofactor for reorientation and θ0 is a reference
temperature.
In the framework of generalized standard materials the evolution laws of the nonlinear mechanisms
are identified with the help of dissipation potentials or activation surfaces (like yield surface
in plasticity). Each one of the three main mechanisms (forward, reverse transformation and
reorientation) is connected with an activation surface [1]. The forward and reverse transformation
surfaces include also the TRIP strains and the damage mechanism [2].

3 Numerical implementation
The numerical implementation of the SMA thermomechanical constitutive law is achieved in the
form of a user material subroutine (UMAT) and is developed in the framework of an open-source
numerical simulation library [6]. The UMAT subroutine is designed to be directly compatible
with the FE commercial code ABAQUS and with the fully coupled thermomechanical analysis
option.
The constitutive law nonlinear equations are solved with the use of the well known Return
Mapping Algorithms and specifically the application of the Convex Cutting Plane technique.
The activation surfaces, in the linearized form of the problem, are expressed through the FischerBurmeister method and they are checked simultaneously, avoiding with this way the numerically
combersome Kuhn-Tucher inequlity conditions [1]. Moreover, except from the usual mechanical
tangent stiffness tensor, three additional thermomechanical tangent moduli are evaluated that
permit analyses under fully coupled thermomechanical conditions.

4 Numerical example
To illustrate the model capabilities, a numerical analysis is performed on a material point by
considering complex thermomechanical, cyclic loading path. As illustrated in Figure 2, the
normal stresses in the directions 1 and 2 and the temperature are varying in a cyclic, nonsynchronized manner for a total time of 1800 s.
The numerical results (Figure 3) demonstrate the complicated thermomechanical response of the
SMA material, which progressively through the cycles generate irrecoverable strain and presents
a slight degradation of the elasticity modulus.
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Figure 2. Complex cyclic thermomechanical loading path for a SMA material.

Figure 3. Stress-strain and strain-temperature responses for the complex thermomechanical path.

Conclusions
The developed, fully coupled, thermomechanical model for SMAs is able to account for forward,
reverse transformation and reorientation, TRIP and damage mechanism. An appropriate Gibbs
free energy and a consistent thermodynamic framework allow to properly define the constitutive
law and the evolution equations for the nonlinear mechanisms. The proposed model is very
useful for understanding the SMA behavior under cyclic thermomechanical loading conditions
and permits to analyze compicated responses. The development of the UMAT subroutine also
gives the capability of the constitutive law to be integrated in structural applications through
FE softwares.
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Bilayer Liquid Crystal and Freedericksz
Instability
Krishnendu Haldar1 *, Kostas Danas1 and Nicolas Triantafyllidis1
Micro Abstract
Liquid crystals are best known for their extensive applications, among many others, in flat display
technology. The underlying mechanism is an electro-mechanical coupled phenomenon, followed by an
electric field driven instability. This is also known as Freedericksz Transition (FT), where the system
evolves with a new stable bifurcated configuration. In this work, through a mixed analytical/numerical
study, we present the strong influences of bilayer structure and material constants on the FT.
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Introduction
Liquid Crystal (LC) continua consist of elongated rodlike polarized molecules with a preferred
average direction, known as directors. They have tremendous importance to the applications in
the display technology in the form of LCDs. Responses of such materials are deeply connected
with the multi-field coupling of mechanical, electrical, magnetic or thermal fields. The Twisted
Nematic Device (TND) is the most widely used for LCDs, and it is the objective of the present
investigation.
The TND consists of a liquid-crystal layer anchored between two parallel plates. One of the
plates is rotated with respect to the other by an angle ∆φ. In the absence of a transverse (i.e.,
normal to the bounding plates) electric field, all the directors are parallel to the bounding plates
and form helices that rotate the light by ∆φ, allowing its passing through the two polarized
end plates . When the applied transverse electric field exceeds a critical value, the directors
suddenly acquire a transverse component. This phenomenon, termed the Freedericksz transition,
is responsible for the change of polarization direction in the light, which prevents its passage
through the device.
The Freedericksz transition was discovered in the late 1920s [3], while TND was reported in
the 1970s [6]. The continuum mechanics modeling of the free energy for liquid crystals was
introduced in [2, 5], while the full theory for the time-dependent behavior of these materials was
subsequently introduced in [1, 4]. Recently Sfyris et al. [7] found that global modes (eigenmode
depending only the layer thickness) of Freedericksz transition are typical for low values, while
local modes (eigenmode with finite wavelengths) appear at large values of the twist angle. In this
work, we investigate the influences on such global/local modes in the presence of two different
LC layers.

1 Energy Functional for LC System
The free energy Ψ of nematic liquid crystal can be modeled as the sum of two contributions: the
Frank-Oseen energy ΨF −O of a liquid crystal and the electrostatic energy:
Ψ(n, ∇n, d) = ΨF −O (n, ∇n) + Ψ∗d (n, d)
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where,
1
1
1
k1 (∇ · n)2 + k2 (n · (∇ × n) + τ )2 + k3 ||n × (∇ × n)||2 ,
2
2
2
1
∗d
d
d·d
Ψ (n, d) = Ψ (n, d) +
2ε0




1
χ
(χn − χ)
d
2
Ψ (n, d) = −
(d · n) .
(d · d) +
2ε0 χ + 1
(χ + 1)(1 + χn )

ΨF −O (n, ∇n) =

Here k1 , k2 and k3 are positive constants, called the splay, twist and bend constants, respectively,
of the Frank-Oseen model, χ and χn are the electric susceptibility constants in the parallel and
perpendicular direction respectively to the director vector n and ε0 is the electric permittivity of
the free space. The quantity τ = ∆φ/L is the twist (∆φ) per unit thickness (L). The potential
of the system is then written as:
Z  h
i
1
P =
k1 (∇ · n)2 + k2 (n · (∇ × n) + τ )2 + k3 ||n × (∇ × n)||2
V 2

1
1
k
1
2
2
2
2
+ Ck ||∇ × α|| + C⊥ [(∇ × α) · n] +
(n · n − 1) +
(∇ · α) dV,
2
2
4L2 ξ1
2ε0 ξ2

h
i
1
where we denote Ck = ε10 χ+1
and C⊥ =
equation and jump conditions are given by

1
ε0

h



∇ · ∂(∇n) Ψ − ∂n Ψ = 0,

(χ−χn )
(χ+1)(1+χn )



i

and d = ∇ × α. Equilibrium


∂(∇n) Ψ ν = 0

(2)

1.1 Principal Solution and Bifurcation
The principal solution v ≡ (n, d) is obtained from the equilibrium equation ∂v P(v)δv = 0 and
can be written as
0
n = (cos (τ x3 ), sin (τ x3 ), 0)
0
v= 0
.
(3)

d = (0, 0, d0 )

For a small value of electric displacement, below a critical value of dc0 , the solution for n is
stable and remains helix. However, further increasing the strength of d0 , the system becomes
unstable, and new equilibrium solution emerges at dc0 . This bifurcation phenomenon is known as
Freedericksz transition. The bifurcation condition at dc0 along a particular direction ∆v, called
the critical mode, is found by vanishing the second functional derivative of P evaluated at the
principal solution:
h
i
0
∂v2 v P(v)∆v δv = 0.
(4)
Above equation eventually takes the following form:
Z 
∇α∇α
∇nn
L∇n∇n
∆ni,j δnk,l + Lnn
ij ∆ni δnj + Lijkl ∆αi,j δαk,l + Lijk (∆ni,j δnk + ∆nk δni,j )
ijkl
V

Z
 
∇αn
+Lijk (∆αi,j δnk + ∆nk δαi,j ) dV ≡
I dV = 0.

(5)
(6)

V

0

Note that all the coefficients, L s, are the functions of {k1 , k2 , k3 , n(τ x3 )}. We calculate the
eigenmodes numerically by a Fourier-Plancherel transformation of ∆v in the x1 − x2 plane and
572

MS17

Smart and Active Materials: Experiments, Modelling, and Simulation

an finite element discretization in the x3 direction. We then write after considering eigenmodes
of the type ∆v(x1 , x2 , x3 ) = ∆V (x3 ) exp(i(w1 x1 + w2 x2 ))

Z
Z  Z +l/2
 


I dV =
I(w1 , w2 , ∆V , ∂x3 ∆V ) dx3 ω1 ω2 = 0.
(7)
R2

V

−l/2

Note that, ∆v = {∆n1 , ∆n2 , ∆n3 , ∆α1 , ∆α2 , ∆α3 } and ∆V = {∆N1 , ∆N2 , ∆N3 , ∆A1 , ∆A2 , ∆A3 }.
A sufficient condition for loss of positive definiteness of the above equation is the loss of positive
definiteness of the integrand in [−l/2, l/2]. The lowest critical field dc0 is thus selected as to onset
a Freedericksz bifurcation. The resulting matrix, after discretization, takes the following form:
Z
 
I dV = [∆U ]t · K(ω1 , ω2 , d0 ) · [∆U ] = 0,
(8)
V

where, [∆U ] is the global column vector and ∆U is its complex conjugate. The desired critical
field dc0 is the lowest d0 > 0 root of det K(ω1 , ω2 , d0 ) = 0, ∀ ω1 , ω2 ∈ R2 , i.e.,
dc0 =

min

ω1 ,ω2 ∈R2

18

3

16

2

14

1

ω1 − ω2

dc

det K(ω1 , ω2 , d0 ) = 0,

12
10

d0 (ω1 , ω2 ).

(9)
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Figure 1. Predictions of the (a) critical electric field dc and (b) the wave numbers ω1 and ω2 for varying
twist for a single layer 5CB system.

2 Bilayer LC structure
We consider two layers where the thicker layer is E7 LC and occupying 90% of the thickness.
Single layer E7 LC does not exhibit Freedericksz transition due to its low electrical susceptibility.
However, adding a thin layer of 5CB, Freedericksz transition is observed of the overall system.
For the sandwich system, we need to consider additional relations.
of the director
 The continuity

vector n in the plane of separation and the interface condition ∂(∇n) ψ ν = 0 give
(1)

τ (1) L1 + τ (2) L2 = ∆φ,

(2)

k2 τ (1) = k2 τ (2) .

(10)

The solution for such a system is presented in Fig. 2

Conclusions
We investigate the instability of the principal solution of the TND, consisting of two liquidcrystal layers strongly anchored between two infinite parallel plates and subjected to a transverse
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Figure 2. Length of 5CB =0.1 and length of 7E=0.9. (a) Critical electric displacement field and (b) wave
numbers.

electric field. For arbitrary values of the TND twist angle a mixed analytical and numerical
technique, combining finite-element discretization and a Fourier transform, is used to solve
the bifurcation problem. We calculate the global and local (finite wavelength) bifurcation (the
Freedericksz transition) of the sandwiched system. We found that a thin layer of a 5CB system
with comparatively low electric susceptibility LC system (7E) can exhibit finite wavelength at
zero twist (Fig. 2). However, a high electric susceptible 5CB single layer does not show any
finite wavelength at zero twist (Fig. 1).
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Thermo-magneto-mechanical modeling of
magneto-rheological elastomers
Markus Mehnert1 *
Micro Abstract
A general thermodynamically consistent constitutive framework for thermo-magneto-mechanically
coupled phenomena is devised in this contribution. A generalized formulation for the total thermomagneto-mechanical energy function in an additive form is presented where the magneto-mechanically
coupled effect is linearly scaled with the temperature. The framework is verified using a classical
non-linear boundary value problem.
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Introduction
In the recent years a growing interest in the study of so-called smart materials in the finite
deformations regime emerged. In this context especially magnetorheological elastomers (MREs)
are a promising class of materials. MREs react with large deformations and a change in their
mechanical properties in response to external excitations by a magnetic field which makes them
interesting candidates for applications such as tunable stiffness and damping devices.

1 Basics of non-linear magneto-mechano-statics
1.1 Kinematics
Since polymeric materials typically can undergo large deformations we distinguish between the
material configuration B0 and the spatial configuration Bt . To describe the deformation of the
body material coordinates X in B0 are mapped through the nonlinear deformation map χ onto
the spatial coordinates x in Bt . The deformation gradient F is defined as the gradient of the
deformation map χ with respect to the material coordinates X, i.e.
F := Grad χ;

J := det F > 0,

(1)

where J is the Jacobian determinant of the deformation gradient that has to be positive in order
to avoid any unphysical deformations.
1.2 Balance laws
1.2.1 Material configuration

H

Within a material body, the relation between the magnetic field
and the magnetic induction
is given in terms of the magnetization
and the magnetic permeability in vacuum µ0

B

M

B = Jµ0C −1[H + M]

in B0 ,

(2)

where C −1 is the inverse of the right Cauchy-Green tensor C = F T F . If we assume the
magnetostatic case where the free current density is zero and the electric displacement is
constant in time, Ampere’s law together with the absence of magnetic monopoles yields
Curl

H = 0,
575

Div

B = 0,

(3)
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where Curl and Div denote the corresponding differential operators with respect to the position
vectors X in B0 . On the boundary between the material and the free space the jump [[•]] is
defined as the difference of a quantity with regard to the outward pointing normal vector n, i.e.:
[[•]] = {•}out − {•}in . For the magnetic field and the induction this leads to

B

N · [[ ]] = 0

Ĵ

H

and N × [[ ]] =

Ĵf

(4)

where f denotes the free surface current density. As a stress measure in the material configuration
we define the total Piola stress tensors P tot as the combination of the mechanical Piola stress P
and the ponderomotive Piola stress P pon
P tot = P + P pon = P + P mag + P max .

(5)

The ponderomotive contribution can be decomposed into the magnetization stress P mag and
the Maxwell stress P max . This term can be transformed into its spatial counterpart, the total
Cauchy type stress σ tot by the relation σ tot = J −1 P tot F T . The mechanical behavior is governed
by the balance of linear momentum in combination with the mechanical tractions tp0
Div P tot + b0 = 0

[[P tot ]] · N = −tp0

with

on ∂B0t .

(6)

2 Non-linear thermo-magneto-elasticity
2.1 Constitutive equations

H

H

H

We express the total energy function as Ω(F , Θ, ) = Ψ(F , Θ, ) + M0∗ (F , ), with the free
field magnetic complementary energy M0∗ (F , ) per unit undeformed volume. In the absence of
a free current density, the Clausius-Duhem inequality can be expressed as

H

δ0 = P tot : Ḟ −

B · Ḣ − Ω̇ − H Θ̇ − Q · Grad(Θ)
≥ 0,
Θ

(7)

where H is the entropy and Q is the heat flux vector in the material configuration. Now, we can
express the constitutive relations in terms of the total energy as
P tot =

∂Ω
,
∂F

with P max =

∂M0∗
,
∂F

B = − ∂∂ΩH ,

H=−

∂Ω
,
∂Θ

(8)

see, e.g. [3] for further details. After applying the Coleman-Noll argumentation to Equation (7),
the reduced conductive dissipation power density reads
δ0con = −Q ·

Grad(Θ)
≥ 0.
Θ

(9)

2.2 Energy function
In order to derive a thermo-magneto-mechanically coupled energy function we assume that
the heat capacity at constant deformation and constant magnetic fields cF ,H is constant, i.e.
cF ,H (Θ) = cF ,H (Θ0 ) = c0 , whereby Θ0 is the reference temperature. From the definition of c0
we obtain
c0 = −Θ

∂2Ψ !
c0
∂2Ψ
= const. ⇒ − =
,
∂Θ∂Θ
Θ
∂Θ∂Θ

with

Ψ = Ψ(F , Θ,

H).

(10)

If the above relation is integrated twice from Θ0 to an arbitrary temperature Θ, it becomes
h
 Θ i h
i
Ψ = c0 Θ − Θ0 − Θ ln
− Θ − Θ0 M1 (F ,
Θ0
576

H) + W (F , H).

(11)
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where the integration constant M1 may depend on the deformation gradient F and the magnetic
field , which can be decomposed additively into a purely mechanical part M (F ) and a magnetomechanically coupled part C(F , ), i.e. M1 (F , ) = M (F ) + C(F , ). For isotropy, the
isothermal energy function W (a function in F and ) at the reference temperature depends
on the magneto-mechanical coupled invariants, i.e. I1 to I6 as W (F , ) = W (I1 , · · · I6 ). As
discussed in [2], in the case of large deformations, there are various forms to express the purely
mechanical part M (F ). One of the simplest forms could be M (F ) = 3κβ ln(J), where κ is the
bulk modulus coefficient at the reference temperature and β is the thermal expansion coefficient.
For the magneto-mechanically coupled part C(F , ) we assume a relation in line with the one
proposed by Vertechy et al. [1] for thermo-electro-elasticity, which can be obtained by assuming

H

H

H

H

H

H

H

C(F ,

H) = − Θ1 W (F , H).

(12)

0

This eventually yields a complete thermo-magneto-mechanically coupled energy function as
h
 Θ i h
i
Θ
Ψ(F , Θ, ) =
W (F , ) + c0 Θ − Θ0 − Θ ln
− Θ − Θ0 M (F ).
(13)
Θ0
Θ0

H

H

To obtain a full expression of the temperature-dependent energy function derived in Equation
(13), we need to define an isothermal energy function W (F , ) at the reference temperature.
For the sake of simplicity, a coupled incompressible Neo-Hookean-type material law depending
on the invariants I1 , I4 and I5 is proposed. We assume that the shear modulus, due to its
field-responsive nature depends on the applied magnetic field. For an increase in the stiffness
due to magnetization and the phenomenon of magnetic saturation after a critical value of
magnetization, a hyperbolic function such as µe /4 [1 + αe tanh (I4 /me )] is assumed, where µe is
the shear modulus of the material in the absence of a magnetic field



µe
I4
W (F , ) =
1 + αe tanh
[I1 − 3] + c1 I4 + c2 I5 .
(14)
4
me

H

H

The parameter me is required for the purpose of non-dimensionalisation while αe is a dimensionless
positive parameter for scaling. The parameters c1 and c2 relate to the magneto-mechanical
coupling. For αe = c1 = c2 = 0, this simplifies to the classical Neo-Hooke elastic energy density
function widely used to model elastomers.
2.3 Magneto-mechanically coupled heat equation
From the first law of thermodynamics, the governing equation for the evolution of the thermal
field can be written in entropy form as
ΘḢ = R − DivQ + Dloc

with Dloc ≡ 0,

(15)

with the heat source R and the heat flux vector Q in the material configuration. By combining
Equation (15) with the constitutive relation H = − ∂Ψ
∂Θ we obtain the heat conduction equation
in the format
h
i
c0 Θ̇ = R − DivQ + Θ∂Θ P tot : Ḟ + ·
.
(16)

B Ḣ

In contrast to the classical heat equation, this format contains two additional contributions.
The structural thermo-mechanical cooling/heating effect related to Ḟ and the thermo-magnetic
heating/cooling effect related to , see Vertechy et al. [1], Mehnert et al. [2] for a similar
expression in the case of thermo-electro-elasticity.

Ḣ

3 Non-homogeneous boundary value problem
A cylindrical tube is deformed under a combination of axial extension, due to the normal force
N , and radial expansion that is the result of a pressure P on the internal surface of the tube.
Simultaneously a radial temperature gradient and an azimuthal magnetic field are applied.
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The geometry of the tube in the spatial (lower case letters) and in the material configuration
(upper case letters) is described by
ai ≤r ≤ ae ;

Ai ≤R ≤ Ae ;

0 ≤ φ ≤ 2π;

0 ≤ Φ ≤ 2π;

0 ≤ z ≤ l,

0 ≤ Z ≤ L.

(17)

In the considered case it is reasonable to work in the cylindrical coordinates (R, Φ, Z) with the
unit basis vectors (E R , E Φ , E Z ) defined in the material configuration. In the spatial configuration
these quantities are defined as (r, φ, z) and (er , eφ , ez ), respectively. Thus the transformation
from the undeformed to the deformed configuration reads
h
i
2
2
2
r2 = λ−1
R
−
A
φ = Φ, z = λz Z,
(18)
z
i + ai ,

where the first relation is based on the incompressibility assumption and λz is the uniform axial
stretch. This results in a deformation gradient that only has entries on the main diagonal. In
cylindrical coordinates the radial, circumferential and axial entries read
λr = [λλz ]−1 ;

λφ =

r
= λ;
R

λz .

(19)

tot (a ) = σ max (a ),
We assume that the outer surface of the tube is free of mechanical loads, i.e. σrr
e
e
rr
whereas the pressure P acts at the internal surface. This results in the total radial Cauchy stress
tot
max
σrr
(ai ) = σrr
(ai ) − P.

(20)

Using these boundary conditions in combination with the governing equations, the heat equation
and the thermo-electro-mechanical framework an expression for both P and N can be derived
giving an explicit characterization of the material behavior taking into account the influence of
the applied non-mechanical fields.

Conclusions
In this contribution, we present a thermo-magneto-mechanically coupled framework for magnetorheological elastomers that can operate in finite deformations. Departing from relevant laws of
thermodynamics, we derive a thermodynamically consistent formulation in which temperature
is an independent variable in addition to the mechanical and magnetic fields. In order to
demonstrate the applicability of our proposed constitutive framework, a non-homogeneous
boundary value problem that has frequently been used in finite elasticity and magneto-elasticity
is presented. In this example a cylindrical thick-walled tube is subjected to a combination of
radial inflation and axial extension, while simultaneously a circumferential magnetic field and a
radial temperature gradient are applied.
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Continuum Mechanical Modeling of
Strain-Induced Crystallization in Polymers
Serhat Aygün1 *, Sandra Klinge1 and Sanjay Govindjee2
Micro Abstract
The strain-induced crystallization in polymers is a phenomenon manifesting itself as the natural
reinforcement caused by the high deformation. The current contribution, treats a polymer affected by
the SIC as a heterogeneous medium consisting of regions with a different degree of network regularity.
Such a concept allows us to simulate the nucleation and the growth of crystalline regions. The model
proposed is based on the assumptions for the free energy and dissipation potential.
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Introduction

Stress [MPa]

Crystallinity degree [%]

The phenomenon of the strain-induced crystallization (SIC) in polymers is characterized by the
fact that the polymer chains under the influence of high strains partially leave their natural
entangled structure, stretch out, fold back and stack. The new structure is regular and resembles
the crystalline pattern typical of metals. Under the increasing strain, the evolution of the
microstructure causes the strengthening of material and changes the reaction to the macroscopic
mechanical influences. Experimental data for cyclic uniaxial test (Fig. 1) show that the stress
response builds a hysteresis which indicates that the process has a dissipative character. Moreover,
the results show that the crystallization starts at a strain of 200-400%, whereas maximal possible
strains, which do not cause any rupture, amount to 700%.

a)

b)

Stretch l [-]

Stretch l [-]

Figure 1. Uniaxial cyclic test for natural rubber under constant temperature T = 295 K and constant speed
2 mm/min. (a) Stretch-stress diagram. (b) Stretch-crystallinity degree diagram. Original diagrams are
published in [5].

Most of the models focusing on the modeling of polymers use the Langevin expression for the
free energy as a basis [1, 4]. However the model presented here, treats a polymer affected by the
strain induced crystallization as a heterogeneous medium consisting of regions with a different
579
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degree of network regularity. The model proposed is thermodynamically consistent. It is based
on the assumptions for the free Helmholtz energy and dissipation potential. Both of them
primarily include bulk terms due to the deformation and crystallization. The external variable
is the deformation, whereas the inelastic deformations and degree of the network regularity are
internal variables. Their evolution equations are derived according to the principle of miniumum
of dissipation potential [2].

1 Micro-mechanical modeling of SIC in polymers
The theory of finite deformations is the suitable framework for the simulation of polymers. Typically of this theory, the modeling of dissipative processes requires a multiplicative decomposition
of the deformation gradient into an elastic part and an inelastic part F = F e · F c . In our
case, F c represents the deformations caused by the crystallization. However, the multiplicative
decomposition alone is not enough to describe the phenomena such as the formation and growth
of crystalline regions. For this purpose, we introduce an internal variable denoting the regularity
of the polymer chain network χ. This variable takes values from range [0,1], where 0 corresponds
to a totally amorphous polymer and 1 to the completely crystalline regions. The minimum
principle of the dissipation potential [2] is pursued to derive the evolution laws obeying the
second thermodynamic law. According to this theory, the Lagrange function consists of the
elastic power and dissipation potential L = Ψ̇ + ∆. In this work, we assume the Helmholtz free
energy of a Neo-Hookean material for the elastic part


2
G
e
e
Ψ = Ψ (F ) = K − G U (J e ) + (tr(C e ) − 3 − 2 ln(J e )) ,
(1)
3
2
U (J e ) =


1 e2
J − 1 − 2 ln(J e ) .
4

(2)

Here, C e = (F e )T · F e is the elastic right Cauchy-Green deformation tensor, J e = det F e is the
elastic Jacobian, K is the bulk modulus and G is the shear modulus. We furthermore assume
the dissipation potential in the form
1
∆ = k1 λ0 |χ̇| +
χ̇2 ,
(3)
2 k2 χ2
where k1 and k2 are material constants. The term k1 λ0 stipulates that the deformations due
to the crystallization starts after stretch limit λ0 has been exceeded. The quadratic term
enables us to simulate the variation of hysteresis depending on the velocity χ̇. Moreover, the
change of the regularity is favored in the regions with the high value of regularity degree by
introducing the factor χ2 in the second term of the dissipation. We furthermore couple the
evolution of the F c with the evolution of the regularity χ by introducing the following relationship
c
Lc = Ḟ · F c−1 = k χ̇ I. Here, Lc represents the velocity gradient due to crystallization. In the
next step, we consider the Clausius-Duhem inequality for isothermal deformations


∂Ψ
c−T
D = P : Ḟ − Ψ̇ = P −
·F
: Ḟ + M : Lc ≥ 0 ,
(4)
∂F e
where M = F eT · ∂Ψ/∂F e denotes the Mandel stress tensor. The inequality (4) yields two
consequences: First, the constitutive law for the the first Piola-Kirchhoff stress tensor is
obtained by assuming that the expression in parantheses is equal to zero P = ∂Ψ/∂F e · F c−T .
Second, the remaining term M : Lc = M : (k χ̇ I) = k tr(M ) χ̇ ≥ 0 implies the relation:
sign(χ̇) = sign(k tr(M )). Since the free energy (1) and the dissipation potential (3) are defined,
the principle of maximum of dissipation potential enables us to derive the evolution law for the
internal variable χ:

0,
for |k tr(M )| ≤ k1 λ0
χ̇ = arginf{L(χ̇) | χ̇} =
k2 χ2 (|k tr(M )| − k1 λ0 ) sign(k tr(M )) , otherwise
(5)
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Here, the subdifferential is applied to define the minimum value of the Lagrange function since
it is not differentiable at χ̇ = 0. For the purpose of numerical implementation, the evolution
equation (5) is discretized in time by using the forward Euler method: χ̇(tn ) = (χn+1 − χn ) /∆t.
In addition, the exponential mapping is used for the evaluation of the current F c
Z tn+1

c
F n+1 = exp
k χ̇ dt F cn = exp (k (χn+1 − χn )) F cn .
(6)
tn

According to the standard notation, n and n + 1 denote two successive time steps.

2 Numerical example
The material model for SIC is implemented into the FE program FEAP [6]. In order to illustrate
its application, a tensile test for a square sample with the dimensions 100 × 100 mm is chosen
(Fig. 2 a). The lower and the upper boundary are constrained and a gradually increasing
displacement in the range [0, 300 mm] is applied at each of these boundaries. The total loading
time amounts to 10 s and the time increment is ∆t = 0.1 s. The regularity of the polymer
network in the starting configuration has small random initial values which simulates the nuclei
of the crystalline regions. Fig. 2 b shows the state of the network regularity in the final loading
step. Note that the red color corresponds to the completely crystallized regions.

a)

b)

Figure 2. a) The initial random distribution of the regularity for a square sample consisting of natural rubber.
b) The distribution of the regularity in the final loading step. The distribution of the regularity in the final
loading step. The applied material parameters are K = 2 e 6 Pa, G = 4 e 4 Pa, k1 λ0 = 4 e 3 Pa, k2 = 6 e−3
Pa−1 and k = 1 e−2.

Additional numerical examples, not presented here, have shown that the model proposed needs
a further improvement to simulate the material behavior during the unloading phase. The
evolution equation (5) intrinsically contains a condition that the regularity can only grow. As
a consequence, the regression of the regularity occurring during the unloading phase cannot
be simulated. The consideration of this behavior type requires an alternative proposal for the
dissipation potential. This dissipation potential has to enable us to derive a thermodynamic
driving force corresponding to the evolution of the regularity, which changes its sign depending
on the change of the stress state.

Conclusions
In the present work, we show a thermodynamically consistent model based on the assumption
for the free energy and dissipation potential. The main advantage of our approach is that it
enables the simulation of the formation and of the development of crystalline regions. In our
continuing work, we will focus on the modeling of degradation of crystalline regions during the
unloading. An implementation of the model within the multiscale concept [3] and the study of
the influence of crystalline regions on the effective material behavior of polymers are envisaged as
well. Furthermore, the model will be extended by introducing temperature effects and material
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parameters will be identified by using the inverse analysis in a combination with experimental
results.
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A variational and computational framework for
large strain electromechanics based on convex
multi-variable energies
Rogelio Ortigosa1 * and Antonio J. Gil1
Micro Abstract
This paper presents a variational and computational framework for nonlinear electromechanics based
on a new convex multi-variable definition of the internal energy. This ensures: a) the material stability
of the governing equations (ellipticity) and b) allows to introduce new multi-field variational principles
which open up interesting possibilities in terms of using various interpolation spaces for the different
fields, leading to enhanced type formulations.
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Introduction
Electro Active Polymers (EAPs) have been identified as ideal candidates for the fabrication of soft
robots due to their ability to undergo highly complex stretching, bending and twisting actuation
when subjected to electric stimuli. As an example, Dielectric Elastomer EAPs have shown
impressive nonlinear electrically-induced strains of around 100%. Moreover, recent research
on Dielectric Elastomer VHB4910 [2] has reported unprecedented area expansions of 1962%,
opening up a wealth of new design possibilities in a previously unthinkable giant actuation
range. The tremendous potential of EAPs has attracted the interest of eminent scientists in the
field of computational mechanics (Steinmann [7], Castañeda [6], and many others). Robustness,
reliability, efficiency and accuracy are the four crucial characteristics sought in a computer
program. Unfortunately, even state-of-the-art computer models fail to realistically. The reason
for this pitfall is not necessarily the algorithm per se. It is far more fundamental: it is due to
the constitutive model upon which the algorithm is based.
A prototypical example, widely available in the literature [6], will be used to illustrate this. A
standard set up used for the material characterisation of isotropic EAP films via laboratory
experiments (see Figure 1a ) is that where an imposed out-of-plane (to the film) electric field
actuates an in-plane uniform expansion and an out-of-plane thinning of the film. Laboratory
data is then used to calibrate the constitutive model response curve. The blue curve in Figure 1b
displays this response for a constitutive model widely used in the literature. A careful analysis
(requiring computing the acoustic wave speeds of the model), illustrated in Figure 1b , identifies
in red the regions in which the model fails. Specifically, for any combination of electric field (E0 )
and electrically induced stretch (λ) located inside the red region, the model becomes ill-posed or
non-elliptic [6], leading inevitably to catastrophic consequences from the numerical standpoint,
characterised by mesh-biased results and areas of unphysical zero thickness (see Figure 1c ).
This is the reason why, in the context of EAPs, computer models cannot be reliably [6] used
beyond moderate actuation scenarios without risking physically impossible results. A new
methodological approach for the development of constitutive models which are well-posed ab
initio for the entire range of deformations and electric fields is presented in this paper.
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Figure 1. (a) Material characterisation of EAP VHB4910; (b) Response curve (in blue) and stability analysis
of widely used constitutive model for the standard experimental set up described; (c) Development of localised
deformations in unrealistic zero thickness shear bands in the simulation of a piezoelectric EAP material.

1 Nonlinear continuum electromechanics: multi-variable convexity
The set of equations governing the physics of EAPs, namely conservation of linear momentum
and the Gauss’s law [7], can be mathematically stated as,
DIVD0 − ρ0 = 0,

DIVP + f0 = 0;

(1)

where P is the first Piola-Kirchhoff stress tensor, f0 , the Lagrangian body force vector, D0 , the
Lagrangian electric displacement field and ρ0 , the electric charge per unit volume. Rotational
equilibrium dictates that FT P = PFT , where F represents the deformation gradient tensor, and
the Faraday’s law can be written as E0 = −∇0 φ, with E0 the Lagrangian electric field and φ
the electric potential. The internal energy density e, encapsulating the constitutive information
necessary to close the system of governing equations in (1), is defined as e = e(F, D0 ). Recently,
the concept of multi-variable convexity has been introduced in References [1, 3–5], postulated as
e (∇0 x, D0 ) = W (F, H, J, D0 , d) ;

d = FD0 ,

(2)

where W represents a convex multi-variable functional in terms of its extended set of arguments
V = {F, H, J, D0 , d}, with {H, J} the co-factor and the Jacobian of F, respectively. The set
of work conjugates to V is defined as ΣV = {ΣF , ΣH , ΣJ , ΣD0 , Σd }, with ΣA = ∂W
∂A , for any
A ∈ V. Both sets V and ΣV enable a new representation of the first Piola-Kirchhoff stress tensor
and the Lagrangian electric field in terms of the elements of both sets as
P = ΣF + ΣH

F + ΣJ H + Σd ⊗ D0 ;

E0 = ΣD0 + FT Σd .

(3)

Crucially, the definition of multi-variable convexity in (2) satisfies ab initio the ellipticity
condition for the entire range of deformations and electric fields.

2 Finite Element implementation and numerical results
Multi-variable convexity guarantees a one-to-one and invertible relationship between the sets
V and ΣV [1]. Therefore, alternative energy functionals established via appropriate Legendre
transforms applied to the internal energy W (V) can be defined, including the Gibb’s energy
m
m =
e
m
e
Υ(Σm
V , ΣV ), the Enthalpy Ψ(ΣV , V ) and the Helmholtz’s energy Φ(V , ΣV e ), with V
e
m
e
{F, H, J}, V = {D0 , d}, ΣV = {ΣF , ΣH , ΣJ } and ΣV = {ΣD0 , Σd }. This opens up the
possibility for the definition of new Hu-Wahizu mixed variational principles in terms of the
multiple energy functionals mentioned, namely {W, Υ, Ψ, Φ}, which can overcome classical
drawbacks of traditional Finite Element displacement-potential based formulations, i.e, shear
locking, volumetric locking in incompressible scenarios, etc. An example of a Hu-Washizu mixed
variational principle presented in Z[1, 4, 5] in termsZ of W (V) is
Z
e
ΠW (x, V m , Σm
,
ϕ,
V
,
Σ
)
=
W
(V)
dV
+
D
·
∇
ϕ
dV
+
ΣF : (Fx − F) dV
0
0
d
V
V
V
V
Z
(4)
+
[ΣH : (Hx − H) + ΣJ (Jx − J) + Σd · (Fx D0 − d)] dV − Πext (x, ϕ),
V
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where {Fx , Hx , Jx } denote the geometrically compatible strain measures and Πext the external
work contribution. Figure 2 includes a series of numerical examples which prove the robustness
and applicability of the above formulation. Specifically, Figures 2a -2c show the electrically
induced torsional deformation pattern on an incompressible EAP. Figures 2d and 2e show
different electrically induced bending actuation patterns of EAPs. Finally, 2f displays the giant
electrically induced deformations on an EAP obtained after the snap-through instability.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 2. (a)-(c) Electrically induced torsional actuation. (d)-(e) Various electrically induced bending
actuation applications. (f) Giant electrically induced deformations on helicoidal actuator.

3 Material characterisation via convex multi-variable constitutive models
For the experimental set up described in Section , a Convex Multi-Variable (CMV) and a
non-CMV constitutive models, Wel,1 and Wel,2respectively, defined as

2
1
1
2
Wel,1 = µ1 IIF + µ2 IIH +
IId + µe IIF +
IIF IId + 2 2 IId + f (J);
2ε1
µ e εe
µ e εe
(5)
2
1
1
IId + IIF IId +
IID0 + f (J),
Wel,2 = µ̃1 IIF + µ̃2 IIH +
2ε̃1
ε˜e
2ε̃2
will be considered, with IIA = A : A for second order tensors and IIA = A · A for vectors. Both
models can capture intrinsic effects of EAPs such as electristriction, i.e. the dependence of the
spatial electric permittivity ε upon the deformation. Careful selection of electrostrictive material
parameters {fe , f˜e }, defined as {fe = εε1 , f˜e = ε̃ε1 }, can help replicating the electrostrictive
behaviour of a simpler model proposed by Zhao et al. [8] (see Figure 3a ). The material
parameters for the CMV model have been selected to replicate the response of the non-CMV
model (see Figure 3d ). However, a careful analysis, requiring the computation of the minors of
the generalised electro-mechanical acoustic tensor (related to the wave speeds in the material),
shows that the non-CMV model (Figures 3b -3c ) becomes non-elliptic. This is represented by the
flat regions in Figure 3c , associated with unphysical imaginary wave speeds. The latter coincides
with the loss of ellipticity, represented in Figure 1b by the red area. On the contrary, the CMV
model remains elliptic for the entire range of the experimental set up (Figures 3e -3f ).

Conclusions
This paper has presented a computational framework for nonlinear electromechanics based on
the concept of multi-variable convexity introduced in [1, 3–5]. Convex multi-variable definition of
the internal energy functional ensures the ellipticity and, hence, the existence of real wave speeds
within the material. In addition, from the computational implementation standpoint, multivariable convexity has enabled the definition of new interesting mixed Hu-Washizu formulations.
In forthcoming publications, unexplored energy relaxation techniques based on the computation
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Figure 3. (a) Electrostriction in Wel,1 and Wel,2 in (5); (d) response curve for Wel,1 and Wel,2 ; (b)-(c) and
(e-f) minors of the acoustic tensor for Wel,2 and Wel,1 , respectively, for different stages of the experiment.

of CMV envelopes of (widely used) non-CMV energy functionals will be pursued, as a means to
regularise the a priori ill-posed response of the latter.
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An optimal solid-shell finite element for
modeling dielectric elastomers
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Micro Abstract
Dielectric elastomer (DE) based actuators are considered an emerging promising class of thin
actuators, which may undergo large deformations and exhibit various modes of activation.
For modeling DEs there is a need for a proper finite element technology for the numerical
simulations, which captures their realistic response. A model that is calibrated to VHB
will be presented, and an efficient low-order finite element that is able to tackle locking
pathologies will be introduced.
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Introduction
Electro-active polymers (EAPs) are an emerging class of soft active materials, which may
experience large deformations when they are subjected to an external electric field. EAPs
are inexpensive light-weight polymeric materials, therefore, they are considered ideal
candidates for high performance low cost engineering applications. A typical actuator of
EAPs consist of a thin film, which is sandwiched between two flexible electrodes coating
its major surfaces. Applying an electric potential difference through the thickness, causes
thinning of the film and lateral expansion [5]. These changes occur due to Coulomb forces
between the opposite charges that accumulate on the major surfaces when an external
field is applied.
Referring to the literature, several research groups have dedicated their work to profoundly
study EAPs and provide efficient numerical tools. For instance, Steinmann’s research group
( [13], [10], [11], [12]) has developed variational principles and finite element formulations
accounting for the electro-mechanical coupling. Moreover, Ask et al. ( [1], [3], [2])
have studied the visco-elastic nature of the so called polyurethane using the standard
Bubnov-Galerkin approach. Later, Ask et al. [4] have presented a volumetric locking free
formulation, i.e., a mixed finite element formulation. Wissler and Mazza ( [16], [15], [17],
[14], [18]) have studied the so-called dielectric elastomer VHB, however in their works
they have adopted a hyper-elastic behavior combined with the quasi-linear viscoelastic
function.
Considering the aforesaid, there is a need of a computationally efficient finite element,
which is able to eliminate possible locking pathologies and account for the visco-elastic
behavior of EAPs. In this work, a solid-shell formulation is developed adopting both the
assumed natural inhomogeneous strain method ANIS and the enhanced assumed strain
method EAS. Furthermore, a strain energy function that accounts for the hyper-elastic
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response, the viscoelastic response and the electromechanical coupling is presented.

1 Kinematics
In this section, both assumed natural inhomogeneous strain (ANIS) and enhanced assumed
strain (EAS) concepts are introduced. For a convenient presentation, let ξ = [ξ1 , ξ2 , ξ3 ]
be the isoparametric coordinates, and {ξ1 , ξ2 } be the inplane axes, while ξ3 indicates
the coordinate in the
n thickness direction.
o Thus, the reference and present covariant
∂X
∂x
tangent vectors are Gi = ∂ξi , gi = ∂ξi , and the contravariant vectors are defined as
 i ∂ξi i ∂ξi
G = ∂X , g = ∂x . Now, using the covariant and contravariant basis vectors, the
Green-Lagrange strain tensor E is defined as
E = Eij Gi ⊗ Gj ,

Eij =

1
(gi · gj − Gi · Gj ) .
2

(1)

The key idea behind the ANIS is to interpolate the transverse covariant inhomogeneous
strain components, which are sampled in a given set of points placed on the element
mid-plane to overcome the curvature thickness locking and the transverse shear locking.
Specifically, the inhomogeneous strain tensor and its covariant components are given by
binh,ij = Einh : (Gi ⊗ Gj ) . (2)
Einh = E − E0 , E0 = E (ξ1 = 0, ξ2 = 0, ξ3 = 0) , E
n
o
binh,33 , E
binh,13 , E
binh,23 are evaluated in the sampling points and a
The components E
bilinear interpolation is applied for modifying the covariant inhomogeneous transverse
normal strain and a linear interpolation is applied for modifying the covariant inhomogeneous transverse shear nstrains (see [8]). The modified
covariant inhomogeneous transverse
o
einh,33 , E
einh,13 , E
einh,23 . Then, the modified inhomogeneous strain
strains will denoted as E
tensors is reconstructed as follows


1
1
b
binh,12 G1 ⊗ G2 + G2 ⊗ G1
+E
EANIS
inh = Einh,11 G ⊗ G


binh,22 G2 ⊗ G2 + E
einh,23 G2 ⊗ G3 + G3 ⊗ G2
(3)
+E


einh,33 G3 ⊗ G3 + E
einh,13 G1 ⊗ G3 + G3 ⊗ G1 ,
+E
and the modified compatible strain tensor take the following form
e c = E0 + EANIS .
E
inh

(4)

e =E
e c + Eenh
E

(5)

For achieving a remedy for further possible locking phenomena, an additional tensor,
which is also known as the enhanced assumed strain (EAS) tensor is added to the modified
compatible strain tensor. Thus, the total strain tensor reads

2 Constitutive equations

In this section, we present the strain energy function, which has been considered for
modeling EAPs. Referring to the work of [7], an invariant based strain energy function
has been proposed, which lacks the effect of viscoelasticity. Using the Maxwellian ( [6]
and [9]) type rheological model of the isochoric response of the material consists of a
single elastic branch representing the elastic ground network as well as viscous branches
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each of them representing a single mobile viscous sub-network, the strain energy function
can be extended to include the viscous branches. Thus, the total strain energy function is
given by
3
 X
i 1
K 2
W=
J − 1 − 2ln (J) +
Ci I¯1 − 3 − J0 r C−1 : (E ⊗ E)
4
{z
}
| 2
i=1
{z
}
|
W coup (C,E)

+

n
X
1

|i=1

2

W hyper (C)

(6)

µvi [C0 : Ai − 3 − ln (det (Ai ))]
{z

}

W viscus (C,A1 ..An )

where {A1 , ....An } are strain-like internal tensorial variables associated with the viscus
Maxwell branches and {µv1 ..., µvn } are the viscous shear moduli of the branches. The
evolution law of a single strain like internal variable is given by

1  −1
Ȧi = v C0 − Ai ,
(7)
τi
with {τ1v ....τnv } are the relaxation times of the different Maxwell branches.

3 Variational principles
The functional of the total potential energy is expressed with the internal energy part due
to the strain energy function, and to external part due to external tractions and electrical
fluxes as the following
#
"Z
Z
Z
e E) = Πint − Πext =
e E)dΩ0 −
(8)
Π(C,
W (C,
u · TdΓ0 +
φQdΓ0
∂B0Q

∂B0T

Ω0

where Ω0 is the volume of the reference configuration. Applying Hu-Washizu multi-field
variational principle, the variation of the internal potential energy is decomposed into two
parts, one with respect to the modified right Cauchy-Green and the other with respect to
the electric field,
Z
Z
Z
enh
e
e
e
δΠ =
S : δ Ec dΩ0 +
S : δE dΩ0 −
D · δE −δΠext
(9)
Ω0
Ω0
Ω0
|
{z
}|
{z
}|
{z
}
δΠint,u
e
C

δΠint,α
e
C

δΠint
E

e = 2 ∂W is the second Piola-Kirchhoff evaluated within the modified C
e = 2E
e + I,
where S
e
∂C
and D = − ∂W
is the electric displacement vector. The internal variables controlling
∂E
the enhanced strain filed are determined from the fact that these internal variables are
workless, δΠint,α
= 0. Finally, the linearizing of the variation takes the following form,
e
C
Z h

int
e uu : δ E
e uφ : δ E
e c + ∆Eenh : C
ec + S
e : ∆δ E
e c + ∆E · C
e c dΩ0
∆δΠ =
∆E
(10)
Ω0

i
enh
e φu · δE − ∆E · C
e φφ · δE dΩ0
e c + ∆E
+ ∆E
:C
e uu = 4 ∂W is the material tangent modulus tensor, C
e uφ = 2 ∂W and C
e φu =
where C
e C
e
e
∂ C∂
∂ C∂E
∂W
∂W
e
2 ∂E∂
e are the mixed derivatives third order tensors, and Cφφ = − ∂E∂E is the electric
C
displacement tangent tensor.
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4 Numerical example
Adopting the parameters set that we have obtained in our previous research work for
VHB, a numerical example is presented here. In this example, we consider a bimorph
bending actuator of a bi-layered thin film. The actuator dimensions have been chosen as
demonstrated in Fig. 2, where L1 = 20mm, L2 = 5mm and L3 = 1mm. The thickness
consists of two thin layers, where each of them is 0.5mm thick. A coarse mesh of 10
elements in the length direction, 2 elements in the width and 2 elements in the thickness
direction has been chosen as demonstrated in fig. 1.

Figure 1. The coarse mesh that has been used for the simulation

The bottom layer is sandwiched between a pair of compliant electrodes located at the
composite’s bottom and in the mid plane on which potential differences can be applied,
and the upper layer is electrically passive. Applying voltage causes a reduction in the
thickness of the bottom layer, and at the same time, a lateral expansion. Since the active
layer is perfectly adhered to the passive layer, the structure gradually bends towards the
active layer.
(a)

e3

L2

(b)

(c)

e2

L3

L1

e1

Figure 2. (a) The reference configuration of the actuator, t=0 sec. (b) The actuator at t=50(sec).
(c)The current configuration of the actuator, t=150 sec.

The actuator is subjected to a voltage of 5kV, which is linearly ramped over a time period
of 50 sec and followed by a constant value for 100 sec. Both horizontal and vertical
displacements of a selected point A (the tip of the beam) were calculated and plotted
in Fig. 3. When the linear voltage load is applied, i.e, t ≤ 50sec, the actuator exhibits
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highly nonlinear deformations. The actuator undergoes additional deformations due to
creeping when the voltage is hold fix. As shown in Fig. 3, the additional displacements
while creeping are not negligible, and this is because of the highly viscoelastic response of
EAPs.
Normalized displacement

0.6
uA,1 /L1
uA,3 /L1

0.4
0.2
0.0
-0.2
0

30

60

90

120

150

Time [sec]

Figure 3. The normalized displacements, in both horizontal and vertical directions.

5 Conclusions
In this work, a numerical scheme accounting for the electro-mechanical coupling, the
time-dependent response and the incompressibility has been developed for modelling
EAPs. For this objective, the strain energy function has been split into a hyper-elastic
term, a visco-elastic term and a coupling term. Following, a solid-shell finite element
has been developed for avoiding several locking phenomena observed in thin structures.
In summary, an efficient low order numerical tool has been developed in this work for
modeling EAPs.
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Hüsnü Dal1 *, Yashar Badienia1 , Kemal Açıkgöz1 , and Funda Aksu Denli1
Micro Abstract
This paper presents a novel parameter identification toolbox based on various multi-objective optimization strategies for the selection of the best constitutive models from a given set of homogeneous
experiments. The toolbox aims at providing an objective model selection procedure along with the
material parameters for the rubber compound at hand. To this end, we utilize the multi-objective
optimization using genetic algorithm of MATLAB. For the validation purposes, we use 10 constitutive
laws.
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Introduction
The micromechanically based network models are known to be superior over the purely phenomenological models in the analysis of unfilled rubber. However, various factors play a crucial
role in the determination of the appropriate constitutive model for the analysis of technical rubbers. These are; (i) the number of available experiments under various loading conditions, (ii)
maximum stretch level expected in the critical loading scenarios of the rubber component, and
(iii) percentage of fillers and additives that might distort the mechanical response from that of
an ideal rubber. Moreover, the number of material parameters to be identified should be as low
as possible and the parameters should be physically interpretable. Although the recent reviews
have been very useful for the assessment of the strengths and weaknesses of various constitutive models, especially on the modeling of uncrosslinked ideal rubber, it is still a challenging
endeavour for engineers to decide the best constitutive model for the specific rubber compound
at hand [6, 13]. This paper presents a novel parameter identification toolbox based on various
multi-objective optimization strategies for the selection of the best constitutive models from a
given set of uniaxial tension, pure shear and equibiaxial tension experiments [14]. The toolbox
aims at providing an objective model selection procedure along with the material parameters
for the rubber compound at hand. To this end, we utilize the multi-objective optimization using
genetic algorithm. For the validation purposes, we select the best ten models sorted according
to the quality of fit expression provided in the manuscript, see also [6, 9]. The multi-objective
optimization toolbox is shown to be a very efficient tool for the parameter identification and
objective constitutive model selection procedure. We employed the developed optimization procedure for the determination of best hyperelastic constitutive models with respect to the quality
of fit to Treloar’s data [14].

1 Optimization Procedure
The complexity of the parameter identification for each model is unique since they have different number of parameters and different notion or paradigm of modeling (i.e. mathematical,
phenomenological or physical modeling). A model can only provide a limited portrait of physi593
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cal phenomena since consideration all the way down to the atomic scale is not possible by the
current technological means. Therefore, lower or upper bounds of the search domain cannot
be determined or deduced from the model itself. Hence, every optimization procedure has to
be bound with sufficiently large search domain but not infinity if we are to try to find the
global minimum. However, certain parameters due to modeling procedure has natural bounds.
Genetic algorithm provides a straightforward mechanism to obtain the best parameters minimizing the cost function given the search domain. In this work, we developed a genetic algorithm
that is adaptable to models with different number of parameters and different search domains.
After finding the parameters via the genetic algorithm we provided these values to MATLAB
Optimization Toolbox nonlinear programming tool as initial parameters. Concurrently, the
MATLAB Optimization Toolbox is utilized for the identification of the best parameter set.
Both results are compared and the parameter set with the best quality of fit measure is selected.
This ensures that the best fit is the absolute minimum in the search domain. We observed quite
similar parameters that reported in review papers [6, 9]. The error expressions for uniaxial
tension (UT), equibiaxial tension (ET), and pure shear (PS) loading modes are provided as
follows,
eut =

1 mut exp
2
∑ (P11 − P11 ) ,
mut i=1

eet =

1 met exp
2
∑ (P11 − P11 ) ,
met i=1

eps =

1 mps exp
2
∑ (P11 − P11 ) .
mps i=1

(1)

As opposed to mainstream single-objective optimization procedure, in this work we used a multiobjective optimization. We weight the uniaxial, equibiaxial, and pure shear error expressions
with three weight parameters (w1 , w2 , w3 ), resulting in the cost function
E = w1 eut + w2 eet + w3 eps ,

(2)

where w1 + w2 + w3 = 1. Note that, the optimization procedure takes the weight factors w1
and w2 as optimization parameters in addition to the material parameters. This fact is the
novel aspect of the procedure. Hence, we signify the different sensitivity of each constitutive
model to different deformation modes in error expression. This way, inherent deformation mode
dependencies of constitutive models are buried deep within the optimization procedure.
1.1 Results and Conclusion
In this study, 10 best hyperelastic material models are chosen among 38 hyperelastic constitutive
models sorted according to the best quality of fit measure. In order to make an unbiased
comparision between the considered hyperelastic material models, a fit of quality measure with
the following form is proposed
2

m

χ =∑

i=1

2

exp
(P11
− P11 )
exp
P11

,

(3)

where m is the total number of experimental data points. χ2 measure is considered for each
model in three regions of deformation. Low stretch (1 < λ ⩽ 13 λmax ), moderate stretch (1 < λ ⩽
2
3 λmax ), and large stretch (1 < λ ⩽ λmax ) regions are denoted as region 1, region 2, and region
3, respectively. Here, λmax is the maximum stretch value attained during the experiment under
uniaxial tension, equibiaxial tension and pure shear loading, respectively. The obtained results
are summed over loading cases for each region to yield total quality of fit measure for each
region. Therefore, the total quality of fit for the third region would be a reasonable measure for
comparing models in an ubiased way. Obtained results are listed in Tables 1-2 according to the
goodness of fit for full range of extension with simultaneous fitting of uniaxial, equibiaxial, and
pure shear data. Since the models have different quatify of fit values for different regions and
region 3 encompasses all other regions, the comparison is done based on the quality of fit value
in region 3. Related plots for fitting the material parameters with three sets of experimental
594
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data and uniaxial data (only) are presented in Figures 1-2, respectively. Uniaxial data fitting
is carried out to show how well a model can predict other deformation modes if a single set of
experiments are used for fitting.
Micro-sphere model [10]
ψ(λ) = µ (λr L−1 (λr ) + ln
Parameters

Weights
0.2009
0.5990
0.2001
1.0000

UT
ET
PS
Total

1/p

L−1 (λr )
)
sinhL−1 (λr )

1
λ̄p dS]
with λ = ⟨λ̄⟩p ∶= [ ∣S
∣ ∫S
Simultaneous data fitting
Uniaxial data fitting
µ = 0.2939 N = 21.99
µ = 0.2047 N = 31.33
p = 1.462 U = 1.433
p = 3.347 U = 1.315
q = 0.0554
q = 0.09197
Quality of fit
Quality of fit
Error Region 1 Region 2 Region 3
Error Region 1 Region 2 Region 3
0.0032 0.0058
0.0086
0.0265
0.0043 0.0304
0.0520
0.0687
0.0006 0.0215
0.0217
0.0261
0.1010 0.0100
0.0277
0.8579
0.0003 0.0113
0.0115
0.0131
0.0013 0.0082
0.0196
0.0280
0.0041 0.0386
0.0418
0.0657
0.1066 0.0486
0.0993
0.9545

Alexander’s model [1]

ψ = C1 ∫ exp[k(I1 − 3)2 ]dI1 + C2 ln [
Simultaneous data fitting
C1 = 0.1403 C2 = 0.2588
Parameters
C3 = 0.002143 γ = 5.991
k = 0.0003464
Quality of fit
Weights Error Region 1 Region 2 Region 3
UT
0.3470 0.1073 0.0073
0.0096
0.0309
ET
0.3495 0.0079 0.0231
0.0242
0.0266
PS
0.3036 0.0036 0.0122
0.0126
0.0140
Total
1.0000 0.1188 0.0427
0.0465
0.0715

(I2 −3)+γ
] + C3 (I2
γ

− 3)
Uniaxial data fitting
C1 = 0.1314 C2 = −0.3305
C3 = 0.0985 γ = 5.814
k = 0.0003619
Quality of fit
Error Region 1 Region 2 Region 3
0.1053 0.0149
0.0185
0.0391
828.50 0.0345
7.7825
409.96
1.4855 0.0209
0.0487
1.0460
830.10 0.0703
7.8497
411.05

Extended-tube model [7]
ψ=

2
Gc (1−δ )(D−3)
[ 1−δ2 (D−3)
2

Parameters

UT
ET
PS
Total

Weights
0.2002
0.5997
0.2000
1.0000

3
e
(λ−β
+ ln (1 − δ2 (D − 3))] + 2G
− 1) with D = ∑3A=1 λ2A
A
β 2 ∑A=1
Simultaneous data fitting
Uniaxial data fitting
Gc = 0.1956 δ = 0.09532
Gc = 0.1105 δ = 0.1039
Ge = 0.1949 β = 0.1759
Ge = 0.2047 β = −1.779
Quality of fit
Quality of fit
Error Region 1 Region 2 Region 3
Error Region 1 Region 2 Region 3
0.1417 0.0027
0.0055
0.0325
0.0833 0.0281
0.0311
0.0466
0.0235 0.0163
0.0352
0.0392
0.6622 0.0731
0.2349
0.5210
0.0023 0.0083
0.0084
0.0096
0.0303 0.0455
0.0692
0.0754
0.1675 0.0274
0.0491
0.0812
0.7758 0.1467
0.3352
0.6430

Shariff ’s model [12]

Parameters

UT
ET
PS
Total

Weights
0.2065
0.3182
0.4753
1.0000

ψ = ∑n
i=1 αi φi
Simultaneous data fitting
E = 1.124 α1 = 0.9174
α2 = 0.03712 α3 = 7.872e − 05
α4 = 0.02361
Quality of fit
Error Region 1 Region 2 Region 3
0.1611 0.0117
0.0178
0.0470
0.0102 0.0243
0.0286
0.0305
0.0055 0.0111
0.0119
0.0143
0.1768 0.0471
0.0583
0.0918

Uniaxial data fitting
E = 1.254 α1 = −4.12
α2 = 0.05454 α3 = 10.6
α4 = −0.3131
Quality of fit
Error Region 1 Region 2 Region 3
0.0952 0.0048
0.0087
0.0276
2.9e10 1.3098
5.4e06
1.3e10
4.4e05 0.5884
807.88
2.8e05
2.9e10 1.9029
5.4e06
1.3e10

Carroll’s model [3]

√
ψ = AI1 + BI14 + C I2
Simultaneous data fitting
Uniaxial data fitting
Parameters
A = 0.1458 B = 3.191e − 07 C = 0.1044
A = 0.1574 B = 2.916e − 07 C = 0.1005
Quality of fit
Quality of fit
Weights Error Region 1 Region 2 Region 3
Error Region 1 Region 2 Region 3
UT
0.3333 0.1668 0.0119
0.0156
0.0475
0.3021 0.0177
0.0582
0.1038
ET
0.3333 0.0127 0.0359
0.0465
0.0476
0.0301 0.0248
0.0333
0.0455
PS
0.3333 0.0065 0.0199
0.0221
0.0235
0.0423 0.0116
0.0153
0.0453
Total
1.0000 0.1860 0.0678
0.0842
0.1186
0.3745 0.0540
0.1068
0.1946

Table 1. Obtained parameters, errors, and quality of fit values for the first five models.
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Chevalier and Marco’s model [4]
i
∂ψ
= ∑n
i=0 ai (I1 − 3) and
∂I
1

Parameters

UT
ET
PS
Total

Weights
0.3226
0.5643
0.1131
1.0000

Simultaneous data fitting
a0 = 0.1585 a1 = −0.002321
a2 = 0.0001175 b0 = 0.002048
b1 = 0.2266 b2 = −0.4902
Quality of fit
Error Region 1 Region 2 Region 3
0.3114 0.0161
0.0255
0.0834
0.0236 0.0290
0.0324
0.0428
0.0108 0.0138
0.0174
0.0221
0.3458 0.0588
0.0753
0.1482

∂ψ
∂I2

= ∑n
i=0

bi
I2i

Uniaxial data fitting
a0 = 0.1833 a1 = −0.004043
a2 = 0.0001431 b0 = 0.0003649
b1 = 0.001588 b2 = −0.3825
Quality of fit
Error Region 1 Region 2 Region 3
0.2483 0.0387
0.0552
0.1030
0.8830 0.1207
0.3281
0.7348
0.0876 0.0681
0.0860
0.1267
1.2190 0.2275
0.4693
0.9645

Ogden’s model [11]

Parameters

UT
ET
PS
Total

Weights
0.3333
0.3333
0.3333
1.0000

µn
αn
αn
n
(λα
ψ = ∑3i=1 α
1 + λ2 + λ3 − 3)
n
Simultaneous data fitting
Uniaxial data fitting
α1 = 1.873 α2 = 7.991
α1 = 1.873 α2 = 7.991
α3 = −1.845 µ1 = 0.364
α3 = −1.845 µ1 = 0.364
µ2 = 2.706e − 06 µ3 = −0.01659
µ2 = 2.701e − 06 µ3 = −0.0166
Quality of fit
Quality of fit
Error Region 1 Region 2 Region 3
Error Region 1 Region 2 Region 3
0.1720 0.0161
0.0320
0.0631
0.1723 0.0161
0.0320
0.0630
0.0423 0.0371
0.0593
0.0736
0.0423 0.0370
0.0592
0.0737
0.0106 0.0177
0.0190
0.0237
0.0107 0.0177
0.0190
0.0237
0.2249 0.0709
0.1103
0.1604
0.2253 0.0709
0.1102
0.1604

Haines-Wilson’s model [5]
ψ = C10 (I1 − 3) + C01 (I2 − 3) + C11 (I1 − 3)(I2 − 3) + C02 (I2 − 3)2 + C20 (I1 − 3)2 + C30 (I1 − 3)3
Simultaneous data fitting
Uniaxial data fitting
C10 = 0.1845 C01 = 0.007551
C10 = 0.000145 C01 = 0.2141
Parameters
C11 = −0.0001221 C02 = 1.989e − 06
C11 = 0.03559 C02 = 8.547e − 05
C20 = −0.001895 C30 = 4.598e − 05
C20 = −0.008685 C30 = 6.944e − 05
Quality of fit
Quality of fit
Weights Error Region 1 Region 2 Region 3
Error Region 1 Region 2 Region 3
UT
0.6420 0.2868 0.0430
0.0827
0.1284
0.1856 0.0054
0.0106
0.0478
ET
0.2545 0.0079 0.0228
0.0297
0.0303
3.7e05 0.0629
550.55
1.7e05
PS
0.1036 0.0255 0.0088
0.0154
0.0289
461.76 0.0212
2.2490
294.44
Total
1.0000 0.3202 0.0747
0.1278
0.1876
3.7e05 0.0895
552.81
1.7e05
Biderman’s model [2]
ψ = C10 (I1 − 3) + C01 (I2 − 3) + C20 (I1 − 3)2 + C30 (I1 − 3)3
Simultaneous data fitting
Uniaxial data fitting
C10 = 0.1832 C01 = 0.002751
C10 = 0.1726 C01 = 0.003676
Parameters
C20 = −0.001717 C30 = 4.351e − 05
C20 = −0.00175 C30 = 4.542e − 05
Quality of fit
Quality of fit
Weights Error Region 1 Region 2 Region 3
Error Region 1 Region 2 Region 3
UT
0.2007 0.3167 0.0353
0.0738
0.1252
0.2546 0.0171
0.0312
0.0806
ET
0.5991 0.0629 0.0299
0.0644
0.0864
0.1399 0.0418
0.1079
0.1533
PS
0.2002 0.0118 0.0118
0.0142
0.0203
0.0584 0.0195
0.0213
0.0559
Total
1.0000 0.3914 0.0770
0.1525
0.2319
0.4529 0.0783
0.1603
0.2898
Lambert-Diani and Rey’s model [8]

ψ = ∫ exp { ∑3i=0 ai (I1 − 3)i }dI1 + ∫ exp { ∑2i=0 bi (ln I2 )i }dI2
Simultaneous data fitting
Uniaxial data fitting
a0 = 0.1644 a1 = −0.003781
a0 = 0.1529 a1 = −0.003198
Parameters
a2 = 0.0003629 b0 = 257.5
a2 = 0.0003786 b0 = 250.6
b1 = −7.6
b1 = −7.42
Quality of fit
Quality of fit
Weights Error Region 1 Region 2 Region 3
Error Region 1 Region 2 Region 3
UT
0.1215 0.1781 0.0103
0.0446
0.0746
0.1010 0.0017
0.0036
0.0242
ET
0.6608 0.6373 0.0065
0.1164
0.4102
0.9442 0.0065
0.1897
0.6232
PS
0.2177 0.0050 0.0058
0.0085
0.0105
0.0341 0.0056
0.0218
0.0382
Total
1.0000 0.8204 0.0226
0.1695
0.4953
1.0793 0.0138
0.2151
0.6856

Table 2. Obtained parameters, errors, and quality of fit values for the last five models.
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Figure 1. Results of simultaneous fitting of uniaxial, equibiaxial, and pure shear (Treloar) data to 10 models:
a) Micro-sphere model, b) Alexander’s model, c) Extended-tube model, d) Shariff’s model, e) Carroll’s model,
f) Chevalier and Marco’s model, g) Ogden’s model, h) Haines-Wilson’s model, i) Biderman’s model, j)
Lambert-Diani and Rey’s model.
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Figure 2. Results of fitting of uniaxial (Treloar) data to 10 models: a) Micro-sphere model, b) Alexander’s
model, c) Extended-tube model, d) Shariff’s model, e) Carroll’s model, f) Chevalier and Marco’s model, g)
Ogden’s model, h) Haines-Wilson’s model, i) Biderman’s model, j) Lambert-Diani and Rey’s model.

598

MS17

Smart and Active Materials: Experiments, Modelling, and Simulation

References
[1] H. Alexander. A constitutive relation for rubber-like materials. International Journal of
Engineering Science, 6(9):549–563, 1968.
[2] V. Biderman. Calculation of rubber parts. Rascheti na Prochnost, page 40, 1958.
[3] M. Carroll. A strain energy function for vulcanized rubbers.
103(2):173–187, 2011.

Journal of Elasticity,

[4] L. Chevalier and Y. Marco. Tools for multiaxial validation of behavior laws chosen for modeling hyper-elasticity of rubber-like materials. Polymer Engineering and Science, 42(2):280–
298, 2002.
[5] D. Haines and W. Wilson. Strain-energy density function for rubberlike materials. Journal
of the Mechanics and Physics of Solids, 27(4):345–360, 1979.
[6] M. Hossain and P. Steinmann. More hyperelastic models for rubber-like materials: consistent tangent operators and comparative study. Journal of the Mechanical Behavior of
Materials, 22(1-2):27–50, 2013.
[7] M. Kaliske and H. G. An extended tube-model for rubber elasticity: statistical-mechanical
theory and finite element implementation. Rubber Chemistry and Technology, 72(4):602–
632, 1999.
[8] J. Lambert-Diani and C. Rey. New phenomenological behavior laws for rubbers and thermoplastic elastomers. European Journal of Mechanics-A/Solids, 18(6):1027–1043, 1999.
[9] G. Marckmann and E. Verron. Comparison of hyperelastic models for rubberlike materials.
Rubber Chemistry and Technology, 79(5):835–858, 2006.
[10] C. Miehe, S. Göktepe, and F. Lulei. A micro-macro approach to rubber-like materials—part
i: the non-affine micro-sphere model of rubber elasticity. Journal of the Mechanics and
Physics of Solids, 52(11):2617–2660, 2004.
[11] R. Ogden. Large deformation isotropic elasticity–on the correlation of theory and experiment for incompressible rubberlike solids. Journal of the Mechanical Behavior of MaterialsProceedings of the Royal Society of London A: Mathematical, Physical and Engineering
Sciences, 326(1567):565–584, 1972.
[12] M. Shariff. Strain energy function for filled and unfilled rubberlike material. Rubber chemistry and technology, 73(1):1–18, 2000.
[13] P. Steinmann, M. Hossain, and G. Possart. Hyperelastic models for rubber-like materials:
consistent tangent operators and suitability for treloar’s data. Archive of Applied Mechanics,
82(9):1183–1217, 2012.
[14] L. Treloar. Stress-strain data for vulcanised rubber under various types of deformation.
Transactions of the Faraday Society, 1:59–70, 1944.

599

MS17

Smart and Active Materials: Experiments, Modelling, and Simulation
Proceedings of the 7th GACM Colloquium on Computational Mechanics
for Young Scientists from Academia and Industry
October 11-13, 2017 in Stuttgart, Germany

Micro- and Macrostructural magneto-electric
coupling in soft composites
Matthias Rambausek1 * and Marc-André Keip1
Micro Abstract
It was only recently that strong magneto-electric coupling effects in soft-matter-based composites have
been described for the first time by Liu and Sharma (2013; Phys. Rev. E 88, 040601). This approach
for the realization of magneto-electrical coupling has the potential to outperform existing solutions
based on ceramic materials. In this contribution we will investigate magneto-electric transducers based
on a soft magneto-electric composite with multiscale simulations.
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Introduction
More than a decade ago, the works [5, 17] (re-)initiated research on magneto-electrically coupling
materials. Motivated by these findings, continuum-mechanical approaches to magneto-electric
coupling based on multiscale methods have been developed [9, 10, 15]. The research in these
references focuses on the magneto-electric coupling properties of ferroic composites based on
hard constituents. However, only recently, an alternative route to magneto-electric coupling
with focus on new types of magnetic-field sensors has been proposed [11]. The magneto-electric
coupling described in [11] differs from earlier approaches by its reliance on macroscopic effects.
Inspired by the above works, we strive for a deeper understanding of macroscopic magnetoelectric coupling effects. For this purpose we extend our previous work on magnetorheological
elastomers [6,7] to the domain of magneto-electro-elasticity. Since magnetorheological elastomers
(MREs) do not only have magneto-mechanical but also electro-mechanical coupling properties, all
properties needed for the macroscopic magneto-electric coupling are at hand. Furthermore, it is
known that the magneto-mechanical response of MREs strongly depends on their microstructure
[2,6] such that their micromorpholgy has a strong impact on their macropscopic magneto-electric
coupling performance.
In this contribution we present multiscale simulations of MRE bodies under homogeneous
external magnetic and electric fields in a two-dimensional setting. Thereby we focus on the
magneto-electric coupling relevant for magnetic-field sensors.

Theory
In the quasi-static setting under consideration in absence of free currents, the governing (Maxwell)
equations for the electric and magnetic fields are given as
divd = q,

divb = 0,

curle = 0

and

curlh = 0,

(1)

where d is the electric displacement, q the free electric charge density, b the magnetic induction,
e the electric field and h the magnetic field [8]. Furthermore, we introduce the polarization p
and the magnetization m via the relations
d = ε0 e + p

and
600
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Finally, we have jump conditions which in absence of surface charges and currents read as
JdK · n = 0,

JbK · n = 0,

JeK × n = 0

JhK × n = 0.

and

(3)

Regarding the governing equations for mechanics, we employ the concept of the total firstPiola-Kirchoff-type stress P tot [3, 4], which captures purely mechanical, magneto- and electromechanical stresses. The kinematic quantity dual to P tot is the deformation gradient F . The
corresponding equations then are
DivP tot = −f0b

and

CurlF = 0,

(4)

where f0b is the mechanical body force per referential volume. At this point we want to note
that the lowercase differential operators {div, grad, curl} as employed in (1) refer to derivatives
with respect to Eulerian coordinates x of the current configuration. Conversely, their uppercase
pendents {Div, Grad, Curl} denote derivatives with respect to Lagrangian coordinates X of the
initial configuration. The relation between the current and the initial configuration is described
in terms of the deformation map ϕ from which we also define F
x = ϕ(X)

and

F = Gradϕ

(5)

such that (4)2 is fulfilled identically. For the description of incompressible media the Cauchy
stress is decomposed into a deviatoric part dev[σ tot ] and a volumetric part −ptot 1, where ptot can
be shown to be the Lagrange multiplier enforcing the kinematic constraint of incompressibility [1].
The relevant jump conditions for P tot and F are given as
JP tot K · N = tmech

JF K × N = 0,

and

(6)

with the mechanical traction tmech .
Constitutive relations
In this contribution, we employ an energy-based formulation. In case of magneto-electro-elasticity
this means that we consider Helmholtz-free-energy densities parametrized as follows
ψ(C, d, b)

Ψ(F , D, B) = ψ(F T · F ,

and

1
1
F · D, F · B),
J
J

(7)

where C = F T · F and {D, B} are the referential counterparts of {d, b}. In the case of
incompressibility, we introduce the energy density [1, 14]
Ψ∗ (F , D, B) = Ψ(F ∗ , D, B) = ψ((F ∗ )T · F ∗ , F ∗ · D, F ∗ · B).

(8)

1
Therein, F ∗ = J 1/dim
F with dim = tr1 is the isochoric part of the deformation gradient.
Furthermore, we have

{P , E, H} = {

∂Ψ ∂Ψ ∂Ψ
,
,
}
∂F ∂D ∂B

{P ∗ , E, H} = {

and

∂Ψ∗ ∂Ψ∗ ∂Ψ∗
,
,
}
∂F ∂D ∂B

(9a)

for compressible and incompressible media, respectively.
Variational principle on the macroscopic scale
In the macroscopic setting we want to consider the presence of free charge densities q. This
motivates us to employ ϕ, D and B as primary fields. This choice means that we have to
explicitly account for the balance equations
DivP = −f0b ,

DivD = q0 ,
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DivB = 0.
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The corresponding functional is the below Lagrangian function with multipliers φe , φm and ptot
Z
Z

tot e m
∗
tot
L ϕ, D, B, p , φ , φ = Ψ (F , D, B; X) + p (J − 1) dV +
Ψ (F , D, B; X) dV
B
Ω\B=B0
Z
−φe (DivD − q0 (X)) − φm (DivB) dV + Πext ,
(11)
+
Ω

where B is the domain occupied by the body in the referential configuration, Ω denotes the whole
domain consisting of B and the surrounding free space B 0 [6]. Πext refers to external loading.
Thus, we obtain the variational saddle-point principle


n
o

tot e m
tot e m
ϕ̂, D̂, B̂, p̂ , φ̂ , φ̂
= arg inf inf inf sup sup sup L ϕ, D, B, p , φ , φ
.
(12)
ϕ

∈

D

∈

ptot

B

∈

Wϕ WD WB

∈

Wp

φe

∈

φm

∈

W φe W φm

Variational principle on the microscopic scale and homogenization
At the microscale, we do not consider the case of free charge densities such that we may resort to
a formulation of magneto-electro-elasticity [13] in terms of electric and magnetic vector potentials
Ae and Am , respectively. Then the electric displacement and the magnetic induction fields are
obtained as D = CurlAe and B = CurlAm . Hence, the balance equations (10)2−3 are fulfilled
identically.
In this work we employ the FE2 -method [12] to account for micro-heterogeneity of the MRE
body B. Accordingly, we introduce the macroscopic energy density of the referential volume
element (RVE) B[X] at X, following [13],
Z

∗
inf
Ψ∗ (F ∗ , D, B) + ptot (J − 1) dV.
(13)
Ψ F , D, B = inf
inf sup
ϕ

∈

Ae

∈

Am

∈

ptot

∈

B[X]

Wϕ (F ) WAe (D) WAm (B) Wp

For details on the appropriate spaces Wϕ , WAe , WAm we refer to [13, 16]. Furthermore, we force
the average pressure to zero. The macroscopic constitutive quantities are obtained as
Z
Z
1
1
∗
P =
(P ∗ · N ) ⊗ X dA and {E, H} =
({E, H} · X) N dA.
|BX | ∂B[X]
|BX | ∂B[X]
(14a)

Numerical Example
We consider a square two-dimensional MRE specimen with compliant electrodes attached at
the top and bottom edges, which are employed to polarize the MRE specimen. Additionally,
the MRE is exposed to a homogeneous external magnetic field as depicted in Figure 1. The
Helmholtz-free-energy function we employ for incompressible media is
ψ=

µ
1
1
χe
1
msat
(F ∗ : F ∗ − 3) +
kdk2 −
kdk2 +
kbk2 −
ln [cosh (γ kbk)]
e
2
20
20 J + χ
2µ0
γ

(15)

with γ = Jχm /(msat (J + χm )). The material parameters for the elastomer matrix are set to
√
{µ, χe , msat , χm } = {0.06667, 7, 0, 0} and to {µ, χe , msat / µ0 , χm } = {66.67, 700, 1, 10} for the inclusions. For the electrodes on the macroscopic scale we use {µ, χe , msat , χm } = {0.6667, 105 , 0, 0}.
The free space on the macroscopic scale is modeled with {µ, χe , msat , χm } = {0.001, 0, 0, 0},
whereby the mechanical term in (15) is replaced by a compressible neo-Hookean energy density
with λ = 0 [6]. The constants 0 and µ0 are set to 8.854 × 10−6 and 0.4π, respectively.
In Figure 2 we depict the sensitivity of the electric field es detected by a sensor (see Figure 1)
with respect to the external magnetic field b∞ . There we also see the influence of the applied
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Figure 1. The square MRE specimen is embedded into a sufficiently sized free space with homogeneous
external magnetic field b∞ (left). In the zoomed view of the specimen we indicate the electric loading via
charge density q and the location of the electric field sensor. The microscopic RVE is depicted at the very
right.

-0.020

q = 40mC/mm3
q = 80mC/mm3

-0.025
0.0 0.5 1.0 1.5 2.0 2.5 3.0
b∞
c)
1 [T]

Figure 2. In a) we show the sensitivity of the detectable electric field at the specimen scale for a
microstructure with anlge β = π/4. Interestingly, the peak sensitivity is achieved for q = 40mC/mm3 . In b)
we show the same graph for the case of β = 0, where the magnitude of the sensitivity is maximal for the
q = 80mC/mm3 -curve. Obviously, the corresponding effective magneto-electric modulus depicted in c) is
orders of magnitude smaller.

electric free charge density in the electrodes. Additionally, we also investigate the effect of the
microstructure orientation. Next to the characteristic sensor property we show the corresponding
material modulus, which obviously does not play a significant role.

Conclusions
In this contribution we investigated the performance of MREs as magnetic-field sensors in a
two-dimensional setting. With our multiscale simulations we confirm the analytical observations
in [11] regarding the performance of such devices. We conclude that for the example under
consideration, the macrostructural magneto-electric effects [11] dominate. The underlying
magneto- and electro-mechanical properties, however, are governed by the MRE microstructure.
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Abstract:
Polymers, composite materials and their combination with metals are increasingly applied in various engineering application fields due to their specific material properties
and their resource-efficient design possibilities. The material behavior of these materials
is highly influenced by the material composition and the manufacturing process, leading to a non-homogeneous microstructure. Thus, predictive computational engineering
methods need to account for this heterogeneous microstructure. The aim of this MiniSymposium is to present holistic integrated simulation approaches in the fields of fluid
mechanic and phase field simulations, structure optimization, as well as micromechanical simulations and homogenization methods. Therefore, the presented material models
are associated with multiscale and Multiphysics modeling and constitutive modeling with
respect to thermomechanical, kinetic (phase field), interface, damage or dynamic failure
approaches.
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Stochastic modelling of microstructures for
virtual material design
Claudia Redenbach1 *
Micro Abstract
Macroscopic properties of materials, e.g. the permeability of a filter or the mechanical strength of a
fiber composite, are highly influenced by the microstructure. Models from stochastic geometry are
valuable tools for studying these relations as they allow for the generation of virtual microstructures
with controlled characteristics. The talk presents models for different material classes and explains
how to fit the models based on geometric characteristics estimated from 3D image data.
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Introduction
A key element in the design of modern high performance materials is the understanding of the
influence of the material’s microstructure geometry on its macroscopic properties. Quantitative
analysis of 3D image data provides valuable information on geometric characteristics such as
distributions of cell or particle sizes, the specific surface area or the orientation distribution
of fibres in composite materials. In a second step, fitting a stochastic model to the observed
characteristics allows to modify the microstructure by generating model realizations with altered
parameters, e.g. higher fibre content, different fibre cross sections or variations in the fibre
orientation distribution. Simulation of macroscopic properties in these ’virtual samples’ then
helps to predict how certain changes of the microstructure will influence the performance of the
material. These findings can then be used to optimize materials for certain applications.
A schematic representation of the cycle of virtual material design is given in Figure 1.

1 Stochastic geometry models
Random closed sets from stochastic geometry provide the framework for defining models for the
microscopically heterogeneous geometric microstructure of materials. In the following, we briefly
introduce some basic model classes. For rigorous definitions we refer to the textbooks [2, 9].
1.1 Point processes
Point processes are a key ingredient of many stochastic geometry models. Briefly speaking, a
point process is a collection of random locations in space. It is called stationary if its distribution
is invariant under translations. If the distribution is invariant w.r.t. rotations, the process is
called isotropic.
One of the main characteristics of a point process is the intensity measure Λ. For a Borel
set B, Λ(B) is the expected number of points in B. For stationary point processes, we have
Λ(B) = λV (B), where V (B) is the volume of B and the constant λ > 0, the intensity of the
point process, is the expected number of points in a unit volume.
The most important point process model is the Poisson process which is used as the reference
model for ’complete spatial randomness’, i.e. no interaction between the points. The name
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Figure 1. Sketch of virtual material design based on stochastic microstructure modelling: observe a real
microstructure through image data (grey), estimate geometric characteristics (histogram), fit a stochastic
geometry model (red), simulate materials properties of interest (blue-to-red scale). Generate altered
microstructures by modification of model parameters (pale red) and investigate the influence on the simulated
properties. Repeat until satisfactory performance is obtained.

Poisson process comes from the fact that the number of points in a bounded set B follows
a Poisson distribution with parameter Λ(B). There is a variety of additional models which
allow for the modelling of interaction (repulsion or attraction/clustering) between the points.
The statistical analysis of random point patterns, various models, and methods for parameter
estimation are discussed in [1, 4].
1.2 Particle processes
In a more general setting, we can consider point processes whose points are no longer locations
but random compact sets in Rd , e.g. balls, cylinders or polytopes. Such processes are called
particle processes. A stationary particle process can also be interpreted as marked point process
by splitting up the particles into centre locations x ∈ Rd and compact sets C having their centre
in the origin. In this case, the intensity measure can be written as Λ = Λ0 ⊗ Q where Λ0 is the
intensity measure of the point process of centre locations and Q is the distribution of the typical
particle which determines the particle shape.
One important example is the Boolean model where centre points form a Poisson process and
particle shapes are drawn independently and identically distributed from the distribution Q
independently of the locations. Consequently, particles can overlap in this model. In many
situations, systems of non-overlapping (or hard) particles are of interest. Such systems can be
generated using the Random Sequential Adsorption (RSA) approach. This algorithm is based
on sequentially adding particles to the observation window such that overlaps are avoided. To
achieve higher packing densities, collective rearrangement algorithms such as the force biased
algorithm [5] can be applied. For examples see Figure 2.
1.3 Random tessellations
Random tessellations are special particle processes where the particles form a division of Rd
into bounded cells whose interiors do not intersect. Maybe the most well-known model is the
Voronoi tessellation which is defined as follows. Let φ be a locally finite set of points in Rd , e.g.
a realisation of a point process Φ. Then the Voronoi cell of x ∈ φ is defined as
C(x) = {z ∈ Rd : ||x − z|| ≤ ||y − z|| for all y ∈ φ},

(1)

i.e. it consists of all points in Rd having x as nearest neighour in φ.
The Laguerre tessellation is a weighted generalization of the Voronoi model. To each point x ∈ φ
we assign a positive weight r > 0 such that the pair (x, r) can be interpreted as a sphere with
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Figure 2. From left to right: Fibre systems generated by a Boolean model (overlapping fibres) and an RSA
process (non-overlapping fibres). 2D sections of a Poisson Voronoi tessellation and a Laguerre tessellation
generated by a dense packing of balls. Note the differences in cell shape.

radius r centred in x. The Laguerre cell of (x, r) is
C(x, r) = {z ∈ Rd : ||x − z||2 − r2 ≤ ||y − z|| − s2 for all (y, s) ∈ φ}.

(2)

Some examples are shown in Figure 2. As in the case of more general particle processes, model
fitting is based on observing geometric characteristics of the typical cell of the tessellation, see [7].

2 Geometric characterisation and parameter estimation
To determine the distribution Q of the typical particle of a particle process, geometric characteristics for the size, orientation and topology of the particles can be considered. A basic
set of characteristics are the intrinsic volumes. In R3 , these are four characteristics, namely –
up to constant factors – the volume V = V3 , the surface area S = 2V2 , the integral of mean
curvature M = πV1 , and the Euler number χ = V0 , see e. g. [2]. For convex and compact sets,
the integral of mean curvature is up to a constant the mean width M = 2π b̄ – a measure for the
particle diameter defined as the distance of two parallel planes enclosing the particle, averaged
w.r.t. rotation. Intrinsic volumes can efficiently be estimated from binary image data using the
approach described in [6].
Besides the analysis of separate particles, also analysing their union, e.g. the fibre system in a
glass fibre material, may provide valuable information. In this case, the densities of the intrinsic
volumes are considered. In practice, they are computed as
VV,k (Ξ) =

Vk (Ξ ∩ W )
,
Vd (W )

k = 0, . . . , d,

(3)

where W is the observation window and Ξ is the random closed set of interest.
In R3 the densities of the intrinsic volumes are the volume density VV = VV,3 , the surface area
density (or specific surface area) SV = 2VV,2 , the density of the integral of mean curvature
MV = πVV,1 , and the density of the Euler number χV = VV,0 .
For a stationary Boolean model, the mean intrinsic volumes of the typical particle and the
intensity λ can be computed from the intrinsic volume densities using the Miles formulas [9].
For systems of non-overlapping particles, one has
VV = λV̄ , SV = λS̄, MV = 2πλ¯b̄, χV = λ,

(4)

where V̄ , S̄, and ¯b̄ are the means of the volume, surface area, and mean width of the typical
particle, respectively.
For fibre systems, the fibre orientation distribution is of additional interest. There are several
approaches for determining the distribution of the local fibre orientation, i.e. the orientation in
the typical fibre point, see [10].
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Figure 3. Volume renderings of CT images of real materials and the corresponding models. Left: A glass
fibre composite and the fitted RSA model. The visualised volume is 3003 pixels which corresponds to a cube
of edge length 0.765 mm. Right: A closed PMI foam and the fitted Laguerre tessellation. The visualised
volume is 6003 pixels which corresponds to a cube of edge length 1.6 mm.

3 Application examples
In the following, we will discuss two application examples: modelling of a glass fibre reinforced
polymer by a system of random cylinders and modelling of a closed cell polymer foam by a
random Laguerre tessellation. Details on the materials and the model fit can be found in [8].
3.1 Fiber composite
As a first example we consider a sample of glass fibre reinforced composite with relatively low
fibre content (15 % by weight, 7.3 % by volume). Model fitting is based on a µCT image of the
material consisting of 1660 × 1660 × 1211 pixels. The pixel edge length is 2.5 µm.
The image was binarised to obtain a volume fraction of VV = 7.3% which is the nominal value
provided by the producer of the material. The fibre length distribution was modelled by a
lognormal distribution with a mean of 250 µm and a standard deviation of 189 µm. Estimates
for the (constant) fibre radius R and the intensity λ are obtained from the Equations (4) as
R̂ = 6.1 µm and λ̂ = 2465.1/mm3 . The fibre direction distribution is modelled by the parametric
distribution model presented in [3]. The concentration parameter is chosen as β = 6 which
yields a girdle distribution, i.e. a distribution concentrated in a plane. The normal vector of this
plane is estimated as (−0.017, 0.0033, 0.9999)T resulting in fibres oriented along the xy-plane.
Fibers are placed in the volume using the RSA approach introduced above. Visualisations of the
original material and a model realisation are shown in Figure 3 (left).
3.2 Closed foam
Our second example is a sample of a Rohacell closed cell polymer foam. We analyse a µCT
image of size 1200 × 1100 × 1300 pixels with a pixel edge length of 2.7 µm. As cell walls in this
material are thin compared to the cell size, not all walls are sufficiently resolved in the CT image.
This results in some holes in cell walls in the segmented image (see Figure 3). By application
of the cell reconstruction method based on the watershed transform presented in [6], the cells
can be separated and analysed. The estimated cell intensity in the sample is λ̂ = 47.61/mm3 .
The cell system is modelled by a Laguerre tessellation generated by a dense packing of spheres
with gamma distributed volumes. For model fitting, moments of the distribution of cell volume,
surface area, mean width, and number of facets are considered, see [7] for details. Visualisations
of the original material and a model realisation are shown in Figure 3 (right).
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Fiber-Orientation-Evolution Models for
Compression Molding of Fiber Reinforced
Polymers
Róbert Bertóti1 * and Thomas Böhlke1
Micro Abstract
This presentation gives a short review on the Fiber-Orientation-Evolution models commonly used
in commercial softwares. The basis of the considered models is Jeffery’s equation from 1922 which
describes the motion of a single ellipsoidal particle in a Newtonian fluid. The later models extend
Jeffery’s equation for many fiber system, with the use of Fiber-Orientation-Tensors. Models are discussed up to the o-iARD-RPR model (Tseng 2016), and compared considering representative flow modes.
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Introduction
The anisotropic mechanical properties of a discontinuous fiber reinforced polymer part mainly
depend on the fiber orientation distribution. To forecast the direction dependent properties, the
production process has to be simulated which is commonly injection- or compression molding.
The next session gives an overview of the several, so-called fiber orientation evolution models
which were developed in the last few decades. Two of these models are implemented and
compared considering representative flow modes and different closure approximations. Through
the Abaqus VUMAT (Vectorized User Material) interface the Folgar-Tucker model with the
quadratic closure is implemented and applied for the compression molding of a plate.

Model equations
Jeffery’s equation
The foundation for all considered fiber orientation evolution models is Jeffery’s equation [6]
which describes the motion of a single ellipsoidal particle in a Newtonian fluid
ā2 − 1
¯
ξ¯ = 2
, ā = ¯l/d.
(1)
ā + 1
The normalized orientation vector of a fiber α is noted with nα and ṅα indicates the material
derivative of it. The effective vorticity and rate-of-deformation tensors are W̄ and D̄, respectively.
The geometry factor ξ¯ is defined through the aspect ratio ā of a representative fiber with the
¯ The dyadic product is noted with ⊗ and a linear mapping with [ ]. A
length ¯l and diameter d.
modern derivation of Jeffery’s equation can be found in [7].
¯ D̄[nα ] − (nα ⊗ nα ⊗ nα )[D̄]) ,
ṅα = W̄ [nα ] + ξ(

Numerically it is more efficient to use fiber orientation tensors [1] instead of modeling each of
the fibers. The empirical, reducible second and fourth order fiber orientation tensors of the first
kind [8], belonging to M pieces of fibers, are defined as
N̄ =

M
1 X
nα ⊗ nα
M

,

N̄ =

α=1

M
1 X
nα ⊗ nα ⊗ nα ⊗ nα .
M
α=1
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With the use of these fiber orientation tensors Jeffery’s equation can also be written in a tensorial
form
˙ h = W̄ N̄ − N̄ W̄ + ξ(
¯ D̄ N̄ + N̄ D̄ − 2N̄∗ [D̄]).
N̄

(3)

The upper index h indicates that (3) describes the reorientation for the case that only hydrodynamic forces are acting. The forth order fiber orientation tensor N̄ is marked with a ∗ in (3),
because different approximations can be used to calculate it. The simplest one is the quadratic
closure [4]
N̄Quad = N̄ ⊗ N̄ .

(4)

This formula is only exact for unidirectional fiber orientation distributions. For more precise
calculations, in this paper, the Invariant Based Optimal Fitting (IBOF) closure [3]
N̄IBOF = β̄1 sym(1 ⊗ 1) + β̄2 sym(1 ⊗ N̄ ) + β̄3 sym(N̄ ⊗ N̄ )+
β̄4 sym(1 ⊗ N̄ N̄ ) + β̄5 sym(N̄ ⊗ N̄ N̄ ) + β̄6 sym(N̄ N̄ ⊗ N̄ N̄ )

(5)

is used. The rule, how to calculate β̄i , i = 1 . . . 6, as a function of the second and third invariants
of N̄ , is given in [3]. The sym( ) operator calculates the symmetric part of its argument and 1
notes the second order identity tensor. There are several other types of closure approximations
which are not considered in this paper.
Extensions of Jeffery’s equations
To consider the effect of the fiber-fiber interaction Folgar and Tucker (FT) [5] added an isotropic
rotary diffusion term to (3)
q
˙ FT = N̄
˙ h + 2C̄ γ̄(I
˙
˙
N̄
−
3
N̄
)
,
γ̄
=
(2(D̄ · D̄)) , C̄I = f¯(c̄f ).
(6)
I
The FT model predicts to fast fiber reorientation in comparison to experiments. To slow down
the fiber reorientation Wang et al. introduced the Reduced Strain Closure (RSC) model [11].
To be able to predict Anisotropic Rotary Diffusion (ARD) Phelps and Tucker introduced the
ARD model [9] which can be combined with the RSC model. The ARD-RSC model includes 6
phenomenological parameters. To reduce the number of these parameters Tseng et al. introduced
the objective improved ARD model with Retarding Principal Rate (o-iARD-RPR) [10] which
contains only 4 phenomenological parameters.

Numerical implementation and results
Representative flow modes
The tensorial form of Jeffery’s equation (3) and the Folgar-Tucker model (6) are implemented
with the quadratic (4) and IBOF closures and compared for representative flow cases. The
investigated shear, elongational, compressional and planar flow cases are the same as described
in [2]. The initial fiber orientation distribution is isotropic. The similarities and differences
of the four investigated models are represented here on the example of the N̄xx component vs.
the von Mises equivalent strain εM , considering the shear (Figure 1a)) and the elongational
(Figure 1b)) flow.
2D Eulerian press model
A fluid material model is implemented through the VUMAT interface. This fluid model is tested
for simple shear, elongation and compression, with the help of a one element Lagrangian model,
and it is proven that the numerical results match the analytical solutions.
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Figure 1. The evolution of the the N̄xx component in a) shear flow and b) in elongational flow

Figure 2. 2D Eulerian press model in Abaqus, a) initial state, before compression, b) end state, after
compression

For the 2D Eulerian press model the Folgar-Tucker equation (6) with the quadratic closure (4)
are implemented. The 2D, Eulerian press model is depicted in Figure 2.
The initial fiber orientation distribution is planar isotropic in the x-y plane. The final spatial
distribution of the diagonal components of N̄ are represented in Figure 3.

Conclusions
With the introduced 2D Eulerian press model the shell-core-shell fiber orientation layers can be
analyzed, and all of the constitutive equations can be modified. The shell layer is not modeled
correctly yet, because the actual model does not consider the high temperature gradients at the
contact surface of the press plate and the compressed material. The model can be developed to
investigate the effect of the anisotropic effective viscosity [2].
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[2] R. Bertóti and T. Böhlke. Flow-induced anisotropic viscosity in short frps. Mechanics of
Advanced Materials and Modern Processes, 3(1):1–12, 2017.
[3] D. H. Chung and T. H. Kwon. Invariant-based optimal fitting closure approximation for the
numerical prediction of flow-induced fiber orientation. Journal of rheology, 46(1):169–194,
2002.
[4] M. Doi. Molecular dynamics and rheological properties of concentrated solutions of rodlike
polymers in isotropic and liquid crystalline phases. Journal of Polymer Science: Polymer
Physics Edition, 19:243, 1981.
[5] F. Folgar and C. L. Tucker III. Orientation behavior of fibers in concentrated suspensions.
Journal of reinforced plastics and composites, 3(2):98–119, 1984.
[6] G. B. Jeffery. The motion of ellipsoidal particles immersed in a viscous fluid. In Proceedings
of the Royal Society of London A: Mathematical, Physical and Engineering Sciences, volume
102, pages 161–179. The Royal Society, 1922.
[7] M. Junk and R. Illner. A new derivation of Jeffery’s equation. Journal of Mathematical
Fluid Mechanics, 9(4):455–488, 01 2007.
[8] K.-I. Kanatani. Distribution of directional data and fabric tensors. International Journal
of Engineering Science, 22(2):149–164, 1984.
[9] J. H. Phelps and C. L. Tucker. An anisotropic rotary diffusion model for fiber orientation in
short-and long-fiber thermoplastics. Journal of Non-Newtonian Fluid Mechanics, 156(3):165–
176, 2009.
[10] H.-C. Tseng, R.-Y. Chang, and C.-H. Hsu. An objective tensor to predict anisotropic fiber
orientation in concentrated suspensions. Journal of Rheology, 60(2):215–224, 2016.
[11] J. Wang, J. F. O Gara, and C. L. Tucker III. An objective model for slow orientation
kinetics in concentrated fiber suspensions: Theory and rheological evidence. Journal of
Rheology, 52(5):1179–1200, 2008.
614

MS18

Virtual Analysis and Design of New Materials
Proceedings of the 7th GACM Colloquium on Computational Mechanics
for Young Scientists from Academia and Industry
October 11-13, 2017 in Stuttgart, Germany

Effective meso properties for fibre reinforced
polymer curing
Christian Dammann1 *, Rolf Mahnken1 and Peter Lenz1
Micro Abstract
Our work presents volumetric effective properties in dependence on the degree of cure. They are
obtained by homogenization for a representative unit cell on the heterogeneous microscale. To
this end, analytical solutions for (n)- and (n + 1)-layered composite sphere models are derived.
In a numerical study it is demonstrated that the effective properties lie within certain bounds.
Moreover, application of the effective properties to the curing of fibre reinforced polymers is investigated.
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Introduction
During resin transfer molding, a production process for fibre reinforced composites (FRP),
starting with the initial uncured state the matrix of the FRP as a mixture of resin (r) and
curing agent (ca) undergoes a polymerization process during curing to a solid material (sol).
A simulation of such a production process requires the thermo-chemo-mechanical effective
material properties (also known as overall or bulk properties, respectively) in terms of a so called
degree of cure z. For this purpose two conceptions for the matrix, a homogeneous mixture and
a heterogeneous mixture can be distinguished: A homogeneous mixture for all constituents,
resin, curing agent and solidified material results e.g. in the compression moduli derived in [1]
and [2] depending on z. These results are regarded to as (Voigt and Reuss) bounds for more
advanced approaches, where a geometrical arrangement of the microscale is taken into account
by a heterogeneous mixture. In this context, the (2)-layered composite sphere model originally
introduced in [3] is extended to account for thermo-chemo-mechanical coupling in [4]. In this
work, n spherical constituents accounting for thermo-chemo-mechanical coupling are taken into
account.
a)
Rn
p

Matrix
Ri v (i)

b)

Matrix
p

c)

Rn

R1
v (1)
v (n)
θ, z v

θ, z v

Figure 1. Two idealizations of the inclusion: a) heterogeneous n-layered composite sphere, b) homogeneous
sphere and c) 3-layered composite sphere (micro-RVE) over time: initial uncured, partially cured and fully
cured state.

1 An n-layered composite sphere model for thermo-chemo-mechanical loading
The two different idealizations shown in Fig. 1.a,b have in common that a spherical inclusion
is embedded in an infinite homogeneous medium denoted as matrix. Both are subjected to a
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uniform thermal loading in terms of a prescribed temperature θ, a chemical loading in terms
of a degree of cure z and a mechanical loading in terms of a prescribed pressure p. For a
heterogeneous mixture denoted as het an n-layered composite sphere model according to Fig.
1.a is assumed with n spherical inclusions on the microscale. The constituents i ∈ [1, n] with
partial volumes v (i) and corresponding radii Ri assemble to a total volume v. In order to obtain
effective properties, this is considered as a micro-RVE.
We assume a decomposition of the strain tensor according to the geometric linear theory into
(i)
(i)
(i)
elastic, thermal, and chemical parts ε(i) = sym{∇u(i) } = εel + εth + εcur for i ∈ [1, n], where
u(i) is the displacement vector defined at any point P (i) within the volume v. The equilibrium
condition is written at any point P (i) as div σ (i) = 0, i ∈ [1, n]. Furthermore, the following
constitutive equations are employed for the individual strain contribution
1.


−1
(i)
εmech = C(i)
: σ (i) ,

(i)

2. εth = α(i) ∆θ1,

3.

(i)
εcur
= β (i) 1, i ∈ [1, n],

(1)

with fourth order elasticity tensor C(i) , heat- and curing-dilatation coefficients α(i) and β (i) for
phase i and a homogeneous temperature change ∆θ = ∆θ(i) for i ∈ [1, n]. We remark, that Eq.
(1.1) and Eq. (1.2) are dependent on the state variables σ (i) and ∆θ, respectively, whereas Eq.
(1.3) is independent of state variables. The boundary value problem (BVP) is constituted by the
Navier-Lamé differential equation (resulting from the equilibrium condition in radial direction)
together with the continuity conditions at the interfaces and a boundary condition where we
exploit that the micro-RVE is subjected to a pressure p.
Next, an equivalent homogeneous spherical inclusion is considered with a loading as shown in
Fig. 1.b. The basic relations for the n-layered inclusion are applied to this inclusion by setting
n = 1. Analogously to Eq. (1), the constitutive equations
1.

εmech = C−1 : σ,

2. εth = α∆θ1,

3. εcur = βz1,

(2)

are employed. In Eq. (2) we have the fourth order elasticity tensor C, the heat- and the curingdilatation coefficients α and β, the temperature change ∆θ and the degree of cure z, respectively.
Upon comparing Eq. (2) to Eq. (1), we observe the same structures for Eq. (2.1) and Eq. (1.1)
as well as for Eq. (2.2) and Eq. (1.2), since they are dependent on the state variables p and
∆θ, respectively. Contrary to the temperature θ, the degree of cure z cannot be assumed
homogeneous within the heterogeneous mixture. Therefore, different structures are defined for
Eq. (2.3) and Eq. (1.3). Setting n = 1 the Navier-Lamé differential equation together with a
pressure boundary condition constitutes the BVP for the equivalent homogeneous sphere.
In order to obtain the effective properties, as a homogenization condition, the displacement at
the outer boundary of the equivalent homogeneous sphere is equated to the one of the composite
sphere. This yields the effective compression modulus K, as well as the effective heat-dilatation
coefficient α and the effective curing-dilatation coefficient β, see [5] for more details.

2 Application to curing
In this section the results for the special case with three phases for a homogeneous mixture
(hom) and the heterogeneous mixture (het) are applied to curing. Related to hom, an equally
distributed mixture is assumed for n phases on the microscale according to Fig. 1.b. For this,
Voigt and Reuss bounds derived in [5] are applied. In particular we are interested in the effective
compression moduli, KV and KR , and the effective heat-dilatation coefficient, αV and αR , each in
terms of the degree of cure z. In addition, the effective curing-dilatation coefficient βest from [5]
is used which is not depending on z.
Fig. 1.c illustrates the micro-RVE with three partial volumes v (i) , i = sol, ca, r over time t. Fig.
2.a shows the effective compression modulus K for the heterogeneous matrix versus the degree
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of cure z. The bounds KR and KV obtained from the homogeneous matrix are comparatively
plotted. Fig. 2.b shows the effective heat-dilatation coefficient α versus z. The bounds for
the effective heat-dilatation coefficient αR and αV are plotted in addition. Fig. 2.c shows
the effective curing-dilatation coefficient β and the estimate for the effective curing-dilatation
coefficient βest versus z. As a further result, Fig. 2.d shows the chemical part of the volumetric
strain. For the heterogeneous matrix, the trace of εcur in Eq. (2.3) is combined with β. The
result is denoted as ecur in Fig. 2.d, where βest is used in ecur for the homogeneous matrix.
a)

·103
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Figure 2. Effective properties and bounds versus the degree of cure: a) compression moduli, b)
heat-dilatation coefficients, c) curing-dilatation coefficients and d) volumetric curing strains.

Conclusions
We conclude, that the effective elastic and thermal properties lie within the Voigt and Reuss
bounds, whilst for the chemical part of the model, an analogous result is obtained for the
effective strains. This principal difference is a consequence of the assumptions for a homogeneous
distribution of the temperature change and an inhomogeneous distribution of curing in the
constitutive equations on the microscale.
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A micro-mechanically motivated approach for
modelling the oxidative ageing process of
elastomers
Darcy Beurle1 *, Markus André2 and Udo Nackenhorst1
Micro Abstract
The mechanical response of elastomers is strongly influenced by chemical ageing, which changes the
polymer network through chain scission and formation of new links. In this work, a micro-mechanical
approach based on chain statistics is used to introduce ageing effects into the constitutive model.
Spatial homogenisation is performed through a unit-sphere technique. As a first step, chain scission
is handled by a modification of the underlying probabilistic model, and challenges of modelling a
secondary network formation are discussed.
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Introduction
Degradation of elastomers and the corresponding material performance reduction due to chemical
ageing is an important engineering design consideration. The major drivers in the chemical
ageing process are two competing reaction terms; chain scission and secondary network formation.
This work aims to describe the ageing process in a micromechanical framework. A description of
these phenomena from a micromechanical perspective is advantageous, as it provides deeper
insight not obtainable from current phenomenological approaches.
A defining characteristic of elastomers is their complex molecular structure which consists of
many polymers (long chain like structures, see Figure 1a) and their interactions with filler
particles and neighbouring chains. This microstructure allows elastomers to undergo large elastic
deformations in comparison to metals. However, an alternative modelling approach is required.
The aim is to extend the present modelling approach to include the evolution of a secondary
network at a later time.

1 Background
Elastomers comprise of polymers which are in turn made up of repeating units of molecules
to form a chain. These chains are sparsely linked to neighbouring chains and interact with
filler particles. This allows sliding to occur between chains but provides a degree of structural
integrity.
Chain scissions are driven by chemical reactions that sever a chain segment and introduce free
radicals into the polymer network. These chemical reactions are highly dependent on the oxygen
concentration in the material and constitute a coupled mechanical and reaction-diffusion process.
When a polymer chain is scissioned, its load carrying ability is destroyed and the chain can be
said to be inactive, see Figure 1b. As a first approach, we only consider chain scission that leads
to a stress-softening behaviour. Consequently, this will lead to a continously decreasing stress
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response throughout time as is observed in experimental data. Opposing chain scission is the

(a) Two active polymer chains

(b) One active polymer chain

Figure 1. Scissioning one segment deactivates the chain

secondary network formation that results in the creation of additional cross-links with other
polymer chains. This phenomenon is observable in the embrittlement of the elastomer.

2 Statistical approach for chain scission
In a polymer network, the number of unconstrained segments N between two cross-links is
defined as a chain. Each chain in the polymer network has a certain number of segments and
each segment has a probability pf to undergo a scission reaction within a unit time period
resulting in a segment failure. This probability is predominantly dependent on the reaction
kinetics and in turn the availability of oxygen, temperature and other reaction rate modifiers.
Taking the complementary probability pf = 1 − pf gives the probability that a given segment is
still active. This can be applied to each segment of a chain as shown in Figure 2.
1-pf

1-pf

1-pf

1-pf

Figure 2. A chain with each segment probability to remain active

An entire chain will remain active if no scission events occur along the length of N segments,
leading to the expression for the probability of a chain survival,
pcs = (1 − pf )N .

(1)

Each chain has a probability to become inactive given by the complementary probability of
Equation 1,
pcf = 1 − pcs = 1 − (1 − pf )N ,

(2)

for a given polymer chain with N segments. Intuitively the longer a chain the higher the
probability that it will be subject to a scission event. This observation is reflected in Equation 2,
where for larger N the probability of failure increases.
A simple evolution equation is introduced to describe the change in the number of chains,
dn
= −npcf ,
dt

(3)

where n is the number of active chains in the network. If pcf is time-invariant and taking n0
as the initial number of chains in the network, the solution of the first order linear differential
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equation in Equation 3 is given by
n(t) = n0 exp(−pcf t) .

(4)

In order to implement this in a finite element framework, additional data structures are required.
Firstly, we divide the total number of chains into groups which have a common number of
segments N and suppose that the number of segments per chain can be described by a set with
p entries,
N = {N1 , N2 , . . . , Np } ,

(5)

n(t) = {n1 (N1 , t), n2 (N2 , t), . . . , np (Np , t)} ,

(6)

which can be described by an arbitary distribution of chain lengths with the restriction that the
number of segments must be greater than unity. The number of chains is then decomposed into
a set with p entries
where the summation of the chains with a given number of segments must yield the total number
of chains in the network n0 at time t = 0,
n0 =

p
X

ns (Ns , t = 0) .

(7)

s=0

A relationship between the shear modulus G and the number of chains from Equation 3 is given
by G = nkT , where k is the Boltzmann constant and T is the temperature in Kelvin [2].
The affine microsphere model is used as a basis for the homogenisation [1]. A key advantage of
this model is the ability to develop a one-dimensional description of the chain behaviour with a
non-Gaussian description for the force on a single unconstrained chain,
√
(8)
F = kT N L −1 (λr )
√
where k, T and N are as before, L −1 is the inverse Langevin function, λr = λ/ N is the
relative stretch, λ is the stretch, and homogenises this on the unit sphere to produce a three
dimensional model. Modifications to this model assuming an m point quadrature scheme for the
unit sphere discretisation (see Figure 3) can now be made with the aid of an assembly operator
A which sums all of the contributions of the chain groups. Using a Padé approximation to
compute the inverse Langevin function results in the deviatoric part of the Kirchhoff stress,
p

τ̄f =

A Gs
s=0

m
X
3Ns − λ̄2
i

i=1

Ns − λ̄2i

ti ⊗ ti wi ,

(9)

where s is the current chain group index, λ̄ is the microstretch and t is the isochoric stretch vector
which is related to the integration point locations on the unit sphere. The deviatoric projection
of Equation 9 is made in order to compute the Kirchhoff stress. For further information on the
affine microsphere model, the reader is referred to the original paper [1].

3 Results
A series of computational stress relaxation experiments were performed on a cube test specimen
with a single hexahedron element with tri-linear shape functions. The specimen was loaded to a
fixed displacement and held for 1000 hours. Symmetry boundary conditions were applied to the
model as depicted in Figure 3, resulting in a homogeneous stress state. The stress component in
the load direction was plotted over time, see Figure 4.
From Figure 4, it is seen that the stress relaxation exponentially decays with a rate highly
dependent on the probability of scission pf . In this idealised example, the probability of scission
is uniform throughout the geometry and is not influenced by time or oxygen concentration. A
physical intepretation of this scenario is an oxygen saturated specimen where oxygen is replaced
as soon as it is consumed. In a more realistic example, a heterogeneous oxygen concentration
affects the probability of a segment failure, therefore leading to a heterogenous stress response.
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Figure 3. Test case cube geometry with unit sphere discretisation at each quadrature point
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Figure 4. Numerical experiments of chain scission

Conclusions
The model presented here draws on insights from micromechanical considerations, resulting
in a simple evolution equation for the stress softening from the chain scission reactions. An
elementary data structure was included to capture the effect of segment and chain distributions.
The affine microsphere model was used to include the scission behaviour and the numerical
experiments resulted in an exponential decay. With this micromechanical approach of the
chain scission allows investigation of the influence of segment length distribution and segment
probability dependencies on oxygen concentration.
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Rheology of Additive Manufacturing Processes
for Medical Silicone
Philipp Hartmann1 *, Christian Weißenfels1 and Peter Wriggers1
Micro Abstract
The objective of this project is to simulate the 3D-printing of medical grade silicone to support patient
specific implant development. This requires the formulation of a thermodynamically consistent finite
strain curing model, whereby a multiphysics approach for the mechanical, thermal and chemical fields
is necessary. Due to the complexities of the manufacturing process, the Optimal Transportation
Meshfree method is used to obtain a numerical solution.
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Introduction
In the health care industry the treatment of neuronal hearing loss with cochlea implants is a
well established medical intervention. Since only standard implant sizes are available, a patient
specific additive manufacturing process to improve their functionality is desirable.
Therefore, a prototype 3D-printer device was built by the Excellence Cluster Hearing4all of
the Hanover Medical School (MHH) [3], using Room Temperature Vulcanisation (RTV) medical grade silicone. The material behaviour can be characterised as viscoelastic and process
dependent. Due to the curing phenomena, which is an exothermal chemical reaction leading
to the crosslinking of polymer chains, the material transforms from a viscoelastic fluid into a
viscoelastic solid. The additive manufacturing is then performed by an extrusion of the fluid
like material. To obtain higher geometrical precision, heat curing is induced by an infrared
laser. The heating accelerates the curing and in turn the solidification and this reduces material
spreading.
The influence of processing parameters such as extrusion rate and translation velocity can be
estimated based on operator experience. However, the material behaviour during the printing
process is not yet fully understood. Therefore, the objective is to simulate the 3D-printing of
medical grade silicone in support of patient specific implant development. This includes, besides
the modelling of the printing simulation, a thermodynamically consistent formulation of a large
strain curing model.

1 Large strain curing model
From the numerical point of view a multiphysics approach for the mechanical, thermal and
chemical fields is necessary. This includes the formulation of a thermodynamically consistent
curing model. Due to observed material spreading up to 30 percent [3] for the sample medical
silicone, a finite strain curing model has to be applied. The used model is based on Lion’s
idea [2] of decomposing the deformation gradient, cf. equation (1), into a mechanical, chemical
and thermal part,
F = FM FC FΘ ,
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respectively. This includes the modelling of thermal expansion and volume shrinkage with an
isotropic approach for the chemical
FC

= g(. . . )1/3 1

g(. . . ) = g(α) = 1 + βc α

βc ≤ 0

(2)

βΘ ≥ 0.

(3)

and the thermal deformation gradient
FΘ = ϕ(. . . )1/3 1

ϕ(. . . ) = ϕ(α) = 1 + βΘ α

1.1 Mechanical part
The viscous mechanical material behaviour is modelled with a generalised Maxwell-model (e.g [4])
as depicted in Figure 1. This model consists of an equilibrium spring with shear modulus µ∞

Figure 1. Generalised Maxwell-model to capture viscoelastic behaviour

and n Maxwell-elements with one spring and dashpot each. Due to the pure elastic behaviour of
the springs and the inelastic behaviour of the dashpots, the total strain ε is decomposed into
an elastic εe and an inelastic part εin . Computationally an evolution equation for the inelastic
strain of each Maxwell-element has to be formulated and solved.

1.2 Process dependencies
During the printing process material curing occurs and the shear moduli, as well as the viscosities,
are evolving. Thus, they need to be formulated as process dependent variables. The basis of the
process dependent formulation is the introduction of the so-called degree of cure α. It represents
the fraction of crosslinked polymer chains and is defined in the range [0, 1]. The evolution of
the degree of cure is dependent on the specific reaction kinetics. Commonly, an Arrhenius-type
evolution equation of the form
α̇(Θ) = [A1 (Θ) + A2 (Θ)αm ](1 − α)n ,

(4)

where
B1

A1 (Θ) = Ac1 e− Θ

B2

A2 (Θ) = Ac2 e− Θ

(5)

is used to describe the kinetics. It is a function depending on the temperature Θ and four
parameters which have to be determined experimentally. The introduced shear moduli and
viscosities are then functions of the temperature and the degree of cure.

2 Numerical approximation scheme
Due to the geometrical complexities of the printing process, the Optimal Transportation Meshfree
(OTM) method [1] is used to obtain a numerical solution. Similar to the Finite Element Method
(FEM), the OTM method is an approximation on the continuum scale based on the weak form of
the governing partial differential equation. In the present case, the equation of linear momentum
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and the energy equation are solved.
Similar to the FEM, the OTM approximation scheme consists of nodal and integration points,
the so-called material points. However, there are no fixed elements containing a specific nodal
connectivity. All nodes inside a predefined support domain are associated with the specific
material point and all surrounding material points form the influence domain of a node. In
Figure 2 the two different kind of points with their domain are illustrated, nodal points in white
and material points in red. The support and influence domain of the points are dynamically
updated, such that two approaching bodies can simply merge and large deformations can be
computed without requiring re-meshing.

Figure 2. Support domain of nodal points and influence domain of material points

3 Results
As a first step, the resulting thermo-chemo-mechanical coupled equations are implemented into
the in-house OTM-code and verification examples exhibiting chemical shrinkage and thermal
expansion are successfully performed. As an example, the verification of chemical shrinkage is
presented. In Figure 3 the geometry of the quasi two-dimensional verification example with
dimensions 20 × 5 × 0.5 [mm] is depicted. On the bottom and the top the displacements are

Figure 3. Dimensions and boundary conditions of the verification example

constrained in x- and y-direction and all displacements in z-direction are inactive with no applied
external loads. In Figure 4 the deformed shape of the initial body is depicted. On both sides
a contraction is observable which indicates a volume shrinkage, thus chemical shrinkage takes
place.

Figure 4. Displacement field of verification example which indicates a chemical shrinkage

As a next step the material extrusion is modelled within the OTM method. In Figure 5 the
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displacement field of a preliminary 3D printing simulation is depicted. It can be seen that printed
material remains on the printing plate and the extrusion cylinder continues its movement and
extrusion in a linear fashion. With the developed code it is now possible to simulate the first
phase of the printing process.

Figure 5. Displacement field in translation direction of 3D printing simulation

Conclusions
The Lion model appears to be a sound basis for a thermodynamically consistent formulation of
a large strain curing model, where the mechanical part is modelled by a generalized Maxwell
model. It includes all necessary aspects of curing as chemical shrinkage and thermal expansion
and possesses ‘enough freedom’ for the upcoming material fit and modelling of the process
dependent variables.
Furthermore, the OTM method seems to be a promising approach for 3D printing simulations,
where the preliminary development has been successfully completed.
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Experimental methods to validate modeling of
fiber reinforced materials
Markus G. R. Sause1 *
Micro Abstract
This contribution provides insight to some methods that provide an experimental data basis for
modeling of material constituents on microscopic scale and their interaction. This covers the use of
versatile full-field methods to improve the cross-validation, to obtain fiber dispersion, topology and
orientation, the use of micromechanical techniques and application of in-situ methods to analyze
damage progression as function of external load
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Introduction
In the past century, material modeling methods have been established for homogenous isotropic
materials. Developments of the last 50 years then extended their applicability to homogenous
anisotropic materials, followed by activities in the last 20 years to consider heterogeneity and
hierarchy of materials. For fiber reinforced polymers (FRP), this needs to consider the distribution
and orientation of the filaments and rovings, that cause the anisotropy and heterogeneity
within the material. Much of these approaches have approximated the material microstructure
as perfectly symmetric by introducing representative volume elements or by using material
homogenization techniques on artificial sub-structures as in textile architectures. Despite of the
significant advances this added to the fields of structural modeling, process modeling and alike,
some of the modeling attempts are prone to fail if the real microstructure of the material is
not sufficiently considered. This may happen whenever the approach involves materials with
pronounced heterogeneity (as seen e.g. for tape-based thermoplastic materials or metal/FRP
hybrids) or gradient sub-structures (e.g. due to filler particles with preferred dispersion). In
addition, this may easily happen for modeling attempts trying to capture the dynamics of
fracture processes, or trying to describe the interaction of internal substructures with wave-fields.
The aim of this contribution to GACM 2017 is to highlight some of the latest experimental
developments that help to validate associated modeling work.

Computed tomography
One powerful experimental approach is the use of computed tomography for quantitative
measurement of the 3-dimensional inner structure of materials with unprecedented accuracy.
Meanwhile, even commercial systems allow voxel resolutions below one micrometer, sufficient
to analyze the orientation of single fiber filaments (cf. Figure 1-a). At synchrotron facilities,
full 3D images of fiber reinforced materials can now be recorded in the sub-seconds range [12].
Several software packages are readily available to perform automated analysis of fiber orientation
and their size distributions. Still this is an active field of research, as quantitative results are
influenced by the particular algorithm, the raw data quality and averaging effects. Nevertheless,
direct mapping of fiber orientation extracted from volume images is getting a standard for
modeling the directivity effects and material mixtures on the microscale by importing this
information into modeling programs. Another recent approach is the extraction of internal
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Figure 1. Example for high-resolution details of an carbon fiber reinforced polymer (a) and extraction of
fracture surface resulting from normal load into mesh (b).

topologies for modeling work. Figure 1-b. shows an example of an extracted crack surface
used for a finite-element-modeling (FEM) approach. For the purpose of comparison to crack
modeling techniques, concise knowledge of the true crack topology in the material is crucial. In
addition, in modeling of nondestructive testing methods, a detailed description of the interaction
between such defects and the incident wave-field is important to turn from qualitative modeling
to quantitative modeling [8, 13].

Full-field methods
For the purpose of thermomechanical modelling of materials it has already become a standard
to use image correlation measurements on macroscopic scale [8, 11]. The tracking of subsets
of stochastic patterns provide a discrete representation of displacement fields and strain fields
on the surface of the material. This is not limited to the macroscopic scale as seen in the
same approach applied to an image series recorded in 3-point bending of a fiber reinforced
thermoplastic material. In this case, the stochastic fiber distribution acts as natural pattern,
used for an image correlation step. In addition, the incorporation of this fiber distribution into
an FEM program and application of the experimental displacement constraints then allows for
numerically reproducing the same inhomogeneity of the strain field as recorded experimentally
(cf. Figure 2). Meanwhile, several groups reported the successful use of the inner material
structure to perform digital volume correlation [1, 2, 11]. With the same idea and the availability
of volumetric correlation algorithms, this allows extraction of volumetric displacement fields and
strain fields to compare to corresponding modeling work.

Micromechanics
For modeling on the microscale, several material properties of the matrix material and the
reinforcement fibers, as well as their interaction is required. For process modeling, it is important
to consider, that the presence of the fibers may lead to changes of the matrix chemical structure
in the vicinity, so macroscopically determined properties may not necessarily be applicable.
However, peak force quantitative nanomechanics (PFQNM) mapping techniques of local stiffness
values may add to understand such changes [6]. However, some reinforcement fibers themselves
are anisotropic, yet measurement of their full stiffness tensor is still not accessible by experimental
means. In a related field, the quantification of the adhesion between fiber and matrix is still
challenging. To respect all influence due to the fabrication process, the single fiber push-out
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Figure 2. Inhomogeneities due to presence of porosity seen in the strain field in x- and y-direction and
comparison to corresponding modeling work.

technique uses a small slice of a fiber reinforced material to evaluate the quality of the bonding.
With a modified, cyclic load profile it became possible measuring the mode II interfacial fracture
toughness [3, 4, 7]. This can be used for numerical modeling of this experiment setting and thus
cross-validate the experimentally used data reduction [4] and to visualize the crack growth as
function of load, taking into account residual thermal stresses and the presence of surrounding
fibers (cf. Figure 3.).

Figure 3. False-colour representation of interface decohesion (blue colour at initiation, red colour corresponds
to completely debonded) as computed with cohesive zone model including influence of surrounding fibers for
push-out displacements of 0.3 µm, 0.5 µm, 0.65 µm and 0.85 µm

In-situ methods
In-situ observation for material modeling is valuable for micromechanical modeling, but certainly
not limited to this field. Especially for structural modeling of fiber reinforced materials under
load, the use of full-field methods, such as digital image correlation is well known for validation
of FEM modeling of materials, but also used for structural components. Other methods, such
as acoustic emission add further information obtained in-situ during application of the load.
Recording the transient acoustic waves due to crack initiation and progression allows tracking the
birth and growth of damage inside the material. Using signal classification procedures this can
be assigned to particular failure mechanisms [8–10]. With the aid of sensor networks, this also
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allows to localize the position of the crack in the material [5,8]. The mapping of this information
to the structure as function of load can be compared to prediction of failure mechanisms from
analytical or numerical models. A simple example for such a comparison shows the calculated
first onset of inter-fiber failure and fiber failure using Puck’s failure criteria and the acoustic
emission result for several laminate configurations in Figure 4.
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Figure 4. Comparison of Puck’s failure criteria vs. acoustic emission measurement results for several different
laminate configurations.

Conclusions
Modern experimental approaches allow validating modelling techniques for fiber reinforced
materials in several aspects. They can provide details of the volumetric material structure of
the material and allow full-field comparison of calculated quantities with measured quantities.
Dedicated micromechanical experiments have been designed to test for the interaction between
fiber and matrix materials and to measure the material properties required for fracture mechanics
approaches on the microscale. Even for macroscopic test situations, in-situ methods can be
used to access full-field displacement and strain information, but also to register and localize
formation of damage.
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Influence of the tape number on the optimized
structural performance of locally reinforced
composite structures
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Micro Abstract
For lightweight applications, a combination of discontinuous and continuous fiber reinforced polymers is aspired,
where position, geometry and orientation of the reinforcing continuous fiber tape needs to be optimized. Therefore,
the proposed approach combines an evolutionary algorithm with a structural simulation in the FE software Abaqus.
With this method, the influence of different tape numbers on the optimized tape design as well as on the final
structural performance is demonstrated.
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Introduction
Optimization tools are often part of the product development process, where problem specific strategies
are necessary to find the best solution. A commonly used optimization objective is to achieve highest
performance in terms of maximum stiffness, while using a minimum of material. To fully exploit the
excellent weight-specific stiffness of composite materials, however, the high anisotropy of this material
needs to be suitably considered in optimization strategies.
In this work, an optimization strategy is proposed to determine an optimal patch design for continuousdiscontinuous fiber reinforced composites. In such hybrid composite structures, continuous fiber patches
are used to reinforce long-fiber composites and, thus, to maximise the weight-specific stiffness within a
tolerable frame of time- and cost-efficient manufacturing. The proposed approach comprises an
evolutionary algorithm (EA) in combination with the finite element (FE) software Abaqus. Evolutionary
algorithms are generally suitable to solve Black Box optimization problems very efficiently. Another
advantage of the presented approach is the use of parallel computation, which can be utilized for the
computationally expensive FE calculations. The capability of EA to solve composite related FE
problems has been proven with the optimization of a laminate stacking sequence [1]. Furthermore, an
EA has been used in [2] to optimize a draping process. The application of an EA to optimize for a patch
optimization problem has been demonstrated by the author [3]. For the presented patch optimization
problem, the influence of the number of used patches on the final result will be demonstrated.Put the
First Section Title Here

1 Optimization Problem Definition
In order to maximize the part stiffness, the optimization objective is the minimization of the compliance.
Therefore, the displacement at a reference point is measured. A minimum of patches should be used,
which is why the minimization of the tape length is used as second objective. Besides the optimization

632

MS18

Virtual Analysis and Design of New Materials

objectives, a number of manufacturing constraints should be considered to achieve a producible solution.
Constraints are, for example, distances to boundaries, maximum total patch length and patch width.
Four optimization parameters are required to characterize the patch (Figure 1): length (L), orientation
(α) and position (X, Y). For all patches the position is specified by the X and Y coordinate of the corner
of a patch, as shown in Figure 1. Patch width (W) is kept constant during the optimization. Also, the zposition is well known, because the patch is always on the part surface.
To demonstrate the influence of the part number on the optimization problem, the total number of
patches is varied between the optimization runs.
Therefore, the optimization problem is described as follows:

𝑀𝑖𝑛 𝑓1 (𝑦) = 𝑀𝑖𝑛 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 (𝑦)
𝑀𝑖𝑛 𝑓2 (𝑦) = 𝑀𝑖𝑛 𝑝𝑎𝑡𝑐ℎ 𝑠𝑖𝑧𝑒 (𝑦)
are the objective functions, while the vector of design variables is

𝑦 = (L, X, Y, α)
Since an EA is used to solve this optimization problem, the objective functions fitness 1 (f1) and fitness
2 (f2) are treated equivalent, hence no weighting is necessary. The number of patches is a main subject
of the analysis, and is therefore set to NP = [1, 2, 3].

Figure 1: Representation of the optimization parameter

2 Evolutionary Algorithm
The applied evolutionary algorithm consists of three major phases: selection, recombination and
mutation. Figure 2 (left) shows the workflow of EA. First, an initial population µ0 is created. In this
context a population is a set of design variable vectors y. The size of the initial population depends on
the optimization problem. For the patch optimization problem the initial population is set to µ0 = 100
for all patch configurations. The design variables, y, for the initial population are set randomly. The
fitness calculation step for each individual consist of a draping simulation, followed by a structural
simulation (compare figure 2 right).
After the fitness calculations are completed for the initial population, new offspring have to be
developed; therefore, a recombination step is necessary. In the proposed algorithm, a multi-point
parameterized binary crossover operator is used. The purpose of the crossover step is to create new
design variables, y, based on the existing solutions. Thereby two existing solutions are used to form two
new design variables. The crossover operator is performed for each design variable individually. The
mutation step, which takes place after the crossover, is essential to maintain diversity in the population.
For the creation of a new population µi the fitness values for parents and offspring are compared.
The entire optimization process will continue until either a given number n of iterations or a convergence
criteria is reached. In this case an approach consisting of three indicator numbers is used. The first
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number is the difference between the both extreme points on the front and is used to indicate the
expansion of the front. The second metric is describes the distribution of the solutions along the current
front. To rate the changes from iteration to iteration the number of rejected solutions is used as third
convergence criterion. The number of necessary iterations is very problem sensitive, and for the
examples given n is set to 50.
To conduct the evolutionary algorithm, the open source software toolkit Dakota is used [4].

Figure 2: Workflow of the optimization process (left), fitness determination step (right)

3 Results
A sheet structure with a line load is used as the main application example for the patch optimization. All
degrees of freedom are fixed at side A, while a line load is applied at B, with the load conditions
presented in Figure 3. The fitness values for each individual are the displacement at the loading side A
(fitness 1) and the patch size (fitness 2) respectively. The algorithm setup is the same for all optimization
runs, except the number of patches, which has been set according to NP = [1, 2, 3] (see Figure4).

Figure 3: Load conditions for the reference model
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Figure 4: Comparison of the final Pareto fronts for the different patch setups
The final Pareto optimal sets for the different patch number configurations are shown in Figure 4. The
resulting curves show similarities in fitness ranges that could be covered by all patch configurations.
These similar results are caused by multiple patch solutions, with one long patch and one or two patches
with the defined minimum patch length. The longest patch is located in a similar position, as for the
calculation with fewer patches (Figure 6).
Figure 5 (left) shows the intermediate results for the three-patch optimization run. This figure shows
that there are more possible patch configurations in the area of smaller patch dimensions. Furthermore,
Figure 5 (right) shows that it takes up to 30 generations until a solution with maximum patch length as
well as a minimum for fitness 2 (patch size) is reached. The reason for this is that based on geometrical
restrictions solutions with smaller patches are more likely to arise.

Figure 5: Final results with intermediate solutions as representation of the search space (left), and
development of fitness 2 over the generations (right), both results are for calculation 3
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Figure 6: Comparison of results from calculation 1 (A), calculation 2 (B) and calculation 3 (C)

Conclusions
The results showed that the multi objective patch optimization problem can be solved with an
evolutionary algorithm. Therefore, an example has been used for which the results could be
determined analytically.
With different optimization setups, regarding the number of patches, the influence on the optimization
results has been demonstrated. The distribution of the possible solutions within the search space has
been demonstrated with the example of the three-patch optimization run. Using the example of fitness
2, the comparison of mean, minimum and maximum values per generation showed the convergence
behavior, as well as the spread within the search space.
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Virtual tests based on model reduction
strategies for fatigue analysis
Mainak Bhattacharyya1 *, Amelie Fau1 , Udo Nackenhorst1 , David Néron2 and Pierre
Ladevèze2
Micro Abstract
Virtual tests for fatigue considering a large number of cycles in perspective of continuum damage
mechanics are generally avoided due to numerical expense. To tackle this problem, a Proper Generalised Decomposition model reduction technique in time and space, and a multi-time scale approach
are proposed. These innovations used in a non-incremental LATIN framework, reduce the computational cost drastically and can be contemplated to perform virtual analysis of high-cycle fatigue tests.
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Paris-Saclay, Cachan, France

* Corresponding author: mainak.bhattacharyya@ibnm.uni-hannover.de

Introduction
Failure due to fatigue has a great importance for engineering applications [7]. As it is difficult
to extrapolate the behaviour of a structure in fatigue from the experimental knowledge gained
through uniaxial test or very low cycle fatigue behaviour, tests dedicated to fatigue analysis are
required. But, they generally need high experimental effort and time, and so are considered
expensive in comparison with main tests used to determine other mechanical properties [7]. For
example, for a S-N curve established for a loading frequency of 30 Hz, the testing time is in
the order of 60 full days [7]. To circumvent technical or financial barriers, virtual tests may be
of large benefit. Classical approaches for predicting fatigue behaviour of materials are based
on S-N curves, Palmgren-Miner linear damage rule, or Paris-Erdogan fatigue crack propagation
theory. These approaches are efficient and well-established in engineering application. However,
they are mainly empirical and may exhibit some inaccuracies for complex fatigue loads. To
circumvent this problem, continuum damage mechanics could be used [6].
Continuum damage models are consistent with the established thermodynamic framework, such
that the second law of thermodynamics is a priori satisfied. They are also flexible to consider
complex fatigue and enhance an instantaneous description of the state of the material through
dedicated internal variables. The non-linear problem can be solved by conventional numerical strategies [4]. However, solving such a problem is computationally expensive hence it is
not possible to consider this model for a large number of cycles even for academic problems.
Strategies based on cycle jumps or homogenisation for combined fatigue have been proposed in
the literature [6]. In this contribution, the usage of an innovative model reduction strategy is
discussed to perform virtual fatigue tests based on continuum damage models. The numerical
challenge is due to the high-dimensional problem and the large number of load cycles.

1 Innovative numerical approach for continuous damage computation
The numerical strategy summarised here and employed for virtual tests is based on a nonincremental framework called the LATIN method combined with model reduction techniques.
638

MS18

Virtual Analysis and Design of New Materials

First a separation of variables is used, and then a two-scale approach is enhanced for solving
the time problem, which is the bottleneck for fatigue virtual tests.
1.1 LATIN method
The Large Time Increment method referred to as LATIN method exhibits the specific characteristic that the approximation of the quantity of interest is looked for at every iteration on a
time-space domain [5]. It is not required to reach the convergence at time ti before investigating
the time ti+1 . Each iteration is thus composed of two steps as sketched on Fig. 1. The resolution
of the evolution equations on a first hand and consequently the resolution of the mechanical
equilibrium. Therefore, the numerical difficulties are separated, and dedicated numerical strategies can be used to optimise the resolution. This method, developed in the 1980s has been used
for many non-linear problems such as plasticity, contact, or parametric studies. It provides a
good convergence behaviour, but it is intrusive in the finite element code [5]. Here the extended
version dedicated to damage computation as introduced in [1] is summarised.
Considering damage, the local stage which tackles non-linear local equations comprises the
evolution equations as well as the elastic state law that is not linearisable due to damage. The
global stage considers the linear equations, i.e. the admissibility conditions, the linear state
laws and the non-linear state law for damage. The iterative solutions are searched with respect
to the search directions B + and B − for the local and global problem respectively.
Γ
[σ, Z]
B−

B+

sbi+1/2

A

si
si+1

A: mechanical equilibrium ⇒ global & linear
Γ: evolution equations ⇒ local & non-linear

sex



ε̇p, Ẋ



Figure 1. Two subsequent steps composing the LATIN iteration i + 1 (modified from [5])

Then, the major part of the numerical cost relies on the global problem. Therefore, the LATIN
method is equipped with a model reduction technique introduced as the “radial approximation”,
also refered as the Proper Generalised Decomposition (PGD) [3]. For any quantity of interest,
for example the plastic strain rate, the time and space dependencies are separated as represented
on Fig. 2, and the approximation is written as a finite series such that
p

ε̇ (x, t) =

µ
X

λ̇j (t) ε̄pj (x),

(1)

j=1

where the number of PGD modes µ is automatically decided by the algorithm to satisfy the
accuracy requirement. λj represents the time dependency whereas ε̄pj describes the spatial
dependency. The computation does not require a training stage and the modes are computed
on-the-fly.
Including damage in the LATIN-PGD framework, the stress is mathematically separated into
a part depending on damage σ̃ and a part depending on plasticity σ ′ such that the plasticitydependent part is also decomposed using PGD with the same time basis as the one used for the
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Figure 2. Decomposition of the plastic strain rate as a series of space and time functions

plastic deformation
σ ′ (x, y, t) =

µ
X

λj (t) σ̄j (x, y)

(2)

j=1

and a dedicated spatial basis σ̄j . On an other hand, σ̃ can be obtained from the local stage.
Using LATIN-PGD method, the complexity of the problem is largely reduced. Contrary to
most problems, for which remaining numerical challenges lie in the spatial problem, for fatigue
analysis the time problem is too time-consuming to simulate more than a few thousands of
cycles even for academic examples. Therefore, a finite-element like discretisation in time is
proposed to solve the damage problem for thousands of cycles.
1.2 Two time scale discretisation
The time domain is discretised using two scales. Any time instant t ∈ [0, T ] can be written as
t = θ j + τj ,

(3)

where θj is the initial time of the cycle of interest and τj represents the time dependency within
the cycle as illustrated in Fig.3.

χ

nodal cycle m

nodal cycle m + 1
τm+1

τm

θ 0 = Θm θ 1

θ2

θk

θp−1 = Θm+1

t

Θm+1 + ∆T

Figure 3. Finite-element like discretisation of the time domain based on two scales

The mechanical problem is solved only for some cycles called nodal cycles. Then, an interpolation between the temporal nodes as illustrated on Fig. 3 provides the estimation of the quantities
of interest on the whole time domain with the fine time discretisation as with conventional finite
element. For example, considering linear shape functions νm and νm+1 defined respectively as,
νm =

θj − Θm
Θm+1 − Θm

and
640
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the interpolation within the element [Θm , Θm+1 ] reads
εp (t) = νm (θj )εp (τm ) + νm+1 (θj )εp (τm+1 ).

(5)

A numerical difficulty is to estimate the initial value of the nodal cycles. For some discussion
about this numerical aspect, it may be refered to [2].

2 Some virtual test results
The numerical strategy is applied to a fatigue test on a curved beam which is a quarter of an
annulus, the geometry of which is described by the inner and outer radii φ2 and φ1 respectively.
The beam whose geometry is depicted in Figure 4 is submitted to a cyclic load on the end
section. The load is applied until reaching rupture or is limited to 105 cycles.

Ud

φ2
φ1

Figure 4. Geometry of the curved beam and definition of the load


Considering a sinusoidal load of the form Ud = U0 sin 2πt
T , with U0 being the amplitude, the
damage distribution in the beam is depicted on Figure 5 for 100,000 cycles. The damage localises
at the bottom of the beam. In the zone of interest, the damage evolution can be observed at
the intermediate stages of 50,000 cycles, 75,000 cycles and the final stage of 100,000 cycles.

Cycle
5 × 104

Cycle
1 × 105

0.15
0.1
D

W e a k est
point
Gauss

Cycle
7.5 × 104

0.05
0

0 2 4 6 8 10
N
×104

Figure 5. Damage evolution in a curved beam submitted to 100,000 load cycles

An evaluation of the computational cost and accuracy is given in Figure 6. Due to its computational cost, the mono-scale LATIN problem has been solved as a reference solution only up to
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Figure 6. Computational effort and numerical accuracy for different temporal discretisation

Concerning the two time scale strategy with 200 cycles per element and for a total of 10,000
load cycles, a series of virtual tests is proposed to study the influence of the mean value of the
loading (Um ) and initial damage (D0 ) on the fatigue behaviour of the structure. The result of
that campaign is depicted on Figure 7.
0.02

D0 = 0, Um = 0
D0 = 0, Um > 0
D0 > 0, Um = 0

D

0.015
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0

0
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Figure 7. Damage evolution at the weakest Gauss point for different loading conditions

Conclusion
An advanced numerical strategy has been presented here to develop virtual fatigue tests. The
numerical framework, which can be used for a large family of ductile damage behaviours, includes model reduction technique and a two time scale description which allow to simulate the
test for a large number of cycles in a reasonable computational time. Thus a series of virtual
tests can be planned for engineering parametric analysis. To investigate a larger domain of virtual tests including also high cycle fatigue problem, the numerical approach shall be equipped
with a solver dedicated to brittle damage.
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[3] F. Chinesta and P. Ladevèze. Separated Representations and PGD-Based Model Reduction: Fundamentals and Applications. CISM International Centre for Mechanical Sciences.
Springer Vienna, 2014.
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Experimental and Numerical Analysis of Deep
Drawing and Failure Characteristics for Sheet
Metal/Polymer Hybrid Structure
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Micro Abstract
Lightweight component design is an everlasting matter in the automotive industry. To face
challenges concerning lightweight like damping effects or increasing the load-bearing capacity, one
approach is the development of new hybrid materials, e.g. sandwich materials. For these layered
structures an extensive material characterization including failure analysis with regard to the influence on deep drawing process is carried out and the results are used as input for the numerical modelling.
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Introduction
Concerning the lightweight potential these layered structures combine varying material characteristics with the aim to achieve an appropriate stiffness apart from less weight. One approach
is the development of sandwich structures, realized as combination of different materials. In
contrast to a monolithic sheet metal material, sandwich structures show a complex behaviour in
case of deep drawing loading conditions.

Figure 1. Schematic illustration of layered sandwich material

In figure 1 an exemplary layup for a sandwich structure consisting of two sheet metal outer
layers and a polymer core is shown. An extensive material characterization for the layers is
carried out along with investigations concerning the deep drawing capacity. The layers show
different characteristics while loading the structure, which influence not only the deep drawing
behaviour of the whole sandwich structure, but also the component quality. Due to various deep
drawing process parameters, instabilities such as interlaminar failures, ruptures or wrinkling of
the structural component arise. Therefore, the failure behaviour and the influence on the deep
drawing process are considered in experimental investigations. For this purpose, experimental
characterization tests for the interlaminar failure as well as for the material failure are performed.
Finally, the experimental results are used as input for the numerical modelling and FE simulation
of a deep drawing process with layered sandwich material. The FE simulation also takes into
account the variable material behaviour of the layers, layer interactions and failure capabilities.
Based on the obtained results it is possible to achieve an advancement of the prediction accuracy
in the numerical simulation.
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1 Experimental material characterization
For the characterization of the layered structure different test approaches were executed separately
for the sheet metal outer layer with thickness of 0.25 mm and the polymer core with 0.7 mm.
To obtain anisotropic parameters and the flow behaviour quasi-static tensile tests with cut-out
specimen configurations (0◦ , 45◦ and 90◦ ) according to EN ISO 6892-1 were investigated. With
regard to an accurate description of the material hardening behaviour, high strains are taken
into account. State of the art for the description and evaluation of material flow behaviour is
the use of an extrapolation beyond the point of the uniform elongation, true stress - true plastic
strain curve determined in the uniaxial tensile test is needed. Using an inadequate extrapolation
method an inaccurate description of the material behaviour at high strain can occur, which leads
to invalid numerical results in the FE simulation. To ensure a realistic description of the flow
behaviour at high strains, the hydraulic bulge test (DIN ISO 16808) is applied and the sheet
blank deformation is measured with an optical system continuously [1] [2]. The Transformation
of the determined biaxial data to the uniaxial stress state is performed with a mathematical
approach based on the principle of the equivalence of plastic work [3].
In general the behaviour of polymers is effected by strain rate. Related to this strain rate
dependency experiments for the polymer and the sheet metal by tensile test with varying strain
rate values are executed with a deformation dilatometer DIL 805A/D+T from TA Instruments,
formerly Bähr GmbH.

Figure 2. True stress - true (plastic) strain curves for sheet metal layer (left) with thickness 0.25 mm and
polymer layer (right) with thickness 0.7 mm

Figure 2 shows the true stress - true plastic strain behaviour for the sheet metal layer (thickness
s = 0.25 mm) and the polymeric core (s = 0.7 mm) for different strain rates. For more detailed
information regarding the investigations for the flow behaviour see [4]. Figure 2 indicates that
tensile strength of the polymer layer increases with an increasing strain rate. The stress values
for polymer and sheet metal are considerably differing. The influence of increasing strain rate
on the stress values of the sheet metal layer is unincisive. The material flow behaviour of the
polymer is more sensitive to strain rate value.

2 Material failure behaviour
To ensure a good prediction of the material behaviour in the FE simulation the description of the
failure behaviour for the chosen material is needed. Especially for new hybrid materials this is
an important aspect. To describe the deep drawability of monolithic sheet material the forming
limit curve (FLC) is often used in FE simulation [5]. The FLC is valid for plane stress states
from uniaxial to equibiaxial tension and linear strain paths. An additional alternative to the
FLC for the failure description of sheet metal materials are stressbased fracture models. These
approach is related to a relationship between stress state- and the fracture strain. The fracture
strain can be described with stress triaxiality η and the the normalized Lode angle θ [5] [6].
A exemplary fracture model illustration for aluminum 6061 material is shown in figure 3 left
hand side [6]. Beese, Bai and Wierzbicki [6] worked on a fracture model for aluminum materials.
With regard to their study investigations for the fracture behaviour are performed for the sheet
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Figure 3. 3D fracture locus [6] (left) and plastic strain plots from optical measurement and FE simulation of
tensile test witch notched sample (right)

metal outer layer. Right hand side of figure 3 the plastic strain value from optical measurement
and numerical simulation are shown for a waisted sample configuration. For the estimation,
several sample geometries and experimental investigations (tensile test, tensile test with waisted
sample geometry and shear test) are used to generate different stress states, which enable a
determination of the fracture curve. With this curve the failure characteristics of the blank sheet
material are described. Besides the use of an optical measurement system (Aramis, GOM mbH)
for the experimental investigations, FE simulations for the named specimens and configurations
are needed to provide local strains by Digital Image Correlation (DIC). Stress states are identified
indirectly through FE simulation [6]. With these steps the failure characteristics for the blank
sheet material are described. Within the numerical modelling the failure is described with
D=

X

pl
f
pl (η, θ)

(1)

Formula (1) describes the damage variable D, at each increment the equivalent plastic strain pl
is divided by the fracture strain fpl [5]. For D ≥ 1 there is a damage effect.

3 Interface behaviour
The failure behaviour of hybrid material structures is different in comparison to monolithic
steels. A substantial failure for fiber reinforced plastics is delamination. This effect can occur in
sandwich materials at the interface of the layers as well.

Figure 4. Overview of load-dependent failure modes [7]

In figure 4 the failure modes for hybrid materials are shown. The loads within deep drawing
processes are overlapping, as a result a material failure can occur. Based on the involved loads
the failure can be classified as mode I, II and III [7]. To investigate the characteristics of the
interface only a few experimental methods exist: e.g. T-Peel test [8], Double Cantilever Beam
(DCB) test [9] or End-Notch Flexure (ENF) test [10]. DCB set-up depicts interlaminar fracture
toughness for mode I and ENF test analyses mode II.
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4 Numerical modelling
With the estimated data based on the experimental results a FE model for a conventional deep
drawing process of a spherical cup geometry has been built up. The results from the material
characterization tests are used as input data for the material modelling. In a first approach
polymer core and sheet metal layer are modelled as solid elements. For the interface cohesive
elements with a thickness of 0.01 mm are used. The specific attributes of these elements are
described with a traction separation relationship, which is estimated from the mechanical testing.

Figure 5. FE modelling approach for sandwich material, experimental and numerical results

In figure 5 the chosen approach for the FE modelling of a deep drawing process for sandwich
material is shown. All layers are modelled with the data from the experimental characterization.
The damage prediction corresponds well with the experimental deep drawing results. For more
detailed information see [4].

Conclusions
With the presented results the deep drawing behaviour of a hybrid sandwich structure can be
predicted by numerical simulation. All necessary effects like material flow behaviour of polymer
and sheet metal layer as well as the failure behaviour of the structure and the interface are taken
into account. With the presented FE approach the deep drawing process of a spherical cup can
be modelled and the prediction of failure states is possible.
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Modeling three-dimensional anisotropic damage
in organic sheet composites at large
deformation
Dominik Naake1,2 *, Fabian Welschinger1 , Luise Kärger2 and Frank Henning2
Micro Abstract
Organic sheets consist of embedded interwoven rovings in a thermoplastic matrix. Loading
results in a finite change of local reinforcement orientations with reversible and irreversible
contributions. A constitutive model taking into account the large strain kinematics and damage
evolution is presented. Mechanism-based damage formulations in both the reinforcements and
the matrix are employed. Numerical examples demonstrate the features of the suggested material model.
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Introduction
Many composites consist of a fabric structure embedded in a matrix material. In the present
case organic sheets are considered. These are layered composites, where each layer consists of
two sets of planar interwoven rovings (weft and warp), building a twill weave (cf. Figure 1),
impregnated by a thermoplastic polypropylene matrix. The former define preferred directions
in the material due to the reinforcement. These directions are known initially, e.g. by drape
simulation or assumption. In general, the application of external mechanical loads results in a
finite change of reinforcement orientation, containing reversible and irreversible contributions
and hence yielding a differing stress-free state upon unloading. Hereby, the matrix is related to
plastic deformation processes in the matrix-dominated regions of the composite material. The
present work concentrates on the development of a computational model taking into account
the aforementioned kinematic observations. Moreover, it refers to previous works enabling the
incorporation of mechanism-based damage formulations in both the reinforcements and the
thermoplastic matrix. The presentation closes with a numerical example demonstrating the
features of the suggested material model.

1 Composite formulation
Materials with preferred directions perpendicular to each other are associated with orthotropic
symmetry. In crystal plasticity it is often assumed that the initially known preferred directions
(i.e. the crystal latices) do not change with the material directly (cf. Rice [7], Kröner and
Teodosiu [1] and Mandel [2]). In the present case of weave reinforced composites, the preferred
directions (in form of the rovings) change during loading, according to the material deformation
(cf. Figure 1). In his work, Miehe [3] states that for such cases a finite plasticity formulation
based on Gp = F pT gF p can be formulated. However, due to the occuring anisotropy, it is hardly
possible to find a sound overall formulation for plasticity and damage onset in the material. To
overcome this problem, the approach of the model presented here is to superpose two angulated
preferred directions, coupled through an isotropic matrix. Hereby, the work of Reese [6] served
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as a guideline.
1.1 Material orientation and plastic intermediate configuration
In general, the initial structural tensors of a weave can be written as M i = Ai ⊗ Ai for each
preferred direction i ∈ [1, 2] (cf. Figure 1(a)). Given an arbitrary deformation expressed by the

Figure 1. Change of material orientation due to deformation of weave-reinforced composite. The display of
matrix domain is omitted. Initial material orientation Ai is mapped on deformed presentation ai by the
deformation gradient F .

deformation gradient, F = F e F p , the material orientation may change and will now be aligned
with the deformed structural tensors (cf. Figure 1(b)), mi = ai ⊗ ai , where ai are the deformed
preferred directions, defined by ai = F Ai . Regarding thermoplastic basic constituents, it can
be expected to observe inelastic behavior during loading. In the following it assumed that this
behavior is attributed to plastic effects in the matrix (index m), resulting in a plastic share of
the deformation gradient, F pm . The possibility to split the deformation gradient in an elastic
and plastic share gives rise to the introduction of a plastic intermediate configuration in the
co-/contravariant domains for both metrics and stresses (cf. Figure 2).

(a)

(b)

Figure 2. Schematic display of co-/contravariant domains for (a) metric and (b) stresses.

This allows in a way to seperate the plastic deformation, taking place in the matrix only, but at
the same time is fully coupled onto the overall composite motion, and purely elastic behavior of all
n
constituents. The normalized preferred directions Ãi on the plastic intermediate configuration,
deformed by purely plastic deformation, can be denoted as
n

Ãi =

F p Ai
.
||F p Ai ||

(1)

1.2 Calculation of material stresses and moduli
The deformation of a continuous body is described by means of the right Cauchy-Green tensor,
C = F T gF , where g is the metric tensor in the Eulerian domain. The existence of a scalar
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potential
Ψ =Ψ

m

p

(C, G , dm ) +

2
X

Ψir (C, Gp , Ai , D i (C))

(2)

i=1

with Ψ m as the strain energy function of the matrix and Ψir as the strain energy functions of
the reinforcements, is assumed. Carefully note that, while Ψ m is independent of the preferred
directions, Ψir takes Ai as input, hence, introducing preferred directions, since the reinforcement
structures are assumed to be initially transversely isotropic. Standard arguments yield the
second Piola-Kirchhoff formulation for the tensions in both matrix and the reinforcements
Sm = 2
S ri = 2

∂Ψ m
= S m (C; Gp , dm ) ,
∂C
∂Ψir
= S ri (C; Gp , Ai , D i ) .
∂C

(3)

Analogously, the global tangent operator on the intermediate configuration can be expressed as
Cm = 4
Cri = 4

∂ 2 Ψir
= Cm (C; Gp , dm ) ,
∂C 2
∂ 2 Ψir
= Cri (C; Gp , Ai , D i ) .
∂C 2

(4)

Carefully note that stress and moduli concerning reinforcements are first calculated on the
n
plastic intermediate configuration (Σ ri , c̃ri ), depending on Ãi , and then pulled back to the
Lagrangeian setting. The damage tensor D i in Ψir takes into account a three-dimensional damage
state depending on discrete failure mechanisms within the reinforcement structures, i = 1, 2,
according to Naake et al. [5]. An elasto-viscoplastic matrix model incorporating an isotropic
damage formulation for matrix damage (dm ) has been taken from Naake et al. [4]. With the
assumption of no occuring plasticity in the matrix, i.e. F pm = 1, reference configuration and
plastic intermediate configuration will coincide. The overall second Piola-Kirchhoff stresses and
according tangent moduli can finally be computed through the following expressions
S=S

m

+

2
X

S ri ,

m

and C = C +

i=1

2
X

Cri .

(5)

i=1

2 Numerical example
The given fictitious example has the purpose to show the capability of the model to predict the
change of orientation due to the application of an external load as well as residual deformation
due to plasticity in the matrix. Damage effects have been neglected here for now. A one-layerweave was subjected to an external shear load, as depicted in Figure 3. In Figure 3a the internal
variables of initial material orientation is displayed in terms of Ai . Due to a deformation ū in x1 direction the material deforms according to F , thus yielding an orientation change, ai . Figure 4a
shows the progression of the angle between the two preferred directions (γ(t) = ^(a1 (t), a2 (t)))
and Figure 4b the corresponding stress strain curve. The observable stiffening is caused by the
progressive approach of the reinforcements rotating towards the loading direction, represented by
decreasing values for γ(t). Subsequent unloading reveals the residual change of the orientation
due to plastic effects in the matrix.

Conclusions and outlook
In the present work the principle of superposition of single constitutive models is used to model
the overall behavior of a weave-reinforced thermoplastic composite. Instead of introducing direct
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Figure 3. Schematic display of the loading path of a ±45◦ off-axis woven composite. (a) Initial state with
material orientation Ai , (b) Fully loaded state with deformed preferred directions ai , (c) Unloaded state with
resulting deformed orientation ares
i

(a)

(b)

Figure 4. Display of numerical results of a ±45◦ off-axis woven composite subjected to a shear load. (a)
Progression of the inner angle of reinforcement orientation over time, γ(t) = ^(a1 (t), a2 (t)). (b)
Corresponding stress-strain curve.

formulations for plasticity and damage for the whole weave, this technique provides plasticity
and a particular selection of damage criteria (for the matrix and single rovings) intrinsically.
The model takes previously developed constitutive material models as an input and combines
them by only using geometrical operations. However, any constitutive model for the constituents
can be used. The presented numerical example shows that the geometrical effect of fiber rotation
can be covered by the model.
A shortcoming of the presented model is that the actual weave type of the material and the
corresponding interweaving is not respected in an entirely satisfactory way by only applying
a simple superposition. This results in the necessity to introduce geometrically caused effects
appearing in woven materials in a phenomenological manner (e.g. the locking angle, progressive
stiffening of undulated rovings, their behavior under compression and delamination between
rovings and matrix). These effects are the objective of future works and are neglected here.
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Micromechanical Study of Fiber Kinking and
Debonding in Fiber Reinforced Composites
Samira Hosseini1 * and Stefan Löhnert1
Micro Abstract
The objective of this work is to study the fiber kinking and subsequent fiber/matrix debonding in
FRP composites under unidirectional compressive loading. On the micro-scale, geometrically nonlinear
cohesive elements are used in order to model the shear failure of the matrix material at its interface
with the fibers which results in initiation and evolution of local splitting between fiber and matrix and
drives the rotation of fibers up to kink band formation.
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Introduction
Due to their high strength and stiffness to weight ratio, unidirectional fibre-reinforced polymer
composites are one of the most widely used materials in advanced structures in aerospace and
automotive applications. The most important limiting factor for the application of this type
of composite materials is their low compressive strength, due to the occurrence of different
compressive failure mechanisms, such as matrix shear failure, fiber crushing and most importantly,
fiber kinking. Significant amount of research has been devoted to study the fiber kinking
phenomenon during the past few decades. Early analytical studies [6] attempted to model fiber
kinking as elastic micro-buckling of the fibers, while experimental results showed that these
assumptions significantly overestimate the compressive strength of the composite. These models
were later modified by taking into account the matrix nonlinearities and initial misalignment of
fibers, which are crucial factors driving matrix shear failure and kink band formation [1]. Due
to the advancements in computer technology, numerical approaches have become demanding
for modeling essential steps of fiber kinking. Most of these numerical studies are restricted
to micromechanical level [4], by taking into account different material behaviours for matrix
and fiber, and considering the effects of interaction between kinking and other failure modes in
limiting compressive strength of the composite laminates [3]. The aim of the present work is
to study the interaction between kinking and fiber/matrix debonding by using an appropriate
cohesive element formulations for large displacements. In the first section of this paper a brief
review of cohesive element formulation and the Finite Element approach for modeling kinking
and debonding will be presented. Subsequent sections will focus on numerical examples and
discussion.

1 Micro-mechanical Analysis
1.1 Finite Element Model
A 2-D micro-model consisting of layers of fiber and matrix and 2-D line shaped cohesive elements
placed between each pair of fiber and matrix is built for the kinking analysis. The schematic of
geometry and boundary conditions of the model is shown in Figure 1.
Each fiber has a thickness equal to its nominal diameter φf = 7µm, and the thickness of the
matrix layers is equal to tm = 7µm. A sine shaped waviness is applied as initial misalignment
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600 µm

Nf =13

Fiber
Matrix

λ
y
x

Figure 1. Geometry and boundary conditions of the numerical model.

with the function:
y0 = λ(1 − cos( πx
l ))
where

λ
l

(1)

is assumed to be 0.005

1.2 Large Displacement Cohesive Element
The interface between each pair of fiber and matrix is modeled with a finite deformation cohesive
element, appropriate for geometrically nonlinear simulations [5]. The element internal load
vector is obtained from the following equation:
T
Z 
∂R
e
Bd
τ dS
(2)
fint =
RB +
∂d
S0
where R is the rotation matrix from the global coordinate to the local coordinate system of the
element and ∂R
∂d is a linear function of the displacement d. B is the matrix of derivatives of
shape functions for the cohesive element. The cohesive traction vector τ is obtained from the
mixed-mode constitutive equation of the cohesive element, which in this case is assumed to have
an exponential form:
τc
(3)
τ = e e−α/δc Cδ + KIc δ
δc
In this equation C is a matrix for applying different weights to mode I and shear modes, and Ic
is the penalty matrix for preventing penetration of layers in case of compressive mode I loads
[2]. K is the penalty stiffness and α is the internal variable associated to the maximum value of
mixed-mode strain in each step of the solution, in order to ensure the irreversibility of damage.
τc and δc are the critical traction and displacement jump for mode I, respectively (Figure 2).
𝜏𝑚
Loading

𝜏𝑐

Un/Reloading

𝐺𝑐

𝛿𝑚

𝛿𝑐

Figure 2. Mixed-mode cohesive law with exponential behaviour

The material tangent stiffness matrix then reads as:
τc
τc
C = Fe 2 e−α/δc (Cδ)(Cδ)T + e e−α/δc C + KIc
δc
δc
where F is a loading function distinguishing loading/reloading from unloading.
654

(4)

MS18

Virtual Analysis and Design of New Materials

2 Numerical Results
Mechanical properties of the fiber and matrix components are listed in Table 1. Fibers are
assumed to have elastic isotropic behaviour, while an elastic-plastic behaviour of J2 type with
isotropic hardening is considered for the matrix. Mechanical properties of the cohesive element are
chosen adoptively in order to investigate the fiber/matrix interface properties on the compressive
strength of the composite layer.
Carbon Fiber
Polymer Matrix

E(GP a)
4.08

ν
0.38

E(GP a)
225.0
Y0 (M P a)
90.0

ν
0.22
Hiso (GP a)
0.10

Table 1. Mechanical properties of the micro-model components

Two types of fiber/matrix interfaces are examined. In the first case, the interface is considered
perfectly bonded and in the second case, debonding is allowed through the insertion of cohesive
elements. In case of using cohesive elements the value of fracture toughness plays a key role
in the buckling behaviour of the fibers. The results are compared in Figure 3 for two cases of
GIIc = 50J/m2 (for ductile interface) and GIIc = 5J/m2 (for brittle interface). In both cases
the shear and normal strength is chosen to be 100M P a.
250

200


150



100





50

0

0

1

2

3

4

5

6

7
-3

x 10

Figure 3. Axial load vs. displacement under compressive load

The results show that by increasing the fracture toughness of the cohesive layer the maximum
value of the stress/load drops considerably and the post-peak behaviour shows a slightly softer
response. The points marked on this figure are associated to different stages of kink band
formation, and are depicted in Figure 4 by highlighting the stress distribution in fibers. From
point 1 to 4, by increasing the compressive load, the matrix starts yielding due to the initial
imperfection and forms a yield band. Within this band fibers lose their lateral support and tend
to rotate (from point 1). By further increasing the load the yield band grows and the fibers reach
their instability point. Beyond this point an unstable equilibrium path is observed in the form
of snap-back which, from the experimental point of view, can be interpreted as a sudden drop
in stress at constant strain. At point 4 the kink band is completely formed by fibers lock-up,
together with the increase in debonding between fibers and matrix. The stress distribution in
Figure 4 shows how bending of the fibers increases during kink band formation.
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(2)

(1)

(3)

(4)

Figure 4. Stress distribution in fibers during kink band formation (GIIc = 5 mJ2 )

Conclusions
A 2-D micromechanical study of kink banding process and the subsequent debonding between
fiber and matrix was performed using cohesive elements. Since the kinking phenomenon is
a geometrically nonlinear numerical problem, an augmented formulation was adopted for the
cohesive element to become compatible for mixed-mode debonding under large displacements.
The results explain the dependency of kinking behaviour on the mechanical properties of
fiber/matrix interface which has to be taken into account cautiously in numerical modeling of
various composite materials.
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A Non-Intrusive Global-Local Approach with
Application to Phase-Field Modeling of Brittle
Fracture
Nima Noii1 *, Tymofiy Gerasimov1 , Laura De Lorenzis1 and Olivier Allix2
Micro Abstract
The variational multiscale (VMS) method by Hughes et al. [1] is a well-established framework for
the analysis of nonlinear heterogeneous materials and is capable of tackling strain localization in the
multiscale framework. In this contribution, we propose a non-intrusive setting of the VMS approach
to be applied to the phase-field formulation of fracture [2-5]. The proposed two-scale procedure
yields results comparable to the single-scale solution, yet they are obtained with much superior efficiency.
1

Institute of Applied Mechanics, Technical University of Braunschweig, Braunschweig, Germany

2

Laboratory of Mechanics and Technology, ENS Paris-Saclay, Paris, France

* Corresponding author: n.noii@tu-braunschweig.de

Introduction
The variational approach to fracture by Francfort and Marigo and the related regularized
formulation of Bourdin et al. [2], which is also commonly referred to as phase-field model of
fracture, see e.g. the review paper [3], is a widely accepted framework for modeling and computing
fracture failure phenomena in elastic solids. The formulation is non-linear and also calls for the
resolution of small length scales. Its single-scale treatment is nowadays well-established and
known to be computationally demanding [3–5]. Especially for large structures featuring fracture
phenomena only in regions of limited extent, the idea of a multiscale approach that enables to
treat a localized non-linearity at a lower (local) scale, while dealing with a purely linear problem
at an upper (global) one, already introduced for elastoplasticity and fracture problems [6, 8, 13],
seems particularly appealing. In view of practical applications in the industrial setting, it is
additionally useful to formulate the approach in a non-intrusive fashion to enable the use of
existing finite element codes [8, 9, 13].
In this work we aim at developing and efficiently combining the non-intrusive global-local
approach with phase-field modeling of brittle fracture. To this end, we equip the formulation
with the following features:
• various relaxation techniques are introduced that enable to avoid an overly stiff local
response in the case of Dirichlet boundary conditions used at the interface between the
two scales [8];
• as an alternative solution to the same problem, generalized Robin-type boundary conditions
[9, 10] are imposed at the interface;
• we allow for a non-matching finite element discretization at the interface using a dual
mortar method [11] or localized Lagrange multipliers [12].
The proposed two-scale procedure yields results identical to the single-scale solution, yet they
are obtained with superior efficiency. We note that the presented method is (algorithmically)
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perfectly suitable for parallel computing thus promising further reduction of computational
effort.
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Two-scale anisotropic damage modeling of
SMC
Johannes Görthofer1 *, Malte Schemmann1 and Thomas Böhlke1
Micro Abstract
We present a two-scale anisotropic damage model that captures matrix damage and fiber-matrix
interface debonding. Based on the fiber orientation distribution and a Weibull probability distribution
of the interface strength, the damage evolution on the microscale is determined. Within this work
focus lies on the comparison of different matrix damage evolution models. To predict the macroscopic
behavior, a mean field homogenization with the Mori-Tanaka method based on orientation tensors of
second and fourth order is applied.
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Introduction
Due to their high lightweight potential, economical mass-production and excellent formability,
discontinuous fiber reinforced composites are increasingly used for load-carrying components in
the automotive sector. The material class under consideration is SMC (sheet molding compound),
a thermoset matrix reinforced with glass fibers. The orientation distribution of the fibers in this
material is highly heterogeneous and anisotropic in a process sensitive way.
Damage in polymer matrix composites derives from the following three phenomena: matrix (M)
damage, fiber (F) breakage and fiber-matrix interface (I) debonding. Various authors [14], [11],
[6], [2] showed that fiber breakage can be neglected within the contemplation of SMC. Typically
damage evolution initiates at fiber matrix interfaces and propagates between the interfaces in
the form of matrix cracks.
The aim of this work is the development of a micromechanical model which captures matrix
damage and interface debonding to predict the macroscopic behavior of discontinuous fiber reinforced polymers. The effective stiffness is obtained by a Mori-Tanaka (MT) [15] homogenization
scheme. The model is based on a purely elasto-damage behavior.
After an overview of the MT mean field homogenization scheme using fiber orientation information,
the focus in this study lies on different matrix damage evolution models. A short outlook on an
interface damage model including a Weibull probability distribution of the interface strength is
given afterwards.

Fiber Orientation Distribution
The microstructural information on how the fibers are oriented within the composite can be
represented approximately by the fiber orientation distribution function (FODF) f (n) which is
defined as
dv
(n) = f (n) dS.
(1)
v
Here, dS is the surface element on the unit sphere S := {n ∈ R3 : knk = 1}. The FODF describes
the volume fraction dv/v of fibers with orientiation n with respect to all fibers [18], [16]. The
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FODF is non-negative, normalized and symmetric
Z
f (n) dS = 1, f (n) = f (−n),
f (n) ≥ 0,
S

∀n ∈ S.

(2)

An empirical representation of the FODF, based on m different directions nβ with corresponding
weights c (nβ ), is given through
f (n) =

m
X

c (nβ ) δ(n, nβ ),

(3)

β=1

with δ(n, nβ ) being a Dirac distribution. The weights c (nβ ) can be interpreted as the fraction of
fibers oriented in the direction nβ . Based on the FODF, it is possible to derive fiber orientation
tensors (FOT) [1, 12]. The so called fabric tensors of 2nd , 4th and k th order can be calculated as
Z
Z
Z
⊗2
⊗4
N=
f (n)n dS, N =
f (n)n dS, Nhki =
f (n)n⊗k dS,
(4)
S

S

S

with the abbreviations

n⊗2 = n ⊗ n,

n⊗4 = n ⊗ n ⊗ n ⊗ n,

n⊗k = n
| ⊗n⊗
{z· · · ⊗ n} .

(5)

k times

For an empirical FODF, according to equation (3), this leads to
Nhki =

m
X

c (nβ ) n⊗k
β .

(6)

β=1

Further representations of FOTs can, e.g., be found in [12].

Effective Linear Elastic Behavior
The effective stiffness C̄ couples the effective stress σ̄ and the effective strain ε̄ as
σ̄ = C̄[ε̄].

(7)

Based on the MT assumption that the fiber strain localization ASIP
relates the phase-averaged
F
fiber (F) strain εF to the phase-averaged matrix (M) strain εM in the way that εF = ASIP
F [εM ],
the effective stiffness then is calcuted via
C̄ = CM + cF h(CF − CM ) AMT
F iF .

(8)

Hereby, CM , CF and cF are the matrix and fiber stiffness and the fiber volume fraction, respectively.
The fiber strain localization ASIP
based on the single inclusion problem (SIP) formulated by
F
Eshelby [5] is

−1
SIP
S
AF = I + P0 (CF − CM )
,
(9)
with IS being the 4th order identity on symmetric tensors. An explicit formulation of the
symmetric polarization tensor P0 can be found in [3]. Furthermore, the MT fiber strain
localization AMT
and matrix strain localization AMT
F
M are

−1
SIP MT
S
SIP
AMT
AMT
.
(10)
F = AF AM ,
M = cM I + cF hAF iF

The matrix volume fraction is given by cM = 1 − cF . In case of a transversally isotropic and
symmetric tensor A with symmetry axis in e1 -direction, an analytical formulation of the
orientation average over all fibers hAiF in dependence of a 2nd and 4th order FOT, N and N, is
given by [1] as
hAiF = b1 N + b2 (N ⊗ I + I ⊗ N )

+ b3 (N I + (N I)TR + (IN )TH + (IN )TR )
+ b4 I ⊗ I + b5 IS .

(11)

The coefficients b1 to b5 are specific parameters corresponding to A.
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Orientation Dependent Stress Localization
The localized phase-averaged stresses within the matrix σ M and the fibers σ F can be calculated
MT
with the MT stress localization tensors BMT
M and BF
σ M = BMT
M [σ],

σ F = BMT
F [σ].

(12)

Hereby, we have

−1
S
SIP
BMT
=
c
I
+
c
hB
i
,
M
F
F
M
F

SIP
MT
BMT
F = hBF iF BM .

The fiber stress localization tensor in the single inclusion problem BSIP
[5] is given by
F



−1
−1
S
S
BSIP
C−1
−
C
,
F = I + CM I − P0 CM
F
M

(13)

(14)

with the inclusion being oriented in e1 -direction. According to [4], the fiber stress σ ∠
F (n) in any
fiber orientation n can be calculated from the macroscopic stress σ̄ using
SIP∠
σ∠
(n) BMT
F (n) = BF
M [σ]

with BSIP∠
(n) = Q(n) ? BSIP
F
F , Q ∈ Orth.

(15)

Matrix Damage
The matrix is modeled based on its phase-averaged behavior. A comparison of different matrix
damage evolution models is conducted. A rate dependent isotropic damage model based on a
power law evolution is compared to a rate independent anisotropic damage model based on an
energy formulation developed by Govindjee et al. [9].
Isotropic Damage Model
Based on a scalar damage variable α ∈ [0, 1) [17] and the initial undamaged stiffness C0 , the
elastic storage energy is introduced as
1
W (ε, α) = (1 − α)ε · C0 [ε],
2

(16)

which leads to a damaged stiffness C of
C = (1 − α) C0 .

(17)

The damage variable α can be interpreted as crack density in an isotropic matrix (see, e.g., [10]).
A power law ansatz for the damage evolution based on the conjugated strain energy β is assumed
 m



m
β
ε · C0 [ε] m
σ · S0 [σ]
α̇ = α̇0
.
(18)
= α̇0
= α̇0
β0
2β0
2β0 (1 − α)2
Hereby, α̇0 , β0 and m are material parameters and S0 = C−1
0 is the compliance tensor. The
model leads to a strain rate dependent behavior of the damage and stress evolution under
unaxial loading, as depicted in Fig. 1. The damage variable α increases exponentially, while the
stress-strain behavior intrinsically shows a softening behavior due to equation (17). Accordingly,
the softening behavior is smooth.
Anisotropic Damage Model
An anisotropic damage evolution model according to Govindjee et al. [9] based on three damage
functions Φk (β, σ) is examined. The elastic storage energy is superposed of an elastic energy
and an energy p(α) due to the accumulated damage α given by
1
W (ε, C, α) = ε · C[ε] + p(α),
2
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Figure 1. Rate dependent material behavior - isotropic damage law

with the stiffness C itself being considered an internal variable. Hereby, the evolution of the
accumulated damage α and the compliance S are
α̇ =

3
X

γk (∂β Φk )

and Ṡ =

k=1

3
X

γk

k=1



∂σ Φk ⊗ ∂σ Φk
∂σ Φk · σ



.

(20)

The conjugated driving force β is defined as
β (α) = −

∂W (ε, C, α)
∂p(α)
=−
,
∂α
∂α

(21)

and describes the material behavior under loading. The function β (α) governs the damage
behavior and can be used to model a strain hardening or a strain softening behavior. Due to
the ill-posedness of the boundary value problem, a viscous regularization is necessary when
considering strain softening (see, e.g., [8]). Describing the latter by β (α) = gt (1 − exp (−Hα)),
with gt and H being material parameters, leads to a behavior under uniaxial loading as shown
in Fig. 2. Theoretically, the accumulated damage variable α ∈ [0, ∞) can take any non-negative
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Figure 2. Rate independent strain softening material behavior - anisotropic damage law

value, but is - depending on the chosen material parameters - usually quite small (as can be
seen in Fig.2(a)). Unlike the discussed isotropic damage model, the evolution of α within the
anisotropic damage model does not follow an exponential course. Furthermore, in contrast to the
isotropic damage model, where no seperate softening law has to be included, in the anisotropic
damage model the softening behavior is triggered through a maximal bearable stress gt . As soon
as damage occurs, the stress-strain curve exponentially decreases in a non-differentiable way.
Depending on the number of employed damage functions Φk , the model behavior can be further
adjusted to the behavior of the matrix material.
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Young’s Modulus Evolution
Young’s Modulus can be evaluated in any arbitrary direction n parametrized as polar coordinates
by two angles ϑ and ϕ. A depiction of the directional Young’s Modulus evolution within the
x − y−plane (ϑ = π/2), with x being the abscissa and unaxial loading axis can be seen in Fig. 3.
Both planar plots are rotationally symmetric with respect to the x−axis. The isotropic law (a)

E(π/2, ϕ)

E(π/2, ϕ)
E[GPa]

4

8

12

0.0%
0.17%
0.34%
0.51%
0.6%
0.68%
0.77%
0.85%

5

(a) isotropic damage law

E[GPa]
15
10

0.0%
0.68%
0.76%
0.85%
0.94%
1.02%
1.11%
1.19%

(b) anisotropic damage law

Figure 3. Young’s Modulus plot x − y−plane, uniaxial loading in x−direction

predicts an isotropic reduction of the stiffness independent of the actual loading case, whereas
the stiffness reduction of the anisotropic law (b) is highest in loading direction. Perpendicular to
the loading direction stiffness remains constant. Due to the occurence of damage, the material
behavior changes therefore, from isotropic to transversally isotropic.

Interface Damage
Using the fiber orientation information provided by the FODF or FOT respectively, an equivalent
interface stress in each fiber direction n can be calculated (see, e.g., [7]). Analogously to [13],
the interface strength is assumed to be Weibull distributed. A comparison of the fraction of
fibers in a specific direction n and the probability of fibers surviving the current load, yields a
damage evolution criterion.

Conclusions
To describe the matrix behavior, various damage evolution models are available. An adaption
to catch strain softening as well as strain hardening has already been implemented. Viscous
regularization is applied when necessary. The interface model needs to capture the stress driven
damage evolution due to an exceed of the interface strength depending on the loading.
In the development of the damage models on the microscale, it is necessary to ensure that the
basic assumptions of the considered MT homogenization scheme are not violated. A suitable
combination of a matrix and an interface damage model is necessary in order to correctly and
efficiently predict the macroscopic behavior.
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Combined Macro- and Micro-Mechanical
Analysis of Instable Crack Propagation in
Interlaminar Fracture Toughness Tests
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Micro Abstract
Fracture toughness experiments with fiber reinforced polymers often show instable growths of the
observed cracks. Such discontinuities can occur as a result of the test specimen’s microstructure.
A combined macromechanical micromechanical simulation approach shall help understanding the
occurrence of discontinuities with respect to the specimen’s microstructure. Therefore, the fracture
toughness test specimen’s microstructure is analyzed and modeled for finite element analyses.
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1 Introduction
Consolidated continuous fiber reinforced thermoplastic tapes have recently been used for lightweight structural parts as well as light-weight patching material to locally reinforce a specific
part area [3]. The manufacturing process of consolidated tapes consists of three steps: tape
laying, heating, and compression of the tape layers. It is important to understand how this
manufacturing method affects interface microstructures and their mechanical properties, in
particular, delamination fracture toughness between the tape layers. However, fracture toughness
experiments rely on the measurement accuracy of a propagating crack, which can be difficult due
to several reasons [1, 2]. Furthermore, stepwise and abrupt crack propagation can occur, making
its evaluation regarding critical energy release rates imprecise. Considering microstructure
investigations, a combined macro-micro-mechanical simulation approach shall help evaluate such
vague results.

2 Sample Manufacturing and Testing
The manufacturing of the test material used industrial scale process equipment: an automated
tape laying machine, a convection oven, and an hydraulic press. Continuous fiber reinforced
tapes are cut, positioned and fixed to each other using the Fiberforge Relay 1000 (figure 1a).
The semi-finished tape lay-up (figure 1b) is then heated up to a predefined temperature and
compressed to its final shape, resulting in a consolidated plaque (figure 1c). A PTFE-foil creating
an initial crack for oncoming fracture toughness tests is already placed during the tape laying
process. Investigating the fracture toughness’ sensitivity to process parameters, the consolidation
temperature as well as the compression force has been varied in three levels from 260 ◦ C to
270 ◦ C and to 280 ◦ C and from 24 bar to 36 bar and to 48 bar, respectively, and analyzed fully
factorial. The fracture toughness analysis is conducted with the Double Cantilever Beam (DCB)
test for mode I fracture and with the End Notched Flexure (ENF) test for mode II fracture.
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(a) Fiberforge Relay 1000 tape laying machine

(b) Tape lay-up including
PTFE-foil

(c) Consolidated
GF-PA6plaque with PTFE-foil

Figure 1. Plaque manufacturing steps: automated tape laying machine (a), stacked tape lay-up (b), and the
final, consolidated plaque (c)

The corresponding load-displacement curves are continuously recorded, while a camera system
takes photos of the current specimen state periodically. Herewith, the crack propagation in the
specimen is analyzed retrospectively. The critical energy release rates in mode I and mode II are
computed with:

GIc = −

dΠ
,
dA

GIIc =

9 × P × a2 × d × 1000
,
2 × w (1/4L3 + 3a3 )

(1)

where dΠ is the dissipated energy over the crack area growth dA for GIc [4], and where P is the
critical load of 5 % stiffness degradation, d the crosshead displacement, w the specimen width, L
the span length and a initial crack length for GIIc , respectively. The experiments are conducted
with a test rate of 2 mm/min for DCB tests and 1 mm/min for ENF tests.

3 Occurring Effects
The results of the fracture toughness analysis are shown in figure 2, where T1/P1 stands for the
lowest temperature/pressure value and T3/P3 for the highest temperature/pressure value. In
DCB tests, cracks propagate sequentially unstable and abrupt, as shown in figure 2(a) while
stable crack growth can be rather rare. Therefore, the fracture toughness is evaluated in the
surroundings of force drops. Both the DCB results and the ENF results in terms of the GIc value
and the GIIc value, respectively, scatter significantly. Process influence tendencies vanish within
the computed standard deviation. Hence, drawing conclusions about the process sensitivity is

(a) Typical load-displacement curve
(DCB)

(b) Results DCB tests

(c) Results ENF tests

Figure 2. Results of the fracture toughness analysis - typical DCB load-displacement curve and computed
critical energy release rates
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(a) Fiber bridging and asymmetric longitudinal crack
path in DCB test

(b) Rough crack path in transverse direction

Figure 3. Fracture behavior of consolidated GF-PA6 tapes

hardly possible. Further investigation of the fracture behavior is therefore necessary. While
cracks are propagating in DCB tests, several occurring effects are observable: as shown in figure
3(a), the crack crosses laminae while propagating, leading to major fiber bridging between the
crack surfaces and an asymmetric crack path (as indicated with yellow lines). Furthermore,
multiple cracks initiate concurrently.

4 Micromechanical and Numerical Analysis
Investigating the root causes of the crack behavior shown in figure 3, the fracture surface as well
as the crack initiation area is analyzed using scanning electron microscopy. The SEM pictures
of the fracture surface in figure 4(a) show exposed fiber surfaces next to free fiber beds within
the plastically deformed matrix, indicating failure of the fiber matrix interfaces. Furthermore,
ruptured fiber bundles and voids lead to a very rough fracture surface. The analysis of the
specimens cross-section within the crack initiation area reveals, that first micro cracks initiate
concurrently within fiber bundles, as shown exemplarily in figure 4(b), and then merge to form
a macro crack. Although the fibers are well impregnated also in the densest bundles, the micro
cracks mostly occur on or near the fiber matrix interfaces. This can be seen in particular between
the fiber bundles, where the crack propagation is driven by growing cracks on the fiber matrix
interfaces, where the matrix surrounding the fibers is still intact (figure 4(C)). Taking course
from fiber bundle to fiber bundle, the cracks form the rough fracture surface seen in figure 3(b).
As the occurring effects and hence the results of the experiments are highly influenced by the
materials microstructure, a numerical analysis considering the microstructural behavior in terms
of fiber distribution and fiber bundling is conducted. Therefore, a combined macro-micromechanical approach is taken, where a sub-model for a statistical microstructure with a small

(a) Post-mortem fracture surface

(b) Initiating cracks in fiber bundles

(c) Failed interfaces between bundles

Figure 4. SEM-analysis of fracture behavior: cracks initiation and propagation is driven by fiber matrix
interface failure
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(a) Simulation approach using sub-models for microstructure effects

(b) Microstructure Voronoi clustering depending on fiber content

Figure 5. Macro-micro-mechanical simulation approach to reversely analyze fracture toughness experiments

number of fibers is embedded in a macromechanical model of a fracture toughness experiment,
as shown in figure 5(a). Using a Voronoi procedure [5, 6], this method can then be extended to a
meso-scale considering the size, density and distribution of fiber bundles (figure 5(b)) and their
effect on the crack propagation. Herewith, several possible micro-scale material properties, fiber
distributions and crack paths can be analyzed to tghe fractographic observations in order to
reversely identify interfacial strength and fracture toughness.

5 Conclusions
Fracture toughness experiments of FRP highly depend on the microstructural properties, which
can lead to highly scattering and uncertain results. A combined macro-micro-mechanical analysis
using numerical simulations can help evaluating a material’s effective fracture behavior and its
failure driving factors.

Acknowledgements
The research documented in this manuscript has been funded by the German Research Foundation (DFG) within the International Research Training Group “Integrated engineering of
continuous-discontinuous long fiber-reinforced polymer structures” (GRK 2078).
The support by the German Research Foundation (DFG) is gratefully acknowledged.
The support by the company BASF in providing the raw material is gratefully acknowledged.
The composite work was performed at the Fraunhofer Project Centre (FPC) for Composite
Research at the University of Western Ontario.

References
[1] J. H. Chen, E. Schulz, J. Bohse, and G. Hinrichsen. Effect of fibre content on the interlaminar
fracture toughness of unidirectional glass-fibre/polyamide composite. Composites Part A,
Vol. 30(6):p. 747–755, 1999.
[2] P. Davies and D. Moore. Glass/nylon-6.6 composites: delaminatin resistancs testing. Composites Composites Science and Technology, Vol. 38(3):p. 211–227, 1990.
[3] M. Graf. Verfahrenskombination für verschnittarmes ud-tapelegen. Lightweight Design, Vol.
9(1):p. 34–39, 2016.
[4] D. Gross and T. Seelig. Bruchmechanik. Springer Vieweg, 2016.
[5] V. Hardenacke and J. Hohe. Local stochastic analysis of the effective material response of
disordered two-dimensional model foams. PAMM, Vol. 7(1):p. 4080001–4080002, 2007.
[6] V. Hardenacke and J. Hohe. Assessment of space division strategies for generation of adequate
computational models for solid foams. International Journal of Mechanical Sciences, Vol.
52(12):p. 1772–1782, 2010.
668

Contributed Session 01:
Advanced Modelling and Discretization Schemes

669

CS01

Advanced Modelling and Discretization Schemes
Proceedings of the 7th GACM Colloquium on Computational Mechanics
for Young Scientists from Academia and Industry
October 11-13, 2017 in Stuttgart, Germany

A primal discontinuous Petrov Galerkin Finite
Element Method
Tobias Steiner1 * and Peter Wriggers1
Micro Abstract
In this contribution a primal discontinuous Petrov Galerkin Finite Element Method (dPG FEM) with
a linear elastic isotropic material model is presented. This novel mixed discretization method was
introduced by Demkowicz and Gopalakrishnan in 2010. The behavior of this formulation is studied
with benchmark simulations for small deformations in the nearly incompressible case. Furthermore, a
possible extension for a nonlinear Finite Element formulation is suggested.
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Introduction
In the engineering practice, due to their reliability, standard Galerkin Finite Element Methods
are a powerful tool in solid mechanics since decades. Also the mixed finite element technology
is popular in linear elasticity for stress approximations and robust for (nearly) incompressible
material behaviour as the Poissons ratio ν tends to 0.5 in the limiting case. However, there are
still several applications that limit the use of standard finite element schemes. These are related
to locking in various forms, like shear or volume locking. In this contribution, we concentrate on
the phenomenon indicated as volume locking which can lead to failure of a numerical method
when constraints, as related to incompressible material behaviour, are not taken into account
properly. The focus of this research topic is on the introduction of a novel discretization method
for linear elasticity, which is able to overcome the phenomenon of volume locking. The basis
for this is the discontinuous Petrov-Galerkin (dPG) Finite Element Method (FEM) proposed
recently by L. Demkowicz and J. Gopalakrishnan in [2, 3] for the transport equation and by C.
Carstensen et al. in [1] for the Poisson model problem.

Formulation
In this section, we provide the derivation of the weak form of the dPG FEM for linear elasticity.
We consider a domain Ω given in Fig. 1 with the governing equations for linear elasto-statics:
t̄

div(σ(ε)) + ρb = 0

in Ω

σ · n = t̄

on ΓN

u = ū

on ΓD

σ(ε) = C : ε(u)

in Ω

ΓN
Ω

ΓD

Figure 1. Domain Ω, with Dirichlet boundary
ΓD and Neumann boundary ΓN .

ε(u) = 21 (grad(u) + gradT (u))
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In Eq. (1), σ denotes the stress tensor, ρ the mass density and b the body forces in the domain
Ω. The expression for the static boundary condition, σ · n = t̄, with the normal vector n, is
defined on the Neumann boundary ΓN as the traction vector t̄. Prescribed displacements on the
Dirichlet boundary ΓD are denoted by ū, and the linear elastic relation between stresses σ(ε)
and strains ε(u) are achieved by the isotropic fourth order material tensor C. The general weak
form can now be obtained by multiplication of the balance of linear momentum in Eq. (1)1 with
a test function η and integration by parts on a single triangle T of the triangulation T :
Z

σ(ε) : grad(η) dA −

T

Z

∂T

σ · nT ·η ds =
| {z }
=:tT

Z

ρb · η dA.

(2)

T

Besides the classical interpolation of element displacements u, the occuring boundary integral
∂T with the tractions (σ · nT ) at the interface of adjoined elements is also evaluated. In this
context an additional variable tT for the tractions is introduced resulting in a mixed formulation
with displacements u and tractions tT as primary unknowns. The weak form for the primal
discontinuous Petrov-Galerkin FEM can now be obtained by summing up over all triangles T of
the triangulation T and yields
Z

Ω

gradTNC (η)

: C : grad(u) dA −

XZ

T ∈T ∂T

T

η · tT ds =

Z

η T · ρb dA,

(3)

Ω

where gradNC denotes the non-conforming gradient with which a discontinuity in the space
of the test functions is introduced. The second integral in Eq. (3) describes the summation
of the contributions from tractions at the edges of all elements in the domain. For further
implementation of the dPG FEMs weak form in a finite element framework triangular elements
with six nodes, each with two degrees of freedom (dof), are used (cf. Fig. 2). The three corner
nodes are related to the displacements u and the three mid-side nodes refer to the tractions
tT at the edge. Due to introducing tractions on the interfaces between elements, respect has
to be given to the direction of the unit outward normal vector on coinciding edges (see Fig. 2)
and a preferred or positive flow direction has to be determined. Afterwards, the discretization
of displacements u, tractions tT and test functions η is introduced to achieve a low-order
finite element formulation. Here, standard Lagrangian polynomials for the approximation of
the displacements u and the test functions η are used. Furthermore, the interpolation of the
tractions tT is accomplished with constant functions on the edges. Following, the discretized
weak form of the primal dPG FEM in a matrix notation is utilized, which is more convenient
than a direct index implementation, and yields

3 X
3
X

I=1 J=1



Z
Z
3
XZ
X
T 
T
T
T

η̂ I
BI · C 2D · BJ dA · ûJ +
NI · N̂J ds · t̂J
=
η̂ I
NTI ·ρb dA, (4)
Ω

T ∈T ∂T

I=1

Ω

where N contains the linear Lagrangian shape functions over the triangular element, N̂ the
constant shape functions on the edges and B the derivatives of the linear shape functions.
With ˆ
• the approximation of the unknowns u and t, respectively, and the test function η is
characterized.In order to evaluate the integrals numerically an appropriate Gauss quadrature
scheme on the domain Ω as well as on the edge ∂T is applied. This results in a mixed system of
equations consisting of two matrices (A (6 × 6) and D (6 × 6)) from the volume and boundary
term (cf. Eq. (5)).
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As a consequence, the element stiffness matrix has a non-square shape due to the use of the
same test functions for both primary variables:
 
 
û
A | D ·
= f̂
| {z } t̂

with

A=

R

Ω

BTI · C 2D · BJ dV ,

G(6×12)

D=

R

∂T



NTI · N̂J ds,

(5)

f̂ =

R

Ω

NTI · ρb dV .

Consider two neighbouring triangular finite elements (cf. Fig. 2) whereas each has three nodes
for displacements (◦) and three nodes for tractions () with two degrees of freedom per node,
leads to 12 degrees of freedom per element. Furthermore, continuity for displacements û and
tractions t̂ is assumed, but due to utilization of discontinuous test functions, assembling is at
first only accomplished for the primary variables reducing the amount of degrees of freedom to
18 instead of 24 for decoupled elements. The non-continuity due to the interpolation of the test
functions as non-conforming or broken, results in test functions which “live” on each element
separately. The global system of equations for two adjoined elements then yields a matrix of
size G (12 × 18).
2

9

4
Displacement dof.
Traction dof.
Normalvector
8

7
6

1

5

3

Figure 2. left: Global node numbering for displacement degrees of freedom (◦) and traction degrees of
freedom (). right: description of preferred direction of normal vector on coinciding element interfaces.

A global stiffness matrix of square shape and a right hand side with matching size is obtained
by multiplication of the left and right hand side after assembly with the transposed of the
non-square linear system of equations GT . Since GT · G leads to a rank deficiency resulting in a
singular matrix, a stabilization matrix M is introduced in terms of an integral formulation over
the domain with the test functions appearing in the weak form:

M=

Z

Ω


gradTNC (η) : C : gradNC (η) + η T · η dA.

(6)

Afterwards, a square shaped and symmetric system of equations is achieved by GT M−1 G · x̂ =
GT M−1 f̂ , with x̂ the vector of unknowns. After introducing Dirichlet and Neumann boundary
conditions the system can be directly solved for the unknowns û and t̂.

Results
In this example, the performance of the proposed formulation is tested and compared with
classical Galerkin finite elements and mixed finite element formulations for the well-known
Cook’s Membrane problem.
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tT

16

System setup:
right side:
upper & lower side:
left side:
Young’s modulus:
Poisson’s ratio:

tT
tT
u
E
ν

=
=
=
=
=



(0, 1) N/mm2 
(0, 0) N/mm2
(0, 0) [mm] 
210 N/mm2
0.499

44

48

Figure 3. left: Material parameters and boundary conditions. right: Geometry of Cook’s Membrane problem.

1.4

1.4

1.2

1.2

1

1

displacement uy

displacement uy

In Fig. 4 the convergence of the vertical displacement during mesh refinement is shown for
different classical Galerkin formulations (left) and mixed formulations (right) compared to the
proposed mixed T1-dPG formulation. The T1-dPG formulation has a better convergence than
elements with linear interpolations (T1 & Q1), but is still insufficient compared to higher-order
elements (T2 & Q2) and mixed finite element formulations in the nearly incompressible case.

0.8
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T1 (linear)
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Q1 (bilinear)
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Figure 4. Convergence of vertical displacement of the top right point for the dPG FEM compared to classical
Galerkin formulations (left) and mixed formulations (right).

Outlook
The primal dPG FEM for linear elastic material behaviour will be tested extensively for further
benchmark tests and compared with well-known finite element formulations. In a next step,
investigations on the extension and implementation of a nonlinear primal discontinuous PetrovGalerkin Finite Element Method (e.g. St. Venant or Neo-Hookean material) are conducted.
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Virtual simulation of deformation behavior of
NiTi stents used in minimally invasive surgery
Sharath Chandra Chavalla1 * and Daniel Juhre1
Micro Abstract
Recently isogeometric analysis (IGA) is developed to bridge gap between design and computation
analysis. It represents and calculates geometries using non-uniform rational B-splines (NURBS). IGA
uses high-order, high-regular basis functions aiding in higher accuracy and minimal computation efforts
unlike finite element method. The project aim is efficient simulation of the deformation behavior of
carotid NiTi stents in throat arteries which leads to a step closer in realizing real-time simulation.
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Introduction
Cardiovascular diseases are one of the main reasons of death in western countries. In such
diseases, arteries develop a plaque resulting in narrowing (stenosis) and hence reducing the blood
flow through them. Stenosis leads to stroke which often occur without prior warning.The future
clinical intervention seems to progress towards treatment involving percutaneous minimally
invasive surgery techniques using high-tech implants which are deployed to the pathological
area. One such family of implants are called as stents, which are characterized by their complex
geometries and unique material properties.
Self-expandable stents are made of Nickel Titanium (NiTi). The pseudoelastic effect exhibited
by NiTi is a result of diffusionless transformation of the microstructure of the material from
martensite to austenite phase and this helps in maintaining the flexibility (strains of 10% can be
recovered) of the stent structure. Stent flexibility is evaluated by performing bending on stents
and are of greater significance in the stent delivery process.
Finite element analysis (FEA) is a popular tool to perform such evaluations in order to test
different configurations before prototype testing. Inspite of being a popular tool FEA poses
problems in terms of approximating the geometry and accuracy of the approximated solution.
The low-order and low-regularity polynomials used in discretization of continuum domain do not
capture the exact geometry unless highly fine meshes are used. Isogeometric analysis (IGA) is a
recently developed computation tool which bridges the gap between computer aided design (CAD)
and computation analysis. IGA replaces low-order and less smoother FEA basis functions with
high-order, high-regular basis functions used in CAD while retaining isoparametric framework.
Non-uniform rational B-splines (NURBS) were initially chosen as basic environment for IGA
due to their extensive use in CAD community [1].
In the current study the bending behavior of stents is analyzed using classical FEA and IGA
in a finite deformation regime. This is based on cantilever beam bending test proposed by
Müller-Hülsbeck et.al [2].
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Basics of NURBS and IGA
In this section a brief outlook on trivariate NURBS is given. For further information please refer
to the work of Hughes et.al. [3]. NURBS are constructed from B-splines which are expressed as
piecewise polynomials and are widely used in CAD and computer graphics. A pth order B-spline
C(ξ) is obtained by a combination of B-spline basis functions and coefficients Bi defined in real
space and are named as control points as follows:
C(ξ) =

n
X

Ni,p (ξ)Bi

(1)

i=1

n is the total number of basis functions and control points. The parameter space of the curve is
described by a variable ξ. A knot vector Ξ is defined as a non-decreasing vector with real values.
Ξ = [ξ1 , ξ2 , ξ3 , ....ξn+p+1 ]

(2)

The knots ξi partition the parameter space into knot spans. Given a knot vector Ξ B-spline
basis functions are recursively defined as

 1 if ξi < ξ < ξi+1
Ni,0 (ξ) =
(3)

0 otherwise
Ni,p (ξ) =

ξi+p+1 − ξ
ξ − ξi
Ni,p−1 (ξ) +
Ni+,p−1 (ξ)
ξi+p − ξi
ξi+p+1 − ξi+1

(4)

A pth order NURBS curve is defined as
C(ξ) =

n
X
i=1

Ni,p (ξ)wi
Ri,p (ξ)Bi , with Ri,p (ξ) = Pn
N (ξ)wî
î=0 î,p

(5)

where wi are the projection weights and Ni,p are pth order B-spline basis functions. NURBS
curves retain all the properties of B-spline curves like high continuity and regularity. The above
equation can be extended to solids as follows
V(ξ1 , ξ2 , ξ3 )d =

n1 X
n2 X
n3
X

Ri,p (ξ1 )Sj,q (ξ2 )Tk,r (ξ3 )(Bi,j,k )d

(6)

i=0 j=0 k=0

where (Bi,j,k )d are coordinates of control points, p,q,r are polynomial degrees and Ri,p , Sj,q , Tk,r
are the NURBS basis functions in each parametric direction respectively. The described NURBS
basis functions are then introduced as a galerkin isoparametric method based on those shape
functions in IGA [1].

Material model
A ’closed-cell’ stent model is generated using ’Rhinoceros Version 5 SR14 64-bit’. The constructed
surfaces are used to generate a NURBS patch. The NURBS data for all patches are exported
as text files using GEO PDEs plugin [4] and in-house Matlab codes are used to create stent
geometry (Figure 1) compatible with FEAP software.
The order of the patches for the longest links of stent in circumferential and longitudinal
directions is quartic and in thickness is quadratic. For remaining patches the order is quartic,
linear and linear along circumferential, longitudinal and thickness directions respectively. Knot
insertion is performed on selected long links of the stent using in-house matlab routines to
compare the performance of IGA with respect to number of degrees of freedom.
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Figure 1. Left: Extended IGA-stent model; Right: Boundary conditions on the stent

The equivalent finite element meshes are generated directly by non uniform division of each from
the NUBRS model. The finest NURBS model is used for creating finite element mesh using
in-house routines. The FE mesh is further refined (h-refinement) using non uniform subdivision
of each patch. For FEA mesh trilinear brick elements with full integration are used.
In order to capture the behavior of self-expanding NiTi stents, the phenomenological model
proposed by Christ et.al. [5] in the context of finite deformations is adopted. The constitutive
material parameters are obtained from Christ et.al. [5] which were fit to experimental tests of
Helm and Haupt [6, 7].

Analysis setup
Bending test is performed considering the proposal by Auricchio et.al. [1,8]. The stent is clamped
at one end and displacement of u = 8.5 mm are applied to the control points (Figure 1) at the
free end. The resultant reaction forces at the free end are considered as a reference measure to
compare the ability of IGA and FEA to efficiently simulate stent bending.

Results
In the current section the results of the stent bending simulation with respect to the different
refinements of FEA and IGA models are explained. Initially the convergence of all the IGA
and FEA models with respect to the reaction force at the free end against number of degrees of
freedom of the stent are analysed (Figure 2). The force-displacement curves for all the iterations
of FEA and IGA are shown in Figure 2. The above results clearly show the advantage of

Figure 2. Left: Convergence plots; Right: Reaction force - Displacement plots for FEA & IGA models

IGA over FEA. It can be concluded from convergence plots that IGA converges faster than
676
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FEA even with lesser degrees of freedom of order 10. Similar trend is observed in reaction
force-displacement plot. A point to be noted here is that FEA meshes were generated from the
finest IGA mesh and were subsequently subjected to h-refinements. From Figure 3 it is evident
that FEA and IGA yield similar deformed configurations. The potential of IGA to simulate
bending behavior of stent in comparison to FEA simulation in terms of performance with respect
to less degrees of freedom is noteworthy.

Figure 3. Displacement contour plot for FEA and IGA

Conclusions
In the current study bending simulation of stent is performed and compared betweem IGA
and FEA simulations. In IGA the computation domain is accurately represented unlike the
requirement of extremely fine meshes for FEA. This study demonstrates the superiority of
IGA to produce numerical results better than the traditional FEA with relatively low number
of degrees of freedom and lesser computation times. In future work the potential of IGA in
realising contact between the stent and artery is planned along with fluid-structure simulations
to simulate blood flow through the artery with stent.
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Flexible Wheelset Models in Dynamic
Interaction with Track
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Micro Abstract
Until now, multibody models of vehicle-track interaction mainly use rigid components. In order to
improve these models, it seems necessary to include flexible components by coupling finite element
analysis with multibody dynamics simulations. The main objective of this study is to present the
methodology used to take into account wheelset flexibility in a multibody model of train. Wheel-rail
contact forces obtained with rigid wheelset and flexible wheelset are compared.
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Introduction
Since the 19th century and with the development of the railway industry, several authors have
tried to understand the wheel-rail interaction, especially contact forces and contact shape. In
1882, Hertz proposed the first theory of the mechanical contacts [4], it was adopted for the
resolution of normal wheel-rail contact problem. In this theory, the shape of the wheel-rail
contact is assumed to be elliptical without friction. In addition to the Hertz theory, Carter [2]
solved, in 1926, the rolling contact problem by taking into account friction and by modeling
the wheel with a cylinder and the rail with a semi-infinite plane. Nevertheless, this theory
considers only longitudinal creepage. Different authors have extended this theory to other
configurations: Johnson [5] in 1958 for longitudinal and transversal creepage with circular
contact shape, Haines-Ollerton [3] in 1963 and Vermeulen-Jonhson [8] in 1964 for elliptical
contact shape. More recently, with the development of computer capacity, wheel-rail interaction
problem were solved by using finite element method (Vo and al. [9] in 2014, Arslan and al. [1]
in 2012, Zefeng and al. [10] in 2011, etc.). Nevertheless, high computational cost is the main
drawback of these simulations even if only just a small part of the rail (≤ 1m) is considered. In
order to study the rolling over kilometers, multibody models of vehicle-track interaction used by
railway companies mainly use rigid components, allowing real time calculations in low frequency
ranges, but these models do not properly estimate the real interaction forces because of the
strong hypothesis of the components rigidity. To improve these models, it’s necessary to include
a maximum of flexible components by coupling finite elements analysis with the multibody
dynamics simulations, and by using model reduction methods in order to reduce calculation
time. The main objective of this study is to present the methodology used to integrate wheelset
flexibility in a multibody train model. To estimate the efficiency of this method, wheel-rail
contact forces obtained with rigid wheelset and flexible wheelset are compared.

1 Railway wheelset
The wheelset is the most important and critical component of the railway vehicles, a conventional
wheelset is composed of two conical wheels connected by an axle (Figure 1). Based on Kalker’s
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Figure 1. Railway wheelset.

Figure 2. ZTER vehicle and its model in SIMPACK.

linear theory [6], simplified equations of motion of a wheelset with a conical wheels are given by:
mÿ +

Ix ψ̈+Iy

√
2abGC22
λ
λy
ψ̇
(ẏ(1 +
) − V ψ) + 2Gab abC23 + Wa
= Fsy
V
aw
V
aw

(1)

2aw GabC11
2Gab √
r0 λ
Vλ
ẏ+
λy−
( abC23 (ẏ(1+
)−V ψ)−ψ̇(a2w C11 +C33 ))−aw λWa = Msz
r0 aw
r0
V
aw
(2)

Where a and b are the semi axis of Hertzian elliptical contact [4], V the wheelset velocity, m
wheelset mass, G shear modulus of the wheel material, λ the conicity of wheels, aw the wheelset
gauge, Wa the wheelset weight, r0 the equilibrium rolling radius, Cij the Kalker coefficients [6],
Fsy and Msz the suspension forces, Ix and Iy the moments of inertia about x and y axis
respectively, and y and ψ the wheelset lateral and yaw degrees of freedom (DOF) respectively.

2 Multibody model of railway vehicle with flexible wheelsets
SIMPACK software is used to develop a multibody model of ZTER vehicle (Figure 2). ZTER is
a French regional passenger train, operated by the French national railways company (SNCF).
The wheelsets are linked to the bogies by primary suspensions, and the bogies are linked to the
carbody by secondary suspensions.
To integrate the flexibility of wheelsets, ABAQUS finite elements code is used to develop
a finite elements model of wheelset. The eigenmodes of unconstrained wheelset are extracted
(Figure 3).
In order to couple finite elements model with the multibody dynamics model, the Craig-Chang
method [7] is used to reduce the finite elements model, by retaining some nodes and some of
their DOFs (Bearing nodes and contact nodes distributed on the rolling surface of the wheels).
The dynamic behavior of a flexible wheelset is assumed to be described by the following
equation:
M S̈ + KS = F
(3)
Where M is the mass matrix, K is the stiffness matrix, F is the external forces applied on
wheelset and S are DOFs of the flexible wheelset.
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Figure 3. 6 Firsts eigenmodes of unconstrained wheelset.

Figure 4. wheelset flexibility.

The relation between the vector of retained DOFs Sr and the wheelset DOFs S is as follows:
S = P Sr

(4)

Where P is the transformation matrix
And finally, the equation of motion of the reduced model can be written as:
P T M P S̈r + P T KP Sr = P T F

(5)

3 Analysis of contact forces
Figure 4 depicts the wheelset deformations while the train is running at a speed of 100km/h on
a straight track. A comparison between the predicted normal and lateral contact forces from
the rigid wheelset model and those predicted from the flexible wheelset model is illustrated in
Figure 5. It should be noticed that this comparison is related to the forces on the right wheel of
the first wheelset. It clearly shows that the predicted forces from the rigid wheelset model are
constant while the ones predicted from the flexible wheelset model are oscillating due to the
wheelset initial deformation. The oscillation frequency is exactly the wheelset rotation frequency
(9.61Hz)

Conclusions
The coupling between the multibody model and the finite elements model was carried out in
ordre to take into account the flexibility of the wheelsets. With the wheelsets flexibility taken
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CS01

Advanced Modelling and Discretization Schemes

Figure 5. contact forces.

into account, the wheel-rail contact forces prediction is improved compared to the rigid wheelsets
model. With flexible wheelsets rolling on a straight track without irregularities, the contact
forces are oscillating with a frequency equal to the wheelset rotation frequency, while these forces
remain constant when the wheelsets are rigid. The oscillations exhibited by the forces from the
flexible wheelsets model come from the wheelsets initial deformation due to the vehicle weight.
These results prove that the flexibility of components like wheelsets and rails should be taken
into account.

References
[1] M. Arslan and O. Kayabasi. 3d rail–wheel contact analysis using fea. Advances in Engineering
Software, Vol. 45:p. P325–P331, 2012.
[2] F. Carter. On the action of a locomotive driving wheel. Proc. of the Royal Society, Serie
A112:p. P151–P157, 1926.
[3] J. Haines and E. Ollerton. Contact stress distribution on elliptical contact surfaces subjected
to radial and tangential forces. Proc. Int. Mech. Eng, Vol. 177:p. P95–P114, 1963.
[4] H. Hertz. Uber die beruhrung fester elastischer koper. ., 1882.
[5] K. Jonhson. The effect of a tangential contact force upon the rolling motion of an elastic
sphere on a plane. Journal of Applied Mechanics, Vol. 25:p. P339–P346, 1958.
[6] J. Kalker. Three-Dimensional Elastic Bodies in Rolling Contact. ., 1990.
[7] M. Tournour, N. Atalla, O. Chiello, and F. Sgard. Validation, performance, convergence
and application of free interface component mode synthesis. Computers and structures, Vol.
79:p. P1861–P1876, 2001.
[8] P. Vermeulen and K. Jonhson. Contact of non-spherical bodies transmitting tangential
forces. Journal of Applied Mechanics, Vol. 31:p. P338–P340, 1964.
[9] K. Vo, A. Tieu, and P. Kosasih. A 3d dynamic model to investigate wheel–rail contact under
high and low adhesion. International Journal of Mechanical Sciences, pages p. P63–P75,
2014.
[10] W. Zefeng, W. Lei, L. Wei, J. Xeusong, and Z. Minhao. Three-dimensional elastic–plastic
stress analysis of wheel–rail rolling contact. Wear 271, pages p. P426–P436, 2011.

682

CS01

Advanced Modelling and Discretization Schemes
Proceedings of the 7th GACM Colloquium on Computational Mechanics
for Young Scientists from Academia and Industry
October 11-13, 2017 in Stuttgart, Germany

Improving Numerical Stability of a
Tensor-Based Blood Damage Model using the
Log-Conformation Formulation
Stefan Haßler1 *, Lutz Pauli1 and Marek Behr1
Micro Abstract
Computational Hemodynamics enables the prediction of hydraulic properties and biocompatibility of
new Ventricular Assist Devices (VADs). For hemolysis predictions, we use a tensor-based morphology
model that accounts for the physiological behavior of red blood cells in blood flow. It resembles the
viscoelastic Oldroyd-B equation and shows similar difficulties in numerical stability. Therefore, we
apply the log-conformation formulation to the morphology model and show its enhanced stability.
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Introduction
Heart failure is the main cause of death in developed countries; heart transplants often being
the only permanent medical treatment. However, the number of donor hearts is significantly
lower than the number of patients in need of a transplant. Therefore, artificial blood pumps,
such as Ventricular Assist Devices (VADs), are often the only alternative. State-of-the-art
devices can support the failing heart for more than 5 years and can therefore function as a
bridge-to-transplant or even as a permanent medical treatment and a bridge-to-recovery.
Computational Fluid Dynamics (CFD) has become an important development tool for new
VADs. It is possible to predict both the hydraulic performance and the biocompatibility with
computational simulations. Hemolysis, the release of hemoglobin from red blood cells (RBCs) to
the blood plasma, can be increased in the non-physiological flow conditions in artificial organs
leading to multiple organ failure in severe cases [1]. Hence, a prediction of the hemolysis produced
is important for the assessment of the biocompatibility of such a device. Most research groups
use a stress-based approach for these predictions; the shear stresses in the pump are calculated
from the precomputed flow field and are used in a power-law model fitted to experimental data
of blood tests in simple shearing devices. This approach assumes an instantaneous deformation
of the RBCs according to the flow stresses. It cannot account for the complex behavior of RBCs
in blood flow.
At low shear rates, bi-concave shaped RBCs form coin-like stacks, called rouleaux; with increasing
shear, the individual RBCs move in the blood flow; at shear stresses above 1 Pa, the RBC gets
deformed to an ellipsoidal shape and starts to tumble and rotate; a further increase in shear lets
the surface of the RBCs rotate around the enclosed cytoplasm; pores can form on the surface of
the RBC due to the deformation through which hemoglobin can leak to the blood plasma; the
deformations up to this point are reversible and the RBCs can relax to their biconcave shape; but
ultimately, at shear stresses above 150 Pa, the RBCs start to rupture, leading to fatal hemolysis.
In order to account for this complex behavior, Arora et al. [2] modified a droplet model that can
describe the RBCs relaxation, elongation and rotation in the blood flow. This model is used to
estimate an effective shear rate acting on the RBCs. In this strain-based model, the effective
shear rate can then be used in the power-law model to estimate the produced hemolysis [3, 4].
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1 Tensor-Based Blood Damage Model
The RBCs in the aforementioned model are described by a 3 × 3 symmetric, positive definite
tensor S, that represents the ellipsoidal shape. The eigenvalues of the tensor S are related to
the three semi-axes of the ellipsoid. The resting shape without any shear stresses is assumed to
be the sphere. The governing equation—the so called morphology equation—for the behavior of
S in a flow u becomes
∂S
+ (u · ∇) S = − f1 (S − g(S)I) + f2 (ES + SE) + f3 (W S − SW ),
(1)
|
{z
} |
{z
} |
{z
}
∂t
relaxation

elongation

rotation


where I is the identity tensor, E = ∇u + ∇uT /2 is the strain-rate tensor and W =
∇u − ∇uT /2 is the vorticity tensor. The scalar g(S) ensures the volume conservation
of the RBCs and can be derived with the second invariant, IIS , and third invariant, IIIS , of the
tensor S as
3IIIS
g(S) =
.
(2)
IIS

The solution of this equation is a deformed ellipsoid for which we can quantify the deformation
by a scalar D = (L−B)/(L+B), with L, the longest and B, shortest semiaxes of the ellipsoid
computed with the eigenvalues of S. The distortion D can be used to compute an effective shear
rate acting on the deformed RBC by
Geff =

2f1 D
.
f2 (1 − D2 )

(3)

Equation (3) is derived from an analytical solution for a simple shear flow and generalised to
arbitrary flow deformations.
We discretize the morphology equation using a stabilised finite element approach and use a
pre-calculated blood flow u, governed with the incompressible Navier-Stokes equations, to solve
for S. This means that we assume no backcoupling from the morphology equation to the blood
flow. The positive definiteness of S has to be fulfilled in order to describe a physical state.
However, solving the discretized equations for complex flows can lead to negative eigenvalues
of S, causing the simulation to fail. This can be circumvented by introducing a logarithmic
transformation to the morphology equation.

2 Logarithmic Transformation of the Morphology Equation
The morphology equation introduced in the last section resembles the viscoelastic Oldroyd-B
equation. In the Oldroyd-B equation, the conformation tensor has to be positive definite,
which might be violated when solving the discretized equations. Fattal and Kupferman [5]
introduced a transformation to the Oldroyd-B equation that ensures the positive definiteness of
the conformation tensor naturally and Knechtges et al. [6, 7] derived a constitutive equation for
this transformed variable, called the log-conformation or log-conf equation. They showed that a
transformed solution of this new log-conf equation is also a solution to the original equation.
2.1 Constitutive Equation
The same transformation as in Knechtges et al. [6], i.e. S = exp (Ψ), can be introduced to
the morphology equation and the corresponding constitutive equation, the so-called log-morph
equation, is given by
∂Ψ
+ (u · ∇) Ψ = − f1 (I − g (Ψ) exp(−Ψ)) + f3 (W Ψ − ΨW )
∂t
Z Z
1
1
1
+ f2
f (z − z 0 )
E 0
dzdz 0 ,
2
(2πi) Γ Γ
z−Ψ z −Ψ
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with the function f (x) = x/tanh(x/2). The double integral on the rght-hand side (RHS) is a
Cauchy’s integral on the complex plane with a suitable contour Γ (please refer to Knechtges [7]
for more details). The volume conservation constant can be derived for this transformed equation
as
g (Ψ) =

3
.
tr(exp(−Ψ))

(5)

The differences to the Oldroyd-B equation are the prefactors of the RHS terms and the volume
conservation term. Nevertheless, the argument of Knechtges et al. [6, 7] can still be applied and,
hence, a solution of the log-morph eq. (4) transformed back to the original variables is also a
solution of the morphology eq. (1).
2.2 Numerical Discretization
The major part of the numerical finite element discretization and linearization can be done in
the same way as described by Knechtges [7]. Special attention has to be given to the volume
conservation term g(Ψ) = 3/tr(exp(−Ψ)). For the RHS of the discretized equations, one can use
the computed eigenvalues of Ψ to compute g(Ψ). For the linearized LHS, one has to derive its
directional derivative
∂
3
∂ξ tr(exp(−Ψ − ξδΨ))

ξ=0

=−

3
∂
tr(exp(−Ψ − ξδΨ))
2
tr(exp(−Ψ)) ∂ξ

3
=−
tr
tr(exp(−Ψ))2

∂
exp(−Ψ − ξδΨ)
∂ξ

ξ=0

ξ=0

!

.

(6)

This term can then be evaluated with the methods presented in [7].

3 Results for a 2D Pump Test Case
We investigate the behavior of the new log-morph equation for a simple 2D pump test case. The
log-morph equation and the untransformed morphology equation for a precomputed flow should
predict the same deformation of the RBCs. Fig. 1(b) shows a good agreement of both results on
a line plot through the pump domain.

(a) Effective shear rate computed with the

(b) Comparison of the morphology (red) and

log-morph approach and scaled to 200 s−1
(maximum Geff = 7751 s−1 ).

log-morph approach (blue) on a line depicted in
Fig. 1(a).

Figure 1. Effective shear rate for a 2D pump testcase.

The enhanced numerical stability of the log-morph implementation allows the simulation to run
with a significantly larger time step size. We could increase the time step size by one order of
685
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magnitude from 0.001 s to 0.01 s already for this simple 2D pump test case. For complex 3D
geometries, we could even increase the time step size by two or three orders of magnitude, if the
untransformed equation was able to give a result at all.
As an additional positive effect, we realized an enhanced volume conservation in the log-morph
simulations. The volume conservation can be quantified by det(S), which is proportional to the
RBC’s volume. Since the shape of an RBC at rest is approximated with the unit sphere, the
determinant of S should always be close to 1. The maximal deviation from det(S) = 1 for the
2D pump test caseqfor the solution of the morphology equation is 3.89 · 10−3 and the error for
P
2
−2
all nodes i is ε =
i (det(S i ) − 1) = 1.71 · 10 , while it is much better for the log-morph
solution with a maximal deviation of only 2.37 · 10−6 and an error of ε = 1.34 · 10−5 .

Conclusions
We successfully applied a fully-implicit logarithmic transformation for a strain-based hemolysis
estimation in medical devices. The newly-derived, discretized set of equations shows an increased
numerical stability and is applicable to complex geometries. Furthermore, we were able to
significantly increase the time step sizes in our simulations, leading to shorter overall simulation
times.
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Micro Abstract
The Single-Walled Carbon Nanotubes (SWNT) have unique properties that make them ideal for
nano-materials. We use efficient numerical methods to improve our understanding of the macroscale
assembly processes (e.g., fiber spinning). The Galerkin/Least-Squares formulation is derived for the
fully coupled transient equation systems. Space-time elements with equal order velocity-pressure-order
parameter are used for several relevant test cases. The results are compared with available literature
data.
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Introduction
Single-Walled Carbon Nanotubes (SWNTs) demonstrate unique properties at molecular scales [9],
which makes them ideal candidates for manufacturing multifunctional materials at macroscales [1–3]. The main difficulty in assembly processes is to produce macro-scale materials
that exhibit the same unique properties as the SWNTs. The fiber spinning process is a viable
production method that uses the SWNT solutions as liquid. In order to sustain the unique
properties at macro-scales, the fibers must be formed by long, highly aligned, and defect-free
arrangements of nanotubes [2]. SWNTs are considered as rigid rod-like polymers, and at high
concentrations, they form liquid crystals (nematic phase) that allow the fiber formation [6, 8].
The viscoelastic fluids are commonly modeled by constitutive equations that relate the stress
tensor and kinematic tensors (e.g., rate-of-strain tensor). The constitutive equations for microstructured liquids are derived from molecular and kinetic theories in order to retain the
micro-macro features of the flow. The dynamic behavior of rod-like molecules have been extensively studied over the last decades [5, 7, 13]. Here [11] we use the constitutive model that was
developed for the liquid-crystalline polymers (LCPs). The model adds the long-range elasticity
(proposed by [12]) to the Doi theory [7]. The microstructured liquid model consists of mass,
momentum and constitutive equations in differential form. The momentum and constitutive
equations are fully coupled via the extra-stress equation. We solve the system of equations
using a parallel stabilized finite element method [4, 14]. The “order parameter-velocity-pressure”
Galerkin/Least-Squares formulation (GLS3) is derived for the space-time elements as well as for
the semi-discrete form. The nonlinear equations are solved iteratively by Newton-Raphson (NR)
scheme. The parallel implementation is purely via message-passing communication library, MPI.

1 Governing Equations
The governing equations for the microstructured liquids consist of momentum, continuity, and
constitutive equations. Additionally, an extra-stress equation is needed for fully coupling the
momentum and the constitutive equations. In the current study, we use the non-dimensional
form of the equations. The length and velocity are scaled by the characteristic length H and the
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characteristic velocity V , respectively.
1.1 Flow equations
The transient incompressible Navier-Stokes fluid can be written as,


∂u
+ u · ∇u − ∇ · σ = 0,
Re
∂t
∇ · u = 0,

(1)
(2)

where Re is the Reynolds number, u is the velocity, and σ is the total stress tensor that is
defined as,
σ = −pδ + τ ,
(3)
where p is the pressure, δ is the unit tensor, and τ is the extra-stress tensor. The Reynolds
number Re is the ratio between the inertial forces and the other forces that is defined as,
Re =

ρV 2
,
ckB T

(4)

where c is the number of entanglements per unit volume, and kB T is the Boltzmann’s constant
times the absolute temperature.
1.2 Constitutive equation
The constitutive equation for the microstructured liquids in nematic phase is written as,
∂S
+ u · ∇S = F h (S) + F nh (S) + G(S),
∂t



1
1
h
F (S) =
(3U − 4)S + 6U S · S − 6U (S : S) S + δ ,
De
2





1
1
nh
2
2
2
2
F (S) =
(∇ S) + (∇ S) · S + S · (∇ S) − 2 (∇ S) : S S + δ
,
Er
2



1
1
T
T
κ + κ + S · κ + κ · S − 2 (κ : S) S + δ ,
G(S) =
2
2
κ = ω(u) + λε(u),

(5)
(6)
(7)
(8)
(9)

where S is the (symmetric and traceless) order parameter tensor, ω is the vorticity tensor, ε is
the rate-of-strain tensor, and U is the nematic potential. The parameter λ,
λ = (r2 − 1)/(r2 + 1),

(10)

is related to the tumbling period of the rod-like molecules, where r is the molecular aspect ratio.
The Deborah number,
V /H
De =
,
(11)
D̄R
is the ratio of the molecular (relaxation) time scale 1/D̄R to the characteristic time scale of the
flow, where D̄R is a constant that averages the characteristic rotational diffusion coefficient DR .
The Ericksen number is the ratio of the viscous stress (short range nematic potential) and elastic
stress (long range Marrucci-Greco potential), which is written as,
 
8 H 2
Er =
De,
(12)
U R
where R is the characteristic molecular interaction distance.
The inter-molecular kinetics, separated into homogeneous and non-homogeneous parts, are
collected in Eqs. (6) and (7), respectively. The molecular advection terms are collected in Eq. (8).
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1.3 Extra-stress equation (coupling)
The momentum equation (1) is coupled to the constitutive equation (5) via the extra-stress
equation,

1
1 De  2
τ = − λDeF (S) +
(∇ S) · S − S · (∇2 S) + 2νs ε(u),
(13)
2
2 Er
where the dimensionless parameter νs ,
νs =

µs (V /H)
,
ckB T

(14)

is the ratio of the solvent viscosity µs and the characteristic polymer viscosity. The second term
in Eq. (13) is the antisymmetric part of the stress tensor. The asymmetry implies that the
gradients in the orientation generate torques on the molecules.

2 GLS3 formulation
The weak form of the governing equations, (1), (2) and (5), for the linear space-time elements
with three unknowns S, u, and p can be written as,


Z
Z
Z
∂u
w · ∇ · τ dQ
w · Re
∇ · w p dQ −
+ u · ∇u dQ −
∂t
Q
Q
Q
Z
Z
Z

+
q ∇ · u dQ −
w · h dP +
w+ · Re u+ − u− dΩ
Q

P
Z
n
el
X

Ω

 


∂w
τMOM
+
Re
+ u · ∇w + ∇q
Re
∂t
e
e=1 Q
 


∂u
· Re
+ u · ∇u + ∇p − ∇ · τ dQ
∂t


Z
Z

∂S
+
C:
C + : S + − S − dΩ
+ u · ∇S − F (S) − G(S) dQ +
∂t
Q
Ω

 

Z
n
el
X
∂C
∂S
+
τCONS
+ u · ∇C :
+ u · ∇S − F (S) − G(S) dQ = 0,
∂t
∂t
Qe

(15)

e=1

where C, w, and q are the weighting functions for the constitutive, momentum, and continuity
equations. The space-time slab Q and its boundary P support the basis functions that are
continuous in space and discontinuous in time. The 6th and 9th terms in Eq. (15) are the
jump terms that weakly impose the continuity of the variables in time. In Eq. (15), we use the
following conventions for the space-time elements:
Z
Z Z
· · · dQ =
· · · dΩdt,
(16)
Q
t Ω
Z
Z Z t
· · · dP =
· · · dΓdt.
(17)
P

t

Γt

The higher-order derivatives (up to 3rd order) make it cumbersome to solve the Eq. (15). We
used two main approaches to handle this issue; 1) integration by parts, and 2) recovery of the
terms. Using the integration by parts approach, the higher-order derivatives on the shape (basis)
functions can be shifted to the weighting functions. The only consideration with this approach
is the additional integrals when the Neumann-type boundary condition is needed. The second
approach is to recover the higher-order derivatives by the polynomial field fitting. The fitting
algorithm affects the accuracy of the fitted field. The boundary nodes need special treatment
for accurate projection. Additionally, the convergence is degraded as a result of the missing
Jacobian matrix of the NR iterative scheme.
The sheer amount of terms with higher-order derivatives and nonlinearities necessitate the
development of software tools that generate the analytic Jacobian matrices for the NR scheme.
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Figure 1. The shear flow schematic; the walls are located at y = 0, H.

3 Numerical example
The shear flow problem is defined in Fig. 1 following [11]. We use this test case to validate our
stabilized FEM implementation of the microstructured liquid model. The shear flow is assumed
between two parallel plates that move in opposite direction by speed V and separated by a
gap H. The flow is periodic in the x-direction. The test case is separated into three subsets;
homogenous model, decoupled model, and fully-coupled model. For all results that we report
here, we assume that the dimensionless viscosity parameter is zero, νs = 0. The initial value of
the order parameter is assumed to be the equilibrium value of the homogenous case, Seq . On
the wall boundaries, the S tensor is aligned with the x-axis (anchored) as,
S = Seq

where, Seq =

1
2

q
1−



1 0
0 −1



,

(18)

4
3U .

3.1 Homogenous (point) model
In the homogenous case, the 2nd order derivatives (non-homogenous part F nh ) are dropped from
the constitutive equation (5). The homogenous model simplifies to,
∂S
= F h (S) + G(S).
∂t

(19)

The system is decoupled from the momentum equation (1), meaning that the velocity field u is
∂
not influenced by the order parameter tensor S or vice versa. The assumptions are: ∂x
= 0,
∂v
∂u
=
0,
and
=
2.
The
initial
conditions
are:
S
=
S
=
0.
The
results
are
shown
in
Fig.
2.
xx
xy
∂y
∂y
3.2 Decoupled model
Here, we solve the full model; the non-homogenous terms (the 2nd order derivatives) are included
in the constitutive equation (5). These terms add the long-range elasticity to the model, which
is controlled by the Ericksen number Er. This property enables the wall anchoring of S. In the
decoupled case, the velocity field u is not influenced by the order parameter tensor S, and vice
versa. The extra-stress equation (13) is dropped from the momentum equation (1).
The gap is H = 1. The boundary conditions are; the parallel plates move at speeds V = ±1,
and the order parameter tensor S is aligned with the plates (anchored to the walls). Initially,
the flow is fully developed with a constant shear rate of ∂u
∂y = 2, and the S is aligned with the
x-axis. The dimensionless parameters are chosen as: U = 10, De = 1, and Er = 100. The time
evolution of the order parameter tensor S are shown in Fig. 3.
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Figure 2. Evolution of the order parameter tensor components for U = 10 and De = 1. These results match
those in [11].

3.3 Fully-coupled model
In the fully-coupled model, the extra-stress tensor τ couples the momentum equation (1) and the
constitutive equation (5). We apply the same initial and boundary conditions as in Section 3.2.
The dimensionless parameters are chosen as; U = 10, De = 0.1, and Er = 100. The stabilized
FEM results are given in Fig. 4.

Conclusions
The GLS3 formulation for the microstructured liquid model was derived in the context of stabilized
finite element methods for equal order space-time elements. The higher-order derivatives were
handled by the integration by parts and recovery approaches. The analytic Jacobian matrices of
the NR scheme were generated by in-house tools. The implementation was validated for various
literature data.
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(a)
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Figure 4. The FEM results of the fully-coupled model for (a) Sxx , and (b) Vx . These results are nearly
identical to those in [11].
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Micro Abstract
Using boundary-conforming methods for co-rotating intermeshing domains is a complex task because
the mesh has to be updated in every time step. Traditional methods like the elastic mesh update method
require constant re-meshing due to mesh failure. We present a new, efficient approach, the Snapping
Reference Mesh Update Method (SRMUM). It is based on a background mesh that constantly adapts to
the current geometry. We apply the method to flow computations of plastic melt in twin-screw extruders.
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Introduction
Numerical analysis of flow inside co-rotating intermeshing domains like twin-screw extruders
(TSE) is very complex. This is due to small gap widths in addition to constantly rotating,
intermeshing surfaces, which makes meshing extremely challenging. An example of a conveying
screw element of a TSE is shown in Figure 1a and its 2D cross section in Figure 1b.
In presence of constantly changing computational domains, one can distingish between two
numerical approaches that can model the moving boundaries and interfaces, namely interface
tracking and interface capturing [1]. For interface capturing or fictitious domain methods (FDM)
an implicit description of the moving boundary is used on a constant background mesh. This
leads to a very flexible method that does not require intensive re-meshing. However, this kind of
methods lack accuracy for co-rotating intermeshing domains with small gap widths [2]. Therefore,
specialized interface capturing methods like XFEM [2] have to be employed in order to obtain
accurate results. A further disadvantage of FDM is, that the number of degrees of freedom is
not constant throughout the simulation which makes load balancing more complex for massive
parallel computations.

(a) 3D conveying screw element

(b) 2D cross section

Figure 1. Sketch of a screw element of a twin-screw extruder as an example for a co-rotating intermeshing
domain.
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For interface tracking methods the computational mesh follows the moving boundary, which
makes them boundary-conforming. For deforming domains, this requires a constant update
of the computational mesh. It can be achieved by updating the interior nodes based on the
movement of the boundary. A commonly used method is the Elastic Mesh Update Method
(EMUM) that treats the mesh as an elastic body [4]. However, for TSE applications this method
results in mesh tangling after few time steps due to the complex movement of the screws. This
makes re-meshing necessary which can be very time-consuming and tedious for complex domains.
Therefore, we present a new efficient mesh update method that allows to use boundary-conforming
meshes in the context of co-rotating intermeshing domains without constant re-meshing. It is
based on a reference mesh that constantly adapts (snaps) to the moving domain - thus, we
refer to it as Snapping Reference Mesh Update Method (SRMUM). Only algebraic operation
have to be performed, which allows to update the mesh at a fraction of the cost of the flow
solution. In order to naturally account for the moving domain the method is embedded into the
Deforming-Spatial Domain / Stabilized Space-Time (DSD/SST) finite element framework [3].

1 Snapping Reference Mesh Update Method
In the following we present the basic ideas for the Snapping Reference Mesh Update Method.
As a starting point, we consider a single convex rotating surface inside one barrel. We define
a structured background mesh between two circles with n beeing the number of elements in
circular direction. The rotating surface is also discretized into n equally spaced elements, where
every surface point belongs to an ID going from 1 to n. According to the naming of the method,
we want the background mesh to snap onto the rotating surface. Therefore, we have to establish
a connection between background mesh and surface discretization. Thus, every node of the
background mesh is associated to an ID that is computed as follows: ID = α/360◦ ∗ n, where α
is the angle enclosed by the line from the circle origin to the node. Thus, all mesh points lying
on one line in normal direction have the same ID. This can be observed in Figure 2a. In order to
account for the rotation of the surface the IDs of the surface have to be updated. Whenever the
surface rotates more than θ = 360◦ /n the IDs of the screw surface have to be shifted, whereas
the IDs of the background mesh are constant over time, see Figure 2b.

(a) Initial configuration

(b) Configuration after some rotation

Figure 2. SRMUM background mesh and screw surface discretization at two different screw orientation.

In addition to the ID, every node needs to have information about its relative position between
the inner and outer circle. We denote this as xrel . It is zero for points on the inner circle and
one on the outer one. Based on this the position of every node at any point in time can be
determined by

x (ID) = xsurf (ID) + xrel ∗ [xbarrel (ID) − xsurf (ID)] .

(1)

We extend the method to co-rotating intermeshing domains, as shown in Figure 1b. Therefore,
two circular background meshes are connected and duplicated nodes on the connected interface
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Figure 3. Sketch of the intermeshing area and the middle line for 2D SRMUM.

are eliminated. The update of nodes outside the intermeshing area is the same as for the
single surface case. For points inside the intermeshing area the corresponding barrel position is
not defined, such that Equation 1 cannot be applied. As a substitute for the barrel position
xbarrel (ID), we define a middle line inside this area, see Figure 3. Points on the middle line
xmiddle line (ID, xsurf (ID)) are computed based on relations between the corresponding screw
positions.
Extending SRMUM to 3D is straight forward. The longitudinal direction (z-axis) can be
interpreted as a 2D space-time surface rotating in time. We simply connect 2D meshes in the
xy-plane along the z-axis. This is simple due to the well defined structure of the background
mesh. The resulting prisms are split into tetrahedrons.

2 Numerical Results
2.1 2D Convergence Study

(a) Screw configuration and line used for plotting.
45

2.5

level 1
level 2
level 3
level 4
level 5

pressure [N/mm2]

velocity [m/s]

2

40

1.5

1

0.5

35
30

level 1
level 2
level 3
level 4
level 5

25
20
15
10
5
0

0

-5

(b) Velocity

(c) Pressure

Figure 4. Pressure and velocity plot of a 2D TSE flow computation on 5 different computational meshes
along a vertical line.
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In order to validate the SRMUM we use a testcase that computes the flow inside a 2D TSE
configuration presented in [2]. The configuration is shown in Figure 4a. The plastic melt is
modeled using stokes flow and in addition to that, the Yasuda model is employed to account for
shear-thinning effects. The properties for comparison are pressure and velocity values along a
line through the intermeshing area. In order to show convergence of our method we compute
the flow solution on 5 different mesh levels generated via SRMUM. The number of elements of
the screw discretization varies from 1000 to 4000. This results in a total number of elements
from 120 000 to 700 000. The results are shown in Figure 4b and 4c. Mesh convergence can be
shown for velocity and pressure. Furthermore, the results match those shown in [2].
2.2 3D Temperature-Dependent Flow of Plastic Melt in TSE
In the following, we compute the velocity and temperature distribution of plastic melt inside a
3D TSE with forward conveying screw elements using SRMUM. Viscosity is not only dependent
on the flow field but also on temperature through a WLF model, s.t. the heat equation is not
decoupled from the energy equation anymore, which makes the system highly nonlinear. The
plastic melt heats up due to viscous heating effects resulting from high shear rates in the gap
regions. This effect is shown in Figure 5.

Figure 5. Temperature distribution inside 3D TSE due to viscous heating.

Conclusions
We presented SRMUM as an efficient boundary-conforming mesh update method, that allows to
conduct unsteady computations on co-rotating intermeshing domains. The functionality and
mesh convergence of the method has been validated using a 2D TSE example. Furthermore,
results for more complex simulation of temperature-dependent flow inside 3D TSE have been
shown.

References
[1] S. Elgeti and H. Sauerland. Deforming fluid domains within the finite element method:
five mesh-based tracking methods in comparison. Archives of Computational Methods in
Engineering, 23(2):323–361, 2016.
[2] A. Sarhangi Fard, M. Hulsen, H. Meijer, N. Famili, and P. Anderson. Adaptive non-conformal
mesh refinement and extended finite element method for viscous flow inside complex moving
geometries. International Journal for Numerical Methods in Fluids, 68(8):1031–1052, 2012.
[3] T. E. Tezduyar, M. Behr, and J. Liou. A new strategy for finite element computations involving
moving boundaries and interfaces–the deforming-spatial-domain/space-time procedure: I.
the concept and the preliminary numerical tests. Computer Methods in Applied Mechanics
and Engineering, Vol. 94(3):339 – 351, 1992.
698

CS02

Fluid Mechanics

[4] T. E. Tezduyar, M. Behr, S. Mittal, and A. Johnson. Computation of unsteady incompressible
flows with the stabilized finite element methods: space-time formulations, iterative strategies
and massively parallel implementations. Asme Pressure Vessels Piping Div Publ PVP,
246:7–24, 1992.

699

CS02

Fluid Mechanics
Proceedings of the 7th GACM Colloquium on Computational Mechanics
for Young Scientists from Academia and Industry
October 11-13, 2017 in Stuttgart, Germany

Simulation of Oil Jets for Piston Cooling
Applications Using Mesh Deformation and the
Level Set Method
Loı̈c Wendling1 *, Karyofyli Violeta1 , Markus Frings1 , Anselm Hopf2 , Elgeti Stefanie1 and
Marek Behr1
Micro Abstract
The level set method is used to understand and design oil jets used to cool pistons of internal
combustion engines. Different jet configurations ranging from laminar to atomized are presented and
compared with experimental results. Exploiting the flexibility of the space-time finite element method,
the reciprocating movement of the piston is modeled by using mesh deformation. The resulting
multi-physics simulation realistically represents the main flow features.
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1 Introduction
Active cooling strategies for pistons are currently investigated as a way to improve the efficiency
of internal combustion engines and reducing harmful emissions. Pistons are notoriously hard
to cool because of their high velocity and complex kinematics. One solution consists of using
lubricating oil sprayed underneath the piston as a coolant to regulate the temperature. The
lubricating oil is preferred due to its wide availability and high specific heat allowing significant
heat removal. The new generation of pistons includes a so called cooling gallery to bring the
fresh oil even closer to the hot piston rings and the combustion chamber. The challenge is to
estimate the efficiency of a set of design parameters including, nozzle diameter, nozzle to piston
spacing, cooling gallery geometry and mass flow rate of the cooling oil. The objective of this
work is to simulate the resulting oil jets using modern computational fluid dynamics tools like
the level set method.

2 Method
In multiphase flows, the complex motion between two heterogeneous phases with steep discontinuities needs to be accurately resolved including the representation of the interface between the
two phases. The two main approaches for solving these problems are interface capturing and
interface tracking methods [3]. The first implicitly stores the information about the position of
the interface into an additional field. The latter uses the mesh as an explicit representation of the
interface between the two phases. The level set method [9] is an interface capturing technique
where the signed distance to the interface is computed. This technique is suitable because it
can handle the large and complex motion of the oil jet in the air domain. The disadvantage
is its lack of mass conservation which can be influenced by the mesh resolution and the level
set reinitialization. A global volume correction is used to balance the lack of mass preservation.
Opposite to the Volume of Fluid method [8], another interesting feature of this method is that
the interface is directly available and allows a more accurate estimation of the surface tension
force. This force is incorporated into the fluid equations as an additional source term acting
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Figure 1. Space-time slab

only in the vicinity of the interface. Furthermore, the Laplace-Beltrami approach [5] applied in
this work uses differential geometry to avoid the direct computation of the curvature. For the
flow, the multiphase Navier-Stokes equations are solved where the density and viscosity depend
on the level set function. Both phases are assumed to be composed of Newtonian fluids and do
not mix. The discretization used here is the space-time finite elements method [2]. The main
feature of this method is the concurrent discretization of space and time using finite elements,
forming a so called space-time slab shown in Figure 1. This method is especially useful when
using mesh deformation techniques because the time slab can implicitly account for the mesh
deformation (Arbitrary Lagrangian-Eulerian approach). The Navier-Stokes equations and the
level set advection are solved in a partitioned way and iterated until sufficient convergence is
obtained. Steep discontinuity within the velocity and pressure fields are unwanted side effects
resulting from multiphase flows. A way to soften these effects is the use of discontinuities capturing methods where diffusion is added to the regions with high gradients [4]. The turbulence at
subgrid level is also considered by using the variational multiscale turbulence model [1]. For the
second test case, the mesh deformation is handled through the space-time slab. The top of the
slab, laying on the next time level, is deformed by considering the mesh at this level as an elastic
material. Here, the stiffness of the elements is made inversely proportional to their size. When
the mesh is too much deformed, a new mesh is generated and the solution is mapped to it. Here,
the periodic movement of the piston is an advantage, because the expensive projection does not
need to performed again at the next cycle because the mapping between meshes is stored.

3 Results
Two examples will be presented. The first one with several states of jets from laminar to
atomized. The second example shows a laminar jet interacting with a moving piston. Detailed
simulation requirements and mesh design will be presented for each example.
3.1 Oil jet atomization
In this first example, the properties of both oil and air are kept constant but the inflow mass
flow rate will be increased to obtain a jet breakup and atomization. For the semi-turbulent
and turbulent cases, random perturbations mimicking the noise coming from the oil pump and
other components are added to the inflow velocity profile to facilitate the onset of atomization.
Symmetry boundary conditions are used and only a quarter of the full chamber is simulated.
There are two objectives for this test case: guiding the subsequent studies in terms of simulation
parameters and understanding the breakup mechanics leading to jet atomization. For classical
pistons, oil atomization is used because it creates a spray with numerous droplets increasing the
cooling contact area between oil and surface underneath the piston. In Figure 2, the influence of
the inflow mass flow rate is shown including the breakup level of the jet core and the disturbances
increase by the Reynolds number. The atomization process significantly depends on the mesh
refinement, especially in the vicinity of the nozzle exit. This region needs to be sufficiently
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(a) Laminar (1.6L/min)

(b) Semi-turbulent (3L/min)

(c) Turbulent (4.2L/min)

Figure 2. Influence of the inflow mass flow rate

resolved in order to the oscillations coming from the nozzle to propagate downstream. Those
perturbations slowly grow in amplitude and lead to the core breakup. Qualitative agreements
are observed by comparing pictures from the experiment and the simulations.
3.2 Laminar jet interacting with a moving piston
In the second example, a laminar jet is injected into a modern piston with a cooling gallery.
The interaction between the rising jet and the oscillating piston is handled by the space-time
finite elements method together with appropriate boundary conditions. The displacement of the
piston is governed by the equation of motion [7]:


π
+
x (t) = r cos ωt +
2

r



π 2
l2 − r sin ωt +
2

(1)

With x, r, l, ω and t being respectively the current position of the piston, the crankshaft radius,
the connecting rod length, the engine rotational speed and the current time. This example takes
advantage of the space-time finite elements method by seamlessly combining interface capturing
for the jet and interface tracking for the piston movement into one framework. Throughout
a piston cycle, the number of element varies from 8.1M io to 8.3M io. A small elements size,
0.3mm is used inside the cooling gallery where the oil shaker cooling effect takes place [6]. The
results in Figure 3 show the evolution of the oil filling when the piston moves toward the nozzle
3(b) and away from the nozzle 3(c). Inside the cooling gallery, the oil hitting the top and the
bottom surfaces creating small droplets that are rapidly reabsorbed including the inertia effects.
Over several cycles, the filling ratio of the gallery is tracked.

4 Conclusion
The influence of the inflow mass flow rate on the atomization level has been investigated and
compared to experiments. This is a first step toward quantifying the sensitivity of each design
parameter. Atomization is a complex phenomenon that requires more research to balance the
significant computing resources with the desired level of details. Future improvement will include
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(a) Initial position

(b) Bottom Dead Center (BDC)

(c) Top Dead Center (TDC)

Figure 3. Jet at different piston positions

adaptive mesh refinement based on the interface position to use the available computing resources
more optimally. A piston with a cooling gallery has been successfully simulated under moving
conditions. The oil in the gallery clearly follows the movement of the piston and sloshes against
the wall including inertia effects. Interface tracking and interface capturing may be combined to
take advantage of the strengths of each method. The oil properties, especially the viscosity, are
sensitive to temperature fluctuations. In order to properly assess the cooling efficiency of a set
of design parameters, future simulations will also solve the temperature field. Furthermore, the
temperature in the piston will be interacting with the fluid simulation by mean of conjugate
heat gradient method. The level set method proved to be powerful and versatile for complex oil
motion.
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Numerical two-phase simulations of the
propagation of an evaporating extinguishing
agent for optimal fire suppression
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Micro Abstract
Fire suppression systems operate with extinguishing agents released from a reservoir and atomized
into droplets. Flow predictions are separated into the release process and the propagation of the
extinguishing agent. For the latter an Euler-Lagrange approach is used to model the two-phase flow.
Data of the first simulation are used for the droplet initialization. The transformation of parcels
into the gaseous state is treated by an evaporation model. The propagation of the agent is investigated.
Professur für Strömungsmechanik, Helmut Schmidt University, Hamburg, Germany
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Introduction
Fire suppression systems are used for the protection of occupied compartments of vehicles. They
operate with a gaseous non-flammble extinguishing agent, which is released from a storage bottle. Nitrogen is added as a propellant agent to yield high pressures. Before release into the
environment the extinguishing agent passes through a nozzle system, where it is atomized into
droplets. Recently, 1,1,1,3,3,3-Hexafluoropropane (HFC-236fa) was introduced as a new extinguishing agent for fire suppression systems to meet the requirements of the Montreal Protocol [1]
prohibiting the application of chemicals with ozone-depleting impact. However, HFC-236fa is a
less effective fire suppressant than the formerly used Bromotrifluoromethane (Halon-1301). Low
agent concentrations will fail to deliver any extinguishing effect, while too high concentrations
show adverse health effects. This necessitates a more detailed understanding of the agent propagation behavior and a regulation of effective agent concentration ranges. A complete release of
the storage bottle content needs to occur within a time frame of several hundred milliseconds.
Therefore, the extinguishing agent is stored in liquidized state within a container at a pressure
of about 52 bar. When released to the compartment, the extinguishing agent is present as a
superheated liquid. The non-equilibrium thermodynamic state leads to a rapid evaporation by
boiling. Additionally, the liquid jet at the nozzle outlet is disintegrated into a spray of small
droplets. Further downstream droplets are subject to atomization by aerodynamic forces and
evaporation until a complete gaseous state is reached.
The whole process is investigated by numerical flow predictions based on the open-source code
OpenFOAM. The release process from the storage bottle and the propagation of the extinguishing agent in the compartment are treated separately. The first simulation investigates an
incompressible, isothermal flow inside the agent storage bottle and the nozzle release system.
The second simulation deals with the flow outside the storage bottle in the compartment. An
Euler-Lagrange approach is used to model the two-phase flow behavior of the second stage.
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1 Simulation of the nozzle release system
Prior to the propagation within the compartment the pressurized liquid extinguishing agent
has to pass through a nozzle release system comprised of 46 outlet exits. The design of the
nozzle release system is mainly of cylindrical shape, where the outlets are distributed along
two separate planes of the cylinder height and at its bottom. Each plane consists of a distinct
distribution of outlets in circumferential direction. Furthermore, the outlets vary in shape and
size. Due to the complicated design of the nozzle a separate flow simulation of the nozzle release
system is carried out to obtain detailed information on the outflow.
For further simplification a pressure control algorithm is introduced. In the real application a
gaseous propellant agent at high pressure induces the outflow of the liquid extinguishing agent.
In the flow calculation only the liquid phase of the extinguishing agent is taken into account.
The expansion of the propellant agent is modeled by an adiabic expansion of an ideal gas. The
volumetric output of the nozzle release system is coupled to the adiabatic expansion of the
propellant agent in an time-resolved procedure. The respective pressure decrease due to expansion is set as a boundary condition. The pressure control algorithm is validated against a VOF
two-phase flow prediction [2] of a simplified test case and shows a nearly perfect agreement.
The computational model consists of the storage bottle, the nozzle release system and an additional bounding box, which represents a small part of the outside space. During the mesh
generation of the computational domain special attention is paid to the resolution of the boundary layers within the outlet channels of the nozzle release system. These regions and the vicinity
are resolved by wall-refined, structured hexahedral cells. All other parts of the computational
domain consist of unstructured tetrahedral cells. In total the computational grid is composed
of 43.5 million control volumes. The flow solver is incompressible and isothermal. The computation is carried out in parallel with 560 processors on an HPC cluster.
The complete release of 2.7 kg of the extinguishing agent takes place within a time span of
tinj = 0.052 s. Examples of the flow-rates for different outlets are shown in Figure 1. As visible
the flow accelerates within about 2-3 ms. Afterwards, the flow-rates slowly decrease due to the
decreasing pressure inside the bottle. The flow within the nozzle release system is strongly in0.0035
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Figure 1. Exemplary flow-rates at some outlets of the nozzle release system.

fluenced by vortical structures. In general high fluctuations occur which need to be considered
in subsequent calculations of the external flow. In some outlets nearly harmonically oscillating
outflow patterns can be observed. Other outlets show irregularly fluctuating flow-rates with
high amplitudes. During the simulation of the nozzle release system, velocity fields at the mesh
resolution applied and the flow-rate data for every nozzle exit are stored at a time resolution of
5 · 10−6 s. Overall a database of 144 GByte in OpenFOAM file format is generated for the nozzle
release system. It will be accessed in the simulation of the propagation of the extinguishing
agent in the compartment.
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2 Simulation of the extinguishing agent propagation within the compartment
The flow prediction outside the nozzle release system is concerned with the propagation behavior of the extinguishing agent. The extinguishing agent is released into a closed compartment
with a square base area of 3.41 m x 3.41 m and a height of 1.8 m. A complete discharge leads
to a 10% concentration assuming a perfectly equal distribution of the gaseous extinguishing
agent. The multiphase character of the flow is modeled by an Euler-Lagrange approach, where
the motion of liquid droplets and the gaseous phase is described within the Lagrangian and the
Eulerian framework, respectively.
When the liquid extinguishing agent is ejected out of the nozzle release system, it disintegrates
into droplets of various size (primary break-up). The droplet diameter distribution is described
by the log-normal probability density function. The resulting droplet diameters are estimated
by relying on experimental data of the surrogate agent R-134a [3, 6] which shows comparable
physical characteristics. The secondary break-up of droplets and droplet collisions are not taken
into account. To achieve computational feasibility, a parcel approach is utilized. A parcel represents a gathering of droplets with uniform properties. By following the Lagrangian motion
of the reduced number of parcels, the computational effort can be limited to an acceptable
amount. Parcels are generated at predefined areas equal to the exit cross-sections of the nozzle
release system. The mass flow-rate data taken from the database of the nozzle release system
determines how many parcels are generated within each simulation time step at each nozzle
outlet. The injection position of a parcel within a nozzle outlet is defined by a random number
generator. For each injection position at a given time a corresponding velocity vector can be
assigned to the parcels using the nozzle release system database.
When released into the compartment, the liquid extinguishing agent droplets are in a superheated thermodynamic state. They evaporate into gaseous state by boiling and heat transfer.
The transition from the liquid to the gaseous phase is incorporated by an evaporation model [4]
and a heat transfer model [5].
Various studies are performed to identify the influence on the propagation of the gaseous extinguishing agent and the resulting fire suppression performance. Firstly, the position of the
storage bottle within the compartment is varied. Three predictions are performed, where the
storage bottle is placed at the compartment center, near a wall and within a compartment corner. Secondly, intermediate walls are build into the compartment to perturb the extinguishing
agent flow behavior. Thirdly, droplet diameters resulting from the primary break-up are varied.
The transient propagation process is tracked by visualizing concentration iso-surfaces and 5%
concentration intervals. Fire suppression performance is evaluated by the time intervals at a
location within the compartment needed to attain a target concentration of 10%. The risk of an
overconcentration is estimated by the cumulative times of an extinguishing agent concentration
above 15% at every location within the compartment.

Results and Conclusions
The results of the two-phase flow predictions show that the extinguishing agent propagation can
be divided into an initial rapid expansion and a subsequent mixing phase. The initial expansion
phase occurs with high velocities (≈ 80 m/s) during the first 200 ms after release from the storage bottle. As an example Figure 2 shows the extinguishing agent propagation pattern during
the initial expansion phase for two different storage bottle placements. The mixing phase takes
place at a slower pace when the concentrations slowly converge towards the target concentration
of 10%. The study of varying storage bottle placements shows a significant impact of bounding
walls on the propagation behavior of the extinguishing agent. On the one hand, walls tend to
redirect the extinguishing agent to different locations compared with the initial propagation
direction and help to spread it within the compartment. On the other hand, this process is
combined with a velocity reduction. Overconcentrations of the extinguishing agent are usually
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Figure 2. Visualization of the propagation by isosurfaces of a 10% gaseous concentration of HFC-236fa at
t = 0.080 s: (left) centrally placed storage bottle, (right) storage bottle placed at a corner.

observed in near-wall regions.
Intermediate walls have a negative impact on the fire suppression in general. The effect is highly
disadvantageous if the intermediate wall is placed normal to the main propagation direction and
is being reached by the extinguishing agent during the initial expansion phase. In this case an
extended region of overconcentration can be observed in front of the wall, whereas an extended
region at the rear side is hardly reached by the extinguishing agent. The effect is far less significant if the intermediate wall is reached within the mixing phase or is oriented in the main flow
direction.
Independent of the relative placement of the storage bottle, the initial expansion of the extinguishing agent is mainly governed by the outflow pattern of the nozzle release system. In this
regard the design is evaluated as far from being optimal since the spreading of the liquid extinguishing agent happens only in a narrow plane area of the compartment. It is assumed that an
extended spreading of the extinguishing agent by the nozzle release system would significantly
improve the fire suppression performance.
The study of varying droplet diameters by primary break-up showed no significant influence on
the propagation behavior. This is attributed to the rapid evaporation of the liquid droplets.
Furthermore, the evaporation model shows a nearly drop size independent evaporation rate for
the case of superheated boiling. This assumption needs to be further investigated in the future.
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Computational modeling of fiber flow during
casting of fresh concrete
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Micro Abstract
The Folgar-Tucker fiber orientation model coupled with weakly compressible Smoothed Particle
Hydrodynamics is used to predict the spatial-temporal evolution of the probability density function of
fiber orientation during process of casting of fiber reinforced concrete. The flow-able concrete-fiber mix
is modeled as a viscous Bingham-type fluid. The model predictions qualitatively agree with fiber
orientations observed in an L-box test with fibers suspended in transparent gel.
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Introduction
Fiber reinforced concrete (FRC) is a construction material, which allows to better control the
material ductility and crack spacing as compared to standard reinforced concrete. However,
despite its wide and established use, many of the uncertainties and crude assumptions about
the material properties and behavior are still in effect. In regard to the important questions of
orientation and distribution of the fibers in the concrete or mortar matrix, in most practical
applications these are assumed to be isotropic and homogeneous respectively. If scale bridging
material models are employed for the simulation of FRC structures (see, e.g. [7]), such assumptions
are required to predict the properties of material in hardened state such as tensile and compressive
strength, elastic properties, and ductility. Evidently, these assumptions come from inherent
difficulty to measure or predict the real orientation and distribution of fibers.
The aim of this work is to provide a robust numerical tool to estimate the orientation state during
casting of fresh concrete. The structure of the manuscript is as follows: in the first section, the
rheology of fiber suspensions is presented, including regularized the Bingham-Papanastasiou fluid
model [6] and fiber concentration dependent viscosity of concrete by Ghanbari & Karihaloo [5].
The next section deals with the weakly compressible SPH (WCSPH) method, used to model
the free-surface flow of non-Newtonian fluid during the casting process. Subsequently, the fiber
orientation model of Folgar & Tucker used in this work is explained [4]. This is followed by
the results section, where a comparison between experimental and numerical simulation of the
L-Box test is discussed.

Modeling rheological behavior of fiber suspension using SPH
When fibers are mixed with concrete, a change of rheological properties occurs. These properties
depend on the concentration and, to some extent, on the orientation of the fibers in the
mixture and may also vary spatially. Ghanbari & Karihaloo [5] proposed a model describing the
dependence of the plastic viscosity on the fiber concentration. The model assumes a homogeneous
distribution and an isotropic random orientation of fibers in the whole domain. This model has
been validated on a large set of experimental samples, and for that reason it is adopted in this
work. The numerical example investigated in this work employs a Carbomer-type polymer whose
behavior can be well described by the Bingham fluid model. Papanastasiou [6] gave a continuous
function of apparent viscosity µapp as a function of shear rate and numerical regularization
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Figure 1. (a) Shear stress in Bingham fluid. Influence of regularization parameter m. (b) Example of a 2-D
particle distribution surrounding particle a. The radius of influence of the kernel (smoothing length) is denoted
by h. (c) Definition of fiber orientation angles.

parameter. The equations for the apparent plastic viscosity due to addition of fibers (µpl,app ),
the apparent viscosity due to yield stress effects µapp and the resulting shear stress tensor are
given as:
µpl,app = µ̄pl [(1 − c) +

√
τy
πcre 2
˙
], µapp = µpl,app + p (1 − e−m |γ̇| ), τ = µapp ,
3ln(2re )
|γ̇|

(1)

where µ̄pl is intrinsic plastic viscosity of the fluid, c is the volume fraction of the fibers and
re is an aspect ratio of the fiber, γ̇ = ˙ s : ˙ s is the second invariant of shear rate tensor
˙ ˙ = 12 (∇T v + ∇v) and m is the regularization parameter. The performance of
˙ s = ˙ − 13 tr,
the Eq. 1 and its dependence on regularization parameter m is demonstrated in Fig. 1a.
Smoothed Particle Hydrodynamics (SPH) is a mesh-free method formulated in the Lagrangian
frame of reference, meaning that interactions and derivatives are all evaluated in a coordinate
system attached to a moving fluid particle. In this work, an open-source implementation of
weakly compressible SPH code DualSPHysics [3] has been used and extended for the purpose of
simulating the fiber flow. These extensions include the modification of the solver in order to
consider the Bingham type flow and the implementation of the Folgar-Tucker model to simulate
the evolution of fiber orientation state. The main assumption in SPH is that any quantity f (~r)
being a function of spatial coordinates can be approximated by an integral interpolation:
Z
X
f (ra ) = f (r)W (|ra − r|, h)dr ≈
Vb fb W (|ra − rb |, h),
(2)
b

Ω

where Ω is the fluid domain, ra is the position of the particle where the function is evaluated,
W is a weighting function or kernel (see Fig. 1b for illustration), h is the kernel support size
(smoothing length) and dr is the differential volume element. In the discrete form, the summation
is over all the particles b within the region of compact support of the kernel function, fixed by h.
Vb is the volume corresponding to particle b, and fb is equal to f (rb ). The governing equations
for SPH simulations of weakly compressible fluid flow problems are Navier-Stokes equations
written in a Lagrangian form, except that the pressure term is evaluated from an equation of
state [3]. The material model is introduced through modeling of the term ∇ · τ , using here the
Bingham-Papanastasiou model (Eq. 1), and incorporating it into the SPH balance of momentum
equation.

Fiber orientation model
Fibers move and orient in the flow according to forces and couples exerted on them by the fluid.
In case of highly concentrated fiber suspensions, the orientations of the fibers are further often
perturbed by contact and hydrodynamic interactions between fibers, and collisions with the
aggregates and mold walls. In three dimensions orientation of a single cylindrical fiber is defined
by two angles in spherical coordinates θ and φ or equivalently by a unit vector p in the direction
of fiber axis with components: p1 = sinθ cosφ, p2 = sinθ sinφ, p3 = cosθ, as illustrated in Fig.
1c. The model for fiber orientation used in the present work was proposed by Folgar & Tucker [4].
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It describes the fiber orientation state by the probability density function (PDF). This PDF
evolves in space and time according to the flow of the suspending fluid, taking into account
interactions between fibers. The model as such is extremely computationally expensive. For this
reason Advani & Tucker [1] proposed a re-formulation using orientation tensors. Orientation
tensors are defined as even moments of the PDF of the fiber orientation in the following form:
an =

I

pp....p ψ(p)dp =
Ω | {z }
n times

Z

2π

φ=0

Z

π

pp....p ψ(p)dθdφ.

θ=0 | {z }
n times

(3)

To this end, the complicated evolution equation of orientation PDF is substituted by a set of
simple evolution equations for orientation tensors. It has been shown, that the 2nd order tensor
contains sufficient directional information, such that the PDF can be approximated by it [1].
During the course of calculation of the evolution of the 2nd order orientation tensor, a so-called
closure problem arises, because a 4th order orientation tensor is required for computation. In
this work, the closure approach of Chung & Kwon is adopted [2]. The equation of evolution of
2nd order tensor is given as:
da2
˙ + 2CI γ̇(I − 3a2 ),
= −(ω̇ · a2 − a2 · ω̇) + λ(˙ · a2 + a2 · ˙ − 2a4 : )
dt

(4)

where ω̇ and ˙ are defined as functions of velocity gradient: ω̇ = 12 (∇T v−∇v), ˙ = 12 (∇T v+∇v),
2

e −1)
λ = (r
is the shape parameter of the considered body, re aspect ratio of the fiber, CI is
(re 2 +1)
an empirical interaction coefficient. Finally, the orientation tensors can be easily visualized by
ellipsoidal surfaces, where the eigenvalues denote radii, and the eigenvectors the axes orientations.

Results and Discussion
In this section a numerical simulation of the flow of a non-Newtonian polymer-water solution with
fibers in L-box test is qualitatively compared to results from an experimental setup. Ultrasound
gel mixed with water is used as a suspending material, due to its transparency and yield stress
property. In Fig. 2f the moment-shear rate relations are given for polymer mixes of different
proportions produced during preparation of experiment. The rheological measurements are
conducted on Viscomat NT rotational viscometer. In this work a mixture of ultrasound gel
and water in ratio 2:1 is used. The experimental setup is characterized by a box of dimensions
40 × 30 × 10cm, with a gate which opens vertically to the level of 10cm above the bottom of the
box (see Fig. 2a). After lifting the gate, the viscous fluid flows out rapidly up to the 32cm mark
during approximately 0.6s (see Fig. 2b) and then abruptly slows down and continues creeping.
This behavior is characteristic for viscous fluids with a pronounced yield stress. As the shear
rate (and consequently shear stress) decreases below a certain threshold, the fluid develops an
internal micro-structure which causes almost instantaneous ”solidification” of the fluid. The
volume fraction of fibers is estimated to be 0.5%, while the identified yield stress is τ0 = 440P a
and dynamic viscosity is µ = 1.5P as. It can be noticed that the fibers in the region close to the
walls tend to align parallel to the walls and in the zone between the walls they remain more or
less randomly oriented with slight preference towards flow direction (see Fig. 2b, and Fig. 2e). A
similar behavior is predicted by numerical model (see Fig. 2c, and Fig. 2d).

Conclusions
In this work a robust method to predict orientation states of fibers during casting process has
been presented. The flowable concrete was represented by a regularized Bingham-Papanastasiou
fluid model with a fiber concentration dependent viscosity. The Folgar-Tucker model used for
the modeling of the fiber orientation during the flow process was combined with the weakly
compressible SPH method. A comparison of the computational simulation results with the fiber
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Figure 2. L-box test: (a) velocities of the simulated flow, (b) experiment, (c) fiber orientation state at time
instant t = 0.6s, (d) top view of the orientation state after 0.6s, (e) experiment, (f) rheological
characterization of Carbopol suspension and mixture of ultrasound gel with water using Viskomat NT.

orientation observed in experiments on a L-shape box test has demonstrated a qualitatively good
agreement. However, the model should be enhanced by taking into account fiber dispersion, and
the influence of spatially varying fiber concentration and orientation on the flow properties.
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Numerical Analysis of Virtualized Heart Models
Barış Cansız1 , Michael Kaliske1 *, Krunoslav Sveric2 , Karim Ibrahim2 , Ruth Strasser2
Micro Abstract
Our novel numerical tools simulating cardiac electromechanics will be introduced. The performance and
applicability of the framework will be demonstrated through finite element simulations based on real heart
geometries. We will compute left ventricular volume-time curves, pressure-volume curves and electrocardiograms. The results will be compared to real clinical data by means of LV motion. The importance of boundary
conditions on LV motion will be discussed.
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Introduction
The human heart is evolved to maintain continuous blood flow through the body thereby supplying
essential substrates to every single cell and keeping the whole system functioning. Understanding how a
healthy heart functions and how disease develops is one of the most pursued goal by both clinicians and
engineers with an aim to achieve robust diagnostic tools and precise patient-specific treatment strategies.
However, the challenges in vivo experiments, unique properties and conditions of each patient’s make
demanding to establish general consensus on diagnosis and treatment methods. In this contribution,
we present our recently developed numerical framework towards patient-specific computer analyses.
The cardiac tissue is modelled both in a monodomain and a bidomain setting through the rheology,
which mimics the response of an orthotropic, hyperelastic, viscous and active material [2, 3], see Figure
1. In the numerical examples, we use virtualized heart geometries generated from cardiac magnetic
resonance imaging (cMRI) and echocardiography data and apply physiological boundary conditions.
As demonstrative examples, we simulated a left ventricle (LV) and biventricle geometry.

Cardiac electromechanics
The cardiac tissue is assumed to be a continuum body having five independent sets of field variables
State(X, t) := {ϕ(X, t), Φi (X, t), Φe (X, t); I va (X, t), I e (X, t)} .

(1)

The global fields, which are the deformation map ϕ(X, t), the intracellular potential Φi (X, t) and the
extracellular potential Φe (X, t), are related to the macroscopic motion and current conduction in the
myocardium. Furthermore, the local fields I va (X, t) and I e (X, t) represent the micro-motion due
to the visco-active deformation and the micro-diffusion due to ion concentration differences across the
cell membrane, respectively. The electromechanical state is governed by the conservation of linear
momentum


0 = J div J −1 τ + b
(2)
and conservation of electric charge in the bidomain setting

Φ̇ = J div(J −1 D i · ∇Φ) + Jdiv(J −1 D i · ∇Φe ) + F φ ,
0

= J div(J −1 D i · ∇Φ) + Jdiv(J −1 D · ∇Φe )
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Figure 1. Rheology for the electro-visco-elastic response of the myocardium: The upper hyperelastic spring
represents the passive response of the myocardium while a) the electro-visco-elastic response is formulated
through the elastic spring+dashpot+contractile element in the lower branch for fibre direction f 0 and b) the
elastic spring+dashpot for the sheet s0 and normal n0 directions.

-70◦

α

70◦

Figure 2. From left to right, identification of the endocardial and epicardial surfaces of LV from 4D echo data,
discretized LV geometry and two different views of fibre orientation angle α.

in a deformable body B with volume-specific body forces b, Jacobian J, transmembrane potential Φ :=
Φi − Φe and conductivity tensor D = D i + De , where Di and D e are, respectively, intra and extracellular deformation dependent anisotropic conductivities. The Kirchhoff stress is decomposed into
passive and visco-active parts τ = τ p + τ va . The former contribution is described by the orthotropic
hyperelastic model [8] while the latter one arises as a result of active (myocardial contraction) and
viscous deformation [2]. Moreover, the source term is described by Fitzhugh-Nagumo type excitation
φ
equation and has two contributions F φ = Feφ + Fm
, where the purely electrical part Feφ stands for
the ion transmission between the intracellular and extracellular media that is merely triggered by the
φ
excitation of nearby cells above a threshold potential value and the mechanical part Fm
is generated
upon the stretch of the tissue that induces extra ion transmission through the cell membrane. For a more
detailed discussion on theory and implementation, we refer to our previous publications [1–4, 6, 7].
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Figure 3. From left to right, the rotation of basal and apical regions and twist on the endocardial surface,
longitudinal displacement between the peak point of base and apex and pressure-volume relation of LV.
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Numerical examples

This section is devoted to the finite element analysis of virtualized heart models obtained from healthy
male humans. In the first example, we utilized a LV geometry that is depicted in Figure 3 with the aim
to capture basic characteristics of LV motion during a regular cardiac cycle. In order to initiate depolarization of the LV, a small amount of stimulus is applied to the upper part of the septum corresponding to
the atrioventricular node. The constrained state of the ventricles is mimicked by attaching linear springs
to the nodes at basal and epicardial surface with kx = ky = kz = 10−4 N/mm. In Figure 3 from left
to right, we demonstrate the rotation of basal and apical regions and twist on the endocardial surface,
longitudinal displacement between the peak point of base and apex and pressure-volume relation of LV.
We segmented the endocardial surface into 3 pieces along the longitudinal direction from base to apex,
respectively, basal, mittle and apical regions. The basal and apical rotation are calculated by averaging
the nodal values over the corresponding region. The graphs reveal that the basal and apical regions rotate
in different directions thereby a twist is created, which is essential to pump out the blood in an efficient
way. Another important observation is the longitudinal shortening along the long axis that emerges from
downward (towards apex) basal motion and upward apical motion. These two results are consistent
with physiological motion of LV and in clinical routine [5], rotation and longitudinal shortening are
considered as important markers indicating the LV function. It is noteworthy to mention that applied
constraints play a crucial role in achieving physiological motion of LV.
In the second example, Figure 4, we simulated a regular heart beat, arrhythmia and termination of
arrhythmia by applying an external shock (defibrillation) and recorded corresponding ECG and LV v −

t = 1020 ms

t = 1120 ms

t = 1240 ms

t = 1300 ms

t = 1310 ms

t = 1560 ms

t = 2360 ms

t = 2858 ms

t = 2900 ms

t = 3800 ms

t = 4640 ms

t = 4770 ms

t = 4900 ms

t = 4920 ms

t = 5020 ms

t = 5120 ms

t = 5240 ms

t = 5300 ms

t = 5720 ms
t = 5820 ms
Φ [mV]
-80
20

t = 5920 ms

t = 6040 ms

t = 6100 ms

voltage

t = 920 ms

1st shock
volume

2nd shock

100

900

1700

2500

3300
4100
time [ms]

4900

5700

6500

7300

Figure 4. Demonstration of regular heart beat, arrhythmia and its termination by an externally applied electrical
field. After the first regular beat, the wave propagation is disturbed at time t = 1310 ms and eventually turns into
a life threatening arrhythmia. In the snapshots, the transmembrane potential distribution is shown and the graph
demonstrates ECG, normalized voltage (upper curve), and LV v − t diagram, normalized volume (lower curve),
recorded during the simulation.
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t curve in a virtualized biventricular heart model. For detailed information on simulation procedure,
utilized material parameters, geometry and boundary conditions, we refer to Cansız et al. [3]. Upon the
initiation of the arrhythmia, disordered deflections with varying magnitude and formation are observed
in ECG. As a result, the myocardial contractility is reduced and the LV output descends to almost zero
indicating that the blood cannot be circulated in the body anymore. In order to terminate this lifethreatening arrhythmia, we applied an external shock at time t = 2810 ms, which was not successful.
Thereafter, the second defibrillation attempt at time t = 4600 ms could terminate the unsynchronized
electrical activity in the ventricles and regular form of ECG and LV v − t is recovered.

Conclusions
We presented a FE based numerical framework in order to analyse virtualized heart models. The electromechanical state of the cardiac tissue is governed by the conservation of linear momentum and electrical current. On material level, the myocardium is deemed as orthotropic, hyperelastic, viscous and active
material. In addition, we generated heart models from cMRI and echocardiography data, which is vital
to achieve patient-specific computer simulations. We employed the developed framework in order to
imitate the physiological LV motion. The simulation results revealed that setting of boundary conditions
is very critical in achieving realistic LV motion and must be further investigated for several virtualized
heart models. Moreover, we simulated arrhythmia and its termination (defibrillation) in a virtualized
biventricle heart model.
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Simulation of the Change in Mechanical
Properties of Degradable Bone Implants
Ann-Kathrin Krüger1 *, Stefan Julmi2 , Christian Klose2 , Silke Besdo1 and Peter Wriggers1
Micro Abstract
To develop and scale degradable bone implants, it is necessary to know the change in mechanical
properties of the implant during the degradation process. In this study magnesium sponge structures
are being investigated. It is assumed that the magnesium degradation is governed by diffusion of
magnesium ions from the surface. To simulate the degradation a numerical model including the
diffusion equation was developed. The model was implemented in the commercial finite element code
Abaqus/Standard.
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Introduction
In consequence of diseases or accidents, bone tissue has to be removed or can be destroyed. This
results in defects in the tissue. Defects of a size which the body cannot fill autonomously are called
critical size defects (CSDs). CSDs indicate the use of a bone graft or an implant [8]. Bone grafts
can be autogenic (from the patient himself), allogenic (from another human being) or xenogenous
(from an animal). It is common to use autogenic grafts, but this means an additional surgery for
the patient. Allogenic and xenogenic bone grafts can lead to infections and the risk of transmission
of diseases is high [7]. To reduce the costs and the risk for the patient, artificial bone replacement
materials are developed. For the application as implants, magnesium alloys turned out to be a
promising solution in regards to their highly biocompatibility, good mechanical properties and
controllable degradation behaviour. In previous studies different implant structures and different
magnesium alloys have been investigated regarding their biocompatibility and degradation
behaviour [5]. Open pored sponge like structures have been developed and investigated as bone
tissue can grow into these structures [3]. Combining these features, the bone can grow into the
implant, bridge the gap and the implant degrades as the bone grows.

1 Degradation model
To get a better understanding of the change in mechanical properties of the implant during the
degradation process, a degradation model was developed. The knowledge about the mechanical
properties of the degraded implant is essential for the development of such implants for different
applications. The degradation model is build on a fortran code and the finite element code
Abaqus/Standard.
1.1 Principles
The degradation model, developed in this study, is based on the behaviour of the magnesium alloy
LAE442. Previous studies showed no significant change in volume of LAE442-implants during
the implantation time coincident with a reduction of the implant stiffness [6]. Concurrently the
formation of a degradation layer was recognizable and magnesium ions were detected in the
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environment of the implant [4]. The degradation layer shows a change in material composition
compared to the base material [4], and thus results in a change of mechanical properties of the
implant. It is assumed in this study that the magnesium degradation is dominated by diffusion
of magnesium ions from the surface. To simulate the degradation a numerical model including
the diffusion equation was developed [1].
∂c
∂2c
=D 2
∂t
∂x

(1)

D is the diffusion coefficient and c is the magnesium concentration. The simulation model
is based on the assumption that the Young’s modulus (E) of the material depends on the
magnesium concentration
E(c) =

c
E0
c0

(2)

and that the magnesium concentration decreases from the surface to the material core gradually.
Additionally, the magnesium concentration at the surface of the implant decreases, related to
the flux of magnesium ions and the mass transfer coefficient of the environment [1].
−D

∂c
= β(c − cenv )
∂t

(3)

Herein β is the mass transfer coefficient and cenv is the magnesium concentration in the
environment. In this case of implants the environment mainly consists of blood.
The formation of the degradation layer was realised by dividing the domain into the not-degraded
magnesium core and the degradation layer. Figure 1 shows the assumed magnesium concentration
through a bar of the sponge structure for two different degradation layer thicknesses, di . The
dark grey area is the magnesium core, while the lighter grey areas represents two different
degradation layers. The concentration in the magnesium core is assumed to have a constant
value, cM G , while the concentration in the corrosion layer and the environment decreases from
inside to outside. The concentration far from the surface is supposed to have a constant value
too, cEnv .

Figure 1. Assumed magnesium concentration through a bar of the sponge structure.

1.2 Computation
The computation of the chemical and mechanical part of the degradation model is sequentiallycoupled. Accordingly, the diffusion analysis and the static analysis are seperated, but the
static analysis is dependent on the results of the diffusion analysis. To compute the magnesium
concentration field for different degradation layer thicknesses, the domain is divided into two
regions, see Figure 1, using a signed distance field. The division takes place at the node level, in
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order to get at most a mesh-independent solution. For every node of the domain, the magnesium
concentration was computed during an Abaqus diffusion analysis. For the mechanical part of the
model, compression tests with the degraded structure were simulated to calculate the effective
Young’s modulus of the structure for different degradation layer thicknesses. Therefore, the
concentration field from the diffusion analysis was transfered and an Abaqus static analysis with
the concentration-dependent Young’s modulus was executed.

2 Results
During the degradation the magnesium content decreases from the core to the surface. In Figure
2a, the magnesium distribution with a degradation layer thickness of 0.14 mm is demonstrated.
The red area represents the magnesium core with the initial magnesium concentration. Figure
2b shows the experimental result of a structure, made of the LAE442 alloy, after 2 weeks in
simulated body fluid (SBF). The bright area is the undegraded magnesium. The degradation
layer has been removed by an acid treatment in chromic acid. Comparing the red and the bright
area there are similarities in the shape and the degradation behaviour, like the rounding of the
pores.
cMg
6,5*10-5

0
[mol/mm3]

a)

b)

Figure 2. a) Magnesium concentration field of the sponge structure with a degradation layer thickness of
0.14 mm. b) CT-image of a sponge structure after 2 weeks in simulated body fluid.

Figure 3. Yellow graph) Decrease of the magnesium concentration at the surface with increasing degradation
layer thickness. Blue graph) Decrease of the effective Young’s modulus with increasing degradation layer
thickness.
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By increasing of the degradation layer, the magnesium concentration at the surface, as well as the
effective Young’s modulus decreases, see Figure 3. Since the diameter of the bars of the sponge
structure is 0,5 mm, the structure is totaly degraded if the thickness of the degradation layer is
0,25 mm. If the degradation layer has a thickness of 0,23 mm there is nearly no magnesium core
left. The effective Young’s modulus of the structure decreases to 55 % of the inital value. The
concentration at the surface decreases to 40 % of the initial value.

Conclusion
With the simulation model, the formation of the degradation layer is computable, as well as the
change in mechanical properties, as measured by the effective Young’s modulus of the structure.
Additionally, first comparisons with experimental results show similarities. There are a number
of studies, which are concerned with the corrosion of magnesium. For instance, the work from
Grogan et al., who developed a physical corrosion model [2]. But this is the first approach to
model the formation of the degradation layer in combination with a mechanical analysis. However,
the model is time-independent yet. For a better understanding of the degradation process, the
model has to be time-dependent. As a result, the relationship between the degradation layer
thickness and the degradation time has to be investigated further by extending the model by
the interface between the magnesium core and the degradation layer.
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Computation of multiphysics processes in
deformable media
Bilen Emek Abali1 *
Micro Abstract
Micro electro-mechanical systems (MEMS) exploit the coupling between mechanics and electromagnetism. For an accurate simulation of this coupling we need a strategy to calculate deformation,
temperature, and electromagnetic fields in solids, at once. By using open-source packages, we present
an approach to simulate MEMS by solving nonlinear and coupled equations at once by using finite
difference method in time and finite element method in space.
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Introduction
Micro-electro-mechanical systems (MEMS) exploit the electromagnetic interaction with elastic
materials such that a deformation induces a voltage change or a magnetic field generates a
deformation. A growing use is observed of such transducers transforming electromagnetic and
mechanical energies into each other. The increasing number of applications is not only owing
to quick and economic manufacturing possibilities but also because of the simulation methods
allowing to reduce or even eliminate the testing period before mass production. Simulation of
electromagnetism and thermomechanics, namely solving multiphysics, with the aid of commercial
programs is possible by solving electromagnetism and thermomechanics separately. In other
words the interaction between them is weakly introduced for enabling a computation. We want
to present very briefly the method in [1, Chap. 3] solving all fields at once by incorporating the
interaction accurately.

1 Weak form for multiphysics
The objective is to compute the temperature T in K(elvin), the displacement ui in m(eter), the
electric potential φ in V(olt), and the magnetic potential Ai in T(esla)m as functions in space xi
and time t. We neglect geometric nonlinearities such that xi indicates the particle. The unknown
fields {T, ui , φ, Ai } are expressed in Cartesian coordinates, we use summation convention over
repeated indices, and ,i is used for partial derivative in xi . For details of deriving the weak form,
we refer to [2]. Basically, we use a governing equation for all fields: for the temperature by
means of the balance of entropy, for the displacement with the balance of (linear) momentum,
as follows
∂Dj Bk
∂η
r
∂ 2 ui
(1)
+ Φi,i − ρ = Σ , ρ 2 + ijk
− (σji + mji ),j − ρfi = 0 ,
∂t
T
∂t
∂t
where the mass density ρ, the heat supply r, and the body force fi are known; the free charge
potential Di , the free current potential Hi , and Maxwell’s stress read
ρ

1
mji = − δji (Hk Bk + Dk Ek ) + Hi Bj + Dj Ei , Di = Di + Pi , Hi = Hi − Mi ,
2

(2)

with the Maxwell–Lorentz aether relations: Di = ε0 Ei and Hi = µ−1
0 Bi . We need constitutive relations for the specific entropy η, for the entropy flux Φi , for the entropy production
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Σ, for Cauchy’s stress σij , for electric polarization Pi , and for magnetic polarization Mi .
Electromagnetic potentials are introduced,
Ei = −φ,i −

∂Ai
, Bi = ijk Ak,j ,
∂t

(3)

by fulfilling two of four Maxwell equations motivated by the Faraday law. The other two of
four Maxwell equations are used in combination with the Lorenz gauge in order to obtain

∂Di,i  fr. ∂ui
+ Ji +
Dj,j + ijk Mk,j = 0 ,
∂t
∂t
,i
2
∂ui
∂ Ai
1
∂Pi
ε0 2 − Ai,jj = Jifr. +
Dj,j +
+ ijk Mk,j ,
∂t
µ0
∂t
∂t

(4)

which are utilized to compute the electromagnetic potentials, φ, Ai , respectively. For the free
electric current Jifr. , we need a constitutive equation. By using the usual strategy of generating a
residual from Eqs. (1), (4) by subtracting right side from the left side, multiplying the residual
by an arbitrary test function of the same rank as residual, integrating by parts the terms already
possessing a derivative of unknowns, we acquire the weak form F = Fφ + FA + Fu + FT with
Z 

Fφ =
− (Di − D0i )δφ,i − ∆tJifr. δφ,i − (ui − u0i )Dj,j δφ,i − ∆tijk Mk,j δφ,i dV +
Ω
Z
+
Ni ∆tijk JMk,j Kδφ dA ,
ΩI

Z
1
ui − u0i
Ai − 2A0i + A00
fr.
i
δA
+
A
δA
−
J
δA
−
Dj,j δAi −
FA =
ε0
i
i,j
i,j
i
i
∆t2
µ0
∆t
Ω

Pi − Pi0
−
δAi + ijk Mk δAi,j dV ,
(5)
∆t
Z 
Dj Bk − D0j Bk0
ui − 2u0i + u00
i
Fu =
ρ
δu
+

δui − σ̄ji,j δui + τji δui,j −
i
ijk
∆t2
∆t
Ω

Z
Z
−ρfi δui dV +
Nj Jσ̄ji Kδui dA +
(t̂i − Nj σ̄ji )δui dA ,
∂ΩI
∂ΩN

Z 
r
0
FT =
ρ(η − η )δT − ∆tΦi δT,i − ∆tρ δT − ∆tΣδT dV ,
T
Ω
discretely in time with ∆t being the time step and (·)0 denoting the numerical value computed
at the last instant, after implementing the balance equations on singular surfaces in order to
incorporate the jump terms on interfaces ∂ΩI with its outward normal Ni between different
materials, see [2, Sect. 4]. We also incorporated the so-called Neumann boundaries ∂ΩN for
implementing the given traction stress t̂i in the following application.

2 Constitutive relations for an elastic, piezoelectric, linear material
Consider a linear, piezoelectric but non-magnetized, Mi = 0, material with the following
constitutive equations for reversible processes obtained by a thermodynamical analysis
 T 
tot.
+ vCijkl αkl εij − vT̃ijk αjk Ei , σij
= σij + mij = σ̄ij + τij ,
Tref.
σ̄ij = −Cijkl αkl (T − Tref. ) , τij = mij + Pi Ej + Cijkl εkl − T̃kij Ek ,

η = c ln

(6)

Pi = −T̃ijk αjk (T − Tref. ) + T̃ijk εjk + ε0 χel.
ij Ej ,

where v = ρ−1 and the material constants: stiffness tensor Cijkl , thermal expansion coefficients
αij , piezoelectric tensor T̃ijk = Cjklm d˜ilm given by the piezoelectric coefficients d˜ijk , electric
723

CS03

Multiphysics

susceptibility χel.
ij are determined by experiments. They are all constants, otherwise the above
equations would be incorrect. In other words, we neglect hyperelasticity and electrostriction.
Moreover, by neglecting irreversible deformation (neither viscoelasticity nor plasticity exists)
and irreversible polarization (no hysteresis), we obtain
Φi =

∂uj
qi
qi
1
, Σ = − 2 T,i + Ei Jifr. , Ei = Ei + ijk
Bk ,
T
T
T
∂t
qi = −κT,i + ςπT Ei , Jifr. = ςπT,i + ςEi ,

(7)

with the material parameter: thermal conductivity κ, electrical conductivity ς, and thermoelectric
constant π. For simplicity we assume that these material parameters are constant. For detailed
discussion and derivation of these constitutive relations, we refer to [1, Chap. 3].

3 Simulation of a piezoelectric pressure sensor
A thin metal membrane disk bends under a dynamic pressure. A piezoelectric thicker disk is
attached on its bottom side to the membrane and it is clamped on its upper side as shown
in Figure 1. Deformation of the piezoelectric disk is measured as a voltage drop, which, after
calibrating with a known pressure change, measures the dynamic pressure. Such a sensor is used
to measure the dynamic pressure in engine combustion and ballistic. Due to the voltage leak in
connectors, a static pressure is difficult with this sensor. We model part of the case as steel and
the piezoelectric disk as a PZT-5H ceramic with the materials data compiled in Table 1. The
Table 1. Material constants used in the simulation for the stainless steel as the case, PZT-5H as the
piezoelectric disk, and the surrounding air

ρ in kg/m3
S33 in m2 /N
Compliance
S11 in m2 /N
Poisson’s ratio
ν
d˜33 in m/V
Piezoelectric constants
d˜31 in m/V
d˜15 in m/V
ε̄el.
33
Dielectric constants
ε̄el.
11
Specific heat capacity
c in J/(kg K)
α33 in K−1
Coefficients of thermal expansion
α11 in K−1
Thermal conductivity
κ in W/(m K)
Thermoelectric constant
π in V/K
Electric conductivity
ς in S/m
Mass density

Steel

PZT-5H

Air

8500
4.8 · 10−12
4.8 · 10−12
0.31
0
0
0
1
1
390
12 · 10−6
12 · 10−6
16
60 · 10−6
106

7500
20 · 10−12
15.6 · 10−12
0.31
585 · 10−12
−265 · 10−12
730 · 10−12
3400
3130
350
−4 · 10−6
6 · 10−6
1.1
0
0

1.2
1
1
0
0
0
0
1
1
0
3.43 · 10−3
3.43 · 10−3
2.6 · 10−2
0
0

compliance matrix, SIJ , in Voigt’s notation,


S11
−νS11 −νS11
0
0
0
−νS11

S11
−νS11
0
0
0


−νS11 −νS11

S33
0
0
0
 ,
SIJ = 
 0

0
0
(1 + ν)S11
0
0


 0

0
0
0
(1 + ν)S11
0
0
0
0
0
0
(1 + ν)S11
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is the inverse of the stiffness matrix in Voigt’s notation such that we obtain CIJ = (SJI )−1 .
Analogously, we have the piezoelectric constants, d˜iJ , where Voigt’s notation is applied on the
indices belonging to the strain,
˜
 

d111 d˜122 d˜133 d˜123 d˜131 d˜112
0
0
0
0 d˜15 0
d˜iJ = d˜211 d˜222 d˜233 d˜223 d˜231 d˜212  =  0
(9)
0
0 d˜15 0 0 .
˜
˜
˜
˜
˜
˜
˜
˜
˜
d311 d322 d333 d323 d331 d312
d31 d31 d33 0
0 0
The susceptibility is given by the relative permittivity values:
 el.

ε̄11 0
0
 0 ε̄el.
0  − δij .
χel.
ij =
11
0
0 ε̄el.
33

(10)

0.02

120

0.00

100

−0.02

80

−0.04

60

−0.06

40

−0.08

20

−0.10

0

−0.12
0.0

0.1

0.2

0.3
t in s

0.4

0.5

p in Pa

φ in V

We code in Python and use FEniCS [3] for solving the system of equations. In Figure 1 the
input pressure and the system response is seen. The real outcome is more than visualized, we
acquire 3D deformation, temperature, and electromagnetic fields.

−20
0.6

Figure 1. Left: CAD geometry of a stainless steel case with a thin membrane (gray) and an attached
piezoelectric disk (red), embedded in air (transparent gray). Right: Input and output of this system as a
transient solution of the coupled and nonlinear weak form.

Conclusions
We have applied a solution strategy for MEMS, where all thermodynamical fields are solved at
once. This strategy is indeed important for a coupled system, especially in MEMS the coupling is
the key of the mechanism such that we need to simulate a system with the highest precision in the
coupling terms. Moreover, the system is nonlinear—caused by the entropy production. Therefore,
we omit a method based on splitting and solving the equations subsequently. Instead, we use
the novel open-source packages developed under the FEniCS project and solve all equations
together. A common example from the industry, a dynamical piezoelectric pressure sensor is
presented in order to uncover the versatility of the proposed solution strategy.
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Experimental and Numerical Studies of
Thermoelastic Damping
Christin Zacharias1 * and Carsten Könke1
Micro Abstract
The use of correct damping parameters is a decisive aspect in the numerical simulation of dynamical
problems and indispensable to predict and reduce reliably vibration amplitudes. In this contribution,
experimental and numerical studies to identify damping coefficients of simple geometries are presented.
In the experiments the focus was set to measure the pure material damping excluding all disturbing
environmental influences. In the numerical investigation, the thermoelastic approach was used.
1

Institute of Structural Mechanics, Bauhaus-University Weimar, Weimar, Germany

* Corresponding author: christin.zacharias@uni-weimar.de

Introduction
Damping is defined as the irreversible transition of mechanical energy into other forms, mostly
thermal energy [7]. In all dynamic processes damping has a considerable effect on the amplitude,
the time history or even the existence of vibrations. Hence determing the sources and the
intensity of dissipation is important for a wide variety of applications.
To classify damping mechanisms the different physical causes should be analysed. It is often
distinguished between internal and external damping [7]. Basically external damping includes
all effects outside the system boundaries, e.g. air damping, acoustic radiation or friction at
the bearings. The term Internal damping“ refers to all dissipating effects within the system
”
boundaries, e.g. the material damping or contact-surface friction between parts of the system.
In this work we focus on the measurement and calculation of material damping, therefore the
other damping phenomena are eliminated as well as possible.
Material damping is caused by anelastic material behaviour and several underlying physical effects.
Lazan gives a good review on this topic [3]. Probably the most significant cause of material
damping is the thermoelastic effect. Zener shows already in his work of 1937 the meaning of this
relation and describes an approach which is used till today [8]. The theory was often adapted
and developed for a wide field of applications, e.g. Micro- and Nanomechanical resonators.
Advanced theories can be found for example in [4] or [2]. The base of the thermoelastic effect is
the deformation caused by flexure. During the bending of a component a strain gradient occurs
over the thickness. This leads to an adiabatic change in temperature (Thomson’s Principle):
∆T = σα

T
ρC

(1)

where ∆T is the temperature change, σ is the flexural stress, α is the coefficient of thermal
expansion, ρ is the density of the material and Cp is the heat capacity. Since stress and strain
have different signs there is a temperature gradient along the thickness of the specimen. The
compensating heat flow causes further thermal strain, which mainly characterizes the resulting
heat flux [1]. The loss factor Q−1 is defined as the quotient of the damping energy and the total
strain energy [3]. This results in an expression for the maximal energy loss under the given
flexure:
α2 ET
(2)
Q−1 =
ρC
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Figure 1. Viscous decay curve

where E is the isothermal Young’s modulus. However the real energy dissipation is always
less than the one described in equation 2, because it depends strongly on the frequency. In
the equation developed by Zener this dependency is considered by the calculation of a peak
frequency f0 which leads to a maximum in energy dissipation. A detailed derivation of these
expressions can be found in [8].
f f0
α2 ET
· 2
ρC
f + f02
πλ
f0 = 2
2d ρC

Q−1 =

(3)
(4)

where f is the considered frequency, λ is the thermal conductivity and d is the thickness of the
specimen.
To prepare damping analyses on complex components, simple geometries are ivestigated experimentally and numerically. In a first step a series of thin aluminium beams is designed. They
show essentially one-dimensional behaviour and they are therefore suitable to study the damping
in pure beam flexure. The specimens have an increasing thickness from 1 mm to 9 mm and they
are dimensioned to have the same range of eigenfrequencies in each beam to get comparable
results concerning the geometry. Furthermore the experiments and simulations are extended to
a two-dimensional structure. Therefore, a thin plate with a thickness of 3 mm was produced to
investigate the plate modes. In this work the results of the beams and the plate are presented.

Experimental Studies
The most important aspect in the experimental setup is to avoid all unintented influences to
damping and to measure the pure energy dissipation within the material. To eliminate damping
sources from the surrounding air, all experiments are performed in a vacuum chamber. The
limited space leads to special requirements concerning the support and excitation of the specimen
as well as the measurement of the vibrations. A decisive factor for the damping of a system
is the friction especially at joints and bearings. To avoid this influence, the mode shapes are
determined in a modal analysis and the suspension is set to the nodes of vibration of the relevant
eigenmode. This implies that a new experimental setup is necessary for every mode shape. To
realize the suspension, small bore holes were drilled in the nodes of the respective eigenmode (d ≈
2 mm). This kind of support pretends free vibration modes and prevents rigid body movement.
The excitation of the specimen is achieved by an automatic impulse hammer, which is installed
inside the vacuum chamber and controlled from the outside. This method enables a minimum of
contact. To excitate the desired mode shape at the best, the point of excitation should have
a high deflection in the eigenform. The measurement of the vibration is contactless from the
outside and realized by a laser vibrometer. The velocity of the vibration is measured at one
charcteristic point of the eigenmode and a decay curve is recorded. In the case of sole material
damping there is a viscous decay, i.e. an exponential envelope curve can be calculated:
727

CS03

Multiphysics

D(t) = C · e−ζωt

(5)

where ω is the angular frequency, C is the initial displacement and ζ specifies the damping
coefficient that we use as a measure to describe and compare the damping. The damping
coefficient corresponds to half the loss factor Q−1 . Every experiment was conducted at least five
times and the diagrams show the mean values of the results.
Figure 2 shows the results of the experiments on the aluminium beams with a thickness of 1 mm
to 9 mm. For each specimen the first three eigenfrequencies were considered. The diagram
includes the theoretical approach according to Zener [8] as well. It points up that the experiments
match the theory very well. There is a dependency of the damping coefficient on the frequency.
In higher frequency ranges the material damping becomes lower. Furthermore the dependency
on the dimensions becomes apparent. The thinner beams show higher damping values, however,
the differences become smaller within the thicker specimen.
The experimental results of the plate are shown in figure 3 together with the results of the
numerical studies. It can be seen that there is no clear relation between frequency and damping
coefficient like in the one-dimensional case. However, the diagram shows a correlation of the
mode shape and the damping ratio. Especially by considering mode 1 to mode 4 it becomes
clear that the bending mode shapes that deform similar to the one-dimensional beams, show
higher damping values than mainly torsional mode shapes.

Figure 2. Experimental damping coefficient of thin aluminium beams (thickness 1 mm to 9 mm) and
comparison to the theoretical damping according to ZENER [8].

Numerical Simulation
To verify the results numerically we used a finite-element analysis developed by Serra and
Bonaldi [6]. The underlying approach is the coupling of the mechanical behaviour with the
thermal properties. The shape functions of the elements do not only consider the nodal
displacement but also the temperature shift. This approach is already implemented in ANSYS
with 20-node brick elements. To calculate the damping coefficient in dependency on the frequency,
a frequency domain analysis was performed with a harmonic excitation in the range from 0 Hz
to 2000 Hz.
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Figure 3. Numerical and experimental results for a thin aluminium plate (thickness 3 mm). For comparison,
the analytical solution according to Zener for a specimen thickness of 3 mm is shown.

Figure 3 shows the results for the aluminium plate with a thickness of 3 mm. The loss factor Q−1
is calculated by dividing the imaginary solution by the real solution in every substep integrated
over the whole model. Therefore poles appear at the resonant frequencies. For comparison the
diagram also includes the analytical solution for a beam with the same thickness according to
Zener [8]. This graph does of course not map the two-dimensional plate modes. First of all it can
be noted that the numerical solution matches the experimental results very well. As mentioned
earlier, there is a strong correlation between the damping coefficient and the mode shape. In the
flexure dominated mode shapes, e.g. eigenmode 2 and 4, the damping coefficient is significantly
higher. As a result the damping ratio varies strongly in the lower frequency range. In the higher
frequency range the mode shapes show more and more mixed deformation and the damping
coefficient only varies a little. Since the finite element formulation including the thermoelastic
coupled shape functions is very time and CPU-consuming we are looking for a faster and simpler
solution to consider the thermoelastic effect. A promising approach could be the separation of
different mode shape parts.

Conclusions
In the experimental damping determination all influencing damping sources from the environment
have to be eliminated to get the pure material dissipation. This includes the air resistance,
acoustic emissions into the surrounding or friction in bearings and joints as well as a possible
influence of measuring instruments. In a simplified approach we assume viscous dissipation
behaviour, i.e. the decay curve can be fitted by an exponential function. The material damping
can be calculated theoretically very well with the thermoelastic approach. In case of onedimensional bending of beams even the analytical formula developed by Zener leads to good
results. To simulate more complex plate modes there exist finite elements with thermoelastically
coupled shape function. They show good results in comparison to the experimental data, but
the simulation is very time-consuming.
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Leakage currents in nanogenerator concepts in
phase field simulations
Franziska J. Wöhler1 *, Ingo Münch1 and Werner Wagner1
Micro Abstract
Efficient technologies for energy harvesting are in the focus of recent research. Our nanogenerator transforms parasitic mechanical oscillations into usable electric energy. When an
electric field exists between electrodes, leakage currents appear if the ferroelectric ceramic is
semiconducting. We focus on different formulations of leakage currents for semiconducting ceramics,
usually given as scalar equations. We enhance our phase field model to account for these effects in space.
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Introduction
The effect of different formulations of leakage current for energy harvesting on the nanoscale with
ferroelectric barium titanate (BaTiO3 ) is discussed. Engineered electric polarization domain
topologies within the ferroelectric film enables the conversion of mechanical into electrical energy.
A key feature is the alignment of the domain topology, resulting from mechanical oscillations
and the structured top electrode.
Ambient parasitic vibrations serve as the energy source for this nanogenerator concept. These
vibrations elongate or compress the BaTiO3 ferroelectric film unidirectionally, which results in a
switch of the emerging electric dipole. The ferroelectric film is deformed such that the electric
polarization reorders and, consequently, causes a charge flow between locally separated electrodes.
For the energy harvesting process, the electric polarization in the ferroelectric between the top
electrode and the conductive seed layer needs to evolve from a specified initial state into a
preferred final state.
Charging an electric storage medium implies that a gradient of electric potential exists between
electrodes. Thus, leakage currents may appear between these electroded surfaces if the ferroelectric ceramic is not a perfect insulator. To optimize the nanogenerator concept, the prediction of
leakage current is a highly debated topic.
In literature, e.g. [1, 2, 4, 5], different mechanisms for leakage current density J in ceramics are
discussed. These are as linear (Ohm’s law, OL), quadratic (space-charge-limited current, SCLC )
or exponential (Schottky emission, SE ) relationships to the electric field. We consider these
different descriptions to optimize our nanogenerator concept.

1 Phase field formulation for leakage currents for a nanogenerator concept
Our finite element phase field model is based on the Ginzburg-Landau free energy as suggested
by Su and Landis [6] and extended by Münch and Krauß [3]. The mechanical displacements
ui , electric polarization Pi , and the electric potential ϕ are the nodal degrees of freedom with i
declaring the number of dimensions. General elastic, piezoelectric and dielectric properties of
BaTiO3 fit the form of the free energy. Since the free energy depends also on an order parameter
and its gradient, here, the order parameter is the electric polarization Pi describing uniform
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polarized domains. Within the ferroelectric film B, the dielectric displacement Di and the electric
field Ei are given by
Di = Pi + κ0 Ei

and Ei = −ϕ,i

in B,

(1)

with the permittivity of free space κ0 . The phase field model combines linear kinematics and
quasi-static Maxwell’s equations, such that
1
ε = (ui,j + uj,i )
2

and Di,i − q = 0

in B,

(2)

with the volume charge density q. The Ginzburg-Landau equation as well as the mechanical and
electrical equilibrium equations can be expressed in a virtual work statement
Z 

β Ṗi δPi + σij δεij − Di δEi + ηi δPi + ξij δPi,j dV
(3)
B
Z
Z
=
(bi δui − qδϕ) dV +
(ti δui − ωδϕ + ξij nj δPi ) dA .
(4)
B

∂B

To account for leakage current in the ferroelectric film, we consider the time integration of the
conservation of charge equation, which enhances the finite element equation system by
Z Z
LC
Kϕϕ =
∆Ji dt δϕ,i dV, and
(5)
B t
Z Z
RϕLC
Ji dt δϕ,i dV .
(6)
B

t

2 Constitutive laws for semiconductivity
2.1 Ohm’s law
Ohm’s law represents the linear relation between leakage and electric field
Ji = Γ Ei ,

(7)

with the conductivity Γ. This conduction mechanism is observed at low electric fields in e.g. [1].
2.2 Space charge limited current
The space charge limited current (SCLC) relation assumes a quadratic dependency on the electric
field. To account for also three-dimensional effects in leakage current with quadratic dependency
on the electric field, the SCLC scalar formulation eq.(8) is extended to eq.(9)
9
J = µ κ0 εr E 2 ,
8
9
Ji = µ κ0 εr E Ei ,
8
with the carrier mobility µ, the relative dielectric constant εr and E =
is expected at higher values for the electric field.

(8)
(9)
√

Ei Ei . This mechanism

2.3 Schottky emission
The Schottky emission is a formulation for the leakage current density with exponential dependency to the electric field. In scalar form it reads
#
!
"p


e /(4π εd κ0 ) √
−e φ0
∗ 2
J = A T exp
exp
E −1 .
(10)
kT
kT
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To account for three-dimensional problems, the formulation yields


−e φ0
Ji = A T exp
kT
∗

2



"p
#
!
e /(4π εd κ0 ) √
Ei
exp
E −1
,
kT
E

(11)

with the Richardson-Dushman constant A∗ , the absolute temperature T , the Boltzmann constant
k, the Schottky barrier height e φ0 , and the optical dielectric constant εd , see e.g. [2]. This
conduction mechanism is observed in experimental testing at even higher electric fields than
SCLC, e.g. [4].

3 Numerical examples
The studied example is a rectangular region of BaTiO3 with inhomogeneous electric potential
on the boundary, see Fig. 1. First, the distance between adjacent electrodes is taken to be the
same as the height of the ferroelectric film. Further, polarization and mechanical displacements
are fixed at all nodes for these simulations.

Figure 1. Ferroelectric film with inhomogeneous electroded boundary conditions.

Results from previous simulations [7] are explained briefly here. In particular, we use the
following material parameters.
Parameter

Value

Unity

Conductivity Γ

10−12

Permittivity of free space κ0

8.854 · 10−12

1
Ωm
C
V m

Relative dielectric constant εr

100

[-]

Carrier mobility µ

1 · 10−6

m2
V s

Table 1. Parameter for linear and quadratic leakage current density formulation

With these material parameters and comparing Ohm’s law to the SCLC model, we found out that
for Ohm’s law ≈ 40% of the leakage current density flows directly in the bottom electrode and
≈ 60% to the adjacent top electrode. Whereas for the SCLC formulation, only 32% of the total
current density flows to the bottom electrodes. Fig. 2 illustrates a comparison between linear
(Ohm) and quadratic (SCLC) leakage current density. Results for the horizontal component of the
leakage current density are displayed in normalized form for just one geometrical configuration.
Our additional studies investigate the effects of polarization and mechanical displacements on
the leakage current density as well as the Schottky emission model.
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Figure 2. Resultant leakage current density for Ohm’s law (left) and SCLC (right) displayed in vectors,
horizontal leakage current in colors.

Conclusions
We study different formulations for leakage current in ferroelectric nanogenerators. In our model,
we generalize the conduction models to appropriate vectorial forms. This enables us to study
how the distance between adjacent top electrodes needs to be varied for the optimization of the
nanogenerator concept with respect to the leakage current density. Of primary interest is the
effect of changing the ratio a/h between the top electrode length a and ferroelectric material
height h.
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[7] F. Wöhler, I. Münch, and W. Wagner. Electric leakage current density in phase field
simulations for nanogenerator concepts. Submitted to Proceedings in Applied Mathematics
and Mechanics.
734

CS03

Multiphysics
Proceedings of the 7th GACM Colloquium on Computational Mechanics
for Young Scientists from Academia and Industry
October 11-13, 2017 in Stuttgart, Germany

Optimal control of a slot car racer
Johann Penner1 *, Tristan Schlögl1 and Sigrid Leyendecker1
Micro Abstract
Within this work, we compute and apply control strategies for the time-minimal path of a slot car racer.
Here, the DMOC (Discrete Mechanics and Optimal Control) method is used to generate offline optimal
trajectories for the electro-mechanically coupled system, i.e. sequences of discrete configurations and
driving voltages. These sequences are embedded to a control architecture with an underling camera
tracking system which allows to correct the vehicle towards the desired state via computer.
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Introduction
In order to describe and control the behavior of a slot car racer, a suitable simulation model is
required. The functional principle of this electric vehicle merges mechanics and electronics and
can generally be described in terms of differential equations by physical laws, such as Faraday’s
law, Coulomb’s law, Kirchhoff’s law and d’Alembert’s principle. These second-order differential
equations can be obtained via a variational principle based on an energy functional [1, 6].
The optimal control simulation method in this work is a direct discretization technique for
mechanical systems – that has been extended for mechatronical systems – known as DMOC [4]
and is based on a discrete variational principle. The derivation of the system dynamics with
discrete variational calculus requires to formulate the electrical, magnetic and mechanical energy
of the system and to apply the discrete Lagrange-d’Alembert principle. This is less common in
electrical engineering but leads to a structure preserving time stepping scheme which serves as
equality constraints for the nonlinear programming problem, resulting from the discretization of
the optimal control problem by DMOC [2–5].
The computed optimal voltage profiles are embedded into an experimental setup for a slot car
racer with an underlying camera tracking system which allows to correct the vehicle towards the
desired state via a computer. Furthermore, the tracking allows to analyze the system, fit the
model parameters and measure the maximal admissible velocity for the race track, which also
serve as constraints for the optimal control problem.

1 Discrete mechanics and optimal control
In this section, we present a simulation method for the optimal control of a mechatronic system
that is based on a discrete variational principle and apply it to compute the time-minimal path
of a slot car racer. Here, DMOC makes use of the discrete forced Euler-Lagrange equations to
generate offline optimal trajectories for the electro-mechanically coupled system.
1.1 Discrete forced Euler-Lagrange equations
In general, the discrete variational principle yields discrete time stepping equations. Their
solution approximates the solution of the forced Euler-Lagrange equations and inherits certain
characteristic properties of the continuous solution. According to the discrete variational principle,
we choose a time grid ∆t = {t0 , t1 , ..., tN } for the discrete path qd = {qn }N
n=0 with step size h ∈ R
and the midpoint rule for the approximation of the integrals in the Lagrange-d’Alembert principle.
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Figure 2. Slot car model

Figure 1. Idealized model of a DC motor

The discrete forced Euler-Lagrange equations for n = 1, ..., N − 1
D1 Ld (qn , qn+1 ) + D2 Ld (qn−1 , qn ) + fd− (qn , qn+1 , un ) + fd+ (qn−1 , qn , un ) = 0

(1)

follow from the discrete Lagrange-d’Alembert principle, where D• Ld is the slot derivative with
respect to the •-th argument and fd are the discrete forces. The discrete momenta are given
−
by the discrete Legendre transformation as p−
n = −D1 Ld (qn , qn+1 ) − fd (qn , qn+1 , un ) and
+
−
+
pn = D2 Ld (qn−1 , qn ) + fd (qn−1 , qn , un ), where p0 is used for the fist time step.
1.2 Discrete optimal control problem
−1
The DMOC method deals with the problem of finding the discrete control forces ud = {un }N
n=0
with respect to a – in terms of discrete Euler-Lagrange equations – given system such that a
certain discrete objective function Jd or, respectively, a discrete cost function Cd is minimized,
i.e.

min Jd (qd , ud , h) = min

qd ,ud

qd ,ud ,h

N
−1
X

Cd (qn , qn+1 , un , h)

n=0

· equation (1)
subject to · initial and final conditions
· additional constraints
(2)

Herein, the infinite dimensional optimal control problem is transcribed into a finite dimensional
nonlinear programming problem that can be solved by any standard algorithm, e.g. Sequential
Quadratic Programming (SQP).

2 Implementation for the slot car racer
Assuming that the considered slot car has an idealized DC motor (see Fig. 1), the discrete

N
path qd = [Qn , ϕn ]T n=0 comprises the total amount of moving electric charge Qn , that has
passed any point of the motor windings – where ϕn denotes the rotation angle – at each time step.
−1
The discrete control parameter ud = {Un }N
n=0 is reduced to a sequence of driving voltages Un
and the current In is defined as flow electric charges over time. In the case of a DC motor, the
Lagrangian consists only of the magnetic-field coenergy and the mechanical energy of the motor
shaft, such that the discrete Lagrangian reads

h La
K
Ld (qn , qn+1 ) =
(Qn+1 − Qn )2 +
(ϕn+1 + ϕn ) (Qn+1 − Qn )
2
2 h
2h

(3)
θ
2
+ 2 (ϕn+1 − ϕn )
h
where Θ denotes the inertia of the rigid motor shaft, La is the inductance of the windings and
K is a machine constant. The discrete forces (with arguments as in equation (1)) are given by
fd−

=



h Un + R2a (Qn+1 − Qn )
h
4 (Mn+1 + Mn )



fd+
736

=



h Un − R2a (Qn − Qn−1 )
h
4 (Mn + Mn−1 )



(4)
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with the external friction torque Mn = ri (Fc tanh(vn ) + τv vn ) and the power dissipation −Ra In .
Herein, a continuous velocity-based friction model – with sliding friction Fc and the viscous
friction parameter τv – approximates the friction force acting of the slot car. The current is
written as a finite difference In = (Qn+1h−Qn ) . Under the assumption of a slip-less rolling tire with
radius r and the gear ratio of the slot car i, we can compute the velocity vn = ri ϕn+1h−ϕn and the
covered distance sn+1 = sn + vn h of the vehicle (Fig. 2). For this electro-mechanically coupled
ϕ T
Q
system the general momenta pn = [pQ
n , pn ] consist of the flux linkage pn and the mechanical
ϕ
momentum pn at each time step.
2.1 Objective function and additional constraints
The time-minimal path can be modeled using different cost functions, were the problem of
minimizing the lap time is equivalent to maximizing the velocity – or momentum – for each
lap. Within this work, we concentrate on a combined objective function Jd that minimizes the
lap time – which corresponds to the sum of time steps – together with the change of driving
voltages.
Jd (qd , ud , h) = cu

N
−1 
X
n=0

Un+1 − Un
h

2

+

N
X

h

(5)

n=0

Herein, the weighting factor cu ∈ R ensures that the influence of lap time and driving voltages
on the cost function are of the same order of magnitude. Furthermore, we can substitute the
sum of time steps Jt with the negative sum of the quadratic velocities Jv or the negative sum of
the quadratic momenta Jp .
Jt (h) =

N
X

Jv (qd , h) = −

h

n=0

N
−1 
X
n=0

sn+1 − sn
h

2

Jp (qd , h) = −

N
−1
X

pϕ−
n

n=0

2

(6)

To prevent the slot car from flying off the track, constraints limit the maximal admissible
velocities (7) for the track. Here, 14 segments (right curves, left curves and straight elements)

ṽ1 for s̃0 ≤ s < s̃1



 ṽ2 for s̃1 ≤ s < s̃2
vn ≤
..
..

.
.



ṽ14 for s̃13 ≤ s ≤ s̃14



 
−∞
Q
 s0   s

 
 Umin  ≤  U
hmin
h

(7)






∞
  sN 
≤

  Umax 
hmax

(8)

with length s̃i form the track, for which maximal admissible velocities ṽi are determined with the
camera tracking system. Bounds for the simulation variables (8) guarantee meaningful results.
Further constraints define the start position s0 and the final position sN .
2.2 Numerical example
As a numerical example, we show the fastest admissible lap, where the vehicle starts with zero
acceleration and crosses the finish line with maximal velocity. Here, the parameters Ra = 4 Ω,
La = 2 × 10−2 H, K = 4 × 10−3 Nm/(radA), Fc = 2.74 × 10−1 N and τv = 7.81 × 10−1 Ns/m are
12
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Figure 6. Vehicle velocity versus covered distance

used. The track-length is 9 m, the maximum operating voltage of the DC motor is 12 V and
the direction of travel is shown in Fig. 4. The calculated optimal driving voltage for the time
minimal path respecting the maximal admissible velocity for the race track are shown in Fig. 3
and Fig. 4. The experimental setup makes it possible to apply this voltage profiles directly to the
slot car racer via a computer. Fig. 5 shows the associated motor current and Fig. 6 the velocity
of the slot car including the segmentation of the track. As initial guess, a forward dynamics
simulation is used. Minimizing the lap time – by including the time step h as an optimization
variable in addition to qd and ud – with the fmincon solver from Matlab yields the same result
for all three objective functions except of a small numerical error.

Conclusions
This work covers the numerical solution of an optimal control problem for a slot car racer.
We investigate several objective functions to minimize the lap time, which influences only the
computational effort. Table 1 shows the necessary computational time and iterations to solve
the nonlinear programming problem. Obviously, using the approximation for the velocity in
Jv influences the computational time and iterations in a negative way. Using the conjugate
momentum instead – i.e. the actual momentum at the n-th time node – is physically motivated
and also yields the lowest number of iterations. The objective function Jt serves as comparative
quantity.
Jt (qd )
Jv (qd )
Jp (qd )

computational time
745 s
2012 s
217 s

iterations
297
525
96

lap time
3.84 s
3.84 s
3.84 s

Table 1. Computational time and iterations
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Phase-Field Modelling of Crack Propagation in
Elasto-Plastic Multilayered Materials
Zhengkun Liu1 * and Daniel Juhre1
Micro Abstract
The phase-field method has emerged as an extremely powerful technique to simulate crack propagation
with significant success. Phase-field simulation of crack propagation in elasto-plastic multilayered
materials is discussed in this work. Three fundamental cases are studied i.e. (i) crack propagation in
a brittle material, (ii) in a ductile material and (iii) in a brittle-ductile composite. The numerical
results demonstrate the mechanical performance of such a multilayered composite design.
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Introduction
The phase-field method has emerged as an extremely powerful technique to simulate crack
initiation and propagation with significant success [3]. Phase-field-type diffusive crack approach
is capable of predicting the crack initiation and propagation without any additional criterion.
Here, its main advantages are the ability to predict crack initiation and to handle curved crack
paths, crack kinking, branching angles and crack-front segmentation in three dimensions. In
this work, phase-field modelling of crack propagation in elasto-plastic multilayered materials
is investigated. Therefore, we introduce the phase-field model for brittle fracture and phasefield model for ductile fracture which has been extended to the exhibiting J2 -plasticity material
behavior. Three fundamental cases are studied i.e. (i) crack propagation in a brittle material,
(ii) in a ductile material and (iii) in a brittle-ductile multilayered material. The numerical
results demonstrate the mechanical performance of such a multilayered composite design. The
multi-field coupled finite element problems are performed with staggered solutions.

1 Phase-field model of brittle fracture
In phase-model of brittle fracture, based on the regularized form of the variational model by
Bourdin [1] the combined free energy density ψ is given as follows:
1
ψ(ε, s) = (s2 + η) ε : (C : ε) + Gc γ(s, ∇s)
|2 {z
} | {z }
ψe

(1)

ψf rac

in which ψe is the elastic strain energy density of material with the total strain ε and the
isotropic fourth-order elastic stiffness tensor C. The phase-field variable s describes the intact
state by s = 1 and the fully broken state of the material point is defined by s = 0. The small
positive dimensionless parameter 0 < η  1 is used to ensure a numerically well-conditioned
system for a fully-broken state (s = 0). The critical energy release Gc is defined as the energy
1
required to create a unit area of new crack and γ(s, ∇s) = 4κ
(1 − s)2 + κ|∇s|2 denotes the
crack surface density function per unit volume of the solids. If κ tends towards zero, the
phase-field approximation of the fracture energy density ψf rac is exact. In order to ensure crack
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propagation under tensile or shear loading, a modified regularized formulation of the phase-field
energy density was proposed in [3], using the definitions:
ψ(ε, s) = (s2 + η)ψe+ + ψe− (ε) + Gc (

1
(1 − s)2 + κ|∇s|2 )
4κ

(2)

The elastic energy density ψe splits into the positive part ψe+ and the negative part ψe− , namely
1
1
ψe = K(htr(ε)i+ )2 + μ(εD : εD ) + K(htr(ε)i− )2
|2
{z
} |2
{z
}

(3)

ψ−

ψ+

where K is the bulk modulus, μ the shear modulus and εD the deviatoric part of the elastic
strain ε. Here, hai± = (a ± |a|)/2 define the so-called Macaulay bracket. A time dependent
Ginzburg-Landau evolution equation of the crack phase-field s which is variational derived from
the phase-field energy density reads as:
ṡ
1−s
= −2sψe+ + Gc (
+ 2κΔs)
M
2κ

(4)

with the mobility factor M which should be chosen sufficiently large.

2 Phase-field model of ductile fracture
The energy density ψ is expressed as the sum of the elastic strain energy density, plastic strain
energy density and the fracture energy density in the phase-field model for ductile fracture. The
free energy density function ψ can be written as [2]:
1
1
4κψc
γ(s, ∇s)
ψ(εe , s) = (s2 + η)[ εe : (C : εe ) + (σY + Hα)α −ψc ] + ψc +
2
ζ
|2
{z
} |
{z
}
|
{z
}
ψe

ψp

(5)

ψf rac

where ψe is the elastic energy density with the elastic strain tensor εe = ε − εp . ψp is the plastic
strain energy density assuming linear isotropic hardening with respect to the plastic strain tensor εp , the accumulated plastic strain α, the yield stress σY and the linear hardening coefficient
H. The plastic strain tensor εp and the accumulated plastic strain α are defined as internal
state variables within the considered J2 plasticity model. ψc is a specific critical fracture energy
per unit volume. ζ presents the post-critical range after crack initialization.
In order to distinguish between crack propagation in tension loadings, shear loadings and compression loadings, a modified regularized formulation of Eq. (5) was proposed in Miehe et al. [2],
ψ(εe , εp , α, s) = (s2 + η)[ψe+ (εe ) + ψp (εp , α) − ψc ] + ψe− (εe ) + ψc + ψf rac (s, ∇s)

(6)

which contains the decomposition of the elastic energy density ψe = ψe+ + ψe− and, eventually
1
1
D
−
− 2
ψe+ = K(htr(ε)i+ )2 + μ(εD
e : εe ) and ψe = K(htr(ε)i )
2
2

(7)

Using Eq. (6), the Ginzburg-Landau evolution equation of the phase-field s becomes:
ψc
1
ṡ = −2shψe+ + ψp − ψc i+ − 2
ζ
M
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3 Numerical Example
The numerical implementation of the phase-field model for fracture is applied to the crack
propagation in the brittle-ductile multilayered composite. A square plate of length 10 mm,
containing a horizontal notch of length 0.5 mm, is subjected to uniaxial tension loading by
prescribing a vertical displacement on the top and bottom edge boundaries (Fig. 1). The material parameters are chosen as E=205000 MPa, v=0.3, σy =245 MPa, H=760 MPa, κ=0.1 mm,
η=0.0001, Gc =7 MPa.mm, ζ=1 and M =106 1/MPa.s. In this simulation, the influence of the
ductile materials on the response of the multilayered composite is investigated. Therefore, the
influence of the critical fracture work density ψc is analysed since it is the controller of the
ductile failure process. To this aim, four different values for the critical fracture work density
ψc are used. The obtained force displacement responses are depicted in Fig. 2. It is obvious that
the load bearing capacity has become greater by increasing the critical fracture work density ψc .
On the other hand, the level of the maximal force does not change as the crack firstly initiates
and propagates in the brittle material. It can be observed that the fracture strength can be
improved by the increasing ψc .
The Fig. 3 shows that the crack propagates straightly horizontal in the brittle material, then
the crack follows the path with the angle of 45 degrees in the ductile material. It can also
be observed that the crack path is nearly unaffected by the value of the critical fracture work
density ψc .

Figure 1. The notched elasto-plastic multilayered composite: the geometry and associated dimensions

Conclusions
The aim of this paper was to analyse the fracture-mechanics performance of the brittle-ductile
multilayered composite using the phase-field method. Therefore, the utilize phase-field model
of brittle fracture and ductile fracture are described in detail. The achieved results from this
simulation of both the crack paths and force displacement responses from the phase-field models
proved that the ductile material has good ability to improve the mechanical performance of the
multilayered composite since the fracture strength can be improved by increasing the critical
fracture work density ψc . In other words, the results suggest that the ductile layer can absorb
more fracture energy. Finally, it is noteworthy that the fracture-mechanics performances of the
proposed multilayered composite should be compared with experimental data which need to
be investigated further. Moreover, the damage and failure analysis of heterogeneous materials
742

CS04

Fracture

Figure 2. Force-displace curves for the different value of the critical fracture work density ψc

Figure 3. The final damage phase field distribution in the notched elasto-plastic multilayered composite
using (a)ψc = 4 MPa , (b)ψc = 8 MPa, (c)ψc = 12 MPa and (d)ψc = 16 MPa

using phase-field modelling should be investigated further.
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Crack propagation simulation of concrete
considering water fracture interaction using
SBFEM
Chengbin Du1 *, Peng Zhang1 and Xinran Tian1
Micro Abstract
Concrete crack propagation simulations are conducted under both the external force and water
pressure using SBFEM, considering the interaction between internal water pressure and crack
propagation. Finite Volume Method (FVM) is employed to model the water within the crack
considering the interaction between water pressure and the crack opening distance (COD). The results show that the internal water pressure distribution plays an important role in the crack propagation.
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Introduction
Scaled Boundary Finite Element Method (SBFEM)is a semi-analytic numerical method which is
proposed first by Song and Wolf in 1996. Only the boundaries of the subdomains are discretized
but no fundamental solutions are needed. This method can semi-analytically represents the
singularity of the crack tip, so the stress intensity factor and other fracture parameters can be
obtained directly according to the definition. Based on the above advantages, the application
of SBFEM in fracture problem is becoming one of academic focus. In this paper, SBFEM and
Finite Volume Method (FVM) are combined to study the influence of internal pressures within
the crack together with external load on the propagating behaviour of concrete . The influence
of different water pressure distribution on the crack surface of the concrete is compared and
analyzed by comparing with the relevant experiments.

1 Main formula of SBFEM with external load on crack surface
The analytical solution of the radial displacement of SBFEM can be given as follows [2]:
u(ξ) =

n
X

ci ξ −λi Ψi +

i=1

M
X

aj ξ j Vj

(1)

j=1

where ξ is the radial coordinate of the scaled boundary finite element; u(ξ) is the radial
displacement at any point ξ in the radial direction; ci is the integral constants associated
with boundary conditions; λi and Ψi are the deformation modes that satisfy the ξ direction
equilibrium; aj is the coefficient of the polynomial of the side load; Vj is the side force load
mode vector; n and M are the number of modal and lateral force load modes when calculating
the radial displacement, respectively.
In the s direction of SBFEM, the similar method to the finite element method in the shape
function is applied, which is interpolated by N (s), namely:
u(ξ, s) = N (s)u(ξ)
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Substituting Eq.1 into Eq. 2 yields the displacement field:


n
M
X
X
u(ξ, s) = N (s) 
ci ξ −λi Ψi +
aj ξ j Vj 
i−1

(3)

j=1

The structural stress field can be derived from the displacement field.

2 Finite volume method for fluid flow in crack
Assuming the flow is laminar and the fluid is incompressible, the fluid flow within the crack
is modeled as one-dimensional flow, accounting for the time-dependent rate of crack opening.
Hence, the conservation of the incompressible fluid in the fracture can be expressed as
∇·q+w+g =0

(4)

where ∇ is the divergence operator defined in x direction; q is the fluid flux; w is the timedependent rate of crack opening, and w = ∂w/∂t; g is the fluid loss into the solid media, and
here we ignore the fluid loss, that is g = 0. Additionally, Poiseuille’s law gives the following
expression
q=−

w3
∇p
12µ

(5)

where w is the crack opening; u is the fluid viscosity, and p is the fluid pressure.
The pressure boundary conditions for fluid flow in the crack are

p(x = 0, t) = p0
p(x = lt , t) = 0

(6)

where p0 is the pressure of the fluid injection point; lt is the location of the fluid tip.

3 Numerical examples
3.1 Comparison between numerical simulation and experimental results
The specimen of the splitting test [1], which is subjected to external load and internal water
pressure, is chosen as a numerical simulation example. The size of the specimen is shown in
Fig.1. Fig.2 shows the cohesive crack softening curve in the calculation, where ft is the tensile
strength of concrete, wc is the critical crack width.
2

80

notch

d=10
water inlet

ft

Loading

90

Unloading
200

30

d=2

20
20
20
20

precast holes

O

200

Figure 1. Concrete experiment equipment
and dimensions( unit: mm)

wc

COD

Figure 2. Linear relationship of σ-COD

The parameters of the concrete are given in Table 1. The experiment was carried out under the
external water pressure of 0.0 MPa, 0.2 MPa and 0.4 MPa, respectively. The opening of the
crack is controlled by the open displacement, and the opening velocity was 2µm/s.
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Elastic modulus
(MPa)

Poisson’s
ratio (−)

Effective crack
width (mm)

Prefabricated crack
length (mm)

Tensile strength
(MPa)

Critical crack
width(mm)

36.2×103

Mode-I fracture
energy (N · m−1 )

0.100

2

80

3.6

144

0.08

Table 1. The parameters of the concrete

The numerical model is divided by 121 elements and 243 nodes using SBFEM.
Figures 3 (a) and (b) show the F-CMOD curves for the external water pressures of 0.0 MPa,
and 0.4 MPa,respectively. It can be seen from the Fig.3 that the numerical simulation is in good
agreement with the experimental results. When the water pressure is zero, the load peak of the
numerical simulation and experiment are about 18.5 kN. The peak value drops to about 11 kN
with an external water pressure of 0.4 MPa. The results show that the internal water pressure
has an important effect on the crack propagation.

(a) without water pressure

(b) with 0.4MPa water pressure

Figure 3. F-CMOD curve with different water pressure

Figure 4 shows the distributions of the internal water when the external water pressure is 0.2MPa
and 0.4 MPa, respectively. In the early stage of crack propagation, the distribution of the internal
water pressure is close to the linear distribution. With the crack propagation, distribution of
the internal water pressure gradual approaches parabolic shape. In the later period of the crack
propagation, the internal water pressure near the crack mouth closes to external water pressure.
The change of the pressure gradient is mainly in the vicinity of the front of the water flow in the
crack. There is a good agreement between the numerical simulation results and the experimental
results [1].

(a) 0.2MPa water pressure

(b) 0.4 MPa water pressure

Figure 4. Numerical simulation results of the distribution of internal water pressure
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3.2 Influence of different external water pressure distribution on crack propagation
In this paper, the distribution of hydraulic pressure is assumed to be as the uniform distribution,
the linear distribution and the distribution of the coupling model. The crack propagation of
the concrete under the external water pressure of 0.4MPa, 0.6MPa and 0.8MPa is simulated,
respectively. The F-CMOD curves for 0.4 MPa and 0.8MPa are shown in Figure 5. The results
indicate that F-CMOD curve of the coupling model is between the uniform distribution of
water pressure and the linear distribution of water pressure. When external water pressure
is 0.8 MPa, the ultimate loads are 0.6kN, 2.7kN and 4.0kN, for the internal water pressure
evenly distribution, coupling model, and linear distribution, respectively. That means different
water pressure distribution has an important effect on the failure of concrete. Assuming the
distribution of internal water pressure is the same to the external water pressure, ultimate
load is the minimum, the effect internal water pressure on the crack propagation actually is
overestimated. When the internal water pressure is assumed to be linearly distribution, the
ultimate load is the maximum, the internal water pressure is actually underestimated.

(a) With 0.4 MPa water pressure

(b) With 0.8 MPa water pressure

Figure 5. Influence of different water pressure distribution on F-CMOD curves

Conclusions
The numerical results show that the influence of the hydraulic pressure on the mechanical
behavior of the concrete specimen is consistent with the experimental results. The water pressure
in the cracks gradually decreases along the direction of the cracks. With the propagation of
the cracks, the water pressure in the cracks is gradually changing to parabolic shape, and the
gradient change of the water pressure is mainly concentrated near the front of the flow fluid.
Different water pressure distribution patterns have an important effect on the ultimate load of
concrete. The ultimate load of the water pressure distribution considering the coupling model is
between the uniform distribution and the linear distribution.
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Numerical investigation of hydraulic fracturing
and borehole interaction under deep reservoir
conditions using XFEM
Janis Reinold1 *, Sven Beckhuis1 and Günther Meschke1
Micro Abstract
Hydraulic fracturing is a complex process, due to the interaction of the fracturing fluid with the
surrounding deformable porous media, while the fracture is propagating. The fracture response is
sensitive to in-situ stresses, fracture toughness or initial fracture angles. A hydro-mechanical XFEM
model is introduced to simulate the fluid flow and deformation of the rock. Examples with multiple
boreholes and initial fractures will investigate the influence of the aforementioned parameters.
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Introduction
Hydraulic fracturing is a technique for the stimulation of shale gas and deep geothermal reservoirs
to increase the permeability of the underground. As monitoring of hydraulic fracturing in deep
layers of the earth’s crust is difficult, numerical simulations are required to investigate different
scenarios and estimate the expected gain of subsurface energy.
In this work a fully coupled numerical algorithm for hydraulic fracturing in deformable saturated
porous media is introduced and various examples with complex geometries and boundary
conditions are analyzed. One method to simulate propagating cracks is the Extended Finite
Element Method (XFEM), which has been extended to hydromechanically coupled problems,
e.g. in [2] or [5] by introducing enhanced approximations for the displacement and the pressure
field via the extended finite element method (XFEM) [1, 4]. The porous media flow is assumed
to conform Darcy’s law. In XFEM simulations the propagating crack is directly incorporated in
the underlying mesh and no costly re-meshing is needed.
In the presented model this advantage is also used to incorporate the borehole geometry directly
in the mesh with the XFEM. In contrast to the classical approach the fluid flow inside the crack
is modelled explicitly and coupled with the pressure field of the porous media flow. [6] introduced
this method and coupled the explicit fluid flow and the porous media flow with a pressure
gradient approximation. In the approach of [6] no enrichment of the pressure field was taken
into account. [3] proposed a space-time variant enrichment of the porous media pressure field
in order to model the fluid flow in porous media more accurately. An alternative formulation
of the XFEM, denoted as the interface-enriched generalized finite element method (IGFEM)
introduced by [7], is used to approximate the pressure field of the porous media, using also
linear shape functions for the pressure field across the crack. The advantage of the IGFEM is
the straightforward definition of Dirichlet boundary conditions on non-matching meshes, like
crack interfaces. The explicit fluid flow in the crack is coupled with the flow in the porous bulk
medium by means of Lagrange multipliers by prescribing the pressure of the explicit fluid flow
to the pressure of the porous media flow.
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1 Governing Equations
The displacement field u, the pressure field pp in the bulk and the pressure field inside the
fracture pf are controlled by the balance of linear momentum and mass in association with
Darcy’s law and the Reynolds lubrication equation. After spatial discretization using finite
element approximations, the weak form can be written in the form
T
T
T
T ∗
∫ Bu DBu dΩ u − ∫ Bu αmNpp dΩ pp − ∫ ⟦Nu ⟧ nNpf dΓ pf = ∫ Nu t Γ
Ω
Ω
Γf
Γt
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¶
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´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¶
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶
Ku

Q pp

Fu

QT
p

f

kp
1
Bpp dΩ pp − ∫ NTpp Npf dΩ ṗp − ∫ NTpp αmT Bu dΩ u̇
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(4)

Lpf

Lpp

where Nu , Npp , Npf , Npl , Bu , Bpp and Bpf are the sets of standard and enriched shape functions
of the displacement field u, the pressure fields pp and pf and the Lagrange multiplicator. The
unknown Lagrangian coefficients λ are solved with the additional Equation 4 that carries
information about the Dirichlet coupling between the two pressure fields in the bulk and the
fracture, respectively. cf is the fluid compressibility, m = [1 1 0]T for 2D analyses. The boundaries
Ω, Γ, Γf , Γt , and Γq are shown in Figure 1.

G

t*
Gt

Gp

Gq

q*

n
Gf

Gu

u*

W

Figure 1. Geometry and boundary conditions of hydraulic fracturing problems in porous media
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2 IGFEM Enrichment of the Pressure Field
A gradient jump in the porous media pressure field is described using the interface enriched
generalized finite element method (IGFEM) as
nen

n

p(x) = ∑ Ni (x)ppi + ∑ ψi (x)αi
i=1

(5)

i=1

´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶ ´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶
standard part

enriched part

where ψi (x) are the enriched shape functions, αi are the enriched degrees of freedom that lie on
the intersection points of the fracture with the elements. As illustrated in Figure 2 the IGFEM is
not based on the partition of unity, since the shape functions are identically zero on the element
edges. Figure 2 shows how the enriched shape functions are generated by the standard shape
functions of the children elements (1) and (2) in an intersected parent element. With regard to
the nodal numbering of the children elements, for the situation shown in Figure 2, the enriched
shape functions are given as
(2)

(1)

(1)

ψ1 (x) = N1 (x) + N2 (x),
3

4

3

4

(2)
1 α1
2

2

α2

1 α1
2

1

(2)

(1)
3

(2)

ψ2 (x) = N1 (x) + N2 (x).

2
(1)

4

3

α2

1

4

Figure 2. IGFEM - enrichment functions and element partitioning

3 Application
In the following example, a 2D analysis of hydraulic fracturing in a domain with two boreholes
is analyzed by means of the presented method.
Figure 3 a) shows the geometry, loading, boundary conditions and material. The in situ stress
state is represented by the external stresses σx and σy . The top borehole is loaded with a
constant fluid pressure p and a constant fluid flux q is injected into the bottom left borehole,
where a crack is initiated. The influence on the crack path is observed, while the position of the
top right borehole is varied and the initial crack angle α is changed.

(a) Geometry and boundary conditions

(b) α = 60○

(c) α = 50○

Figure 3. Hydraulic fracturing analysis of a 2D domain with two boreholes: Liquid pressure and crack
√ path
obtained for two different initial crack angles α. Material data: E = 30 GPa; ν = 0.3; KIC = 3 MPa/ s;
kp = 10−16 m2 ; µ = 10−9 MPa s. All edges are drained.
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The liquid pressure and crack path for the case with an initial crack angle α = 60○ is shown in
Figure 3 b). As can be observed, the crack is deflected and influenced by the external loading
and the pressurization of the top borehole. The crack aligns with the direction of the larger stress
σy and passes by the top borehole. The pressurized top borehole attracts the crack, however,
the pressure is not large enough that the crack penetrates into this borehole.
In hydraulic fracturing it is required to connect the boreholes. Consequently, a couple of
modifications are possible to make the crack reach the top right borehole, e.g. changing the
angle of the initial crack, the location of the borehole, such that the in situ stress state changes,
or increasing the borehole pressure p. In Figure 3 c) the liquid pressure and crack path is shown
for the case with a varied initial crack angle of α=50○ . As the crack path takes a slightly longer
way up to the top right borehole, the crack now is fully attracted by the borehole pressure, so
that the boreholes are connected.

Conclusions
A computational method for hydraulic fracturing simulations based on an explicit fluid flow in
the fracture and a strong coupling via Dirichlet boundary conditions has been proposed. The
interface enriched generalized finite element method (IGFEM) is used to enrich the pore pressure
field with a gradient jump and to prescribe pressure values inside the fracture or on arbitrary
interfaces such as boreholes. In the presentation, several examples with multiple boreholes and
external loadings are analyzed to demonstrate the viability of the proposed method.
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A 3D peridynamic model of rock cutting with
TBM disc cutters
Sahir Butt1 * and Günther Meschke1
Micro Abstract
This study presents computational simulation of rock cutting process using disc cutters, a typical process
involved in mechanized rock excavation works. Peridynamics, a nonlocal continuum formulation, is used to
model the LCM (linear cutting machine) test of rock cutting with a single TBM (tunnel boring machine) disc
cutter. The presented numerical model enables the investigation of different cutting forces as well as of the
stress and pressure distribution during the tool-rock interaction.
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Introduction
In an excavation process using a Tunnel Boring Machine (TBM), rock cutting is performed by means of
cutting discs (see Fig.1b) installed on a rotating cutter head (see Fig.1a) of the TBM, which is pressed
against the tunnel face. As the disc is forced into the rock, a crushed zone develops. As the disc continues
to move further, the stresses are further increased in the crushed zone and radial cracks are initiated, as
shown in Fig.1c. These cracks coalesce with the cracks initiated from the adjacent cutting disc and the
rock mass is disintegrated. This interaction between the rock and a cutting disc can be characterized by the
reaction force at the disc. The reaction force is decomposed into normal, rolling and side forces, depicted
in Fig.1d. These forces for a single disc cutter needs to be estimated in order to predict the performance
of a TBM, i.e. the global torque and thrust requirements. A Linear Cutting Machine (LCM) test [5]
was developed at the Colorado School of Mines (CSM), which it is used to predict the performance of a
single cutting tool. In the LCM experiment the cutting disc moves along the rock specimen at a known
penetration level and the cutting forces (see Fig.1d) are measured at the cutting disc.
A number of empirical models have been developed for the estimation of the process parameters (such
as required thrust, penetration rate, specific energy, etc.). One of the popular performance prediction
models in this category is the Colorado School of Mines (CSM) model [5]. However, empirical models
are restricted by the availability of historical data as well as details of the rock material properties.
Alternatively, numerical analysis can be applied to simulate the LCM test, which can incorporate a
larger range of rock material properties as compared to empirical models. The excavation process in
brittle rock involves complex fracture paths and fragmentation. In this study, we model this process
using peridynamics [1, 6, 7], a recently developed nonlocal continuum model, which provides a suitable
environment to model physical phenomena involving discontinuities. Simulations of LCM test are carried
out at different level of penetrations and the cutting forces are compared with the experimental results
presented in [2].

Peridynamic formulation
The peridynamic continuum formulation allows the direct interaction of a material point x with a set
of material points x0 , within a volume defined by a cut-off radius δ, known as the peridynamic horizon
Hx [6]. This notion of direct connectivity between the material points is referred to as a bond. For a three
dimensional peridynamic body, the balance of momentum at a material point x, at time t, is given by
Z


∂ 2 u(x, t)
ρ(x, t)
=
T[x, t]hx0 − xi − T[x0 , t]hx − x0 i dVx0 + b(x, t),
(1)
2
∂t
Hx
752

CS04

Fracture

(a) TBM cutter head

(b) TBM disc cutters

(c) Rock failure mechanicsm

(d) Cutting forces

Figure 1. Illustration of disc cutters in TBMs

where T[x, t] is the force state at x and T[x, t]hx0 − xi is the force, which a material point x exerts on x0 .
Angular brackets are used to denote quantities that T operates on. For an ordinary state-based peridynamic
model [7], the force state T[x, t] is characterized by a magnitude, i.e. a scalar state t[x, t] and a direction,
provided by the unit vector state M[x, t]:
T[x, t] = t[x, t] M[x, t],

M[x, t]hξξ i =

Y[x, t]hξξ i
y0 − y
= 0
,
|Y[x, t]hξξ i|
|y − y|

(2)

Y[x, t] is the deformation state defined as Y[x, t]hx0 − xi = y0 − y = (x0 + u0 ) − (x + u), where y0 − y
and u0 − u are the deformed relative position vector and the relative displacement vector of the bond
x0 − x (see Fig.2a). The scalar force state t[x, t] depends on a scalar stretch-like quantity, denoted as the
extension state e[x, t] which characterizes the kinematics of the model, it is defined as ehξξ i = |Yhξξ i| − |ξξ |,
where we use x0 − x = ξ . The extension state e is further decomposed additively into an isotropic (ei )
and a deviatoric (ed ) extension states. The isotropic extension state is then represented in terms of a
scalar-valued volume dilatation θ(e) that is defined to match the volumetric strain of a classical continuum
model under isotropic loading conditions.

Hx'

x'

ξ
Hx

y'

u'

Hx'
[x, t]<ξ>

u

x

y

Hx

z
y
t=t0

x

t>t0

(a) Kinematics of a peridynamic body:
undeformed (left) and deformed (right)

(b) Scematic of missing peridynamic
bonds [4]
Figure 2

Damage in peridynamics is modeled by breaking the connection/bond between particles. A bond is not
allowed to contribute in the internal force calculation once it is broken. In this study we use a critical
stretch criteria to break the bonds. The bond between two particles breaks irreversibly once the stretch
(s = ehξξ i/|ξξ |) exceeds the predefined critical stretch sc . The critical stretch is calibrated by performing a
series of tensile tests and the stretch which reproduces the tensile strength of the material is selected.
PALS model
Due to the nonlocal nature of peridynamics, it becomes inaccurate at points near the surface because
some of the peridyamic bonds that would be present in the interior of the material are missing as shown
in Fig.2b. In the PALS model, to compute the elastic energy density at a point, two different influence
functions (the functions giving weights to nonlocal integrals) are used for the isotropic and the deviatoric
deformations. According to [4], it is defined as
1
W (θ, ed ) = Kθ2 + µ(σ ed ) • ed ,
θ = (ω x) • e,
(3)
2
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where, x is a scalar state with xhξξ i = |ξξ |, ω is the dilatation influence function, σ is the deviatoric
influence function and the symbol ’•’ denotes the dot product of two states as defined in [7].
The influence function ω is found by starting from an initial influence function ω 0 , which is arbitrary.
Furthermore, k linearly independent deformation gradient tensors Hk are chosen (In three dimensions,
k = 6 is sufficient because there can be only six linearly independent strain tensors). The extension state
ek corresponding to the deformation gradient Hk is found as ek hξξ i = (ξξ · Hk · ξ )/|ξξ |. Now the influence
function ω is constructed as an approximation of ω 0 , satisfying the constraint that the dilatation evaluated
using Eq.(3)2 with the extension state ek equals the trace of the deformation gradient Hk . To find ω, a
functional I is defined as
k

X
1
I(ω, λ , . . . , λ ) = (ω − ω 0 ) • (ω − ω 0 ) −
λi [(ω x) • ei − trace(Hi )].
2
1

k

(4)

i=1

The functional I is required to be stationary with respect to ω and λ1 , . . . , λk , leading to
k

X
∂I
= 0 =⇒ ω = ω 0 +
λj x ej ,
∂ω
j=1

∂I
= 0 =⇒ (ω x) • ek = trace(Hk ).
∂λk

(5)

To evaluate λ1 , . . . , λk , we solve a k × k system of equations given by Eq.(5)2 . Once λ1 , . . . , λk are
known, the influence function ω is constructed according to Eq.(5)1 and normalized with a constant factor
c, to satisfy (c ω x) • x = D, where D is the number of dimensions. A similar procedure is followed for
the deviatoric influence function σ (see [4] for details).
Contact formulation
The most common method used to model contact in peridynamics is the short-range force approach of
Silling and Askari [6]. The normal and tangential contact forces are exerted at a peridynamic node y by
all the nodes yj in a close proximity satisfying |yj − y| < rc ,where rc is a predefined contact radius. The
normal contact force fn (yj − y) (i.e. the force that yj exerts on y) is found using


|yj − y| − rc
(yj − y)
fn (yj − y) = cf
V j nn ,
nn =
.
(6)
δ
|yj − y|
Vj is the volume of the node yj and cf is a constant coefficient representing the stiffness for the repulsive
forces [3]. Tangential/frictional force ft is calculated using the normal force fn as
vrel
ft (yj − y) = −µ |fn (yj − y)| nt ,
nt =
.
(7)
|vrel |
µ is the coefficient of friction and nt is a unit vector in the direction of the relative tangential velocity vrel
of the nodes y ad yj . Finally, the total contact force fc at the node y is found by the sum of fn (yj − y)
and ft (yj − y), from Eq.(6) and Eq.(7) for all yj nodes.

Numerical analysis of the LCM test
Numerical simulations of the LCM test are carried out with a single disc cutter of 0.4318m diameter. The
rock specimen with the dimensions of 0.4m×0.4m×0.15m is used in the simulation. The experiment [2]
was carried out with a Colorado red granite sample at different level of penetrations at three different
spacings. The penetration p is kept at a constant value for each cut. The material parameters for the rock
specimen are used as in the experiment from [2]. By calibration, the critical stretch sc = 0.0022m is
found to reproduce the tensile strength of the rock used in the experiment. The domain is discretized
with a resolution of 0.005m and the peridynamic horizon is selected as δ = 0.016m. Simulations are
carried out using Peridigm [3], a peridynamics code developed at Sandia National Laboratories. In Fig.3a,
simulation of the LCM test with a single disc cutter, at a penetration of p = 7mm is shown. The average
normal forces obtained from peridynamic simulations are plotted against different levels of penetration
(p = 3, 4, 6, 7mm) in Fig.3b, they show a good agreement with the experimental data [2] (with a disc
spacing of 76mm).
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(a) Peridynamic simulation of the LCM test
at a penetration of 7mm

(b) Comparison of the average normal forces obtained
from peridynamics and the experiment [2]
Figure 3

Conclusions
A peridynamic model for rock cutting using disc cutters is presented. To address the surface effects of
peridynamics, a Position Aware Linear Solid (PALS) material model is used. A number of simulations
for the LCM test at different level of penetrations are carried out. The average normal cutting force
computed from peridynamics is compared with the experimental data for different level of penetrations.
The simulation results are in a good agreement with the experimental data. Future research will be
devoted to the simulation of interactions between multiple discs at various spacings.
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Evaluation of a Gradient Enhanced Damage
Plasticity Model for Shotcrete
Matthias Neuner1 *, Magdalena Schreter1 and Günter Hofstetter1
Micro Abstract
A damage plasticity model representing the time-dependent and nonlinear material behavior of
shotcrete is discussed. In order to obtain mesh-insensitive numerical results upon strain softening,
an over-nonlocal implicit gradient enhancement is employed. The capabilities of the model are
demonstrated by means of finite element simulations, employing meshes of different size and orientations.
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Introduction
The use of shotcrete (sprayed concrete) is an essential securing measure within the New Austrian
Tunneling Method for stabilizing the surrounding rock mass during tunnel advance. In the
context of numerical simulations of tunnel advance, the complex material behavior shotcrete,
characterized by time-dependent evolution of material properties like stiffness and strength,
hardening and softening behavior, creep and shrinkage is described using advanced constitutive
models. One recently proposed constitutive model for shotcrete is the SCDP model, presented
in [5]. In order to obtain objective results in case of softening material behavior in finite element
simulations with respect to the employed mesh, an appropriate regularization technique has to be
employed. In the present contribution, the over-nonlocal gradient enhancement for regularizing
the softening material behavior, presented in [6], is adopted and validation by means of numerical
simulations of the experimental tests by Winkler [7] is presented.

1 The SCDP model
The SCDP model (Shotcrete Damage Plasticity model) is based on three well established
constitutive models for concrete, which are the damage plasticity model for concrete by Grassl
and Jirásek [3], the solidification theory for concrete creep by Bažant and Prasannan [2] and
the shrinkage model by Bažant and Panula [1], with the latter two models being incorporated
into the framework of the former model. Accordingly, the stress–strain relation in total form is
expressed as
σ = (1 − ω) C : (ε − εp − εve − εf − εshr ),
(1)
in which σ denotes the nominal stress (force per total area), ω the isotropic scalar damage
parameter and C the fourth order stiffness tensor. The total strain ε is decomposed into the
instantaneous elastic strain ε − εp − εve − εf − εshr , the viscoelastic strain εve , the flow (viscous)
strain εf , the shrinkage strain εshr and the plastic strain εp .
The evolution of the viscoelastic strain and the flow strain is described by means of the
solidification theory, which is modified in order to account for the accelerated hydration of
shotcrete compared to concrete, and the evolution of the shrinkage strain is treated by the model
by Bažant and Panula. To delimit the elastic domain, a single yield surface is employed, and
a nonassociated flow rule is used for describing the evolution of the plastic strain. Isotropic
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hardening material behavior is modeled by a single, scalar strain-like internal variable αp , with
a fully hardened state attained at αp = 1.
The evolution of ω is driven by a strain like internal variable αd by means of an exponential
softening law given as


αd
,
(2)
ω = 1 − exp −
εf
with εf representing the softening modulus. The evolution of αd is related to the plastic strain
rate ε̇p :
(
0
if αp < 1,
α̇d =
(3)
p
p
ε̇V /xs (ε̇ ) otherwise.
Therein, ε̇pV denotes the first invariant of the plastic strain rate tensor and xs (ε̇p ) is a measure of
ductility.

2 Over-Nonlocal Gradient Enhancement of the SCDP model
It is a well known issue that without proper regularization softening material behavior leads to a
pathological mesh sensitivity in finite element simulations, associated with the loss of ellipticity
of the boundary value problem. A commonly employed remedy is a mesh adjusted softening
modulus, based on the characteristic size of a finite element. However, sensitivity with respect
to the orientation of the mesh and determination of the characteristic size for higher order
elements remain unresolved issues [4]. One possible remedy to overcome these problems are
nonlocal approaches, which incorporate gradients of internal variables. In this context, a gradient
enhancement for the damage plasticity model by Grassl and Jirásek was proposed by Poh and
Swaddiwudhipong [6]. Adopting this approach for the SCDP model, the local damage driving
variable αd in (2) is replaced by an averaged strain-like variable α̂d as


α̂d
ω = 1 − exp −
.
(4)
εf
Therein, α̂d is defined as
α̂d = m ᾱd + (1 − m) αd ,

(5)

in which ᾱd denotes the nonlocal counterpart of αd , implicitly defined by the solution of the
partial differential equation
ᾱd − l2 ∇2 ᾱd = αd .
(6)
The latter is in the context of nonlocal gradient enhanced constitutive models commonly denoted
as the Helmholtz-like partial differential equation and leads together with the equilibrium
equation to a fully coupled problem. Parameter l represents a length scale for describing the
width of the softening process zone and is considered as a material parameter. In (5), m denotes
the weighting parameter. A value of m larger than unity yields the so-called over-nonlocal
formulation, which is employed in order to prevent a spurious broadening of the process zone
with increasing damage, as reported in [6].

3 Application
The regularization capabilities of the over-nonlocal gradient approach are evaluated by means of
finite element simulations of the experimental test on a L-shaped concrete specimen, presented
by Winkler [7]. The corresponding experimental test setup is illustrated in Figure 1.
The L-shaped specimen with a uniform thickness of 100 mm is fixed at the bottom edge and
a displacement of 1 mm in vertical direction is applied at the right end of the specimen. A
crack is expected to emanate from the central reentrant corner, and to evolve horizontally across
the specimen to the opposite side. To assess the regularization capabilities of the gradient
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+1 mm

250 mm

crack path

20 mm

250 mm

500 mm

500 mm

Figure 1. L-shaped specimen investigated by Winkler [7], fixed at the bottom and subjected to a vertical
displacement of 1 mm at the right end: Test setup (left), the 8 mm structured mesh (center), and the 8 mm
unstructured mesh (right).

q1 (MPa−1 )

q2 (MPa−1 )

q3 (MPa−1 )

q4 (MPa−1 )

ν (−)

23.2 × 10−6

169.3 × 10−6

6.6 × 10−6

6.8 × 10−6

0.18

(28)
fcu
(MPa)

fcy /fcu (−)

fcb /fcu (−)

ftu /fcu (−)

εp(24)
(−)
cpu

31.0

0.3

1.16

0.1

−0.0011

Table 1. Material parameters for the SCDP model [5] for representing the concrete composition employed by
Winkler [7].

enhancement for mode I fracture, three different refinements of the finite element mesh in the
vicinity of the crack path are investigated, i.e., elements with sizes of 8 mm, 4 mm and 2 mm.
Additionally, structured meshes, aligned with the boundaries of the specimen, and unstructured
meshes are investigated, resulting in a total of 6 finite element meshes to be studied. Fully
integrated quadrilateral elements with linear shape functions are used, and plane stress conditions
are assumed. The 8 mm structured mesh and the 8 mm unstructured mesh are shown in Figure 1.
The parameters of the nonlocal approach are chosen as l = 10 mm and m = 1.05, and a softening
modulus of εf = 0.0017 is employed. The remaining parameters of the SCDP model are chosen
to resemble to material behavior of the concrete composition employed in the experimental tests,
and are listed in Table 1. For the sake of brevity, the reader is referred to [5] for a description of
the model and its material parameters. Due to the time-dependency of the constitutive model,
a material age of 28 d is assumed in the numerical simulations, and the displacement is applied
within 0.1 h. Homogeneous Neumann boundary conditions are employed for the Helmholtz-like
equation (6).
The resulting load–displacement curves are shown in Figure 2. Comparing the obtained load–
displacement curves for the structured and unstructured meshes of the same size, it can be seen
that the results can be considered as objective, i.e., they are independent of the mesh orientation.
Furthermore, for sufficiently fine meshes, i.e., for element sizes of 4 mm and 2 mm, the obtained
curves are nearly identical, while the peak load is somewhat overestimated for the coarse 8 mm
mesh. In general, it can be seen that the predicted peak load decreases slightly with decreasing
element size.
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10
Structured, 8 mm
Structured, 4 mm
Structured, 2 mm

Reaction force (kN)

8

Unstructured, 8 mm
Unstructured, 4 mm
Unstructured, 2 mm

6

4

2

0
0.0

0.2

0.4
0.6
0.8
Displacement (mm)

1.0

0.0

0.2

0.4
0.6
0.8
Displacement (mm)

1.0

Figure 2. Load–displacement curves employing structured meshes (left) and unstructured meshes (right) with
three different refinements each.

Conclusions
The over-nonlocal gradient enhancement presented by Poh and Swaddiwudhipong was employed
for regularizing the softening behavior of the SCDP model, and the capabilities of the approach
were demonstrated by means of numerical simulations of the experimental tests by Winkler
employing finite element meshes of different refinements and orientations. It was demonstrated
that the gradient enhancement is able to regularize the softening material behavior very well,
leading to mesh insensitive results. While a time-independent softening modulus was assumed
in the presented simulations, an extension of the constitutive model to time-dependent softening
behavior is currently pending.
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[3] P. Grassl and M. Jirásek. Damage-plastic model for concrete failure. International Journal
of Solids and Structures, Vol. 43(22):pp. 7166–7196, 2006.
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Study of the Regularization Scheme of an
Advanced Rock Model
Magdalena Schreter1 *, Matthias Neuner1 and Günter Hofstetter1
Micro Abstract
Quasi-brittle materials such as rock exhibit strain softening in the post-peak region leading to failure.
The application of an advanced constitutive model for rock predicting irreversible deformation, strain
hardening and strain softening is discussed. The aim is to the study the regularization scheme of the
rock model based on the over-nonlocal implicit gradient enhancement in numerical simulations of a
biaxial compression test.
1

Unit for Strength of Materials and Structural Analysis, Institute of Basic Sciences in Engineering Science,
University of Innsbruck, Innsbruck, Austria

* Corresponding author: magdalena.schreter@uibk.ac.at

Introduction
During the construction of a deep tunnel, reliable estimates of displacements of the tunnel
surface and of loads acting on the support structure are of major interest. The complex
mechanical behavior of the rock-support system during tunnel advance can be analyzed by
means of numerical simulation methods, e.g., the finite element method, where modeling the
highly nonlinear mechanical behavior of rock plays a significant role. Rock is classified as a
frictional cohesive material characterized by nonlinear stress-strain behavior including softening
in the post-peak region leading to failure. In [10], a damage plasticity model for intact rock
formulated in the framework of continuum mechanics was proposed. This rock model captures
irreversible deformation, strain hardening, stiffness degradation and strain softening. It is
common knowledge that strain softening is a structural phenomenon and may yield meshdependent results in finite element simulations without regularization of the softening behavior.
In order to ensure objective results upon mesh refinement, in the aforementioned rock model
the concept of the mesh-adjusted softening modulus from the crack-band theory of Bažant and
Oh [1] was adopted. Nevertheless, the consistent determination of the characteristic element
length especially for higher order or distorted elements remains questionable and localization
zones are biased by the orientation of the finite element mesh, as discussed in [5]. Hence, in the
present contribution, the regularization scheme of the aforementioned rock model is modified
by means of the adoption of the over-nonlocal implicit gradient-enhancement, as presented
in [8]. The capability of predicting shear failure in a mesh-insensitive manner is assessed in finite
element simulations of a biaxial compression test.

1 Constitutive Model for Intact Rock and Rock Mass
An isotropic damage plasticity model describing the nonlinear mechanical behavior of intact
rock was proposed in [10]. The rock model adopts the framework of plasticity theory in the
effective stress space in conjunction with the theory of damage mechanics and is able to represent
linear elastic and non-associated plastic material behavior, nonlinear isotropic strain hardening
and nonlinear isotropic strain softening, the latter modeled by means of a scalar isotropic
damage variable. The nominal stress σ is calculated from the effective stress σ̄ by means of
σ = (1 − ω) σ̄ , where ω denotes the scalar isotropic damage variable ranging from ω = 0
761

CS05

Damage and Plasticity

(undamaged material) to ω = 1 (fully damaged material). The effective stress σ̄ is related to the
elastic strain εe = ε − εp , determined from the total strain ε and the plastic strain εp , by the
elastic stiffness tensor C leading to the stress-strain law in the total form
σ = (1 − ω) C : (ε − εp ) .

(1)

ω(αd ) = 1 − exp (−αd /εf ) ,

(2)

The evolution law of ω, defined as

depends on a strain-like internal softening variable αd , whose evolution is linked to the plastic
strain rate, and the softening modulus εf . To account for the nonlinear mechanical behavior
in predominantly hydrostatic compression, the initial yield surface is characterized by a cap.
Nonlinear isotropic hardening is described by an evolving yield surface in the effective stress
space driven by a strain-like internal hardening variable. The attained yield surface in the
ultimate hardening state corresponds to the failure criterion of Hoek and Brown [3] in the
smooth version proposed by Menétrey and Willam [6]. Furthermore, the intact rock model can
be extended to rock mass using empirical down-scaling factors of the rock mass classification
system of Hoek and Brown [4].

2 Regularization by the Over-Nonlocal Gradient Enhancement of the Rock Model
To provide objective results in terms of mesh refinement, mesh orientation and interpolation
order of finite elements, the original damage plasticity model for intact rock in [10] is enriched
by a nonlocal field of the damage-driving variable α¯d , which is implicitly defined as the solution
of a Helmholtz-like partial differential equation with the local field of the strain-like softening
variable αd as the source term. Hence, the governing equations in the strong form yield a fully
coupled system of second-order partial differential equations
∇ · σ + f = 0,
2

2

α¯d − l ∇ α¯d = αd ,

(3)
(4)

composed of the equilibrium equation and the Helmholtz-like partial differential equation,
respectively. The material parameter l describes a length scale which controls the size of the
fracture process zone and acts as a localization limiter. In addition, an averaged strain-like
softening variable αˆd is calculated from the weighted sum of the local and nonlocal softening
variable by the weighting factor m and is expressed as
αˆd = m α¯d + (1 − m)αd .

(5)

Values for m > 1 correspond to the over-nonlocal formulation, which was originally introduced
to provide full regularization, as has been shown in, e.g., [2]. Finally, the averaged strain-like
softening variable replaces the local strain-like softening variable in (2) leading to the modified
damage law written as
ω(αˆd ) = 1 − exp(−αˆd /εf ) .

(6)

The general mathematical derivation and the detailed implementation framework for the adopted
over-nonlocal implicit gradient enhancement can be found in, e.g., [7, 8].

3 Finite Element Simulations of a Biaxial Compression Test
The over-nonlocal implicit gradient enhancement of the damage plasticity model for intact rock is
verified in finite element simulations of a biaxial compression test under plane-strain conditions,
which was analyzed in [10] on the basis of the mesh-adjusted softening modulus.
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80 mm

linear elastic

ū

ū

p

p

50◦

30 mm
Figure 1. Model of the biaxial compression test (left), finite element discretization with element size of 1 mm
in the vicinity of the localization zone in the undeformed (center) and the deformed configuration (right).

In this benchmark test for predicting the formation of shear bands, a rectangular specimen of
non-burst-prone Donbass sandstone is considered. The employed material parameters of the rock
model are taken from [10]. An associated plastic flow rule is considered to avoid localization due
to non-associated plastic flow before entering the softening domain. The additional parameters
required for the over-nonlocal implicit gradient-enhanced model, l, m and εf , are chosen as
2.5 mm, 1.05 and 0.0067 respectively. The model geometry and boundary conditions are depicted
in Figure 1. The top and bottom row of finite elements are modeled by linear elastic material
behavior. For the nonlocal damage-driving variable homogeneous Neumann boundary condition
(n · ∇α¯d = 0) is assumed at the boundary surface, as proposed in [8].
As this test is simulated under plane strain conditions, the element edges in the vicinity of the
localization zone are aligned with the expected shear band to avoid spurious locking, as reported
in [9]. The specimen is discretized by fully integrated quadrilateral elements using linear shape
functions. Three different sizes of finite elements in the localization zone are investigated: 1 mm,
2 mm and 4 mm. To trigger localization, the material parameters of a small zone of elements on
the right boundary of the inclined mesh are slightly reduced.
(0)

(0)

(0)

In the first simulation step, hydrostatic initial stresses of σ11 = σ22 = σ33 = −50 MPa are
applied, which are in equilibrium with the lateral pressure p = 50 MPa. In the second simulation
step, an incrementally increasing uniform vertical displacement at the top boundary of the
specimen is prescribed up to ū = 2 mm. The deformed configuration of the specimen with finite
element size of 1 mm is illustrated in Figure 1, right.
In Figure 2, the vertical reaction force at the top surface divided by the cross section of the
specimen is shown for the different meshes in terms of the vertical displacement. Upon mesh
refinement the obtained load-displacement curves converge towards a distinct result. For the
coarse mesh, the element size of 4 mm is larger than the interaction radius l, which prohibits
that the gradient of the nonlocal damage-driving variable can be represented sufficiently.

Conclusions
The damage plasticity model for intact rock and rock mass proposed in [10] was extended by the
over-nonlocal implicit gradient formulation presented in [8] to ensure mesh-independent results.
763

Damage and Plasticity

Reaction force per unit area in N/mm2

CS05

400

300

200

coarse mesh – 4 mm
medium mesh – 2 mm
fine mesh – 1 mm

100

0

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Vertical displacement in mm

Figure 2. Comparison of the load-displacement curves of the biaxial compression test computed based on
different sizes of finite elements.

The capability of the model to predict shear failure in an objective manner was shown based on
finite element simulations of a biaxial compression test. As a next step the rock model enhanced
by the over-nonlocal implicit gradient formulation will be employed in simulations of deep tunnel
advance.
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[2] G. Di Luzio and Z. P. Bažant. Spectral analysis of localization in nonlocal and over-nonlocal
materials with softening plasticity or damage. International Journal of Solids and Structures,
Vol. 42(23):p. 6071–6100, 2005.
[3] E. Hoek and E. T. Brown. Empirical strength criterion for rock masses. Journal of
Geotechnical and Geoenvironmental Engineering, Vol. 106(ASCE 15715):p. 1013–1035, 1980.
[4] E. Hoek and E. T. Brown. Practical estimates of rock mass strength. International Journal
of Rock Mechanics and Mining Sciences, Vol. 34(8):p. 1165–1186, 1997.
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Variational constitutive updates based on
hyper-dual numbers - theory of gradient
enhanced thermoplasticity
Volker Fohrmeister1 *, Alexander Bartels1 and Jörn Mosler1
Micro Abstract
We present a generic framework for thermomechanically coupled gradient-enhanced plasticity theory
based on variational constitutive updates, i.e., all relevant equations are fulfilled by minimizing an
incremental potential. Within the numerical implementation, the exact derivatives of this potential are
computed by means of hyper-dual numbers. By doing so, the laborious task of implementation is
highly reduced.
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Introduction
In almost every field of engineering and beyond, there exists a vast amount of processes exhibiting
significant thermomechanical interactions. Particularly in metals, a strong coupling between
thermal and mechanical behavior can be observed. To run sufficiently accurate simulations
of these processes, a well-founded theory has to be formulated on the basis of which efficient
numerical schemes can be developed. State-of-the-art implementations of thermomechanically
coupled theories are usually based on staggered or monolithic algorithms in order to solve balance
of linear momentum and the problem associated with heat conduction. The heat increase due to
dissipative plastic deformation is frequently computed using an empirical model often referred
to as the Taylor and Quinney-Factor. Consequently, the first law of thermodynamics is ignored.
By way of contrast, Yang, Stainier and Ortiz used the first law of thermodynamics in [4] for the
thermomechanical coupling. Furthermore, by using a Hu-Washizu principle and an integrating
factor, they proved that the coupled theory shows a variational structure.
The general variational framework in [4] is suitable for the development of different thermomechanically coupled material models. In the present work, the time necessary for the implementation
of models within this framework is reduced by means of numerical differentiation based on
so-called hyper-dual numbers. According to [2], hyper-dual numbers allow to compute the first
as well as the second derivative of a function exactly – in sharp contrast to other numerical
differentiation schemes.
An isotropic finite strain von Mises plasticity model is implemented to showcase the performance
of the aforementioned framework. To capture length scale effects, a gradient enhancement is
embedded into the model, cf. [1]. Simulations of necking in a bar show the ability of the model
to predict the experimentally observed thermomechanical response.

1 Gradient enhanced thermoplasticity
1.1 Gradient enhancement
Within nowadays established local (finite strain) plasticity theory, a higher gradient is incorporated in line with [1]. Denoting the Helmholtz energy of the local models by ψ loc = ψ loc (•, α)
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which depends – among other variables – on the equivalent plastic strain α, energy of the
extended model reads
ψ nonloc (•, α, ϕp ) = ψ loc (•, α) +

1
1
c [ϕp − α]2 + µ le2 k GRAD ϕp k2
2
2
{z
} |
{z
}
|
=:ψ intr

=:ψ global

The underlying idea is to introduce a new global field ϕp , additionally to the placement ϕ, which
is coupled to the equivalent plastic strain α, using the penalty term ψ intr with penalization factor
c. Based on this new field, a higher-order gradient term is embedded into the model by means of
the energy ψ global . This energy depends on the gradient of ϕp and thus captures a length scale
le while µ denotes the shear modulus. This way, the local constitutive model is unaffected. In
particular no inequality condition resulting from the Karush-Kuhn-Tucker conditions has to be
solved on global level.
The proposed method has been shown to effectively regularize pathological mesh-dependencies
in the softening regime (see [1]). Additionally, non-local plastic behavior is achieved, which
extends the model to describe non-local phenomena like e.g. the well-known Hall-Petch effect.
1.2 Variational formulation of thermoplasticity
Usually, thermomechanically coupled problems do not show a variational structure – in sharp
contrast to the isothermal case, where variational principles like the postulate of minimum
potential energy are widely applied. However, as shown in [4], an extended variational principle
can also be derived for thermomechanically coupled problems. Without going too much into
detail, the proposed time-continuous functional is given by
L :=

Z t Z h
t0

Ω


i
Ė − Θ Ṅ + f Dint + χ dV − Pϕ̇ + PΘ dt

depending on integrating factor f := Θ/∂N E, temperature Θ, entropy N , internal energy E,
internal dissipation Dint , dissipation potential χ(Θ) describing the Fourier-type heat-flux and
external mechanical as well as thermal powers Pϕ̇ and PΘ . Balance of linear momentum as well
as the first law of thermodynamics follow naturally by means of the stationary conditions of this
functional. To be more precise,
n
o
ϕ̇, ϕ˙p , Θ, Ṅ , α̇ =
stat
L.
{ϕ̇,ϕ˙p ,Θ,Ṅ ,α̇}
This elegant formulation yields many advantages, including a symmetric albeit indefinite tangent,
which gives the possibility of applying highly efficient and robust solution schemes.

2 Implementation using automatic differentiation based on Hyper-Dual Numbers
In order to solve the saddle-point problem discussed before, the first and the second derivative
of the underlying (time discretized) potential have to be computed if a Newton-type algorithm
is to be implemented. While a symbolical differentiation is regarded as the most accurate and
fastest method (w.r.t. program runtime), it is usually very time consuming and error-prone
within derivation and implementation. Here, a numerical differentiation scheme proposed in [2]
is applied, which computes the first as well as the second derivative in an exact manner. The
algebra utilized within this scheme is similar to the ordinary complex numbers and is called the
algebra of hyper-dual numbers. These numbers have non-real components i with properties
2i = 0 .

i j = j i
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In [2], the authors have shown by expansion of the Taylor series that first and second derivatives
of a real function f (x) can be obtained by simultaneous perturbation in two dual directions, e.g.
df
dx

=
x0

D1 f (x∗ )
a

d2 f
dx2

=
x0

D12 f (x∗ )
ab

x∗

with
= x0 + a 1 + b 2 + 0 1 2 . D1 • and D12 • represent the coefficients of the first dual and
of the mixed dual component, respectively. In contrast to widely applied schemes like finite
differences, the magnitude of perturbation here does not influence the precision of the scheme
and thus, for the sake of simplicity, can be chosen as a = b = 1.
In [3] this framework was successfully applied to isothermal plasticity models.

3 Numerical example
A prototype implementation of a thermomechanically coupled gradient-enhanced elasto-plasticity
model with a von Mises yield criterion is considered here. Based on this model, a cyclically
loaded plate with a hole is analyzed, see Fig. 2 (due to symmetry of the problem, only the first
quadrant is depicted).

Temperature [K]

550
∆t = 1 s

500

∆t = 5 s

450

∆t = 20 s

400
350
300
250
0

∆t
Time [s]

Figure 1. Temperature evolution for different loading velocities – the point with the highest temperature
increase is considered.

The point showing the highest temperature increase due to plastic deformation is monitored
in Fig. 1. Accordingly, the distribution of the plastic strains is almost independent of the
loading velocity (rate-independent model). By way of contrast, the temperatures are higher for
higher loading velocities (smaller ∆t). This is in line with the physical problem governing heat
conduction.

Conclusion
The presented work proposes an elegant and efficient framework for the implementation and development of gradient-enhanced, thermomechanically coupled plasticity models. The variational
formulation yields, besides many other advantages, the possibility to apply an exact numerical
differentiation scheme based on the algebra of hyper-dual numbers. A prototype model showed
the features as well as the advantages of the resulting framework.
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Figure 2. Distribution of temperature Θ (upper row) and equivalent plastic strain α (lower row) for different
loading velocities (duration ∆t of a cyclic loading is varied). (Left column) ∆t = 1 s; (middle column)
∆t = 5 s; (right column) ∆t = 20 s. Higher loading velocities (smaller ∆t) lead to higher temperatures. The
limiting case ∆t → 0 characterizes adiabatic conditions.
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Methods in Applied Mechanics and Engineering, 301:216–241, Apr. 2016.
[4] Q. Yang, L. Stainier, and M. Ortiz. A variational formulation of the coupled thermomechanical boundary-value problem for general dissipative solids. Journal of the Mechanics
and Physics of Solids, 54(2):401–424, Feb. 2006.
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Regularisation of gradient-enhanced damage
coupled to finite plasticity
Leon Sprave1 * and Andreas Menzel1,2
Micro Abstract
An isotropic gradient-enhanced damage formulation is coupled to finite von Mises plasticity. In the
context of finite elements an additional field variable, representing nonlocal damage, is introduced.
In a multisurface approach, the evolution of damage and plasticity are governed by their respective
criteria. Simulation results are compared to experimental data to verify the model.
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Introduction
After giving a short summary of the gradient-enhanced isotropic damage model coupled to finite
plasticity, an alternative element formulation — the F-bar formulation from [1] — is discussed
to overcome problems related to volumetric locking. The result section compares the standard
and F-bar formulations and shows the regularisation of the framework.

1 Gradient-enhanced isotropic damage coupled to finite plasticity
The gradient-enhancement follows the approach of [2, 7]. The theory presented here is an
extension to large strain of the formulation established in [3]. Large strain damage models in
this regularisation framework are also proposed in [4, 8].
An additional field variable φ is introduced and connected to the local damage variable d by
means of a penalty term in the free Helmholtz energy Ψ . Consequently, φ is called nonlocal
damage field in the following. Now, penalising the gradient of the nonlocal damage field indirectly
also penalises the gradient of the local damage variable without the necessity to compute the
gradient of d directly. Thereby, the implementation of the gradient-enhancement becomes
independent of the formulation of the local material model incorporating the local damage
variable d.
The free Helmholtz energy is completed by an elastic part formulated with the help of the elastic
logarithmic strain tensor εe , see e.g. [5], and a plastic contribution taking linear hardening into
account, i.e.
K vol
h
cd
βd
f (d) [tr(εe )]2 + µ f iso (d) εe : εe + α2 + k∇X φk2 +
[φ − d]2 . (1)
2
2
2
2
The volumetric and isochoric elastic energy contributions are weighted differently with damage
functions f • (d) defined as
Ψ (εe , φ, d, α) =

f • : R+
0 → ]0, 1]

with f • (d) := exp(−η• d) ,

(2)

such that the local damage variable d is unbounded towards infinity. Following standard
thermodynamics, the driving forces, the Mandel stress mt and the damage driving force q, are
defined as
∂Ψ
∂Ψ
mt := 2 e · be ,
mteff := mt [f m (d)]−1
and
q := −
.
(3)
∂b
∂d
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The postulate of equivalent strain is employed, defining the effective Mandel stress mteff , in
order to enable evolution of plasticity even after the initiation of damage evolution. By using a
multisurface approach, the evolution of damage and plasticity is governed by their respective
criteria — the damage criterion Φd and a von Mises yield criterion including linear hardening Φp
d

q

n

Φ (q, d) = q − qmin [1 − f (d)]

and

p

t

Φ (m , β, d) =

k dev(mteff )k

−

r


2 0
σy − β . (4)
3

The associative evolution equations are discretised in time with the help of the exponential
map in the case of the plastic part and a standard backward Euler scheme for the damage part.
Hence, it is only necessary to solve for the two Lagrange multipliers connected to the yield and
damage criterion respectively at every quadrature point. The double set of Karush-Kuhn-Tucker
conditions is solved here with an active-set scheme.

2 F-bar formulation
The standard finite element formulation of the previously summarised material model exhibits
reduced regularisation behaviour [6]. A possible reason might be the isochoric evolution of
plasticity which can result in volumetric locking if low order elements are used. Instead of using
higher order elements, which are numerically expensive, the F-bar formulation from [1] is a
numerically inexpensive alternative. The deformation gradient at each quadrature point F is
split into its volumetric and isochoric part. The volumetric part is replaced by the volumetric
part of the deformation gradient evaluated in the center of the current element F 0 , which defines
a new deformation gradient

1
det(F 0 ) 3
F̄ =
F.
(5)
det(F )
These modifications only lead to implementation changes in the element formulation, since
the material response is computed for F̄ . The tangents computed at material point level are
derivatives with respect to F̄ , which can be transformed to derivatives with respect to F on
element level. Considering an element formulation based on the Piola stress tensor P , the
derivative with respect to the displacements ueA of element e and node A reads


dP
dP
∂ F̄
dF
∂ F̄
dF 0
=
:
:
+
:
.
dueA
∂F dueA ∂F 0 dueA
dF̄

(6)

3 Simulation results
All simulations are carried out using a notched plate — symmetry is used to reduce the problem
size — discretised with 1350, 5400 or 12150 number of elements. The notch is a circular hole
with a radius of a quarter of the width of the plate. The elastic and plastic material parameters
are taken from measurements on DP800, while the damage related parameters are chosen to
qualitatively match the observed experimental behaviour. The parameters listed in Table 1
represent the reference set, such that only parameters deviating from this set are mentioned in
the following.
E

ν

σy0

h

qmin

n

ηvol

ηiso

ηq

ηm

cd

βd

GPa

−

MPa

GPa

MPa

−

−

−

−

−

N

MPa

208

0.3

809

6

2.0

2/3

0.7

0.7

10

0.7

500

500

Table 1. List of material parameters used in the reference set.
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800

600

600
F [kN]

F [kN]

400
400

200

0

0

2

4

u [mm]

6

cd = 200
cd = 500
nel = 1350
nel = 5400
nel = 12150

200

ηvol = 1.2, ηiso = 0.0
ηvol = 0.0, ηiso = 1.2
F-bar
standard
8

0

10

Figure 1. Load displacement diagram of the notched
plate under tension comparing the F-bar formulation
(continuous line) with the standard element (dashed
line) for two parameter sets
(blue: ηiso = 0.0, qmin = 1.75 MPa;
green: ηvol = 0.0, qmin = 3.0 MPa).

0

2

4

u [mm]

6

8

10

Figure 2. Load displacement diagram of the notched
plate comparing the response for a regularisation
parameter cd = 200 N with cd = 500 N for
discretisations with 1350, 5400, and 12150 elements.

3.1 Comparison of standard and F-bar formulation
Figure 1 compares the standard and F-bar formulation by separating the influences from
volumetric and isochoric strains on the evolution of damage. All responses display distinct
elastic, plastic and damage dominated regions. For damage driven by volumetric deformations
(blue curve) the standard formulation leads to earlier initiation of damage. Even though the
standard formulation is usually stiffer than e.g. an F-bar formulation, in the context of damage
this has to be interpreted differently. The stiffer response has its origin in an overestimation of
the volumetric strains which leads here to a higher damage driving force and consequently to
earlier violation of the damage criterion.
If the volumetric strain does not influence the evolution of damage (ηvol = 0.0, green curve) the
intuitive result of a stiffer response of the standard formulation is observed.
3.2 Regularisation
Previously, for the standard formulation, a sufficient regularisation could not be observed [6].
Implementing the F-bar formulation now shows satisfying regularisation, see Figures 2 and 3. In
Figure 2 the load displacement diagrams for three different discretisations (depicted by different
line styles) and two values of the gradient parameter cd are compared. Again, it is possible to
identify an elastic, a plasic and damage dominated region. Clearly, for cd = 500 N (green curves)
the responses of different discretisations coincide, exemplifying a sufficient regularisation. Also
for cd = 200 N (blue curves) the responses only slightly deviate after damage evolved for some
time. These small deviations can stem from even smaller numerical pertubations earlier in the
computation, which in the damage region leads to a slightly different path taken.
Proper regularisation for the case of cd = 200 N can also be seen in Figure 3. One observes a
zone of damage with defined width at the smallest cross-section. For both discretisations the
width of the damage zone is equal, which is clearly exhibited in the undeformed plot (b).

Conclusions
The damage formulation was enhanced by the gradient of an additionally introduced nonlocal
field to circumvent direct calculation of the gradient of the local damage variable. A damage
model coupled to finite plasticity with separate damage and yield criterion was implemented.
The F-bar formulation, to prevent volumetric locking, was compared to the standard formulation
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a) deformed contour plot of d

b) undeformed contour plot of d

Figure 3. Notched plate under tension with reference parameter set and cd = 200 N. Contour plots of the
damage variable extrapolated to the nodes. The left half of each image shows a discretisation with 12150
elements and on the right half (mirrored) a discretisation with 5400 elements is depicted. The left image (a)
shows deformed meshes while the right image (b) shows the undeformed state.

for damage models. Within the standard formulation damage initiates earlier compared to the
F-bar formulation. While the standard element formulation seemed to not perfectly regularise,
the F-bar formulation analysed here exhibited excellent regularisation properties.
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On the modelling of evolving material
symmetries in finite strain plastic deformations
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Micro Abstract
Motivated by the experimental findings on sheet metal presented in (J. Mech. Phys. Solids 45, 22,
841–851, 1997) we focus on the elaboration of a specific model which allows us to capture the evolution
of the plastic anisotropy that is induced by finite strain plastic deformations. We discuss evolution
equations for the structural tensor that characterises the material symmetry group and show that the
finite element based simulation results are in good agreement with experimental findings.
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Introduction
The consideration of the plastic anisotropy of a crystalline solid and its evolution when undergoing
finite deformations e.g. due to rolling processes plays a crucial role for the simulation of today’s
engineering applications. In an early contribution, Kim and Yin experimentally analysed the
yielding behaviour of cold-rolled sheet metal by means of uni-axial tension tests with the focus
of the investigations lying on the evolution of the yield function’s symmetry group, see [2]. In
particular the experimental findings suggest that the initial orthotropic yielding behaviour of
the samples is maintained throughout the deformation process and that a rotation of the yield
function’s symmetry group is observable. Motivated by these findings Harryson and Ristinmaa [1]
proposed a thermodynamically consistent model to capture the experimentally observed evolution
of the symmetry group which firmly relies on the multiplicative split of the deformation gradient
and hence on the introduction of an intermediate configuration. In this contribution, however, a
different approach will be followed in which the intermediate configuration and the multiplicative
split of the deformation gradient are only used from the viewpoint of physical motivation, cf. [3].

1 A covariant approach for the simulation of evolving anisotropies
In 2004 Lu and Papadopoulos proposed a theory for the modelling of evolving material symmetries
in the context of finite strain plasticity which is based on the postulate of covariance and which
can be regarded as an extension to their earlier works in the context of anisotropic elasticity, see
e.g. [3]. Since the fundamental theoretical developments presented in [4] will serve as a basis
for the specific model to be developed in this contribution, we will briefly summarise the main
findings and governing equations.
Assuming the general form of the stored energy function


[
[
c F · F −1
W =W
p ,g ,G ,κ

(1)

with deformation gradient tensor F , the plastic deformation gradient tensor F p , the metric of
[

the intermediate configuration G , the metric of the spatial configuration g [ and the scalar773
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valued internal variable κ, it is shown that invoking the postulate of covariance yields the
same constitutive reduction as invariance with respect to superposed rigid body motions on the
intermediate and spatial configuration, see also [5, 6]. Specifically, we find that the stored energy
function (1) can equivalently be expressed in terms of
f (C, C p , κ)
W =W

(2)

with C denoting the right Cauchy-Green tensor and C p denoting the right Cauchy-Green plastic
deformation tensor, which is treated as a primitive variable. However, it can easily be shown
by taking into account referential covariance that a material which is characterised by (2) is
isotropic. To account for specific material symmetries, structural tensors Ai which characterise
the respective material symmetry group may additionally be included in the list of arguments
such that the originally anisotropic tensor function may be rewritten as a covariant function in
the extended list of arguments according to
W = W̆ (C, C p , Ai , κ)

.

(3)

Motivated by the physics of single crystals and based on the assumption that the plastic
deformation leaves the lattice structure unaltered, the material symmetry group is introduced as
a subgroup of the Euclidean orthogonal group in the intermediate configuration. Viewed relative
to the reference configuration, the symmetry group is no longer Euclidean but found to be a
subgroup of the C p -orthogonal group. Since the structural tensors characterise the material
symmetry group, the symmetry group’s evolution can be modelled in terms of appropriate
evolution equations for the structural tensors which need to be consistent with the evolution
equation for C p .
To be specific, it has been shown in [4] that the rate equation for the plastic metric is of the form
C˙ p = C p · Γ p + Γ ?p · C p

,

(4)

with an arbitrary C p -symmetric tensor Γ p that requires constitutive specification. Note, that
Γ p and the rate equation (4) may also be motivated based on the multiplicative split of the
deformation gradient. In order to be consistent with (4) it was deduced that the rate equations
for the structural tensors need to be of the form


Ȧi = −Γ p · Ai − Ai · Γ ?p + [−W i · Ai − Ai · W ?i ] .
(5)
{z
}
|
{z
} |
2

1

Essentially, (5) implies an additive split of the rate equation into two contributions. The
first contribution, termed convected evolution, links the evolution of the structural tensor
to the evolution of the plastic deformation tensor C p . The second contribution, however, is
independent of the evolution of C p and hence allows the structural tensor to evolve (to some
extent) independently of the plastic deformation. This contribution will be referred to as residual
evolution and is specified in terms of the C p -skew tensors W i . It can be shown that the
residual-type evolution allows the structural tensor to spin relative to the continuum. At this
stage, constitutive functions which are subject to certain restrictions imposed by the second law
of thermodynamics need to be furnished for Γ p and W i . In this contribution we will not discuss
those restrictions in detail but will rather present some first results of a prototype model which
is based on the theoretical foundations summarised in this section.

2 Prototype model
The experimental investigations on cold-rolled sheet metal carried out by Kim and Yin [2] suggest
that the symmetry group of the yield function undergoes a rotation such that the principal
material axes align with the principal loading directions. Clearly, the symmetry group of the
774
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λ

µ

Rinf

ε0

121.2 GPa

80.7 GPa

0.5

2 MPa

a1
19.6

a2

1
GPa2

21.1

a3

1
GPa2

296.4

a4

1
GPa2

-21.6

a5

1
GPa2

0.0

1
GPa2

a6
0.0

1
GPa2

Table 1. Material parameters used in the finite element simulations.

elastic response may be different from that of the yield function. For the sake of simplicity, we
will thus assume an isotropic elastic material response and a yield function of orthotropic-type.
In particular, the stored energy function is assumed to be additively composed of an elastic and
plastic part, that is

q


q




µ
λ 2
−1
−1
−1
W̆ =
tr C · C p − 2 ln
− 3 + ln
det C · C p
det C · C p
2
2



(6)
κ
+Rinf κ + ε0 exp −
,
ε0
with material parameters λ, µ, Rinf and ε0 according to Table 1. Introducing the referential
Mandel-type stress tensor
M = 2C ·

∂ W̆
∂C

(7)

and denoting its deviator by M dev , a referential representation of an orthotropic yield function
in terms of the Mandel stress tensor of the intermediate configuration is given by
"



f = a1 tr M 2dev + a2 tr (M dev · Ap ) tr (M dev · Ap ) + a3 tr M dev · A2p tr M dev · A2p
+ a4 tr (M dev · Ap ) tr M dev ·

A2p



+ a5 tr

M 2dev



· Ap + a6 tr

M 2dev

·

A2p



#

(8)

−1+q

where the abbreviation Ap = C p · A was used and the energetic dual to κ was introduced as
q=−

∂ W̆
∂κ

.

(9)

The specific values for the material parameters a1 -a6 are again provided in Table 1. Note, that
the assumption of an associated-type flow rule
Γ p = λp

∂f
= λp Λp
∂M

,

(10a)

κ̇ = λp

∂f
∂q

,

(10b)

together with the specific form of the yield function (8) and the stored energy function (6) results
in a saturation-type hardening behaviour. With regard to the rate equation (5), the plastic spin
tensor W additionally requires constitutive specification. For the finite element simulations to
be presented in Section 3 we assume W to be of the form
W = λp cW


1
A · C − C −1
p · C · A · Cp A : C
2

.

(11)

By construction, the plastic spin tensor (11) is inactive if the deformation is purely elastic, for
the plastic multiplier λp is found to be zero in this case. Moreover, the material parameter cW
has been introduced to control the speed of the plastic spin. Further details on the derivation
and on the (physical) motivation for the specific form of the spin tensor are, however, beyond
the scope of this contribution.
775

CS05

Damage and Plasticity

(a) F11 = 1.00

(b) F11 = 1.25

(c) F11 = 1.50

(d) F11 = 1.00

(e) F11 = 1.25

(f) F11 = 1.50

Figure 1. One-element tension tests for an initial angle of 30◦ (a-c), respectively −30◦ (d-f), enclosed by the
principal loading direction and the first axis of orthotropic material symmetry. Depicted is the evolution of the
first axis of orthotropic material symmetry at a chosen quadrature point for increasing tensile deformation.

3 One-element tests
Some first finite element simulation results which are based on the prototype model proposed
in Section 2 will be presented in this section. To be specific we will focus on one-element
tests subject to the assumption of a plane-strain deformation state as shown in Figure 1. The
horizontal displacement of the nodes which are located at the left boundary is fixed while the
horizontal displacement of the nodes which are located at the right boundary is prescribed.
Moreover, homogeneous Dirichlet boundary conditions in vertical direction will be enforced at
the boundary nodes at the bottom of the sample. The material parameter cW is chosen to take a
value of cW = 20000 Pa−1 , resulting in a significant rotation of the material symmetry group. As
shown in Figure 1, a clockwise-rotation is observable in the case of an initial relative orientation
of 30◦ between the first principal axis of material symmetry and the principal loading direction.
On the contrary, and in good agreement with the experimental findings presented in [2], a
counter-clockwise rotation can be observed for an initially enclosed angle of −30◦ , resulting
again in an alignment of the first axis of material symmetry with the principal loading direction.
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Eigenerosion Approach for Drucker-Prager
Plasticity
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Micro Abstract
The eigenfracture scheme is a suitable technique to model brittle fracture. This method faces challenges
when dealing with inelasticity. The contribution at hand is focused on an eigenerosion formulation
for Drucker-Prager plasticity. Its binary approach, leading to element stiffness degradation, can be
implemented in a straightforward manner into a finite element code. Special attention is paid to the
distinction of tension and compression. The method is validated by a numerical example.
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Introduction
Numerical treatment of fracture in linear elasticity is a well established field in computational
mechanics. The variational formulation of fracture given in [1] is a solid foundation which
provides useful theoretical tools to further develop the description of fracture phenomena. The
eigenfracture scheme is a suitable approach to model fracture. Initially presented in [3] in a
more applicable form, the method is consolidated in further publications of the above mentioned
author.
Nevertheless, dealing with inelasticity in fracture is still a challenge in the scientific community.
In particular, for the eigenfracture scheme, the difficulty lies in the energetic treatment of the
phenomenon where assigning a specific part of the energy to a specific physical process is not
very straightforward. In this work, inelasticity is taken into account by Drucker-Prager plasticity
material behavior, which is put into the microplane framework for small strain regime. For
the eigenfracture scheme, the version presented in [4] with a volumetric-deviatoric split of the
strain tensor is employed. Moreover, the energy contributing to fracture will also depend on the
evolution of plasticity in the material.

Drucker-Prager plasticity in the microplane framework
The microplane approach is a very useful model to describe concrete characteristics, which
are characterized by a nonlinear and quasi-brittle behavior. As a heterogeneous material, its
properties change from isotropic to anisotropic if the material is in its inelastic regime. The idea
behind the microplane approach is that the macroscopic strain tensor is projected onto each
microplane, where the constitutive relations are defined. At the end, a homogenization takes
place to transfer back all the microplane quantities to macroscopic quantities. These microplanes
are built around a sphere, which represents a Gauss integration point. The used microplane
approach is the one based on a kinematic constraint, where the stress tensor is derived from the
strain tensor. The strain tensor is decomposed into a volumetric and a deviatoric part using two
projection tensors

V = V : ,

D = Dev :  ,
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where V and Dev are the volumetric and deviatoric projection tensors.
Moreover, with Ψmac being the macroscopic free energy function and Ψmic being the microscopic
one, the integration over the surface of the sphere is given as
mac

Ψ

3
=
4π

Z

Ψmic dΩ

.

(2)

Ω

In [5], it is stated that the above integration is accurate if it is calculated with 42 microplanes,
and due to symmetry only 21 are sufficent leading to
3
4π

Z

21
X

(•) dΩ =

Ω

(•) wmic ,

(3)

mic=1

where wmic is the weight of each microplane. More details can be found in [5].
In order to consider inelasticity, the Drucker-Prager plasticity is used to describe the material
behavior. This constitutive model is implemented into the microplane framework [6]. The
microscopic free energy function is given as

2

 
 1
1
pl
pl
mic
mic
Ψmic = K mic V − pl
+
G

−

·

−

D
D
V
D
D + Hκ
2
2

,

(4)

where the plastic part of the strains are introduced with the superscript ’pl’. The elastic material
parameters are K mic = 3K and Gmic = G with K and G being the bulk and shear modulus. H
is the hardening stiffness and κmic the hardening variable. The stresses are derived as
σV =



∂Ψmic
= K mic V − pl
V
∂V

,

σD =



∂Ψmic
= 2Gmic D − pl
D
∂D

.

(5)

For the Drucker-Prager plasticity, the yielding function writes
mic
ftr
=

r


3 tr
tr
mic
σ D · σ tr
D + ασV − σ0 + Hκn−1
2

,

(6)

where index ’tr’ refers to the trial state. The return mapping algorithm as well as the evolution
laws for the internal variables are given in [6]. Moreover, in [6], κhom is introduced as a measure
of the total plastic deformation and it is calculated as
hom

κ

=

3
4π

R

ΩRκ

3
4π

mic dΩ

Ω dΩ

.

(7)

Eigenerosion approach
From the fracture mechanics perspective, the failure mechanism is based on the eigenerosion
approach introduced in [3]. There, all elements are characterized by a binary approach, meaning
that there can either be intact and still bear load or be failed and their stiffness is reduced to
zero. This is described by the parameter d characterizing each element as
(

d=0 :
f racture ,
d = 1 : no f racture .

Having this in mind, the stresses for each integration point write
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3
σ=
4π

Z

Ω





T

V σV + d Dev · σ D dΩ =

21
X


mic=1


V σV + d Dev T · σ D wmic ,

(9)

where it can be seen that only the deviatoric part of the stress tensor is eroded. The consistent
elastoplastic tanget for different cases is given in [6] and is derived from Equation (9) as
∂σ
3
=
∂
4π

Z

[dcdev + cvol ] dΩ

,

(10)

Ω

with cdev and cdev being fourth order tensors reresenting the deviatoric and volumetric part of
the elastoplastic tangent. From Equation (10), it can be observed that the erosion is applied
only to the deviatoric part. In contrary to [4], where the split of the strain tensor follows a
spectral decomposition, which makes it able to define tensile and compressive behavior, here a
volumetric-deviatoric split takes place.
Finally, the fracture evolution will depend on the comparison between the fracture energy
Gc ∆AK and the corresponding element energy ∆EK . If the later one exceeds the former one,
the current element is eroded. The above mentioned ∆AK is the regularized volume of the
neighborhood of the current element K, see [3] for more details. Determining ∆EK is the key to
a realistic modeling. In this work, the energy corresponding to the element K is integrated over
all Gauss points
∆EK =

Z

Ψmac dΩ ,

with

Ψmac = (Ψmac )1+p

,

(11)

Ω

where p =

κhom
κhom
crit

≤ 1. κhom
crit is a user defined critical value measuring the total plastic deformation.

Numerical example
A four-point bending test of a plane concrete beam with a notch is chosen to validate the
approach. The procedure to conduct this experiment is well documented in [2]. Geometry and
boundary conditions are given in Figure 1. Moreover the depth of the specimen is 50 mm. The
material parameters are E = 38 GPa, ν = 0.18, Gc = 0.13 N/m, σ0 = 1.6 MPa, α = 0.5, H = 0.8
GPa, κhom
crit = 0.1.
0.5 F

0.5 F

100

5
10
A
25

150

75

75

150

25

Figure 1. Four-point bending test geometry and boundary conditions

The discretization is done using 1592 hexahedral elements, where smaller element sizes surround
the notch. The comparison of load-displacement curves for simulation and experiment is given
in Figure 2 a), which shows the relation between reaction forces and deflection of point A. The
eigenerosion evolution through the specimen is zoomed in Figure 2 b).
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Figure 2. a) Load-displacement curves; b) evolution of eigenerosion around the notch

Two main aspects need to be pointed out from the results. The first one is a quasi brittle
behavior that can be seen in Figure 2 a). This makes it difficult to model the same softening
behavior described by the experiment. Second, the dependency of energy on the parameter p
affects the results in the form of the crack shape given in Figure 2 b). This shape is same as
the shape of the evolution of plastic strains in the specimen. Choosing different values for κhom
crit
would change the crack shape making it slimmer or wider.

Conclusions
A ductile fracture formulation for the eigenerosion approach is presented in this work. The
method is validated in a four-point bending test and the results show good agreement with the
experimental ones.
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General imperfect interface models at finite
deformations
Tim Heitbreder1 * and Jörn Mosler1
Micro Abstract
Considering a geometrically exact description, only isotropic classical cohesive zone models fulfill
fundamental principles such as material frame indifference and thermodynamical consistency.
The ability to model shear and anisotropy is limited. Within this talk, a novel interface model,
which is consistent with the above mentioned fundamental principles, is presented. Besides the simulation of anisotropic hyperelasticity, numerical results for anisotropic material degradation are shown.
1
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Introduction
A possible classification of material interfaces is to distinguish between so-called coherent interfaces, that show a discontinuous traction vector while the displacement field is continuous
and non-coherent interfaces, where a displacement discontinuity is possible. A modeling framework falling into the range of non-coherent material interfaces is the cohesive zone modeling
approach. In classical cohesive zone models, the traction vector is assumed as continuous across
the interface. In an exact geometrical setting, it turns out that fundamental balance laws not
easily are fulfilled for cohesive zone models. For instance, as shown in [4], balance of angular
momentum requires that the traction vector is collinear with the displacement jump. It implies
for elasticity that only isotropic models which may include isotropic damage fulfill balance of
angular momentum. It was also demonstrated in [3] that the classical cohesive zone framework
applied to anisotropic hyperelasticity leads to a non-physical non-vanishing dissipation. On this
background, a novel non-standard extended cohesive zone framework accounting for elastoplastic deformations was recently proposed in [4]. A formulation which considers softening plasticity
as well as an efficient numerical implementation of this framework was provided in [1]. Within
this talk a further generalization in line with [5] is presented that allows to model a material
anisotropy while simultaneously fulfilling all fundamental principles in material modeling . This
generalization can be interpreted as a combination of coherent and non-coherent interfaces. Due
to this combination, the novel framework enables the modeling of shear and anisotropic effects
within the interface under the consideration of different fracture energies for the relevant fracture modes, i.e. mode-I and mode-II/III. Besides the theoretical derivation, numerical results
for anisotropic hyperelasticity and material degradation are shown within this talk.

1 Interface kinematics
In the reference configuration, the interface Γ0 under investigation, see Figure 1, is characterized
by Cartesian coordinates X = X(ξβ ), that are describes by curvilinear coordinates ξβ , where
the Greek index takes the values 1 and 2. The covariant tangential base vectors of the reference
∂X
. Furthermore, the unit normal base vector, that is
configuration, Gβ are given by Gβ =
∂ξβ
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Γ0

G3

X3

ξ2

=

ns
co

G2

t.

G1

onst.
ξ1 = c

X2
X1
Figure 1. Illustration of the interface’s reference configuration Γ0 with the tangential base vectors Gβ and
the unit normal vector G3 .

normal to the surface Γ0 is calculated as
G3 =

G1 × G2
.
|G1 × G2 |

(1)

Since this talk deals with non-coherent interfaces, discontinuities in the deformation field can
occur. While in the reference configuration the upper surface Γ0+ and the lower surface Γ0−
of an interface coincide, i.e. Γ0+ = Γ0− = Γ0 , the current configuration is characterized by
different coordinates for the upper and the lower side of the opened interface, see Figure 2. The

x+ (X, t)
n+
Γ+

JuK

n−

x(m) (X, t)
Γ+

n

x− (X, t)
Γ−

Γ−

Figure 2. Opened material 12-node interface and fictitious intermediate configuration defining the
structural tensors (dashed lines). The shape of the bulk is motivated by the finite element implementation tetrahedron elements are employed.

displacement discontinuity JuK is also known as the displacement jump which is defined as
JuK = x− − x+ = u− − u+ .

(2)

Since the normal vector is not well defined in the deformed configuration for non-coherent
interfaces, the so called mid-surface is introduced (dashed line in Fig. 2). A frequently made
choice is the average of the upper and the lower coordinates, i.e.,

1 −
x + x+ .
(3)
x(m) =
2
The normal vector of the current configuration with respect to this midsurface is given by
g3 =

g1 × g 2
,
|g 1 × g 2 |
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where g β denote the tangential base vectors with respect to the midsurface’s current configuration. While the displacement jump describes the out-of-plane deformation of an interface
the surface deformation gradient F describes the in-plane deformation as a linear map of area
elements between the reference and the current configuration, i.e.,
F = g β ⊗ Gβ .

(5)

2 General imperfect interfaces
2.1 Hyperelasticity
For the consideration of anisotropic interface effects, a cohesive zone energy description just
depending on the displacement jump JuK is not sufficient. In order to distinguish between
normal and shear separation according with mixed-mode loading, an extension of the isotropic
framework is required. A possible extension of the classic cohesive zone framework is a definition
of an interface energy depending on the displacement jump JuK and the deformation dependent
normal vector n of the current configuration. In this talk a further extension based on [5] is
presented, where the interface energy is extended with the covariant tangential base vectors of
the deformed configuration g β , i.e.,
ψ = ψ(JuK, g β ).

(6)

This extension of the Helmholtz energy influences the corresponding stress power, i.e.,
˙ + Aβ · ġ .
P = T · JuK
β

(7)

˙ addiBesides the average traction vector T related to the rate of the displacement jump JuK,
β
tional stresses A related to the rate of the tangential base vectors g β have to be considered.
These additional tractions are related to membrane-like forces known from coherent interfaces
and out-of-plane shear forces resulting from the non-coherency of the interface. The dissipation
resulting from Eqs. (6) and (7) yields (for hyperelasticity)




∂ψ e
∂ψ e
β
˙
+ ġ β · A −
D = JuK · T −
= 0,
(8)
∂JuK
∂g β
where the classic Coleman and Noll procedure leads to
T =

∂ψ e
;
∂JuK

Aβ =

∂ψ e
.
∂g β

(9)

Due to the additional stresses Aβ the traction vector no longer needs to be continuous, like it
is the case in classical isotropic cohesive zone models, i.e. T − 6= −T + .
2.2 Extension with material degradation
In accordance with [3], [4] and [5] material degradation within the interface is realized through
a scalar valued cross coupled damage model. To be more explicit, Helmholtz energy (6) is
decomposed into a normal and a shear part, i.e.
ψ e = ψn (JuK, g β ) + ψs (JuK, gβ ).

(10)
(j)

Material degradation is captured by introducing a set of scalar-valued damage variables di .
Each deformation mode is characterized by means of its own damage variable whereby an
anisotropic failure behavior can be modeled. In order to couple damage in normal direction to
that in shear direction, a mixed-mode energy of the type
(s)
(n)
(s)
ψ = (1 − d(n)
n )(1 − dn )ψn (JuK, g β ) + (1 − ds )(1 − ds )ψs (JuK, g β )

is proposed.
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3 Numerical studies of anisotropic damage
The talk is completed by numerical analyses of the influence of interfaces on the macroscopic
response. Therefore, a cubic RVE with a spherical inclusion is investigated, cf. Figure 3. A
macroscopic deformation gradient F is applied leading to debonding between the matrix and the
inclusion. In order to compute the resulting macroscopic stresses, an extended homogenization
scheme, introduced in [2], is applied. In addition to the purely hyperelastic interface, several
F

Figure 3. Numerical analysis of an RVE consisting of a spherical inclusion embedded in a matrix. The bulk
materials are separated by a general imperfect interface. A macroscopic deformation gradient F is applied
to the RVE

computations based on different damage models are also analyzed.

Conclusions
By elaborating an extended setting, it was shown that anisotropic cohesive zone models complying with all fundamentals in material modeling can be derived. The influence of the resulting
advanced interface models on the macroscopic response was investigated through computational
homogenization. It turns out that although all models involved are local in nature, their combination naturally captures a size effect due to the different scalling behavior (volume energies
vs. interface energies).
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Computational modelling of wear and the
effective frictional behaviour of elastoplastic
tools
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Micro Abstract
Surfaces of sheet bulk metal forming tools are often structured, either to favour material flow in
desired directions, or to reduce the process forces. During continuous operation, the surface structures
of the tools suffer from material wear which in turn effects the frictional behaviour which is responsible
for the favoured flow directions. In order to capture both effects numerically, this contribution
presents a framework for the modelling of wear and the effective frictional behaviour of elastoplastic tools.
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Introduction
Recently, a 2d-framework for the computational modelling of sliding wear of elastoplastic forming
tools has been published in [2] which has now been extended to a general 3d-framework. This
framework consists of a Python programme which interacts as a pre- and post-processor with the
commercial finite element solver Abaqus/Standard, [5]. Thereby, the pre-processing part of the
Python programme sets up a meso-scale contact problem of the elastoplastic structured tool as
well as the elastoplastic workpiece where Coulomb friction is assumed. Subsequently, the sliding
contact problem is solved by Abaqus/Standard. Finally, the post-processing part of the Python
programme computes wear on the basis of the obtained finite element results with the help
of the classic Archard wear relation, [1], in form of a dissipation rate density formulation, [4],
at two different time scales. The slow time scale, the t-scale, is the time scale at which wear
evolves and the fast time scale, the τ -scale, is the time scale at which the deformation of the
considered bodies in contact is observed, [4]. Hence, the Python pre- and post-processor acts on
the slow time scale, whereas Abaqus/Standard solves the contact problem at the fast time scale.
Furthermore, the meso-scale contact problem is considered as a periodic cell which represents
a representative contact problem according to [6]. Here, a scale separation from a process
(macro-)scale, where structured forming tools are used, is assmued. Besides the computation
of wear, the post-processing part of the Python programme determines the resulting effective
Coulomb friction coefficient, [3]. Due to the deformation of the two bodies in contact, the
effective homogenised Coulomb friction coefficient differs from the Coulomb friction coefficient
used in the meso-scale contact simulation.

1 Governing equations
In this work, two deformable elastoplastic bodies B 1 and B 2 are considered at the meso-scale in
a geometrically exact finite element framework. These bodies undergo wear due to frictional
contact. In order to model the wear process, two separated time scales t and τ are introduced, [4].
At time scale t, the wear evolves slowly compared to the fast time scale τ of the deformation
problem. Differently from the framework proposed in [4], only two configurations, the reference
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configuration as well as the current configuration, are considered in this contribution. As a
consequence, at each discrete point in time at the t-scale, the wear increment is applied to
the reference configurations of the two bodies of the representative contact problem. Hence,
the bodies have time dependent reference configurations B0i (t, τ = τ0 ) as well as the respective
current configurations Bτi (t, τ > τ0 ). For both bodies, the respective nonlinear deformation map
ϕi (X i , τ ) is determined in order to express the current placements by
xi

t=fixed

= ϕi (X i , τ )

t=fixed

,

τ ∈ [τ0 , τend ] ,

t ∈ [t0 , tend ] .

(1)

At any point of the contact surface ∂B0∗ , the contact tractions
t∗ = P · N ∗

(2)

as well as the contact velocity ϕ̇∗ are evaluated. In the above expression, P is the Piola stress
tensor and N ∗ is the referential contact surface normal vector. In order to evaluate the wear
rate, sliding velocity ϕ̇∗T – which is tangential to the current contact surface with the surface
normal n∗ – must be determined. Hence, ϕ̇∗T · n∗ = 0 must hold. With this at hand, the spatial
i = k i t∗ · ϕ̇∗ is evaluated, where k i is the the spatial wear coefficient. Subsequently,
wear rate vw
T
the spatial wear rate is transformed to the material wear rate
Vwi =

ni · cof(F i ) · N i i ∗
ni · cof(F i ) · N i i
v
=
k t · ϕ̇∗T
w
det(F i )
det(F i )

(3)

as outlined in [4]. Finally, the average wear rate at the t−scale is calculated by
∆Vwi

=

t+∆τ
Z

Vwi dτ ,

on ∂B0∗ ,

(4)

t

which is then upscaled by a parameter M  1 such that ∆t = M ∆τ in order to obtain the
updated reference configuration for the next point in time tn+1 = tn + ∆t, i.e.
X in+1 = X in − M ∆Vwi N ∗i ,

on ∂B0∗ .

(5)

Furthermore, the homogenised effective coefficient of friction is obtained via
1
µ̄ =
∆τ

Zτ2

τ1

FT (τ )
dτ ,
FN

(6)

as proposed in [3]. Within the finite element framework, the above mentioned integration point
quantities must be extrapolated to the element nodes via suitable algorithms. Details regarding
the implementation can be found in [2].

2 Numerical results
The wear modelling framework is applied to determine the evolution of wear of structured
surfaces at the meso-scale. In [2], differently parameterised sinusoidal surface structures are
investigated regarding their wear evolution as well as regarding the evolution of the respective
effective coefficient of friction. With the extensions presented in this contribution at hand, it
is possible to model the wear of 3-dimensional surface structures. Therefore, the systematic
investigation of 2-dimensional sinusoidal surface structures is expanded to 3 dimensions. In
Fig. 1, an exemplary 3-dimensional structure is depicted where the sinusoidal surface topology
is rotated by 60◦ . A block with a plain surface which represents the workpiece is pressed against
and slid alongside the structured part which represents the tool in analogy to the 2d-examples
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Figure 1. 3-dimensional structured tool with a sinusoidal surface structure which is rotated by 60◦ . Length,
width, wave length, amplitude.

in [2]. Thus, the top face of the upper block is subjected to a pressure load of 35 MPa, whereas
the bottom face is the contact zone. The free faces of the upper block are subjected to periodic
boundary conditions. The top face of the lower structured tool is the contact zone and the
bottom face is completely constrained via homogeneous Dirichlet boundary conditions. The
free faces at its sides are left free, and the error made occuring following this inconsistency can
be accepted. The simulation keeps track of the horizontal reaction force of the structured tool.
The material parameters of the two bodies are taken from [2]. For each increment ∆τ at the
τ −scale, the upscaling parameter M is determined, and the upscaled wear is applied in the
post-processing step of the Python programme. The sum of all M parameters is the number of
total passovers of the workpiece over the structured tool. In Fig. 2, the worn surface of the tool,
cf. Fig. 1, after 36.000 passovers is depicted. Here, Fig. 2 (a) shows the von Mises stress, whereas
Fig. 2 (b) is a plot of the equivalent plastic strain. A closer look at the formerly sinusoidal
edge reveals the wear since the topmost zone is flattened after 36.000 passovers. In Fig. 3,
the homogenised coefficient of friction µ̄ is normalised to the meso-scale Coulomb coefficient
of friction µ and is plotted versus the number of total passovers. It shows that the structure
influences the effective coefficient of friction. Furthermore, it is obvious that flattening of the
structure due to wear leads to decreasing structural resistance and, as a consequence, lowers the
homogenised coefficient of friction.
400

0
MPa

(a)

0.03

0

(b)

Figure 2. (a) Von Mises stress and (b) equivalent plastic strain plots of the structured tool, cf. Fig. 1, after
36.000 pass-overs.
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Figure 3. The homogenised coefficient of friction is normalised µ̄ / µ and plotted vs. the number of passovers.

Conclusions
In this contribution, the extension of a 2d-wear-simulation-framework is further extended to 3d.
The combined simulation tool consists of a Python pre- and post-processor for the commercial
finite element solver Abaqus/Standard. Contact boundary value problems are pre-processed
by the Python code, solved by Abaqus/Standard and finally post-processed by the Python
programme which applies the calculated wear increment to the considered bodies and delivers
the effective coefficient of friction as a homogenised result. The non-invasive structure of the
Python programme makes the framework suitable for the application with any finite element
programme that is capable of contact formulations.
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A homogenisation method based on the
Irving-Kirkwood-Theory
Maximilian Müller1 * and Friedrich Gruttmann1
Micro Abstract
In this contribution a homogenisation method based on the Irving-Kirkwood theory is introduced.
The homogenisation formulas for mass and impulse are consistent with the theory and from
there homogenisation formulas for the stress tensor and body force vector are derived. A numerical implementation of the theory is shown and examples with various boundary conditions are
presented and compared to results obtained with a Hill-Mandel-approach as well as a full scale approach.
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Introduction
The existing and in FE2 widely used Hill-Mandel homogenisation limits possible boundary
conditions very strictly. The desire to get rid of those restrictions led to the development
of a more general homogenisation method based on the Irving-Kirkwood theory [3]. In this
contribution we want to discuss the implementation for small strains and compare results between
the new and the Hill-Mandel approach as well as benchmark them with a full scale model.

1 Irving Kirkwood theory
The basis of the Irving Kirkwood theory is a description of the heterogenous body in two scales.
One scale shall be a macroscopic one, in which the body is considered to be homogeneous. The
homogeneous properties defining the material in the macroscopic scale are extracted through
homogenisation from a second, microscopic scale in which the heterogeneous properties of the
material are represented.
In detail, there shall be given a body B inhabiting the area R with boundary ∂R. A point in
B shall be described with coordinates y defining the macro scale. For very point y there is an
assigned surrounding area P m of the micro scale, described with coordinates x.
For all subdivisions of R and all P m the mass and linear momentum balance laws hold:
ρ̇α + ρα ∇y · (v α ) = 0,
α α

(1)
α

α α

ρ v̇ = ∇x · σ + ρ b .

(2)

Here, α is a placeholder for an index m for microscopic or M for macroscopic, indicating the
scale in which the quantity is defined. Further, ∇x · (·) denotes the divergence of (·) with respect
to x.
In the next step, the two equations shall be connected as they hold within the same body.
For this a homogenisation law is postulated, connecting the density and linear momentum of
microscopic and macroscopic scale:
Z
M
ρ (y, t) =
ρm (x, t)g(y, x) dV m ,
(3)
R
Z
ρM (y, t)v M (y, t) =
ρm (x, t)v m (x, t)g(y, x) dV m .
(4)
R
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In (3) and (4) g(y, x) is a weighting function, which needs to fulfill a few basic properties in
order to not compromise the theory. For further information on those properties and their
implications see [2].
The consistency of these homogenisation laws can be shown by determining the time derivative
of (3) and then using only the Reynolds transport theorem, the properties of g(y, x) and finally
inserting (3) and (4) which leads to the local form of the linear momentum balance (2).
By equal means it can be shown that the homogenisation law for the linear momentum (4) is
consistent with the theory as well. From this contemplation we also get a homogenisation law
for the stress tensor σ and the body force vector b:
Z
M M
ρm bm g dV m ,
(5)
ρ b :=
R
Z
 m

σ M :=
σ − ρm (v m − v M ) ⊗ (v m − v M ) g dV m .
(6)
R

In these equations the dependencies of the quantities are left out for better readability.
For a more detailed contemplation on the consistency of (3) and (4), as well as the derivation of
(5) and (6) see [2]. Here, a quasi-static case is considered, so the difference in velocity between
microscale and macroscale is zero (v m − v M = 0). This leads to a very simple homogenisation
law for the stress tensor σ:
Z
σ M :=
σ m g dV m .
(7)
R

2 Finite element formulation
From now on, we want to limit the theory to small strains and set the weighting function to
g(y, x) = V1m , where V m is volume of the representative volume element (RVE). In order to
get rid of the restrictions on the boundary conditions in the Hill-Mandel theory, an additional
constraint connecting microscopic and macroscopic strains is introduced:
Z
Z
Z
1
m
m
M
m
m
 dV
⇔
(M − m ) dV m = 0.
(8)
 =
 g dV = m
V
R
R
R
This additional constraint shall be introduced into the weak form of equilibrium via 6 Lagrange
multipliers for the 6 equations resulting from (8) for each RVE. We vary with respect to the
displacements u, the Lagrange multipliers µ and the macroscopic strains M . The latter allows
a much easier formulation of the homogenisation and implementation into the existing FE code
than the approach presented in [3]. With vanishing boundary and body volume forces, this leads
to:
Z
Z
Z
mT m
T
m
T M
m
m
δµ ( −  ) dV +
µT (δM − δm ) dV m = 0. (9)
δ σ − δu f dV +
R

R

R

Linearisation and a standard iso-parametric FE-formulation leads to:
L[. . . ] =δV mT (K∆V m + A∆µ + F ) + δµT (AT ∆V m + T ∆M ) + δMT (T T ∆µ) = 0.

(10)

Where m = BV m , K is the stiffness matrix and V m the displacement vector for the RVE. The
matrices A and T are defined below.
Z
Z
Z
T
m
T
m
K :=
B DB dV , A := − B dV , T := 1 dV m .
(11)
ω

ω

In matrix form:

  
 m T 
∆V m
F 
δV
 K A 0
 δµ 
AT 0 T   ∆µ  +  0  = 0.


δM
0 T 0
∆M
0
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We now subdivide the displacement vector for each element ve into a free part vf = ae V m and
a part with boundary conditions vb = Me ∆M , where ae is the standard assembly operator and
Me is defined below:
  
 m 
vf
ae 0
V
ve =
=
,
(13)
vb
0 Me ∆M
where:



(14)





..
XI1
0
0 XI2 XI3
0
 . 

 0 XI2
0 XI1
0 XI3  .
Me = 
MI  and MI =
..
0
0 XI3
0 XI1 XI2
.

(15)

Here, I denotes the nodes with boundary conditions. So Me has as many rows as there are
boundary conditions.
Inserting this into (12) and subdividing the corresponding matrices K and A, leads to:
 m T 

  
δV
Kff Kfb Āf 0
∆V m
Ff 



 δM  Kbf Kbb Āb 0   ∆M  Fb 








L[g(. . . )] = 
+
= 0.
(16)
 ĀT ĀT
δµ  
0 T   ∆µ   0 
f
b




δM
0
0
T 0
∆M
0

Implementation into a multi-scale FE formulation follows standard procedure as is described e.g.
in [1]. The derivation of the homogenised stiffness matrix and stress resultants for each Gauss
point also follows the same procedure as shown in [1].
As a remark on the implementation, it shall be noted, that for µ and M we introduced four
additional nodes into every RVE, which are then part of every element in that RVE. While
the nodes carrying the Lagrange multipliers µ are left unbound, the ones carrying M are fully
bound and internally loaded with their respective values.

3 Numerical Examples
3.1 RVE boundary conditions
Several RVE displacement boundary conditions were tested, following the ones proposed in [3].
Here, we will only use two of them. The first one, referred to as RB1, is a minimal configuration
which constrains only the rigid body motions of the RVE. The second one, referred to as RB2, is
a Hill-Mandel like boundary condition that fully constrains all nodes on all outer boundaries of
the RVE. In RB2 the corner nodes had to be released from all boundary conditions, in order to
allow a numerical solution as the system of equations would have been overdetermined otherwise.
3.2 Bending of inhomogeneous beam
The implemented homogenisation method was first tested on a homogeneous tension rod and on
a homogeneous beam in bending to varify basic functionality. The results obtained were exactly
the same as the results obtained with a Hill-Mandel approach and a full scale model with solid
3d elements. The results were independent from the chosen RVE boundary condition.
Next, we tested an inhomogeneous beam, that consisted of a soft matrix material and cube
shaped inclusions, that were a hundred times stiffer than the matrix material. the cubes made
up one ninth of the overall volume (see figure 1).
The results showed a slightly stiffer response for the RB2 configuration compared to RB1. The
results of the Hill-Mandel homogenisation were very close to the ones of the RB2 configuration.
The full scale model with only 1 inhomogeneity per cross section was significantly softer than both
coupled models. The full scale model with 2 inhomogeneities per cross section showed a response
very close to the one of the RB1 configuration. Results for a model with 3 inhomogeneities per
cross section could not be obtained as the inversion of the stiffness matrix exceeded the system’s
memory.
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l/3
l/3
l/3
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l/3

l/3

l/3

l/3

Figure 1. Full scale model of the beam (left) with 2x2 blocks of inhomogeneities (dashed) in the cross
section and one such block on the right (also a depiction of the RVE)
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Figure 2. Reaction force over displacement for a cantilever with a single force on the free end, compared are
Irving-Kirkwood homogenisation (IK) with two different boundary conditions with a Hill-Mandel
homogenisation (HM) and a full scale modell with 1 (inh1) and 2 (inh2) inhomogeneities per cross section
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Geometrically nonlinear single crystal
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Micro Abstract
The implementation of geometrically nonlinear crystal plasticity into a hybrid discontinuous Galerkin
(DG) framework is presented using a regularization technique for very high strain rate sensitivity
exponents. This combination leads to a numericallly efficient and locking-free model. The performance
of the regularized hybrid DG crystal plasticity is examined on a planar single crystal.
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Introduction
There are many theories such as classical continuum (e.g., [10]) and strain-gradient theories
(e.g., [1–3, 13, 15]) to study crystal deformations in large- and small-scale plasticity, respectively,
which are in good agreement with the experimental data. For example, a comparison of a ratedependent planar single crystal under tension and a rate-independent one using explicit numerical
treatment shows that rate sensitivity delays the shear band development (see e.g., [6, 7]).
Moreover, a hybrid discontinuous Galerkin (DG) method was introduced, for the first time, by
Reed and Hill [8] to solve a linear first-order hyperbolic problem of neutron transport. Unlike
conventional continuous methods, the DG framework allows displacement discontinuities between
the element sub-domains. Later, a penalty term on the element boundaries was added to stabilize
the solution [5].

1 Crystal viscoplasticity: dissipation and thermodynamically consistent flow rule
Assume the deformation mapping x(X, t) is given, in which X and x are, respectively, position
vector of a particle in the reference and current configuration at time t. The deformation
gradient F = ∂x/∂X is assumed to be decomposed multiplicatively, i.e., F = F e F p into elastic
and plastic parts [4]. Regarding the continuum model of crystal viscoplasticity, the so-called
plastic velocity gradient is given as a superposition of the contributions of the individual slip
systems:
p

L =

N
X

γ̇α M α ,

(1)

α=1

in which N is the number of slip systems, γ̇α are the slip rates and M α = dα ⊗ nα represent
the crystal geometry in which dα and nα are the slip direction and slip plane normal vectors,
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respectively. In addition, the accumulated plastic strain reads:

γ acc =

N Z
X

t

|γ̇α | dt.

α=1 0

(2)

The dissipation per unit volume, represented in terms of the first Piola-Kirchhoff stress tensor P
and the free energy ψ, is obtained by
D = P : Ḟ − ψ̇ ≥ 0,

(3)

neglecting thermal effects.
Considering a suitable form of the free energy per unit volume (see e.g., [9]), one can assume a
thermodynamically consistent flow rule as follows
γ̇α = sgn(τα )γ̇0



|τα | − τ c
τD

p

,

(4)

in which γ̇0 , τ c , τ D and p are the reference shear rate, the yield stress, the drag stress and the
strain rate sensitivity, respectively. Moreover, τα is the resolved shear stress associated to slip
plane α in the intermediate configuration.
The numerical solution of the nonlinear system of equations via the Newton scheme is challenging,
especially for large values of the rate sensitivity parameter p. Therefore, a regularization technique
is implemented by improving the starting guess in the Newton scheme (see [14] for details).

2 Hybrid discontinuous Galerkin framework
In contrast to the continuous finite element method, the displacement is not constrained to be
continuous at the element boundaries in the hybrid DG framework (see Figure 1 and [11]). It is
noteworthy to mention that the interface and the subdomains are not kinematically coupled.
For further details concerning the method and its implementation see [11].

Figure 1. Left: Division of the body into subdomains. Right: Illustration with shrunk subdomains (Fig. taken
from [11]).
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3 Example
A specimen with dimensions 20 × 60 mm is considered being under uniaxial tension in longitudinal direction. The material is assumed to be elastically isotropic with Lamé parameters λ = 35104.88 MPa and µ = 23427.25 MPa. The other material parameters are shown in
Table 1 (see [12] for details). Double slip is investigated here where the slip directions are ±30◦
about the y-axis. Figure 2 shows the distribution of the accumulated plastic strain at elongation
5.5 mm where θ = 10−1 |∂Ωe |−1 MPa, in which |∂Ωe | is the sum of the element edge lengths.
τ0 [MPa]
0.84

τ∞ [MPa]
49.51

h0 [MPa]
541.48

h∞ [MPa]
1

γ̇0 [s−1 ]
10−3

τ D [MPa]
60

p[−]
250

Table 1. The material parameters.

Figure 2. Distribution of the accumulated plastic (total number of elements is 80 × 120).

Conclusions
A geometrically nonlinear single crystal viscoplasticity model in combination with a DG formulation, here by quadrilateral hybrid DG elements with constant deformation gradient has been
presented, leading to a numerically efficient model. In addition, a regularization method for the
power law was applied to improve the numerical solution of the nonlinear equations.
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Multiscale FE-FFT-based thermo-mechanically
coupled modeling of viscoplastic polycrystalline
materials
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Micro Abstract
A two-scale finite element (FE) and fast Fourier transform (FFT) based thermo-mechanically
coupled model is proposed. The method is developed for the prediction of the structural material
behavior and the corresponding local fields of elasto-viscoplastic polycrystalline materials. It allows
for a qualitative investigation of the microscopic interplay between stress and temperature induced
martensitic phase transformation and plasticity.
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Introduction
Polycrystalline materials (e.g. steels) have superior mechanical properties and are thus important for numerous technically relevant applications. The prediction of the effective behavior of
these materials represents an enormous challenge. This is due to the fact that the distribution,
morphology and orientation of individual grains on the microscopic level strongly influence the
macroscopic structural response. In addition, complex interactions between different deformation mechanisms (e.g. plastic slip and martensitic phase transformation) on the micro scale can
occur and affect the mechanical behavior. As a consequence, two different continuum scales
need to be studied in order to capture the microstructural influence on structural finite element (FE) simulations. Recently, [6] and [3] published finite element and fast Fourier transform
(FFT) based methods to predict the local and effective mechanical response of heterogeneous
materials. Compared to the classical multiscale finite element or FE2 method this approach
exhibits significant advantages with respect to computational efficiency [5].
In this work a two-scale FE-FFT based and thermo-mechanically coupled material model formulation for elasto-viscoplastic polycrystalline materials is developed. Temperature and stress
induced martensitic phase transformations are considered. Following [1], a meso-scale description of the crystal configurations, based on the volume fractions λi of the different martensite
variants, is derived. The direction of plastic dislocation motion is prescribed by up to 48 different slip systems and depending on the crystal system and grain orientation. The evolution of
plastic slip is modeled by means of a power law based flow rule in accordance with [4].

1 Material model
To solve the thermo-mechanically coupled multiscale problem it is essential to fulfill the mechanical equilibrium (2) and energy balance (3) at both scales. In what follows, macroscopic
quantities are denoted by the subscript M and microscopic fields by no index to distinguish
between the two scales.
The macroscopic boundary value problem is solved by employing the finite element method.
The microscopic structure is embedded at the Gauss-points of each element, to deduce the
form of the constitutive relation between macroscopic strain εM and stress σM and further the
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macroscopic internal heat sources rM . To this end the macroscopic strain and temperature θM
are transferred to the microscale, during the FE solution procedure. The unknown macroscopic
quantities (σM , rM ) are subsequently determined by finding the solution of the local problem
and are obtained from homogenization of the corresponding micro-scale quantities. Figure 1
gives an overview of the proposed scale transition and solution method.
∂ΩuM

macro scale
finite element method

∂ΩM
∂ΩtM

ΩM

xM

pass: σ̄(xM )
r̄(xM )
find: ε(x, xM )
σ(x, xM )
θ(x, xM )

micro scale
Fast Fourier transforms,
Newton-Krylov solver

r(x, xM )

x
∂Ω
Ω

apply: εM (xM ), θM (xM )

Figure 1. Overview of proposed scale transition and solution method

The microstructure is embedded as a unit cell of the domain Ω at each xM ∈ ΩM with periodic
boundary conditions. To solve the local problem we additively decompose the total microscopic
strain
ε(x, xM ) = ε̄(xM ) + ε̃(x)
(1)
into the mean strain ε̄ and the local fluctuation ε̃. The homogeneous contribution ε̄ is equal
to the macroscopic strain εM and therefore independent of x ∈ Ω. Thus, using FFT-based
solution schemes the local strain fluctuation around the mean strain represents the primary
unknown of the local, nonlinear mechanical equilibrium condition.
div(σ(x, ε, θ, ξ)) = 0

for x ∈ Ω

(2)

In addition ξ is a set of local internal variables representing plastic slip and martensitic phase
transformation.
The time- and length-scale of the underlying unit cell can be assumed much smaller than their
counterparts in the macro-scale. We therefore presume that macroscopic temperature changes
affect the temperature at each point of the micro structure instantaneously and simultaneously.
Consequently, the macroscopic temperature will be represented as a steady state, homogeneous
temperature field on the micro scale.
However, dissipative effects on the micro scale due to plasticity and phase transformation should
not be neglected throughout this work. Hence the local temperature field is divided conceptually
into the homogeneous macroscopic temperature contribution θM and a transient heterogeneous
field θL . Based on the previous considerations, we only need to pass the macroscopic temperature and not its gradient to the unit cell, to solve the local reduced energy equilibrium:
ρCv θ̇(x) = ρCv ( θ̇M +θ̇L (x)) = r(x, ε, θ, ξ)) − div(q(x, θ))
|{z}
≈0

for x ∈ Ω

(3)

Here, Cv is the heat capacity storage, ρ denotes the density and q represents the heat flux
vector.
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We postulate an additive decomposition of the Helmholtz free energy
Ψ(ε, γ, λ, θ, x) = Ψe (ε, γ, λ, θ) + Ψp (γ, θ) + Ψt (λ, θ) + Ψθ (θ)

(4)

,where Ψe is the elastic energy density. The stored energy due to plastic work is represented by
Ψp and depends on the slip γ = {γα } on each slip system α and the temperature. The energy
associated with martensitic transformation Ψt is a function of λ = {λi } the volume fraction of
all martensite variants λi and the temperature. The thermal energy density is Ψθ . The stress
and entropy η are governed by
σ=

∂Ψ
,
∂ε

η=−

∂Ψ
∂θ

(5)

and the evolution equations of the internal variables


∂Ψ
λ̇i = fi −
,θ ,
∂λi



∂Ψ
γ̇α = gα −
,θ
∂γα

(6)

are functions of the associated driving forces and the temperature. In accordance with [4] the
evolution of the plastic strain is obtained by a power law based flow rule being solved by an
algorithm proposed by [7]. Following [1] a kinetic potential is introduced to determine the
evolution of transformation.
The computational solution procedure for the local problem is based on fast Fourier transforms
and Newton-Krylov methods and a staggered implicit time integration scheme is applied. To
this end, the local mechanical boundary value problem is solved first. In a staggered update,
the heterogeneous temperature field and martensitic phase evolution of the underlying unit cell
is determined. The components of the global algorithmic tangent are calculated numerically by
finite differences, which requires a repeated performance of the microscopic solution procedure.

φz [rad] 0.23 6.28

θl =293 K
y

Macroscopic temperature

Macroscopic strain
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Figure 2. Macro- and microscopic results for thermo-mechanical loading conditions
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2 Computational example
We study a simple virtual experiment to provide an insight into the capabilities of the model.
The proposed formulation is implemented as an extension to the finite element software FEAP.
A plane strain example is considered. At each Gauss-point of the fully integrated, 8-node, cubic
finite elements a polycrystalline micro structure is embedded. The latter is composed of 100
grains with random orientation φz . In figure 2 the thermo-mechanical loading and boundary
conditions as well as the results for this loading sequence are displayed for selected fields on the
macro (finite element model) and on the micro scale (unit cell).
Considering macroscopic steady state temperature conditions, we obtain a constant, macroscopic temperature gradient in x-direction (see figure 2). Hence, the primarily temperature
induced evolution of martensite is distributed heterogeneously on the macro scale . On the
micro scale a complex interplay between plasticity and transformation arises. Plastic deformations are initiated in grains that are oriented poorly for transformation and provide a bridge
across less transformed regions. All these results are qualitatively consistent with experimental
observation and the prediction of e.g. [2] and [1].

Conclusions
The proposed FE-FFT-based method represents an efficient and novel tool to predict the local
and structural response of polycrystalline materials under thermo-mechanical loading conditions.
The model allows for various further investigations of the interplay between crystal plasticity,
martensitic transformation and the corresponding dissipative effects.
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Defect density-based modeling of work hardening
and recovery in fully lamellar TiAl alloys
Jan Eike Schnabel1 * and Swantje Bargmann2
Micro Abstract
The dense arrangement of different microstructural interfaces in fully lamellar TiAl alloys necessitates microstructure informed modelling in order to predict the macroscopic mechanical
behavior. Microtwinning within the lamellae leads to further interface related strengthening.
The presented crystal plasticity model incorporates the evolution of dislocation density and afore
mentioned twins during plastic deformation and accounts for thermally activated recovery of said defects.
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Introduction
Due to their beneficial combination of good thermomechanical properties with a low density,
fully lamellar titanium aluminides (TiAl) become increasingly important as structural materials
for high-temperature lightweight applications such as turbo chargers in combustion engines or
turbine blades in aircraft engines [5]. The extraordinary thermomechanical properties of fully
lamellar TiAl alloys are closely related to the specifics of their complex microstructure [2].
On the meso scale, fully lamellar microstructures consist of grain-shaped colonies that are
subdivided into numerous thin lamellae which result from the strict orientation relation between
the α2 and the γ phase, i.e., the two main phases that occur in TiAl alloys. In addition to colony
and lamella boundaries a third type of microstructural interface is present in the γ lamellae,
subdividing domains of different crystal orientation. Besides these three types of microstructural
boundaries, additional obstacles for dislocation motion and twin propagation arise in the form
of micro twins that evolve in the γ lamellae during plastic deformation. This dense arrangement
of different microstructural interfaces in fully lamellar TiAl alloys necessitates microstructure
informed modelling in order to predict the macroscopic mechanical behavior. Therefore, we
set up a microstructure sensitive thermomechanically coupled crystal plasticity model of fully
lamellar TiAl which incorporates the three simulataneously acting Hall-Petch effects, the typical
yield stress temperature anomaly and that accounts for defect density evolution as well as the
correlated work hardening [4, 15].
In this contribution we now focus on the defect density evolution with deformation and thermal
recovery and the correlated work hardening.

1 Work hardening
While most of the reported crystal plasticity models for fully lamellar TiAl used linear [3, 6–
9, 17, 18] or hyper secans [11, 13, 14] hardening laws, we describe work hardening in terms of
evolving defects, i.e. as function of dislocation densities and twinned volume fractions. In the
presented model, dislocation densities and twinned volume fractions evolve with the plastic shear
rates on respective slip and twinning systems as they are predicted by crystal plasticity. The
work hardening due to evolving dislocation densities is described by classical Taylor hardening
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while the strengthening effect of evolving twins on the non-coplanar slip and twinning systems is
modeled via a Hall-Petch type strengthening law (cf. [10]).
Since so-called polysynthetically twinned crystals are specimens that only contain lamellae
of one specific orientation and thus basically represent a single lamellar colony, they are the
best source for basic investigation of the micromechanics in fully lamellar TiAl. Thus, the
defect density evolution and the correlated work hardening is calibrated against the experiments
with differently oriented polysynthetically twinned crystals reported in [16]. The simulation
results of the calibrated crystal plasticity model meet the initial yield of the differently oriented
polysynthetcially twinned crystals and reproduce their hardening behavior reasonably well as
shown in [15].
Due to its physics based formulation of work hardening, this crystal plasticity model enables
investigation of the evolution of relative activity of deformation systems in the lamellae of
polysynthetically twinned crystals which is not easily done via experiments. The few fragmented
experimental results that exist on the relative activity in polysynthetically twinned crystals are,
however, met well by the simulation results confirming the models ability to correctly predict
the defect density evolution.
By applying this defect density based crystal plasticity model of a polysynthetically twinned
crystal to a polycolony microstructure, it was furthermore possible to determine the Hall-Petch
coefficient for colony boundary strengthening and its dependence on the lamella thicckness and
domain size [15] which so far was not possible by experiments. With all three Hall-Petch effects
and the defect density based hardening incorporated, this model ultimately allows microstructure
sensitive prediction of the yield stress and post yield behavior of fully lamellar TiAl.

2 Recovery
Recovery, i.e. annihilation of dislocations, is modeled here via an Arhenius type law similar to
[1, 12]. The model is calibrated against static recovery experiments with differently oriented
polysynthetically twinned crystals, carried out at the Metal Physics department of the Institute
of Materials Research at the Helmholtz-Zentrum Geesthacht, Germany. The recovery simulations
showed that – unlike most other thermomechanical effects in fully lamellar TiAl – the functional
dependence of recovery rate on the current dislocation density on a system is isotropic.
With this claibrated recovery model it is possible to do first predictive simulations of the recovery
behavior in both polysynthetically twinned crystals and polycolony microstructures.

Conclusions
Introducing the evolution of defect densities and the correlated work hardening into a crystal
plasticity model of fully lamellar TiAl greatly improves its predictive abilities as compared to
reported models. In particular the evolution of micro twins and their pronounced strengthening
effect on all non-coplanar systems is crucial for precisely reproducing the hardening behavior
of fully lamellar TiAl. While this hardening model was already successfully applied to identify
the colony boundary strengthening Hall-Petch coefficient [15] – which could not consistently
be determined experimentally – it has the potential to support various other experimental
investigations of the micromechanics in fully lamellar TiAl.
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Micro Abstract
In our work, we focused on the understanding of the tensile deformation behaviour of a aluminium
single- and polycrystal by using molecular dynamics simulations. We considered a fully 3D atomistic
model with the embedded-atom method potential for aluminium. A symmetric tilt low energy grain
boundary structure was generated and used as an initiation of fracture. Finally, we performed tensile
tests investigated the results.
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Introduction
One of the major research topics of the last decade in material science as well as in structural
mechanics is the complex field of material failure [7]. The most common used methodologies for
the safety assessments of buildings and structures were mainly based on empirical observations,
but lightweight construction and extended life time of several constructions require improved
material models for more efficient structural design. Typical material failure mechanisms like
micro-cracks in quasi-brittle materials, shear bands in metallic materials, grain boundaries or
defects and dislocations in the atomic lattice mainly occur on finer scales then the usually
applied macro scale. By examining the processes on the finer scales during fracture, valuable
insights into the macroscopic material behaviour can be obtained. With molecular dynamic (MD)
simulations it is possible to obtain material parameters starting from atomistic tensile simulation
and applying homogenization techniques for material parameters on the macro scale [2].
The behaviour of polycrystals is of main interest, since one of the planar defects in polycrystalline
materials are grain boundaries (GB) [5]. Polycrystals usually consist of low energy GBs between
adjacent crystallites, because materials tend to minimize their potential energy [3]. The GB
energy can be critical in the field of stability of grains and the relationship between GB energy
and their atomic structure should therefore be investigated to gain a deeper understanding of
the properties of the nano structure of materials.
In the last two decades there were many different simulation approaches proposed in the literature
to study the micro mechanical tensile deformation of single- and polycrystals at the nanometer
scale [1, 3, 5, 6, 8, 9].
The scope of our work is to use MD to simulate and investigate the material and fracture
behaviour of a nano aluminium single- and polycrystal in order to have a suitable model for a
later embedding in a multi scale model.

1 Methodology
In our investigations, we distinguish between a model of a single crystal and that of a polycrystal,
both shown in Figure 1. For each we adopted the 3D atomistic Model from [3], but instead of a
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discretization via the quasi continuum method, we considered a fully molecular dynamic model
with the embedded-atom method (EAM) potential for aluminum (Al). We used EAM potential

P
(b) Model of the polycrystal with
33h111i(225) symmetric tilt grain boundary (STGB) and a gap of 1 Å
between the two crystals

(a) Model of the single crystal without lattice defects

Figure 1. Dimensions of the investigated single crystal and polycrystal model

Al99.eam.alloy provided by [4] and adopted it together with a lattice parameter of 4.032 for
the FCC lattice. The dimensions of the models are 100Å x 100Å parallel to the interface plane
with a heigh of 130Å perpendicular to the interface with approximately 80000 atoms in each
simulation box. Before running tensile simulations with the respective model, a minimization of
the whole atomic system is accomplished using lattice statics to get a stress free initial state
configuration. In case of the polycrystal model this is also necessary to form a bicrystal with a
containing grain boundary. The single crystal illustrated in Fig. 1(a) is considered as a perfect
crystal without any lattice defects. The polycrystal
(Fig.1(b)) in contrast includes a symmetric
P
tilt grain boundary (STGB) of the style
33h111i(225), which was formed around the middle
plane along the y axis by rotating the lattices around the tilt axis. We introduced a small gap of
the size 1Å between the two crystals of the polycrystal to have a clear separation before forming
a bicrystal later. We applied periodic boundary conditions in all directions. To minimize the
system and form a bicrystal with a low energy GB, we used the conjugate gradient algorithm
(CGA). As Luther et al. [3] suggested, the energy was calculated within a centered region of 60Å
x 40Å x 60Å to exclude some possible disturbances by boundary effects.
For the geometrical description of the crystal lattice, we used the coincidence-site-lattice description (CSL) scheme proposed by Wolf et al. [8]. The CSL misorientation scheme defines a grain
boundary by a relative rotation of the crystallites about the rotation axes nr through the angle
θ and by the normal direction n1 of the GB [3].
P
Like Luther et al. [3], the lowest GB energy configuration can be found for a 33(225) STGB
with a misorientation angle of 121.01◦ .

2 Results and discussion
The simulation procedure was first tested on an Al nano-single crystal before
P it was applied
to the nano-polycrystal containing the lowest GB energy configuration of 33(225) STGB.
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The obtained stress-strain relationship of the single cystal model (fig. 4(a)) shows at the
beginning a quasi-linear material behaviour until the maximum stress of 13.0 GPa at a strain
of 0.156 is reached. After achieving the maximum tensile strength the stiffness of the material
decreases greatly and the material separates. Different snapshots of the simulation of the tensile
deformation process are illustrated in figure 2 for the single crystal.

(a)  = 0.000

(b)  = 0.099

(c)  = 0.169

(d)  = 0.393

Figure 2. Snapshots of several simulation states of a nano-single crystal Al.

The results of the tensile deformation process of the polycrystal are illustrated in figure 4(b) and
are showing a quasi-linear material behaviour until a stress of 4.3 GPa at a strain of 0.045 is
reached. That point initiates a pre-damage phase with a small lose of stiffness, but the maximum
tensile strength of 6.9 GPa is only reached at a strain of 0.102. Different snapshots of the
simulation of the tensile deformation process are illustrated in figure 3 for the poly crystal.

(a)  = 0.000

(b)  = 0.045

(c)  = 0.102

(d)  = 0.268

Figure 3. Snapshots of several simulation states of a nano-poly crystal Al.

Having a view on a macroscopic engineering material parameter like the youngs modulus and
comparing it with the values gained out of the nanoscopic tensile tests, shows a big difference.
While the experimentally macroscopic tensile test leads to a value of 70.00 GPa for the youngs
modulus, the nanoscopic simulation results a much higher value of 101.51 GPa for the single
crystal and 102.94 GPa for the polycrystal. This shows that the quasi linear part of the tensile
simulation is maybe unaffected by crystal defects. The maximum tensile stress of the single
crystal is higher then that of the polycrystal. This can be through the consideration of a grain
boundary, as a local dislocation, that decreases the material strength. It is very noticeable
that the achieved tensile strength of both models are much higher than those of macroscopic
aluminium. The macroscopic material contains a variety of defects like lattice defects, grain
boundaries, dislocations, etc., that decreases the overall strength of the material. It could be
stated that the material behavior of the nano scale single- and polycrystal is roughly equivalent
to that of macroscopic tested aluminium. The material expands, reaches the maximum tensile
strength and separates later.
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(a) Stress-strain curve single crystal
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Figure 4. Stress-strain curve single crystal and polycrystal

3 Conclusion
In this study, MD simulation was used to investigate the tensile deformation behaviour of a
fully considered atomistic model of a single and a polycrystal for Al. The applied strategy to
include a grain boundary as a local defect is well suited, as the material separates along it. The
overall material behaviour of the nano-scale models are following the trend of macroscopic tested
aluminium, but the obtained values for the maximum tensile strength are too high. Furthermore,
an investigation of the influence of material parameters such as the strain rate, the model size
and the boundary conditions should be realized.
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